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Preface

This text is written for use in a second course in circuit analysis. It encompasses a spectrum of
subjects ranging from the most abstract to the most practical, and the material can be covered in
one semester or two quarters. The reader of this book should have the traditional undergraduate
knowledge of an introductory circuit analysis material such as Circuit Analysis [ with
MATLAB® Computing and Simulink® / SimPowerSystems® Modeling, ISBN 978-1-934404-17-1.
Another prerequisite would be a basic knowledge of differential equations, and in most cases,
engineering students at this level have taken all required mathematics courses. Appendix H serves
as a review of differential equations with emphasis on engineering related topics and it is
recommended for readers who may need a review of this subject.

There are several textbooks on the subject that have been used for years. The material of this
book is not new, and this author claims no originality of its content. This book was written to fit
the needs of the average student. Moreover, it is not restricted to computer oriented circuit
analysis. While it is true that there is a great demand for electrical and computer engineers,
especially in the internet field, the demand also exists for power engineers to work in electric
utility companies, and facility engineers to work in the industrial areas.

Chapter 1 is an introduction to second order circuits and it is essentially a sequel to first order
circuits discussed in the last chapter of Circuit Analysis I with MATLAB® Computing and
Simulink® / SimPowerSystems® Modeling, ISBN 978-1-934404-17-1. Chapter 2 is devoted to
resonance, and Chapter 3 presents practical methods of expressing signals in terms of the
elementary functions, i.e., unit step, unit ramp, and unit impulse functions. Accordingly, any
signal can be represented in the complex frequency domain using the Laplace transformation.

Chapters 4 and 5 are introductions to the unilateral Laplace transform and Inverse Laplace
transform respectively, while Chapter 6 presents several examples of analyzing electric circuits
using Laplace transformation methods. Chapter 7 is an introduction to state space and state
equations. Chapter 8 begins with the frequency response concept and Bode magnitude and
frequency plots. Chapter 9 is devoted to transformers with an introduction to self and mutual
inductances. Chapter 10 is an introduction to one- and two-terminal devices and presents several
practical examples. Chapters 11 and 12 are introductions to three-phase circuits.

[t is not necessary that the reader has previous knowledge of MATLAB® . The material of this
text can be learned without MATLAB. However, this author highly recommends that the reader
studies this material in conjunction with the inexpensive MATLAB Student Version package that
is available at most college and university bookstores. Appendix A of this text provides a practical
introduction to MATLAB, Appendix B is an introduction to Simulink, and Appendix C
introduces SimPowerSystems. The pages where MATLAB scripts, Simulink / SimPowerSystems
models appear are indicated in the Table of Contents.




The author highly recommends that the reader studies this material in conjunction with the
inexpensive Student Versions of The MathWorks™ Inc., the developers of these outstanding
products, available from:

The MathWorks, Inc.
3 Apple Hill Drive
Natick, MA, 01760
Phone: 508-647-7000,
www.mathworks.com
info@mathworks.com.

Appendix D is a review of complex numbers, Appendix E is an introduction to matrices,
Appendix F discusses scaling methods, Appendix G introduces the per unit system used
extensively in power systems and in SimPwerSystems examples and demos. As stated above,
Appendix H is a review of differential equations. Appendix I provides instructions for
constructing semilog templates to be used with Bode plots.

In addition to numerous examples, this text contains several exercises at the end of each
chapter. Detailed solutions of all exercises are provided at the end of each chapter. The
rationale is to encourage the reader to solve all exercises and check his effort for correct
solutions and appropriate steps in obtaining the correct solution. And since this text was
written to serve as a self-study or supplementary textbook, it provides the reader with a
resource to test his knowledge.

The author is indebted to several readers who have brought some errors to our attention.
Additional feedback with other errors, advice, and comments will be most welcomed and
greatly appreciated.

Orchard Publications

39510 Paseo Padre Parkway
Suite 315

Fremont, California 94538
www.orchardpublications.com
info@orchardpublications.com
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Chapter 1

Second Order Circuits

his chapter discusses the natural, forced and total responses in circuits that contain resis-

tors, inductors and capacitors. These circuits are characterized by linear second—order dif-

ferential equations whose solutions consist of the natural and the forced responses. We will
consider both DC (constant) and AC (sinusoidal) excitations.

1.1 Response of a Second Order Circuit

A circuit that contains n energy storage devices (inductors and capacitors) is said to be an nth—
order circuit, and the differential equation describing the circuit is an nth—order differential equa-
tion. For example, if a circuit contains an inductor and a capacitor, or two capacitors or two
inductors, along with other devices such as resistors, it is said to be a second—order circuit and the
differential equation that describes it will be a second order differential equation. It is possible,
however, to describe a circuit having two energy storage devices with a set of two first—order dif-
ferential equations, a circuit which has three energy storage devices with a set of three first—order
differential equations and so on. These are called state equations and are discussed in Chapter 7.

. . * . . . . .
As we know from previous studies, the response is found from the differential equation describ-
ing the circuit, and its solution is obtained as follows:

1. We write the differential or integrodifferential (nodal or mesh) equation describing the circuit.
We differentiate, if necessary, to eliminate the integral.

2. We obtain the forced (steady—state) response. Since the excitation in our work here will be
either a constant (DC) or sinusoidal (AC) in nature, we expect the forced response to have
the same form as the excitation. We evaluate the constants of the forced response by substitu-
tion of the assumed forced response into the differential equation and equate terms of the left

side with the right side. The form of the forced response (particular solution), is described in
Appendix H.

3. We obtain the general form of the natural response by setting the right side of the differential
equation equal to zero, in other words, solve the homogeneous differential equation using the
characteristic equation.

4. We add the forced and natural responses to form the complete response.

5. Using the initial conditions, we evaluate the constants from the complete response.

*

The natural and forced responses for first—order circuits are discussed in Circuit Analysis I with MATLAB®
Computing and Simulink® / SimPowerSystems® Modeling, ISBN 978—1-934404—17-1.
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Chapter 1 Second Order Circuits

1.2 Series RLC Circuit with DC Excitation

Consider the circuit of Figure 1.1 where the initial conditions are i, (0) = 1y, vc(0) = V,, and

%k N . H
Uo(t) is the unit step function. We want to find an expression for the current i(t) for t>0.

*
Vs Uo(t)<> It T

Figure 1.1. Series RLC Circuit

For this circuit

Coodi 1t B
RI+Ldt+C.[OIdt+V°_VS t>0 (1.2)
and by differentiation , .
di d7i i _dvs
Rdt+Ldt2+C_ e t>0

To find the forced response, we must first specify the nature of the excitation vg, that is DC or

AC.

If vg is DC (vg = constant), the right side of (1.1) will be zero and thus the forced response com-
ponent i = 0. If vg is AC (vg = Vcos(ot+0), the right side of (1.1) will be another sinusoid

and therefore i; = Icos(wt + @). Since in this section we are concerned with DC excitations, the
right side will be zero and thus the total response will be just the natural response.

The natural response is found from the homogeneous equation of (1.1), that is,

di  d%i i _
Rdt+Ldt2+C =0 1.2)
whose characteristic equation is 1
Ls’+Rs+= =0
C
or
2 1
ST+ =S+ —= =
BN
from which

* The unit step function and other elementary functions used in science and engineering are discussed in Chapter

3.
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Series RLC Circuit with DC Excitation

R R 1
$,S, = ——~+ |2 _ L 1.3
1S T TN (1.3)

We will use the following notations:

R 1
= — Wy = — 2 2 _ 2 2
%= o0 °T Ic Bs = Jos" — 0y Wpg = 40— Os

~ ) %/—J
. (1.4)
o or Damping Resonant Beta Damped Natural
Coefficient  Frequency Coefficient Frequency

where the subscript s stands for series circuit. Then, we can express (1.3) as

[ 2 2 - 2 2
Sl’ SZ = —asi OCS—(DO = —asi BS |f OCS>Q)0 (15)
or
[ 2 2 . 2 2
Sl, SZ = _(Xsi (J.)O_(XS = _(Xsi(l)ns |f (’00>(XS (1.6)

Case I: If 0> ), the roots s, and s, are real, negative, and unequal. This results in the over-
damped natural response and has the form

i (1) = ke +ke? (1.7)

Case II: If a5 = ), the roots s; and s, are real, negative, and equal. This results in the critically
damped natural response and has the form

i (1) = Ae (K, + kyt) (1.8)

Case III: If w;>a?, the roots s, and s, are complex conjugates. This is known as the under-
damped or oscillatory natural response and has the form

in(t) = e_ast(klcoswnsukzsinmnst) = k3e_ast(cosmnst+(p) (1.9)
Typical overdamped, critically damped and underdamped responses are shown in Figure 1.2, 1.3,

and 1.4 respectively where it is assumed that i,(0) = 0.

1.2.1 Response of Series RLC Circuits with DC Excitation

Depending on the circuit constants R, L, and C, the total response of a series RLC circuit which
is excited by a DC source, may be overdamped, critically damped or underdamped. In this section
we will derive the total response of series RLC circuits that are excited by DC sources.
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Chapter 1 Second Order Circuits

Typical Overdamped Response

Voltage

Time

Figure 1.2. Typical overdamped response

Typical Critically Damped Response

Voltage

Time

Figure 1.3. Typical critically damped response

Typical Underdamped Response

Voltage

P i

v Time

Figure 1.4. Typical underdamped (oscillatory) response

Example 1.1
For the circuit of Figure 1.5, i (0) = 5 A, v¢(0) = 2.5 V, and the 0.5 Q resistor represents the

resistance of the inductor. Compute and sketch i(t) for t>0.

Solution:

This circuit can be represented by the integrodifferential equation

Ri+L‘ﬂ+ljtidt+v(0):15 t>0 (1.10)
dt * cJ, ¢ ’ '
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Series RLC Circuit with DC Excitation

05Q 1mH

< 100/6 mF

Al

15u,(t) '®

Figure 1.5. Circuit for Example 1.1

Differentiating and noting that the derivatives of the constants v.(0) and 15 are zero, we obtain
the homogeneous differential equation

di  d%i i

R +L— +

dt dt2+6=0

or
d’i  Rdi, i

dt2+Ldt+L_C =0

and by substitution of the known values R, L, and C

d’i , 50091, 60000i = 0 1.11
d_t2+ iy i = (1.12)

The roots of the characteristic equation of (1.11) are s; = =200 and s, = —300. The total
response is just the natural response and for this example it is overdamped. Therefore, from (1.7),

i()= i (t) = ke +k,e? = ke 2™ + kg™ (1.12)

The constants k; and k, can be evaluated from the initial conditions. Thus from the first initial
condition i (0) = i(0) = 5 A and (1.12) we obtain

i(0) = ke’ +k,e® =5
or

We need another equation in order to compute the values of k; and k,. This equation will make
. . d
use of the second initial condition, that is, vc(0) = 2.5 V. Since ic(t) = i(t) = C—(;—/tg, we differ-

entiate (1.12), we evaluate itat t = 0°, and we equate it with this initial condition. Then,

di_ _500k,e®_300k,e ™ and I

= 5| = —200k-300k, (1.14)
t

+

=0

Also, att = 0",
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Chapter 1 Second Order Circuits

Ri(0") + Lg—,'[ +v,(0") = 15
t=0"
and solving for g—; we obtain
t=0" .
Q= L05X3-25 - 10000 (1.15)
- 10

Next, equating (1.14) with (1.15) we obtain:
—200k,~300k, = 10000

—k,~1.5k, = 50 (1.16)

Simultaneous solution of (1.13) and (1.16) yields k; = 115 and k, = —110. By substitution into
(1.12) we find the total response as

i(t)= i (t) = 115e2'-110e™" (1.17)
Check with MATLAB™:

syms t; % Define symbolic variable t
% Must have Symbolic Math Toolbox installed
R=0.5; L=10"(-3); C=100*10"(-3)/6; % Circuit constants
y0=115*exp(—200*t)-110*exp(—300*t); % Let solution i(t)=y0
y1=diff(y0); % Compute the first derivative of y0, i.e., di/dt
y2=diff(y0,2); % Compute the second derivative of yO0, i.e, di2/dt2
% Substitute the solution i(t), i.e., equ (1.17)
% into differential equation of (1.11) to verify that
% correct solution was obtained. We must also
% verify that the initial conditions are satisfied.
y=y2+500*y1+60000*yO0;
i0=115*exp(—200*0)—-110*exp(—-300*0);
vCO0=-R*i0—-L*(-23000*exp(—200*0)+33000*exp(—300*0))+15;
fprintf( \n");...
disp(‘Solution was entered as y0 ="); disp(y0);...
disp('1st derivative of solution is y1 ="); disp(y1);...
disp('2nd derivative of solution is y2 ="); disp(y2);...
disp('Differential equation is satisfied since y = y2+y1+y0 ="); disp(y);...
disp(‘lst initial condition is satisfied since att =0, i0 = ); disp(i0);...
disp('2nd initial condition is also satisfied since vC+vL+vR=15 and vCO = ;...
disp(vCO0);...
fprintf(' \n")

* An introduction to MATLAB is presented in Appendix A.
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Series RLC Circuit with DC Excitation

Sol ution was entered as y0 =
115*exp(-200*t) - 110*exp(- 300*t)

1st derivative of solution is yl =

- 23000* exp( - 200*t ) +33000* exp( - 300*t)

2nd derivative of solutionis y2 =

4600000* exp(-200*t) - 9900000* exp( - 300*t)

Differential equation is satisfied since y = y2+yl+y0 = 0
1st initial condition is satisfied since at t =0, i0 =5

2nd initial condition is also satisfied since vC+tvL+vR=15 and vC0
= 2.5000

We denote the first term as i;(t) = 115", the second term as i,(t) = 110", and the total

current i(t) as the difference of these two terms. The response is shown in Figure 1.6.

