Chapter 9

Green’s Functions for
Time-Independent Problems

9.1 Introduction

Solutions to linear partial differential equations are nonzero due to initial conditions,
nonhomogeneous boundary conditions, and forcing terms. If the partial differential
equation is homogeneous and there is a set of homogeneous boundary conditions,
then we usually attempt to solve the problem by the method of separation of vari-
ables. In Chapter 7 we developed the method of eigenfunction expansions to ob-
tain solutions in cases in which there were forcing terms (and/or nonhomogeneous
boundary conditions). :

In this chapter, we will primarily consider problems without initial conditions
(ordinary differential equations and Laplace’s equation with sources). We will show
that there is one function for each problem called the Green’s function, which can
be used to describe the influence of both nonhomogeneous boundary conditions and
forcing terms. We will develop properties of these Green’s functions and show direct
methods to obtain them. Time-dependent problems with initial conditions, such as
the heat and wave equations, are more difficult. They will be used as motivation,
but detailed study of their Green’s functions will not be presented until Chapter

10.
9.2 One-dimensional Heat Equation

We begin by reanalyzing the one- dimensional heat equation with no sources and
homogeneous boundary conditions:
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u(0,t) = 0 (9.2.10)

w(L,t) = 0 (9.2.11)

w(z,0) = g(z). (9.2.12)

This nonhomogeneous problem is suited for the method of eigenfunction expansions,

- nRL
= in —- 9.2.13
u(z,t) = Z;an(t) sin —~. ( )
roe—

This Fourier sine series can be differentiated term by term since both sinnmz/L
and u(z, ) solve the same homogeneous boundary conditions. Hence, an(t) solves
the following first-order differential equation:

da a2 Z/L . nwI 914
-n — ) apn=q.(t) == z,t)sin —— dz, (9.2.14)
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where ¢, () are the coefficients of the Fourier sine series of Q(z, 1),
s . MAT
Qz,t) = Z gn(t)sin - (9.2.15)
n=1
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an (0) are the coefficients of the Fourier sine series of the initial condition, u(z,0) =
9(=):

glz) = ;an (0) sin “nz_x (9.2.17)
L T
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These Fourier coefficients may be eliminated, yielding
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After interchanging the order of performing the infinite summation and the inte-
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We therefore introduce the Green’s function, G(z,t; zo, to),

o0
Gz, t;z0,80) = Y %sin @ sin %e_k(""/mz(t‘“). (9.2.19)
n=1

We have shown that

L
'U,(:L',t) = g(ZO)G(xa t; anO) dil)o

0o (9.2.20)
+/ / Q(.’Eo,to)G(m,t; xo,tg) dty dzg.
0 o]

The Green’s function at ty = 0, G(x,t;2,0), expresses the influence of the ini-
tial temperature at zo on the temperature at position z and time ¢. In addition,
G(z,t; 20, t0) shows the influence on the temperature at the position z and time ¢
of the forcing term Q(zo,to) at position zy and time tg. Instead of depending on
the source time £y and the response time ¢, independently, we note that the Green’s
function depends only on the elapsed time t — tg:

Gz, t; 20,t0) = G(z,t — to; 20, 0).

This occurs because the heat equation has coefficients that do not change in time;
the laws of thermal physics are not changing. The Green’s function exponentially
decays in elapsed time (¢t — to) [see (9.2.19)]. For example, this means that the
influence of the source at time ¢, diminishes rapidly. It is only the most recent
sources of thermal energy that are important at time ¢.

Equation (9.2.19) is an extremely useful representation of the Green’s function
if time ¢ is large. However, for small ¢ the series converges more slowly. In Chapter
10 we will obtain an alternative representation of the Green’s function useful for
small £. '

In (9.2.20) we integrate over all positions zg. The solution is the result of adding
together the influences of all sources and initial temperatures. We also integrate
the sources over all past times 0 < ty < ¢. This is part of a causality principle.

The temperature at time ¢ is only due to the thermal sources that acted before time

t. Any future sources of heat energy cannot influence the temperature now.
Among the questions we will investigate later for this and other problems are

1. Are there more direct methods to obtain the Green’s function?
2. Are there any simpler expressions for it [can we simplify (9.2.19)]7

3. Can we explain the relationships between the influence of the initial condition
and the influence of the forcing terms?

4. Can we account easily for nonhomogeneous boundary conditions?
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EXERCISES 9.2

9.2.1. Consider )
du 8%u

S e Poi t

R AR

u(z,0) = g(z).

In all cases obtain formulas similar to (9.2.20) by introducing a Green’s func-
tion.

(a) Use Green'’s formula instead of term-by-term spatial differentiation if

u(0,t) =0 and (L, Y= 0.
(b) Modify part (a) if
u(0,1) = A(t) and u(L,t) = B(t).

