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Preface

The finite-element method occupies an important place in numerical computation
in the applied sciences. It forms the basis for a large chunk of numerical method
used in simulation of systems and irregular domains. Its importance today has
made it an important subject of study for all engineering students. Clinical treat-
ments of the method itself can be found in many traditional finite element books
and this book has not made an attempt to replicate this. This book presents the use
of this numerical method to materials engineers using the MathWorks® partial
differential equation toolbox ™™ in an attractive yet potent way in the modeling of
many materials processes. By doing this it is hoped that the community is
challenged to use this potent, fast and efficient tool in engineering analysis and
decision making.

This book gives a background treatment of the Galerkin method in Chaps. 2—4.
Topics such as developing weak formulations as prelude to solving the finite
element equation, interpolation functions, derivation of elemental equations,
assembly and sample solutions were treated in these chapters. Chapter 5 gives an
overview on the use of the pdetoolbox. Chapter 6 and 7 give different sample
problems and their solutions on heat transfer and elasticity in Materials
Engineering. Exercises are given at the end of each example problem. Extra
materials containing m-files based on the examples in this book are made available
and can be accessed at http://extras.springer.com/ for users convenience and to
help in solution of exercises in the book.

September 2008 Dr. Oluleke Oluwole
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For the Reader

Note that all the codes in the sample problems given in this book can be accessed
on http://extras.springer.com/. Only some of the codes are presented in the
Appendix. There are over 50 pages of codes that can easily be copied and pasted
on the MATLAB M-file in order to follow the procedures laid out in this book. To
follow the modeling procedure, the reader can actually copy portions of the code to
be followed on to a new M-file. A new M-file can be opened by clicking on the
sheet icon on the MATLAB worksheet. Run the program by clicking on the Debug
menu and by double-clicking save and run on the pull-down menu option. This
will enable you to follow the solution procedure in an all-color mode. Other
portions can be added as the reader goes along. For example, for the code Diri-
clet.m listed, follow the geometry construction, copy the codes up to the geometry
description, and run. Later on to follow boundary conditions, add the codes for
boundary conditions and run again. Then add codes for mesh generation..., then
PDE coefficients, etc until you get to solve the PDE. The reader can follow step by
step in this way.

xi






Chapter 1
Introduction

The finite-element method is the solution of variationalformulation of system
governing equations applied over a domain discretized into sub-domains (finite
elements) with possibility of different boundary conditions on the discretized
surfaces.

Since the aim of most analyses is to find unknown functions which satisfy a
known set of differential equations in a domain with all sorts of boundary con-
ditions, the finite element method finds useful application in the solution of these
problems. Thus, problems solved by the finite element method are either boundary
value problems or initial-value problems or both. The solution of most of these
problems by exact methods of analysis is not possible thereby leaving the option of
solution by approximation methods. Thus, it becomes imperative to be able to
formulate the problem as a variational problem and to be able to derive the
algebraic equations associated to the variational problem. The least squares,
collocation, Rayleigh-Ritz and the Galerkin methods are well-established in
solution of many engineering problems and these are well-outlined in many books
on the finite element method. This book, however, has focused on the use of the
Galerkin method for the solution of the finite-element problems stated in the book.
The use of MathWorks® pdetoolbox ™ presents a faster and efficient tool as it
eliminates code writing and post computational analysis.

O. Oluwole, Finite Element Modeling for Materials Engineers Using MATLAB®, 1
DOI: 10.1007/978-0-85729-661-0_1, © Springer-Verlag London Limited 2011






Chapter 2
The Weak Formulation

2.1 Nodal Finite Elements

The nodal finite method is a variational formulation of governing equations
applied piecewise over a domain divided into nodal subdivisions. The term vari-
ational here refers to its modern use which permits its use as equivalent weighted
integral to the original problem governing equation (see Sect. 2.4). The principle
of solution itself may not necessarily be admissible as a variational principle [1].
Clinical treatments of the classical variational formulation terminology can be
assessed in other formal texts and handbooks [1-6].

The basis of the nodal finite element method is the representation of the domain
by an assemblage of subdivisions called finite elements. These elements are
interconnected at nodes or nodal points. The trial function approximates the dis-
tribution of the primary variable across the system of finite elements. Polynomials
offer ease of manipulation and are commonly used in the nodal expressions.

2.2 Mesh Elements

One-dimensional (1D) elements are line elements, while 2D elements can be
triangular or bilinear elements. Three-dimensional mesh elements are polyhedrals
or cuboids [7, 8]. Distorted elements can also be used [9, 10].

2.3 The Finite Element Method Procedure

Some steps are involved in the finite elements analysis. These are

1. Discretization of the domain: It consists of selection of the shape of mesh
elements and its construction over the whole domain; numbering of the nodes
and elements and the coordinates.

O. Oluwole, Finite Element Modeling for Materials Engineers Using MATLAB®, 3
DOI: 10.1007/978-0-85729-661-0_2, © Springer-Verlag London Limited 2011



4 2 The Weak Formulation

2. Selection of interpolation function.

Derivation of variational formulation of the differential equation for a typical
element.

Derivation of elements stiffness matrix.

Assemblage of global stiffness matrix.

Imposition of boundary conditions.

Solution of assembled global equation.

Representation of results in tabular or graphic form.

(O8]

® NNk

2.4 Weak Formulation of Governing Equations

The main approaches of the finite element method are in the redirection of the
differential equation of the continuum problem to its integral form and using a trial
function over the nodal form of the equation.

Let us take an approximate trial function as iz = ;_, hyu; where h; is the set of
interpolation functions; u; is the set of nodal primary variable (displacement,
temperature, etc.).

Thus, this function is an approximation solution in the elemental domain
defined by a set of integral form of the original differential equation.

Thus, a problem in 3D, defined mathematically by a set of differential equa-
tions, D valid in a domain € together with the associated boundary condition B can
be expressed in a weak formulation as

/WD(ﬁ)dv + ]4 WB(ii)ds = 0 (2.1)

where w is the weighting function and # is the trial (approximation) function. The
first term in Eq. 2.1 is further subjected to integration by parts.
Thus, (2.1) is the approximate form of (2.2)

D(u) =0 (22)

When w; = h;, the method is the Galerkin method.

2.5 Gradient and Divergence Theorems

These theorems are used in the derivation of weak formulation. Let A and B be
scalar functions defined on a 3D domain.
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2.5.1 The Gradient Theorem

/grad (A) dxdydz = /VAdxdydz = fﬁAds

Q
AGA AaA ~0A a o 7
Q r

0,0

A0 .
where V is the gradient operator =i —+j—+
ox 0y 0z

2.5.2 Divergence Theorem

/diV(B)d.xdydz = /V -Bdxdydz = %meds

Q Q r
0B, 0B, OB,
[ (G e 5 dvaviz= f o n
Q r

Subsequently from Sects. 2.5.1 and 2.5.2 we can derive the following which are
applicable in the integration by parts of partial differential equations.

/ (VA)Bdxdydz = — / (VB)Adxdydz + ]4 AAB ds

Q Q T
2.
dA
/ (V?A)Bdxdydz = — / VA.VBdxdydz + ]§ o Bds
n
Q r
where
62 62 62
2 _ . _
V* = laplacian operator = a2 + o2 + e
and
0 0 0
V = del operator = nanr ny5y+ nz&

These text [11, 12] will be found useful.
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2.6 Integration by Parts

If A and B are sufficiently differentiable 1D functions, then the following are
applicable:
For a first order differential equation,

X2 X2
dB dA
A|l—|dx=— | B—dx+ [AB]?
/ M / ax T ABL
x| X1
For a second order differential equation,

T B 7 dBdA dB]*®
Al—|dx=— | ——dx+ |[A—
/ |:d‘x2:| dx dx + |: dx:l X1

X1 X1
For a fourth order differential equation,
X2 X2
d*B d’Bd’A dA d’B
Al—|ldx=—- | ——dx+ |——
/ {dx“} / dx? dx2 + dx dx?

X1 X1

X2 X2

d°B
AL

X1 X1

2.7 Weak Formulations

Strong formulation involves evaluation of the highest order of the derivative term
in the differential equation. For an example take a 1D second order differential
equation d’u / d? = 0, 0 < x < 1. In the weighted residual method, w being the
weighting or test function and # the approximate solution or the trial function
when applied to the equation becomes [ w [d%i/dx?] dx. Of course d%it/dx? is the
residual of the original differential equation du / dx?. The integral must have a
non-zero finite value to be an approximate solution to the differential equation.
Thus, there is a problem of finding appropriate approximation (trial) function
for a strong formulation which must be differentiable in the order of degree of the
given differential equation and at the same time has a non-zero finite value.
This problem is removed when integration by parts is applied to the strong

formulation reducing it to a weak formulation.
Thus

I 1
d’u dwdu dul’
w@dx = 0 becomes / (dxdx)dXJr {w] =0
0 0
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Weak formulations applied over sub domains represent the Finite Element
equation. Thus, instead of defining trial function in terms of generalized coeffi-
cients, the trial function is defined in terms of the nodal variables.

Example 2.1 One-dimensional, second order differential equations
Consider the differential equation

d du

T (aa) +f=0for0<x<1 (2.3)

subject to the boundary conditions #(0) = 0 and (a %) = 1.

The weak formulation can be obtained through the following steps. Apply
integration by parts (see Sect. 2.5.2)

O/'W[% (8 4 ] »

[ dwd !
wdu
0= —a—— dx — 2.5
/( adde+ f) +[wadx]o 23)
0
Equation 2.5 is the weak formulation.
Applying the boundary conditions would give
1 dwd
wdu
= —a—— 1 2.
0 /( adxdx+wf>dx+w() (2.6)
0

Equation 2.6 is the weak formulation with applied boundary condition.
The variational formulation in (2.6) can be expressed as

0 =B(w,u) —I(w)
The quadratic functional I () of a variational formulation is represented as

I(u) = %B(u,u) —I(u)

and for the equation under examination this is

1

I(u) = /Ga(du/dx)z—uf)dx —u(1)

0

The quadratic functional I(u) represents energy in many engineering applica-
tions, the minimization of which gives equilibrium solution to the problem. More
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insight into the use of functionals in finite element analyses can be found in further
texts [13—17]. It should be noted though, that in a typical finite element analysis,
the domain would be divided into finite elements each having boundary condi-
tions. In such analysis, the weak formulation that would be applied over the
elements will be Eq. 2.5 the limits now being the element dimensions. Thus,

O:Z/ (—ad—W%—i— f>dx+(wa%)

represents the weak formulation of the finite element equation over a domain of
n — 1 elements and »n nodes.

Example 2.2 Two-dimensional, second order differential equations

Consider the equation
u  u
k (@ + d 2> 0in Q

The weak or variational formulation can be obtained through the following
steps:
Weight the integral and obtain the integration by parts of the weighted integral.

oo [ (B 20 v o
Q

Oowou Owou Ou Ou
Of/ k[6x6x+6y6 )dxd %wk(am—kan},) ds (2.8)
Q r

Equation 2.8 is the weak formulation to be applied to the system divided into finite
elements. This is a typical heat conduction equation. In this case substitute, u = T.

If we assume the domain is of rectangular geometry to be solved as a mono-
lithic entity having specified boundary conditions, we can go ahead and substitute
the boundary conditions into the weak formulation. Assume the boundary condi-
tion is convective on one side in the x-direction; (i.e., k0T /0x = —h(T — Tw,)) and
insulated on the remaining sides (i.e., 07 /0n =0 or g = 0).

Then, the boundary integral §w (k0T /On)ds becomes

R R e

T+T54T I I

The weak formulation in this case will be:

awﬁT owoT
Q

Iy
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and the quadratic functional
k| (oT\* (oT\*
=[z|l= — T —TT
I(T) /2 [(m) +(6y> )dxdy+/h( 2) dx
Q Ty

Example 2.3 Three-dimensional, second order differential equations
Consider the three-dimensional second order PDE.

0 Ou 0 Ou 0 Ou .
ox (k@X> o <k2 @y) T <k3 oz > =/

then the weak formulation over an element Q° is derived thus:

0 Ou 0 Ou 0 Ou
0= [ [a ("‘@c)*ay(kzay) az('“a)_f}d”ydz
o

Ow Ou Ow Ou wOu
0—/—k] (&a—kza—ya—kjgzaz Wf> dXdde
Q¢

Ou Ou Ou
+‘7{ (kla nx+kza ny +k%a )
L
Equation (2.10) is the weak formulation.

Example 2.4 Transient problems
Transient problems are time dependent or unsteady state problems.
Let us consider a 1D equation

o*u  Ou
@—5, O0<x<l1

The weak formulation is derived thus:

/ ou o
u u
:/<W6t6x2>dx
0
/ au ow ou oul"
0= / dx — |w—

ax " Ox Ox Y

) :

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

Equation 2.13 is the weak formulation without applied boundary conditions.

Example 2.5 Fourth order differential equation

In this example, it is necessary to integrate by parts twice to distribute the
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derivative equation between the dependent variable u and the test function w (also

the weighting function)
d> [ du
o [0 +7 =0

for 0 < x < L subject to the boundary conditions

d / d*u d2u
{a (“@)L L‘Oa“d( dxz>

The weak formulation is derived as follows:

o [ (efe) oo
o [l (o) o i (o5

Integrating further gives

L
o—/ Cwdu Aac [wd Cu\  dw dul”
R TR TR Yo \“a2) T ae,
0

This is the weak formulation. Of course when applied to the finite element
domain, the integral is taken over the element domain as well as the boundary
conditions. Specification of # and du/dx in this equation constitutes the Diriclet or
essential boundary conditions and the natural boundary or Neumann conditions are

satisfied with the specification of {d/dx( = 2)} which is the shear force and

=C
=L

(ad’u/dx?) which is the bending moment.
If we apply the boundary conditions, we obtain

l
d*wd%u dw
02/%5&?“@“‘5
0

A practical example of Example 2.5 is the transverse deflection of a cantilever
beam under transverse loading (f) and end moment (My). Such an equation will be

C

x=L

d* [ d*u
2 {EI dx2> + f = 0 subject to



2.7 Weak Formulations

du d*u
0)=0; —(0)=0; EI—| =M,
M( ) ’ dx( ) ? dx2 L 0
Here, a = EI.
Therefore
d*w d%u i
w
B(w,u) = /EI o2 dxzdx and [(w) = /—wfdx—i—Mo
0 0

2.8 Exercises

Derive the weak formulations of the following:

1. The 3D heat transfer equation

or
—KV?T +p 6 =finQ
2. Beam under loading force, P

d> /_ d’u
2 (Eldx2) Py =0; 0<x<1 subject to
d’u
u(0)=0 u(l)=0 EI@ =0

x=1

3. For a transient heat conduction problem

oT o [oT .
E—aa(a) =f; 0<x<1 subject to
T(O) = To;

oT .
aq.= —h(T—-Tyx)—q onTl

4, %:4; O<x<1 subject tou(0)=0and u(l) =0
5. 8uydiyy—x 0<x<l subjecttou(0)=0andu(l) =5

6. 2Z?+xdx+4u—x 1 <x<35 subject to u(1) = 0 and u(4) =8
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Chapter 3
Linear Interpolation Functions

3.1 Parameter Functions and Interpolating Functions

Parameter functions are the nodal parameters being solved for in problem
definitions. For example, in heat-transfer problems, the nodal parameter is tem-
perature. Thus, parameter functions are what we refer to as interpolation functions
(see Sect. 3.2) or approximation functions in the finite element equation formulation.

These parameter functions need to satisfy two conditions; compatibility and
completeness to ensure convergence as the domain mesh is refined.

Compatibility condition: For C" continuous problems, the parameter function
and its first n derivatives must be continuous between elements. Thus in problems
in which C° continuity is sufficient, there is no continuity between elements.
Examples of C° continuous problems are conduction heat transfer where the weak
or variational formulation has a first order derivative (see Examples 2.2 and 2.3).
C' continuous problems are problems that have second order derivatives in the
weak formulation such as in beam bending (see Example 2.5 in Chap. 2).

Completeness condition: For C" continuous problems, the parameter function
must be able to give a constant value as well as constant partial derivatives up to
the (n + 1)th order as the element size decreases to a point. For C° continuous
functions, the parameter function and its first partial derivative must give constant
values as the element size decreases to a point. An example of a parameter
function for a C° continuous function is Eq. 3.3 (see Sect. 3.3).

i

If ¢, is zero, i = cy. Also, % = ¢,. Therefore, the completeness requirement is
satisfied.

3.2 Interpolation, Weighting and Approximation Functions

Interpolation functions when reconstructed with nodal primary variables become
approximation functions e.g.,

O. Oluwole, Finite Element Modeling for Materials Engineers Using MATLAB®, 13
DOI: 10.1007/978-0-85729-661-0_3, © Springer-Verlag London Limited 2011
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Fig. 3.1 A two-node linear X
element ¥l
X2

u
u?

= ci+ cox = h(x)ur + ha(x)up (3.1)

where i is the interpolation or approximation function u; and u, are the nodal
variables. In the Galerkin method, the weighting function, w becomes 4,(x) and
ho(x) while the approximation function, i is

u= hl(x) uy + /’lz(x) U (3.2)

The finite element equation which is now a weak formulation consisting of the
weighting function, the approximation function and their derivatives are substi-
tuted with the these linear functions and finite values which transform the finite
element into a matrix of linearized equations amenable for solution from well-
known solution methods. Let us look at examples of linear interpolation functions
for one, two and three-dimensional finite element analysis.

