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CMOS Structure

MOSFET DEVICE BASICS Ref : RZ 2.1
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NMOS – operating regions

MOSFET DEVICE BASICS Ref :
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substratep−

+n +n

S
G

D

NMOS

3V
1.5V

0V

L
Ldrawn

8.0=T

substratep−

+n +n

S
G

D

NMOS

2V
3V

0V

L
L'

Non-saturated 
(triode) region

Saturated region

Channel behaves like resistor 
supported by the overdrive voltage 
(or effective voltage Veff)

Current depends on VDS as well as 
on VGS. Acts like a gate-controlled 
resistor.

Channel is pinched-off and VDS
now has little effect. Acts like a 
gate-controlled current sink.

VDS < VGS - VT

VDS > VGS - VT

chTGeff VVV −−=
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NMOS Current Equations

MOSFET DEVICE BASICS Sim : NMOS_Plots
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0

0

0

M1
MN1RL0G0

L = 0.66U
W = 0.5U

VDS

0V

VGS

0V

VO

β’ is the “gain” in A/V2 for a square device

sat

non-sat

( )[ ]DSDSTGSD VVVV
L

W
I *5.0' −−= β

VDS < VGS - VT

VDS > VGS - VT

( )2'5.0 TGSD VV
L

W
I −= β

Average value of 
overdrive ( Veff )

Set VDS = VGS – VT (for top of channel)
Then:

On PSPICE Diagram:
W = drawn width (U = microns)
L = drawn length (U = microns)

The L of the equations is smaller than PSPICE L by the amount of the two side diffusions: 
(i.e.  L = L - 2*LD in SPICE notation).

Ohmic behaviour with 
a gate-modulated 
channel resistance

Gate-controlled 
current sink 

independent of VDS

L
W

'ββ = β is the “gain” for a MOSFET of size (W,L)
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NMOS SPICE LEVEL 1

MOSFET DEVICE BASICS Sim : NMOS_Plots
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VV 30 →

VV 35.1 →

*SPICE LEVEL1 RAZAVI 0.5U NMOS MODEL WITH LAMBDA = GAMMA = 0
.model MN1RL0G0 NMOS LEVEL=1 LAMBDA=0.0 GAMMA=0.00
+ VTO=0.7 PHI=0.9 NSUB=9E14 LD=0.08E-6 UO=350
+ TOX=9E-9 PB=0.9 CJ=0.56E-3 CJSW=0.35E-11
+ MJ=0.45 MJSW=0.2 CGDO=0.4E-9 JS=1.0E-8

0

0

0

M1
MN1RL0G0

L = 0.66U
W = 0.5U

VDS

0V

VGS

0V

VO

(to be proven later)µεµβ )/(' 0 oxoxox tkC ==

2

4
12

/134

100
1085.89.3

'

VA

U
TOX
µ

β

=

⋅⋅⋅⋅= −
−

( )[ ]DSDSTGSD VVVV
L

W
I *5.0' −−= β

( )2'5.0 TGSD VV
L

W
I −= βsat

non-sat

0.1
266.0

5.0 =
⋅−

=
LDU

U
L

W

Allowing for side-diffusion 
LD, this is a square MOSFET

We can now apply the current equations ..

Note:  U0 appears 
in SPICE using cm 
units (cm2/V-sec)
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           V_VDS

0V 0. 5V 1. 0V 1. 5V 2. 0V 2. 5V 3. 0V
ID(M1)

0A

100uA

200uA

300uA

400uA

NMOS Characteristics

MOSFET DEVICE BASICS Sim : NMOS_Plots
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VV 30 →

VV 35.1 →
2.0

1.5

2.5

3.0

VDS

VGS =

ID

3.0V

400uA

0V

0

0

0

M1
MN1RL0G0

L = 0.66U
W = 0.5U

VDS

0V

VGS

0V

VO

non-
sat

sat

Horizontal traces 
mark the SAT region

Almost linear through (0uA,0V) 
marks triode region

VVV GSDS 0.3For == AEID µ354)7.03(0.161345.0 2 =−⋅⋅−⋅=

But, this model ignores two important effects … described by LAMBDA and GAMMA

:0.2,5.0  For VVVV GSDS == AEID µ3.705.0)25.07.00.2(0.16134 =⋅−−⋅⋅−=

VT=0.7
SAT BOUNDARY

VDSVGS

0.81.5

1.32.0

2.33.0
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           V_VS

0V 0. 5V 1. 0V 1. 5V 2. 0V 2. 5V 3. 0V
I D( M1)

- 100uA

- 50uA

0A

PMOS Characteristics

MOSFET DEVICE BASICS Sim : PMOS_Plots,  Ex : mdb_1/3
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VV 30 →

VV 5.10 →

*SPICE LEVEL1 RAZAVI 0.5U PMOS MODEL LAMBDA=0 GAMMA=0
.model MP1RL0G0 PMOS LEVEL=1 LAMBDA=0.0 GAMMA=0.0
+ VTO=-0.8 PHI=0.8 NSUB=5E14 LD=0.09E-6 UO=100
+ TOX=9E-9 PB=0.9 CJ=0.94E-3 CJSW=0.32E-11
+ MJ=0.5 MJSW=0.3 CGDO=0.3E-9 JS=0.5E-8

VG=0.0

0.5

1.0

1.5

VS0V 3.0V

ID

0

-100uA

non-
sat

sat

Use same equations but with all polarities reversed !

VT=-0.8
SAT BOUNDARY

VSVG

0.80

1.81

2.31.5Now try some current calculations for this square PMOS device !

0.1
268.0

5.0 =
⋅−

=
LDU

U
L

W

0

0

0

M1

MP1RL0G0

L = 0.68U
W = 0.5U

VG
0V

VDD
3V

VS
0V

Notice the much 
lower mobility of 

PMOS devices
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NMOS – the LAMBDA factor

MOSFET DEVICE BASICS Ref : JM 1.6, AH 3.1, RZ 2.3

8/10

substratep−

+n +n

S
G

D

NMOS

2V
3V

0V

L
L'

Saturated region

Channel length is reduced from L
to L’.  Its best to use L’ in the 
SAT-region current equation.

VDS > VGS - VT

( )2
'

'5.0 TGSD VV
L
W

I −= β

'LLL −=∆ This ∆L is a depletion region such that ∆L is 
given by the step-junction approximation !, 
with ∆V as the reverse voltage across ∆L
while NB is the bulk-doping concentration.

2/1

00 )(2







 ∆+≈∆
B

si

qN
Vk

L
ψε

VCE = channel-end voltage, and ∆V = VD – VCE  using ground reference

As VD is raised, ∆V increases and L’ grows shorter, causing a slight increase in 
current ID (whereas previously ID was constant). A parameter LAMBDA (or λ ) 
is used to account for this effect ..
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NMOS – LAMBDA depends on L

MOSFET DEVICE BASICS Ref :
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substratep−

+n +n

S
G

D

NMOS

2V
3V

0V

L
L'

Saturated region VDS > VGS - VT

( )2
'

'5.0 TGSD VV
L
W

I −= β

'LLL −=∆
2/1

00 )(2







 ∆+≈∆
B

si

qN
Vk

L
ψε

Now, the sat current ID increases as:

L
Vk

L
L

L
LLL

L
L
L DS⋅+≈∆+≈∆−

=
∆−

= 11
1

1
'

That is ∆L by the step-junction approximation –
But, to keep things simple, we’ll just assume a linear proportionality: DSVL ∝∆

(where k is some constant)

)1( DSD VI ⋅+∝ λ where λ (known as LAMBDA 
in PSPICE) is the constant of 
proportionality

Thus, ID increases linearly with VDS:

Notice: λ is inversely proportional to L. 
If L is doubled, then λ is halved.

The LAMBDA value in the SPICE model to follow is for a minimum-length device. If we 
use a longer MOSFET, we should reduce LAMBDA accordingly.
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           V_VDS

0V 0. 5V 1. 0V 1. 5V 2. 0V 2. 5V 3. 0V
I D( M1)

0A

200uA

400uA

600uA

800uA

0

0

0

M1
MN1RG0

L = 0.5U
W = 0.5U

VDS

0V

VGS

0V

VO

NMOS LEVEL 1 including LAMBDA (λ)

MOSFET DEVICE BASICS Sim : NMOS_Plots, Ex : mdb_2
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VV 30 →

VV 35.1 →

*SPICE LEVEL1 RAZAVI 0.5U NMOS MODEL WITH GAMMA=0
.model MN1RG0 NMOS LEVEL=1 LAMBDA=0.1 GAMMA=0.00
+ VTO=0.7 PHI=0.9 NSUB=9E14 LD=0.08E-6 UO=350
+ TOX=9E-9 PB=0.9 CJ=0.56E-3 CJSW=0.35E-11
+ MJ=0.45 MJSW=0.2 CGDO=0.4E-9 JS=1.0E-8

( )[ ] ( )DSDSDSTGSD VVVVV
L

W
I ⋅+⋅−−= λβ 1*5.0'

( ) ( )DSTGSD VVV
L

W
I ⋅+⋅−= λβ 1'5.0 2sat

non-sat

47.1
25.0

5.0 =
⋅−

=
LDU

U
L

W

Now, when VDS is raised, the current increases too.

For continuity of the current plots, we must include λ
in the non-sat equation as well:

2.0

2.5

3.0

VDS

VGS = 1.5

ID

3.0V0V

800uA

Try some current 
calculations !

0A
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THRESHOLD VOLTAGE 
AND BODY EFFECT
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How Thresholding Occurs

Ref :

As gate voltage increases, the E field 
pushes holes down creating a widening 
depletion layer and exposing negative 
ionic charge to balance the positive Gate 
charge. 

VG < VT :

VG > VT :

Surface reaches equi-potential (with 2ΦF
across dep layer) and electrons now flow 
in from S to form a conducting film or 
channel on the silicon surface. As VG
increases further, dep layer does not 
grow wider, but balancing charge comes 
from a strengthening of the channel on 
the surface.

substratep−

+n +n

S
G (+)

D

NMOS

0.1V
0V

E

FΦ2 FΦ≈ 2

BN

x0 xj

NS

NB
Bulk concentration

Surface doping
concentration

Junction
depth

With 2ΦF across dep
layer, the surface is 
“as negative” as the 
Bulk is positive, 
which conveniently 
defines VT.









=Φ

i

B
F n

N
Ln

q
kT

In SPICE, 2ΦF is “ PHI ”, typically 0.8V.

2/8

THRESHOLD AND BODY EFFECT
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Components of Threshold Voltage

Ref : JM 1.7, AH 2.3, RZ 2.3

Depletion 
layer width

dBB XqNQ = Depletion layer ionic 
charge in coulombs/m2.

ox

ox
ox t

k
C 0ε= Gate oxide capacitance 

in Farads/m2.

B

si
d qN

Biask
X

)(2 0ε=

ΦMS is a component (some tenths of a volt) due to work-
function difference between the gate material and the 
silicon. It is a fixed value, and need not concern us, because 
we can independently adjust VT by ion implantation.

across
dep

layer

across 
gate 
oxide

MS
ox

B
FT C

Q Φ++Φ= 2

The QB term is voltage dependent, a function of the (Bias) 
that determines Xd. The “nominal” threshold is VTO. It occurs 
when VDB=VSB=0 such that Bias = 2ΦF (across Xd) and . . .

MS
ox

B
FT C

Q Φ++Φ= 0
0 2 where )2(2

)2(2
0

0
0 FBsi

B

Fsi
BB qNk

qN
k

qNQ Φ=Φ= εεthen:

substratep−

+n +n

S
G (+)

D

NMOS

0.1V
0V

FΦ2 FΦ≈ 2

BN

dXwidth   =

oxt

B

3/8

THRESHOLD AND BODY EFFECT



EE4308 S0304

Threshold Voltage Calculations

Ref :

+ve for NMOS
-ve for PMOS

MS
ox

B
FT C

Q Φ++Φ= 2

may be 
+ve or -veSample calculation  (NMOS) :

3835.3
99

1285.89.30 −=
−

−⋅== E
E

E
t

k
C

ox

ox
ox

ε

464.19.0209196.11285.87.112)2(2 00 −=⋅⋅−⋅−⋅⋅=Φ= EEEEqNkQ FBsiB ε

942.0042.09.02 0 =+=+Φ
ox

B
F C

Q

*SPICE LEVEL1 RAZAVI 0.5U NMOS MODEL WITH GAMMA=0
.model MN1RG0 NMOS LEVEL=1 LAMBDA=0.1 GAMMA=0.00
+ VTO=0.7 PHI=0.9 NSUB=9E14 LD=0.08E-6 UO=350
+ TOX=9E-9 PB=0.9 CJ=0.56E-3 CJSW=0.35E-11
+ MJ=0.45 MJSW=0.2 CGDO=0.4E-9 JS=1.0E-8

Coulombs/m2.

Farads/m2.

For PMOS calculations, both of these components 
are negative.

835.3=oxC fF/µm2.

Notice: NB = NSUB = 9E20 in atoms per m3.

When ΦMS is included, NMOS thresholds tend to be too low (say +0.1) and PMOS 
thresholds tend to be too high (say, -1.8).  An ion implantation step is used during 
processing to adjust thresholds to around +0.8 (NMOS) and –0.8 (PMOS).

4/8
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Threshold Adjustment by Ion Implantation

Ref :

dBB XqNQ = NB is the bulk doping in 
atoms/cm3. 

MS
ox

B
FT C

Q Φ++Φ= 2

substratep−

+n +n

S
G (+)

D

NMOS

0.1V
0V

FΦ2 FΦ≈ 2

BN

dXwidth   =

oxt

B

Effective NB can be increased under 
the NMOS gate region by using p- ion 
implants. e.g. Boron implants. 

Threshold adjustment by ion implantation is a routine process step. Implants are also 
used in field regions to raise the threshold sufficiently so as to avoid channel formation.

Diffusion yields doping profiles with maximum concentration at the surface, but ion 
implant levels can peak below the surface. Ion implantation offers more accurate 
control of dopants than is possible by diffusion.

Boron implants will raise QB and hence the threshold voltage VT . (whereas n-type 
implants will lower the NMOS threshold). In general, the threshold is shifted by Q/COX
where Q is the implanted charge density (coulombs per m2 ).

5/8
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Body Effect on Threshold Voltage

Ref : JM 1.7, Ex : tbe_1

Depletion 
layer width

B

FCBsi
d qN

Vk
X

)2(2 0 Φ+= ε

ox

BB
TT C

QQ
V 0

0
−+= where

)2(2 00 FBsiB qNkQ Φ= ε

The threshold voltage increases to:

substratep−

+n +n

S
G

D

NMOS

2V
0V

BN

dXwidth   =

oxt

B

3V

-1V

12 +ΦF 32 +ΦF

)2(2 0 FCBBsidBB VqNkXqNQ Φ+== ε

for zero-bias

where VCB = Channel-to-Bulk potential
Then:

For arbitrary bias conditions:

whereas:

ox

ox
ox t

k
C 0ε=

Introducing:
0

2
ε

γ Bsi

ox

ox qNk
k
t= known as “ GAMMA ” in SPICE (typically 0.3 to 0.8)

we find ..

( )FFCBTOT VV Φ−Φ+⋅+= 22γ
Threshold voltage increases with channel-
to-bulk potential. But, for simplicity, we 
usually use VSB in place of VCB.

The threshold voltage increase is known as “body effect”. 

6/8

THRESHOLD AND BODY EFFECT
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Body Effect Illustrations

Sim : BODY 1

7/8

THRESHOLD AND BODY EFFECT

0

0

VSB1

VGS1
1.5V

VDC1

3V

M1

MN1R

W = 10U
L = 0.5U

0 => 2V

0

0

VSG2
1.5V

VDC2

3V

M2

MP1R

W = 10U
L = 0.5U

VSB2

0 => -2V

0 2V

Current falls from 1.26mA 
(0V) to 0.42mA (2V)

0-2V

Current falls from 293µA 
(0V) to 90µA (-2V)

*SPICE LEVEL1 RAZAVI 0.5U PMOS MODEL
.model MP1R PMOS LEVEL=1 VTO=-0.8 GAMMA=0.4 PHI=0.8
+ NSUB=5E14 LD=0.09E-6 UO=100 LAMBDA=0.0 TOX=9E-9

*SPICE LEVEL1 RAZAVI 0.5U NMOS MODEL
.model MN1R NMOS LEVEL=1 VTO=0.7 GAMMA=0.45 PHI=0.9
+ NSUB=9E14 LD=0.08E-6 UO=350 LAMBDA=0.0 TOX=9E-9

These tests use constant VGS 
values while VSB is varied over a 
2V range. Notice the large current 
changes:  they are due to a |VT| 

that increases with |VSB|.

We’ve set LAMBDA=0 so as to 
see the body effect on its own 
(without having LAMBDA effect 

as well). 