120

100 y------- VAR T AR IS—
! 2(t)_ 1106

___________________________________________

] |
__________ B et it
'

is(D)= 115e’2°°t

Current (A)
o

0 H H
] 0.00% 0.01 005 o.02 0.02%

Time (sec)

Figure 1.6. Plot for i(t) of Example 1.1

In the above example, differentiation eliminated (set equal to zero) the right side of the differen-
tial equation and thus the total response was just the natural response. A different approach how-
ever, may not set the right side equal to zero, and therefore the total response will contain both
the natural and forced components. To illustrate, we will use the following approach.

t
The capacitor voltage, for all time t, may be expressed as vq(t) = %j idt and as before, the cir-

cuit can be represented by the integrodifferential equation

Ri + L + cj idt = 15u,(t) (1.18)

and since
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Chapter 1 Second Order Circuits

dve
i=i.=C it
we rewrite (1.18) as ,
re®e 1 cBVe |y = 15yt (1.19)
dt dt2 c— 0( ) '

We observe that this is a non-homogeneous differential equation whose solution will have both
the natural and the forced response components. Of course, the solution of (1.19) will give us the
capacitor voltage v¢(t). This presents no problem since we can obtain the current by differentia-

tion of the expression for v¢(t).

Substitution of the given values into (1.19) yields

50 . 3dVe 5100, - sdve
EXJ-O E+1X10 X?lo ¥+VC=15UO(t)
or ) d
dlzc + 500—5%9 + 60000V, = 9 x 10°uy(t) (1.20)
dt

The characteristic equation of (1.20) is the same as of that of (1.11) and thus the natural response
is

Ver(t) = ke + ke = ke 4 ke o™ (1.21)

Since the right side of (1.20) is a constant, the forced response will also be a constant and we
denote it as vgs = Kj. By substitution into (1.20) we obtain

0+ 0 + 60000k, = 900000

o Ver = kg = 15 (1.22)

The total solution then is the summation of (1.21) and (1.22), that is,
Ve(t)= Ve (1) + Ve = ke ™™ + ke ™™ + 15 (1.23)

As before, the constants k; and k, will be evaluated from the initial conditions. First, using
vc(0) = 2,5V and evaluating (1.23) at t = 0, we obtain

Ve(0) = ke’ +k,e” +15 = 25
or

Also, dve dvg i d i (0)
i =ic=C—S, —t==L ang Tef LU 5 - 300 (1.25)
PTCT Tdtr dt T C dt |,_, C ~ 100/6x10°
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Series RLC Circuit with DC Excitation

Next, we differentiate (1.23), we evaluate it at t = 0 and equate it with (1.25). Then,

= —200k,e **'-300k,e**" and %’f = —200k,—300k, (1.26)

t=0

dve
dt

Equating the right sides of (1.25) and (1.26) we obtain
—200k,~300k, = 300

o K,-15k, = 1.5 (1.27)
From (1.24) and (1.27), we obtain k; = —34.5 and k, = 22. By substitution into (1.23), we obtain
the total solution as

Ve(t) = (22e7°'-34.5e7 + 15)u,(t) (1.28)
Check with MATLAB:

symst % Define symbolic variable t. Must have Symbolic Math Toolbox installed
y0=22*exp(—300*t)-34.5*exp(-200*t)+15; % The total solution y(t)

y1=diff(y0) % The first derivative of y(t)

yl = -6600*exp(-300*t)+6900*exp(-200*t)

y2=diff(y0,2) % The second derivative of y(t)

y2 = 1980000*exp(-300*t)-1380000*exp(-200*t)
y=y2+500*y1+60000*y0 % Summation of y and its derivatives
y = 900000

Using the expression for v (t) we can find the current as

i= i, = . = c:—d\itg - 1—39 x 10°3(6900e'_6600e ") = 115¢2®_110e"®" A (1.29)

We observe that (1.29) is the same as (1.17). The plot for (1.28) is shown in Figure 1.7.

The same results are obtained with the Simulink/SimPowerSystems  model shown in Figure 1.8.

The waveforms for the current and the voltage across the capacitor are shown in Figure 1.9.

* For an introduction to Stimulink SimPowerSystems please refer to Appendices B and C respectively.
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16 T T T T
14} R R e
TFJ : P I
3 1 1
) [ T
g ! :
I ¥ Shhiehiis) Uit e HERE
> !
—200t + 15)U0(t)
1] |:|.|:u:|5 0.01 0.015 |:|.|:|2 0.025

Time (sec)

Figure 1.7. Plot for ve(t) of Example 1.1

Simulation stop time: 0.02 sec

Continuous | 1
: CV5 -
powergui (m li) 0.50hm MU Scope

%] %HWT—” \,
Ste;?fn?e 0 —é— CM=Current Measurement WM
Initial value:0 0.16F - VM =Voltage Measurement

Final value: 15 CVS=Controlled Voltage Source

e—e—

Figure 1.8. Simulink/SimPowerSystems model for the circuit in Figure 1.5

0.005 .o 0015 0.0z

Figure 1.9. Waveforms produced by the Simulink/SimPowerSystems model in Figure 1.8
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Series RLC Circuit with DC Excitation

1.2.2 Response of Series RLC Circuits with AC Excitation

The total response of a series RLC circuit, which is excited by a sinusoidal source, will also consist
of the natural and forced response components. As we found in the previous section, the natural
response can be overdamped, or critically damped, or underdamped. The forced component will
be a sinusoid of the same frequency as that of the excitation, and since it represents the AC
steady—state condition, we can use phasor analysis to find it. The following example illustrates the
procedure.

|
Example 1.2
For the circuit in Figure 1.10, i (0) = 5 A, vc(0) = 2.5V, and the 0.5 Q resistor represents the

resistance of the inductor. Compute and sketch i(t) for t>0.

05Q 1mH

Vi\J 1 100/6 mF
® T

Vs= (200c0s10000t)uy(t) V
Figure 1.10. Circuit for Example 1.2

Solution:

This circuit is the same as that in Example 1.1 except that the circuit is excited by a sinusoidal
source; therefore it can be represented by the integrodifferential equation

- t
Ri+Lm+lI idt + vc(0) = 200c0s10000t t> 0 (1.30)
dt " cJ,

whose solution consists of the summation of the natural and forced responses. We know its natu-
ral response from the previous example. We begin with

—-300t

i(H)= i (t)+i(t) = ke ™ + k, e + i, (1) (1.31)

where the constants k; and k, will be evaluated from the initial conditions after i (t) has been
found. The steady state (or forced) response will have the form i (t) = kycos(10, 000t + 0) in the
time domain (t—domain) and the form k;£6 in the frequency domain (jow — domain).

To find i; (t) we will use the phasor analysis relation | = V/Z where | is the phasor current, V is

the phasor voltage, and Z is the impedance of the phasor circuit which, as we know, is

Circuit Analysis IT with MATLAB® Computing and Simulink® / SimPowerSystems® Modeling 1-11
Copyright © Orchard Publications



Chapter 1 Second Order Circuits

z = R+j(mL—a)-16) - JR%(mL-aléjzztan_l(mL-alé)/R (1.32)

The inductive and capacitive reactances are

X, = oL =10"%x10"° = 10 Q

and

Xe = = = — 1 = 6x10° Q
oC  10*x(100/6)10
Then,
2 2 1 )? 3.2
R? = (0.5)% = 0.25 and (mL—R) = (10-6x 107" = 99.88
Also,

-1 -1 -3 -1
tan (wL—i)/R = tan 10-6x10 1) _ tan (%)
oC 0.5 0.5

and this yields 6 = 1.52 rads = 87.15°. Then, by substitution into (1.32),

Z = ./0.25+99.88.0° = 10.£87.15°

and thus
V _ 200£0°

| = =
Z 10,87.15°

= 20/-87.15° & 20¢os(10000t-87.15°) = i, (1)

The total solution is
i(H)= i (t) +i; () = ke ™" + k,e*®" + 20 cos (10000t-87.15 °) (1.33)

As before, the constants k; and k, are evaluated from the initial conditions. From (1.33) and the

first initial condition i, (0) = 5 A we obtain

i(0)= ke’ +k,e’ + 20c0s(-87.15°) = 5

o i(0)= K, +K,+20%0.05 = 5

o K +k, = 4 (1.34)
We need another equation in order to compute the values of k; and k,. This equation will make
use of the second initial condition, that is, v(0) = 2.5 V. Since i(t) = i(t) = C%, we differ-

entiate (1.33), we evaluate itat t = 0, and we equate it with this initial condition. Then,

g—l: —200k,e*'-300k,e**'-2 x 10°sin(10000t—87.15 °) (1.35)
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andatt = 0,
g—; = —200k,~300k,—2 x 10°sin(~87.15°) = —200k,—300K, + 2 x 10° (1.36)
t=0
Also, att = 0"
Ri(0") + dt v.(0") = 200cos(0) = 200
t=0"
and solving for di we obtain
t=0" )
di _ 200-05x5-25 _ 105000 (1.37)
at| _ . 107
t=

Next, equating (1.36) with (1.37) we obtain

—200k,-300k, = ~5000

of K, + 1.5k, = 25 (1.38)

Simultaneous solution of (1.34) and (1.38) yields k; = —38 and k, = 42. Then, by substitution
into (1.31), the total response is

i(t)= —38e """ + 42" + 20cos(10000t-87.15°) A (1.39)
The plot is shown in Figure 1.11 and it was created with the following MATLAB script:

t=0:0.005:0.25; t1=—38.*exp(-200.*t); t2=42.*exp(—300.*t); t3=20.*cos(10000.*—87.5*pi/180);
X=t1+t2+t3; plot(t,t1,t,t2,t,t3,t,x); grid

a:l 1
t) 5 426 i
a0 2() ----- (8 -onnohoneenes
< ool foeees /1 ----------- -
5 op Z Z
3 : : N
e I S Uy S 4
\ iL(t) = 38e_2.00t
- !

o EI.EIE o. 1 015 02 0.25
Time (sec)

Figure 1.11. Plot for i(t) of Example 1.2
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The same results are obtained with the Simulink/SimPowerSystems model shown in Figure 1.12.

Simulation stop time for Scope 1 display: 0.003 sec

Simulation stop time for Scope 2 display: 0.03 sec
Continuous
_ — ]
powergul
Scope 1
0.5 Ohm TmH -

W]+ Scope 2
- +
AC@ 200V peak M 1 W
L

f=10000/(2*pi) Hz l f
F '-I'\ =
!
L

WM
Phase=0 deg 0.1/

CM=CurrentMeasurement WM =Voltage Measurement

Figure 1.12. Simulink/SimPowerSystems model for the circuit in Figure 1.10

The waveforms for the current and the voltage across the capacitor are shown in Figures 1.13 and
1.14 respectively. We observe that the steady-state current is consistent with the waveform shown
in Figure 1.11, and the steady state voltage across the capacitor is small since the magnitude of

the capacitive reactance is Xc = 6 X 10° Q.