Do not reduce to a problem with homogeneous boundary conditions.
(e) Solve using any method if

du @ _o.
5;:-(0, t)=0 and 52 (L,t)
*(d) Use Green’s formula instead of term-by-term differentiation if
Ou Ou _
3—30(0,15) = A(t) and o (L,t) = B(2).
9.2.2. Solve by the method of eigenfunction expansion
Ou 9 (k2% 4 0, 1)

CPF8?=5_£ 5z

subject to u(0,t) = 0, u(L,t) = 0, and u(z,0) = g(z), if cp .amnd Ky are
functions of z. Assume that the eigenfunctions are known. Obtain a formula
similar to (9.2.20) by introducing a Green’s function.

*9.2.3. Solve by the method of eigenfunction expansion

%Z“g' - CZ%'Z% + Q(l‘,t)
u(0,8) =0 u(z,0) = f(z)
WL =0  =(0) =gl

Define functions (in the simplest possible way) such that a relationship gipa—
ilar to (9.2.20) exists. It must be somewhat different due to the two initial
conditions. (Hint: See Exercise 7.5.1.)

9.2.4. Modify Exercise 9.2.3 (using Green’s formula if necessary) if instead
(a) g—;‘(D,t) =0 and %%(L,t) =0
(b) u(0,t) = A(t) and u(L,t) =0

g(0,¢) = 0 and $(L,t) = B(t)

T
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9.3 Green’s Functions
for Boundary Value Problems
for Ordinary Differential Equations

9.3.1 One-dimensional Steady-State Heat Equation

Introduction. Investigating the Green’s functions for the time-dependent heat
equation is not an easy task. Instead, we first investigate a simpler problem. Most
of the techniques discussed will be valid for more difficult problems.

We will investigate the steady-state heat equation with homogeneous bound-

ary conditions, arising in situations in which the source term Qz,t) = Q(z) is
independent of time:

We prefer the form

== f(z), (9.3.1)

in which case f(z) = —Q(z)/k. The boundary conditions we consider are

u(0)=0 and u(L) = 0. (9.3.2)

We will solve this problem in many different ways in order to suggest methods for

~ other harder problems.

Limit of time-dependent problem. One way (not the most obvious
or easiest) to solve (9.3.1) is to analyze our solution (9.2.20) of the time-dependent
problem, obtained in the preceding section, in the special case of a steady source:

L
w(z, ) = /O 9(0) Gz, £ 0, 0) dag

L ¢ (9.3.3)
+/ — kf(zo) / G(z, t;z0,t0) dto ) dag,
0 0
=2 nwLY NRL 2
) D . ~k(nw /L) (t—to)
G(z,t;20,t9) = Z pSin—7—sin—e (/LY (t=t0) (9.3.4)

n=1
As t — oo, G(z,t;20,0) — 0 such that the effect of the initial condition u(z,0) =

9(z) vanishes at ¢ — oo. However, even though G(z,t; zo,t0) — 0 as t — oo, the
steady source is still important as ¢ — oo since :
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1]




376 Chapter 9. Time-Independent Green’s Functions

Thus, as t — o0,

L
u(z,t) = | u(x) =/0 F(zo)G(z, zo) dzo, (9.3.5)
where
Glz, o) = _i %sinmrsc(il/ﬂl}sgl)r;mrm/Ll (0.36)

Here we obtained the steady-state temperature distribution u(z) by taking the limit
as + — oo of the time-dependent problem with a steady source Q(z) = —k f(z).
G(z, o) is the influence or Green’s function for the steady-state problem. The

symmetry,
G(z,z0) = G(zo, ),

will be discussed later.

9.3.2 The Method of Variation of Parameters

There are more direct ways to obtain the solution of (9.3.1) with (9.3.2). We consider
a more general nonhomogeneous problem

L(u) = f(z), (9.3.7)

defined for a < z < b, subject to two homogeneous boundary conditions (of the
standard form discussed in Chapter 5), where L is the Sturm-Liouville operator:

d [ d
r=2(p2) +e (9:3.8)

For the simple steady-state heat equation of the preceding subsection, p = 1 and
g =0, so that L = d?/dz?.

Nonhomogeneous ordinary differential equations can always be solved by the
method of variation of parameters if two* solutions of the homogeneous prob-
Jem are known, u1(z) and ug(z). We briefly review this technique. In the method
of variation of parameters, a particular solution of (9.3.7) is sought in the form

U=y UL T V2 - U, (9.3.9)

1 Actually. only one homogeneous solution is necessary as the method of reduction of order is
a procedure for obtaining a second homogeneous solution if one is known.
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where_ vy and vp are functions of z to be determined. The original differential
equation has one .unknown function, so that the extra degree of freedom allows us
to assume du/dz is the same as if v; and vy were constants:

du  duy dus
dz - Vg T

Since v1 and vy are not constant, this i i i
' is is valid only if the oth isi
the variation of v; and v, vanish’: y e torms, arising from

d’Ul d’vz
dx vt EW =0

The differential equation L(u) = f(z) is then satisfied if

dv; du;  dvy dusg
&P Tl @

‘The method of variation of parameters at thi i i
s stage yields two linear equati
the unknowns dv; /dz and dvy /dz. The solution is auations for

v _ ~fuy _ —=fug
dx dus du;\ ~ ¢ (9:3.10)
Uy = — Ug——
dz dx
dva _ fur _fu
i e % B N - o (9.3.11)
Vi u27x_
where
_ d’LL2 du1
cC=p UIE; —UZ—C'l? . (9.3.12)

Uiling the Wronskian Qescribed shortly, we will show that c is constant. The constant
cf zpends on the'cho.lce of homogeneous solutions u; and u,. The general solution
0 (u)= f(z) is given by u = wjv1 + ugvy, where v, and vy are obtajned by
integrating (9.3.10) and (9.3.11).