           V_VSB1

0V 0.2V 0.4V 0.6V 0.8V 1.0V 1.2V 1.4V 1.6V 1.8V 2.0V
ID(M1)

0.4mA

0.8mA

1.2mA

1.6mA

           V_VSB2

-2.0V -1.8V -1.6V -1.4V -1.2V -1.0V -0.8V -0.6V -0.4V -0.2V -0.0V
IS(M2)

0A

100uA

200uA

300uA

Check the values reported here 
against the body-effect on 

threshold equation. Remember 
to use (L-2LD).
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MOSFET Circuit Plots : Examples

Ex / Sim : Razavi_ch2q5/_ch2q7.

8/8

*SPICE LEVEL1 RAZAVI 0.5U PMOS MODEL
.model MP1R PMOS LEVEL=1 VTO=-0.8 GAMMA=0.4 PHI=0.8
+ NSUB=5E14 LD=0.09E-6 UO=100 LAMBDA=0.0 TOX=9E-9

*SPICE LEVEL1 RAZAVI 0.5U NMOS MODEL
.model MN1R NMOS LEVEL=1 VTO=0.7 GAMMA=0.45 PHI=0.9
+ NSUB=9E14 LD=0.08E-6 UO=350 LAMBDA=0.0 TOX=9E-9

The examples noted here use the SPICE LEVEL 1 models from Razavi page 37.

The examples Razavi_ch2q5 and Razavi_ch2q7 are based on exercises Q5 and Q7 
from Razavi Chapter 2.  They are provided as Mathcad files with pdf prints and with 
PSPICE simulations in folders of the same name.
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On-chip Capacitance Calculations

Ref :

Between parallel tracks:
Visible length L, 

track separation D, 
depth W into screen.D

DLDW
C r

)8.0()8.0(
0

++= εε

Track over plane:

D
DLDW

C r

)6.1()6.1(
0

++= εε

Track between planes:

D
DLDW

C r

)9.0()9.0(2
0

++= εε

Diffused layers:

(in F/m2)

(V = applied forward bias)Assuming

3091.0211196.11285.87.115.0)/(5.0 00 −=⋅−⋅−⋅⋅=−= EEEEVqNkC Bsij ψε

Rule of thumb: 2m/fF1.0 µ=jC

VVENB 1)(and,cm/151 0
3 =−= ψ

.. increasing as root of NB/1015.

IC & MOS CAPACITANCES
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CMOS Feature Capacitances

Ref : JM 1.2, RZ 2.4IC & MOS CAPACITANCES

depl cap (F/m2) 
for zero bias

)2/(5.0 0 FBsid qNkC Φ= ε

ox

ox
ox t

k
C 0ε= Gate oxide capacitance (F/m2).

oxov CLDC ⋅=

MJ
R

U

PB
V

CJ
C







 +

=
1

MJSW
R

sw

PB
V

CJSW
C







 +

=
1

overlap capacitances (F/m of W)

CJ = Zero-bias F/m2 (underface)

substratep−

+n +n

S
G (+)

D

NMOS

0.1V
0V

FΦ2

BN

B

Cov
Cox Cd

Cov

Cj
Cjsw

CJSW = Zero-bias F/m (sidewall) 

The various capacitances of a 
MOS device are featured here. 
But we must convert these to 
terminal capacitances for 
circuit calculations. 

When we do this, the roles of 
COX and of Cd will vary, 
depending on the bias 
conditions ..

with
voltage 
dependence ..

3/5
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CMOS Terminal Capacitances

Ex : ampfr_caps1IC & MOS CAPACITANCES

+n +n

S G D

NMOS OFF

+n +n

S G D

NMOS NON-SAT

+n +n

S G D

NMOS SAT

OVGS CWC ⋅=

OVGD CWC ⋅=

OVGD CWC ⋅=

oxGATE CLWC ⋅⋅=

GATEOVGS CCWC ½+⋅=

GATEOVGS CCWC )3/2(+⋅=

CDB and CSB are 
mostly the voltage-
dependent diffusion 

capacitances, but may 
be augmented by 

channel protrusions.

CGS

CGD

CDB

CSB

CGB

G

S

D

B

dOX

dOX
GB CC

CC
WLC

+
⋅=

GATEOVGD CCWC ½+⋅=

*

*

*

* .. or higher due 
to fringing fields

0≈GBC

0≈GBC

4/5
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CMOS Gate Loading Calculation

Ref :IC & MOS CAPACITANCES

1 2 Fo

CL

1

2

Fi

CMOS - NOR GATE

p

n

p

p

n n

p p p

n n n

strayGDpGSpGDnGSnoDSpGDpGDniDSniL CCCCCFCCCFCFC +++++++++= )()( 221

Several capacitances make up the 
loading CL on this NOR gate ..

Fi = fan-in (no. of inputs)
Fo = fan-out (no. of loads)

5/5
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EE4308 S0304

MOSFET “ON” Resistance, RON

Ex : lsb_ron1

( )[ ]DSDSTGSD VVVVI *5.0−−= βnon-sat:

To function as an ON switch, 
VDS is small and then .. ( )[ ]DSTGSD VVVI −≈ β ( ) ON

TGSD

DS R
VVI

V ≡
−

≈
β

1

L
W

'ββ =where ..

But, RON varies with signal voltage. To help avoid this, 
we often connect an NMOS and a PMOS in parallel !

NMOS

PMOS

sigV sigV

CV

CV

NMOS

PMOS

sigV sigV

CV

CV

!

In this way, we 
achieve low RON   
" over the full 
range of Vsig.

A logic inverter 
must be 
included !

LARGE SIGNAL BASICS

2/15
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Multiplexers using MOS switches

Ref :

1SV

2SV

3SV

1SR

2SR

3SR

OFF

ON

OFF

1LI

2LI

3LI LR

MOSFETS make good switches with no inherent offset (unlike bipolars).

LONS

L

S

L

RRR
R

V
V

++
=

11

( )( )ONSLLLL RRRIIE +⋅++= 132 ||)..(

Switches with large (W/L) will give suitably low ON resistance ..

a high load impedance RL reduces the 
need for low RON.

" an analogue signal multiplexer

ideally = 1.0

When several switches are in parallel, 
leakage current may cause an offset error 
EL , especially if RS1 is high, because ..

LARGE SIGNAL BASICS
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Current Sinks and Sources

Ref :

Current entering point P is (ideally) independent of 
the voltage on P.

LARGE SIGNAL BASICS

Simple Current Sink

Simple Current Source

BIAS

SINK SYMBOL

0I

PP
0I

SYMBOLSOURCE

BIAS

VDD VDD

0I 0I
P P

In practice, there is a limit on VP below which 
current begins to fall.

Even within the valid range, current increases
slightly as VP increases.

Current exiting point P is (ideally) independent of 
the voltage on P.

In practice, there is a limit on VP above which 
current begins to fall.

Even within the valid range, current decreases
slightly as VP increases.

Sinks 
require 
NMOS 

transistors

Sources 
require 
PMOS 

transistors
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Current Sink Example

Sim : SINKS 1LARGE SIGNAL BASICS

0

0

0V
M1

MN1R1

L = 0.5U
W = 100U

VB
1.2V

VP

*SPICE LEVEL1 RAZAVI 0.5U NMOS MODEL MODS 1 GAMMA
.model MN1R1 NMOS LEVEL=1 VTO=0.7 GAMMA=0.00 PHI=0.9
+ NSUB=9E14 LD=0.08E-6 UO=350 LAMBDA=0.1
+ TOX=9E-9 PB=0.9 CJ=0.56E-3 CJSW=0.35E-11
+ MJ=0.45 MJSW=0.2 CGDO=0.4E-9 JS=1.0E-8

( ) ( ) mA
E

VV
LDL

W
I TB 9.47.02.1

16.05.0
100

2
6134

22
' 22

00 =−
−

−=−
⋅−

= β

mAmAVII DS 35.7)51.01(9.4)1(0max =⋅+⋅=⋅+⋅= λ

20 /1344350
99

1285.89.3
' VAE

E
E

t
k

C
ox

ox
OX µµεµβ =−⋅

−
−⋅=⋅=⋅=

           V_ VP

0 V 0 . 5 V 1 . 0 V 1 . 5 V 2 . 0 V 2 . 5 V 3 . 0 V 3 . 5 V 4 . 0 V 4 . 5 V 5 . 0 V
I D( M1 )

0 A

2 . 0 mA

4 . 0 mA

6 . 0 mA

8 . 0 mA

I0 mA

4

8

0

Volts0 5VPCalculations:

Ideally, the SAT slope 
should be horizontal.

SAT

λ is the culprit. But 
there are ways to 
make things better ..

0 -> 5V

Measured 
SAT slope 
= 2.02kΩ

Compliance: Vmin = 1.2 – VT = 0.5
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           V_ VP

0 V 0 . 5 V 1 . 0 V 1 . 5 V 2 . 0 V 2 . 5 V 3 . 0 V 3 . 5 V 4 . 0 V 4 . 5 V 5 . 0 V
I D( M1 ) I D( M3 )

0 A

2 . 0 mA

4 . 0 mA

6 . 0 mA

8 . 0 mA

Improved Current Sink

Sim : SINKS 1LARGE SIGNAL BASICS

I0 mA

4

8

0

Volts0 5VP

SAT

0V

0

0V

0

VP

VB1
1.9V

M3

MN1R1

L = 0.5U
W = 100U

M2

MN1R1

L = 0.5U
W = 100U

VB2
1.2V

0 -> 5V

Measured 
SAT slope 
= 69.5kΩ

BIAS

R

P
0I

IMPROVED
SINK

RV

A resistor R in the 
Source lead ! gives 
a much improved 
sink.  That’s because 
the drop across R
reduces VGS to 
restrict current 
growth.

In practice, R is replaced by a SAT 
MOSFET (M2).  Bias must ensure 
that M2 and M3 are both SAT.

But, the range of compliance is reduced : 
(Vmin = 1.9 – VT = 1.2 Volts).
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A Simple Design Procedure

Ref :LARGE SIGNAL BASICS

Ve is the “effective voltage”  
or the “overdrive”

( ) ( )DSTGSD VVVI ⋅+⋅−= λβ 15.0 2
SAT Eqn:

Re-arranging:
eT

DS

D
TGS VV

V
I

V +=
+

+=
)1(

2
λβ

(when VDS is small)

Example:

VVT 80.=
280 VA /' µ=β

Aµ50

V3+

V5+

?/ =LW VGS 235 =−=

βλβ
D

DS

D
e

I
V

I 2
)1(

2 ≈
+

=

VVV TGSe 2.18.02 =−=−=

)/('
2

LW
ID

e β
≈ 2'

2

e

D

V

I
L

W

β
≈!

87.0
2.1680
6502

'

2
22 =

⋅−
−⋅=≈

E
E

V

I
L

W

e

D

β

Determine (W/L) which sets 
bias at +3V. The idea of 

overdrive voltage
Ve is a  widely used 

concept when setting 
up a circuit.

We should allow for 
LD when we make 

sizing decisions.
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Common Source Amp

Sim : AMPS 1,  Ex : lsb_1LARGE SIGNAL BASICS

0

0

0

0

M2
MP1R

W = 50U
L = 0.5U

M1

MN1R
W = 50U
L = 0.5U

VB

2V

VDD3V

VIN

VOUT

( ) ( ) AEVVV
LDL

W
I SDTSGP µλβ 191)32.01(8.01

32.0
50

63.385.0)1(
2

5.0 22'
max =⋅+−−⋅=+−

−
=

Ω=
−⋅⋅−

=
−

−= 0.22
)7.03(506134

34.0
)('

2
EVVW

LDL
R

TGSN
ON β

mVRI ON 2.4maxmin ==

*SPICE LEVEL1 RAZAVI 0.5U PMOS MODEL
.model MP1R PMOS LEVEL=1 VTO=-0.8 GAMMA=0.4 PHI=0.8
+ NSUB=5E14 LD=0.09E-6 UO=100 LAMBDA=0.2 TOX=9E-9

*SPICE LEVEL1 RAZAVI 0.5U NMOS MODEL
.model MN1R NMOS LEVEL=1 VTO=0.7 GAMMA=0.45 PHI=0.9
+ NSUB=9E14 LD=0.08E-6 UO=350 LAMBDA=0.1 TOX=9E-9

V
E

EI
VTINX 839.0

)34.0/50(6134
61912

7.0
2 max =

⋅−
−⋅+=+=

β

Calculations:            V_VIN

0V 0. 5V 1.0V 1.5V 2.0V 2.5V 3. 0V
V(M2:d)

0V

1.0V

2.0V

3.0V

Measured 
slope = 
68 V/V

VIN 3V0V

3V

VOUT
When biased in 
transition region, the 
ac gain (the slope of 
VO/VI ) is about –68.

Gain is limited by the λ
of M1 and of M2.

0 -> 3V

PMOS Load

An NMOS driver with a current-source PMOS load.
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EE4308 S0304 Sim : AMPS 1LARGE SIGNAL BASICS

*SPICE LEVEL1 RAZAVI 0.5U PMOS MODEL
.model MP1R PMOS LEVEL=1 VTO=-0.8 GAMMA=0.4 PHI=0.8
+ NSUB=5E14 LD=0.09E-6 UO=100 LAMBDA=0.2 TOX=9E-9

*SPICE LEVEL1 RAZAVI 0.5U NMOS MODEL
.model MN1R NMOS LEVEL=1 VTO=0.7 GAMMA=0.45 PHI=0.9
+ NSUB=9E14 LD=0.08E-6 UO=350 LAMBDA=0.1 TOX=9E-9

CMOS Inverter / Amp

00

0

VDD23V

M21

MN1R
W = 50U
L = 0.5U

M22

MP1R

W = 50U
L = 0.5U

VIN2

VOUT2

0 -> 3V

This is the connection for a simple CMOS 
logic inverter.  It has amplifier properties 
in the transition region where VIN = VX :

           V_VIN2

0V 0. 5V 1. 0V 1.5V 2.0V 2.5V 3. 0V
V(M21:d)

0V

1.0V

2.0V

3.0V

Measured 
slope = 
24 V/V

VIN2 3V0V

3V

VOUT2

1 2 3 4 5

OFFNS5

SATNS4

SATSAT3

NSSAT2

NSOFF1

PFETNFETZONE

( ) ( )22 ||
22 TPINDD
P

TNIN
N VVVVV −−=− ββ

Solve for VIN = VX :
PN

PNTNTPDD
XIN

VVV
V

ββ
ββ

/1

/

+
+−

==

           V_VIN2

0V 0. 5V 1. 0V 1.5V 2.0V 2.5V 3. 0V
V(M21:d)

0V

1.0V

2.0V

3.0V

Measured 
slope = 
24 V/V

VIN2 3V0V

3V

VOUT2

1 2 3 4 5ZONES:

VX becomes VDD/2 when βN = βP. 
Requires larger PFET. Why ?

9/15
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0

0

0

0

M31
MN1R

W = 50U
L = 0.5U

VDD3

3V

M32
MP1R

W = 50U
L = 0.5U

VB3

1.0V

VIN3

VOUT3

Sim : AMPS 1LARGE SIGNAL BASICS

*SPICE LEVEL1 RAZAVI 0.5U PMOS MODEL
.model MP1R PMOS LEVEL=1 VTO=-0.8 GAMMA=0.4 PHI=0.8
+ NSUB=5E14 LD=0.09E-6 UO=100 LAMBDA=0.2 TOX=9E-9

*SPICE LEVEL1 RAZAVI 0.5U NMOS MODEL
.model MN1R NMOS LEVEL=1 VTO=0.7 GAMMA=0.45 PHI=0.9
+ NSUB=9E14 LD=0.08E-6 UO=350 LAMBDA=0.1 TOX=9E-9

0 -> 3V

The slope, and hence the gain, is much lower than for the PMOS Load case. A few 
factors contribute to this. We will soon do an ac analysis of circuits like this one, and 
then the difference in gain values will be explained.

           V_VIN3

0V 0. 5V 1. 0V 1.5V 2.0V 2.5V 3. 0V
V(M31:d)

0V

1.0V

2.0V

3.0V

Measured 
slope = 
16 V/V

VIN3 3V0V

3V

VOUT3

Common Source Amp
NMOS Load

A PMOS driver with a current-sink NMOS load.

We could now attempt 
calculations for the following: VO(MAX) VI(X) ID(MAX)VO(MIN)

10/15
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Supply Independent Reference

But notice, the solution I1 = I2 = 0 is valid also.  It can therefore be advisable to have a
startup circuit that induces current flow (and switches itself off after power-up).

The idea is to generate a voltage or a current which is 
reasonably immune to the supply VDD , to supply ripple and 
other fluctuations. Here is one example ". 
We first set (W/L)3 = (W/L)4 to make I1 = I2.  
Then we set (W/L)2 = K(W/L)1 with K > 1.  

The loop equation VGS1=VGS2+I2R becomes a nonlinear one 
which determines the current uniquely, independent of VDD.