Figure 1.13. Waveform displayed in Scope 1 for the Simulink/SimPowerSystems model in Figure 1.12
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0.005 0.m 0.015 0.0z 0.025 0.03

Figure 1.14. Waveform displayed in Scope 2 for the Simulink/SimPowerSystems model in Figure 1.12

1.3 Parallel RLC Circuit

Consider the circuit of Figure 1.10 where the initial conditions are i, (0) = I,, vc(0) = V,, and

Uo(t) is the unit step function. We want to find an expression for the voltage v(t) for t>0.

AY|
/1
(@]

) S
(D v‘(t) G§G L%L

s Ug(t)

Figure 1.15. Parallel RLC circuit

For this circuit i ) . .
Ig(t) + (1) +ic(t) = ig(t)

or
1¢! dv .
Gv + LJ.o vdt + |°+Cdt =ig t>0
By differentiation, ) _
C%+Gg—\{+%:%—|§ t>0 (1.40)

To find the forced response, we must first specify the nature of the excitation ig, that is DC or AC.

If is is DC (vg = constant), the right side of (1.40) will be zero and thus the forced response com-
ponent V¢ = 0. If ig is AC (is = Icos(wt + 0), the right side of (1.40) will be another sinusoid and
therefore v; = Vcos(wt + @). Since in this section we are concerned with DC excitations, the
right side will be zero and thus the total response will be just the natural response.

The natural response is found from the homogeneous equation of (1.40), that is,
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dv’  .dv . v
A .,V _ 141
C i +G at 3 0 (1.41)
whose characteristic equation is
Cs?+Gs+1 = 0
L
or s _
2 [
$+=s+— =0
c e
from which
G, |G 1
$.,S, = — —+ [ _ — 1.42
P72 T 2C T Wac? LC (1.42)

and with the following notations,

G _ 1 —
(XP = E (DO - /\/L_C BP = (XPZ_ (l)g (an = (DS— OCPZ

- (1.43)
o or Damping Resonant Beta Damped Natural
Coefficient Frequency Coefficient Frequency

where the subscript p stands for parallel circuit, we can express (1.42) as

$1,8, = —0p* /océ,—(nf) = —opxPp if océ>(x)§ (1.44)
or
$1,8, = —Op /wé—oczp = —opto,p if 0)§>oc§, (1.45)

Note: From (1.4), Page 1-3, and (1.43), Page 1-14, we observe that o # ap
As in the series circuit, the natural response v, (t) can be overdamped, critically damped, or

underdamped.

CaseI: If océ, > m5, the roots s, and s, are real, negative, and unequal. This results in the over-
damped natural response and has the form
S t

V(1) = ket + ke (1.46)
n

Case IL: If oc}z;, = o, the roots s, and s, are real, negative, and equal. This results in the criti-

cally damped natural response and has the form
V() = e ™ (ky +Kt) (1.47)

Case III: If w(2)>0c2|;, the roots s; and s, are complex conjugates. This results in the under-

damped or oscillatory natural response and has the form
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v, () = e_apt(klcosmnPHkzsinmnpt) = k3e_apt(cosmnpt+(p) (1.48)

1.3.1 Response of Parallel RLC Circuits with DC Excitation

Depending on the circuit constants G (or R), L, and C, the natural response of a parallel RLC cir-
cuit may be overdamped, critically damped or underdamped. In this section we will derive the
total response of a parallel RLC circuit which is excited by a DC source for the example which fol-
lows.

|
Example 1.3
For the circuit of Figure 1.16, i (0) = 2 A and v¢(0) = 5 V. Compute and sketch v(t) for t>0.

] il il 3
Q) v‘(t) 2320 L§10H c

10uy(t) A

<~ 1/640 F

AY|

Figure 1.16. Circuit for Example 1.3
Solution:

We could write the integrodifferential equation that describes the given circuit, differentiate, and
find the roots of the characteristic equation from the homogeneous differential equation as we did
in the previous section. However, we will skip these steps and begin with

V(t) = v (1) +V, (1) (1.49)
and when steady—state conditions have been reached, we will have v = v| = Lchl[ =0,v=0

and v(t) = v, (1).

To find out whether the natural response is overdamped, critically damped, or oscillatory, we need
to compute the values of o and w, using (1.43) and the values of s; and s, using (1.44) or
(1.45). Then we will use (1.46), or (1.47), or (1.48) as appropriate. For this example,

O(‘P = E = 1 = 1 = 10
2C 2RC 2x32x1/640
or ,
o2 = 100
and L 1
2
= — = ——— =64
@0 = ¢~ 1ox1/640
Then

/2 2
51552=_(X‘Pi ap—w0=—10i6
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ors; = -4 and s, = —16. Therefore, the natural response is overdamped and from (1.46) we
obtain

V(t)= Vn(t) = kle51t + kzeSZt = k]_e_4t + kze_lst (1.50)
and the constants k; and k, will be evaluated from the initial conditions.

With the initial condition v(0) = v(0) = 5V and (1.50) we obtain

v(0) = ke’ +k,e’ = 5

o K +k, = 5 (1.51)

The second equation that is needed for the computation of the values of k; and k, is found from
. . d

the other initial condition, that is, i (0) = 2 A. Since ic(t) = C (;/tc C?j—\t/, we differentiate

(1.50), we evaluate it at t = 0", and we equate it with this initial condition.Then,

dv_ dv

Gi= ~4kae e*'-16k,e ™ and G| = Aki16k, (1.52)
t=0"
Also,att = 0" g
—v(0)+|L(0)+cd‘t’ - 10
t=0"
. dv .
and solving for dt we obtain
t=0"
dv| _10-5/32-2 _ ., (1.53)
dat| . 1/640
t=0
Next, equating (1.52) with (1.53) we obtain
_4k,~16k, = 502
o _2k,-8k, = 251 (1.54)

Simultaneous solution of (1.51) and (1.54) yields k;, = 291/6, k, = —261/6, and by substitution
into (1.50) we obtain the total response as

V(t)= v, () = 291 ot 221 e 18t _ 48564350710t vy (1.55)
Check with MATLAB:
symst % Define symbolic variable t. Must have Symbolic Math Toolbox installed
y0=291*exp(—4*t)/6—-261*exp(-16*t)/6; % Let solution v(t) = yO
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y1=diff(y0) % Compute and display first derivative

yl = -194*exp(-4*t) +696*exp(-16*t)

y2=diff(y0,2) % Compute and display second derivative
y2 = 776*exp(-4*t)-11136*exp(-16*t)

y=y2/640+y1/32+y0/10 % Verify that (1.40) is satisfied

y =0

The plot is shown in Figure 1.17.

— v, (t) = 485"

V(b):

Vo(t) = —43i5e %" |
&0 : : : ;
1] nz 0.4 0.g n.a 1
Time (sec)

Figure 1.17. Plot for v(t) of Example 1.3

From the plot of Figure 1.17, we observe that v(t) attains its maximum value somewhere in the
interval 0.10 and 0.12 sec., and the maximum voltage is approximately 24 V. If we desire to com-
pute precisely the maximum voltage and the exact time it occurs, we can compute the derivative
of (1.55), set it equal to zero, and solve for t. Thus,

%‘t’ = 1164+ 41766 = 0 (1.56)
t=0

Division of (1.56) by e™**" yields
—1164e™" + 4176 = 0

or
ol2t _ 348
97
o 348
12t = In(—9—7—) = 1.2775
and
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1.2775
=1 = T = 0.106 s
By substitution into (1.55)
Viax = 48.5e 701%_435¢71%1%® _ 2376 v (1.57)

A useful quantity, especially in electronic circuit analysis, is the settling time, denoted as tg, and it
is defined as the time required for the voltage to drop to 1% of its maximum value. Therefore, tg
is an indication of the time it takes for v(t) to damp—out, meaning to decrease the amplitude of
v(t) to approximately zero. For this example, 0.01 x 23.76 = 0.2376 V, and we can find tg by sub-
stitution into (1.55). Then,

0.01V,,,, = 0.2376 = 48.5¢ *' - 43.5¢ ™" (1.58)

and we need to solve for the time t. To simplify the computation, we neglect the second term on
the right side of (1.58) since this component of the voltage damps out much faster than the other
component. This expression then simplifies to

0.2376 = 485¢

or
_4ts = In(0.005) = (-5.32)

of tg = 133 s (1.59)

|
Example 1.4

For the circuit of Figure 1.18, i, (0) = 2 A and v.(0) = 5 V, and the resistor is to be adjusted so
that the natural response will be critically damped.Compute and sketch v(t) for t>0.

<~ 1/640 F

N

R i i
(D v ;ﬂ §10H

10u,(t) A] |

Figure 1.18. Circuit for Example 1.4
Solution:

Since the natural response is to be critically damped, we must have o = 64 because the L and C

values are the same as in the previous example. Please refer to (1.43), Page 1-16. We must also
have

or
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2 _1

1 = —_—
R = 8%610 = 10

or R = 40 Q and thus s; = s, = —a,p = —8. The natural response will have the form

-8t

V()= vo(t) = e " (K + kot) or v(t) = v ()= e % (ky + Kyt) (1.60)

Using the initial condition v¢(0) = 5 V, and evaluating (1.60) at t = 0, we obtain

v(0)= e’(k; +k,0) = 5
or

k, =5 (1.61)

and (1.60) simplifies to .
V()= e (5 + kyt) (1.62)

As before, we need to compute the derivative dv/dt in order to apply the second initial condition
and find the value of the constant k,.

We obtain the derivative using MATLAB as follows:

syms t k2; vO=exp(—8*t)*(5+k2*t); v1=diff(v0); % vl is 1st derivative of vO
% Must have Symbolic Math Toolbox installed

vl = -8*exp(-8*t)*(5+k2*t) +exp(-8*t) *k2

Thus, d
d—‘t’: —8e (5 + kyt) + ke ™
and dv
P t:0= —-40 + k, (1.63)
v dv e
Also, ic = Cdt or =% and
dv ic(0+) IS_iR(0+) — iL(0+)
av = = 1.64
at| .~ cC C (1.64)
t=0
o ls— Ve (0)/R iy (0
dv| _ ls=Ve(0)/R-i(0) _ 10-5/40-2 _ 7875 _ rq49 (165)
dt|,_, C 1/640  1/640
Equating (1.63) with (1.65) and solving for k, we obtain
— 40+ k, = 5040
o k, = 5080 (1.66)
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and by substitution into (1.62), we obtain the total solution as

v(t)= e (5 +5080t) V (1.67)
Check with MATLAB:

syms t; yO=exp(-8*t)*(5+5080*t); y1=diff(y0) % Compute 1st derivative
% Must have Symbolic Math Toolbox installed

yl = -8*exp(-8*t)*(5+5080*t) +5080* exp(-8*t)

y2=diff(y0,2) % Compute 2nd derivative

y2 = 64*exp(-8*t)*(5+5080*t)-81280*exp(-8*t)

y=y2/640+y1/40+y0/10 % Verify differential equation, see (1.40), Pg 1-15
y =0

The plot is shown in Figure 1.19.

280

200} f--- NS NS A S
180}

100

Voltage (V)

] 0.2 0.4 0.6 0.8 1
Time (sec)

Figure 1.19. Plot for v(t) of Example 1.4

By inspection of (1.67), we see that at t = 0, v(t) = 5 V and thus the second initial condition is
satisfied. We can verify that the first initial condition is also satisfied by differentiation of (1.67).
We can also show that v(t) approaches zero as t approaches infinity with L’Hopital’s rule, i.e.,

d
9 5. 5080t)
limv(t) = lime®(5+5080t) = lim +20800) _ ;. dt

t— oo e8I t— oo a 8t t—>oo8e

at°

- 1im2%0 _ o (168

t— oo t— oo

Example 1.5
For the circuit of Figure 1.20, i, (0) = 2 A and v.(0) = 5 V. Compute and sketch v(t) for t>0.
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(D v](t) 'Rjg 50 O iLjé 10H ©

10uy(t) A \

< 1/640 F

AY |

Figure 1.20. Circuit for Example 1.5
Solution:

This is the same circuit as the that of the two previous examples except that the resistance has
been increased to 50 Q. For this example,

G 1 1

a0 = 2 = = = 6.4
2C 2RC 2x50x1/640
or ,
o2 = 40.96
and as before,
2 1 1

(Doz_ 64

LC 10x1/640

Also, ;> o2 . Therefore, the natural response is underdamped with natural frequency

Wpp = 05— 05 = /64-40.96 = /23.04 = 4.8

Since v¢ = 0, the total response is just the natural response. Then, from (1.48),

v(t)= v, (1) = ke *cos (oot + 0) = ke **cos(4.8t + ¢) (1.69)

and the constants kand ¢ will be evaluated from the initial conditions.