3.3 Linear Interpolation Function for One-Dimensional Analysis

One-dimensional problems that are of the C° continuous type are represented by
two-node linear element as shown in Fig. 3.1 below. The interpolation function,
for this problem can be represented by a linear polynomial #(x), where

i(x) = c1+ ex (3.3)

and c¢; and ¢, are constants to be determined from nodal analysis. In matrix form
Eq. 3.3 is

ii=(1 x)(cl) (3.4)

The shape function associated with nodes 1 and 2 are shown in Fig. 3.2.
Thus, applying Eq. 3.3 to the two nodes, the linear shape functions associated
with the two nodes are

u(x;) = ¢ + cx1 = uy
M(XQ) = C| + Cx2 = Uy

Placing Eqgs. 3.5 in matrix form gives

“ 2] {2} - [Zj (3.6)
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Fig. 3.2 Linear shape b ®
function 1
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h®
2

Solving Eq. 3.7 using Cramer’s rule gives

u x
¢ = Uy x2 _ Urxy — Uzxy
1 X1 X2 — X1
‘1 X2
1 up
’ 1 u Uy — U
@@= 1 X1 B X2 — X1
‘1 X2

Placing Eqgs. 3.7 and 3.8 back in (3.3) gives

- UpXy — UpXy Uy — U]
u= + "X
X2 — X1 X2 — X1

This can be written as

U1Xy — UpX] + UpX — UIX

i
Xy — X1

Rearranging (3.10) to give form &t = hy(x)u; + ha(x)uy gives

uy(xy — x) n up(x — xp)

l:l =
X2 — X1 X2 — X1
Thus,
X2 — X Xy — X
:hl(-x) = = -
X2 — X| h
X — X1 X — X1
hz(x) = =

Xy — X1 he

h¢ = x — x; = element spacing

(3.8)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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Equation 3.11 gives an expression for @i in terms of the nodal variables and is
called the approximation function.

Equations 3.12 and 3.13 are the linear shape functions and are the test or
weighting functions in the Galerkin finite element method. You can see the unit
value associated with /;(x;) = 1 and hy(x,) = 1 (see Fig. 3.2) and derivable from
Egs. 3.12 and 3.13. Also A(x;) = 0; and A,(x;) = 0 using Egs. 3.12 and 3.13.

Thus, i(x;) = u; and i(x;) = u, using Eq. 3.11.

Also, the sum of all the shape functions is unity i.e., Z?:l hi(x) =1 from
Egs. 3.12 and 3.13.

Similarly, differentiating (3.12) and (3.13) will give

dm(x) 0—1 —1

= =— 3.15
dx X2 — X1 he ( )
dhy(x) 1 1
- = 3.16
dx X2 — X1 he ( )
Differentiating Eq. 3.11 gives;

du  —uy+u —u+u
— = = 3.17
dx X2 — X1 he ( )

Equations 3.15-3.17 find usefulness during the derivation of element finite
element equation which we shall see in Chap. 4. The derivation and use of multiple
node elements and higher order functions can be found in other finite element
books and handbook [1-4].

3.4 Linear Interpolation Functions for Two-Dimensional
Analysis

Discretization in two-dimension domains is done using either the triangular
element (Fig. 3.3) or the bilinear rectangular element (Fig. 3.4).
3.4.1 The Linear Triangular Element

The interpolation function for the three-node linear triangular element shown in
Fig. 3.3b for C° continuous equations is

I =cy+ cx + c3y (3.18)
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Y {x3.43)
(a) (b) u3
ul 2 (x2y2)
Gyl y

Fig. 3.3 a Triangular discretization of two-dimensional domain. b The three-noded linear
triangular element

(a) (b)

b

Fig. 3.4 a Bilinear discretization of a two-dimensional domain. b A four-noded bilinear element

In matrix form (3.18) is

i=(1 x y)| (3.19)

C3

Finding the nodal values at each nodal point gives

uj I x1 y 1
w | =11 x » 1 (3.20)
us I x3 » 3

where x; and y; are coordinate values at the ith node. u,, u, and u3 are the primary
nodal variables. Equation 3.20 is of the form U = BC.

To find the unknowns (i.e., ¢y, ¢ and c3) we invert the matrix equation. Thus
C=B'U

Ci 1 X2y3 — X3Y2 X3y1 X1Y2 — X2)1 up
¢ Al Y2=ys o yi—=y o yi—» uy (3.21)

2A
C3 X3 — X2 X1 — X3 X2 — X1 us
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A in matrix Eq. 3.21 is

1 1 X1 N

Edet 1 X2 W (322)
1 x3 3

which is the area of the linear triangular element.
Substituting (3.22) back in (3.19) gives

X2y3 — X3Y2  X3Y1 — X1y3  X1Y2 — X2)1 Ui
a=(1 x y)o| 2= yi— i yi— ¥ U
X3 — X X — X Xy — X u
3 — X2 1 —X3 2 — X1 3 (3.23)
X2y3 — X3Y2  X3y1 —X1Y3  X1)Y2 — X2)1 uj
=5 x(v2—y3)  x(yz3—y1)  x(yi —») up
Y3 —x2) oyl —x3)  yle —x) u
5 1
=5y [Xoys — x3y2 + (y2 — y3)x + (x3 — x2)y]uy
1
+ A [(x3y1 —x1y3) + (3 — yi)x + (X1 — x3)y]uz
1
+ o (o2 —xoy1) + (= y2)x 4 (w2 = xn)ylus (3.24)
Equation 3.24 is of the form
ﬁ:hl(xvy)ul —|—h2(x,y)u2+h3(x,y)u3 (325)
Thus,
1
hy = 24 Peays = x3y2 + (v2 = y3)x + (3 — x2)y] (3.26)
1
h =5+ [ayr — xixy + (y3 — y1)x + (x1 — x3)y] (3.27)
1
hy = A 1y2 — xoy1 + (11 — y2)x 4 (x2 — x1)y] (3.28)

Equation 3.24 is the approximation or trial function while Eqgs. 3.25-3.27 are
the test or weighing functions in the Galerkin finite element method.

1
A= 5 (X2y3 + X1y2 + y1X3 — X2¥1 — X3)2 — Y3x1) (3.29)
1
=5 [(y3 = y1)x2 — (y3 = yi)x1 — (y2 — y1)x3] (3.30)

From Fig. 3.3b; y, — y; = 0 and y3 — y; = y3 — y,. Therefore

A :%[(% —yi)x2 — ()’3 —)’1)xl] (3-31)
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(v3 = y1)(x2 — x1) (3.32)

N =

= % base x height = area of the triangular sub-domain

du 1
FRaEYY [(y2 = y3)ur + (y3 — y1)uz + (y1 — y2)us]
1 “
= ﬁ[)’z —¥3 y3—y1 yi—2nl|uw (3.33)
us

di 1 “

—=—[xm—-x x1—-x3 x2—x1||w (3.34)

dy 2A s
dny 1
[T CCREE
dh 1
azzﬁ[ys — 1] (3.35)
dhs 1
[T
dny 1
o oAl
dh 1
d_y2 = ﬁ [X1 — )C3] (336)
an_ 1
dy 24 2T

Note that Eqs. 3.32-3.36 will be needed in the finite element equation deri-
vation (see Chap. 5).

3.4.2 The Bilinear Element

The interpolation function for the bilinear rectangular element as shown in Fig. 3.2
is

L= c1+ cpx + c3y + caxy (3.37)
¢

u=1[1 x y xy] 2 (3.38)
C3
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Expressing i in form of the nodal values gives

ui
U
us
Uy

X1
X2
X3
X4

Y1
Y2
V3
Ya

X1Y1
X2Y2
x3y3
X4Y4

3 Linear Interpolation Functions

(3.39)

Applying the same steps as used in Sect. 3.4.1 gives the shape functions

(x,y) = g (@ = x)(b )
1
a(x,y) = 1 (a@+x)(b - )
(3.40)
ha(x,y) = (a+x) (b +)
1
ha(x,y) = (a = x) (b +)
where a and b are the element parameters. Thus,
U= hl(xay)ul + hZ('xuy)MZ + h3(x7y)u3 + h4(x,y)u4 (341)

Remember, in the finite element equation, there will always be the need to

substitute for du/dx, du/dy, dh/dx and dh/dy where i = 1, 2, ...,
nodal numbers). Thus,

dh; -1

b—

o )= 4ab( y)
dhl(X,y) _ _l(a _x)
dy — 4ab

dhy(x,y) _1(b—y)
dx  4ab
dhy(x,y)  —1(a+x)
dy — 4dab
dh3(x, ) 1
& aap®tY
dhs(x,y) 1
R b(aer)
dhy(x,y) 1
TR rTACRSY
dhg(x,y) 1

dy

4 (the element

(3.42)
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Also,
da _ dh (x,y)uy L dhy (x,y)uy L dhs (x, y)us n dhy(x,y)uy
dx dx dx dx dx
uj
3.43
_ |:dh1(x7y) th(xuy) dh3(x7y> dh4(X,y):| U ( )
dx dx dx dx U3
Ug
Similarly, for
up
%: dhl(x7y) th('xay) dh3()€,y) dh4()€,y) 125} (3 44)
dy dy dy dy dy u3 '
Uy

3.5 Linear Interpolation Functions for Three-Dimensional
Problems

For interpolation in three-dimensions, four-node tetrahedral elements (Fig. 3.5) or
eight-node prism elements (Fig. 3.6) can be used.

3.5.1 Four-Node Tetrahedral Elements

The linear interpolation function can be expressed once again as
I=c)+ cx+c3y+csz (3.45)

This can be written in terms of local nodal values as

uy I x1 y1 zi|]|a

2% _ 1 X2 Y2 22 C (3 46)
u3 I x3 y3 z3||c '

Uy I x4 ys z4] |cs

Solving the equations by applying the same techniques as used in Sect. 3.4.1
gives the function

= hy(x,y,2)uy + ha(x,y, 2)uz + h3(x,y, 2)uz + ha(x,y, 2)us (3.47)
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Fig. 3.5 A four-node Y
tetrahedral element (2-D A
triangular surface elements) Us
Ua, Uz
Ui .
?X
z
Fig. 3.6 An eight-node brick N 7
element (2-D rectangular Y ]
surface elements)
>y X
Z
The shape functions are
hi(xayvz); i=1-4
hi(x,y,2) = s11 + $21x + 531y + 5412
(3.48)

h3(x,y,2) = s13 + $23% + 533Y + $432

(x,,2)

hy(x,y,2) = $12 + 20X + 532 + 5402
(x,,2)

ha(x,y,2) = S14 + 24X + $34Y + S442
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where
N ; I x1 »n
! det oz and V 1de:t L' xoy
sy = —det | x =
11 6V 3 Y3 13 6 1 x5

3.5.2 Eight-Node Brick Elements

The linear interpolation function can be expressed once again as

21
2
23
24

U =cy+ crx+ c3y+ c4z+ csxy + cexz + c7y7 + cgxyz

23

(3.49)

(3.50)

The approximation function can be obtained using the same methods as

Sect. 3.4.1 The shape functions become

(I =x)(1=y)(1=2)

h](x,y,Z) =

8abc
ha(x,y,2) = o (1+0)(1 = y)(1 +2)
h3(x’Y7Z) = %(1 +x)(1 +y)(1 +Z)
ha(,3,2) = g (1 = )1+ 2)(1 42
s(x3,9) = g (1= 2)(1=)(1 +2)
ho(x,3,2) = g (1 +2)(1 = )(1 2
hy(x,y,2) = Salbc(l +x)(14+y)(1 —2)
(,3,2) = g (1 =91+ 2)(1 2

3.6 Other Coordinate Systems Used in Derivation

of Shape Functions

3.6.1 Serendipity Coordinates

(3.51)

The shape functions defined above have been defined in terms of the global
coordinates x, y and z. However, Serendipity coordinates can be used as well.
These are local, normalized coordinates defined relative to the global coordinate
system so named because of the chance discovery of the shape functions for four-
node rectangular elements. It has become very convenient to use this coordinate

with Gauss—Legendre quadrature is applied [2, 3].
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Fig. 3.7 Serendipity — g _
coordinates in a linear é ] D _+1
element

I - L. 2

u i u 9
3.6.1.1 Serendipity Coordinates Applied to One-Dimensional Problems

A two-noded lineal element has a serendipity coordinate, & (Fig. 3.7) such that

E=0atx = (x1+x2) and —1<&<1
Thus,
2x —
ity (3.52)
X2 — X1

Thus the interpolation function becomes &t = hy(&)u; + hy(&)u, and the geo-
metric mapping function becomes x = h;(&)x; + hy(&)x,. Using this coordinate,
from Eq. 3.52, the shape functions become

h=1h(1—&) and hy = o(14E) (3.53)

Note also that this can be derived from the shape functions using global coordinate.

3.6.1.2 Serendipity Coordinates Applied to Two-Dimensional Problems

This coordinate system applied to the bi-lineal element is easily applied like the
lineal element. This time, the coordinates are ¢ and # (Fig. 3.8).

E=0atx = (tz—xz) andp=0aty = (5%)

—1<é<land —1<y<1

(x =%

and n = @ (3.54)
Note that 2a = x; — x, and 2b = y; — y,. When these are substituted into the
one-dimensional relation in Eq. 3.50 it gives Eq. 3.54.
Thus, the shape functions which are also the weighting functions in the
Galerkin finite element method become

hi (&) =%(1 =81 —n)

E=

(& =51+ 81— )

X (3.55)
() =3 (14 &)1+ )
m(En) =3 (1= &)1 +)
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Fig. 3.8 Serendipity 1 —
coordinates in a rectangular

element m
0 — - g

Note also that this can be derived from the shape functions using global coordinate.

3.6.1.3 Serendipity Coordinates Applied to Three-Dimensional Problems

Serendipity coordinates can be applied to the brick element in three-dimensional
shape function derivation as follows: The coordinates are &,  and (.

)_C:(xri—xz) ,:(yr&-yz) and Z:<Z1+Zz)
A 2 2

—1<é<+1, —1<yp<+1 and —1<(< +1
- (x—X)’ n:(y—y) and [ = &%
a b c
element half lengths in the x, y and z directions are 1. This implies that

571774, = (0,0,0) at (X,y,Z)

The shape functions for C° continuous problems are:

m(En ) =g (1= =m(1 -0
e 0) =g+ 91 —n)(1+0)
(&m0 =g (14 (1 +n)(1+0)
ha(&m,0) = %(1 — U +n)(1+0) s
s(Em,0) = (1= (1 = n)(1+0)
ho(&m,0) =g (1 + (1 = n)(1-0)
(&m0 =5 (1 + (1 +0)(1-0)
(&m0 =5 (1= (1 +n)(1-0)
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Fig. 3.9 Length coordinates L L i 0
of a two-node lineal element [] H 2 r

I om 12

La :

1=I :1
Lo

3.6.2 Length Coordinates

Length coordinates are used for one-dimensional elements. The formulation is
such that simple integration formulae can be applied to the integrals thereby easing
calculation (see Chap. 5). Length coordinates are also local normalized coordinates
like the serendipity coordinates. In this coordinate system, two independent length
coordinates, L; and L, are introduced, each traversing the lineal length from
opposite directions to any designated point, m along the lineal length (Fig. 3.9).
Thus, taking 0 < Ly <land 0 <[, <land L+ L, =1; L, =1 — Ly;

length b
It can be seen that length L; = ~=hgt om
length ab
.. length am
Similarly, length L, = —————
imilarly, length L, Tength ab

Thus, the shape functions will become
h](L) = L1 and ]’lz(L) = Lz (357)
it = hy(L)u; + hy(L)uy. This implies that the transformation equation is

X2 — X X2 — X

L =
1(X) Xy — X1 l

Mapping from L coordinates to x gives X = X L, + XL,

ou a/’ll Ox T 6h2 Ox
— =+ —=—=Uu
oL, oL, ' oL, -
a
i is the Jacobian term. Since, the length coordinates are natural coordinates,
1
method of solution follows the same procedure outlined under triangular iso-
parametric elements (see Sect. 3.7.2).

3.6.3 Area Coordinates

This coordinate system is also a natural coordinate system and is normalized as
well. An example of its application to a three-noded triangular element is as shown
in Fig. 3.10.
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The coordinates here are area coordinates L;, L, and Lz defined as

area mbc
Areal = ——
area abc
area mac
Areal, =——
area abc
area mab
Areal; = ——
area abc

They are related thus;

Li+L+1L;=1
0§L1§1, O§L2§1 and OSngl

Note also from Fig. 3.8 that area of Amac = area of Asac. Thus, the shape
functions for nodes 1, 2, 3 are

/’ll (L) = Ll, hz(L) = L2 and h3(L) = L3 (358)

The derivation of the derivatives of the shape functions are outlined under
Sect. 3.7.2.

3.6.4 Volume Coordinates

Volume coordinates are used for tetrahedral elements. In this case, the coordinates
are Ly, L,, L3, and L,.
Thus,
Volume V;

=—— i=12,3,4
Total volume

i
These volume fractions are related thus; L; + L, + Ly + Ly = 1.
The shape functions are

h](L) = Ll, hz(L) = Lz, /’13(L) = L3 and h4(L) = L4. (359)

3.7 Isoparametric Elements

Isoparametric elements are elements defined in what is called the ‘natural’ coor-
dinates system as opposed to global (xyz) coordinate system and at the same time
have the nodes used to define the geometry or system at the same location and the
same number as the parameter functions sought. Since they are situated on nor-
malized coordinates, it makes it easy to work with deformed elements on complex
geometries because they can easily be mapped on to master elements. Thus, the
serendipity, area and volume coordinates are used for isometric elements coupled
with the Gauss—Legendre integration procedure to facilitate solution of the integral.



28 3 Linear Interpolation Functions

Fig. 3.10 Triangular 3
element showing area
coordinates and lines of
constant area coordinates

Elements where the parametric nodes are more than the geometrie nodes can also
be used in finite element computations. These elements are called subparametric
elements. In this situation, their interpolation functions are no longer linear [2, 3].

3.7.1 Linear Isoparametric Element

For a linear element (i.e., 2 node element), the £5{ coordinate system is chosen in
such a way that the nodes located at ¢ axis are located at {; = —1.0 and &, = 1.0
as opposed to the nodes on x- axis (see serendipity element for one-dimensional
problem in Sect. 3.6.1.1). The shape functions are:
1 1
hi (&) :i(l—f) and /(<) :§(1+¢f) (3.60)

This shape functions can be used for the geometric mapping as well as inter-
polating the parameter u within the element.