That is:

Supply-
independent

reference

M1 M2

M3M4

I2
I1

R

VDD

Vo1Vo2

1








L
W

1








L
W

K
RI

LWK
I

V
LW

I

N
TN

N
TN ⋅++=+ 2

1

2

1

2

)/('
2

)/('
2

ββ

RI
KLW

I

N

⋅=





 −⋅ 2

1

2 1
1

)/('
2

β

After squaring both sides 
and dividing by root(I2): 

2

2
1

2

1
1

)/('
2







 −⋅

⋅
=

KRLW
I

Nβ

reducing to:

11/15
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EE4308 S0304 Sim : REF 1LARGE SIGNAL BASICS

Supply Independent Reference in SPICE

closely matched by the simulation result.

22

2
1

2 4
1

1
6900)0.1(6134

21
1

)/('

2






 −⋅

⋅−
=






 −⋅

⋅
=

EEKRLW
I

Nβ

AI µ0.42 =

It’s important that R be sufficiently large !

Use long MOSFETS to keep LAMBDA small. *SPICE LEVEL1 RAZAVI 0.5U PMOS MODEL
.model MP1R PMOS LEVEL=1 VTO=-0.8 GAMMA=0.0 PHI=0.8
+ NSUB=5E14 LD=0.09E-6 UO=100 LAMBDA=0.02 TOX=9E-9

*SPICE LEVEL1 RAZAVI 0.5U NMOS MODEL
.model MN1R NMOS LEVEL=1 VTO=0.7 GAMMA=0.0 PHI=0.9
+ NSUB=9E14 LD=0.08E-6 UO=350 LAMBDA=0.01 TOX=9E-9

Current is reduced when GAMMA > 0.

           V_VDD

0 V 0 . 5 V 1. 0V 1 . 5 V 2. 0 V 2 . 5V 3. 0 V
1   V( M1 : d ) V( M4: g ) V( R1: 2 ) 2   I D( M2)

0 V

0. 5 V

1. 0 V

1. 5 V

2. 0 V
1
 

0 A

2 . 0 u A

4 . 0 u A

6 . 0 u A
2
 

   >>

4 µA 

0 V 3V 

VD1

VD2

I2

VR
0 V

2 V

1 V

VDD

0 -> 3V

0

0

0

M1

MN1RM1

L = 5U
W = 5U

M4
MP1RM1

W = 5U
L = 5U

M3MP1RM1

W = 5U
L = 5U

R

30k

VDD

M2
MN1RM1

W = 20U
L = 5U

K = 4

VD1 VD2
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CMOS Inverter Transient Analysis

vi M1 CL

vo

iD

t=0 M1 is initially saturated, but it goes non-saturated 
when Vo falls below Vi – VT , where Vi is the input 
high level.

For the saturated discharge:

Here " we see just the NMOS transistor of a CMOS 
inverter. When Vi goes high, CL discharges through 
M1, and the output Vo falls from its initial value of 
Vo1 toward zero. The PMOS is now OFF, so we can 
ignore it as we analyze the transient ..

( )
dt

dV
CVV o

LTi −=− 2

2
β

and it is easy to check that the diff-eqn
leads to this result !, with duration TS for 
the saturated portion of the discharge:

( )Ti

L

VV
C
−

=
β

τ









−

−
= 12 1

Ti

oS

VV
VT

τ

The solution uses a 
time constant τ :

The subsequent non-saturated discharge is governed by: ( )[ ]
dt

dV
CVVVV o

LooTi −=−− 2½β

This is a more complicated diff-eqn, but can be 
solved with the help of this indefinite integral: [ ] [ ]∫ +⋅=+ )/()/1()(/ baxxLnbbaxxdx

13/15
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EE4308 S0304 Sim : AMPS 1, Ex : lsb_tr1LARGE SIGNAL BASICS

CMOS Inverter Transient Analysis (Cont’d)

The overall discharge time TD from initial Vo1 to 
a final Vo2 is the sum of the two components:

For the NON-SAT portion 
of the transient, down to 
a voltage level Vo2, we 
get this result ! 








−−= 1

)(2

2o

TiNS

V
VV

Ln
T
τ









−−+








−

−
=+= 1

)(2
12

2

1

o

Ti

Ti

oNSSD

V
VV

Ln
VV

VTTT
ττ

To illustrate for a 3V logic supply:  

the discharge time (as a multiple of τ) 
through the NMOS device (with VTN = 
0.7V) from 3V down to 1.5V becomes:

33.11
5.1

)7.03(2
1

7.03
3

2 =





 −−+






 −
−

= Ln
TD

τ

vi M1 CL

vo

iD

t=0

There is no need to do a separate analysis of the charging transient. The symmetry of 
the CMOS inverter makes it clear that the same analysis applies, using PMOS particulars 
instead of NMOS. A SPICE LEVEL 1 simulation can be used to check these ideas ..
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15/15

Sim : TRANS 1LARGE SIGNAL BASICS

*SPICE LEVEL1 RAZAVI 0.5U NMOS MODEL MOD1: GAMMA LAMBDA
.model MN1RM1 NMOS LEVEL=1 VTO=0.7 GAMMA=0.00 PHI=0.9
+ NSUB=9E14 LD=0.08E-6 UO=350 LAMBDA=0.0
+ TOX=9E-9 PB=0.9 CJ=0.56E-3 CJSW=0.35E-11
+ MJ=0.45 MJSW=0.2 CGDO=0.4E-9 JS=1.0E-8

*SPICE LEVEL1 RAZAVI 0.5U PMOS MODEL MOD1: GAMMA LAMBDA
.model MP1RM1 PMOS LEVEL=1 VTO=-0.8 GAMMA=0.0 PHI=0.8
+ NSUB=5E14 LD=0.09E-6 UO=100 LAMBDA=0.0
+ TOX=9E-9 PB=0.9 CJ=0.94E-3 CJSW=0.32E-11
+ MJ=0.5 MJSW=0.3 CGDO=0.3E-9 JS=0.5E-8

CMOS Inverter Transients

3V

0 5 nsec

0V

           Ti me

0 s 0 . 5 n s 1 . 0 n s 1 . 5 n s 2 . 0 n s 2 . 5 n s 3 . 0 n s 3 . 5 n s 4 . 0 n s 4 . 5 n s 5 . 0 n s
V( M2 : d ) V( M2 : g )

- 2 . 0 V

0 V

2 . 0 V

4 . 0 V

( )Ti

L

VV
C
−

=
β

τ

( ) sec044.0
7.03)}16.05.0/(50{6134

122
n

E
E

NMOS =
−−−

−=τ

( ) sec152.0
8.03)}18.05.0/(50{63.38

122
n

E
E

PMOS =
−−−

−=τ

sec058.0044.033.1 nTFALL =⋅=
sec202.0152.033.1 nTRISE =⋅=

(SPICE:  0.065)  

(SPICE:  0.233) 

SPICE times are slightly longer -- but note that we 
neglected the MOSFET capacitances (about 100 fF).

When λ is included (0.1 NMOS, 0.2 PMOS), the 
transients go faster:  0.053 FALL and 0.161 RISE)

0

0

0

0

VDD3V

M1

MN1RM1

W = 50U
L = 0.5U

M2
MP1RM1

W = 50U
L = 0.5U

VIN
CL
2pF

VOUT

A SPICE 
transient 
analysis
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EE4308 S0304 Sim : TRANS 1SMALL SIGNAL BASICS

Small-Signal Parameters :  RON

Small-signal parameters describe transistor behaviour for purposes of small excursions 
around an operating point. For amplifier purposes, a MOSFET should be saturated 
(SAT), but other MOSFETs in the circuit may be non-saturated (NON-SAT), and we 
need small-signal models for both.

NON-SAT OPERATION (operation as a SWITCH):

A non-saturated condition generally involves a low VDS, allowing some simplification of 
the current equation:

DSTGSDSDSTGSD VVVVVVVI )()½( −≈−−= ββ

Then: )(/ TGSDSD VVdVdI −≈ β and )](/[1 TGSON VVR −≈ β

RON is the ON-RESISTANCE measured in Ohms. It provides a simple characterisation 
which is generally adequate when VDS is small. It is both a large-signal and a small-
signal device parameter, and no other parameter is needed at low frequency.

SAT OPERATION (operation as an AMPLIFIER):







=

L
W

'ββ

Here we need a more detailed current equation, as follows:

)1()(
2

2
DSTGSDS VVVI λβ +⋅−= ( )FFSBTT VV Φ−Φ+⋅+= 220 γwhere
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EE4308 S0304 Sim : TRANS 1SMALL SIGNAL BASICS

Small-Signal Parameters :  gm ,  gmb

Combining these 
equations: ( ) )1(22

2
2

0 DSFFSBTGSD VVVVI λγγβ +⋅Φ+Φ+−−=

The current now depends on VGS, on VDS , and also on VSB. These three dependencies 
lead to three separate AC parameters, as follows.

Transconductance: gm = dID/dVGS :

Differentiation yields: ( ) )1(22/ 0 DSFFSBTGSGSDm VVVVdVdIg λγγβ +⋅Φ+Φ+−−==

which we can write more simply as: )1(2 00 DSDm VIg λβ += ID0 and VDS0 are bias values at 
the DC operating point.

gm is the primary current-control parameter.  MOSFET gm values are typically 
much lower than corresponding bipolar values { gm = IC0/(kT/q) }.

Back-Gate Transconductance: gmb = dID/dVBS :

( )
FSB

DSFFSBTGSBSDmb V
VVVVdVdIg

Φ+
⋅+⋅Φ+Φ+−−==

22
)1(22/ 0

γλγγβ
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EE4308 S0304 Sim : TRANS 1,  Ex : ampss_ig1SMALL SIGNAL BASICS

Small-Signal Parameters :  gmb , δ , gd

rd is the AC drain output resistance

m
FSB

m
mb g

V
g

g ⋅=
Φ+

⋅= δγ
2
2/

0 FSBV Φ+
=

2
2/

0

γδwhich we can write 
more simply as: with

( This same δ can be shown to approximate VT as {VTS + δ.VCS } where VCS is the 
channel-to-source potential at any point in the channel ).

The typical δ value is about 0.3.  Clearly, this "back-gate" transconductance is not a 
small one.  But gmb is active only when the Source voltage has an AC component.

Drain Transconductance: gd = dID/dVDS :

( )
)1(2

/
0

02

DS

D
TGSDSDd V

I
VVdVdIg

λ
λλβ
+

=⋅−== ID0 and VDS0 are bias values at 
the DC operating point.

Also:
0

01
/1

D

DS
dd I

V
gr

λ
λ+==

Approximate parameters for a quick estimate:

002 DdmmbDm IgggIg λδβ =⋅==
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EE4308 S0304 Sim : TRANS 1SMALL SIGNAL BASICS

Small-Signal Parameters : using Ve

We get an alternative expression, involving 
the bias current ID, by observing that:

Some useful expressions for gm :

e
DD

Dm V
II

Ig β
β

β
β

ββ ==⋅=≈ 22
2 2

0

22

2
)(

2 eTGSD VVVI
ββ =−=

It then follows that:

These represent different insights, the 
use of which depends on the constraints 
imposed by the problem at hand

e

D
m V

I
g

2=

Recall that:

To summarize:

where Ve is the “effective voltage”  or 
the “overdrive”

eTDTGS VVIV +=+≈ β/2

Then:

em Vg β=02 Dm Ig β=
e

D
m V

I
g

2=

.. worth noting
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EE4308 S0304

Current Sink Example Revisited

Sim : SINKS 1,  Ex : ampss_ig2SMALL SIGNAL BASICS

0

0

0V
M1

MN1R1

L = 0.5U
W = 100U

VB
1.2V

VP

*SPICE LEVEL1 RAZAVI 0.5U NMOS MODEL MODS 1 GAMMA
.model MN1R1 NMOS LEVEL=1 VTO=0.7 GAMMA=0.00 PHI=0.9
+ NSUB=9E14 LD=0.08E-6 UO=350 LAMBDA=0.1
+ TOX=9E-9 PB=0.9 CJ=0.56E-3 CJSW=0.35E-11
+ MJ=0.45 MJSW=0.2 CGDO=0.4E-9 JS=1.0E-8

mAI 940 .=

           V_ VP

0 V 0 . 5 V 1 . 0 V 1 . 5 V 2 . 0 V 2 . 5 V 3 . 0 V 3 . 5 V 4 . 0 V 4 . 5 V 5 . 0 V
I D( M1 )

0 A

2 . 0 mA

4 . 0 mA

6 . 0 mA

8 . 0 mA

I0 mA

4

8

0

Volts0 5VP

Calculations:

SAT

0 -> 5V

Measured 
SAT slope 
= 2.02kΩ

VmAmAIg ONd /... 4909410 =⋅=⋅= λ Ω== k
g

R
d

O 042
1

.

Bmvg0=Bv Dr

Do rR =Current sink is 
zero because 
vB (ac) = 0

The computed small-signal RO matches the slope 
from the large-signal plot – as it should do !

Small-signal Model

6/18



EE4308 S0304

Improved Current Sink Revisited

Sim : SINKS 1SMALL SIGNAL BASICS

0V

0

0V

0

VP

VB1
1.9V

M3

MN1R1

L = 0.5U
W = 100U

M2

MN1R1

L = 0.5U
W = 100U

VB2
1.2V

0 -> 5V

Measured 
SAT slope 
= 69.5kΩ

The TEST SOURCE Vt is for 
calculation of output impedance RO.

02 =Bv

01 =Bv

xv
xm vg 3

22 Bm vg 2or

3or

2or

3or

xvv −=*

*vgm3

tv

ti

TEST
SOURCE

as drawn

simplified

2otriv =*

332 omtott rvgiriv *)( ++=

Two equations to solve:

Solving for RO = vt / it :

23332 oomooO rrgrrR ++=

233 oomO rrgR ≈

           V_VP

0V 0. 5V 1. 0V 1. 5V 2. 0V 2. 5V 3. 0V 3.5V 4. 0V 4. 5V 5.0V
ID(M1) ID(M3)

0A

2. 0mA

4. 0mA

6. 0mA

8. 0mA

I0 mA

4

8

0

Volts0 5VP

SAT

mAIB 35.≈

021023 .== Bm Ig β

Ω=== k
I

rr
BN

oo 821
1

32 .
λ

Ω=≈ krrgR oomO 872233 .

.. closed to measured slope

from graph

Quick Check :
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EE4308 S0304

Wilson Current Mirror and Gain Boosting

Ref : GT, Ch 4SMALL SIGNAL BASICS

Wilson current mirror

M1 M2

M3

Isk

VDD

I0
r0 RO

+
v1
-

vx

+
v2
-

VG3

it

vt

r0

r01

gm1v1

+
v1
-

+
v2
-

+
v3
-

gm3v3

gm2v2

ro3

ro2

Test
Source

gm1v1

1/gm2

gm3v3

ro3

ro' =
ro || ro1

+
v3
-

+
v1
-

it

it

vt Test
Source

The Wilson mirror was first intended as a bipolar current mirror, 
but the same topology can be used with MOS circuits also.  This 
mirror uses feedback to further boost the output impedance.

Any increase in sink current Isk will cause v2 to increase. This v2 is 
then amplified by M1, using Io as a load, for a large inverting gain 
between v2 and vx.  Therefore vx falls sharply, reducing the drive 
on M3, and opposing the initial current increase.

!

32021 vgirgig mtmtm +=− )/(')/( tmtomt vgirvgi =+− )/()( 2333

Solution yields: 3232133321 ommmmomoomott rggggrgrrgRiv )/()/('// +++==

)/()'( 2331 momomo grgrgR ≈
1ooo rrr ||'=

Two Equations: and

Ignoring smaller terms: where

)'( om rg 1)/( 233 mom grgThe normal cascode gain is boosted by the feedback gain term
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EE4308 S0304 Sim : TRANS 1SMALL SIGNAL BASICS

Common Source Amp : AC Analysis

The device M1 uses a current-source load IB and operates in SAT 
mode with vo biased near VDD/2 . rL is the ac impedance at the 
output node, such that ac current variations iD must flow in rL.

imD vgi ⋅= 1 LDo riv ⋅−=

In practice, the current source is implemented using a PMOS 
transistor and the ac load rL is ro1 in parallel with ro2, that is, 
the combined output Drain impedances of M1 and M2.