From the initial condition v(0) = v(0) = 5V and (1.69) we obtain

v(0) = ke’cos(0+¢) = 5

of kcosgp = 5 (1.70)

To evaluate the constants k and ¢ we differentiate (1.69), we evaluate it at t = 0, we write the

equation which describes the circuit at t = 0*, and we equate these two expressions. Using MAT-
LAB we obtain:

syms t k phi; yO=k*exp(—6.4*t)*cos(4.8*t+phi); y1=diff(y0)
% Must have Symbolic Math Toolbox installed

yl = -32/5*k*exp(-32/5*t) *cos(24/5*t +phi )
- 24/ 5*k*exp(-32/5*t) *si n( 24/ 5*t +phi )

pretty(y1)
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- 32/5 k exp(- 32/51t) cos(24/5 t + phi)
- 24/5 k exp(- 32/51t) sin(24/5t + phi)

Thus, q
d_\t/ _ _6,4ke76'4t003(4-8t +Q) - 4_8ke’6'4tsin(4.8t +0)
and d
av = —6.4kcos@ — 4.8ksing
dt =0

By substitution of (1.70), the above expression simplifies to

dv ;
— = -32-4.8k
&, sing
i cdv pdv_ic
Also, ic = Cdt or & =35 and
dv _ ic(0) _ ls-ir(0") —i (0")
at| .~ cC C
t=0
o ls—Ve(0)/R—i, (0
dv|  _ Is=Ve(O)/R-1(0) _ 10-5/50-2 _ 74, 649 - 5056
dt|,_, C 1/640

Equating (1.72) with (1.73) we obtain

- 32 -4.8ksing = 5056
or .
ksing = -1060
The phase angle @ can be found by dividing (1.74) by (1.70). Then,

ksing _ tang = —1060 _ -212
kcoso 5

or
@ = tan '(-212) = -1.566 rads = —89.73 deg
The value of the constant k is found from (1.70) as
kcos(-1.566) = 5

or
5

~ Cos(~1.566)
and by substitution into (1.69), the total solution is

= 1042

v(t)= 1042e°*cos (4.8t — 89.73°)

The plot is shown in Figure 1.21.

(1.72)

(1.72)

(1.73)

(1.74)

(1.75)
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300
280
200
180

100
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Figure 1.21. Plot for v(t) of Example 1.5

From the plot of Figure 1.21 we observe that the maximum value occurs somewhere between
t = 0.10 sec and t = 0.20 sec, while the minimum value occurs somewhere between t = 0.73 sec
and t = 0.83 sec. Values for the maximum and minimum accurate to 3 decimal places are deter-

mined with the MATLAB script below.
fprintf(' \n");

disp('-------mmmmmmmme- )

t=0.10:0.01:0.20; Vc=zeros(11,2); Vc(:,1)=t
Vc(:,2)=1042 . *exp(—6.4.*t).*cos(4.8.*t—87.5*pi./180);
fprintf('%0.2\t %8.3f\n",Vc’)

t Ve
0.10 274.736
0.11 278.822
0.12 280. 743
0.13 280.748
0.14 279.066
0.15 275.911
0.16 271.478
0.17 265.948
0.18 259. 486
0.19 252.242
0.20 244.354
fprintf(’ \n');
disp(' t veh;
disp(’----------=------ )
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t=0.73:0.01:0.83; Vc=zeros(11,2); Vc(:;,1)=t"
Vc(:,2)=1042.*exp(—6.4.*t).*cos(4.8.*t—87.5*pi./180);
fprintf('%0.2f\t %8.3f\n’,Vc")

t Vc
0.73 - 3. 850
0.74 -4. 010
0.75 -4.127
0.76 -4, 205
0.77 -4, 248
0.78 -4, 261
0.79 -4, 246
0. 80 -4, 208
0.81 -4.149
0. 82 -4.073
0. 83 -3.981

The maximum and minimum values and the times at which they occur are listed in the table
below.

t (sec) v (V)
Maximum 0.13 280.748
Minimum 0.78 —4.261

Alternately, we can find the maxima and minima by differentiating the response of (1.75) and set-
ting it equal to zero.

1.3.2 Response of Parallel RLC Circuits with AC Excitation

The total response of a parallel RLC circuit that is excited by a sinusoidal source also consists of
the natural and forced response components. The natural response will be overdamped, critically
damped or underdamped. The forced component will be a sinusoid of the same frequency as that
of the excitation, and since it represents the AC steady-state condition, we can use phasor analy-
sis to find the forced response. We will derive the total response of a parallel RLC circuit which is
excited by an AC source with the following example.

Example 1.6
For the circuit of Figure 1.22, i, (0) = 2 A and v¢(0) = 5 V. Compute and sketch v(t) for t>0.
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S L
Q) v‘(t) $50 @ LélOH

is = 20sin (6400t + 90°)u,(t) A

~1/640 F

AY |

Figure 1.22. Circuit for Example 1.6
Solution:

This is the same circuit as the previous example where the DC source has been replaced by an AC
source. The total response will consist of the natural response v,(t) which we already know from

the previous example, and the forced response v¢(t) which is the AC steady—state response, will be
found by phasor analysis.

The t—domain to jo —domainj transformation yields

i.(t) = 20sin(6400t + 90°) = 20c0s6400t < | = 20.0°

The admittance Y is

Y = G+j(wC—i) - JGZ+(mC—wiL)zétan_l(mC—ﬁ)/G

where 1 1
1_1 oc=6400x-—2=10 and —=—2> - _1
R~ 50 640 oL ~ 6400 x 10 _ 64000

G =

and thus

1)? 1 )? -1 1 1 o
Y= /=) +10-——| ZLtan 10- —— /=] = 10£89.72
50 64000 64000/ 50
Now, we find the phasor voltage V as

v Lo _20£0° 5 ) g9790

Y  10£89.72°
and jo —domain to t—domain transformation yields

V = 2/-89.72° & vi(t) = 2c0s(6400t — 89.72°)

The total solution is

V(t) = v, (1) + vy(t) = ke **'cos (4.8t + @) + 2c0s (6400t — 89.72°) (1.76)
Now, we need to evaluate the constants k and ¢.

With the initial condition v(0) = 5V (1.76) becomes
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v(0) = v¢(0) = ke’cos@ + 2c0s(-89.72°) = 5

o kcos =5 (1.77)

To make use of the second initial condition, we differentiate (1.76) using MATLAB as follows,
and then we evaluate itatt = 0.

syms t k phi; yO=k*exp(-6.4*t)*cos(4.8*t+phi)+2*cos(6400*t-1.5688); % Must have Sym Math

y1=diff(y0); % Differentiate v(t) of (1.76)
yl = -32/5*k*exp(-32/5*t)*cos(24/5*t +phi)-24/5*k*exp(-32/
5*t) *si n(24/5*t +phi ) - 12800*si n( 6400*t - 1961/ 1250)
> ‘(jj—‘t’ = —6.4ke *"'cos (4.8t + ) — 4.8ke **'sin (4.8t + @) — 12800sin (6400t — 1.5688)
nd dv = —6.4kcosq — 4.8ksing — 12800sin(-1.5688)
at| _, (1.78)

—6.4kcos — 4.8ksing + 12800
With (1.77) we obtain

c:j_\t/ = — 32— 4.8ksing + 12800 ~ — 4.8Kksin + 12832 (1.79)
t=0
Also, ic = C(zi_\tl or ((jj_\{ = IEC and
dv|  _ ie(0) _ is(0)-in(0) ~ii(0)
dt| ., C c
t=0
or . .
dv| _ is(0)-Ve(0)/R=-i(0) _ 20-5/50-2 _ 11 e6 (1.80)
at| C 1/640

Equating (1.79) with (1.80) and solving for k we obtain

—4.8ksing + 12832 = 11456

or

Then with (1.77) and (1.81),

ksingp = 287

Ksing _ tang = 287 _ 574
kcos (p 5 '

or
¢ = 153 rad = 89°

The value of the constant k is found from (1.77), that is,
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k = 5/(c0s89°) = 279.4

By substitution into (1.76), we obtain the total solution as

v(t) = 279.4e**'cos (4.8t + 89°) + 2cos (6400t — 89.72°) (1.81)

With MATLAB we obtain the plot shown in Figure 1.23. The plot was created with the MAT-
LAB script below.

t=0: 0.01: 1; vt=279.4.*exp(-6.4.*t).*cos(4.8.*t+89*pi./180)+2.*cos(6400.*t-89.72.*pi./180);
plot(t,vt); grid

20 I T I I

Figure 1.23. Plot for v(t) of Example 1.6

The same results are obtained with the Simulink/SimPowerSystems model shown in Figure 1.24.

Simulation stop time=1 sec
Continuous

IL(0)=2A L

VCI0)=5V

WM =Voltage Measurement

powergui *l FR=500hms
10V L=1 I:llH R e [
Fregquency = 6400/(2%pi) C=1/640F 1 VM
Phase = 90 deg 1 ;i -
L =+

Figure 1.24. Simulink/SimPowerSystems model for the circuit in Figure 1.23

The waveform displayed by the Scope block is shown in Figures 1.25, and we observe that it is
consistent with the waveform shown in Figure 1.23.
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Figure 1.25. Waveform displayed by the Scope block in Figure 1.24

1.4 Other Second Order Circuits

Second order circuits are not restricted to RLC circuits. They include amplifiers and filter among
others, and since it is beyond the scope of this text to analyze such circuits in detail, we will illus-

trate the transient analysis of a second order active low—pass filter.

Example 1.7

The circuit of Figure 1.26 a known as a Multiple Feed Back (MFB) active low—pass filter. For this
circuit, the initial conditions are v¢; = Vg, = 0. Compute and sketch v, (t) for t>0.

vin(H)= (6.25 cos 62800u(t) V
Figure 1.26. Circuit for Example 1.7

Solution:
Atnode V;:
Vi —Vig +C1§Y_1+V1—Vout+V1—Vz -0 t>0
R, dt R, Rs
Atnode V,:
V-V dVoy

R, - “at

(1.82)

(1.83)
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We observe that v, = 0 (virtual ground).

Collecting like terms and rearranging (1.83) and (1.84) we obtain

1,1, 1), 00 1, 1,
( Rl + R2 + R3 1t C1 dt szout - Rlvm
and dv
Vl = —Rgczd_ct)m
Differentiation of (1.86) yields ,
d_V1 - _R.C dvout
dt g

and by substitution of given numerical values into (1.85) through (1.87), we obtain

( 1 1 , 1 )v1+25><1

0-9d_V1_ 1 _ 1
2x10° 4x10* 5x10*

or
3 _ d 3
(0.05x 107°)v, + 25 x 10° =2 — (0.25 x 10*)v,,, = (0.5x 107°)v;,

dv
_ 1 -4 YVout
5x10 it
Wy _ g yq0 EVou
dt dt?