The interpolation function becomes,

u= hl(é)ul + hg(f)uz (36])
and the geometric mapping function;
x=mh(Ex1 + h(E)x, (3.62)

To compute values needed in computing element matrices, the chain rule of
differentiation can be used as shown below:
O _om(¢)ox -, Omy(¢)or

¢ x a& ' ax a¢
oa _ om(§og . (8oL

x 0 o' T

Uy

(3.63)
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J = 2—2 is called the Jacobian; obtainable from Eq. 3.62
de dm(§) di(8) 1 hy
— = . =—(xp — =— 3.64
&= e Mg e —x) =3 (3.64)
Substituting (3.64) in (3.63) gives
di 1 1 —1 1
a—xz_mm+x2_x1u2—h—iu1+h—iu2 (3.65)
Also
dhl(é)_l dhl(é)_ 2 l__l
dv  J dé  xm-—x1 2
and

dhy (&) 1 1
2\5) = _ 3.66
dx X, —x1  h; ( )

dh(;)(f) and

metric is the same for the linear elements using physical coordinates (3.12) and
(3.13).
Thus, in computing for the weak formulation (see Sect. 3.4), we will have

for linear isopara-

dii dhy (&)
W that the values of — -
€ can see al € values o dx’ dx

xi+1 1

/ [%V% - wf] dx now becoming / {%% - wf] Jdé (3.67)

X; _

Solving this gives the same equation as Eq. 3.8.

3.7.2 Triangular Isoparametric Element

Area coordinates, L, L, and L; are commonly used for triangular isoparametric
elements, where Ly + L, + L3 = 1, L, and L, are independent and L3 is depen-
dent. Thus,

Ly=1-L —-L,
L, :LQ(X,y)
L]:Ll(x,y); and O§L1§1,0§L2§1and0§Lg§1

o] orar oy rom
aLl o 6L1 8L1 Ox
Ghi B Ox 6}1 Oh i

oL, oL, oL,] Ldy
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The Jacobian in this case is

3 Linear Interpolation Functions

o
oL, oL,
= 3.68
S K 08
oL, Ly
Oh; ox ~rom,
ox | |oL, oL oL
Omi | | ox Oy |
dy oL, oL, oL

Alternatively, using the partial differentiation route,

ahi — (%) — (%) and
oL, oL/, \OLs3/ ..,

[J] in this case becomes,

Oh;
2ot
J =
ahi
2L
ohy ohy
oL (a_Ll)L Lo
6h2 - a/’lz
oL, B (6 1)L2L3
6h3 ahg
oL (E) i
ohy _ ohy
oLy (@) i
6h2 - a/’lz
oL, B (6 2)L1L3
6h3 ahg
oL (a_Lz) i
oy _ ohy
oLy (a 3)L1L3_
6h2 - ahz
oLy (ﬁ) i
6h3 8h3
oLy (aLs) L

v () ()
oL, oL, LiLs 0Ls LiLs

(3.69)
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The weak formulation for a two-dimensional second order problem can now be
recast by substituting the different terms and integrating using the numerical
integration formulae for triangles.

Note that this method of derivation of the Jacobian and shape function deriv-
atives using the area coordinates can be applied to length and volume coordinate
derived shape functions as well.

3.7.3 Quadrilateral Isoparametric Element

The quadrilateral element can be represented with a bi-linear isoparametric
element. The shape functions are same as for serendipity elements (see Eq. 3.55)

hi(&n) = g1 =&)(1—n)

(& n) = g1+ &)1 —n)

ha(&m) = Ta(1 4+ &)(1 +1)

ha(&m) = Vg1 = &)(1 +n)
where —1<¢<land —1<75n<1

Thus,
U= hl (67 ’7)”1 + h2(§7 ’7)”2 + h3(£a I’L)M3 + h4(£7 n)u4

Similarly, the transformation equations apply

4

4
x=Y hi(&nx and y= ;hi(é,n)yi

i=1

6h,» - E)hl Ox éh, Gy 6h, N a]’l, Ox 6/1, 6y

- ot oyoe ™ o mon T yon
ARSI
of | |og a¢||ox
on | = o oy || o
on on onl Loy
o
7= o¢ oc _ Ju Ji2
@ @ Jou Jxn
on On

Following the same procedure in Sect. 3.7.2,
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we have
Oh; oh;
, Za_éxi Za_gy"
Oh; Oh;
Z&xi Za_nyl
Thus,
Jio= =Yg =)y + Ya(0 = m)xa + Va0 4 m)xs = Vg (1 + )
T = =Yt =+ Ya(U = myya + a1+ m)ys = Vg (Ut mva
Doy = =Yg (1= & = Va1 + 2 + Va1 + &3 + Ua(1 = Oy
T = =Vg(1 = &y = Vg1 + &)ya + Vg (1 + )ys + g1 — &)y,
Also,
Oh; ox oy 'rom
ox | |0& o o
oh; | % al Oh;
oy on on o¢
dh; (&, Oh; oh;
where ((i i =r 6_§+ rlza
Similarly,
dh,(é7 i’]) - ah, Gh,
dy =r ¢ + ran o’
where r;j, i = 1, 2, j = 1, 2 are from the inverse matrix of

V] e r:[:; :Z]:[J]_'

The use of the Jacobian with numerical integration technique (the Gaussian
quadrature) is normally employed. See applied numerical texts [5, 6] for detailed
treatment of the Gauss—Legendre quadrature.

3.8 Exercises

Solve Eq. 3.6 using inverse matrix rule.

. Derive the shape functions for four-node tetrahedral elements in Sect. 3.5.1 and
eight-node brick elements as described in Sect. 3.5.2.

3. Equations 3.40 are called Lagrange shape functions because they can be

obtained by products of one-dimensional shape functions. Obtain the sets of

N =
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one dimensional shape functions if the nodes are located at x = —a and x = a;
and y = —b and y = b. Hint: Use the one-dimensional shape functions listed in
Egs. 3.12 and 3.13.

. Using the relationship between the serendipity coordinate, r and the global

coordinate, x, show that the shape function in Eq. 3.53 reduces to Eqgs. 3.12 and
3.13.

. Show that the shape functions in Eq. 3.55 will reduce to the Eq. 3.40 using the

relationship between serendipity coordinates r,s and the global coordinates x, y.

. Show that if the point m in Fig. 3.7 is located on the global coordinates, then

the length coordinate shape functions (Eq. 3.57) are equal to the global coor-
dinate shape functions of Eqs. 3.12 and 3.13.

. Show that the area shape functions in Eq. 3.58 are equal to global shape

functions of Eqgs. 3.16-3.18.

. Show that the derivatives of the linear triangular isoparametric shape functions

in Sect. 3.6.4 are the same as for linear triangular shape functions in Sect. 3.4.1.
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Chapter 4

Derivation of Element Matrices, Assembly
and Solution of the Finite Element
Equation

4.1 Derivation of Element Matrix for One-Dimensional
Problems Using the Galerkin Method, Assembly
and Solution

Example 1 Consider a one-dimensional second order ordinary differential equation

_%(% —f=0; 0<x<1; u(0)=0andu(l)=0  (41)

4.1.1 Weak Formulation

The weak formulation for an element will be
xi+1

oo [ o[ L) 02

xi+1

dw du du

Xi

xi+1

Xi

where w(du/dx)[;*" is the Neumann boundary condition.

Let us leave out the Neumann boundary condition term for now and work out
the other terms in the equation, i.e.,

xi+1
dw du
T wfldx 4.4
| e (44
X;
O. Oluwole, Finite Element Modeling for Materials Engineers Using MATLAB®, 35

DOI: 10.1007/978-0-85729-661-0_4, © Springer-Verlag London Limited 2011
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The approximation function is & = hy(x)u; + hy(x)u, (see Sect. 3.3.)
For the ith element

u= hl(x)ul + h2(.x)ul'+1 (45)

The test (weighting function) is

wy = hi(x) and w, = hy(x) (Galerkin method) (4.6)
Substituting (4.5) and (4.6) in (4.4) yields
Xit1 Xit+1
h/ u; h1
0= AR R)|dx ) — dx 4.7
[ o o) - foGu)es e

where /| and A} denote dh; /dx and dh,/dx, respectively.

From (3.15) and (3.16) h} = —1/h, and h} = 1/h,.
Also,

hi(x) = x*;l—_x and sy (x) =2 - il

wherever there is a product of the test function and the trial function, the resultant
is a matrix. The test function alone produces a vector. Thus, Eq. 4.7 becomes

o= (4 )G) E () 3

This is the element finite element equation,
[KI[U]*= [F] (4.9)
It is now required to compute all the element equations.

4.1.2 Assembly of Element Equations

Let us divide the domain under consideration into three. Finite element equations
can be written in local (element) nodes as

IFORION (1) [ (D) ]
k k u F
i 12 ( %1)) = %1) (4.10)

Element 1

Element 2

e 2) ] 2 [ ~2)]
() - [ )
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3 3 3
4 8104)-
ky' kyy )

where k°ij, uf and F} are the elements stiffness, variable and the force vectors,
respectively.

Element 3

FY

4.12
e (4.12)

To express the element equations in global nodes, the correspondent global
nodes has to replace to element nodes using interelement continuity conditions
stated below:

u’ =u
u(21> = U
uf) = ugs) =u3
and
ug) =y

This correspondence between the element (local) nodes and the global nodes
can be expressed in a Boolean connectivity matrix, B; = global node-number
corresponding to the jth node of element i.

Thus,

12
Bj]=12 3 (4.13)
3 4

The implication is that the coefficients of k© also add up (e.g.) (3,3) location of

the assembled matrix has kﬁ) and k3,; (2,2) location has kszl)and kgz).

To express the element equations in the global nodes, each equation must be
expanded such that the matrix and the vector size are the same as the total number
of degrees of freedom in the system.

In the example under consideration, the total number of degrees of freedom is
equal to 4. Expressing the element equations in global values give:

Element 1
KDk 0 0] [w Fi)
1 1 1
K Ky 0 of fe| | A (4.14)
0 0 0 0f]|us 0
0 0 0 0JLus 0
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Element 2
0 0 0 07w 0
0 KV k) of|w|_ |FY @15)
0 & kP o |us FY '
0 0 0 O0]|wm 0

Element 3
00 0 07/u 0
00 0 0 ||u 0
o 0k w2 fi| = |r? (19
00 &Y K] |u FP

Assembling the element matrices into global matrix gives

K kY 0 0T, F!
R I L i N Yy
0 &2 kR || v 7+ FyY

o @b Lo £l

At this point, the Neumann boundary condition is added to give:

SR o olrw] (F)-w0

AR SSUN S v 0o |a|_) A +FY (4.18)
R | L BN B
0 0 K k] LUs F) 4 (1)

This is the generalized global finite element equation for the second order ordinary
differential equation Eq. 4.1 given above, kj; and F} will have to be determined.

4.1.3 Imposition of Boundary Conditions

In solving the finite element equation it is important to solve for the nodal values
(primary variable) first. This is done by imposing the Dirichlet (essential)
boundary conditions first in the solving of this finite element equation. In this
example, u(0) = 0 and u(1) = 0 and the domain 0 <x < 1. Substituting them into
the global finite element equation gives

om0 o %) 0 ] [m o o
K2] Kzz +K11 K12 0 u | Fl ) +F1 4.19
F) @ 2B B =1 L0 -0 (4.19)
0 K K2 +k k3| |us FY + F!
0 0 0 1 U 0
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Since all the values in this resultant matrix are known all the nodal values
(uy and u3) can be obtained by solving the resultant simultaneous equation.

4.1.4 Obtaining Neumann Boundary Conditions
atX =0and X =1

In the example under consideration, the Neumann conditions «'(0) and /(1) are
not provided. These can be obtained by substituting back into Eq. 4.18 and
solving. #/(0) and /(1) can be obtained from the resultant set of simultaneous
equations.

4.2 Derivation of Element Matrix for Two-Dimensional
Problems Using the Galerkin Method

Let us use the poisson equation in two-dimension expressed as:

HOETCI R

The weak formulation is

owou Owou Ou Ou
— T T P ) dxdy = d —n, +—n, |d 4.21
0 /{Gxax—i_@y@y) Y /WQd”JrféW(@xn +6yn'> s (420
Q Q

Equation 4.24 can be rewritten as

[K|[U] = [F],
where
K]= / (2”:2:+?y”2;‘>dg (4.22)
Q
e Ou
[F]°= A WQdQ+fw§ds (4.23)

4.2.1 Using Triangular Discretization

Substituting (3.33), (3.34), (3.35) and (3.36) into [K] gives
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1 y2—Y3 | Uy
[K]e:/ Sl vy 52—y ys—w M-M)] U
2A 2A
Q Yi—» u3
X3 — X2 ui
+m X1 — X3 ()C3 — X3 X]—X3 X2 —X| ) 17%) dQ (424)
X2 — X1 us
! (2 —y3)? (2 =y3)3=y1) (2 —y3)n—x) | [
T4A (3 =y (2 —»3) 3 —y)° 3 =y —»2) ”2)
01 =y2)2—=y3) (3 —y1)1 —y2) (1 — Y2)2 u3
! (x3 —x2)* (3 =) (x1 —x3) (X3 —x2)(2 —x1) | /1
+oq | (5 —x)(u - x) (x1 —x3)° (1 — x3)(x2 — x1) (uz)
(2 —x1)(x3 —x2) (%2 —x1)(x1 — x3) (x —x1)* | \us
(4.25)
Thus
ki ki ka3
[K]e: [kgl k22 k23:| (426)
kit ks k33
where

y1)2

fir = g [ = P02 = 03)
kiz = [0 = x2) (= x3) + (2 = 3) (93 = 1)
kis = [0 = x2) (2 = x1) + (2 = y3) 01 = »2)]
kot = k1o
ko = ﬁ [ — s
foz = [0 =192 = 1) + 03 = 1)1 = 32)]
ks = 2051 = x2) (52 — 1) + (3 = 91) (01— 32)]

4A

k31 = ki3

k3p = ko3
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1
ks = o [0 =3 +01 = 327 (4.27)
hy d
e u
[F]'= hy $0QdQ + 7( w——ds (4.28)
dn
Z s A

4.2.2 Using Bilinear Elements

Using bilinear rectangular elements for the same problem of Eq. 4.23 and
substituting bilinear rectangular equations of (3.42), (3.43) and (3.44) into the
equation gives:

=

I
—

S
=
el
B{s
B
25

)|
dn, ‘ us

(4.29)

Y dn, dn, dn;  dng
Ik ol ol N

Matrix will be 4 x 4, thus:

kiv ko ki ki

e kot koo kos  kos
K|'= 4.30
K] kst ks ksz  kas (4.30)

kst kay  kaz kus

Also, for the bilinear rectangular element,

Kit = kp = K3 = ky
Ky = kg
Koy = ki3
Kss = ki2

(4.31)
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Thus

kiv kio ki ks

e ki ki ki kiz
K¢ = 4.32
K] kizs ks ki ki (4.32)

kig kiz ki kn

a® + b?
ki = 3ab
a® — 2b?
kiz 6ab
2 4 b (4.33)
k= —
6ab
a* —2b%
ks =
" 6ab
a b hl
e__ h2 %
[F]°= / / s 0+ % wdnds (4.34)
Za —b hy re
du du du
j{ wads = j{ w [anx + d_yny] dxdy (4.35)
re r*

4.3 Derivation of Element Matrix for Three-Dimensional
Problems Using the Galerkin Method

Let us consider the three-dimensional Poisson Equation

Viu=Q (4.36)

The weak formulation will be

Oowou OwOlu OwOlu Ou
_ b i Wit ¥ To W Q s
/(6x6x+6y6y+6z 6z>d /de +£W6nds
Q Q

Thus using a four node tetrahedral element,
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_dh_
4 4
[ke]:/ Tl dn de du] | O [dn i G da]
o | | an [Ldr dr de de %dydydydy
dny dn,
dx L dy
dn,
x4
%
S\ (dyy dny diy di
3 a e e (4.37)
d&
dn,

Z

Fl= /de9+7§ s

Q

The same workings as done for the two-dimensional problem (see Sect. 4.2)
would be done here to get the element equations.

hy
hy
w0 dQ = 0dQ
h3
Q Q
hy

$ w(du/dn)ds can be treated looking at boundary conditions on the four sides
of the tetrahedral, placing the boundary conditions as specified for the nodes.

4.4 Transient Problems

Let us take for an example one dimensional transient heat conduction in a domain
Q. The equation is

ou 1/
—=—-({=—])inQ0<x<l1 4.38
or a(@xz) as o= (438)
where o is equal to k/(pC,), k is thermal conductivity and C, is the specific heat
capacity at constant pressure. Heat generation (Heat source, Q) is not included
here.

The weak formulation is:
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du 1 dwdu 1 Ou
Q Q

n

The element equation can be expressed as [L°] [i] +[K¢] [u]'= [F¢]" which is
different from the steady-state form in that the solution is time dependent. How-
ever, the matrices [L°] and [K*] are not time dependent.

Using the shape functions for triangular elements derived in Chap. 3 for the
element equation formulation for [L°]

I’l] ’/.tl
L] = / hy S(hy hy hy)dx| 2 (4.40)
hs it

where @ = variation of u with time

[L°] :% ﬁ ;] (4.41a)

Note For two-dimension problems, [L¢] will be

A 2 11
— |1 2 1| forlinear triangular meshing (4.41b)
12
1 1 2
and
4 2 1 2
Al2 4 2 1 .
%l1 2 4 2 for rectangular element meshing (441c)
2 1 2 4

4.4.1 Time Integration Method for Transient Problems

Finite difference methods are used for the time derivatives. Commonly used
methods are; the forward difference, backward difference and the Crank—Nicolson
method. Detailed analyses of these methods are obtained in standard Numerical
Methods texts [1, 2] and will not be discussed here but the backward difference
method will be applied in the examples. The backward difference and Crank—
Nicolson methods are unconditionally stable.
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4.4.1.1 Backward Difference Method

In this method the finite element and the time derivative can be written as:
[L] {L-t}H-AI: [K] {M}t+At+[F]t+At (442)
with

AL {U}t+At_{U}t
{U} D va— (4.43)

respectively. Substituting (4.43) in (4.42) gives the finite element equation;
(L] + MK {UY N = Af[F] M [L){ U} (4.44)

Solving the one-dimensional problem of (Sect. 4.4) using four element mesh,
the backward difference method and taking o = 1, the assembled equations follow
the procedures used for Eq. 4.1. Thus:

2
The global [L] = 3 (4.45)

cCo o~ N
(=R =T N
= )
—_ k- O O
N - O OO

[K]:Q% -1 2 -1 0 (4.46)

W

taking U; = 400 and U, = 25, i.e., one end heated up and the other kept at room
temperature.