! Lm
i

o rg
v
v ⋅−= 1

VDD

wol1
vi

vo

M1

M2

wol2
Vb

BI

VDD

wol1
vi

vo

M1

rL
gm1

Concept:

Implementation:

( )
21

1
211 ||

oo

m
oom

i

o

gg
g

rrg
v
v

+
−=⋅−=

)1(2 011 DSNBm VIg λβ +=
)1( 1

1
DS

BN
o V

I
g

λ
λ
+

=
)1( 2

2
DS

BP
o V

I
g

λ
λ
+

=

with:

Now draw a small-signal model and use it as a check on our 
reasoning in order to verify the gain equation.
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EE4308 S0304

Common Source Amp :  Revisited

Sim : AMPS 1 ,  Ex : ampss_cs1/2/3SMALL SIGNAL BASICS

PMOS Load

Small-signal calculations are as follows:

( ) ( )

( ) ( ) AE

VVV
LDL

W
I SDPTPSG

P
pB

µ

λβ

1565.12.018.01
18.05.0

50
)63.38(5.0

1||
2

'5.0

2

2
2

2
2

2

=⋅+⋅−
−

−=

⋅+⋅−
−

=

VA
I

g
N

BN
o /5.13

)5.1(11 µ
λ
λ =
⋅+

=

VA
I

g
P

BP
o /9.23

)5.1(12 µ
λ
λ =
⋅+

=

VmAEE

ILWg NBNm

/66.2)5.11.01)(6156)(34.0/50)(6134(2

))5.1(1()/('2 11

=⋅+−−=

+= λβ

8.70
21

1 −=
+

−==
oo

m

i

o
v gg

g
v
v

A

The calculated ac gain AV
is also the measured value 
(above), and is quite close 
to the measured slope of 
68 V/V from our earlier 
large signal analysis ####.

0

0

0

0

M1

MN1R
W = 50U
L = 0.5U

VDD3V

VIN

DC = 0.8173

AC = 1

VB

2V
M2

MP1R

W = 50U
L = 0.5U

VOUT

For the AC sweep, the DC VIN must first be chosen to set 
VOUT = VDD/2. The measured AC gain was then –70.8.

           Fr equency

10Hz 100Hz 1. 0KHz 10KHz 100KHz 1. 0MHz 10MHz 100MHz 1. 0GHz
V( M1: d)

0V

20V

40V

60V

80V80

0

10 Hz 1 GHz

AV

SPICE AC sweep
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EE4308 S0304

Body Effect Revisited: small-signal models

Sim : BODY 1

0

0

VSB1

VGS1
1.5V

VDC1

3V

M1

MN1R

W = 10U
L = 0.5U

0 => 2V

0

0

VSG2
1.5V

VDC2

3V

M2

MP1R

W = 10U
L = 0.5U

VSB2

0 => -2V

Current falls from 1.26mA 
(0V) to 0.42mA (2V)

Current falls from 293µA 
(0V) to 90µA (-2V)

           V_VSB1

0V 0.2V 0.4V 0.6V 0.8V 1.0V 1. 2V 1. 4V 1. 6V 1. 8V 2.0V
ID(M1)

0.4mA

0.8mA

1.2mA

1.6mA

           V_VSB2

-2.0V -1.8V -1. 6V -1.4V -1.2V -1.0V -0.8V -0. 6V -0.4V -0.2V -0.0V
IS(M2)

0A

100uA

200uA

300uA

gsmvg
gsv

sbmbvg dg
s

g d

sbmbvg dgg

s

d

gsv

gsmvg

As VGS rises, ID increases
As VSB rises, ID decreases

As VG rises, ID decreases
As VSB rises, ID increases

drain 
current 

increase   decrease

With body effect, we gave 
a “back-gate” gmb as well 
as the “front-gate” gm.

Variations in VGS and in VSB
! incremental current 

changes, which appear in the 
small-signal models as 

follows:

We get body-effect when 
the source S moves 
relative to the bulk B

(which is ac-grounded)

SMALL SIGNAL BASICS
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EE4308 S0304

Common Drain Amplifier

Ex: ampss_cd1

Used as a level shifter (or sometimes as an impedance buffer) in which vo “follows” vi
(but is VT+Ve below it). If VT+Ve were fixed, the ac gain would be 1.0. In practice, 
both of them vary. 

SMALL SIGNAL BASICS

(Source Follower)

VDD

Vb M2

M1

ov

iv

LR

gsv

s

g d

gsm vg 1

iv

ov

eqR

gsv

s

g d

1or

LR2or

gsm vg 1 sbmb vg 1

iv

ov

gsv

s

g d

1orLR2or

gsm vg 1

iv

ov

1

1

mbg

!!!! !!!!

See ac models below. The ac analysis goes:

eq

o
oimd R

v
vvgi =−= )(1 !!!!

eq
m

m

i

o

R
g

g
v
v

1
1

1

+
=

When RL and ro1
and ro2 are large: δ+

=
+

=
1

1

11

1

mbm

m

i

o

gg
g

v
v

Body effect limits the available gain and reduces linearity.

Use of RL without the M2 sink makes gain even more non-linear

The VGS of M1 reduces available headroom.
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EE4308 S0304

Small Signal Linear Modelling

Ref : RZ 3.2SMALL SIGNAL BASICS

Impedance at a pair of terminals may be calculated by applying a voltage to the 
terminals in question and measuring the resulting current, with all independent sources 
set to zero. We will demonstrate this for some common situations ..

On an AC equivalent circuit, DC voltage sources become zero and constant current 
sources go open circuit.

The small-signal models are linear.  This means that we can view them from their 
output terminals as Thevenin or as Norton equivalents.  For both models, ROUT is the 
output resistance seen when all independent sources are set to zero.

OUTR

Sv OCv

The Thevenin 
model : vOC is 
the open-circuit 
output voltage

The Norton 
model : iSC is the 
short-circuit 
output current

To use the Norton model, we evaluate ROUT and we short the output terminals to find 
iSC and hence GM . Then, for a circuit driven by vi , we find the gain as vO/vi = GM ROUT.

This approach can often reduce the amount of algebra required.

iMvG OUTR
ov

SCi

13/18



EE4308 S0304

Resistor-loaded Source Impedance

Ref : RZ 3.4SMALL SIGNAL BASICS

On inspection:

!

VDD

M1
Vb

R
x

S

S
S i

v
R =

Sv
Si

R
x

Sv
Si

Orsmtvg

mbm

mt

gg

g

+
=

Rirvgiv SOsmtss +−= )(

Omt

O

S

S
S rg

Rr
i
v

R
+
+=≡

1
Re-arranging:

Generally: 1>>Omtrg

So, if rO >> R :
mt

S g
R

1≈

With no AC signal on the Gate, the gm
and gmb will work together as a single 
gmt = gm+gmb.

When λ = 0, ro = infinity, and RS = 1/gmt , a low value In most 
other situations, ro >> R and RS remains close to 1/gmt .  But, if 
the Drain loading R is exceptionally high ( >> rO ), then the view 
from the source shows an attenuated R, with a value of R/(gmtrO), 
higher than the normal 1/gmt value.

VDD

M1
Vb

R

x
Si

Sv

S

S
S i

v
R =

The very same analysis applies to this PMOS circuit ".

This is a test 
source used to 
determine RS.

All this remains valid when R is an AC resistance of an active device.
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EE4308 S0304

Resistor-loaded Drain Impedance

Ref : RZ 3.4SMALL SIGNAL BASICS

The reaction from R on M1 has the effect of amplifying ro by a 
factor of [1 + gmt R].  Also, on inspection:

VDD

M1
Vb

ov

R

Oi

O

O
O i

v
R =

x ov

R

Oi

x
Or

O

O
O i

v
R =

Rig

vg

Omt

xmt =
mbmmt ggg += [ ]RigirRiv OmtOOOO ++=

[ ]RgrR
i
v

R mtO
O

O
O ++=≡ 1

VDD

M1
Vb

ov

R

Oi

x

O

O
O i

v
R =

Here again, the effective gm is gm+gmb = gmt ( i.e. the total gm).

from which:

[ ]Rgr mtO += 1    " factor  boost    the"

!

The same analysis holds for this " PMOS circuit, and it still applies 
when R represents a small-signal resistance of an active device. 
Accordingly, these results have wide applicability.

Typically, only a small part of vO
appears at node x. This is often 
helpful as a de-sensitising effect. [ ]RgrR

R
v
v

mtOO

X

++
=

1
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Degenerated CS Amplifier

Ex : ampss_cs5SMALL SIGNAL BASICS

The Norton model with S/C removed shows that:

OXXmbXimSC rvvgvvgi /)( −−−= with Riv SCX =
Eliminating vX and re-arranging:

" On inspection:

VDD

M1

R

x
iv

SCi

Riv SCX =
mbmmt ggg +=with

Notice, the denominator is the Resistor-boosted Drain Impedance.

[ ]RgrR
rg

G
v
i

mtO

Om
M

i

SC

++
=≡

1

" This circuit has the same iSC , but, when 
the short-circuit (S/C) is removed, it 
becomes a degenerated CS amp. It then 
has a Norton model ! for which:

VDD

M1

R

iv

SCiDR

ov

[ ]{ }RgrRRR mtODOUT ++= 1||

As an “amplifier” this has no output ! , but  now consider this ..

[ ] [ ]{ }[ ]RgrRR
RgrR

rg
RG

v
v

mtOD
mtO

Om
OUTM

i

O ++⋅
++

−=−= 1
1

||

iMvG OUTR SCi

ov

Degeneration (using series R) makes a CS stage more linear.
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EE4308 S0304

Common Gate Amplifier

Ex : ampss_cg1

The CG amp " features a positive gain > 1.0 with 
low input impedance (which is often undesirable 
but it is suitable for wideband operation into a 
50Ω load).  We’ll use a Norton source model ! to 
simplify the analysis. We can find the gain as:

SMALL SIGNAL BASICS

where:

VDD

M1
Vb

DR

SR

iv

ov

XR

VDD

M1
Vb

DR

SR

iv

ov

XR

SCi

i

SC
M v

i
G =

( )XDMOUTM
i

O RRGRG
v
v

||==

and ..[ ]SmtOSX RgrRR ++= 1

X

Omt

OOmtS

Omt

Omt

O
S

i

SC
M R

rg
rrgR

rg

rg
r

Rv
i

G
+=

++
+=

+
+

== 1
1
1

1

1
)(

Thus: ( )
[ ]Smt

D

O

D

S

Omt

D

X

Omt

XD

D
OmtXD

X

Omt

i

O

Rg
R
r

R
R

rg

R
R

rg
RR

R
rgRR

R
rg

v
v

+++

+=
+

+=
+

+=+=
11

1

1

1
1

1
)(||

Quite often: Dmt
i

O Rg
v
v ≈

subject to 10 >>>>= OmtDOS rgRrR ,,

The CG amp is also part of the widely-used cascode amplifier stage, which comes next .. 
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Cascode Amplifier

Ex : ampss_co1SMALL SIGNAL BASICS

M1 is a CS amp
M2 is a CG amp

The Cascode amp " features a higher output 
impedance and better separation between vi and vo
due to the de-sensitizing effect of M2.  Using a Norton 
source model ! , we can find the gain as:

where:

( )XDMOUTM
i

O RRGRG
v
v

||−=−=

and ..[ ]RgrRR mtoX 22 1++=

Lo

o
m

i

SC
M Rr

r
g

v
i

G
+

==
1

1
1

VDD

Vb

M1

M2
ov

iv

DR

R

SCi

LR

with R and RL
as shown !

22

2

1 omt

o
L rg

r
R

+
=

1orR =

Substituting for R and RL :

[ ]{ } [ ]{ }1221
2221

2211
1221

22

2
1

11 1
1

1
1

1

omtooD
oomto

omtom
omtooD

omt

o
o

om

i

o rgrrR
rrgr

rgrg
rgrrR

rg
r

r

rg
v
v ++⋅

++
+−=++⋅

+
+

−= ||
)(

)(
||

Typically:

Cascoding gives high ROUT and high gain, provided RD also is made high by cascoding !

1>>Omtrg ! 1mM gG ≈ ! OUTm
i

o Rg
v
v ⋅−= 1

VDD

Vb

M1

M2

ov

iv

DR

R

OUTR
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EE4308 S0304 Refs : RZ, JM, AH, GM, GT 

MOS AMPLIFIER
FREQUENCY RESPONSE

1/6

SMALL SIGNAL BASICS



EE4308 S0304

CS Amplifier Frequency Response

Ex : ampfr_cs1/2

2/6

SMALL SIGNAL BASICS

There are two defining equations (summing currents at 
circuit nodes ") :

VDD

DR

SR

DBC

GDC

GSC
iv M1

ov

x

( ) 0=−++−
sCvvsCV

R
vv

GDOxGSX
S

iX

( ) 0
1 =








+++− sC

R
vvgsCvv DB

D
OXmGDXO

Eliminating vX and 
solving we obtain:

( )
21 AsBs

RgsC
v
v DmGD

i

O

++
−=

where: [ ] ( )DBGDDGSSGDDmS CCRCRCRgRB ++++= 1

( )DBGDDBGSGDGSDS CCCCCCRRA ++=

at node x

at outout node

and:

This is all rather complicated, but a computer can quickly 
find the roots of the vector [1 B A] thus informing us of 
the pole locations for this amplifier !

( )











+










+

−=

21

11
pp

DmGD

i

O

ss

RgsC
v
v

ωω
Notice: we also have a rhp zero at: GDmz Cg /=ω



EE4308 S0304

CS Amplifier Miller Approximation

Ref : RZ 6.1, AH 5.3

3/6

SMALL SIGNAL BASICS

If we set s = 0 we find the DC gain as:
VDD

DR

SR

DBC

GDC

GSC
iv M1

ov

x

This gives rise to the following pole approximations:

( )
DmV

DmGD

i

O
V RgA

AsBs
RgsC

v
v

A −=→
++
−== 21

(AV is negative and  |AV| >> 1.0)

At low to medium frequencies: XVO vAv ≈

The voltage across CGD becomes:

An equivalent C from vX to ground would be:

( )VXOX Avvv −=− 1

An equivalent C from vO to ground would be: ( ) GDVGD CAC ≈− −11

( ) GDVVGD CAAC ≈−1

INs
p CR

1
1 =ω

OUTD
p CR

1
2 =ω

with: [ ] [ ]DmGDGSVGDGSIN RgCCACCC ++=−+= 11

and: GDDBOUT CCC += " this treats node X as if it were a “virtual zero”

CIN is the “Miller Capacitance”

These give useful insights, but are often inaccurate.
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CS Amplifier Split-pole Approximation

Ref : GT 4.8

4/6

SMALL SIGNAL BASICS

“Pole-splitting” is usually the result of a deliberate action designed to push the poles 
apart, in order to make: 12 pp ωω >> (often by 3 or 4 decades)

Then: ( ) ( ) ( ) ( )
2

21

2

121

2

2121

1
1111

AsBs
RgsC

ss

RgsC

sss

RgsC

ss

RgsC
v
v DmGD

ppp

DmGD

pppp

DmGD

pp

DmGD

i

O

++
−=











++

−≈











+++

−=











+










+

−=

ωωωωωωωωω

and:
the input pole[ ] ( )DBGDDGSSGDDmS

p CCRCRCRgRB ++++
≈≈

1
11

1ω

( )GDDBDOUTD
p CCRCR +

=≈ 11
2ω

[ ] ( )
( )DBGDDBGSGDGSDS

DBGDDGSSGDDmS
p CCCCCCRR

CCRCRCRgR
A
B

++
++++≈≈ 1

2ω

[ ]( )DmGDGSsINs
p RgCCRCR ++

≈≈
1

11
1ω

the output pole

For the Miller approximations to be valid, the boxed parameters should be small 
enough to neglect. Only then could we say:

The ωp2 approximation can be used only if CGS is large.
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CG Amplifier Frequency Response

Ref : RZ 6

5/6

We saw that:

SMALL SIGNAL BASICS

[ ]Smt
D

O

D

S

Omt
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This promises a wideband response (no Miller effect), but at the expense of a low input 
impedance. The cascode amp, which is next, avoids the low impedance penalty ..

If rO is high (meaning negligible λ effect), 
the low-frequency gain is approximately:
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The frequency response 
can be approximated as:
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Cascode Amplifier Frequency Response

Ex : scaling1

6/6

We saw that:

SMALL SIGNAL BASICS
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On inspection:
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When poles are included ..

.. where all λ
effects have 
been neglected
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CMOS BAND-GAP REFERENCES
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Bandgap Voltage References

Ref : JM 8.5/6

A voltage reference must be stable over temperature, and must be immune to supply
changes and noise sources.

2/7

The term "bandgap" refers to the gap between levels in a Silicon Energy-level diagram. 
The gap value is VG0 = 1.206 volts, and the voltage references to be described are of a 

closely similar value, with the bandgap voltage as the key component thereof. 

Bandgap voltage references are the most widely used kind, for bipolar technologies, and 
for CMOS as well.

Bandgap voltage references depend on the temperature behaviour of the VBE of a 
bipolar transistor.  In CMOS there are no purpose-built bipolars, but an n-well can be 

made to operate as the base of a grounded pnp, as we shall see.

We will first set out the main ideas and some circuit implementations, with very little 
maths. Afterwards, we will show the maths in more detail. 

BANDGAP REFERENCES
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Bandgap Reference Basics

Ref :

The VBE of a bipolar at constant IC has a temp coefficient of about -2.0 mV/degC. 

3/7

Bipolar transistors follow very well-defined rules from semiconductor physics. 
Some key features are:

The difference between two such VBE values is 
directly proportional to absolute temperature. 
In fact, it follows a simple expression ! 