Next, substitution of (1.89) and (1.90) into (1.88) yields

0.05 x 10°(~5x 10° d\é‘t’“‘) +25x10°(-5x107) S 0 Vo

~(0.25%x 10"V, = (05 x 10‘5)vm

or

dv,
~125 x 10‘130'0""’ut 0.25x 107 —2u! m U (0.25% 10 v, = 107"y,
t?

and division by —125 x 10 yields

d V°UI+2><10 Vot | 2310y, = (-16x 109,
e at

or

1AV,
d” @ YVout 4 2% 10° =2 42 x 10°V,, = ~10°c056280t
e at

V = —V
dt  ax10* " 2x10° "

(1.84)

(1.85)

(1.86)

(1.87)

(1.88)

(1.89)

(1.90)

(1.91)
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We use MATLAB to find the roots of the characteristic equation of (1.92).
syms s; yO=solve('s"2+2*10"3*s+2*10"6") % Must have Symbolic Math Toolbox installed

y0 =
[ - 1000+1000%i ]
[ - 1000- 1000*i ]

that is, . . .
$,,8, = —0 B = —1000+j1000 = 1000(— 1 +j1)

We cannot classify the given circuit as series or parallel and therefore, we should not use the
damping ratio o5 or o, . Instead, for the natural response v,(t) we will use the general expression

V()= Ae" +Be” = e *'(k,cospt + k,sinpt) (1.92)

where ) )
$,5, = —axjp = — 1000 *j1000

Therefore, the natural response is oscillatory and has the form

v, (t) = e (k,cos1000t + k,sin1000t) (1.93)
Since the right side of (1.92) is a sinusoid, the forced response has the form
Vg (1) = kyc056280t + k,sin6280t (1.94)

Of course, for the derivation of the forced response we could use phasor analysis but we must first
derive an expression for the impedance or admittance, since the expressions we used earlier were
for series and parallel circuits only.

The coefficients k; and k, will be found by substitution of (1.95) into (1.92) and then by equat-
ing like terms. Using MATLAB we obtain:

syms t k3 k4; y0=k3*cos(6280*t)+k4*sin(6280*t); y1=diff(y0)

yl =
-6280*k3*si n(6280*t) +6280*k4*cos(6280*t)

y2=diff(y0,2)

y2 =

- 39438400* k3* cos( 6280* t ) - 39438400* k4* si n( 6280*t )
y=y2+2+10/3*y1+2*1076*y0

y =
-37438400*k3*c0s(6280*t)-37438400*k4*sin(6280%t) -
12560000* k3* si n(6280*t ) +12560000* k4* cos( 6280* 1)

Equating like terms with (1.92) we obtain
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(— 37438400 - k, + 12560000 - k,)cos6280t = —10°cos6280t

_ (1.95)
(— 12560000 - k, — 37438400 - k,)sin6280t = 0
Simultaneous solution of the equations of (1.96) is done with MATLAB.
syms k3 k4
eq1=-37438400*k3+12560000*k4+10"6;
e(q2=—12560000*k3-37438400*k4+0;
y=solve(eql,eq2)
y =
k3: [1x1 sym
k4: [1x1 syn]
y.k3
ans =
0. 0240
y.k4
ans =
-0. 0081
that is, k; = 0.024 and k, = —0.008. Then, by substitution into (1.95)
v; (1) = 0.024c0s6280t-0.008in 6280t (1.96)
The total response is
V() = Vo(t) + Vg (1) = e (k,c0s1000t + k,sin 1000t) (1.97)

+ 0.024 c0s6280t—0.008 sin 6280t

We will use the initial conditions v¢; = Ve, = 0 to evaluate k; and k,. We observe that

Ve, = Ve and at t = 0 relation (1.98) becomes
Vout(0) = eo(k10050+0)+0.024cosO—0 =0

or k; = —0.024 and thus (1.98) simplifies to

Vou(t) = e7%%(~0.024c0s1000t + k,sin1000t) (1.98)
+0.024 c0s6280t—0.0085in 6280t

To evaluate the constant k,, we make use of the initial condition v¢,(0) = 0. We observe that

Ve = v; and by KCL at node v; we have:

=0

Vl _VZ dVout
C
R, HRCPT
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or
v, -0 _10—8 dVout
5 x 10°* dt
or dv
— 1 -4 YVout
v, =-5x10 it

and since v¢;(0) = v,(0) = 0, it follows that

dVoy

o =0 (1.99)

t=0
The last step in finding the constant k, is to differentiate (1.99), evaluate it at t = 0, and equate
it with (1.100). This is done with MATLAB as follows:
yO=exp(~1000%t)*(~0.024*cos(1000*t)+k2*sin(1000*t))...

+0.024*cos(6280*t)—-0.008*sin(6280*t);

y1=diff(y0)

y1 =

-1000*exp(-1000*t)*(-3/125*cos(1000*t) +k2*si n(1000*t) ) +exp( -
1000*t)*(24*sin(1000*t)+1000*k2*cos(1000*t))-3768/

25*si n(6280*t) - 1256/ 25*cos(6280*t)

or

d—‘éiut = - 1000e‘1°°°t( 12?; 051000t + k,sin 1000t) e " (245in1000t + 1000k, cos1000t)
3768 1256
5 S in(6280t) — o5 c0s 6280t
and
AV, ( 39 1256
——out — 1000 1000k, — 1.100
dt | _, 25 (1190

Simplifying and equating (1.100) with (1.101) we obtain

1000k, —26.24 = 0

or
k, = 0.026

and by substitution into (1.99),

Vour(t) = e7%(=0.024c0s1000t + 0.0265in 1000t) + 0.024 c0s6280t-0.008sin6280t  (1.101)

The plot is shown in Figure 1.27.
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Response vt for Example 1.7

e

0.03
0.02F ———+-—f-

x 10°

Figure 1.27. Plot of V(1) for Example 1.7
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1.5 Summary

Circuits that contain energy storing devices can be described by integrodifferential equations
and upon differentiation can be simplified to differential equations with constant coefficients.

A second order circuit contains two energy storing devices. Thus, an RLC circuit is a second
order circuit.

The total response is the summation of the natural and forced responses.

If the differential equation describing a series RLC circuit that is excited by a constant (DC)
voltage source is written in terms of the current, the forced response is zero and thus the total
response is just the natural response.

If the differential equation describing a parallel RLC circuit that is excited by a constant (DC)
current source is written in terms of the voltage, the forced response is zero and thus the total
response is just the natural response.

If a circuit is excited by a sinusoidal (AC) source, the forced response is never zero.

The natural response of a second order circuit may be overdamped, critically damped, or
underdamped depending on the values of the circuit constants.

For a series RLC circuit, the roots s; and s, are found from
/.2 2 - 2 2
Sl,SZZ—asi OcS—OJ0=—O(SiBS |f O(,S>(DO
[ 2 2 - 2 2
81,82 = _asi (DO_(XS = —asi(l)ns lf (Do>as

R 1 2 2 [ 2 2
(Xs:Z Wy = — Bs = Jog"— g Whg = 0o —0Osg

or

where

If o>}, the roots s, and s, are real, negative, and unequal. This results in the overdamped
natural response and has the form

. syt s,t
(D) = ke~ +kqe

If a2 = o}, the roots s, and s, are real, negative, and equal. This results in the critically
damped natural response and has the form

i (1) = e (kg + Kyt

If o> 0%, the roots s, and s, are complex conjugates. This is known as the underdamped or
oscillatory natural response and has the form

1-
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. —Ogt . -0t
in(t) =e ’s (kycos, t+Kysinmp t) = Kge aS(cosa)nsth)

e For a parallel RLC circuit, the roots s; and s, are found from

{2 2 - 2 2
[ .2 2 . 2 2
Sl’ Sz = —Otpi (l)o—ap = _apiwnp If (,00>ap

G 1
Op = 7c W, = —— Bp = /ocpz—(ng Opp = /mg—ocpz

If ocf;, > w5, the roots s; and s, are real, negative, and unequal. This results in the overdamped

or

where

natural response and has the form
Sl'[ 52'[
V(D) = ke~ +kye
If oc}z;, = w5, the roots s; and s, are real, negative, and equal. This results in the critically

damped natural response and has the form
—ocPt

If o> 0c|2;,, the roots s; and s, are complex conjugates. This results in the underdamped or

oscillatory natural response and has the form
—opt R —opt
V() = e " (kicosw,pt+K;sinw,pt) = kze  (Cosow,pt + @)
e Ifa second order circuit is neither series nor parallel, the natural response if found from

yn = kleS:Lt + kzeSZt

or
5t

yn = (ky+kpt)e

or t t
y,= € " (kycosPt + k,sinBt)= e “'kscos(Bt + ¢)

depending on the roots of the characteristic equation being real and unequal, real and equal, or
complex conjugates respectively.
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1.6 Exercises

1. For the circuit below it is known that v¢(0 ) = 0 and i, (0 ) = 0. Compute and sketch vc(t)

and i, (t) for t>0.

10Q 02H

() — '+
©) 8 mF 75 Ve(D)
100u,(t) V T

2. For the circuit below it is known that v¢(0 ) = 0 and i, (0 ) = 0. Compute and sketch v¢(t)

and i (t) for t>0.

4Q 5 H

it '+
@  Ve(t)

100u,(t) V 21.83 mF

3. In the circuit below the switch S has been closed for a very long time and opens at t = 0.

Compute v¢(t) for t>0.

100 Q@ 20 H
AN —— 5T ——e
!
+
(if) ST t=0 v
100 V| 400 O 1/120 F|~

4. In the circuit below, the switch S has been closed for a very long time and opens at t = 0.

Compute v¢(t) for t>0.
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100Q 20H

|

® s{ =0 = ve()

400 O 1/120 F

5. In the circuit below the switch S has been in position A for closed for a very long time and it is
placed in position B at t = 0. Find the value of R that will cause the circuit to become criti-
cally damped and then compute v¢(t) and i (t) for t>0

i (t
r Ve(t) HH
12 V 2Q 1/12 l:l\ 3H

6. In the circuit below the switch S has been closed for a very long time and opens at t = 0. Com-
pute Vag(t) for t>0.

t=20
20 4 Q
® A :
12V 2H 1/4 F

7. Create a Simulink/SimPowerSystems model for the circuit below.

| . .
O vlt) fga00 “gi0H L 640 F
10uy(t) A

This is the same circuit as in Example 1.4, Page 1-21 where we found that R = 40 Q. The ini-
tial conditions are the same as in Example 1.4, that is, i, (0) = 2 A and v¢(0) = 5V,
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1.7 Solutions to End-of-Chapter Exercises
Dear Reader:
The remaining pages on this chapter contain solutions to the End—of-Chapter exercises.

You must, for your benefit, make an honest effort to solve the problems without first looking at
the solutions that follow. It is recommended that first you go through and answer those you feel
that you know. For the exercises that you are uncertain, review the pertinent section(s) in this
chapter and try again. If your answers to the exercises do not agree with those provided, look over
your procedures for inconsistencies and computational errors. Refer to the solutions as a last
resort and rework those problems at a later date.

You should follow this practice with the problems in all chapters of this book.
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From the characteristic equation

1.
10Q 02H
— i (1) N
+
@@F 20
100u(t) V
di
Ri+L=—+v: = 100 t>0
dt
. . dve
and since i = i¢ = CW’ the above becomes
2
re®e, c9Ve,\ 100
dt d'[2
d’ve Rdve 1 100
g2 Ldt "Lc’°TLc
2
d
dve, 20dve, 1, ___ 100
d? 02 dt  02x8x10 0.2x8x107
2
d
0Ve , 509V 695 v, = 62500
dt2 dt

s°+50s+625 = 0

we obtain s; = s, = —25 (critical damping) and ag = R/2L = 25

The total solution is

ve(1)

Vet Ve = 100+ % (K, + k,t) = 100 + & 2k, + k,t) (1)

With the first initial condition vc(0 ) = 0 the above expression becomes

0 = 100 + e°(k, + 0)

and by substitution into (1) we obtain

k, = —100

Ve(t) = 100 + e ' (k,t—100) (2)
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To evaluate k, we make use of the second initial condition i, (0 ) = 0 and since i, = ic, and

i=ic=C % , we differentiate (2) using the following MATLAB script:

syms t k2 % Must have Symbolic Math Toolbox installed
v0=100+exp(-25*t)*(k2*t-100); v1=diff(v0)

vl =
- 25*exp(- 25*t) * (k2*t - 100) +exp( - 25*t ) *k2
Thus, d
—d‘ftS = ke '~ 256 (k,t — 100)

and "

—< = k, + 2500

at . 2t 3)
Also, dve _ e _ I andatt =0

dt C C

dve iL(0)

aVe -’ _9

dt|_,~ ¢ @

From (3) and (4) k, + 2500 = 0 or k, = —2500 and by substitution into (2)

Ve(t) = 100—e2'(2500t + 100) (5)
We find i, (t) = ic(t) by differentiating (5) and multiplication by C.
Using MATLAB we obtain:

symst % Must have Symbolic Math Toolbox installed
C=8*10"(-3); i0=C*(100—-exp(-25*t)*(100+2500*t)); iL=diff(i0)

iL =
1/ 5*exp( - 25*t) *(100+2500*t ) - 20* exp( - 25*t)
Thus,

i (t) = ic(t) = 0.2e7°°'(100 + 2500t) — 20"