Wronskian. We define the Wronskian W as

dug du
W =y —=2 — gy
Wi T
It satisfies an elementary differential equation:
dw d2'LL2 d2u1 d
aw _ 3 _ _dp/dz duy du dp/d
dr ~ “Vdz? Mgz T P iz _U2Ec-l_ T pZ/7 mW’, (9:8.13)

where the defining differential equations for the homogeneous solutions, L(u;) =0

and L{ug) = 0, have been used. Solving (9.3.13) shows that

c
W== or W =c.
p P €
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Example. Consider the problem (9.3.1) with (9.3.2):

d—2~7'—b- =f(z) with u0)=0 and u(L)=0.
da?

This corresponds to the general case (9.3.7) with p =1 a.nld g= 0'. Two .himo%;;
neous solutions of (9.3.1) are 1 and x. However, the algebra is easier %f we pic 0311_ )
to be a homogeneous solution satisfying one of'the boundary conditions uc(1 ) -;l .
and ug(z) to be a homogeneous solution satisfying the other boundary condition:

w(z) = =
up(z) = L—z.

Since p = 1, ¢ = —L from (9.3.12). By integrating (9.3.10) and (9.3.11) we obtain

n(z) = %/Omf(EO)(L“wo) dzg + ¢y

_,,l-/ f(xo)xo dxo + c2,
L Jo

Ii

v2 (%)

which is needed in the method of variation of parameters (u = U0 + ugvp). The
boundary condition u(0) = 0 yields 0 = cpL, whereas u(L) = 0 yields

L
0= / f(:Co)(L - l’o) dxo + 1 L,
0

so that vy (#) = — 1 [, L £(20)(L—x0) dzo. Thus, the solution of the nonhomogeneous
x
boundary value problem is

u(z) = -"% /: f(zo)(L — o) dzo — L ; = /0 f(zo)xo dxo. (9.3.14)

We will transform (9.3.14) into the desired form,

u(z) = /0 " f(20)Glx,0) dro.

By comparing (9.3.14) to (9.3.15), we obtain

om) "
G(z,z0) = (L) o :
L
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A sketch and interpretation of this solution will be given in Sec. 9.3.5. Although
somewhat complicated, the symmetry can be seen:

G(z,z0) = G(zo, T).

For the steady-state heat equation, we have obtained two Green’s functions, (9.3.6)
and (9.3.16). They appear quite different. In Exercise 9.3.1 they are shown to
be the same. In particular, (9.3.16) yields a piecewise smooth function (actually
continuous), and its Fourier sine series can be shown to be given by (9.3.6).

The solution also can be derived by directly integrating (9.3.1) twice:

i To
u= / / f(Z) d&| dzo + c1z + ¢y (9.3.17)
o LJo

In Exercise 9.3.2. you are asked to show that (9.3.16) can be obtained from (9.3.17).
This can be done by interchanging the order of integration in (9.3.17) or by inte-
grating (9.3.17) by parts. ‘

9.3.3 The Method of Eigenfunction Expansion
for Green’s Functions

In Chapter 7, nonhomogeneous partial differential equations were solved by the
eigenfunction expansion method. Here we show how to apply the same ideas to the
general Sturm-Liouville nonhomogeneous ordinary differential equation:

L{u) = f(x) (9.3.18)

subject to two homogeneous boundary conditions. We introduce a related eigenvalue
problem,

L(¢) = —Aog, (9.3.19)

subject to the same homogeneous boundary conditions. The weight o here can be
chosen arbitrarily. However, there is usually at most one choice of o(z) such that
the differential equation (9.3.19) is in fact well known.2 We solve (9.3.18) by seeking
u(z) as a generalized Fourier series of the eigenfunctions

u(z) = Zan¢n($) (9320)
n=1

We can differentiate this twice term by term® since both ¢n(z) and u(z) solve the
same homogeneous boundary conditions:

Z anL(¢n) = — Z UnAnO P, = f(m)v
n=1 n=1

*For example, if L = d2/dz?, we pick o = 1 giving trigonometric functions, but if L =
2

= (md—dx~) — Z~, we pick ¢ = x so that Bessel functions occur.

Green’s formula can be used to justify this step (see Sec. 9.4).




380 Chapter 9. Time-Independent Green’s Functions

where (9.3.19) has been used. The orthogonality of the eigenfunctions (with weight

o) implies that .

n d
—aphy = L2 i ° (9.3.21)

5
/ Pio dx

The solution of the boundary value problem for the nonhomoggneous Qrdina,ry dif-
ferential equation is thus (after interchanging summation and integration)

uw) = [ )3 Le@nlz0) g, (93.22)

n=l_A\, [ d%o dz
a

For this problem, the Green’s function has the representation in terms of the eigen-
functions:

G20 = 3 Lol Pz (9.3.23)
==X, [ ¢ho dz

Again the symmetry is explicitly shown. Note the appearance of the eiger'lvalues An
in the denominator. The Green’s function does not exist if one of the eigenvalues
is zero. This will be explained in Sec. 9.4. For now we assume that all A, $ 0.