=−=∆

1

2
12 J

J
Ln

q
kT

VVV BEBEBE

J1 and J2 are the current densities in the transistors, Q1 and Q2.  If the transistors 
are identical, we can use the currents I1 and I2 in place of J1 and J2. 

Suppose I2 = 10 I1. Then: mV
E

E
Ln

q
kT

VBE 559302
1961

30023381
1

10
.).(

.
)(. =

−
−=






=∆

This is at T = 300 deg K, which is 27 degC.  At 37 degC, the answer is 61.5 mV.  
That's a 2 mV increase over 10 deg C, so the temp coefficient is 0.2 mV per deg C. 

Compare this with the -2.0 mV/degC of a VBE at constant current.  To get a constant 
voltage we need to amplify a ∆VBE by about 10 and add it to a VBE value.  That is:

BEBEREF VKV ∆⋅+=
This sums up the main idea.  For the current ratio that we suggested, the value of K
is about 10.   We will now look at some circuits to implement the idea.

BANDGAP REFERENCES
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A Bipolar Bandgap Reference

Ref :

4/7

This bipolar bandgap reference is due to Paul Brokaw of Analog Devices (1974). 

R R

R1

R2

VREF

VCC

Q1 Q2

∆VBE{
+

VBE2

B

E +

The op-amp's virtual zero, and the two identical resistors 
R, mean that currents in Q1 and Q2 are identical. 

To make the current densities different, we will assume 
differing transistor emitter areas by specifying that:

21 ee AA >> The actual area ratio may be about 10.

This causes VBE1 to be far less than VBE2. The difference is ∆VBE
and it appears across R1 , as shown on the diagram "

On inspection: 22 RBEREF VV ∆+=

But the R2 current is twice the R1 current, so the R2
drop is twice the R1 drop, scaled by (R2/R1), !

Based on our numeric example, if the emitter area ratio is close to 10, the value of K will 
be close to 10 as well.  With a ∆VBE of about 60 mV, this will result in:

VmVmVVV BEBEREF 2416010640102 .=⋅+≈∆⋅+≈

This is slightly higher than the bandgap voltage (VG0 = 1.206 V ). 

BEBEREF V
R
R

V ∆⋅+=
1

2 2
2

Fine-tune by 
laser-trimming 

R1, R2. 

BANDGAP REFERENCES
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A CMOS Bandgap Reference

Ref :
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In an n-well CMOS implementation, we have two pnp's with grounded base and 
collector, because these terminals are n-well and p-bulk regions respectively. 

R1 R2

∆VEB{
+

R3

VREF

Q1 Q2

B

EE

B

n-well

p+

p-sub

n+

Structure of Q1, Q2 above

The op-amp virtual zero forces equal 
voltages across R1 and R2 , that is: 21 RR VV ∆=∆

For this circuit, we'll assume that both 
transistors have identical areas. We'll make 
R2 >> R1 so as to make I1 >> I2.  Typically: 1021 ≈II /

On inspection:

Also on inspection:

2111 REBREBREF VVVV ∆+=∆+=

3

2
32 R

R
VV RR ⋅∆=∆ because IR2 = IR3 = IQ1.

Therefore:
3

2
1

3

2
31 R

R
VV

R
R

VV EBEBREBREF ⋅∆+=⋅∆+=

This has the form that we require, 
with a gain value of K = R2/R3. 

Here again, VREF will be slightly higher than the 
bandgap voltage (VG0 = 1.206 V ). 

Fine-tune K 
by laser-trim 

for exact 
temp comp

This pnp has the essential 
temperature dependence 

that we require. 

BANDGAP REFERENCES
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Mathematics of the bi-polar VBE

Ref :

6/7

The behaviour of a junction is strongly governed by semi-conductor physics, it is well 
defined and repeatable. For a detailed mathematical development, refer to Grey & Meyer 
(1993).  The temperature dependence of the junction is summed up by Johns & Martin 
(1997) in the form: 









+





⋅++








−=

0

0

0
0

0
0 1

C

C
BEGBE J

J
Ln

q
kT

T
T

Ln
q

mkT
T
T

V
T
T

V

with VG0 = 1.206, the band-gap voltage. T0 and JC0 refer to a "reference temperature", 
typically 300 deg K.  T is the prevailing temperature, and J the prevailing current 
density. The factor m is a constant, with m = 2.3 approx.

This equation is all that we need to proceed. For example, it immediately accounts for 
the equation in which the difference  between two VBE values was given as:









=−=∆

1

2
12 J

J
Ln

q
kT

VVV BEBEBE

The VBE Eqn above allows us to see VBE and it negative TC of about -2mV/deg C.

The ∆VBE Eqn allows us to view ∆VBE and its typical positive TC of about +0.2 mV/degC

BANDGAP REFERENCES
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Mathematics of the bi-polar VBE (Cont’d)

Ref :

7/7

We defined the bi-polar VREF as: BEBEREF VKV ∆⋅+=

We can now substitute for VBE and ∆VBE to find VREF.  We can then set: 0=
T

VREF

δ
δ

.. and solve for the value of K which makes this possible.  We can then backsubstitute 
the K value to get our final VREF expression, one which has a TC of zero at the nominated 
temperature.

All this leads to the same circuits and procedures that we described.  But it also predicts 
the value of K that is "best" for a given design.

BANDGAP REFERENCES
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CMOS LOW VOLTAGE TOPICS
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Low Voltage CMOS

Ex : ampss_cs4

2/9

Smaller device sizes allow denser circuitry (more functionality per mm2), and this 
favours lower voltages as well. 

CMOS LOW VOLTAGE

Lower voltages reduce power on a square-law basis.  There is strong motivation for 
this also due to increasing use of battery-powered equipment, such as mobile phones 
and portable computers.

Lower voltages make analogue design more difficult. 

Lower currents increase the noise as well.

We will look at some design issues that are affected by low-voltage considerations.

Under low voltage operation, the values of VGS and VDS are critical and must be kept 
as low as possible, in order to conserve the available headroom.

The VGS has two components:  

VGS = VT + Ve = Threshold + Effective value (also called “overdrive voltage”)

VT is fixed (with perhaps 0.1V tolerance). Several factors make lower VT impractical.

Typical values are VT = 0.7, Ve = 0.3.  (We try to keep Ve as low as possible).



EE4308 S0304

Low Voltage Cascode Current Mirror

Ref :

3/9

The normal cascode current mirror uses up ( VT+Ve+Ve ) from the available headroom.

We now show a circuit which reduces this total to (Ve+Ve ), or about 0.6 volts

CMOS LOW VOLTAGE

M1

M2

M3

VB1

VX

VDD

VSS

IX

VT+Ve1 Ve1

VT+Ve2+Ve1
Ve2+Ve1

IB

The voltages shown are the minimum values that 
place M1 and M2 at the edge of saturation. They 
are based on the relationship:

If M1 or M2 enters the triode region, the output 
impedance falls off rapidly.  To avoid this, in 
practice, we must allow a small margin for safety.

)/(' LW
I

VVV TeTGS β
2+=+=

For a given MOSFET, Drain voltage VD can fall 
below gate voltage VG by as much as VT before the 
MOSFET goes out of saturation (into the NON-SAT 
or the triode region). 

The conclusion is that the current sink terminal voltage VX can go as low as Ve1+Ve2
before its impedance begins to collapse. 
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Modified Low Voltage Current Mirror

Ref :

4/9

In practice, the two currents will differ slightly because of 
the differing drain voltages of M1 and M3.  There's a 
handy remedy for this, which we show now.

CMOS LOW VOLTAGE

M1

M2

M3

VB1

VX

VDD

VSS

IX

VT+Ve1 Ve1

VT+Ve2+Ve1 Ve2+Ve1

IB

M4

Here we've added another identical transistor, M4.  It 
does'nt change the action of the diode-connected M3, 
but it does ensure that the drains of M1 and M3 are at 
the same potential. This, in turn, ensures that IX = IB. 

The bias voltage VB1 must be provided 
too.  One option is to use another 
diode-connected transistor M5 with a 
current source of the same value IB
that we used previously  !

VDD

IB

VB1

VSS

M5
We now require: eTB VV 21 +=

For the same bias current, and if M1 to M4 are identical, this calls for a 
(W/L)5 that is four times smaller than that of the other transistors.

We’ll assume, for simplicity, that all transistors 
are identical, making Ve values identical too.
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Rail To Rail Operation

Ref :
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Many circuits require "rail-to-rail" operation, or something 
close to that.

CMOS LOW VOLTAGE

Vi
Vo

Vi
Vo

R 9R

Vi
Vo

R1

R2

VREF

Unity-gain

Non-
inverting

Inverting

This unity-gain buffer " is a good example. The output must 
track the input over as wide a range as possible. That means 
designing op-amp circuits with input stages that go rail-to-rail, 
and output stages that go rail-to-rail too.

We do'nt always need rail-to-rail working at the input. For 
example, this amplifier " has a non-inverting gain of 10, so 
the input signal range is only one-tenth of the output signal 
range. That simplifies the input stage design considerably. 

The inverting amplifier is even better. Here " the input signal 
stays close to VREF at all times, irrespective if the closed-loop 
gain value.  The typical VREF is mid-way between the power 
supply values.

We will look at the implications of "rail-to-rail" operation for 
input stages, and also for output stages.
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Differential Input CM Range

Ex : diffamp_cm1/_swing1/_unbalanced1
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This circuit gives some insights 
into input common-mode range 
limitations.

CMOS LOW VOLTAGE

VSS

VDD

VSS+Ve-sk

VSS+Vesk+VGSN

VDD - VSG3

M1 M2

M3 M4

VDD - VSG3+VTN

(max)
(min)

(min)

The upper limit (max) is set by 
the current mirror (M3,M4) to 
about one Ve value below VDD. 

The lower limit (min) is set by 
the current sink and by (M1,M2) 
to be about VTN+Ve+Ve-sk
above VSS. 

All this falls far short of rail-to-rail operation ..
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Differential Folded Cascode

Ref :
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In this folded-cascode circuit, the 
drains of M3 and M4 can go to 
within Ve of the VDD rail.  This 
allows the inputs V1 and V2 to go 
all the way up to VDD, a marked 
improvement.

CMOS LOW VOLTAGE

The input terminals can operate up to the VDD rail, but not down to the VSS rail.  
Only a PMOS differential pair could meet this latter requirement.

VDD

M3 M4

VSS

M1 M2

VB1

VB2

VB3

VO

M5 M6

M7 M8

M9 M10

V1 V2

The differential currents from (M1, 
M2) add to the fixed currents from 
(M3, M4) to form differential 
currents in (M5, M6).  These are 
mirrored by the cascode mirror 
comprising (M7,M8,M9,M10). 
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Complementary Differential Inputs

Ref :
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In order to have true rail-to-rail 
operation at the input, it is 
necessary to have both an NMOS 
and a PMOS differential pair 
working in parallel, as this 
diagram illustrates. 

CMOS LOW VOLTAGE

At intermediate values of common-mode input voltage, both differential pairs work 
together. One drawback from this is that the effective transconductance changes a lot 
over the range, and is a maximum when both pairs work together. There are ways in 
which to counter this problem, and to arrive at a more uniform transconductance. 

When the common-mode input is 
close to VDD, the NMOS differential 
pair still works correctly, but the 
PMOS differential pair is cut off. 

VDD

M3 M4

VSS

M1 M2

VB1

VB2

VB3

VO

M5 M6

M7 M8

M9 M10

V1 V2

When the common-mode input is 
close to VSS, the PMOS differential 
pair still works correctly, but the 
NMOS differential pair is cut off. 
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Rail To Rail Output Stages

Ref :
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This is the normal kind of output stage, when rail-to-rail working is 
not a requirement.  It gives low output impedance, as we would 
prefer. But it is limited in its output voltage swing, in that the 
distance from VO to either rail is at least a full VGS value, that is,  
the sum of a VT and a Ve. 

This would be called a "common-drain" stage.

CMOS LOW VOLTAGE

VDD

VSS

VO

VDD

VSS

VO

This output stage is basically a current-output stage, so its 
impedance characteristics are very different. But the output VO can 
now go to within a Ve value of either rail. This is only a few tenths 
of a volt, or less if suitably large transistors are in use. 

This is the popular output stage for low-voltage operation. It would 
be called a "common-source" stage.
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CMOS OPERATIONAL AMPLIFIERS
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Telescopic Op-Amp : single-ended output

Ref : RZ 9, AH 6, GT 4

2/21

CMOS OP-AMPS

Bias voltages and device sizing must place 
devices in SAT region, but close to the NON-SAT 
boundary. 

Vin Vo

Vin

Vo

M1 M2

M3 M4

M5 M6

M7 M8

M9vb1

vb2

VDD

ISS

In unity-gain mode, Vin = Vo, 
but the CM range is severely 
limited.  See example $.

Output swing is limited to (VDD – five Ve values –
one VT value), where Ve = VGS – VT , but Ve values 
will not all be the same.

The open-loop gain at low frequency will be 
approximately:

[ ]22
0 oPmPoNmNmNOmNv rgrggRgA ||≈=
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Folded Cascode Op-Amp

Ex : opa_clg1

3/21

CMOS OP-AMPS

The folded cascode alleviates input CM swing 
limitations somewhat.  It also avoids the CM 
swing limitation of the single-ended telescopic 
stage in the unity-gain feedback mode.

M1 M2

M3 M4

M5 M6

M7 M8

M9 M10

M11

VDD

VSS

V1 V2

VO

CL

VB1

VB3

VB2

In common with other single-
stage op-amps, the folded 
cascode has a single output node 
Vo at high impedance. Looking 
downward from Vo, this is 
provided by M8 and M10, with 
feedback via M7 and M9. These 
four transistors constitute a 
Wilson current mirror.

Looking upward from Vo, the 
cascode devices are M6 and M4.  
The net effect is a very high 
impedance at the Vo node, as is 
essential for high voltage gain.
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Folded Cascode Op-Amp (cont’d)

Ref :
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CMOS OP-AMPS

M3 and M4 provide bias current for both (M1,M2) 
and (M5,M6).  VB2 decides the bias current taken 
by (M1,M2) and the remainder goes to (M5,M6).   

M1 M2

M3 M4

M5 M6

M7 M8

M9 M10

M11

VDD

VSS

V1 V2

VO

CL

VB1

VB3

VB2

Suppose we apply a small positive 
input (v1 - v2).  This generates a 
+∆I in M1 and a corresponding -∆I 
in M2.  Because ID3 and ID4 are 
fixed, this adds +∆I to M6, and a 
corresponding  -∆I to M5.  The 
+∆I of M6 goes directly to CL, and 
the -∆I of M5 is mirrored by 
(M7,M8,M9,M10). The net result is 
to supply +2∆I to CL. 

Under balance conditions, the net 
current to CL is zero. 
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Telescopic Op-Amp : differential output

Ex : opa_tel1
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CMOS OP-AMPS

Vin

Vo

M1 M2

M3 M4

M5 M6

M7 M8

M9vb1

vb2

vb3

vb4

VDD

ISS

Bias voltages and device sizing must place 
devices in SAT region, but close to the NON-SAT 
boundary. 

Output swing is limited to 2(VDD – five Ve values), 
where Ve = VGS – VT , but Ve values will not all be 
the same.

The differential output doubles the available 
output swing.

This op-amp can achieve higher gain and bandwidth than the 
folded cascode, but it requires a CM feedback circuit to set 
the output CM level appropriately.

The open-loop gain at low frequency will be 
approximately:

[ ]22
0 oPmPoNmNmNOmNv rgrggRgA ||≈=



EE4308 S0304

Single-stage Op-Amp frequency response

Ex : opa_st1
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CMOS OP-AMPS

Because the differential input voltage is divided between 
M1 and M2, the overall stage transconductance is simply: 21 mmm ggG ==

Single-stage op-amps generally feature a single very high impedance node, and one 
dominant pole, with other poles removed to high frequencies (well above crossover). The 
result is a single-pole roll-off dominated by the load CL and by the output node 
impedance RO .  The dynamics are simply stated as:

Omv RGA =0 and
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vo

p

vo

diffIN

O
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A

s
s

A
V

V
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=
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=
11

1
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p CR
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1
1

−= and π211 /pp sf −=

Because sp1 is a low-frequency pole, the gain 
over most frequencies is, approximately:

L

m

LO

vo

diffIN

O

sC
G

CsR
A

V
V =≈

)(

For unity gain, |AV(s)| = 1, occurring at s = j ωu , we obtain: Lmu CG /=ω

Dm ILWG )/('β2= Because Gm decides the bandwidth,  input devices must have a (W/L) 
value and a bias current sufficient to meet the target ωu value.

A sufficiently large CL is the only requirement for closed-loop stability.
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Two-stage Op-Amp Overview

Ref :
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CMOS OP-AMPS

Two-stage op-amps try to boost gain by having a second gain stage. This may be 
instead of cascoding (where supply voltage will not allow it), or in addition to 
cascoding (to give further gain enhancement). The main drawback is the feedback 
stability concerns which arise in a 2-pole system. 