The plots for v(t) and i (t) are shown below.
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100 :
DY LELEEEEEDE ST GRCREEEEEEES
—~ ve(t) =t 100—e (2500t + 100)
S o] L R oo
9} . . .
& : : :
] B AR R A
> . : !
iu]| T SR e R Feenonnmoees
0 : : :
0 0.1 0.2 0.3 0.4
Time (sec)
8 . : .
i (t) = 0.2¢7%(100 + 2500t) — 20e™*
] T S T T RTECIT PEFRIRRPRRE
< i
2 At boono oo
e :
3 :
O ol ] A
. : . !
0 0.1 0.2 0.3 0.4
Time (sec)
2.
40 SH

it '+
ve(t)

<+
21.83 mFT_

100u,(t) V

The general form of the differential equation that describes this circuit is same as in Exercise 1,
that is,

d’ve Rdve 1 100
g2 TLat 'ice=ic P
2
d
dVe, 08%c 916, = 916
dt2 dt

From the characteristic equation s° + 0.8s + 9.16 = 0 and the MATLAB script below
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s=[1 0.8 9.16]; roots(s)
we obtain

ans =
-0. 4000 + 3.0000i
-0. 4000 - 3.0000i

thatis, s; = —0.4+j3 and s, = — 0.4 —j3. Therefore, the total solution is

Ve(t) = Ver+ Ve, = 100 + ke_aStCOS((DnSt+(p)

where
os = R/2L = 0.4
and
W, = Joi-0o? = J1/LC-R%/4L? = /9.16-0.16 = 3
Thus,

Ve(t) = 100 + ke **cos(3t+ @) (1)

and with the initial condition v¢(0 ) = 0 we obtain

0 = 100+ kcos(0 + @)

of kcosp = -100 (2)

To evaluate k and ¢ we differentiate (1) using MATLAB and evaluateitatt = 0.

symst k phi; vO=100+k*exp(-0.4*t)*cos(3*t+phi); v1=diff(v0)

% Must have Symbolic Math Toolbox installed

vl =

-2/ 5*k*exp(-2/5*t)*cos(3*t +phi ) - 3*k*exp(-2/5*t) *si n(3*t +phi )

or
% = -0.4ke*"cos (3t + ¢) — 3ke “'sin(3t + )
dVC 1
Ve = —0.4kcos@ — 3ksing
dt | _,
and with (2)
dve :
—C| = 40-3ksing (3)
dt |, _,
Also’-——: ——andatt=0

dt C ¢C
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dve| _i(0)
dt|_, C

=0 (&)

From (3) and (4)
and from (2) and (5)

3ksing = 40 (5)

3ksing _ _40
kcosp  -100
3tang = -0.4

¢ = tan-1(-0.4/3) = -0.1326 rad = -7.6°
The value of k can be found from either (2) or (5). From (2)

kcos(~0.1236) = —100

- — =100 _ 1008
c0s(-0.1236)

and by substitution into (1)
Ve(t) = 100-100.8e **'cos(3t—7.6°) (6)
Since i (t) = ic(t) = C(dv./dt), we use MATLAB to differentiate (6).

syms t; vC=100-100.8*exp(-0.4*t)*cos(3*t-0.1326); C=0.02183; iL=C*diff(vC)
% Must have Symbolic Math Toolbox installed

iL =

137529/ 156250* exp( - 2/ 5*t ) *cos( 3*t - 663/ 5000) +412587/ 62500* exp( -
2/ 5%t) *si n( 3*t - 663/ 5000)

137529/156250, 412587/62500

ans =

0. 8802
ans =

6. 6014

i, (t) = 0.88e "' cos(3t—7.6°) + 6.6 *“'sin(3t - 7.6°)

The plots for v(t) and i, (t) are shown below.
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200

lve(t) = 100-100.8e **"cos (3t 7.6°)

Voltage (V)
= &

g

]
Time (sec)
5 r T T 7 T
i (t) = 0.88e " ¥'cos(3ti- 7.6°) +

! 16,68 “"sin(3t— 7.69)

Current (A)

Time (sec)
3

Att = 0 the circuit is as shown below.

100 Q 20 H
AN —— ST —e

iL(0)
®
100 V 400 O 1/120

+ -
< ve(0)

RIRY!

At this time the inductor behaves as a short and the capacitor as an open. Then,
i, (07) = 100/(100 +400) = I, = 0.2 A

and this establishes the first initial condition as I, = 0.2 A. Also,

Ve(0 ) = Vygoo = 400xi, (0 ) = 400x0.2 = V, = 80 V
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and this establishes the second initial condition as V, = 80 V.

For t >0 the circuit is as shown below.

100 Q 20 H
MN— T8

!
(if % = V()

—+

100 vV 1/120 F

The general form of the differential equation that describes this circuit is same as in Exercise 1,
that is,

d’ve RAve 1 100
g2 TLat Tice=ic P

From the characteristic equation s*+5s5+6 = 0 we find that s, = -2 and s, = -3 and the

total response for the capacitor voltage is
Vo) = Vet Ve, = 100+ ke +k,e? = 100 + ke 2+ ke ™ (1)
Using the initial condition V, = 80 V we obtain
Ve(07) = V=80V =100 + k,e° + ke’
or

k,+k, = =20 (2)

Differentiation of (1) and evaluation at t = 0 yields

dvc

— =-2k,-3k, (3

i =23 0

Also d—VC:i—Czi—Lalrldatt:O
dt C C
- 0_

(_j_v_(_: — IL( ) — 02 — 24 (4)
dt|_,” ~C ~ 1/120

Equating (3) and (4) we obtain
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-2k, -3k, = 24 (5)
and simultaneous solution of (2) and (5) yields k; = —36 and k, = 16
By substitution into (1) we find the total solution

Ve(t) = Ve + Ve, = 100-36e7' + 16

4.
100Q 20H
W
\/ —
s+ t=20 +
® s = Ve(D)
1/120 F
400 Q

Vg = (100cost')u0(t) \Y%
This is the same circuit as in Exercise 3 where the DC voltage source has been replaced by an
AC source that is being applied at t = 0". No initial conditions were given so we will assume
that i, (0 ) = 0 and v¢(0 ) = 0. Also, the circuit constants are the same and thus the natu-

ral response has the form v, = ke + ke .

We will find the forced (steady-state) response using phasor circuit analysis where o = 1,
joL = j20, —j/wC = —j120, and 100cost <> 100.£0°. The phasor circuit is shown below.

100 Q@ j20 Q
— AMA— T —
Vs

(J_r) 120 @ &

Vg = 100.£0° V

7
<
(@]

Using the voltage division expression we obtain

- 1120 o _ _=i120 o0 oo _ 120£-90°x 100£0° _ e
Ve = 1007203120 0 T 1004100070 T T 100 piaze 60./2./-135

and in the t—domain v¢; = 60./2cos(t —135°). Therefore, the total response is

VC(t) = 60/\/2003(':— 1350) + kle_2t+ kze—3t (1)
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Using the initial condition vc(0 ) = 0 and (1) we obtain
ve(0 ) = 0 = 60./2c0s(~135°) + k; + k,

and since cos(-135°) = —./2/2, the above expression reduces to

k,+k, = 60 (2
Differentiating (1) we obtain L @)

%’f = 60./2sin(t + 45°) + —2k,e *-3k,e '
and q
Lel = 60./25in(45%)-2k,~3k,
dt | _,
or d
Del  _ 60-2k,~3k, (3)
dt | _o
dve _lc _ L -
Also, o e andatt =0
dve iL(0)
—_— = = O
dt |, _, C @
Equating (3) and (4) we obtain 2k, +3k, = 60 (5)

120 and k, = —60. Then, by substitution into

Simultaneous solution of (2) and (5) yields k;
(1) we obtain

Ve(t) = 60./2cos(t—135°) + 120e *'-60e™"

We must first find the value of R before we can establish initial conditions for i, (0 ) = 0 and

ve(0 ) = 0.
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The condition for critical damping is ,jo5—-ws = 0 where op = G/2C = 1/2R'C and

2 2 ;)2 2 1 -
wp = 1/LC. Then, op = (ZR'xl/12 =Wy = "NTWIT. where R' = R+2 Q. Therefore,

12 )2_ ( 6 )2_ 2 _ B B
(2(R+2) =4,0r () =4,0r (R+2) =36/4=9,orR+2 =3 andthusR = 1.

Att = 0 the circuit is as shown below.

3Q 1Q 6 Q
MN—MWWN—— A\WN\—
P T Vg ‘
+ o= -
® +_vc<0 ) i)
12V !
From the circuit above
— 6
Ve(0 ) = vgq = 3+—1+6X12 =72V
and v -
(0 )= =2 =CL£-12A
(o) =T L

Att = 0" the circuit is as shown below.

1Q 6 Q

i (t)]

ir(t) § 20

Since the circuit is critically damped, the solution has the form

V() = & (k, + kyt)

where op = ( = 2 and thus

D)
2(1+2)x1/1

ve(t) = e”'(ky+kot) (1)

With the initial condition vc(0 ) = 7.2V relation (1) becomes 7.2 = e’(k,+0) or
k, = 7.2 V and (1) simplifies to

Ve(t) = e2'(72+kt) (2)
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Differentiating (2) we obtain

Ve _ e 2672 + Kyt)
dt
and d
el _k,—2(72+0) = k,—144 (3)
dt |,

AlSO,dd—Vtc = IEC andatt =0
dve

dt

t=0
because at t = 0 the capacitor is an open circuit.

Equating (3) and (4) we obtain k, - 14.4 = 0 or k, = 14.4 and by substitution into (2)
Ve(t) = (7.2 +14.4t) = 7.2¢ (2t +1)

We find i, (t) from ig(t) +ic(t) +i (t) = 0 or i (t) = —ic(t)—ig(t) where ic(t) = C(dv./dt)
and ig(t) = Va(t)/(1+2) = ve(t)/3. Then,

i (t) = - 1—12(—14.4e‘2‘(2t +1)+ 1447 - %e‘Zt(Zt +1) = 2467 (t+1)

At t = 0 the circuit is as shown below where i, (0 ) = 12/2 = 6 A, vo(0 ) = 12 V, and
thus the initial conditions have been established.

2.0 4Q
+

© oA L
12V |8 2H ve(0 )

iL(O_) 1/4 F|™—

For t> 0 the circuit is as shown below.
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For this circuit di
. |
(Ry+R,)i +Ve+L=—= =0

and with i, = ic = C(dv./dt) the above relation can be written as

2

dve d ve

d’ve (Ri+Rpdve 1
2 L dtticre=?

2
d
AVe, 3%V, oy, = 0
dt2 dt
The characteristic equation of the last expression above yields s; = -1 and s, = -2 and thus

Ve(t) = ke + ket (1)

With the initial condition vc(0 ) = 12 V and (1) we obtain

Differentiating (1) we obtain

dv _ _
d_tc = _kle t_zkze 2t
and dv
Del  _ g2k
| =tk 0)
Also,% = IEC = IEL andatt =0
dVC ||_(0) 6
—_— = = — = 24
dt|_, C ~1/a @

_K,—2k, = 24 (5)
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and from (2) and (5) k; = 48 and k, = —36. By substitution into (1) we obtain

Ve(t) = 48e7'-36e™
Thus, _ ).

di
Vag = Vi(D) = Ve(t) = L= ve() = Lcﬁ—vc(t)

2
= 0.5( 3—2(48e‘t—36 e‘z‘)) —48e'-36e"
t

= 0.5(48e'-144e") — 48e'-36e ™
= —24e7'-108e %' = —24(e™ + 4.5e%)

The plot for v,g is shown below.

Voltage (V)

-100
-120

-140
0

Simulation stop time=1 sec

Continuous l
poweargui _:l R=400hms
10V L:1D.H _n__-.r—h:l
Frequency =0 C=1/640F
Phase =90 deg 1 v v Scope
IL(D)=2A i —  WM=Voltage Measurement
L VCO=sv L
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Chapter 2

Resonance

his chapter defines series and parallel resonance. The quality factor Q is then defined in
terms of the series and parallel resonant frequencies. The half-power frequencies and
bandwidth are also defined in terms of the resonant frequency.