Fy
0
{F}={ 0 3 also{U}™"=25 (4.47)
0
Fs

Substituting (4.45) through (4.47) in
([L] + MK U] Y= A{FY 4 [L{u)

gives
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r4 2 T
3+ 4At 3 4At 0 0 0
2 8 2 A
Z_4nr S48Ar S—anr 0 0 U
3 3 3 Ut+At
2 8 2 A
= 0 Z—4At - +8At = —4Ar 0 Uy
3 3 3 1+At
2 8 2 U,
0 0 3” 4At 3 + 8At 37 4At U§+AI
0 0 0 % — 4At %4— 4At
A ) | (4.48a)
2 8 2
§U§ + §U§ + §U§
2 1 8 1 2 t
= gUz + §U3 + §U4
2 1 8 1 2 t
3Us +3Us+ 3Us
2 4
Ui +3Us +Fsh

Applying time step size of Az = 1/3 and using the boundary conditions give

1 0 0 0 07
400
2 16 2
- = _Z 1+At 2 8 2
O | G B E R e
2 2 8 2
o -2 10 2 o Wpma b Sy SuniZon b (a.as)
303 3 Ui 3773073
0 0 _z E _g UngAt gUé +§U£+§U§
3 3 3 25
L0 0 0 0 1]
Substituting + = 0 in Eqs. 4.48a, 4.48b gives
{ vl B ylA yle } — {400 58 7 4 25} (4.49)
Uil/ 3 = nodal temperature at time 7 = 1/3.

The iteration can be continued until the desired time solution is obtained by re-
substituting + = 1/3 into Eq. 4.48b.

4.5 Derivation of Matrix Equations for Axisymmetric
Problems

We will take an example of the Poisson equation in cylindrical (polar) coordinate
system. The equations can be written as follows:
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O*u  10u

1. |=+—-= =/f in one-dimension 4.50

<6r2 ror ! (4.50)

Fu 1w 10
2. a_rl: + ;a—b: + r_za_obzl =f in two-dimensions (4.51)

u 1ou 10°u O
a—rb; + ;a_brt + ﬁa—eb; + TZ =f in three-dimensions (4.52)

r, 0 and z are the radial, circumferential and axial axes, respectively.

In axisymmetric problems, u is independent of 6 and as such the three-
dimensional equation reduces to

du 1du d*u

D Tt 4.53
dr2_|_rdr+dz2 ! ( )

The weak formulation can be obtained as follows:

/{%gﬁj’}%) ( f)}szO (4.54)
Q

Collecting the values in r together gives a typical heat conduction problem with

heat generation.
1d [ du\ du
= — | = dQ =0 4.55
/{W<rdr (rdr> +dz2> (Wf)} (439)
Q

Using the relationship

/ 0/ / B(r,z)drd0dz = 2n / / rB(r,z)drdz (4.56)

the equation becomes

o [al) oo
] [ (e o fodiar )

Since Eq. 4.57 has become a two-dimensional problem, the two-dimensional
shape functions will be applied in the derivation of the finite element matrix equation.
Using linear triangular elements, the equation becomes:
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dn,
dr
el dn dh dn dh~
K=o [ [rlS% e & )
i dny
dr
dn,
I R YT (4.58)
dis
d:

also

//rdrdz =Ar, (4.59)

A is the area of the element and r. is the r coordinate value of the centroid of the
triangular element.

Thus,
K1 K2 Kis
(K] =2nr.| Kot K Ko (4.60)
K31 K Ks;
where

1
Ky = 1A (r3 — 72)2+(Zz - Z3)2

K3 = %[(1’3 —n)(rn—r)+(z—2)(z —22)
K = %[(ﬁ% —n)(r1 =)+ (2 —z)(5—a)

Ky = i{(rl - 73)2+(Z3 — 21)2}

Ky = ﬁ[(rl =r3)(r—n)+ (5 —z)(z —2)]

1
K33 = a{(i’z — 1)+ — Zz)z}
Ki» = Ky
K3 = K3

Ky =K



4.5 Derivation of Matrix Equations for Axisymmetric Problems 49

Fig. 4.1 A triangular plate Y

050

A = (& atall boundries
dn

om 10

The flux [F]—d can be solved like the two-dimensional problem. The same
procedure can be done for any other physical problem e.g. axysymmetric stress
analysis by Obtaining the element equations from the governing equations.

4.6 Sample Solutions on Elements Matrix Computation,
Assembly and Solution

Problem 4.1 Let us compute the element matrix for Poisson’s equation for the
triangular plate shown in Fig. 4.1. Flux at all boundaries = 0 and a = 1.

Solution Let us take the plate as a single triangular element.

ki kio ki3
K] = | ka1 koo kp3
kst kz ka3
I x1
A==det|l x ¥
I x3 ¥
1
=~ [1(x2ys — x3y2) + 1(x3y1 — x1y3) + (X132 — X2y1)]
2

[(1 = (0.5)(0) + 1(0.5)(0) — 0(0) + (0) — (0)]

R Y
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Fig. 4.2 A rectangular ¥
domain with four triangular P
meshes
=0
dn
on
dn @ @ ﬂ =1
= -1
i (D @ dn
| 2 e *
o ) 20

The values of the [K°] matrix can be calculated with the equations derived in this
chapter for two-dimensional problems.

Thus:
Ky = %[(0.5 — 1240 —1)*| = (=0.5)*+1% = G) =0.625
Kiz = [(=0.5)(0.5) + (0 — 1)(1 = 0)] = %(—0.25 — 1) = —0.625
Kis %[(—0.5)(1) +(=1)(0)] = % (=0.5) = —025
K> =Kip
Ky = % (=0.5)*+(1)*| = +% =0.625
Koy — % (=0.5)(1) + (1)(0)] = %(—0.5) — 05
K31 = K3
K3 = K3
Ky = % [(1)2(0)] ~0.5

Thus,

0.625 —0.625 —0.25
[K]=|—-0.625 0625 —0.25
025 —025 05
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Problem 4.2 Consider a rectangular domain discretized into four linear triangular
elements as shown. The Laplacian equation works within this domain. Find nodal
temperatures if there is no heat generation, i.e., @ = 0 (Fig. 4.2).

Solution In Problem 4.1, we successfully got an element stiffness matrix [K*].
In this problem (4.2), we need to find each element matrix first. To do this we must
first sort out the local and global node numbering. We can number the elements as
shown below. The local numbering helps in calculating the [K¢] matrices.

As mentioned, the local nodes help in calculating the [K¢] matrices, i.e.,
assigning of shape functions. The global nodes are useful in identifying the ele-
ment position in the overall domain and global stiffness matrix.

Using Eq. 4.26;

1 -05 -05
[K]=1]-05 05 0
-05 0 0.5

The element matrices are the same in this situation.
Re-structuring the element matrices in global nodes gives;

1 -05 -05 0 0 O

-05 05 0 0 00
n_|—05 0 05 0 0 O
[K ] - 0 0 0 0 00
0 0 0 0 00

0 0 0 0 0 0

Notice the placement of values at the local nodes (1, 2, 3) in the global nodes
(1, 2, 3), respectively.

0O 0 0 0 0 0
0 1 0 —05 —05 0

. |00 0 0 0 0
KT=10 05 0 05 o0 o0
0 050 0 05 0

O 0 0 0 0 0

Notice the placement of values at the local nodes (1, 2, 3) in the global nodes
(2, 4, 5), respectively.

0
0

w) |0 0 05 0 05
0
0
0

)

()

()

(=)
[=NeNeloNeNel
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Notice the placement of values at the local nodes (1, 2, 3) in the global nodes
(5, 3, 2), respectively

000 0 0 0
000 0 0 0
4 000 o0 0 0
K'1=10 00 05 0o -0s
000 0 05 -05
000 —05 —05 1

Notice the placement of values at the local nodes (1, 2, 3) in the global nodes
(6, 5, 4), respectively.
Assembling all the elemental matrices into the global matrix gives.
1 —-0.5 —-05 0 0 0
-0.5 2 0 -0.5 —-1.0 0
—-0.5 0 1 0 -0.5 0
0 -0.5 0 1 0 -0.5
0 —1.0 —-0.5 0 2 -0.5
0 0 0 —-0.5 —-0.5 1

K] =

In this particular example, the global matrix is occupied by these local values:

Ky =K},
K =K,
Ki3 = Kj3
Kx =Ky,

Ky =Ky, + K, + K3,
Koz = Ky + K3
Kz = K122
Kos = K3 + K3,
Ky =0
K31 = K3
K3 = K3, + K3,
K3 = K33 + K5,

K3, =0
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3 5 9 . 5 b
® ®[ SW @ﬂ
G}1 0 ®2 4® 2® 4 @

elemert 1 elemert 2 element 3 element 4

Fig. 4.3 Local and global numbering of Fig. 4.2. @ represents local node numbers; i = global
node numbers

Ksq = K322

Kss = K33 + Ki) + K3
Kss = K
Ke1 =0

Kex =0
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K3 =0
Kei = K
Kes = K7,
Kes = K,

This information can easily be obtained by using the Boolean connectivity
matrix for this particular problem as presented below.

B] =

DN W A

3
5
2
4

AN NN =

The Boolean connectivity matrix presents in a very easy form the connection
between the local nodes for each element and the global nodes and from this inter-
connectivity, the global matrix is easily derived. Study Fig. 4.3 and the construction
of this Boolean matrix. This matrix is particularly useful in writing computer codes
for matrix assembly. The numbers represent the numbers in the global matrix while
the position of these numbers in the matrix represents the local values that would
occupy the numbers on the global matrix. Try to reconcile the use of this connectivity
matrix with the values presented in the connectivity values above.

4.6.1 Calculating the Column Vector

In this Laplacian, the column vector is the flux:

Fr
F,
—1
Fy
0
1

{F} =

The flux value at nodes 1, 2 and 4 are unknown and the nodal values u3, us and
ug can be calculated by solving the matrix equation [K]{u} = {F} and substituting
u, up and uy = 5.0. The solution gives uz = 6.66, us = 5.76 and us = 6.38, and
F, = -0.83, F, = —0.76, and F, = —0.69. The negative flux values show flux
going in negative y-direction.
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4.7 One-Dimensional Fourth Order Differential Equation
(Beam Bending Problem)

@[ &
_@(“ELQ _f=0 (4.61)

This example is brought forth here to introduce the reader to an example of a C’
continuous parameter function. For beam bending problem, u = transverse
deflective (positive upward) of the beam; f = transverse distributed load acting
downward.

The weak formulation is detailed in Chap. 2, Example 2.5.

However, remember in our section on parameter functions and interpolation
functions we did talk about compatibility and completeness requirements for
deriving shape functions for different problem statements. In this example, we
cannot use a C° continuous shape function because this is a C' continuous equation.
The interpolation function will therefore be a cubic polynomial despite it being a
two-noded domain because there are four nodal variables for the beam element.

The interpolation function therefore takes the form for deflection as

U= c + cox + 3+ ogx’ (4.62)
and the slope
(du/dx) = (x) = ¢y + 2c3x 4 3cax® (4.63)

This Function (4.62) satisfies both the compatibility and completeness
requirement for the problem solution.

d®wd’u d [ du\ dw )™
=) e YT e lw) T w el

Primary variables are u and du/dx.

The secondary variable is
d [ du
— la—],
dx | dx?

Deflection and slope at both beam ends of length / can be computed as;
M(O) =C1 =U
¥(0) =c2 =
u(l) = c1+ el + e3P 4+ ey’ = uy
() = e+ 2¢3l + 3e4l® =

(4.64)

Solving (4.64) in terms of the nodal variables gives the shape functions
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332 2x°

hl(x) =1 —l—2+l—3

2 2 3

h(x) =x— ); +)lc_2
NER (4.65)

hs(x) == 5

2 X

ha) =-7+3

Applying the approximation and weighting functions to (4.61)gives the finite
element coefficient matrices [K°] and {f°}:

6 31 -6 -3l

o 2a| 31 22 31 P
[K]_JT -6 -3 6 -3l
3l B 31 2P

6
a_ S| 1
[f]_lz 6

-1

where a = EI for beam bending.

4.8 The Use of Other Coordinate Systems in Derivation
of Finite Element Equation

The natural coordinate system is very much used in finite element computation
because of the ease of computing higher order element based matrices using
simple integral methods and the Gauss—Legendre quadrature. This segment pre-
sents the application of some simple integral formulae for the length, area and
volume coordinates. The calculation of the stiffness matrix still has to be through
the Jacobian route outlined in Sect. 3.7 on isoparametric elements.

4.8.1 Length Coordinates

Let us derive the force vector of Eq. 4.7 using length coordinate shape functions
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110!
ro(m\. . a+o+ni| 11
l/f(m>d”_/}[h d=11 o _fE[J'
i ! O+1+1)!

This gives us the force vector. Compare this solution with Eq. 4.8.

4.8.2 Area Coordinates

In this example we shall derive the first portion of the force vector matrix for the
second order equation in Eq. 4.20

i 1!0!0! 1
1+40+0+2)!
hy L | (;'r;lL' ;)') 0A :
F|'= h dQ = L, |dA = — |24 =="|1
IF] / % Q /Q ? Q(o+1+0+@! 3
o A AL 0lo!1! !
L(0+0+1+2)!]
4.8.3 Volume Coordinates
We shall calculate the force matrix for Eq. 4.36
1!010!0!
(1+0+0+0+3)!
hy L 0!1!0!0!
hy L O+1+0+0+3)!
/@@m*/ hs @m_/QLSW_Q olo!110! oV
“ o Yol (0+0+1+0+3)!
o'olo!!
[ (0+0+0+1+3)!]
1
_ov |
4|1
1

These text [3, 4] provide further insight into mapping and working in other
coordinate systems.
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4.9 Exercises

4.1. Derive Eq. 4.8 from (4.7)

4.2. Solve for the Neumann boundary condition of Eq. 4.39 by using Eq. 4.48a

4.3. Check whether the interpolation function expressed in Eq. 4.62 satisfies both
the compatibility and completeness requirement for Eq. 4.61

4.4. For a three meshed bar, derive the weak formulation, and the finite element
equations for unsteady heat transfer in the bar

or o or
or ox\“ox

)zf O<x<l1

subject to the boundary conditions; 7(0) = T,; and

oTr
= —h (T —T®) —§
aax C( ) q

on I'. Take a to be independent of x
4.5. Using a three element mesh, derive the weak formulation and hence the finite

element equations for
o[ oT
—_ _ = 1
ax(“ax) f 0<x<

Subject to the boundary conditions; 7(0) = Ty; and

oT

—=—h(T —-T%) —g
ass ( )—4
onl.

Take a to be independent of x.
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Chapter 5
Steps to Modeling Using PDEtoolbox ™™
Graphics Interface

5.1 Engineering and Modeling

Many physical processes find their mathematical models expressed as partial
differential equations. Designing for new products and processes need a great deal
of modeling to understand the old processes and the proposed new design. Partial
differential equations (PDEs) and their solutions are applicable to many engi-
neering problems. This chapter sets the ground for a modeling journey using the
PDEtoolbox graphics user interface (GUI).

5.2 Steps for Modeling with the PDEtoolbox

The following steps will guide the reader step-by-step through the modeling
process. By the time the reader gains mastery, he/she can delve into modeling
zones never explored before. We will outline these steps and build up on each in
different segments of this chapter. The steps are:

1. derive the defining(governing) PDE for your problem, the domain and
boundary conditions (and initial conditions if problem is time dependent);

2. open MATLAB and PDEtoolbox

3. specify the application you want by using the Options — Applications menu or
the pull-down menu window;

4. draw the geometry(domain) of the problem on the graphics interface(GUI)
using the Options and Draw menus;

5. set the applicable PDE and the initial and boundary conditions;

6. mesh the domain and refine mesh as applicable using adaptive or uniform
meshing.

7. solve the PDE using the Solve — SolvePDE menu.

8. explore other solutions using the Plot — Plot Parameters... menu.

O. Oluwole, Finite Element Modeling for Materials Engineers Using MATLAB®, 59
DOI: 10.1007/978-0-85729-661-0_5, © Springer-Verlag London Limited 2011
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Fig. 5.1 Starting MATLAB ‘PDEtool’ GUI

Let us now go detailed into the outlined steps.

5.2.1 Starting the MATLAB PDEtool GUI

Start MATLAB by double-clicking on the desktop MATLAB icon. Type PDETool
at the MATLAB prompt to start the GUI. Alternatively, as shown in Fig. 5.1 enter
the graphic user interface through the MATLAB start button at the bottom left
hand corner. Figure 5.2 shows the PDEGUI.

5.2.2 Specifying the Application Type

In the Options — Application menu (Fig. 5.3) or from the drop-down menu on the
top right, select application type; heat transfer, diffusion, structural mechanics with
plane strain, etc. Note that this selection must be made before specifying boundary
conditions and PDE coefficients. Boundary values and PDE coefficients change if
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Fig. 5.2 The MATLAB PDEtoolGUI

Application selection is made after boundary conditions and PDE coefficients are
set leading to errors in computation if changed values are not corrected.

5.2.3 Drawing the Problem Geometry

Draw the geometry, i.e., domain of the problem on the GUI using the Options and
Draw menus. Use the Options — Axes Limits...menu to set displayed 2-D axes
and Options — Grid, Options — Grid Spacing... and Options — Snap menus to
automatically snap to grid points (Fig. 5.4). By drawing rectangles, ellipses or
polygons, the domain can be built up by addition or subtraction from the ser
formula window (Figs. 5.5 and 5.6), e.g., SQ1 + CI or SQ1 — C1.