M1 M2

M3 M4

M5

M6

VDD

-VSS

g1 g2 g3

v1 v2

( - ) ( + )

Input differential
gain stage

inverting high-
gain stage

follower as
output buffer

This circuit is symbolic of two gain 
stages, with an unity-gain buffer at 
the output.  The buffer reduces 
output impedance without much 
effect on the frequency response. 

If the op-amp loading is low, the 
buffer can be omitted.  In such 
cases, the output parameter is a 
current, and low output impedance is 
achieved by feedback alone.  An op-
amp without an output buffer might 
be called an Operational 
Transconductance Amplifier, or OTA 
for short.
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Two-stage small-signal model

Ref :
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CMOS OP-AMPS

Vi represents the differential input, 
and higher-order poles are ignored. 
The two poles included are the output 
poles from stage 1 and stage 2. The 
pole frequencies are at  fp1 = -sp1/2π
and at fp2 = -sp2/2π. 

For stage 1:
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Then :

For both 
stages in 
cascade:
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(the DC open-loop gain)

A two-stage op-amp has a small-signal model as shown.  

1oV

1C
2C oV

iV

1oGim VG 1 2oG12 om VG
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Two-stage Pole-Splitting

Ref :

9/21

CMOS OP-AMPS

Its still complicated, but now it has the same model structure as the CS apmlifier that 
we analyzed before. That can save us a lot of effort ...

In general, the op-amp poles are not widely separated.  This is problematic because, 
under feedback, the loop gain phase-angle approaches -360 deg  (-180 + two amplifier 
lags)  while the gain is still high, and this leads to unstable behaviour.

The common solution is to introduce a 
compensating capacitor CC , as shown 
". We will show that this behaves as 
a pole-splitting capacitor.  It causes 
the first pole to move down to a far 
lower frequency, while the second pole 
goes up to a far higher frequency. We 
will then have a dominant pole
condition, and this is desirable for 
purposes of stability.

CC complicates the analysis, but here 
" we show a Thevenin equivalent for 
the left side of the dotted line 
boundary.

1oV

1C
2C oV

iV CC

im VG 1 1oG 12 om VG
2oG

1oV

1C
2C

CC

oV

12 om VG 2oG

11 oG/

1

1

o

m
i G
G

V
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CS Amplifier Analysis Re-visited

Ref :

10/21

For this circuit ", we’ve 
already shown that !

VDD

DR

SR

DBC

GDC

GSC
iv M1

ov

x

( )
21 AsBs

RgsC
v
v DmGD

i

O

++
−=

where: [ ] ( )DBGDDGSSGDDmS CCRCRCRgRB ++++= 1
( )DBGDDBGSGDGSDS CCCCCCRRA ++=and:

CMOS OP-AMPS

Our simplified two-stage op-amp is 
topologically the same %.  We can re-
use the results making the 
substitutions shown ", to obtain:

11 os gR /→
1CCGS →

CGD CC →

21 oD gR /→ 2CCDB →
where:

and:

[ ] ( ) 22111221 oCooCom GCCGCGCGGB //// ++++=

( ) 212211 ooCC GGCCCCCCA /++=

1

1

o

m
ii g

g
V ⋅→ ( )

2
22

1

1

1 AsBs

GGsC
G
G

v
v omC

o

m

i

O

++
−⋅= /

2mm gg →

In this model, C1 is the inter-stage 
node capacitance. C2 is generally much 
larger as it includes the external 
loading CL.  The Gm and Go values are 
seen from inspection of the circuit.

1oV

1C
2C

CC

oV

12 om VG 2oG

11 oG/

1

1

o

m
i G
G

V
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Pole-Splitting Model Analysis 11/21

CMOS OP-AMPS

After pole-splitting, the poles will be far apart, such that: 12 pp ss >>

By assuming that this is the case, we can simplify our analysis, because then … 

2

21

2

121

2

2121

11111 AsBs
ss

s
s
s

ss
s

s
s

s
s

s
s

s
s

ppppppppp

++=









+−≈










+−−=










−










−

We see that: 

( ) ( ) 122122

21
1 1

oCoomC

oo
p GCCGCGGC

GG
Bs

++++
−=−≈ /

( ) ( )
( )2211

122122

1
2

1
CCCCCC

GCCGCGGC
As

s
CC

oCoomC

p
p ++

++++−≈≈

The approximations on the right often suffice because, normally:

( )2211

2
2 CCCCCC

GC
s

CC

mC
p ++

−≈

om GG >>

C

o

mC

oo
p Ca

G
GC
GG

s
02

1

2

21
1

−=−≈

If we can also assume that CCC2 >> either CCC1 or  C1C2 , then:
2

2
2 C

G
s m

p −≈

1

1
1 C

G
s o

p −=
2

2
2 C

G
s o

p −=Before CC was 
introduced, we had:

The comparison is 
quite revealing ..

Ref : RZ 9, AH 6, GT 4
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The Consequences of Pole-Splitting

Ref :

12/21

CMOS OP-AMPS

The downward movement of pole-1 is the result of a large deliberate Miller effect.
The upward movement of pole-2 is the result of capacitive feedback around stage-2.

C

o
p Ca

G
s

02

1
1

−≈

2

2
2 C

G
s m

p −≈

1

1
1 C

G
s o

p −=

2

2
2 C

G
s o

p −=

We will generally find that :  
C2 >>  CC >>  C1

Before CC was 
introduced

After CC was 
introduced

a02 is the stage-2 gain, generally large, 
and CC >> C1 usually.  The pole sp1 moves 
down – perhaps by two decades or so.

Because Gm2 >> Go2 , the pole sp2 moves 
up – it may move as much as two decades.

The poles are now far apart, making sp1 a dominant pole.

The idea is that the second pole fp2 should occur at or 
beyond crossover (i.e. the unity-gain frequency).  If 
fp2 occurs at crossover, the total phase lag becomes 
–180-45 = -225 deg, wheich leaves a phase margin 
of 45 degrees !

0vA

1pf 2pf

10 pv fA

-1/1
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The Influence of the Zero 13/21

CMOS OP-AMPS

We generally need a phase margin of 60 deg or more, and 
the zero of the transfer function is an added complication !. 
It is a right-half-plane zero, it halts the falling gain slope 
while sending the phase even more negative.  Both these 
factors conspire to reduce the phase margin.  This makes it 
important that fz be at least a decade above the unity gain 
frequency or the crossover frequency (often called fu ).

Allen & Holberg (Ref: AH, Ch 6) point out that if fz = 10 fu , 
where fu is the unity-gain (crossover) frequency, then we 
must have fp2 > 2.2 fu to get a 60 deg phase margin. 

0vA

1pf 2pf

-1/1

zf











+








+









−

=

2

0

11

1

pVou

z
vv

f
f

j
Af
f

j

f
f

j
AfA

/

)(
0 2 4 6

200

100

100120

162.722−

dBA flog( )

argA flog( )

120−

fmax0

6

flog

This is easily checked 
using the response 
function shown here !

Avo = 105.   fu = 106.  
fp2 = 2.2 fu. fz = 10fu. 

For the same pole locations, 
the simulation also shows how 
phase margin changes if fz
moves up or down :

fz = 100fu ! 65 deg margin  (higher fz has little effect)
fz = 1fu     ! 40 deg margin

Ref :
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Simplified 2-stage Design Method

Ref : 
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CMOS OP-AMPS

With a dominant pole, we can approximate the response as being simply a single-pole 
roll-off toward fu , one in which stage-2 acts like a integrator with integrating capacitor 
CC , while current injection from stage-1 sets the gain level.  We model it like this … 

0 2 4 6

200

100

100120

162.722−

dBA flog( )

argA flog( )

120−

fmax0

6

flog

)( 2111 vvGI mo −=
c

o
o sC

I
v 1−=

c

mo

sC

G

vv
v 1

21

−
=

−
!

To find fu, we set s = jωu = j2πfu , then set 
|gain| to unity,  and solve for fu to find :

c

m
uu C

G
f 12 == πω

We also know that:
c

m
z C

G 2=ω and
2

2
2 C

Gm
p ≈ω

We take this approach because fu is generally specified as a design target.  For a given 
fu and DC gain Av0 , the first pole will occur at fu /Av0 .  

up ff 222 .≥ uz ff 10≥andFor a 60 deg phase margin, we must then make sure that :

By meeting these conditions, we get an op-amp that is stable even for unity feedback.

STAGE 1 STAGE 2
1oI

1v

2v
ov1mG CsC/1−
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Two-stage Op-Amp and Specification 15/21

CMOS OP-AMPS

The typical op-amp performance specification might include the following :

M3 M4

M1 M2

M8 M5 M7

M6

1v2v

ov

LC

VDD

VSS

5I

6I

bI

CC

Load Capacitance CL.

Crossover fu (= Gain-Bandwidth GB)

Slew Rate SR.

DC Gain Av0.

Power dissipation Pd.

Input CM range

Output voltage max and min

For the simple topology shown, the slew rate is :
CC

I
SR 5=

Also on 
inspection : 211 mmm ggG ==

421 ooo ggG +=
62 mm gG =

762 ooo ggG +=

The SR spec (if given) 
will determine I5.

Ref : 
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Two-stage Op-Amp Design Procedure

Ref : AH 6
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CMOS OP-AMPS

M3 M4

M1 M2

M8 M5 M7

M6

1v2v

ov

LC

VDD

VSS

5I

6I

bI

CC

Choose CC > CL (2.2/10)

Choose I5 = (SR)CC.

Choose Gm1 = 2πfuCC.

Choose Gm2 = 2.2Gm1CL/CC. 

[1], [2], [4], [5]

[6]

[3]

[1], [3], [5]

We can use I5 and Gm1 to find (W/L)1,2. 

(W/L)3,4 is chosen to satisfy CM requirements. It 
also affects the op-amp offset voltage.

(W/L)5 is chosen to satisfy CM requirements

(W/L)6 and I6 are chosen so that gm6 = Gm2 and 
so that VGS6 is acceptable (close to VGS3).  

(W/L)7 is chosen as a scaled M6 designed to 
carry I6 rather than I5.

(W/L)8 sets bias in conjunction with Ib.

Ib+I5+I6 sets power dissipation Pd.

c

m
u C

G 1=ω
c

m
z C

G 2=ω

L

m
p C

G 2
2 ≈ω

up ωω 222 .≥ uz ωω 10≥

CC
I

SR 5=

[1]

[3]

[2]

[4]

[5] [6]

DESIGN EQUATIONS
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Two-stage Op-Amp Numeric Example

Ex : opa_2s_1/2

17/21

CMOS OP-AMPS

This " is an op-amp design from Allen 
& Holberg (Ref: AH, Ch 6). To give a 
general impression of performance, we 
now quote several numeric results from 
that design, as follows:

Note that open-loop gain Av0 can be improved by using longer devices to reduce the 
λ values, at the cost of greater die area.

The detailed calculations can be found in Example  opa_2s_1. It also shows that use 
of a 2-micron channel length would increase open-loop gain to around 165,000.

A similar design using the Razavi 0.5um LEVEL 1 model can be found in opa_2s_2.

M3 M4

M1 M2

M8 M5 M7

M6

1v2v

ov

LC

VDD = 2.5V

VSS = -2.5V

5I

6I

bI

CC

4.5/1 14/14.5/1

15/1 15/1 94/1

3/1 3/1

pF3

pF10
Aµ30

Aµ30

Aµ95

All W/L are in microns

][sec/ specVSR µ10≥
][specMHzfu 5=

76960 =vA
350.(min) =o

mWPd 620.= Sgm µ9426 =
Sgm µ2941 .=
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Open-Loop Simulation Tests 18/21

CMOS OP-AMPS

This " is the set-up for open-loop tests, in which the 
op-amp is implemented as a sub-circuit. 

1

2

3

4

5
CL

DC AC
VDD

VSS

Vo

0

+3V

-3V

-10mV 10mV0

Vo

VDC
DC Sweep

The DC source is set to 0V, but it is also used for a DC 
sweep, using a range of about (-10mV to +10mV). 

The DC sweep plot looks something like this %. The 
initial sweep result will be offset from zero to left or 
right (the dotted curve). Size adjustments of 
(M3,M4) will change this offset value.

The slope through the origin gives the op-amp's DC 
gain. 

At this point, we can run the AC sweep which gives 
us a Bode plot of Gain magnitude and phase over 
frequency. It confirms the DC gain value, and it 
also gives the crossover frequency fu and the 
phase margin (PM). 

Ref : AH 6
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Closed-Loop Simulation Tests 19/21

CMOS OP-AMPS

This " is the set-up for closed-loop tests, in which the 
op-amp is implemented as a sub-circuit. 

The DC test shows the range of compliance for the 
unity-gain connection.

The transient test uses a PWL square wave.  The 
initial PWL amplitude is large (e.g. ±2V) and it 
gives the available slew rate. It should be quite 
close to the target SR value. 

The later PWL amplitude is small (e.g. ±0.1V) and 
this is so as to observe the linear behaviour, and to 
look at the overshoot and the settling time.  

1

2

3

4

5
CL

PWL
VDD

VSS

Vo

0

DC

The overshoot and the settling time should 
correspond with the observed phase margin. 

If the phase margin (or the gain-bandwidth) is not 
sufficient, other measures can be used to improve 
the performance …

Ref : AH 6
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Removing the Effects of the Zero

Ref : GT 4

20/21

CMOS OP-AMPS

METHOD A.  " We place a buffer in 
the feedback path so that CC cannot 
feed forward. This eliminates the zero.

1C
2C oV

iV CC

im VG 1 1oG 12 om VG
2oG

FEEDBACK
BUFFER

1C 2C oV

iV CC

im VG 1 1oG 12 om VG
2oG

CR

METHOD B. % We place a resistor RC
in the feedback path. The action is 
more subtle, but also very effective. 
It can be used to send the zero to 
infinity, or to cause it to cancel the 
second pole …

Method B alters the zero location and 
introduces a third pole such that …

cmc
z CGR

s
)/( 21

1
−
−=

121
3

11111
CRCCCR

s
ccc

p
−≈








++−=

Setting RC = 1/Gm2 will remove the 
zero to infinity.  RC is implemented by 
using a non-saturated MOSFET.

To achieve greater bandwidth the Zero can be eliminated, or it can be moved so that it 
cancels the 2nd pole.

See Ref  GT Ch 4 for greater detail.
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The Gain-Boosting Approach

Ref : RZ 9

21/21

CMOS OP-AMPS

The pursuit of high gain and high speed presents some difficulties. 
A single-stage approach is more conducive to high speed, but 
further cascoding for even higher gain would reduce the headroom
excessively.  However, it is possible to increase gain in another way. 
Cascoding, in itself, is a form of feedback and, in the gain boosting
approach shown here ", an auxiliary feedback loop is used to 
further increase the gain.  We’ve seen this idea already in the form 
of the Wilson Current mirror.       For the AC model shown …

vA

R

oR

bV

vA
or

R

gv

sv

)( sgm vvg −

ti

tv
svg vAv −=( )[ ]sgmtott vvgirRiv −−+= Riv ts =

leading to .. ( )vomoo
t

t ARrgRrR
i
v +++== 1

)( RrgAR omvo ≈ The cascode gain is 
further boosted by Av.

This amplifier ! has a gain-boosted Ro, but current-source I2
needs a similar implementation to achieve the desired high gain.
Op-amps would use differential versions of the same idea.

1I 2I

iV

oV

VDD

M2

M3

M1

3

3

o

m
v g

g
A =

1orR =

oR

)( 122 oomVo rrgAR ≈
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SWITCHED CAPACITOR METHODS
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Active Filter Components

Ref : GT 5, JM 10

2/16

SWIT-CAP METHODS

Board-level active filters use R’s and 
C’s and op-amps. R

C

The RC integrator.
A key building block

Integration of RC components presents some 
difficulties:

• MOSFET R’s are non-linear

• Low-frequency filters require large RC products

• Large R’s and large C’s are space-consuming

• R’s and C’s have large absolute-value tolerances

• R’s and C’s don’t track over temperature or voltage
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The Switched Capacitor

Ref :

3/16

SWIT-CAP METHODS

Equate the 
two 
currents:

R
V1

V1

V2

V2

ϕ1 ϕ2

I V R= δ /

δV V V= −1 2

δ δq C VR= ⋅

δq δq
CR

I q T C V Tav R= = ⋅δ δ/ ( ) /

Iav

An actual resistor, R 

The switched alternative, CR.