2.1 Series Resonance

Consider phasor series RLC circuit of Figure 2.1.

)
Vs R JoL

1/joC

Figure 2.1. Series RLC phasor circuit

The impedance Z is

Phasor Voltage _ Vs - 1 : 1
Impedance = z = PhasorVoltage _ ¥s _ o .0y . 1 _RyjloL-L 2.1
mpedance Phasor Current I o +ij ﬂ(m u)C) 1)
or

Z = JR? + (oL - 1/0C)’Ltan oL - 1/0C)/R (2.2)

Therefore, the magnitude and phase angle of the impedance are:

1zl = JR?*+ (0oL -1/0C)? (2.3)
and .
0, = tan (oL-1/0C)/R (2.4)

The components of |Z| are shown on the plot in Figure 2.2.

The frequency at which the capacitive reactance X = 1/0C and the inductive reactance
X, = oL are equal is called the resonant frequency. The resonant frequency is denoted as o, or
f, and these can be expressed in terms of the inductance L and capacitance C by equating the

reactances, that is,

®,C
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Series Resonance Curves

Magnitude of Impedance

] 0.03 0.0g5 0.0g9 01z 015
Radian Frequency ()

Figure 2.2. The components of |Z| in a series RLC circuit

or

1
= ¢
1
0y = — (2.5)
°~ JLc
and
fy = — (2.6)

2n./LC

We observe that at resonance Z, = R where Z;, denotes the impedance value at resonance, and

8, = 0. In our subsequent discussion the subscript zero will be used to indicate that the circuit

variables are at resonance.

Example 2.1
For the circuit shown in Figure 2.3, compute 1y, wg, C, Vgg, |V o|, and |V¢g| . Then, draw a
phasor diagram showing Vg, [V |, and |V -

12Q jX, =jl0Q

Vs R L02mH

< C
120.£0° V D /‘\JXC

Figure 2.3. Circuit for Example 2.1
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Solution:
At resonance, . .
X = -1 X¢
and thus
Z,=R=12Q
Then, 120V
I, = 222¥ = 100 A

1.2 Q

Since

X o = ool = 10 Q
it follows that

0p = 32 = —2%— = 50000 rad/s
L 02x10
Therefore, 1
Xeg = X g = 10 = ——
Co LO (DOC
or
_ 1 _
C=—= =20uF
10 x 50000
Now,
Vgo = Rlp = 1.2x100 = 120 V
Vo = ®oLIly = 50000 0.2 x 107> x 100 = 1000
and

1 1

= = X 100 = 1000 V
©oC° " 50000 x2x10°°

The phasor diagram showing Vg, |V o|, and [V¢g| is shown in Figure 2.4.

L

MV ol = 1000 V

o

——> Vpo=120V

S

v |Vco| =1000V
Figure 2.4. Phasor diagram for Example 2.1
Figure 2.4 reveals that |V, o| = |V¢¢| = 1000 V and these voltages are much higher than the

applied voltage of 120 V. This illustrates the useful property of resonant circuits to develop high
voltages across capacitors and inductors.
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2.2 Quality Factor Qg in Series Resonance

. * . . . . . 3 . . . .
The quality factor ~ is an important parameter in resonant circuits. Its definition is derived from
the following relations:

At resonance,

1
L=
®o 0,C
and
v
7 R
Then
|V|—mLI:mL| s Li‘| | (2.7)
LO 0="'o 0 R R S
and
S S W\ B
|VCO| B wOCIO B 0,C R B wORC|VS| (2.8)
At series resonance the left sides of (2.7) and (2.8) are equal and therefore,
ol 1
R o,RC
Then, by definition
Q (DOL B 1
57 R T o4RC (2.9)
Quality Factor at Series Resonance

In a practical circuit, the resistance R in the definition of Q,g5 above, represents the resistance of
the inductor and thus the quality factor Q,g is a measure of the energy storage property of the induc-

tance L in relation to the energy dissipation property of the resistance R of that inductance.

In terms of Qg, the magnitude of the voltages across the inductor and capacitor are

Vil = [Veo| = Qos|Vs| (2.10)

and therefore, we say that there is a “resonant” rise in the voltage across the reactive devices and

it is equal to the Qyg times the applied voltage. Thus in Example 2.1,

Vil _ Vel _ 1000 _ 25
Vs T Vsl 120 T 3

* We denote the quality factor for series resonant circuits as Q,g, and the quality factor for parallel resonant cir-
cuits as Qgp -
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The quality factor Q is also a measure of frequency selectivity. Thus, we say that a circuit with a
high Q has a high selectivity, whereas a low Q circuit has low selectivity. The high frequency
selectivity is more desirable in parallel circuits as we will see in the next section.

We will see later that

_ % _ Resonant Frequency 211
Q M, — m; Bandwidth (2.11)

Figure 2.5 shows the relative response versus o for Q = 25,50, and 100 where we observe that
highest Q provides the best frequency selectivity, i.e., higher rejection of signal components out-
side the bandwidth BW = o, — w, which is the difference in the 3 dB frequencies. The curves
were created with the MATLAB script below.

w=450:1:550; x1=1./(1+25.72*(w./500-500./w)."2); plot(w,x1);...
x2=1./(1+50.72*(w./500-500./w)."2); plot(w,x2);...

x3=1./(1+100.A2*(W./500-500./w).~2): plot(w,x3):...

plot(w,x1,w,x2,w,x3); grid

We also observe from (2.9) that selectivity depends on R and this dependence is shown on the
plot of Figure 2.6.

1

NS S O
0.8 | | ' ' '
1 N S
0.6
05f------- R R R -

Relative Response

0.4
08l . L AN

0.2 : : A L] ;

450 A80 470 480 480 800 510 520 &30 540 580
Radian Frequency (w)

Figure 2.5. Selectivity curves with Q = 25,50, and 100

The curves in Figure 2.6 were created with the MATLAB script below.
w=0:10:6000; R1=0.5; R2=1; L=10"(-3); C=10"(-4); Y1=1./sgrt(R1.72+(w.*L-1./(w.*C)).*2);...
Y2=1./sqrt(R2.72+(w.*L-1./(w.*C))."2); plot(w,Y1,w,Y2)

0.4 fommmee R o s
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R=05Q

R=10Q

Relative Response

Radian Frequency (m)

Figure 2.6. Selectivity curves with different values of R

If we keep one reactive device, say L, constant while varying C, the relative response “shifts” as
shown in Figure 2.7, but the general shape does not change.

C=05x10"F

Relative Response

Radian Frequency (w)

Figure 2.7. Relative response with constant L and variable C
The curves in Figure 2.7 were created with the MATLAB script below.
w=0:10:6000; R=0.5; L=107(-3); C1=10"(-4); C2=0.5*10"(-4);...
Y1=1./sqrt(R.A2+(W.*L-1./(W.*C1)).A2):...
Y2=1./sgrt(R."2+(w.*L-1./(w.*C2)).*2); plot(w,Y1,w,Y2)

2.3 Parallel Resonance
Parallel resonance (antiresonance) applies to parallel circuits such as that shown in Figure 2.8.

The admittance Y for this circuit is given by

Admittance = Y = Phasor Current _ Ts _ G+joaC+_i = G+j(wc_i)
Phasor Voltage V joL oL
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ls‘ i j l|
@x}eg'e Lé L ocs

Figure 2.8. Parallel GLC circuit for defining parallel resonance

P

or

Y = JG2+ (0C-1/0L)2LtanH(eC - 1/0L)/G (2.12)

Therefore, the magnitude and phase angle of the admittance Y are:

Y| = JG2 4+ (0C -1/ (L)) 2.13)
and
0y = tanflg%2 (2.14)

The frequency at which the inductive susceptance B, = 1/oL and the capacitive susceptance
Bc = oC are equal is, again, called the resonant frequency and it is also denoted as ©,. We can

find w, in terms of L and C as before.

Since 1
o,L
then,
1
0, = —— (2.15)
° JLC

as before. The components of |Y| are shown on the plot of Figure 2.9.

Parallel Resonance Curves

12

Magnitude of Admittance

-12

] 0.0z n.0g 009 o1z 015
Radian Frequency ()
Figure 2.9. The components of |Y| in a parallel RLC circuit
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We observe that at this parallel resonant frequency,

Y, =G (2.16)

and 0y = 0 (2.17)

Example 2.2
For the circuit of Figure 2.10, ig(t) = 10c0s5000t mA . Compute ig(t), i, (t), and ic(t).

-
is (1) AD)v (Tt)Gglic;(t) L§‘ iL<t>C;;|ic(t>
L Jooro™ [lomH |4 uF

Figure 2.10. Circuit for Example 2.2
Solution:

The capacitive and inductive susceptances are

Be = oC = 5000x4x10° = 0.02 Q"

and

B = — L = 002 Q™

oL 5000 x 10 x 107

and sinceB| = B, the given circuit operates at parallel resonance with m, = 5000 rad/s.
Then,
Y, =G =001Q"
and . .
ig(t) = ig(t) = 10cos5000t mA

Next, to compute i (t) and ic (t), we must first find vy (t) . For this example,

ig (1) _ 10c0s5000t mA

T = 1000c0s5000t mV = cos5000t V
G 0.01 Q"

Vo(t) =

In phasor form,
Vo(t) = cos5000t V & V, = 1.£0°

Now, .
Io = (-iB)V, = (1£-90°)(0.02)(1.£0°) = 0.02£-90° A
and in the t—domain,

I o= 0.02£-90° A & i o(t) = 0.02c0s (5000t — 90°) A
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or
i, o(t) = 20sin5000t MA

S. ¢1 1 ,
tmuarty lco = iBcVo = (1£90°)(0.02)(1.£0°) = 0.02.£90° A

and in the t—domain,
log = 0.02.290° A & iy(t) = 0.02c08(5000t + 90°) A

r
© ico(t) = —208in5000t mA

We observe that i o(t) +ico(t) = 0 as expected.

2.4 Quality Factor Q,; in Parallel Resonance

At parallel resonance,

1
C=—
®o oL
and I
V. = L3l
°7 G
Then,
leo| = ©oCVo = woCls = 251 (2.18)
Co 0 0 0 G G S '
Also,
VIR U L R
ool = wOLVO ol G T mOGL|IS| (2.19)
At parallel resonance the left sides of (2.18) and (2.19) are equal and therefore,
0C _ _1
G w,GL
Now, by definition
o - oL _ 1
7 G T wGL (2.20)

Quality Factor at Parallel Resonance

The above expressions indicate that at parallel resonance, it is possible to develop high currents
through the capacitors and inductors. This was found to be true in Example 2.2.

2.5 General Definition of Q

The general (and best) definition of Q is

_ Maximum Energy Stored
Q= nEnergy Dissipated per Cycle (2.21)
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Essentially, the resonant frequency is the frequency at which the inductor gives up energy just as
fast as the capacitor requires it during one quarter cycle, and absorbs energy just as fast as it is
released by the capacitor during the next quarter cycle. This can be seen from Figure 2.11 where
at the instant of maximum current the energy is all stored in the inductance, and at the instant of
zero current all the energy is stored in the capacitor.

Energy (J)

Radian Frequency ()

Figure 2.11. Waveforms for W and W at resonance

2.6 Energy in L and C at Resonance

For a series RLC circuit we let

i= 1 t = e
i =l cosot = C—
Then, I
— P g
Ve = —zsinot
Also, L L
W, = =Li® = =LI *cos’ot (2.22)
2 2 P
and
|2
W = Lev? = 12 gint (2.23)
2 2m%C

Therefore, by (2.22) and (2.23), the total energy W at any instant is

W =W +W; = %Iﬁ[LcoszmHO—J—%EsinzmtJ (2.24)

and this expression is true for any series circuit, that is, the circuit need not be at resonance.
However, at resonance,

|-

oL =

@)

g
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or

By substitution into (2.24),

1
Zp

2 121
W, = IpL =5 pc—uEE (2.25)

NI

? L cos w0t+ Lsin wot] =

and (2.25) shows that the total energy Wy is dependent only on the circuit constants L, C and

resonant frequency, but it is independent of time.