Example. For the boundary value problem,

d*u
T2 f(=)
w0)=0 and (L)

the related eigenvalue problem,

il
=

50)=0 and  &(L)=0,

is well known. The eigenvalues are \, = (nm/L)%, n = 1, 2,3 and.the: coni)e—
sponding eigenfunctions are sinnwz/L. The Fourier sine series of u(z) is given by
(9.3.20). In particular,

() = L ¥ F20)G (. 70) dmo,

where the Fourier sine series of the Green’s function is

2 S sinnmz/Lsinnrzo/L
G(z,20) = T — (nw]L)?

from (9.3.23), agreeing with the answer (9.3.6) obtained by the limit as t — o0 of

the time-dependent problem.
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9.3.4 The Dirac Delta Function and Its Relationship
to Green’s Functions

We have shown that .
ue) = [ f(ao)G(o, o) dav,
0

where we have obtained different representations of the Green’s function. The
Green’s function shows the influence of each position zo of the source on the solution

at z. In this section, we will ind a more direct way to determine the Green’s
function.

Dirac delta function. Our source f (z) represents a forcing of our system
at all points. f(z) is sketched in Fig. 9.3.1. In order to isolate the effect of each

individual point, we decompose f(z) into a linear combination of unit pulses of
duration Az (see Fig. 9.3.2):

flz) = E f () (unit pulse starting at z = ;).

i3

This is somewhat reminiscent of the definition of an integral. Only Az is missing,
which we introduce by multiplying and dividing by Ax:

fl@) = AlimOZf(wi)umtAl;ulseAaz. (9.3.24)

Figure 9.3.1: Piecewise constant representation of a function.

Figure 9.3.2: Pulse with unit height.

zy .’E1+A-’E

In this way we have motivated a rectangular pulse of width Az and height 1/Az,
sketched in Fig. 9.3.3. It has unit ares. In the limit as Az — 0, this approaches an
infinitely concentrated pulse (not really a function) ¢(z — z;) which would be zero

everywhere except co at = = z;, still with unit area:

(9.3.25)
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ZIE A Figure 9.3.3: Rectangular pulse with
+ unit area.
*1

We can think of §(z~x;) as a concentrated source or impulsive force at z = z;.
According to (9.3.24) we have

@) = / F(2:)6(z — z2) dzs. (9.3.26)

Since §(z — x;) is ot a function, we define it as an operator with the property
that for any continuous f(z):

fla)= [ Zf(:ci)a@ _ ) da, (9.3.27)

0 - 4
as is suggested by (9.3.26). We call §(z — z;), the D1r.ac delta fu.nctlon. ?t
is so concentrated that in integrating it with any continuous funct'lon flzy), it
“gifts” out the value at z; = 2. The Dirac delta function may be motivated by the
“limiting function” of any sequence of concentrated pulses (the shape need not be
rectangular). ' . . .
Other important properties of the Dirac delta function are that it has unit area:

1= / 5z — 2:) das (9.3.28)

it is an even function

8(z — ;) = 6(z; — z). (9.3.29)

This means that the definition (9.3.27) may be used without worrying a‘t.)out. whether
8(x — ;) or §(z; — z) appears. The Dirac delta function is also the derivative of the
Heaviside unit step function H(z — ;)

0 z<x
Hz—z;)= 1 o> (9.3.30)
d
Oz —x) = EH(E: —z;); (9.3.31)
H(z —z;) = / §(xo — z;) dzo; (9.3.32)

4Named after Paul Dirac, a twentieth-century mathematical physicist (1902-1984).
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it has the following scaling property:

Slefe — z,)] = ‘—i[é(z — ).

These properties are proved in the exercises.
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(9.3.33)

Green’s function. The solution of the nonhomogeneous problem

subject to two homogeneous boundary conditions is

b
u(z) =/ f(20)G(z, zp) day.

(9.3.34)

(9.3.35)

Here, the Green’s function is the influence function for the source flxz) . As an

example, suppose that f(z) is a concentrated source at z — 2, f{

Then the response at z, u(r), satisfies

b
u(z) = / 8(zo ~ 25)G(x, 7o) dzo = Gz, z;)

z) = 0z — ).

due to (9.3.27). This yields the fundamental interpretation of the Green’s func-
tion G(z,x;) — it is the response at x due to a concentrated source at

Tyt

L1G(z,z5)] = 6(z — xs),

and x = b.

(9.3.36)

where G(z, z) will also satisfy the same homogeneous boundary conditions at z = a

As a check, let us verify that (9.3.35) satisfies (9.3.34). To satisfy (9.3.34), we

must use the operator L (in the simple case, L = d2 /dz?):

Where the fundamental property of both the Green’s function
delta function (9.3.27) has been used.