Also, draw buttons in the tool bar just below the top menu bar can be used to
draw the appropriate object by clicking on the appropriate icon. Click on the draw
space and drag to draw the object.

Note carefully that it is important to choose convenient axes limits, preferably
on a 1:1 scale with geometry dimensions.

Using Boundary — Boundary Mode and Boundary — Remove Subdomain
Border, unwanted subdomain borders can be removed by selecting the unwanted
border and clicking Remove Subdomain Border.
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Fig. 5.3 Selecting the application type
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Fig. 5.4 Grid spacing before drawing
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Fig. 5.5 Drawing the problem domain using the Draw menu

5.2.4 Specifying the PDE

Using the PDE — PDE mode, and PDE — PDE specification... (Figs. 5.7 and
5.8) the PDE type can be selected and the PDE coefficients can be entered. In
‘multiple’ domained problem, you must select the domain whose values are being
entered, e.g., heat transfer in a molten steel casting enclosed in sand mould. The
mould must be selected for entry of its parabolic PDE values while different
parabolic PDE values must be entered for the molten metal.

5.2.5 Specifying Boundary Conditions

Enter boundary mode by clicking on the 0Q button or selecting Boundary —
Boundary Mode (Figs. 5.9 and 5.10). Boundary conditions can be selected when in
boundary mode by double-clicking on the desired boundary and filling
the boundary conditions form (Fig. 5.11). Alternatively, single-click on the desired
boundary and click Boundary — Specify Boundary Conditions... to specify
boundary conditions. If several boundaries have the same conditions, they can be
selected by shift-clicking on the desired boundaries. While in boundary mode all
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Fig. 5.6 A square domain

boundaries can be selected by using Edit — Select All and Boundary — Specify
Boundary Conditions... to specify boundary conditions for this group of segments.
Note that as you use the PDEtool GUI, you will find the most convenient way of
getting around the use of this facility.

5.2.6 Meshing the Domain and Mesh Refinement

Using Mesh — Parameters, initial mesh parameters, jiggle mesh parameters and
mesh refinement method can be selected (Figs. 5.12 and 5.13). For coarsest mesh
inf can be input in the form by clicking on the triangle button or selecting
Mesh — Initialize Mesh, initial mesh can be generated.

For non-transient problems adaptive mode of mesh refinement is an option and
can be selected from Solve — Solve Parameters menu (Figs. 5.14 and 5.15). Here,
the desired maximum number of triangles or maximum number of refinement steps
can be entered in the form.
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Fig. 5.7 The PDE menu for specifying the PDE type and coefficients

PDE Specification
Exuation: vk grad(T))=Q+h(Texd-T), T=temperature
Type of POE: Coefficiert Value Descrition

() Paraboiic € [10 H
Hyperboic k 10 Coeff. of heat conduction

SR r—

h m Convective heat transfer cosf.
S Co—

L ]

Fig. 5.8 PDE specification form for heat transfer application
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Fig. 5.9 Using the boundary mode

5.2.7 Specifying Initial Conditions for Transient Problems

If the problem is transient, the Solve — Parameters... menu (Figs. 5.14 and 5.16)
is used for setting the time duration and increments. The variable u(#0) represents
the initial conditions on the domain at t = 0. Time:0:? represents t = 0 and
¢t = final time in seconds (Fig. 5.13).

5.2.8 Solving the PDE

Solving the PDE involves plotting the result on the GUI or on a separate pop-up
graph in 3D. This means that the properties to be plotted must be selected. By
selecting Plot — Parameters, or clicking on the mesh button, the plot selection
form pops up and the plot properties can be selected (Figs. 5.17 and 5.18). For
Colormap options, jet or cool is recommended. Plotting in x—y grid, show mesh
and Height(3D plot) are also recommended but user can choose appropriately as
desired after familiarizing with tools. After selection of plot properties, click on
the plot button on the plot parameters form or click on Solve — Solve PDE...menu
or press the = button.
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Fig. 5.10 The square domain in boundary mode
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Fig. 5.11 The boundary condition form for heat-transfer application
5.2.9 Extracting Values from Plots

Values of plotted property at desired points in the domain can be obtained by
clicking on the selected points in the domain, with the values displaced on the
status bar at bottom of the GUI. Exact solutions at these points can be found by
using the Mesh — Export Mesh and Solve — Export Solution menus to export the
mesh parameters and the solution parameters to the MATLAB worksheet. The
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Selecting the solve option

Solve Parameters
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Fig. 5.15 Solve parameters form for non-transient problems
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desired value u(x,y) can then be obtained from the MATLAB worksheet by
evaluating uxy = tri2grid(p,t,u,x,y) from the MATLAB prompt
inserting specific values of x and y into the x,y bracketed
with p, t,u. The mesh triangle number tn can also be obtained
using [uxy,tn] = tri2grid(p,t,u,x,y). The vertices of the triangle
can be found by evaluatingp (: , £ (1:3, tn) ) from the MATLAB prompt. Note
that other properties of your plot can be extracted as well, e.g. parameters involved
in your domain geometry or the boundary conditions or PDE or even parameters
involved in your graph. Go to the appropriate pull-down menu and click the
desired property Export...
Some useful texts for the reader are listed in the Refs. [1-7].

5.3 Exercises

5.1. Use the draw icons situated below the top menu bar to draw a circle of radius
2, rectangle of sides 0 < x <4 and 0 <y < 2, and square with 0 < x <2
and 0 <y < 2.

5.2. Draw a square of sides 4 cm with a square hole of sides 2 cm.

5.3. Draw three circles of radius = 1 inside a rectangle of sides 0 < x < 6 and
0=<y=<4

5.4. Select one of the circles drawn in Exercise 4.3 by clicking on it and delete.

5.5. Re-label one of the remaining two circles in Exercise 4.3 by double-clicking
on it to open the object dialogue box.

5.6. Draw an equilateral triangle of sides = 1. Open the rotate box from the draw
menu and rotate 90°.
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Chapter 6
Application of PDEtoolbox™ to Heat
Transfer Problems

6.1 Setting-Up the GUI for Heat Transfer Problems

Basic procedures required in heat transfer problems are setting the application
mode, drawing the domain geometry, imposing the boundary conditions, the PDE
specification and plot specifications. Great care need to be taken to make sure that
all details in the governing equation are taken care of. We will look at these
procedures further.

Application mode. Set menu Options — Application to heat transfer

Boundary conditions. For Dirichlet condition expressed as h*T = r, set ‘h’ to
unity and ‘7’ to the temperature desired.

For Neumann condition expressed as n*k*grad(T) + ¢*T = g, set ‘q’ to zero
and ‘g’ to negative of desired heat flux (or zero for adiabatic condition). n is the
outward unit normal vector.

For convective boundary condition, set ‘g’ to convective heat transfer coeffi-
cient value and ‘g’ to product of heat transfer coefficient and ambient temperature.

PDE specification. The elliptic Fourier equation expressed as —div(k*-
grad(T)) = Q + h*(Texc — T) over a domain Q is for steady-state situations,
while the parabolic equation, rho*C*T' — div(k*grad(T)) = Q + h*(Texy — T)
describes transient problems.

6.2 Example Problems on Heat Transfer
in Materials Engineering

Some sample problems in Material Engineering are presented in this segment to
familiarize the reader with how to use PDEtoolbox in materials modeling. Useful
texts are listed in the Refs. [1-5].

Note that all the codes in the sample problems given in this book can be
accessed on http://extras.springer.com/. To follow the modeling procedure, the

O. Oluwole, Finite Element Modeling for Materials Engineers Using MATLAB®, 73
DOI: 10.1007/978-0-85729-661-0_6, © Springer-Verlag London Limited 2011
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reader can actually copy portions of the code to be followed on to a new M-FILE.
A new M-file can be opened by clicking on the new M-file icon on the MATLAB
workspace just below the menu bar. Run the program by clicking on the Debug
menu and double-clicking save and run on the pull-down menu option. This will
enable you to follow the solution procedure in an all-color mode. Other portions
can be added as the reader goes along. For example, the code dirichlet.m listed
below (see Sect. 6.2.2.1); to follow the geometry construction, copy the codes up
to geometry description and run. Later on to follow how the boundary conditions
were set up, add the codes for boundary conditions and run again. Then add codes
for mesh generation..., then pde coefficients, etc. until you get codes to solve pde.
The reader can follow step-by-step in this way. Running all the codes will give the
final solution in the domain geometry.

6.2.1 Steady-State Heat Transfer

A metal 0.50 m by 0.01 m (K = 73 W/m °C) has one end kept at uniform tem-
perature of 400°C and the other at 25°C. The sides are insulated.
Using PDEtoolbox, find the steady-state temperature distribution in the metal.
The solution to this problem can be accessed in the METAL.m file.

Solution steps:

1. Open the PDEtoolGUI and specify heat transfer application.

2. Choose the right scales for your domain, grid and snap from Options menu (see
Chap. 5 on geometry drawing). Draw your domain using the Draw icons or the
draw menu. You could choose axes limits of [0 0.6] and [0 0.02] for both x and
y axes in the menu Options — axes limits and then snap to 0.5 by 0.01 or using
the object dialogue box set Left-Bottom-Width-Height in the dialogue box to
0-0-0.5-0.01, respectively.

3. Select the PDE. First click on PDE mode in the PDE drop down menu list. Then
click on the geometry to open up the PDE specification box. The elliptic PDE is
applicable here for steady-state situation:

o div(k*grad(T)) = Q + h*(Tex, — T) where T is temperature, h is the con-
vective heat transfer coefficient, T, is the ambient temperature. Your
knowledge of finite element equation derivation obtained from Chaps. 2 to 4
comes in useful here. From the problem formulation, we have only dirichlet
conditions involved here, the Neumann conditions are zero, no heat source
and no convective conditions. Insert values into the PDE specification form.
0=0,h=0, T =0.

4. Put in the boundary conditions, the insulated sides are kept as Neumann’s
condition

dT
E:Oby keeping ¢ =0 and g = 0.
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(a) Height: T (b) 1 , CuTurr T

Fig. 6.1 Solution to Example 6.2.1 in a 3D plot mode, b 2D colour plot mode

The ends are dirichlet conditions with 7= 400 and T = 25. Keep h = 1.

5. Mesh your domain and refine mesh. You may use the adaptive refinement
method here by filling the solve — parameters form.

6. Select your plot parameters and press the plot button.

The solution is presented in Fig. 6.1.

6.2.2 Transient Problems (Heating and Cooling Problems)

6.2.2.1 Heating Problems

A metal plate 1 m by 1 m was initially at a temperature of 25°C. Suddenly the
boundaries were kept at 250, 100, 500 and 25°C going anticlockwise from the top.
The flat surface itself was experiencing convective heat transfer. Find the
temperature distribution in (i) 10s, (i) 3000 s. Use the values; Q =0,
K =734 W/m°C, C,= 1300 J/kg/K, p = 7680 kg/m’, h = 28.39 W/m*> °C
and T,,, = 25°C.

The solution to this problem can be accessed by running the dirichlet M-file.

Solution steps to 6.2.2.1(i). Open dirichlet.m file to follow this solution procedure:

1. Open the PDEtoolGUI and specify heat transfer application.

2. Choose the right scales for your domain. I suggest 1 = 1 scale using Option-
s — Axes Limits...; Options — Grid and Options — Snap. Draw your domain
using the RECTANGLE button or Draw — Rectangle/Square.

3. Select the parabolic PDE which is applicable for transient heat transfer;
rho*C*T — div(k*grad(T)) = Q + h*(T.x — T) where rho is the density, C is
the specific heat capacity at constant pressure, T’ is the derivative of T with
respect to time. Insert the values. 0 = 0, K = 73.4 W/m °C, C, = 1300 J/kg/K,
p = 7680 kg/m>, h = 28.39 W/m” °C and T, = 25°C.

4. Put in the boundary conditions (B.C’s). All the B.C’s are dirichlet conditions.

5. Mesh the domain and refine mesh.
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Fig. 6.2 a Solution to 6.2.2.1(i) in a 3D plot mode, b contour plot mode
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Fig. 6.3 Saving your work

6. Open the solve parameters form putting in the initial conditions u(t0) = 25 and
final time # = 10. The solutions are presented in Fig. 6.2.

You can off the grid from the ‘Options’ menu as desired. From the ‘File’ menu
on the PDEToolbox GUI select ‘save as’ and save your work. Your work is saved
into the MATLAB work folder (Fig. 6.3). Your saved work is called an M-file.
Opening it reveals the codes for your work.

From the file menu of the MATLAB GUI (not the file menu of the PDEToolbox
GUI) the saved work can be opened as an M-file (Fig. 6.4). If the M-file is opened
from the PDEtoolGUI, the codes are executed.
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% Dirichlet.m file

function pdemodel
[pde_fig,ax]=pdeinit;
pdetool(‘appl_cb',9);
pdetool(‘'snapon’,'on');
set(ax,'DataAspectRatio',[1 1.5 1]);
set(ax, PlotBoxAspectRatio',[1 0.66666666666666663 1]);
set(ax,'XLim',[0 2]);
set(ax,"YLim',[0 2]);
set(ax,'XTickMode','auto");
set(ax,"YTickMode','auto');
pdetool(‘gridon’,'on’);

% Geometry description:
pderect([0 1 1 0],'SQ1");
set(findobj(get(pde_fig,'Children'),'Tag','PDEEval'’),'String','SQ1")

% Boundary conditions:
pdetool(‘changemode’,0)
pdesetbd(4,...
'dir',...

1,...

1.

100"
pdesetbd(3,...
'dir',...

1,...

1.

'500')
pdesetbd(2,...
dir',...

1,...

1.

'25)
pdesetbd(1,...
'dir',...

1,...

1.

'250")

% Mesh generation:
setappdata(pde_fig,'Hgrad',1.3);
setappdata(pde_fig, refinemethod','regular');
pdetool(‘initmesh’)

77
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% PDE coefficients:
pdeseteq(2,...
'73.4',...

'28.39',...
'(0)+(28.39).*(25.0)',...
'(7680.0).*(1300),...
'0:3000',...

'25.0',...

'0.0',...

'0 1007])
setappdata(pde_fig,'currparam’,...
['7680.0%...

1300 ;...

'73.4 ;...

0 ...

'28.39 ';...

'25.0 ')

% Solve parameters:
setappdata(pde_fig,'solveparam’,...
str2mat('0','1000','"10','pdeadworst',...
'0.5','longest','0','1E-4"," 'fixed','Inf'))

% Plotflags and user data strings:
setappdata(pde_fig,'plotflags',[111111110003001 01000 1]);
setappdata(pde_fig,‘colstring',");

setappdata(pde_fig,'arrowstring',");

setappdata(pde_fig,'deformstring',");
setappdata(pde_fig,'heightstring',");

% Solve PDE:
pdetool('solve’)

Solution of 6.2.2.1(ii). Follow the same procedure as in the solution of 6.2.2.1(i)
but insert + = 3000 s in the solve parameters form. The solution is presented in
Fig. 6.5.

6.2.2.2 Cooling Problems

The same steel plate of Sect. 6.2.2.1 with same boundary conditions was initially
at 900°C. Find temperature distribution after (i) 10 s in air; (ii) 3000 s in air;
(ii1) 3000 s quenching the sides alone to 25°C; and (iv) subjected to Neumann B.C
dT/dn = —500 on all sides.
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& Editor - C:\MATLAB Twork\diriclel_be.m
Fie Edt Texst Cel Tooks Debug Desitop Window Hebp

DEE imBoc S M7 0 AVY BB | sl sossn
1 function pde=odel ~
& = [pde_fig,sx]=pdeinic:

3 = pdetool("appl _cb',9):2

4 = set(ax,'DataispectRatio’,[1 1 1]):

£ = set(ax,'PlotBoxAspectRatic’,[655 436 75 218,45333333333338] ) ;
& = set(ax,'XLim',[-1.5 1.5))s

7 =  setfax, ' YLimMode',‘asuto')s

8 - set(ax,’'XTickMode','auto’);

8 - set(ax,’'YTickMode','auto®);

10

11 % Geomerry description:

12 - pderece ([-0.49923664122137379 0. 122137446 0 122137446 0. 14),'R1'):
13 - set(findob) (get(pde_fig, Children'),'Tag", ' PDEEval'), String','Ri')

14

15 b Bound nditions

16 - pdetool (" changesode' ,0)

17 = pdesetbdid,...

18 VAR e

19 Lyans

0 e

1 ‘100%)

22 -  pdesetbd(3,...

23 THIE e

4 Lives

25 [F L

26 1500')

27 -  pdesetbd(2,...

28 [T

29 1,000

0 1%

31 '258')

32 - pdesetbd(l,...

33 tdirt ...

Fig. 6.4 The M-file shown under Editor-C:\ MATLAB7\work\dirichlet M file. The full contents
of this file is listed below and can be run from the debug menu tool ‘run’

Fig. 6.5 Solution to Time=3000 Height: T

6.2.2.1(i) |
s e
1 \—*‘*‘ii: 1
Solutions:
6.2.2.2. (i) Apply the same procedure as in Problem 6.2.2.1 but in the solve

parameters form input initial temperature as 900°C.

The solution is presented in Fig. 6.6. You will notice that the plate is
cooling down because the initial temperature condition was higher
than subsequent temperature the plate was subjected to.
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Fig. 6.6 Solution to Problem Time=10 Height: T
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Fig. 6.7 Solution to Problem
6.2.2.2 (ii)
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Temperature
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6.2.2.2. (ii) Change the final temperature in solve parameters form to 3000 s. The
solution is presented in Fig. 6.7.

6.2.2.2. (iii) Change B.C’s to dirichlet 7' = 25°C on all sides on Boundary Spec-
ification form and final time on solve parameters form to 3000.
Solution is presented in Fig. 6.8.

6.2.2.2. (iv) Change B.C’s to Neumann with ¢ = 0 and g = —500. The solution is
presented in Fig. 6.9.