ϕ1

ϕ2

Non-overlapping Clocks

IIav =

RVITVCI Rav //)( δδ ==⋅=

RTCR /=yielding:

A resistor carries 
current in a 
continuous flow

A switched capacitor 
carries current in 
discrete bucket-fulls
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SC Time Constants

Ref :

4/16

SWIT-CAP METHODS

Because:

• Clock-adjustable break points

the time-constant becomes:

This has big advantages:

• Accurate Clock frequencies (from crystal oscillators)

• Capacitor Ratios  -- small caps, low tolerances, good tracking

RTCR /=

c
RR C

C
C
C

TRC f/







=








⋅==τ

R
C

The RC integrator.
A key building block
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A Switched Integrator

Ex : scm_int1

5/16

SWIT-CAP METHODS

ϕ1 ϕ2

δq C VR i= ⋅

δq δqCR

Vi

Vo

C
Ri CnVq ⋅−= ][ 1δ

CqnVnVnV ooo /][][][ δδ −=−−= 1

CCnVnVn Rioo /][][][ ⋅−−=−− 11

( ) ( )CCzVzzz Rio /)()( ⋅⋅−=−⋅ −− 111

( ) ( )1

1

1 −

−

−
⋅−==

z
z

CC
zV
zV

zH R
i

o /
)(
)(

)(

Substitute:

(the difference equation)

Translate into the z-domain:

The Transfer Function: This is a
Forward Difference
Integrator

This Integrator samples the input once per cycle. This makes it part of a 
sampled-data system. It is therefore subject to aliasing considerations.
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Another Switched Integrator 6/16

SWIT-CAP METHODS

Substitute:

(the difference equation)

Translate into the z-domain:

The Transfer Function:

This is a Backward Difference Integrator

ϕ1

ϕ2

δq C VR i= ⋅
δq

CR
Vi

Vo

C
Ri CnVq ⋅= ][δ

CqnVnVnV ooo /][][][ δδ −=−−= 1

CCnVnVn Rioo /][][][ ⋅−=−− 1

( ) ( )CCzVzz Rio /)()( ⋅−=−⋅ −11

( ) ( )11
1

−−
⋅−==

z
CC

zV
zV

zH R
i

o /
)(
)(

)(

Ex : scm_int2



EE4308 S0304

Parasitic Capacitances

Ref :
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SWIT-CAP METHODS

Some of these parasitic 
capacitances will cause 

errors in the data transfer.

Can you identify them, and say 
how they cause problems ?

ϕ1 ϕ2

δq δqCR

Vi

Vo

C

C1

C2 C3

ϕ1

ϕ2

δq

CR
Vi

Vo

C

C1 C2 C3

If parasitic capacitance is a problem, we must 
employ capacitors that are much larger than the 
parasitics, with serious area implications resulting.
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Parasitic-Insensitive Switch

Ref :

8/16

SWIT-CAP METHODS

Which of the parasitics is a 
potential hazard ?

These parasitics are 
grounded on every cycle --
which renders then harmless

The difference equation:

Translate into the z-domain:

The Transfer Function:

This Backward Difference Integrator is stray-insensitive. We can use smaller capacitors.

ϕ1

ϕ2

δq C VR i= ⋅

δq

CR

Vi

Vo

C

ϕ1

ϕ2

CCnVnVn Rioo /][][][ ⋅−=−− 1

( ) ( )CCzVzz Rio /)()( ⋅−=−⋅ −11

( ) ( )11
1

−−
⋅−==

z
CC

zV
zV

zH R
i

o /
)(
)(

)(
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A Useful Pair of Integrators

Ref :
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SWIT-CAP METHODS

ϕ1

ϕ 2

δq C VR i= ⋅

δq

CR

Vi

Vo

C

ϕ1

ϕ 2

ϕ1ϕ2

δq C VR i= ⋅

δq

CR

Vi

Vo

C
ϕ1 ϕ2

An inverting 
integrator 

A non-inverting 
integrator 

CCnVnVn Rioo /][][][ ⋅−=−− 1

( ) ( )11
1

−−
⋅−==

z
CC

zV
zV

zH R
i

o /
)(
)(

)(

CCnVnVn Rioo /][][][ ⋅−+=−− 11

( ) ( )1

1

1 −

−

−
⋅+==

z
z

CC
zV
zV

zH R
i

o /
)(
)(

)(
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SC Building Blocks – the Integrator Block

Ref :
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SWIT-CAP METHODS

δq
Vi

Vo

C

H z
q z

V zi

( )
( )

( )
=
δ

H z
V z

q zI
o( )
( )

( )
=
δ

We will use the same 
integrator with a number 
of different input blocks. 

The Integrator Block

( )
−
− −

1

1 1

/ C

z

Input Block, H Integrator Block, HI CnqnVn oo /][][][ δ−=−− 1

( ) Czqzzo /)()( δ−=−⋅ −11

( )11
1

−−
−==

z
C

zq
zV

zH o
I

/
)(
)(

)(
δ

"
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SC Building Blocks – three Input Blocks

Ref :
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SWIT-CAP METHODS

1 1

2 2
δqVi

Vo

C
CR

2 1

1 2
δqVi

Vo

C
CR

δqVi

Vo

C
CC

Non-inv Input Block

C R

Inverting Input Block

− ⋅ −C zR
1

Capacitor Input Block

( )C zC ⋅ − −1 1

δq n C V nR i[ ] [ ]= ⋅

δq z C V zR i( ) ( )= ⋅

H z
q z

V z
C

i
R( )

( )

( )
= =δ

δq n C V nR i[ ] [ ]= − ⋅ −1

δq z C V z zR i( ) ( )= − ⋅ ⋅ −1

H z
q z

V z
C z

i
R( )

( )

( )
= = − ⋅ −δ 1

( )δq n C V n V nC i i[ ] [ ] [ ]= ⋅ − −1

( )δq z C V z zC i( ) ( )= ⋅ ⋅ − −1 1

( )H z
q z

V z
C z

i
C( )

( )

( )
= = ⋅ − −δ

1 1
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An Active Bi-quad Topology 12/16

SWIT-CAP METHODS

( ) 2
00

2
01

2
2

ωω +⋅+
+⋅+⋅−=

sQs

BsBsB
sH

/
)(

A general-purpose active-filter 
building block.

Vi

Vo

C = 1
C =1

C B0 2=

R B1 11= /

R B2 0 0= ω /

R3 01= − / ω

R4 01= / ω

R Q5 0= / ω

B0 B1 B2

LP

HP

BP

BS

0

1

ω0
2 0

0 0

0 0

1ω0
2 0

ω0

Q

Type

Passband gain = 1

The integrators 
convert current 
to voltage with 
a gain of (-1/s).

The circuit H(s) can be checked by 
writing its system equation ..

Ref : GT 5, JM 10
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SWIT-CAP METHODS

( ) 2
00

2
01

2
2

ωω +⋅+
+⋅+⋅−=

sQs

BsBsB
sH

/
)(

C B0 2 1= =

C T B T Q1 1 0= = ω /

C T B T2 0 0 0= =/ ω ω

C T3 0= ω

C T4 0= ω
C T Q5 0= ω /

Capacitor values are 
relative to C = 1

1 1

2 2

2 1

1 2

2

1

Vi

Vo

C =1
C = 1

C B0 2=

C T R1 1= /

C

T R
2

2

=
/ C

T R
3

3

=
− /

C T R4 4= /

C

T R
5

5

=
/



EE4308 S0304

SC Bi-quad Data Flow

Ref :

14/16

SWIT-CAP METHODS

The defining equation:

+ +Vi Vo

−
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1 1
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1 1
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
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


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2
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⋅+⋅−−++−==

zzCCCC
zCzCCCCCC

zV
zV

zH
i

o

)(
)(

)(On setting C = 1, and after
re- arrangement:

Here we do a 
precise
analysis of the 
SC bi-quad

As with a 
digital filter, 
the transfer 
function is 
periodic.
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SWIT-CAP METHODS

STEP 1
of scaling 

operations

Scale all caps connected to an op-amp OUTPUT node. This adjusts the 
op-amp output swings, for optimum dynamic range.

When the design is completed, we can do additional scaling in two steps, as 
follows. This first step helps us make better use of the op-amp dynamic range 
and thus improves the SNR.

Range Scaling of SC Circuits
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Capacitance Scaling of SC Circuits
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SWIT-CAP METHODS

STEP 2
of scaling 

operations

Scale all caps connected to an op-amp INPUT node. This changes only 
the charge packets, but allows minimisation of capacitor sizes.

If the caps connected to an input node are all above the minimum size, we can scale 
them all down, thus reducing the space requirements.
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SWIT-CAP CIRCUITS
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Preamble
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SWIT-CAP CIRCUITS

Until now, we’ve taken little account of the circuit aspects that limit SC performance. 
This chapter will attempt to redress that imbalance.  It will also point to some other 
applications of SC technology, notably SC amplifiers and comparators, which can 

offer improved performance over the more traditional methods.
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When the gate-clock is high, Vo tracks the signal Vsig.

SWIT-CAP CIRCUITS

sigV
mC

0

VDD

oV

When the gate-clock goes low, Vo becomes “frozen” in time.

This is an effective sample/hold action, except that ..

The “ON” switch requires 
a channel charge of : ( )Tsigox VVVDDWLCq −−=∆

When the switch goes OFF, this charge (electrons for an NFET) must vanish. It gets 
injected through S and D terminals to the adjacent circuitry.

When the switch goes ON, this charge must be supplied. It gets absorbed through S and 
D terminals from adjacent circuitry.

The “memory” capacitor Cm “remembers” the signal value.

Charge injection induces an error !
∆v in the remembered value on Cm. 

( )
m

Tsigox

m C

VVVDDWLC

C
q

v
−−

−=∆−=∆

Some of this error is just a fixed offset. Body-effect on VT gives some non-linearity. 
The Vsig part is a signal-dependent error.  Offsets can often be eliminated. Some non-
linearity may be unavoidable. The signal-dependent error is the most troublesome.

(negative 
for an 
NFET)

Ref : AH 4.1, RZ 12.2, JM 7.2 
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Clock Feed-through Errors

Ref : AH 4.1, RZ 12.2, JM 7.2 
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Consider the events during SWITCH-OFF …

SWIT-CAP CIRCUITS

sigV
mC

0

VDD

oV

OVERLAP
CAPS Charge-injection from the channel is not the only feature. 

There is also a charge transfer through 
the overlap capacitance, particularly 
after the channel has disappeared. The 
effect on the output is:

mC

0

VDD

oV

ovWC

mov

ov
Go CWC

WC
VV

+
∆=∆W   = channel width

Cov = over-lap capacitance 
per unit width

The effective gate transition ∆VG is generally less than VDD.  Even if we use a 
pessimistic ∆VG = VDD, this feed-through will probably be much less than channel 
charge injection because WCov << WLCox .

The clock-feedthrough error is not signal-dependent.  It contributes a constant 
offset, and can be lumped with the constant part of channel charge injection.
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Noise (kT/C) Errors

Ref : AH 9.3, RZ 7.2, JM 4.3
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The error in Vo will include the noise generated in the switch 
resistance Ron. Resistor noise is “white”, i.e. a flat spectrum 
with a mean-power spectral density of  |VR|2=4kTR  V2/Hz.

SWIT-CAP CIRCUITS

sigV oV

onR

mC The noise voltage VR is in series 
with R and is scaled by ZC/(R+ZC) 
before reaching Vo. Thus ! sRCsCR

sC
V
V

R

o

+
=

+
=

1
1

1
1

/
/

Because only mean power quantities are 
quantifiable in a noise context : 2222222

22

41

1

1

1
1

1

CRfCRsRCV
V

R

o

πω +
=

+
=

+
=

Thus : and 
2222

2

41

4

CRf

kTR
fVo π+

=)(
C
kT

dffVP oo =∫=
∞

0

2.)( .. the total mean noise  
power at the output

Surprising ?  The mean output noise power is independent of R, even though the 
generated power is proportional to R . This is because any increase in R also reduces the 
bandwidth, causing less of the generated power to reach the output.  

A sobering thought :  the only way to reduce kT/C noise is to increase C !

EXAMPLE:  RMS noise voltage 
on C=1pF at room temp: rms/)(./ VEECkTn µ6412130023381 =−−==
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Switch resistance Ron must be low enough to allow Vo to 
settle before being sampled.  Thus, the clock speed is limited 
by the time constant RonCm .

SWIT-CAP CIRCUITS

sigV oV

onR

mC
Precision is limited mainly by channel charge injection 
according to:

( )
m

Tsigox

m C

VVVDDWLC

C
q

v
−−

−=∆−=∆

The (speed x precision) product is a constant, as follows (noting that β’ = Cox µ) :

2

11

LVVVDDWLC
C

C

VVVDDLW

vCR Tsigox

m

m

Tsig

mon

µβ
=

−−
⋅

−−
=

∆
⋅=

)(

))(/('
  precision) x (speed

For high speed, we use wider switches to reduce Ron, and smaller capacitors Cm . The 
larger switches then have larger WLCox and larger WCov, for a worsening capacitor ratio, 
and a corresponding loss of precision.  Without special measures, only advances in 
technology (smaller L ) can beat this very basic limitation. An example will illustrate ..
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Speed / Precision Example
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The clock speed is itself dictated by precision needs.  Suppose 
we allow m time-constants (mτ sec) for settling in a 3V 
system.  The sampling error becomes 3 e-mτ volts.  Examples:

SWIT-CAP CIRCUITS

sigV oV

onR

mC
mVmmVm 205554 →=→= ,

If we choose m = 5, then each half-clock-period is of 5τ sec 
duration, and a clock period becomes 10τ sec. Thus: mon

ck CR
f

10
1=

2

1
10

Lv
fck

µ=
∆
⋅⋅=  precision) x (speed V

L
fck ∆⋅= 210

µIt follows that : ! !

The NMOS µ is typically 350 cm2/volt-sec, or 0.035 in SI units.  We can now tabulate 
clock speed versus channel length for some allowable ∆V, remembering that these ∆V
errors may accumulate …

fck = 70 MHzfck = 2.8 MHz∆V = 0.2 mV

fck = 350 MHzfck = 14 MHz∆V = 1 mV

L = 0.1 umL = 0.5 umCLOCK LIMITS

Performance is set to improve considerably as channel lengths grow shorter.
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Error Reduction Strategies

Ref :  RZ 12.2

8/15

" Addition of a dummy S-D-shorted MOSFET, with 
gate driven in anti-phase, seeks to eliminate ∆q by 
having the dummy device absorb it. Main snag: hard to 
say how much of channel charge is injected toward Cm. 

SWIT-CAP CIRCUITS

sigV
mC

0

VDD

oV

q∆

" Addition of a PMOS device in parallel with gate 
driven in anti-phase.  This is a standard approach to 
reducing channel resistance to allow wider signal swing. 
But it also means that both positive and negative 
charge injection occurs during switch-off. These 
charges can be made to cancel, but cancellation is 
exact only for one value of Vsig. 

sigV
mC

0

VDD

oV

0

VDD

In addition to these and other similar measures, differential operation is widely used to 
eliminate the offsets caused by charge injection. It can also reduce the non-linear effects.
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An SC Comparator

Ref : JM 7.1
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This comparator compensates for the offset of the op-
amp. It uses two-phase non-overlapping clocks.

Phase 1a means phase 1 slightly advanced in time. (It 
turns off just before phase 1 does). The reason for this 
will be clarified very shortly.

SWIT-CAP CIRCUITS

RESET PHASE :  Capacitor C is pre-charged to Vos.

COMPARISON PHASE :  Right side of capacitor C is 
raised to Vin+Vos. The output switches when Vin = 0.  
The output level saturates close to the supply levels.

2

1

1aC

osV

C

osV

C

osV

osV

inV

inV

oV

osin VV +

oso VV =

inV

o

VA

V

−
=
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Offset-free SC Buffer

Ref : RZ 12.3
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SWIT-CAP CIRCUITS

Here, ", both problems are resolved. The small timing 
advance of phase 1a is essential to eliminating the 
signal-dependent charge injection which phase 1 at the 
input Vin could otherwise generate. More on this point 
later.

2

1
1aC

osV

inV

oV

C

osV

inV

C

osV

inV

inos VV −
oso VV =

ino VV =

1
C

osV

inV

oV

This circuit ! is a 
simple sampler-buffer 
that does not eliminate 
Vos and it also suffers 
from signal-dependent 
charge injection by the 
φ1 switch.

We still have charge injection as phase 1a switches off 
but, as its channel is at a virtual zero, there is no 
signal dependence and no non-linearity from body 
effect.  It contributes only an offset.  The offset can be 
eliminated by differential working.

Notice the bottom-plate of C is NOT on the summing 
node where its capacitance to substrate (up to 20%) 
would degrade the op-amp speed and also its precision.
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Inverting SC Op_Amp
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SWIT-CAP CIRCUITS

2

1

osV

inV

oV

2
1

2C

1C 1

osV

inV

2C

1C

osV

inV

oV

2C

1C

osV

osV

oso VV =

ino V
C
C

V
2

1−=

inVCq 1=∆

02VCq −=∆

Here, ", we use two non-overlapping clocks phases, φ1

and φ2. The RESET phase φ1 samples the offset and is 
followed by an EVALUATE phase φ2 that amplifies Vin
with inversion, and with a gain of –C1/C2.