. Often (9.3.36) with two homogeneous boundary conditions is thought of as an
ndependent definition of the Green’s function. In this case we might want to derive
9.3.35), the representation of the solution of the nonhomogeneous problem in terms

b b
Lw) = [ $(20)L[6(z,20)] day = / F(@0)8(z — 20) daro = $(a),

(9.3.36) and the Dirac
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of the Green’s function satisfying (9.3.36). The usual method to derive (9.3.35) homogeneous boundary condition at z = a. A similar procedure is valid for z > Zs.

involves Green’s formula: Jump conditions across 2 = x, are determined from the singularity in (9.3.36).

b If G(z,s) has a jump discontinuity at 2 = z,, then dG/dz has a delta function

b dv du (9.3.37) singularity at = = =z, and d°G/dz? would be more singular than the right-hand

[uL(v) — vL(u)] dz =p U Va1 ' : side of (9.3.36). Thus, the Green’s function G(x, xs) is continuous at = z,.

@ a : However, dG/dz is not continuous at = z; it has a jump discontinuity obtained

If we let v = G(z, zo), then the right-hand side vanishes since both u(z) and G(z, zo) : by integrating (9.3.36) across ¢ =z, We .illustrate this method in the next example
satisfy the same ,hom,og;eneous boundary conditions. Furthermore, from the respec- and leave further discussion to the exercises.

o ) . . hat
tive differential equations (9.3.34) and (9.3.36), it follows tha Example. Consices the solution of the sidytate heat o e
b

[w(z)8(x — zo) — G(x,20) f(z)] dz = 0.

a

dz
— = (@)

w(0)=0 and w(L)=0.

Thus, from the definition of the Dirac delta function 9.3.40)

w(zo) = / " £2)G(z, 20) do.

We have shown that the solution can be represented in terms of the Green’s function:
If we interchange the variables z and zo, we obtain (9.3.35):

’ L
u(z) = /abf(xo)G(mo,x) dzo =/a f@o)G(z, 20) dao, (9.3.38) wl(z) :/0 F20)G(z. o) dao, (9.3.41)

since the Green’s function is known to be symmetric (9.3.16), G(zo, %) = G(z,zo).

s where the Green'’s function satisfies the following problem:
Maxwell’s reciprocity. The symmetry of the Green’s function is very , ,

important. We will prove it without using the eigenfunction expansion. Instead, we

g : i i i .3.36). We again use Green’s d2G(a: )

1I directly use the defining differential equation (9.3 ' - Gz, 20) _ B
;Z:rmula (9.3.37). Here we let u = G(z,21) and v = G(z, z2)- s1nce both ‘satlisfy the = 8(z — zo) (9.3.42)
same homogeneous boundary conditions, it follows that the right-hand side is zero.

In addition, L(u) = 6(z — 21) while L{v) = §(z — z3), and thus (0,z) (L, z0)

b N b bl - 3 . - -
[G(z, 1) (x — x2) — G(z,22)6(z — x1)] dz =0. Qne reason for d_eﬁnmg the Green.s function by the differential ec}uatlon}s that it

gives an alternative (and often easier) way to calculate the Green’s function. Here

o is a parameter, representing the position of a concentrated source. For z # g

there are no sources and hence the steady-state heat distribution G(z, zo) must be
linear (d2G/dz® = 0):

a

From the fundamental property of the Dirac delta function, it follows that

G(z1,z2) = G2, 21), (9.3.39)

_Jatbr z<az
Gz, @) = c+dr z >z,

proving the symmetry from the differential equation deﬁfling t%le Green’s ﬁmcmo:é
This symmetry is remarkable; we call it Maxwell’s reciprocity. The respc:;n
at = due to a concentrated source at x is the same as the response a To
due to a concentrated source at x. This is not physically obvious.

but the constants may be different. The boundary condition at z = 0 é,pph'es for

T < xo. G(0,z9) = 0 implies that ¢ = 0. Similarly, G(L,x0) = 0 implies that
¢+ dL = 0:

— bx T < g
G(z,20) = d(z — LY x> zy.

This preliminary result is sketched in Fig. 9.3.4.

Jump conditions. The Green’s function G(z,zs) may be.: determint?d from
(9.3.36). For x < s, G(x,%;) must be a homogeneous solution satisfying the
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Figure 9.3.4: Green’s function before
application of jump conditions at x =
Zo-

0 Ty L

The two remaining constants are determined by two conditions at = 2o. The
temperature G(x,zp) must be continuous at & = zo,

G(xo—,z0) = G(zo+, Zo), (9.3.43)

and there is a jump in the derivative of G(x,zp), most easily derived by integrating
the defining differential equation (9.3.42) from z = zo— to z = zo+:

- dG
dz

L %G =1 (9.3.44)
T=Tot+ d T=To—

Equation (9.3.43) implies that
biL‘o = d(.’L‘Q - L),

while (9.3.44) yields
b—d=-1.