6.2.3 Transient Problem (Heat Generation in a Tubular Furnace)

A tubular furnace has an internal diameter of 0.5 m with a heating element
embedded in a fireclay refractory ring of internal diameter of 0.5 m. A backup
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Fig. 6.8 Solution to Problem Time=3000 Height: T
6.2.2.2(iii)

1000 -1

Temperature

Y Axis 00 X Axis

Fig. 6.9 Solution to Problem
6.2.2.2(iv) with Newmann
BCs at T = 3000 s. We can
see that the rate of cooling goz
was much less than the side
quenching situation from the
temperature

8925 .-
g2 .-

8915 .-~

Temperature

891 -

890.5

890 .-

Y Axis 0 o X Axis

refractory of silica bricks follows the fireclay ring with an internal diameter of
0.7 m. It is followed by a glass-wool insulation with an internal diameter of 1 m
after which a steel shell of internal diameter of 1.1 m and external diameter of
1.2 m. The heating element has a power of 715 W and has capacity to heat up to
1200°C. Find the temperature distribution from the center of the furnace to the end
of the glass-wool insulator in 30 s and 1000 s. if the temperature at the end of the
glass wool is 30°C. Initial temperature was 30°C.

Data: K(firebrick) = 0.15 W/m °C; K(silicabrick) = 0.6 W/m °C; K(glass-
wool) = 0.04 W/m °C; h(air) = 28.39 W/m? °C. Take the still air temperature in
the furnace to obey the equation, Text = 30 + .
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Fig. 6.10 a Temperature distribution in the tubular furnace after 30 s in 3D plot. b Temperature
distribution in the tubular furnace after 30 s in 2D contour plot

Solution:
1. Draw the furnace leaving out the steel shell.
2. Fill the PDE specification and the solve parameter forms.

Keep rho and C, = 1 to reduce the parabolic equation to
T —div(k « grad(T)) = Q+ h* (Texe — T).

In the fireclay form, fill k = 0.15, Q = 715, h = 28.39, Text = 30 + ¢

In the silicabrick form, fill k = 0.6, Q =0, h =0, Text =0

In the glass-wool form, fill K = 0.04, Q =0, h =0, Text =0

In the furnace air form, fill K =0, Q = 0, h = 28.39, Text = 30 4+ ¢ where
t = time

In the solve parameter form, fill Time: 0:30 and u(:0) = 30 for 30 s and

Time: 0:1000 and u(f0) = 30 for 1000 s. The solutions are presented in

Figs. 6.10 and 6.11 and the M-file transienttubular contains the codes.

6.3 Exercises

6.1 Find the heat flux and temperature gradient for Example 6.1 using METAL.m
file in the accompanying CD.

6.2 Find the temperature at x = 0.20 and y = 0.004 by clicking on the solution of
Example 6.2.1 using the contour two-dimensional plot presented in
METAL.m file.

6.3 Using example METAL.m file, find the temperature at x = 0.20 and
y = 0.004 by exporting the mesh and solution parameters and using the
expression uxy = tri2grid(p,t,u,x,y). You should get a
value of 250°C.
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Fig.

6.11 a Temperature distribution in the tubular furnace after 1000 s in 3D plot.

b Temperature distribution in the tubular furnace after 1000 s in 2D contour plot

6.4

6.5

6.6

6.7

6.8

Evaluate the triangle number (tn) of Exercise 6.3 and the
vertices of the triangle.

Solution: tn = 69; vertices [X1,v1] = [0.2033,0.005] [xX5,V2] =
(0.1917,0.0025] [x3,y3] = [0.2033,0.0025]

Using dirichlet m file, find the heat flux and temperature gradients in
Examples 6.2.2.1 and 6.2.2.2. Find the specific temperatures at x = 0.2,
y = 0.5 using [uxy] = tri2grid(p,t,u,x,y) as described in Chap. 5.

Solve the same problem in Sect. 6.2.3 for a steady-state situation with the
furnace at 1200°C. Hint: Text = 1200°C inside furnace. PDE is elliptic.
Solution is presented in steadystatetubular M-file.

Find the temperature gradients and heat flux in the tubular furnace using
steadystatetubular and transienttubular M-files in the accompanying CD.
Extract the temperature values at the middle of the furnace for both transient
at 1000°C and steady state and compare values. Solve for temperature dis-
tribution in the furnace for time situations of 50 and 100 s.
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Chapter 7
Application of PDEtoolbox™ to Elasticity
Problems

7.1 Basics of Elasticity in Finite Element Application

Consider the free body diagram (Fig. 7.1). Equilibrium of forces yields,

da Oty
E F,= (ox ) dxdy — o, dxdy + <Txy + %) dxdy — tdxdy + fidxdy
y

-0 (7.1)

and

0ty do,
> Fy = (%, g;) dxdy — t,dxdy + <ay + %) dxdy — o,dxdy + f,dxdy
=0 (7.2)

where o,, 0, and 1,y are stresses acting in the x, y directions and shear stress,
respectively. f,f, are body forces/unit area or per unit volume assuming unit
thickness.

Thus, simplifying Eqs. 7.1 and 7.2 yields equilibrium equations

0o, arxy
+f=0 7.3
LI Y (73)
and
01y | Ooy
— = 4
o + 3 +£=0 (7.4)

where f, and f, are body forces. Note that the surface traction forces come in as
natural (Neumann) boundary conditions and diriclet conditions are displacements.
Therefore in the weighted integral analysis we can place the surface traction forces
as part of the force vector (see Eq. 7.5).

The governing Eqgs. 7.3 and 7.4 are then subjected to the weighted integral
formulation to derive the finite element equation thus;

O. Oluwole, Finite Element Modeling for Materials Engineers Using MATLAB®, 85
DOI: 10.1007/978-0-85729-661-0_7, © Springer-Verlag London Limited 2011
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Fig. 7.1 Forces acting on a 2-dimensional infinitesimal elemental body

I,

w (6O'X N arxy)
==
/ or Oy dQ+/{W1f*}+/{W1%}_ (7.5)
(arxy 6@) wa fy way
Q | w + = Q
Ox Oy

where V are the traction forces.
Applying integration by parts to the first term gives

6W1 awl -

Ox oy * wi fi wi, |
/ ow, O oy dQ+/{W2fV}+/ {Wzl//y} =0 (7.6)
5 0 oy ar Txy Q ’ T,

The constitutive stress—strain equation is
{0} = [DI{<} (7.7)
where g = {ax ay rxy}T and the corresponding strains,
T
e= {8 1y} (7.8)

where [D] is the modulus component expressed as:



7.1 Basics of Elasticity in Finite Element Application 87

v
1 0
E(1 , 1—v
D] = __E0-v) 11— 1 0 for plane strain condition
(I+v)(1=2v) v 1— 2y
0 0 —
2(1 —v)
(7.9)
and
E 1 v 0
=T vl 1 0 , | for plane stress condition (7.10)
Vo0 —
2
E, v = Elastic modulus and Poisson’s ratio, respectively.
The kinematic equations relating strain to displacements are
Ou
ox
& ov
Boo=1 = o =[B{d) (7.11)
y
Ty Ou L ov
Jy Ox

where u and v are displacement in the x and y directions, respectively.
In Galerkin finite-element method, weighting function, w is equal to the shape
functions, & (see Chap. 4), thus, Eq. 7.11 can be expressed as

u gl
8x 6@)6
Vv wo
o (=Y o (B (7.12)
o v Gwr | Ows
dy Ox dy Ox

Sustituting Eqs. 7.7-7.11 into 7.6 gives the element equation

![B]T[D][B]dﬂ{d}ﬁ-/{lejfc;}—k / {x;i}:o (7.13)

¢
n

This is the finite element equation of the form,
k{ad} = {f} (7.14)

where [k¢] = [ [B]"[D][B]dQ = element stiffness matrix
Q(‘
The shape functions applicable here are C° continuous functions since the
derivatives are of first order. Linear triangular and bilinear elements are applicable
here (see Chap. 3). In the PDEtoolbox, linear triangular element is used.
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Linear triangular or rectangular shape functions (Eqgs. 3.35 and 3.42) can be
substituted into (7.13).

{d}={uw vi ua vo uz v; }T is the nodal displacement vector
x and y are the directions in which the forces are acting

E = Youngs modulus of elasticity.

N = Poisson ratio.

{f*} = Element force vector.

{d°} = Element displacement vector.

The elemental equations are assembled and solved using the global equation:

KN{f} = {d} (7.15)

7.2 Using the PDEtoolbox in Modeling Elasticity
Problems in Materials Engineering

The general procedure is as elaborated in Chap. 5.

1. Select structural mechanics in the Options — Applications menu.

2. Draw the domain geometry following directions laid out in Sect. 5.2.3

3. Set the applicable PDE and the initial and boundary conditions. You must be
familiar with your governing equation as well as the boundary conditions to
successfully model with the PDEtoolbox. In PDEtoolbox application, body
forces, f; and f, are denoted K, and K, and are called volume forces. The
Neumann conditions are the surface tractions and spring constants. In the
elliptic mode (i.e., for problems of plane strain and plane stress), p is taken to
be 1.0 because the governing Eq. 7.13 does not involve density. In the eigen-
value mode, however, the value of p must be input in the PDE specification
form because it is a parameter in the eigenvalue equation (see these texts [1-3]
for detailed treatment of the eigenvalue problem).

4. Mesh the domain and refine mesh as applicable using adaptive or uniform

meshing. In the adaptive mode, you can use the default options to refine the

mesh in areas where better accuracy is needed.

Solve the PDE using the Solve — Solve PDE menu.

6. Explore other solutions using the Plot — Plot Parameters... menu.

9,1

7.3 Applications of PDEtoolbox in Modeling
Elasticity Problems
Example 7.1 Stress distribution in metal sheets

Consider the case of a metal sheet 1 m x 1 m under a uniaxial tensile stress of
0.4 MN/m?”. The plate is clamped on one of its sides. Find the displacements and
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Fig. 7.2 X-displacement Height: u

X-DISPLACEMENT

Y-AXIS

stress and strain distribution in the plate. Also find the Von-Mises displacement.
E = 200E3 MN/m* v = 0.3;

Solution
This is an elliptic problem and since it is a sheet, plane stress conditions are

operating here.

1.

Select Structural Mechanics—Plane Stress in the Options — Applications menu.

2. Draw the domain using Options — Grid, Options — Axes Limits and

Options — Snap Select [0 2] for x-axis and [0 2] for y-axis and draw with a
1 = 1 scale. Use RECTANGLE to obtain desired domain.

. Input the boundary conditions. Boundary conditions are the displacements, r;

and r, = 0.0 on fixed side. On other free sides select Neumann condition = 0
and g = 0. On the loaded side select a normal stress of 0.4 (i.e., g =0,
g = 0.4).

. Select Elliptic PDE and insert PDE values E = 200E3; v = 0.3; kx = 0;

ky = 0; p = 1; there are no body forces.

. Mesh the domain using meshing procedure elaborated in Sect. 5.6. You do not

need to select any parameter on solve parameters. Turn off the adaptive mode.

. Select the plot parameters. You can use the 3D plot mode. In plotting the

deformed mesh, select deformed mesh with desired property (e.g.,) Von-Mises
Stress and Deformed mesh displacement in (#, v) was used in plotting Fig. 7.9.

The solutions are presented in Fig. 7.2, 7.3, 7.4, 7.5, 7.6, 7.7, 7.8, 7.9, 7.10.

The codes for this sample problem are presented in metalsheet.m file.

Example 7.2 Edge-cracked sheet under plane stress conditions

An edge cracked mild steel specimen 0.30 m x 0.12 m is fixed at one end and
stressed 0.4 MN/m? at the other end. Find the stress distribution and Von-Mises
displacement. £ = 200E3 MN/mz; v =0.3;
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Fig. 7.3 Y-displacement Height: v
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Solution

1. Select Structural Mechanics—Plane Stress in the Options — Applications
menu.

2. Draw the domain using Options — Axes Limits. Select [0 0.5] for x-axis and
[0 0.4] for y-axis and draw with a 1 = 1 scale. Use RECTANGLE-ELLIPSE to
obtain desired domain.

3. Input the boundary conditions. Boundary Conditions are the displacements,
r1 and r» = 0.0, on fixed side. On other free cracked sides select Neumann
condition = 0 and g = 0. On the loaded side select a normal stress of 0.4
(i.e,qg=0,g=04).

4. Select Elliptic PDE and insert PDE values E = 200E3; v = 0.3; kx = 0;
ky = 0; p = 1; there are no body forces.



7.3 Applications of PDEtoolbox in Modeling Elasticity Problems 91

Fig. 7.5 Y-stress Height: syy
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Fig. 7.6 X-strain Height: exx
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5. Mesh the domain using meshing procedure elaborated in Sect. 5.6. So you do not
need to select any parameter on solve parameters. Turn off the adaptive mode.

6. Select the plot parameters. Contour plots have been selected here to fully bring
out the effect of stress concentration.

The solution is presented in Figs. 7.11 and 7.12. The M-file for this sample
problem is edgecrackplanestress.m

Example 7.3 Edge-cracked thick plate under plane strain conditions
An edge cracked mild steel specimen 0.30 m x 0.12 m x 0.12 m is fixed at two
opposite ends and stressed 0.4 MN/m? at the uncracked end. Find the stress dis-
tribution and Von-Mises displacement. E = 200E3 MN/m?; v = 0.3
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Fig. 7.7 Y-strain Height: eyy

Y-Strain

Fig. 7.8 Shear—stress Height: sxy

Shear Stress

Solution

1. Select Structural Mechanics—Plane Strain in the Options — Applications
menu.

2. Draw the domain using Options — Axes Limits. Select [0 0.5] for x-axis and
[0 0.4] for y-axis and draw with a 1 = 1 scale. Use RECTANGLE-ELLIPSE to
obtain desired domain.

3. Input the boundary conditions. Boundary conditions are the displacements, 7,
and r», = 0.0, on fixed sides. On other free side select Neumann condition = 0
and g = 0. On the loaded side select a normal stress of 0.4 (i.e., g =0,
g =04).
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Fig. 7.9 Von-Mises stress Height: von Mises
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Fig. 7.10 Von-Mises stress and deformation displacement (u, v)

4. Select Elliptic PDE and insert PDE values E = 200E3; v = 0.3; kx = 0;
ky = 0; p = 1; there are no body forces.

5. Mesh the domain using meshing procedure elaborated in Sect. 5.6. So you do
not need to select any parameter on solve parameters. Turn off the adaptive

mode.
6. Select the plot parameters. Contour plots have been selected here to fully bring
out the effect of stress concentration.

The solution is presented in Figs. 7.13 and 7.14. The M-file for this sample
problem is Edgecrackplanestrain.m
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Fig. 7.12 Von-Mises Stress and deformation displacement

Example 7.4 Center cracked thin plate under plane stress conditions
A center-cracked mild steel specimen 0.30 m x 0.12 m is fixed at the left end and
stressed 0.4 MN/m? at the other end. Find the stress distribution and Von-Mises
displacement.

Use E = 200E3; v = 0.3; Take body forces to be zero.

Solution

In center-cracked plates, Y-strain is very important because the crack extends in that
direction until the crack reaches a value where the plate fails by rapid crack extension.
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1. Draw the domain using Options — Axes Limits select axes limits for both x and
y axes and draw with a 1 = 1 scale. Use set formula RECTANGLE-ELLIPSE

to obtain desired domain.

2. Input the boundary conditions. Boundary Conditions are the displacements, r;
and r, = 0.0, on fixed side. On other free sides select Neumann condition = 0
and g = 0. On the loaded side select a normal stress of 0.4 (i.e. ¢ =0,

g =04).
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Fig. 7.16 Von-Mises stress and displacement (u, v)

3. Select Elliptic PDE and insert PDE values: E = 200E3; v = 0.3; kx = 0;
ky = 0; p = 1; there are no body forces.

4. Mesh the domain using meshing procedure elaborated in Sect. 5.6. You do not
need to select any parameter on the solve parameters form. Turn off the
adaptive mode.

5. Select the plot parameters. In this case x-stress.
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The solution is presented in Figs. 7.15 and 7.16. The codes for this problem are
in centercrack.m file.

Example 7.5 Stress effects on ductile iron microstructure (plane strain conditions)
The hole model is traditionally used for modeling nodules in ductile iron [4].

Thus the matrix can be represented by holes using the subtractive ability of
PDEtoolGUI. However, we can model the matrix in other ways and see if the
model matches the experimental observations.

Question

A ductile iron bar 0.50 m x 0.15 m x 0.15 m is fixed at two opposite ends and
stressed 0.4MN/m” at the one of the free ends. Assuming a twelve nodule
microstructure matrix, find the stress and strain distribution in the ductile iron
microstructure using (i) the hole model (ii) nodule in a hole model.

Data: Use, E = 200E3; v = 0.3; kx = 0; ky = 0 for ductile iron matrix and
E =10; v = 0.15; kx = 0; ky = 0; for graphite nodules.

Solution

1. In Draw mode, draw the domain using a scale of 1 = 1 using Options — Axes
Limits select [0 1] for x and [0 0.5] for y-axis, respectively. Use RECTANGLE-
ELLIPSE to obtain holes for hole model (Fig. 7.6). For nodule in hole model,
use RECTANGLE-ELLIPSES + ELLIPSES (Fig. 7.20). The square is the big
square and the subtracted ellipses, the holes. The added small ellipses in the
holes are the small nodules. Therefore, we need to use the set formula window
below the button icons e.g. R-E represents RECTANGLE-ELLIPSE and
R + E represents RECTANGLE + ELLIPSE.

2. Input the boundary conditions. Boundary conditions are the displacements, r;
and r, = 0.0, on fixed side. On other free sides select Neumann condition = 0
and g = 0. On the loaded side select a normal stress of 0.4 (i.e., g =0,
g =04).

3. Select Elliptic PDE and insert PDE values: E = 200E3; v = 0.3; kx = 0;
ky = 0; p = 1; there are no body forces.

4. In PDE mode, select Elliptic PDE and insert the PDE values; input values for
ductile iron type (i.e., whether ferritic, pearlitic or austenitic steel matrix) in the
ductile iron PDE form; input values for graphite in the graphite PDE specifi-
cation form for nodule in hole model.