The RESET phase " pre-charges C1 and C2 to Vos for 
offset cancellation.

The EVALUATE phase % transfers charge ∆q through the 
system and Vo steps to its new value.  After settling, the 
output can be read.

The switching of Vo between the levels of Vos and an 
amplified Vin requires a rapid slewing behaviour, and 
this is often difficult to achieve.
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Inverting Non-slewing SC Op_Amp
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SWIT-CAP CIRCUITS

2

1

osV

inV

oV

2

2C
1C 1

2

1

3C

osV

inV

oV

2C
1C

3C

osV

inV

oV

2C
1C

3C

osV
osV

ino V
C
C

V
2

1−=

This circuit " uses an additional capacitor C3 to 
maintain the output close to the valid Vo at all times, 
and in this way avoids the need for rapid slewing.

The RESET phase % pre-charges C1 and C2 to Vos
for offset cancellation. Meanwhile, Vo stays at its 
earlier valid output value stored on C3. Feedback 
(which provides a virtual zero) is maintained by 
C3 and not by C2.

The EVALUATE phase % transfers charge ∆q
through the system via C2,  and Vo takes a small 
step to its new value, while updating the charge 
on C3 .  After settling, the output can be read.

An additional small capacitor from the left side of 
C1 to the output Vo maintains feedback while all 
switches are open and has a useful de-glitching 
effect (see Ref ).
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Minimising Charge Injection Effects

Ref : RZ 12.3
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We recall that ..

SWIT-CAP CIRCUITS

Charge injection induces an error !
∆v in the remembered value on Cm. 

( )
m

Tsigox

m C

VVVDDWLC

C
q

v
−−

−=∆−=∆
(negative 

for an 
NFET)

It can yield an offset error, a signal-dependent error, and a linearity error from VT.

But if the channel voltage is fixed (e.g. at ground or at virtual zero), only the offset 
error remains, and this is generally eliminated by differential working. 

Switches at fixed potential are opened first. This can 
render other switch openings harmless, as follows ..

1
1aC

osV

inV

oV
In this circuit !, if (1a) opens before (1), then (1) cannot 
inject into C because the right side of C is open-circuited. 
Only an offset due to (1a) need be considered.

1
1a

osV

inV

oV

1C

2C

2

In this circuit !, if (1a) opens before (1), then the charge on 
the (C1 ,C2) node cannot change because there is no resistive 
exit path. Only an offset due to (1a) need be considered.
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SC CM Feedback Amp

Ref : RZ 12.5
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SC methods are well-suited to the provision of 
common-mode feedback. 

SWIT-CAP CIRCUITS

In the normal feedback mode, switch (1) is 
open. Then, common-mode variations are 
sensed at the mid-capacitor node and fed back 
to the gate of M5, creating a negative feedback 
loop that provides CM correction. 

To set up suitable conditions across capacitors C, 
switch (1) is turned on while the differential Vin is 
zero. Then the common-mode outputs (the 
capacitor end-points) drive (M6,M7) to adjust VGS5
until the CM output level stabilizes at VGS5+VGS6,7 , 
with the capacitor mid-point at VGS5. 

A periodic refresh maintains correct CM level. 

This amplifier " has a differential output Vo
and, because M3 and M4 are in SAT mode (for 
higher gain), a CM stabilizing loop is required.

C C

1

M3 M4

M1 M2

M5

M6 M7

VDD

inV

oV
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SC Multiplying DAC

Ref : GT 6.2
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The gain of bit b1 is :

SWIT-CAP CIRCUITS

oV

1
2

1

Cn2

Cn 12 −Cn 22 −C C2

b1

b1

b2

b2

bn

bn

1 2

b0b0
b0 b0

inV

ino V  value)  word(digital ⋅±=

2
1

2

2 1

1 ==
−

C

C
g n

n

Similarly for other bits, yielding 
gains of ¼ for b2, 1/8 for b3, etc

The sign bit b0 is used for switching gain 
polarity. Low b0 yields a non-inverting gain.

If Vin is a constant = VREF, we have a DAC.

If Vin is variable, we have a multiplying DAC.

If the word length n is large, the capacitor area becomes excessive. This can be 
resolved by using two separate “banks” with different weightings.
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DELTA SIGMA METHODS

Suggested Reading
Delta-Sigma data Converters : Theory, Design and Simulation

Ed: Norsworthy , Schreier, Temes.    IEEE Press 1997
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A slow-changing but high-precision signal can have an equivalent description in a 
form that changes very rapidly but requires far less precision. 

This latter form is compatible with fast-but-simple digital circuitry, and ∆-Σ methods 
are the key to translating a signal to this new form. 

Conventional A/D and D/A converters rely on precision analogue parts but, 
nowadays, ∆-Σ methods have led to converters that are mostly digital, yet they still 

achieve high precision. 

To do this, their digital circuits must run very much faster than the analogue signals 
that they work with. Consequently, converters that use ∆-Σ methods must operate 

at low to medium sampling rates.  

DELTA SIGMA METHODS
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A ∆-Σ Feedback Loop
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This is a feedback system " that can convert a 
slow-varying high-precision voltage-signal vi into a 
fast-changing but low-precision alternative called 
vo. The output signal vo includes a high level of 
quantization noise, but we will see that most of 
that noise can later be removed by filtering.∫

∫

INTEGRATOR QUANTIZER

INTEGRATOR

Loop ConceptΣ−∆

iv ev
ov

QUANTIZER

LoopΣ−∆

iv ev
ov∫

SIGMA

DELTA

The difference between the integrator outputs 
becomes the error signal ve in a negative feedback 
loop, and the loop acts to minimize that error.

Rather than integrating vi and vo separately, and 
then subtracting them, we can get the same result 
by subtracting them first and then integrating the 
difference. That is the approach taken here ", in 
what is called a Delta-Sigma loop.

DELTA SIGMA METHODS
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A Digital ∆-Σ System
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We could use these equations to build a z-domain 
description, or we can do so more directly by 
inspection:

QUANTIZER

System DiagramΣ−∆

INTEGRATOR

)(zVi )(zVe
)(zVo

)(zVq

11

1
−− z

1−z

)][(][][][ 11 −−+−= nvQnvnvnv eiee

[ ])()()()( zVzzV
z

zVz oiqo ⋅−
−

+= −
−

1
11

1

)()()()( zVzzVz qio ⋅−+= −11

( )
)sin()(

)(

feee

eeHfM

fjfjfj

fjfj
qq

ππππ

ππ

⋅=−=

−==
−−

−

2

1 22

signal band

OSR = 5
)( fMq

)( fMi

0.10 0.2 0.3 0.4 0.5

Order) (1 Filter Noise  stΣ−∆

0

1

2

∫=
+

−

OSR/.

OSR/.
.)(

50

50

2
1 dffMA q

5

16

256

64

OSR

39

1247

79692

5099700

1/1 A

)][(][ nvQnv eo =

)()(,)( 111 −−== zzHzH qs
signal gain Hs
noise gain Hq

We identify:

Examining the noise gain:

"

3

2

1 3 OSR⋅
≈ π

A

DELTA SIGMA METHODS
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∆-Σ System in Time Domain
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We can implement an iterative procedure as 
follows:

From this, 
we can 
show that:

QUANTIZER

System Diagram

INTEGRATOR

11

1
−− z

1−z

][nvi ][nve ][nvo

][nvq

Σ−∆

( )][][

][][][][

..  For

nvQnv

nvnvnvnv

Nn

eo

oiee

=
−−+−=

−=
11

10

][][][ 1−−= nvnvnv qie

)][][(][][ 1−−+= nvnvnvnv qqio

0

10

-10
0 16 32 48 64

][nve][nvi

][  signalerror    integral nve

OSR = 8

0

10

-10
0 16 32 48 64

][nvq

0

10

-10
0 16 32 48 64

][nvi

][nvo

][nvi

][    yieldsonquantizati nvq ][    yieldsshaping-noise nvo

OSR = 8 OSR = 8

To avoid “overload”, the range of vi[n] must be smaller by q than the quantizer range.

sample 
plots from 

the 
iteration

DELTA SIGMA METHODS
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1st Order Loop using an SC Modulator
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2

21

1

2*

1*

1/2

2/1
+/-

INTEGRATOR

COMPARATOR

switch/delay

Vi

Vo

+Vref

C1

C2

C3 Vc

( )][][][][ 111
3

2

3

1 −⋅⋅







−−⋅








+−= kVSgnV

C
C

kV
C
C

kVk creficc

Vi is the analogue input signal
Vref is a DC reference level
Vc is the integrator output.   Vo is the digital output

The input SC unit behaves like 
a high-precision sampler.
The feedback controls the 

polarity of the applied Vref. 

We run this difference 
equation to see the 
action of the filter.

DELTA SIGMA METHODS
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1st Order Loop Experimental Data
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These results are from the difference equation, with all capacitors equal. They show how 
even a 1-bit quantizer can form a high-speed binary output which, after further digital 
processing in a decimation filter, can deliver high-precision digital low-rate data values.

k

REAL-TIME OPERATION WITH SINE-WAVE INPUT

Vi

VoVc

128-PT FFT OUTPUT SPECTRUM

k

OUTPUT AFTER 6-POINT AVERAGING

The modulator output is a 
binary bit-stream. This removes 

any linearity considerations.

One-bit systems are widely 
used but require high 
oversampling ratios.

This FFT " shows evidence 
of noise-shaping

Unlike simple averaging ", 
a decimation filter removes 

nearly all of the noise.

The SC modulator forms 
the front end of a ∆∆∆∆-ΣΣΣΣ ADC.

DELTA SIGMA METHODS
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An Alternative Loop Description
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This is the loop as we already described it ", except that 
the details of the integrator have been included in the 
diagram, and this highlights the presence of two feedback 
paths, and of two z-1 delay blocks.

QUANTIZER

)(zVi

)(zVe

)(zVo

)(zVq

1−z

1−z

INTEGRATOR

with Integrator DetailΣ−∆

QUANTIZER

Equivalent System

)(zVi
)(zVe )(zVo

)(zVq

1−z

Σ−∆

We could use just one of these z-1 blocks to serve both Ve

and Vo in the manner shown %

The quantizer injects the quantization error Vq , but the 
feedback loop removes it again, one step later. Because 
quantization is the stripping of bits from the end of a word, 
what this diagram describes is a re-circulation of those bits 
so as to include them once more, after a 1-sample delay. 
The precision is not discarded, rather,  the lower bits are 
held back for re-distribution over a longer time span.

( ){ } bits  circulated-re ][][][][][ +=−−−+= nvnvQnvnvnv ieeie 11

It also means that: ][][][][][ 11 −−=−−=∆ nvnvnvnvnv oieee

The error ve is updated on every cycle to include the latest difference between vi and vo. 
Thus, all deviations of vo from vi are accounted for over the long term.

DELTA SIGMA METHODS
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This enhances the noise shaping 
effect. To prove it, we write:
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(This is visible on inspection ! )

the iteration loop 
can be found to be:

and we can also see 
that: ][][][][][ 212 −+−−+= nvnvnvnvnv qqqio

Here, the noise term is a second difference of vq[n]:

In this 2nd Order system, the noise 
is differentiated twice:

Noting also that:
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Thus:

{ } ][][][][][][][ nynvnvnvnvnvnv qiqqqio +=−+−−+= 212Using yq[n] as the noise term:

][][][][ 212 −+−−= nvnvnvny qqqq equivalent to ! ( ) 2121 211 −−− +−=−= zzzzHq )(

signal prediction

predicted
actual

]1[ −nvq

]2[ −nvq

][nvq

][nvq∆

2−n 1−n n
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)( fMq
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Order 2nd
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 FiltersNoise  Σ−∆

f

0.5/OSR

][][][ npnvny qq −=We can write:

where: ])[][(][][ 211 −−−+−= nvnvnvnp qqq

This p[n] is a prediction. It is just a linear extrapolation
from the previous two samples ". 

( )2
2 2 )sin()( ffMq π⋅=

For a 2nd Order 
predictor:

3

2

1 3 OSR⋅
≈ π

A

5

4

2 5 OSR⋅
≈ π

A2nd Order:

1st Order: ! 9 dB per OSR doubling

! 15 dB per OSR doubling

∫=
+

−
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OSR/.
.)(

50

50

2
22 dffMA qand:

DELTA SIGMA METHODS



EE4308 S0304

A 3-bit ∆-Σ DAC

Sim : dsdac_2o3b.pdf

11/14

The Delta-Sigma approach uses very few bits, resulting in large 
quantization errors, and depends on suitable shaping of the error 
noise to make it easy to remove later by filtering.

The normal method " becomes problematic as the word length 
is increased. 

0b 1b 2b 3b

R R2 R4 R8

R R

refV
oV

multi-bit bi-polar DAC

refV−

0

1
2

0b 1b 2b

R R2 R4

R R

refV
oV

a 3-bit bi-polar DAC

refV−

For noise-shaping to be possible, we must first interpolate the 
data to a far higher rate (an all-digital operation).

Then we run the data through a digital "bit-stripping" ∆−Σ loop, 
reducing the precision from perhaps 16 bits down to 3-bits. The 
3-bit output has large quantization noise but it is suitably shaped. 
We can apply it to a fast 3-bit DAC " and the DAC output Vo is 
then passed through a fairly simple analogue filter to remove the 
noise. 
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With so few bits, we can consider using a thermometer DAC 
instead. An N-bit thermometer DAC uses 2N−1 identical 
resistors, instead of N binary-weighted resistors. For a 16-bit 
DAC, we would need 65535 resistors, and that is quite 
impractical, but it is much easier in the 3-bit case where only 7 
resistors are required " . 

R4

R R

refV
oV

a 3-bit thermometer DAC

refV−

1s 2s 3s 4s 5s 6s 7s

0b 1b 2b 1s 2s 3s 4s 5s 6s 7s

0
0 0 0 0 0 0 0 0 0

0

0

1

1

1

0
0 1 1 0 0 0 0 0 0

1 0 1 1 0 0 0 0 0

1 1 1 1 1 0 0 0 0

0 0 1 1 1 1 0 0 0

0 1 1 1 1 1 1 0 0

1 0 1 1 1 1 1 1 0
1 1 1 1 1 1 1 1 1 1

We now have 7 switches, and the 3-bit binary word must be 
digitally converted to a 7-bit word in the manner that this table 
indicates  % .

High precision is easier to achieve when all resistors are identical. 
We can also cause the resistors to change places continuously, in 
a randomised manner. The effects of small differences in resistor 
values cancel out over time, assisted by the high rate of 
oversampling. The short word length, the use of identical 
resistors, and the randomization of resistor roles, all conspire to 
yield a high-performance DAC with less emphasis on the 
analogue design aspects. The resistors can be replaced by 
semiconductor current sinks, but the advantages of the ∆-Σ
method remain unchanged.
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A 1-bit DAC uses a lossy integrator as shown "

1-bit representation of a slow-varying signal
iv ov

0

1

-1

R

one-bit DAC concept

1ϕ
2ϕ

1C
2C

ov

iv

For each new bit-value vi[n]=±1 at the input, capacitor C1 is first grounded through the 
switch labelled ϕ1, then, after ϕ1 has re-opened, ϕ2 closes and connects C1 to vi[n]. This 
applies a charge of ±q=±|vi[n]/C1| to C2 during each new bit-period. Each pulse of charge 
causes vo[n] to take a very small step, either up or down. The output is a stair-case 
waveform, but the resistor R "knocks off the edges", it filters and smoothes the output 
waveform. This alone is insufficient, it still requires an analogue filter on the output.

This could be a 1-bit DAC for audio CD use. The input comprises 16-bit music samples 
from the CD at the 44.1 kHz rate. The data is first interpolated, perhaps by U = 256 
which yields a rate of 11.2896 MHz. This may be followed by 1-bit quantization in a 2nd-
order noise shaper. The 1-bit data enters a 1-bit DAC and the DAC output is filtered by an 
analogue LP filter, possibly a 3rd-order, or similar. 
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The SC section converts a slow high-precision analogue input signal vi(t) into a high-
speed binary output sequence vo1[n], with appropriate noise shaping in a ∆−Σ loop.

QUANTIZER

Loop

∫ DECIMATING
FILTER)(tiv ][nvi

n
][1 nvo ][2 mvo

m

SWITCHED CAPACITOR SECTION

Σ−∆
1 BIT

The digital decimating filter removes the noise and lowers the sample rate to a new rate 
(index m) consistent with signal bandwidth requirements. This could mean down-sampling 
by, say, D=256, and may be accomplished in two stages, a decimation by D2=64 using a 
sinc2 filter, and a subsequent decimation by D1=4 using a conventional LP filter. As the 
filtering and decimation proceeds, the word length grows longer, reaching a final length of 
16 bits or more, at a final rate of > ( 2 x 20kHz), e.g. 44.1kHz for CD, 48kHz for DAT.

∆−Σ ADCs combines a small and relatively simple SC analogue section with an all-digital 
decimating filter that does most of the work.
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