By solving these simultaneously, we obtain
and

and thus

9.3. Green’s Functions for BVPs for ODEs 387

agreeing with (9.3.16). We sketch the Green’s function in Fig. 9.3.5. The negative
nature of this Green’s function is due to the negative concentrated source of thermal
energy, —6(z — xo), since 0 = d2G/dz*(z, 0) — &(z — zo).

The symmetry of the Green’s function (proved earlier) is apparent in all repre-
sentations we have obtained. For example, letting L = 1,

_ | —z(l=z¢) z<x 11y _ 11y 1
G2, 20) = —20(l—2z) z >z and & 2’5 =G 5'2) 7 10

We sketch G(z, ) and G(z, §) in Fig. 9.3.6. Their equality cannot be explained by
simple physical symmetries.

0 Xy L

Gl 29) Figure 9.3.5: Green’s function.

Figure 9.3.6: Mustration of Maxwell’s
reciprocity.

|
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9.3.5 Nonhomogeneous Boundary Conditions

- We have shown how to use Green’s functions to solve nonhomogeneous differential

equations with homogeneous boundary conditions. In this subsection we extend
these ideas to include problems with nonhomogeneous boundary conditions:

7 _ ) (9.3.46)

(9.3.47)
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We will use the same Green’s function as we did previously with problems with Evaluating this at the end points yields

homogeneous boundary conditions: dG(z, zg) _z and M = _ (1 - f)
de dxo zo=l L dxo 20=0 L .
e §(z — zp) (9.3.48) Consequently,
L
z z
we)= [ fen)Gw o) dn+pF +a(i-F) (035D

G(0,z9) =0 and  G(L,xz0)=0; (9.3.49)

The solution is the sum of a particular solution of (9.3.46) satisfying homogeneous
boundary conditions obtained earlier, fOL f(zo)G(z,z0) dxp, and a homogeneous
solution satisfying the two required nonhomogeneous boundary conditions, 8(z/L)+
a(l —z/L).

the Green’s function always satisfies the related homogeneous boundary
conditions.

To obtain the representation of the solution of (9.3.46) with (9.3.47) involving
the Green’s function, we again utilize Green’s formula, with v =G (z,z0):

L 9.3.6 Summar
fL u(:v)——————-—dza(m’ Zo) -Gz a:')—-—dzu dz = u——-—~——dG(x’m0) -Gz, z )@ g
o 0 dx 0 0'

) We have described three fundamental methods to obtain Green’s functions:

The right-hand side now does not vanish since u(x) does not satisfy homogeneous 1. Variation of parameters

boundary conditions. Instead, using only the definitions of our problem (9.3.46)-
(9.3.47) and the Green’s function (9.3.48)-(9.3.49), we obtain

dG(:E, :L‘o)
dz

9. Method of eigenfunction expansion

3. Using the defining differential equation for the Green’s function

dG(lL', .’L‘Q)

- u(0)—5—
dz

B om0 In addition, steady-state Green’s functions can be obtained as the limit as ¢ — oo of
T= -

the solution with steady sources. To obtain Green’s functions for partial differential
equations we will discuss one important additional method. It will be described in

Sec. 9.5.

L
/0 fu(z)8(z — z0) — Gz, 20) f(x)] do = u(L)

We analyze this as before. Using the property of the Dirac delta function (and
reversing the roles of z and zg) and using the symmetry of the Green’s function,

we obtain

EXERCISES 9.3

9.3.1. The Green’s function for (9.3.1) is given explicitly by (9.3.16). The method
of eigenfunction expansion yields (9.3.6). Show that the Fourier sine series of
(9.3.16) yields (9.3.6).

9.3.2. (a) Derive (9.3.17).

(b) Integrate (9.3.17) by parts to derive (9.3.16).

(c) Tnstead of part (b), simplify the double integral in (9.3.17) by interchang-
ing the orders of integration. Derive (9.3.16) this way.

L
uw) = [ Fa0)G(e @) o+ 5200 | _  2E)

.| (9.3.50)

:L'0=L %o =0

This is a representation of the solution of our nonhomogeneous problem (including
nonhomogeneous boundary conditions) in terms of the standard Green'’s function.
We must be careful in evaluating the boundary terms. In our problem, we have
already shown that

T
e ([ = T <
L( Zo) o0 ©9.3.3. Consider 5 52 \
u U
B = Fam t =0

subject to u(0,t) =0, %(L,t) =0, and u(z,0) = g(z).

G(fL‘, 23‘0) =
—»m—l?(L —-x) x> Zo.

The derivative with respect to the source position of the Green’s function is thus
z

dG(.’E, .’170) _ Z

dre | — (1 - f) > 20-

. T T Lo

(a) Solve by the method of eigenfunction expansion.

(b) Determine the Green’s function for this time-dependent problem.

T < Zo
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(¢) If Q(z,t) = Q(z), take the limit as ¢ — oo of part (b) in order to
determine the Green’s function for

d? . du =
d_:ch = f(z) with u(0)=0 and EE(L) = 0.

9.3.4. (a) Derive (9.3.28) from (9.3.27) [Hint: Let f(z) = 1]
(b) Show that (9.3.32) satisfies (9.3.30).
(c) Derive (9.3.29) [Hint: Show for any continuous f(z) that

/ £(20)8(z — z0) dap = / F(wo)8(z0 — ) do
by letting zg — = s in the integral on the right.]