5. Mesh the domain using meshing procedure elaborated in Sect. 5.6 (see
Fig. 7.8). So you do not need to select any parameter on solve parameters form.
Turn off the adaptive mode.

6. Select the plot parameters.

The solution of the hole model is presented in Figs. 7.17, 7.18 and 7.19 and the
nodule in hole solution presented in Figs. 7.20 and 7.21. The M-file for this
solution is holeplanestrain.m.

Example 7.6 Stress effects on ductile Iron microstructure (plane stress conditions)
Question
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Fig. 7.18 x-stress in a twelve nodule matrix using hole

Assuming it is possible to obtain a ductile iron sheet 0.50 m x 0.15 m. Find the
x-stress, if the sheet is fixed at one end and stressed 0.4 MN/m? at the other end.
Assuming a twelve nodule microstructure matrix, use (i) the hole model.

Data: Use, E = 200E3; v = 0.3; kx = 0; ky = 0 for ductile iron matrix and
E = 10; v = 0.15; kx = 0; ky = 0; for graphite nodules.
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Fig. 7.19 Von-Mises stress and deformation displacement (u, v)
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Fig. 7.20 Ductile iron matrix with nodules sitting in holes (nodule in hole model)

Solution
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1. In Draw mode, draw the domain using a scale of 1 = 1 using Options — Axes
Limits select [0 1] for x and [0 0.5] for y-axis, respectively. Use RECTANGLE-
ELLIPSE to obtain holes for hole model (Fig. 7.6). For nodule in hole model,
use RECTANGLE-ELLIPSES + ELLIPSES (Fig. 7.20). The square is the big
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Fig. 7.21 x-Stress concentrations at nodule

square and the subtracted ellipses, the holes. The added small ellipses in the
holes are the small nodules. Therefore, we need to use the set formula window
below the button icons e.g., R — E represents RECTANGLE-ELLIPSE and
R + E represents RECTANGLE + ELLIPSE.

2. Input the boundary conditions. Boundary conditions are the displacements, 7, and
r, = 0.0 on fixed side. On other free sides select Neumann condition = 0 and
g = 0. On the loaded side select a normal stress of 0.4 (i.e. ¢ = 0, g = 0.4).

3. Select Elliptic PDE and insert PDE values: E = 200E3; v = 0.3; kx = 0;
ky = 0; p = 1 There are no body forces.

4. In PDE mode, select Elliptic PDE and insert the PDE values; input values for
ductile iron type (i.e., whether ferritic, pearlitic or austenitic steel matrix) in the
ductile iron PDE form; input values for graphite in the graphite PDE specifi-
cation form for nodule in hole model.

5. Mesh the domain using meshing procedure elaborated in Sect. 5.6 (see
Fig. 7.8). So you do not need to select any parameter on solve parameters form.
Turn off the adaptive mode.

6. Select the plot parameters.

The M-files for this solution is holeplanestress.m.

Example 7.7 stress concentrations in hypoeutectoid steels under plane strain
conditions (example mild steel)

In this example effect of different phase constituents on overall stress distribution
in the metal matrix is examined. This example can also be used in studying the
effect of distributed phases in materials through ageing. Thus, new materials can
be designed based on effective models developed through the finite element
modeling [5].
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Fig. 7.22 Mild steel microstructure modeling using PDEtool showing pearlite and ferrite phases
and grain boundaries

A mild steel bar 0.50 m by 0.15 m x 0.15 is constrained on two opposite sides

and stressed 0.4 MN/m” at one of the free sides. Find the deformation displace-
ment and x-stress.

Data: Use, E = 200E3; v = 0.3; kx = 0; ky = 0 for ferrite phase and grain

boundaries; £ = 250E3; v = 0.3; kx = 0; ky = 0 for pearlite phase. The M-file
for this program is in microstructureplanestrain.m.
Solution

1.

Draw the domain using a scale of 1:1 using Options — Axes Limits select [0 1]
for x and [0 0.5] for y-axis, respectively. Use SQUARE + POLY-
GONS + POLYGONS to obtain microstructure (grains, Ferrite and pearlite
phases and grain boundaries (Fig. 7.20)). The square is the domain and the
added polygons, the grains. The added small polygons or ellipse in the grains
are the small pearlite phases.

Input the boundary conditions. Boundary conditions are the displacements, r; and
r» = 0.0, on fixed sides. On other free side select Neumann condition = 0 and
g = 0. On the loaded side select a normal stress of 0.4 (i.e., g = 0, g = 0.4).
Select Elliptic PDE and insert PDE values: E = 200E3; v = 0.3; kx = 0;
ky = 0; p = 1; there are no body forces. Select Elliptic PDE and insert the PDE
values. Input values for ferritic steel in the ferrite phase; input values for pearltic
steel in the pearlite phase; E = 200E3; v = 0.3; kx = 0; ky = O for ferrite phase
and grain boundaries; E = 250E3; v = 0.3; kx = 0; ky = 0 for pearlite phase.
Mesh the domain using uniform meshing procedure elaborated in Sect. 5.6.
You do not need to select any parameter on solve parameters. Turn off the
adaptive mode.
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Fig. 7.23 x-Stress distribution and deformation displacement pattern under plane strain
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Fig. 7.24 x-Stress and deformation displacement under plane stress

5. Select the plot parameters. In this example let us use HSV color to bring out the
different color dilineations in the metal matrix. The solutions are presented in
Figs. 7.22 and 7.23.

Example 7.8 stress concentrations in hypoeutectoid steels under plane stress
conditions (example mild steel)
A mild steel sheet 0.50 m x 0.15 m fixed at one end and stressed 0.4 MN/m? at
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the other end. Find the deformation displacement and the x-stress. Data: Use,
E =200E3; v =0.3; kx =0; ky = 0 for ferrite phase and grain boundaries;
E = 250E3; v = 0.3; kx = 0; ky = 0 for pearlite phase.

Solution

. Draw the domain using a scale of 1:1 using Options — Axes Limits select [0 1]

for x and [0 0.5] for y-axis, respectively. Use SQUARE + POLYGONS +
POLYGONS to obtain microstructure (grains, Ferrite and pearlite phases and
grain boundaries (Fig. 7.20). The square is the domain and the added polygons,
the grains. The added small polygons or ellipse in the grains are the small
pearlite phases.

. Input the boundary conditions. Boundary conditions are the displacements, r;

and r, = 0.0, on fixed side. On other free sides select Neumann condition = 0
and g = 0. On the loaded side select a normal stress of 0.4 (i.e., g = 0, g = 0.4).

. Select Elliptic PDE and insert PDE values: E = 200E3; v = 0.3; kx = 0;

ky = 0; p = 1; there are no body forces. Select Elliptic PDE and insert the PDE
values. Input values for ferritic steel in the ferrite phase; input values for pearlitic
steel in the pearlite phase; E = 200E3; v = 0.3; kx = 0; ky = O for ferrite
phase and grain boundaries; E = 250E3; v = 0.3; kx = 0; ky = O for pearlite
phase.

. Mesh the domain using uniform meshing procedure elaborated in Sect. 5.6 (see

Fig. 7.26). You do not need to select any parameter on solve parameters. Turn
off the adaptive mode.

. Select the plot parameters. In this example let us use HSV color to bring out the

different color dilineations in the metal matrix.

The solutions are presented in Fig. 7.24. The M-file is presented in micro-

structureplanestress.m file.

7.4 Exercises

6.1

6.2

6.3

6.4

6.5

Obtain x-displacement deformed mesh and x-strain deformed mesh for
Example 7.1 using metal sheet m-file.

Using edgecrackplanestress m-file obtain the shear stress and shear strain.
Also obtain the deformed mesh for displacement, and x and y strains. Extract
the stress value at the crack tip.

Find the x-Stress, y-strain and shear stress distributions with a displacement of
0.01 at the sides of Example 7.3. Use the m-file centercrack.

Obtain shear stress for both hole model and nodule in hole model and com-
pare results. Use the m-files holeplanestrain and noduleplanestrain provided
in the CD.

Repeat holeplanestrain with an 8-nodule matrix. What do you observe? Study
the x-stress, x-strain and the shear stress and shear strain distributions in the
matrix.
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6.6

6.7

6.8
6.9

7 Application of Pdetoolbox™ to Elasticity Problems

Repeat nodule in hole model with an 8-nodule matrix using noduleplanestrain
m-file and compare with results of hole model for a 12-nodule matrix.
Repeat the hole model, this time instead of holes, use actual graphite nodules
by changing the subtractive signs in the Set Formula window to plus. Input
values for graphites in the PDE specification form.

Work out Example 7.6 for nodule in hole model subjected to plane stress.
(i) Find the shear stress and the Von-Mises stress for Example 7.8. Use the
microstructureplanestress m-file

(i1) Using microstructureplanestress m-file, add more pearlite into the matrix
structure and see this affects stress distribution and possible fracture
morphology.
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Appendix: Sample M-codes for Exercises
in the Text

METAL.m
function pdemodel
[pde_fig,ax]=pdeinit;
pdetool(‘appl_cb’,9);
pdetool(‘snapon’,‘on’);
set(ax, ‘DataAspectRatio’,[1 0.050000000000000003 1]);
set(ax, ‘PlotBoxAspectRatio’,[30 20 1]);
set(ax,‘XLim’,[0 60]);
set(ax, YLim’,[0 2]);
set(ax, ‘XTickMode’,‘auto’);
set(ax, “YTickMode’,‘auto’);
pdetool(‘gridon’,‘on’);
% Geometry description:
pderect([0 50 1 0],'METAL’);
set(findobj(get(pde_fig,‘Children’),’Tag’,'PDEEval’), String’,'METAL’)
% Boundary conditions:
pdetool(‘changemode’,0)
pdesetbd(4,...
dir’,...
1,...
1,
‘4007)
pdesetbd(3,...

‘0,...

‘0)
pdesetbd(2,...
‘dir’,...

1,...

i

O. Oluwole, Finite Element Modeling for Materials Engineers Using MATLAB®, 105
DOI: 10.1007/978-0-85729-661-0, © Springer-Verlag London Limited 2011
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4255)
pdesetbd(l,...

L,...

‘0.

‘0)

% Mesh generation:
setappdata(pde_fig, ‘Hgrad’,1.3);
setappdata(pde_fig, ‘refinemethod’, ‘regular’);
pdetool(‘initmesh’)

pdetool(‘refine’)

pdetool(‘refine’)

% PDE coefficients:

pdeseteq(1,...

“73.0,...

‘0.0,...

(0.0)+(0.0).%(0.0)’,...

‘(1.0).%(1.0),...

‘0:10’,...

‘0.0%,...

‘0.0,...

‘[0 1007%)
setappdata(pde_fig,‘currparam’,...

[‘1.0 7;...

‘1.0 ’;...

“73.0%;...

‘0.0 ’s...

07’5,

‘0.0°]

% Solve parameters:
setappdata(pde_fig, ‘solveparam’,...
str2mat(’0’,”1000’,”10’, ‘pdeadworst’,...
‘0.5°,‘longest’,‘0’,*1E-4°,”’ “fixed’, Inf"))
% Plotflags and user data strings:
setappdata(pde_fig,‘plotflags’,[1 111 1111000110000 1]);
setappdata(pde_fig,‘colstring’,);
setappdata(pde_fig, ‘arrowstring’,);
setappdata(pde_fig, ‘deformstring’,);
setappdata(pde_fig, ‘heightstring’,’’);

% Solve PDE:

pdetool(‘solve’)

DIRICLET.m
function pdemodel
[pde_fig,ax]=pdeinit;
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pdetool(‘appl_cb’,9);
pdetool(‘snapon’,’on’);

set(ax, ‘DataAspectRatio’,[1 1.5 1]);
set(ax, ‘PlotBoxAspectRatio’,[1 0.66666666666666663 1]);
set(ax, ‘XLim’,[0 2]);

set(ax, “YLim’,[0 2]);
set(ax,‘XTickMode’,‘auto’);
set(ax, “YTickMode’,‘auto’);
pdetool(‘gridon’,‘on’);

% Geometry description:
pderect([0 1 1 0],°SQ1’);
set(findobj(get(pde_fig,‘Children’), Tag’,'PDEEval’),‘String’,‘SQ1’)
% Boundary conditions:
pdetool(‘changemode’,0)
pdesetbd(4,...

‘dir’,...

I,...

‘1,

‘100%)

pdesetbd(3,...

“dir’,...

L,...

‘€1,

500%)

pdesetbd(2,...

“dir’,...

L,...

1.

25%)

pdesetbd(l,...

“dir’,...

1,.

1.

250%)

% Mesh generation:
setappdata(pde_fig, ‘Hgrad’,1.3);
setappdata(pde_fig, ‘refinemethod’, ‘regular’);
pdetool(‘initmesh’)

% PDE coefficients:
pdeseteq(2,...

“I34,...

28.39°,...
‘(0)+(28.39).%(25.0),...
(7680.0).*(1300)’,...
0:3000°,...
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25.0°,...

‘0.0%,...

‘[0 1007")
setappdata(pde_fig,”currparam’,...
[€7680.0;...

‘1300 ;...

“73.4°;...

‘0775

28.39 ;...

25.0°])

% Solve parameters:
setappdata(pde_fig,‘solveparam’,...
str2mat(‘0’,“1000’,°10’, “pdeadworst’,...
‘0.5°,‘longest’,‘0’,*1E-4°,”’,“fixed’, ‘Inf"))
% Plotflags and user data strings:
setappdata(pde_fig,‘plotflags’,[1 1 1111110003001 01000 1]);
setappdata(pde_fig,‘colstring’,”’);
setappdata(pde_fig, ‘arrowstring’,’’);
setappdata(pde_fig, ‘deformstring’,”’);
setappdata(pde_fig, ‘heightstring’,”’);

% Solve PDE:

pdetool(‘solve’)

TRANSIENTTUBULAR.m

function pdemodel

[pde_fig,ax]=pdeinit;

pdetool(‘appl_cb’,9);

set(ax, ‘DataAspectRatio’,[1 1 1]);

set(ax, ‘PlotBoxAspectRatio’,[1.5 1 1]);

set(ax, ‘XLim’,[0 3]);

set(ax, “YLim’,[0 2]);

set(ax,‘XTickMode’,‘auto’);

set(ax,‘YTickMode’,‘auto’);

% Geometry description:

pdeellip(0.55725190839694694,0.52328244274809221,
0.54045801526717518,0.49923664122137401,...

0,’E1’);

pdeellip(0.55267175572519056,0.52328244274809221,
0.50839694656488543,0.47633587786259546,...

0,°E2’);

pdecirc(0.55725190839694649,0.53702290076335935,
0.22900763358778642,‘C1’);

pdeellip(0.55725190839694649,0.53702290076335935,
0.28396946564885495,0.27938931297709924,...

0,’E3’);
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set(findobj(get(pde_fig,‘Children’), Tag’,'PDEEval’),
‘String’,‘E1+E2+C1+E3’)

% Boundary conditions:

pdetool(‘changemode’,0)

pdesetbd(8,...

‘dir’,...

L,...

1.

30%)

pdesetbd(7,...

‘dir’,...

I,...

1.

30%)

pdesetbd(6,...

‘dir’,...

I,...

€1,

30%)

pdesetbd(s,...

“dir’,...

L,...

1.

30%)

% Mesh generation:

setappdata(pde_fig, ‘Hgrad’,1.3);

setappdata(pde_fig, ‘refinemethod’, ‘regular’);

pdetool(‘initmesh’)

% PDE coefficients:

pdeseteq(2,...

‘0.1510.610.0410°,...

28.3910!0128.39’,...

“(715.0)+(28.39).*#(30+t)!(0)+(0).#(0)!1(0)+(0).*(0)!1(0)+(28.39).*(30+t)’....

‘(1.0).*%(1.0)!(1.0).*(1.0)!(1.0).*(1.0)!(1.0).*(1.0)’,...

‘0:1000’,...

30°,...

‘0.0,...

‘[0 1007")

setappdata(pde_fig, ‘currparam’,...

[‘1.0!1.0!1.0!1.0%;...

‘1.0!1.0!1.0!1.0%;...

7¢.1510.6!10.04107;...

“715.010!0!0 ;...

28.3910!0128.39’;...

30+t!10!0!130+t °])
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% Solve parameters:

setappdata(pde_fig, ‘solveparam’,...
str2mat(‘0’,°1988°,°10’, “pdeadworst’,...
‘0.5’,‘longest’,0’,‘1E-4",”",‘fixed’, ‘Inf"))
% Plotflags and user data strings:
setappdata(pde_fig,‘plotflags’,[1 1 11 1111000 1001 0100 0 1]);
setappdata(pde_fig,‘colstring’,”’);
setappdata(pde_fig, ‘arrowstring’,”’);
setappdata(pde_fig, ‘deformstrin’,”’);
setappdata(pde_fig, ‘heightstring’,”’);

% Solve PDE:

pdetool(‘solve’)

STEADYSTATETUBULAR.m

function pdemodel

[pde_fig,ax]=pdeinit;

pdetool(‘appl_cb’,9);

set(ax, ‘DataAspectRatio’,[1 1 1]);

set(ax, ‘PlotBoxAspectRatio’,[1.5 1 1]);

set(ax, ‘XLim’,[0 3]);

set(ax, YLim’,[0 2]);

set(ax, ‘XTickMode’,’auto’);

set(ax, “YTickMode’,’auto’);

% Geometry description:

pdeellip(0.55725190839694694,0.52328244274809221,
0.54045801526717518,0.49923664122137401,...

0,'E1’);

pdeellip(0.55267175572519056,0.52328244274809221,
0.50839694656488543,0.47633587786259546,...

0,’E2’);

pdecirc(0.55725190839694649,0.53702290076335935,
0.22900763358778642,°C1°);

pdeellip(0.55725190839694649,0.53702290076335935,
0.28396946564885495,0.27938931297709924,...