(d) Derive (9.3.33) [Hint: Evaluate [°. f(x)d[c(z — zo)] dz by making the
change of variables y = c(z — zq).]

9.3.5. Consider
d?u
dz?

*(a) Solve by direct integration.

= f(z) with »(0)=0 and %Z*

*(b) Solve by the method of variation of parameters.
*(c) Determine G(z,zo) so that (9.3.15) is valid.

(d) Solve by the method of eigenfunction expansion. Show that G(z,zo) is
given by (9.3.23).

9.3.6. Consider
2 dG
% =§(x —x0) with G(0,z0) =0 and d_:z(L’mo) =0.
*(a) Solve directly.
*(b) Graphically illustrate G(z, z¢) = G(zg,)-
(¢} Compare to Exercise 9.3.5.

du
9.3.7. Redo Exercise 9.3.5 with the following change: —CE(L) +hu(L) =0, h>0.

du
9.3.8. Redo Exercise 9.3.6 with the following change: %(L) + hu(L) =0, h > 0.

9.3.9. Consider
2

Z_Z’ +u= f(m) with 'u,(O) =0 and U(L) =0.
T

Assume that (n7/L)? # 1 (i.e., L # nx for any n).

e,
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(a) Solve by the method of variation of parameters.
*(b) Determine the Green’s function so that u(z) may be represented in terms
of it [see (9.3.15)].

9.3.10. Solve the problem of Exercise 9.3.9 using the method of eigenfunction ex-
pansion.

9.3.11. Consider

d*G .
g G=0(z—zo) with G(0,20)=0 and G(L,z,)=0.

*(a) Solve for this Green’s function directly. Why is it necessary to assume
that L # nn?
(b) Show that G(z, 7o) = G(o, ).
9.3.12. For the following problems, determine a representation of the solution in

terms of the Green’s function. Show that the nonhomogeneous boundary con-
ditions can also be understood using homogeneous solutions of the differential

equation:
d%u du .
(a) T Fz), u(0) = A, E(L) = B. (See Exercise 9.3.6.)
2
(b) gx_g +u=f(z), u(0) = A, u(L) = B. Assume L # nr. (See Exercise
9.3.11)
(c) du _ (z), u(0) = A4 _dﬁ(L)_,_h (L) = 0. (See Exercise 9.3.8,)
7 = , = A, — u(L) = 0. (See Exercise 9.3.8.

9.3.13. Consider the one- dimensional infinite space wave equation with a periodic
source of frequency w:

82 82 —
Wf = c2(—9x—f +g(z)e ™", (9.3.52)

(a) Show that a particular solution ¢ = u(z)e~™* of (9.3.52) is obtained if
u satisfies a nonhomogeneous Helmholtz equation

d?u
Tz + k*u = f(z).

*(b) The Green’s function G(z, 2) satisfies

d*G
pry + kG = Oz — xp).

Determine this infinite space Green’s function so that the corresponding
P(x,t) is an outward propagating wave.

(c) Determine a particular solution of (9.3.52) above.
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9.3.14. Consider L{u) = f(z) with L = £ (pZ£)+¢. Assume that the appropriate
Green’s function exists. Determine the representation of u(z) in terms of the
Green’s function if the boundary conditions are nonhomogeneous:

(a) u(0) = o and u(L) = 8

du du
(b) E(O) =« and -d-l'-(L) = ,6
(¢) u(0) = @ and %(L) =0

d
*(d) u(0) = a and (L) + hu(L) = 3
9.3.15. Consider L(G) = §(z —zo) with L = £ (p£) + ¢ subject to the boundary
conditions G(0,z0) = 0 and G(L,z0) = 0. Introduce for all z two homo-
geneous solutions, y; and yq, such that each solves one of the homogeneous
boundary conditions:

Liy1)=0  L{y) =0
dyl(O) =0 ?,C/lz(L) =0
Y1 _ Y2 _

d—x(O) =1 7x-(L) =1.

Even if 41 and y2 cannot be explicitly obtained, they can be easily calculated
numerically on a computer as two initial value problems. Any homogeneous
solution must be a linear combination of the two.

*(a) Solve for G(z,zo) in terms of y;1(z) and y2(z). You may assume that
v (z) # cya(z)-

(b) What goes wrong if y; (z) = cya(z) for all z and why?

9.3.16. Reconsider (9.3.40), whose solution we have obtained, (9.3.45). For (9.3.40)

what is y1 and y2 in Exercise 9.3.157 Show that G(z, zo) obtained in Exercise
9.3.15 reduces to {9.3.45) for (9.3.40).

9.3.17. Consider
d d

dz \Pdx
u(0)=0 and wu(L)=0.

Lu)=f(z) with L= +q

Introduce two homogeneous solutions vy and yz, as in Exercise 9.3.15.

(a) Determine u(z)} using the method of variation of parameters.
(b) Determine the Green’s function from part (a).
(¢) Compare to Exercise 9.3.15.

9.3.18. Reconsider Exercise 9.3.17. Determine u(z) by the method of eigenfunction
expansion. Show that the Green’s function satisfies (9.3.23). ‘

—
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9.3.19. (a) If a concentrated source is placed at a node of some mode {eigen-
fugction), show that the amplitude of the response of that mode is zero.
[Hint: Use the result of the method of eigenfunction expansion and recall
that a node z* of an eigenfunction means anyplace where ¢, (z*) = 0]

(b) If the eigenfunctions are sin nrz /L and the source is located in the mid-
dle, zp = L/2, show that the response will have no even harmonics.

9.3.20. Derive the e:igenfunction expansion of the Green’s function (9.3.23) directly
from the defining differential equation (9.3.40) by letting

G(z,z0) = i Ar ().
n=1

Assume that term-by-term differentiation is Jjustified.

*9.3.21. Solve
dG
e 0 —20) with G(0,2,) =0.

Show that G(z,2¢) is not symmetric even though é(z — zp) is.

9.3.22. Solve
, G -
d_x. -+ G = 5(.’1} — xo) with G(O7 .’Eo) =0.

Show that G(x,20) is not symmetric even though §(z — z0) is.

'9.3.23. Solve

' a*G
ExT = 5(1? - 230)

G0,20) =0  G(L,zp) =0

G d*G
-d-;(O, .’L‘o) =0 EF(L,.’L’Q) ={.
: 9.3.24. Use Exercise 9.3.23 to solve
d4,
@ /@
u(0) =0 w(L)=0
du d?u
a—;(O) =( EP—(L) =0

(Hint: Exercise 5.5.8 is helpful.)

.3.25. Use the convolution theorem for Lap

lace transforms to obtai ;
solutions of btain particular

(a) == f(z). (See Exercise 9.3.5.)

*(b) = f(z). (See Exercise 9.3.24.)
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Appendix to 9.3: Establishing Green’s Formula
with Dirac Delta Functions

Green’s formula is very important when analyzing Green’s functions. I-‘Iow}?ver,t]c[)luz
derivation of Green'’s formula requires integration by parts. Here we will show tha
Green'’s formula,

b dv _ 2 =L (54 4 (9353

/ [uL(v) —vL(u)ldz =p Uz ==l where L = = \P % q ( )
is valid even if v is a Green’s function,

L{v) = 8(z — zo)- (9.3.54)

We will derive (9.3.53). We calculate the left-hand side of(9..3.53).. Since there is
a singularity at = o, we are not guaranteed that (9.3.53) is valid. Instead, we
divide the region into three parts:

b Zg— zo+ b
TR AT
a a To— zo+

In the regions that exclude the singularity, ¢ < 2 < xp— and o+ < :vls bf, Grg(e;n s
formula can be used. In addition, due to the property of the Dirac delta function

To+ Lo+

[uL(v) —vL(u)] dz = ué(x — zo) — vL(u)] dr = u(zo),

zo— To—

since f;:j vL(u) dz = 0. Thus, we obtain

b dv du\ " + ud_v _ ,Uflﬁ ’ + u(zo)
/ [ul(v) =vL(w)] do = p{u=—ve . P& &),
a b 20—
dv du dv du
_ o= Yo — Y— + u(2o)-

Since u, du/dz, and v are continuous at z = zo; it follows that

Zo— dv [~
uﬁlﬂ - vgli = p(mo)u(xo)% :

zo+ Zo+

However, by integrating (9.3.54), we know that p dv/dz|*°t = 1. Thus, (9.3.53)

Ty~ , |
follows from (9.3.55). Green’s formula may be utilized even if Green’s functions are
present.

The two boundary conditions cannot be satisfied as they are contradictory:

There is no guarantee that th
Value problem when A

—
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9.4 Fredholm Alternative and Modified
Green’s Functions

9.4.1 Introduction

If A =0is an eigenvalue, then th

e Green’s function does not exist. In order to
understand the difficulty,

we reexamine the nonhomogeneous problem:

L(u) = f(z), (9.4.1)

subject to homogeneous bo‘undary conditions. B

y the method of eigenfunction ex-
pansion, in the preceding section we obtained

U= Z antn(z), _ (9.4.2)
n=1
where by substitution
b
[ 1@0n(@) do
—GnAn = e . (9.4.3)
/ 20 dz

If An = O (for some n, often the lowest eigenvalue), there may not be any solutions to

the nonhomogeneous boundary value problem. In particular, if [ ab f()on(z) dr #

0, for the eigenfunction corresponding to A, = 0 then (9.4.3) cannot be satisfied.
This warrants further explanation.

Example.
problem:

Let us consider the following simple nonhomogeneous boundary value
d*u X du  du |
We attempt to solve (9.4.4) by integrating:
du

— =" 4 ¢

dx

0 14¢
0 = L1

ere are any solutions to a nonhomogeneous boundary

= 0 is an eigenvalue for the related eigenvalue problem
d*¢y/da? = -\, 6, with dg, /dz(0) = 0 and dg,, /de(L) = 0].

In this example from one physical
um temperature distribution. Since

point of view, we are searching for an equilib-
there are sources and the boundary conditions