0,’E3’);

set(findobj(get(pde_fig,‘Children’), Tag’,'PDEEval’),
‘String’,‘E1+E2+C1+E3”)

% Boundary conditions:

pdetool(‘changemode’,0)

pdesetbd(8,...

dir’,...

1,...

‘1.

307)

pdesetbd(7,...
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‘dir’,...

L,...

1.

30%)

pdesetbd(6,...

‘dir’,...

L,...

1.

30%)

pdesetbd(s,...

‘dir’,...

I,...

1.

30%)

% Mesh generation:

setappdata(pde_fig, Hgrad’,1.3);
setappdata(pde_fig, ‘refinemethod’, ‘regular’);
pdetool(‘initmesh’)

% PDE coefficients:

pdeseteq(1,...

‘0.1510.610.0410°,...

28.3910!0128.39’,...
“(715.0)+(28.39).%(1200)!(0)+(0).*(0)!(0)+(0).*(0)!(0)+(28.39).*(1200),...
4(1.0).*(1.0)!(1.0).#(1.0)!(1.0).*#(1.0)!(1.0).*(1.0)’,...
0:1000,...

30°,...

‘0.0,...

‘[0 1007]")

setappdata(pde_fig, ‘currparam’,...
[1.0!1.0!1.0!1.0’;...

‘1.0!1.0!1.0!1.0’;...

‘0.1510.610.0410’;...

“715.010!0!0 ;...

28.3910!0128.39’;...

1200!0!0!1200 °])

% Solve parameters:

setappdata(pde_fig, ‘solveparam’,...
str2mat(‘0’,°1988’,°10’, ‘pdeadworst’,...
‘0.5’,‘longest’,‘0’,“1E-4",”",‘fixed’, ‘Inf"))
% Plotflags and user data strings:
setappdata(pde_fig,‘plotflags’,[1 111 1111000101000 1)]);
setappdata(pde_fig,‘colstring’,”’);
setappdata(pde_fig, ‘arrowstring’,””);
setappdata(pde_fig, ‘deformstring’,”’);
setappdata(pde_fig, ‘heightstring’,’’);
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% Solve PDE:
pdetool(‘solve’)

METALSHEET.m

function pdemodel
[pde_fig,ax]=pdeinit;
pdetool(‘appl_cb’,3);
pdetool(‘snapon’,’on’);

set(ax, ‘DataAspectRatio’,[1 1.5 1]);
set(ax, ‘PlotBoxAspectRatio’,[1 0.66666666666666663 1]);
set(ax, ‘XLim’,[0 2]);

set(ax, “YLim’,[0 2]);

set(ax, ‘XTickMode’,‘auto’);
set(ax,‘YTickMode’,‘auto’);
pdetool(‘gridon’,‘on’);

% Geometry description:
pderect([0 1 1 0],°SQI’);
set(findobj(get(pde_fig,‘Children’), Tag’,'PDEEval’),‘String’,*SQ1’)
% Boundary conditions:
pdetool(‘changemode’,0)
pdesetbd(4,...

‘dir’,...

2,...

str2mat(‘1°,°0’,°0’,°1°),...
str2mat(‘0’,0%))

pdesetbd(3,...

2,...

str2mat(‘0’,°0’,°0’,°0),...
str2mat(‘0’,0%))

pdesetbd(2,...

‘neu’,...

2,...

str2mat(‘0’,°0’,°0’,°0),...
str2mat(‘0.4°,0%))
pdesetbd(l,...

‘neu’,...

2,...

str2mat(‘0’,°0’,°0’,°0),...
str2mat(‘0’,°0%))

% Mesh generation:
setappdata(pde_fig, Hgrad’,1.3);
setappdata(pde_fig, ‘refinemethod’, ‘regular’);
pdetool(‘initmesh’)

% PDE coefficients:
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pdeseteq(1,...

str2mat(’2*((200E3)./(2*(1+(0.3))))+(2*((200E3)./(2*(1+(0.3)))).*(0.3)./(1-

(0.3)))’,°0’,“(200E3)./(2*(1+(0.3)))*,°0*,”(200E3)./(2*(1+(0.3)))’, 2*((200E3)./
(2*(14(0.3)))).*(0.3)./(1-

(0.3))’,0’,*(200E3)./(2*#(1+(0.3)))’,‘0’,>2*((200E3)./
(2*(14(0.3))))+(2*((200E3)./(2*(14(0.3)))).*(0.3)./(1-

0.3))),...

str2mat(‘0.0°,0.0°,°0.0°,°0.0°),...

str2mat(‘0.0°,°0.0°)....

str2mat(‘1.0’,0°,0°,1.0°),...

‘0:10°,...

‘0.0,...

‘0.0%,...

‘[0 1007]")

setappdata(pde_fig, ‘currparam’,...

[‘200E3’;...

‘0.3%;...

‘0.0%;...

‘0.0%;...

‘1.0°])

% Solve parameters:

setappdata(pde_fig, ‘solveparam’,...

str2mat(‘0’,°1000’,°10’, “‘pdeadworst’,...

‘0.5’,‘longest’,0’,1e-4’,”’,‘fixed”’, ‘inf"))

% Plotflags and user data strings:

setappdata(pde_fig,‘plotflags’,[18 118 1 1 1 1101011000 1 1]);

setappdata(pde_fig, ‘colstring’,”’);

setappdata(pde_fig, ‘arrowstring’,””);

setappdata(pde_fig, ‘deformstring’,”’);

setappdata(pde_fig, ‘heightstring’,’’);

% Solve PDE:

pdetool(‘solve’)

CENTERCRACK.m

function pdemodel

[pde_fig,ax]=pdeinit;

pdetool(‘appl_cb’,3);

set(ax, ‘DataAspectRati’,[1 1.2000000000000002 1]);
set(ax, ‘PlotBoxAspectRatio’,[1.25 0.83333333333333326 5]);
set(ax, ‘XLim’,[0 0.5]);

set(ax, “YLim’,[0 0.40000000000000002]);
set(ax,‘XTickMode’,’auto’);
set(ax,‘YTickMode’,’auto’);

pdetool(‘gridon’,’on’);

% Geometry description:
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pdeellip(-

0.2587786259541843,0.41450381679389359,0.011450381679389166,
0.066412213740458026....

0,E1’);

pderect([0.0026717557251908775 0.30190839694656491
0.12122137404580148

0.003053435114503789],°R1°);

pdeellip(0.15152671755725192,0.060763358778625931,
0.001526717557251922,0.0164885496183206

22,...

0,E2’);

set(findobj(get(pde_fig,‘Children’), Tag’,'PDEEval’), String’,‘R1-E2’)

% Boundary conditions:

pdetool(‘changemode’,0)

pdesetbd(8,...

‘neu’,...

2,...

str2mat(‘0°,°0°,°0°,°0’),...

str2mat(‘0’,0%))

pdesetbd(7,...

str2mat(‘0°,°0°,°0°,0),...
str2mat(‘0’,0%))
pdesetbd(6,...

str2mat(‘0°,°0°,‘0’,0),...
str2mat(‘0°,°0))
pdesetbd(s....

2,...
str2mat(‘0’,°0’,°0’,°0’),...
str2mat(‘0°,°0))
pdesetbd(4,...

‘neu’,...

2,...
str2mat(‘0’,°0’,°0’,°0),...
str2mat(‘0’,0%))
pdesetbd(3,...

dir’,...

2,...
str2mat(‘1°,°0’,°0’,°1),...
str2mat(‘0’,°0%))
pdesetbd(2,...
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vneu’,...

2,...
str2mat(‘0’,°0’,‘0’,°0),...
str2mat(‘0’,°0%))
pdesetbd(l,...

str2mat(‘0°,°0°,°0°,°0’),...

str2mat(‘0.4°,°0%))

% Mesh generation:

setappdata(pde_fig, Hgrad’,1.3);

setappdata(pde_fig, ‘refinemethod’, ‘regular’);

pdetool(‘initmesh’)

% PDE coefficients:

pdeseteq(l,...

str2mat(’2*((200E3)./(2*(1+(0.3))))+(2*((200E3)./(2*(1+(0.3)))).*(0.3)./(1-

(0.3)))’,°0°,“200E3)./(2*(1+(0.3)))’,°0’,“(200E3)./(2*(14(0.3)))’ ,v2*((200E3)./
(2*(1+(0.3)))).*(0.3)./(1-

(0.3))’,°0’,*(200E3)./(2*(1+(0.3)))’,°0’,”2*((200E3)./
(2*(14(0.3))))+(2*((200E3)./(2*(14+(0.3)))).*(0.3)./(1

0.3,

str2mat(‘0.0°,°0.0°,°0.0°,°0.0°)....

str2mat(‘0.0’,°0.0°),...

str2mat(‘1.0°,°0°,°0°,°1.0°),...

‘0:10’,...

‘0.0’,..

‘0.0,...

‘[0 1007]")

setappdata(pde_fig, ‘currparam’,..

[‘200E3’;...

‘0.3 5.

‘0.0 ’s...

‘0.0 ’s...

‘1.0°D

% Solve parameters

setappdata(pde_fig,‘solveparam’,...

str2mat(‘0’,°1000,°10’, ‘pdeadworst’,...

‘0.5°,‘longest’,‘0’,‘1e-4",”’,fixed’, “inf"))

% Plotflags and user data strings:

setappdata(pde_fig,‘plotflags’,[18 1 11 1111010101001 1]);

setappdata(pde_fig, ‘colstring’,”’);

setappdata(pde_fig, ‘arrowstring’,’’);

setappdata(pde_fig, ‘deformstring’,”’);

setappdata(pde_fig, ‘heightstring’,”’);

% Solve PDE:
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pdetool(‘solve’)

EDGECRACKPLANESTRESS.m

function pdemodel

[pde_fig,ax]=pdeinit;

pdetool(‘appl_cb’,3);

set(ax, ‘DataAspectRatio’,[1 1.2000000000000002 1]);

set(ax, ‘PlotBoxAspectRatio’,[1.25 0.83333333333333326 5]);

set(ax,‘XLim’,[0 0.5]);

set(ax, “YLim’,[0 0.40000000000000002]);

set(ax, ‘XTickMode’,‘auto’);

set(ax, “YTickMode’,‘auto’);

pdetool(‘gridon’,‘on’);

% Geometry description:

pdeellip(-

0.25877862595419843,0.41450381679389359,
0.011450381679389166,0.066412213740458026,..

0,’El’);

pderect([0.0026717557251908775 0.30190839694656491
0.12122137404580148

0.003053435114503789],‘R1’);

pdeellip(0.15152671755725192,0.1193893129770992,
0.001526717557251922,0.016488549618320622,...

0,'E2’);

set(findobj(get(pde_fig,‘Children’), Tag’,'PDEEval’),‘String’,‘R1-E2”)

% Boundary conditions:

pdetool(‘changemode’,0)

pdesetbd(8,...

‘neu’,...

2,...

str2mat(‘0’,°0’,°0’,0’),...

str2mat(‘0’,0%))

pdesetbd(7,...

‘neu’,...

2,...

str2mat(‘0’,°0’,°0’,0’),...

str2mat(‘0’,°0))

pdesetbd(6,...

‘neu’,...

2,...

str2mat(‘0’,°0’,°0’,°0),...

str2mat(‘0’,°0))

pdesetbd(s....
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str2mat(‘0’,‘0’,‘0’,0),...
str2mat(‘0.4’,0”))
pdesetbd(4,...

str2mat(‘0°,0’,°0’,°0’),...

str2mat(‘0’,0%))

pdesetbd(3,...

‘neu’,...

2,...

str2mat(‘0’,°0’,°0’,°0’),...

str2mat(‘0°,°0’))

pdesetbd(2,...

“dir’,...

2,...

str2mat(‘1°,0’,°0’,°1’),...

str2mat(‘0°,°0”))

pdesetbd(l,...

‘neu’,...

2,...

str2mat(‘0’,°0’,°0’,°0),...

str2mat(‘0°,°0”))

% Mesh generation:

setappdata(pde_fig, ‘Hgrad’,1.3);

setappdata(pde_fig, ‘refinemethod’,’regular’);

pdetool(‘initmesh’)

% PDE coefficients:

pdeseteq(1,...

str2mat(‘2*((200E3)./(2*(1+(0.3))))+(2*((200E3)./(2*(14(0.3)))).*(0.3)./(1-

(0.3)))’,°0°,“(200E3)./(2*(1+(0.3)))’,0’,“(200E3)./(2*(1+(0.3)))’, “2*((200E3)./
(2*(14(0.3)))).*(0.3)./(1-

(0.3))’,°0’,*(200E3)./(2*(1+(0.3)))’,°0’,”2*((200E3)./
(2*(14(0.3))))+(2*((200E3)./(2*(14(0.3)))).*(0.3)./(1-

©0.3))....

str2mat(‘0.0’,0.0’,°0.0°,°0.0°),...

str2mat(‘0.0’,°0.0°),...

str2mat(‘1.0°,°0°,°0°,1.0”),...

‘0:10’,...

‘0.0,...

‘0.0,...

‘[0 1007%)

setappdata(pde_fig, ‘currparam’,...

[‘200E3’;..

‘0.3 ;..

‘0.0 ’s...
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‘0.0 ’;...

‘1.0°D

% Solve parameters:
setappdata(pde_fig, ‘solveparam’,...
str2mat(‘0’,“1000’,°10’, “‘pdeadworst’,...
‘0.5’,‘longest’,0’,1e-4’,”’,‘fixed’, ‘inf”))
% Plotflags and user data strings:
setappdata(pde_fig,‘plotflags’,[11 111 1111010101000 1]);
setappdata(pde_fig, ‘colstring’,”’);
setappdata(pde_fig, ‘arrowstring’,””);
setappdata(pde_fig, ‘deformstring’,”’);
setappdata(pde_fig, ‘heightstring’,’’);

% Solve PDE:

pdetool(‘solve’)

EDGECRACKPLANESTRAIN.m

function pdemodel

[pde_fig,ax]=pdeinit;

pdetool(‘appl_cb’,4);

set(ax, ‘DataAspectRatio’,[1 1.2000000000000002 1]);

set(ax, ‘PlotBoxAspectRatio’,[1.25 0.83333333333333326 5]);

set(ax, ‘XLim’,[0 0.5]);

set(ax, “YLim’,[0 0.40000000000000002]);

set(ax, ‘XTickMode’,’auto’);

set(ax,‘YTickMode’,‘auto’);

pdetool(‘gridon’,‘on’);

% Geometry description:

pdeellip(-

0.25877862595419843,0.41450381679389359,
0.011450381679389166,0.066412213740458026,...

0,°E1’);

pderect([0.0026717557251908775 0.30190839694656491
0.12122137404580148

0.003053435114503789],°R1°);

pdeellip(0.15152671755725192,0.1193893129770992,
0.001526717557251922,0.016488549618320622,...

0,E2’);

set(findobj(get(pde_fig,‘Children’), Tag’,'PDEEval’), String’,‘R1-E2”)

% Boundary conditions:

pdetool(‘changemode’,0)

pdesetbd(8,...

‘neu’,...

2,...

str2mat(‘0°,°0°,°0°,°0’),...

str2mat(‘0’,°0%))
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pdesetbd(7,...

str2mat(‘0’,¢0’,¢0’,¢0),...
str2mat(‘0’,°0%))
pdesetbd(6,...

str2mat(‘0°,0’,°0’,°0),...
str2mat(‘0’,0%))
pdesetbd(s,...

dir’,...

2,...
str2mat(‘1°,°0’,°0’,°1°),...
str2mat(‘0’,0%))
pdesetbd(4,...

str2mat(‘0’,¢0’,¢0’,¢0),...
str2mat(‘0°,°0))
pdesetbd(3,...

str2mat(‘0’,°0°,°0°,°0’),...

str2mat(‘0’,°0%))

pdesetbd(2,...

‘dir’,...

2,...

str2mat(‘1°,0°,°0°,°1’),...

str2mat(‘0’,0%))

pdesetbd(l,...

‘neu’,...

2,...

str2mat(‘0°,0’,0’,°0’),...

str2mat(‘0.4°,0%))

% Mesh generation:

setappdata(pde_fig, ‘Hgrad’,1.3);

setappdata(pde_fig, ‘refinemethod’, ‘regular’);

pdetool(‘initmesh’)

% PDE coefficients:

pdeseteq(1,...

str2mat(’2*((200E3)./(2*(1+(0.3))))+(2*((200E3)./(2*(1+(0.3)))).*(0.3)./(1-

2%(0.3)))’,°0’,*(200E3)./(2*(1+(0.3)))’,0’,“(200E3)./
(2*(14(0.3)))’,2*((200E3)./(2*(1+(0.3)))).*(0.3)./(1-

119
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2%(0.3))’,0’,”(200E3)./(2*(1+(0.3)))’,°0’,2*((200E3)./
(2*(1+4(0.3))))+(2*((200E3)./(2*(14(0.3)))).*(0.3)./(1-

2*%(0.3)))’),..

str2mat(‘0.0’,0.0’,°0.0’,°0.0°),...

str2mat(‘0.0’,°0.0°),...

str2mat(‘1°,0°,°0°,°1’),...

‘0:10’,...

‘0.0,...

‘0.0,...

‘[0 1007")

setappdata(pde_fig, ‘currparam’,...

[‘200E3’;...

‘0.3 ;...

‘0.0 ’;...

‘0.0 ’;...

‘17D

% Solve parameters:

setappdata(pde_fig,‘solveparam’,...

str2mat(‘0’,“1000’,°10’, “pdeadworst’,...

‘0.5°,‘longest’,‘0’,‘1e-4",”’,‘fixed’, “inf"))

% Plotflags and user data strings:

setappdata(pde_fig,‘plotflags’,[11 111 1111010101000 1]);

setappdata(pde_fig,‘colstring’,”’);

setappdata(pde_fig, ‘arrowstring’,’’);

setappdata(pde_fig, ‘deformstring’,”’);

setappdata(pde_fig, ‘heightstring’,”’);

% Solve PDE:

pdetool(‘solve’)
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