Next, using the general definition of Q we obtain:

2
Maximum Energy Stored (1/2)|p|‘ fol
Energy Dissipated per Cycle (1/2)1,R/T,
or L
()
Qos = % (2.26)

and we observe that (2.26) is the same as (2.9). Similarly,

2 2
Maximum Energy Stored (1/2)1,(1/w5C) fy
Qos = 2m d Cvcle — 2m 2 = 2n—
Energy D|SS|pate per Cycle (1/2)IpR/f0 (DORC
or
® 1
wy RC  ®RC

and this is also the same as (2.9).
Following the same procedure for a simple GLC (or RLC) parallel circuit we can show that:

0,C 1

%W =5 oG (2:28)

and this is the same as (2.20).

2.7 Half-Power Frequencies - Bandwidth

Parallel resonance is by far more important and practical than series resonance and therefore, the
remaining discussion will be on parallel GLC (or RLC) circuits. The plot in Figure 2.12 shows
the magnitude of the voltage response versus radian frequency for a typical parallel RLC circuit.
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0.707Vp

1
— 1
= \ !
1) 1
N R
= | : |
- R
R 1
= | 1 |
o) 1
I~ I, |
— : | — Bandwidth
1 I
)
w; Wy O

Radian Frequency (m)
Figure 2.12. Relative voltage vs.radian frequency in a parallel RLC circuit
By definition, the half-power frequencies »; and o, in Figure 2.12 are the frequencies at which
the magnitude of the input admittance of a parallel resonant circuit, is greater than the magni-

tude at resonance by a factor of /2, or equivalently, the frequencies at which the magnitude of
the input impedance of a parallel resonant circuit, is less than the magnitude at resonance by a

factor of /2 as shown above. We observe also, that o, and o, are not exactly equidistant from
o, - However, it is convenient to assume that they are equidistant, and unless otherwise stated,

this assumption will be followed in the subsequent discussion.

We call 0; the lower half-power point, and o, the upper half-power point. The difference 0, — o,
is the half-power bandwidth BW , that is,

Bandwidth = BW = o, -, (2.29)

The names half—power frequencies and half-power bandwidth arise from the fact that the power

at these frequencies drop to 0.5 since (1/2/ 2)2 = 05.
The bandwidth BW can also be expressed in terms of the quality factor Q as follows:

Consider the admittance

Y = G+j(wC—i)

%o

) , we obtain
®g

Multiplying the j term by G(

0n,C an )

Y = G+jG( -
0,G 0oy LG
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Recalling that for parallel resonance

_0C 1
Qo = 75 T oLG

by substitution we obtain

Y = 0[1 +iQop( “ﬁ)} (2.30)

L _
W, ©
dif o = o,, th
and if © = wy, then V-G
Next, we want to find the bandwidth 0, -, in terms of the quality factor Qgp. At the half-
power points, the magnitude of the admittance is (ﬁ/2)|Yp‘ and, if we use the half-power

points as reference, then to obtain the admittance value of

||Ymax| = “/éG
we must set
0o(z-2) -
P\ oy o,/

foro = o,.

We must also set

foro = o,.

Recalling that |(1+j1)| = 42 and solving the above expressions for m; and ,, we obtain

0, = [ 1+(ﬁ)2+%op} (2.31)
" [ he(GA) - (2.32)
1 [ "\2Qq 2Q0J '

Subtraction of (2.32) from (2.31) yields

()

BW = 0,-0;, = — (2.33)
Qop
or :
QOP

As mentioned earlier, »; and v, are not equidistant from w,. In fact, the resonant frequency
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, is the geometric mean of w; and w,, that is,

Wy = /0,0, (2.35)

This can be shown by multiplication of the two expressions in (2.31) and (2.32) and substitution
into (2.33).

|
Example 2.3
For the network of Figure 2.13, find:

a. o
b. Qgp
c. BW
d o,
e. w,
Y— ¢ L C
0.001Q" [1mH 0.4uF
Figure 2.13. Network for Example 2.3
Solution:
a.
02 =L - - - = 25x10°
LC  1x107°x04x10°
r
© 0y = 50000 r/s  f,=8000 Hz
> 0oC _ 5x10*x0.4x10°°
Qop = G = 3 =20
10
c.
BW = 0 = 30090 _ 5500 — radss
Qop 20
d. BW
@, = 0o~ 2 = 50000 - 1250 = 48750 rad/s
* The geometric mean of n positive numbers a,, a,,..., a, is the nth root of the product.a, -a, - ... -a,
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BW
Wy = WO + —
2 0" 2

= 50000 + 1250 = 51250 rad/s

The SimPowerSystems model for the circuit in Figure 2.13 is shown in Figure 2.14.

Continuous B=1 K Ohm
- L=1 mH
powergui C=0.4 micra F

RLC Branch

z

M

M=Impedance Measurement

Figure 2.14. SimPowerSystems model for the circuit in Figure 2.13

To observe the impedance of the parallel RLC circuit in Figure 2.14 we double-click the power-
gui block to open the Simulation and configuration options window shown in Figure 2.15, we
click the Impedance vs Frequency option, and the magnitude an phase of the impedance as a
function of frequency are shown in Figure 2.16.

— Simulation and configurstion options

Configure parameters

— Analysiz tools

Steady-State Yoltages and Currents

Initial States Setting

Load Flow and Machine Initialization

Use LTI Viewer

Impedance vs Frequency Measurement

FFT Analysis

Generate Report

Hy=teresis Design Tool

Compute ELC Line Parameters

Figure 2.15. Simulation and configuration options in the powergui
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In Figure 2.16, the frequency is in logarithmic scale for the frequency range 10% Hz to 10° Hz as

shown on the right pane. The resonant frequency is about 8 KHz and at that frequency the mag-

nitude of the impedance is 1 KQ (purely resistive) and the phase is 0 degrees.

Impedance
ULl A T S

Impedance {phms)

100 T I E—

]
Ay e A 1T
'
]
]
]
]
S A
1
L

Fhase (deg)
=]

| TR ST A RIS TSR PUF [ A0 R [0 P SRRt T SYSRT FRE N GRS e

-100 -
107

10
Frequency Hz)

— Impedance Measurements——

— A¥iE

Range (Hz):
103:100:10%5

" Logarithmic Impedance
@) Linear Impedance

@ Logarithmic Freguency
) Linear Freguency

[V] Grid

[7] Save data when updated

Update Close

Figure 2.16. Plots for the magnitude and phase for the model in Figure 2.14

2.8 A Practical Parallel Resonant Circuit

In our previous discussion, we assumed that the inductors are ideal, but a real inductor has some
resistance. The circuit shown in Figure 2.17 is a practical parallel resonant circuit. To derive an
expression for its resonant frequency, we make use of the fact that the resonant frequency is inde-
pendent of the conductance G and, for simplicity, it is omitted from the network of Figure 2.17.

We will therefore, find an expression for the network of Figure 2.18.
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/1

Y— G§ CH

Figure 2.17. A practical parallel resonant circuit

+ ®
% I
T T L iIL ilc

v CH
l R

Figure 2.18. Simplified network for derivation of the resonant frequency

/1

For the network of Figure 2.18,

LoV _ (R,
L7 R+joL R2+((1)L)2
and
__ VvV _
e = Tec) = WOV
where R
Re{||_} = mv
and
-oL
Im{l } = mv
Also, Re{l} = 0
and Im{lc} = (@C)V
Then,

l; = I +1c = [Re{l_}+Im{I_}V +[Re{l.} +Im{l.}]V
[Re{l } +Re{lc}+Im{I_}+Im{I;}IV (2.36)
[Re{l;} +Im{I;}]V

Now, at resonance, the imaginary component of I+ must be zero, that is,
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oL
Im{l:} = Im{l } +Im{l.} = mOC———Z————————2 V=20
R™ + (opL)

_ LR’
= i (2.37)

1 /1 R
fo = 2r,ic 2 (2.38)

We observe that for R = 0, (2.37) reduces to o, = L asbefore.
LC

and solving for , we obtain

or

2.9 Radio and Television Receivers

When a radio or TV receiver is tuned to a particular station or channel, it is set to operate at the
resonant frequency of that station or channel. As we have seen, a parallel circuit has high imped-
ance (low admittance) at its resonant frequency. Therefore, it attenuates signals at all frequen-
cies except the resonant frequency.

We have also seen that one particular inductor and one particular capacitor will resonate to one
frequency only. Varying either the inductance or the capacitance of the tuned circuit, will
change the resonant frequency. Generally, the inductance is kept constant and the capacitor
value is changed as we select different stations or channels.

The block diagram of Figure 2.19 is a typical AM (Amplitude Modulation) radio receiver.

Antenna Local Speaker
Oscillator W
Radio Intermediate Audio l
Frequency f=| Mixer [+| Frequency | Detector | Frequency
Amplifier Amplifier Amplifier

Figure 2.19. Block diagram of a typical AM radio receiver

The antenna picks up signals from several stations and these are fed into the Radio Frequency
(RF) Amplifier which improves the Signal-to—Noise (S/N) ratio. The RF amplifier also serves as
a preselector. This preselection suppresses the image—frequency interference as explained below.
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When we tune to a station of, say 740 KHz, we are setting the RF circuit to 740 KHz and at
the same time the local oscillator is set at 740 KHz + 456 KHz = 1196 KHz. This is accom-
plished by the capacitor in the RF amplifier which is also ganged to the local oscillator. These
two signals, one of 740 KHz and the other of 1196 KHz, are fed into the mixer whose output
into the Intermediate Frequency (IF) amplifier is 456 KHz ; this is the difference between these
two frequencies (1196 KHz-740 KHz = 456 KHz).

The IF amplifier is always set at 456 KHz and therefore if the antenna picks another signal from
another station, say 850 KHz, it would be mixed with the local oscillator to produce a frequency
of 1196 KHz-850 KHz = 346 KHz but since the IF amplifier is set at 456 KHz, the unwanted
850 KHz signal will not be amplified. Of course, in order to hear the signal at 850 KHz the radio
receiver must be retuned to that frequency and the local oscillator frequency will be changed to
850 KHz + 456 KHz = 1306 KHz so that the difference of these frequencies will be again
456 KHz.

Now let us assume that we select a station at 600 KHz. Then, the local oscillator will be set to
600 KHz + 456 KHz = 1056 KHz so that the IF signal will again be 456 KHz . Now, let us sup-
pose that a powerful nearby station broadcasts at 1512 KHz and this signal is picked up by the
mixer circuit. The difference between this signal and the local oscillator will also be 456 KHz
1512 KHz-1056 KHz = 456 KHz. The IF amplifier will then amplify both signals and the result
will be a strong interference so that the radio speaker will produce unintelligent sounds. This
interference is called image—frequency interference and it is reduced by the RF amplifier before
entering the mixer circuit and for this reason the RF amplifier is said to act as a preselector.

The function of the detector circuit is to convert the IF signal which contains both the carrier
and the desired signal to an audio signal and this signal is amplified by the Audio Frequency
(AF) Amplifier whose output appears at the radio speaker.

Example 2.4

A radio receiver with a parallel GLC circuit whose inductance is L = 0.5 mH is tuned to a radio
station transmitting at 810 KHz frequency.

a. What is the value of the capacitor of this circuit at this resonant frequency?
b. What is the value of conductance G if Qyp = 757
c. If a nearby radio station transmits at 740 KHz and both signals picked up by the antenna have

the same current amplitude I (WA ), what is the ratio of the voltage at 810 KHz to the volt-
age at 740 KHz?
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Solution:
a.
oo L
7 LcC
or 1
fy = —
47°LC
Then,
C - 1 — 772 pF
47%0.5 x 10~ x (810 x 10°)
b.
o - 0C
oP G
of 5 12
G = 2MC _ 21x81x10°x77.2x10" _ 5,4 o
Qe 75 |
« | | |
Veokid =g =3 === —— (2.39)
| Z‘ Yewoknd Yo G 524x10°
Also, |
Vi kra] = o——
Vuowrel =
where
Yoo knd = |67+ ((”C_ i)z
z oL
or
6.2 3 12 1 2
Y720 kel = [(524x10°) + (21 % 740x 10°x 77.2 x 107 - - :
2t x 740 x 10" x 0.5 x 10~
or 1
Y740 k| = 71.2 uQ
and |
V740 k| = T % (2.40)
71.2x 10
Then from (2.39) and (2.40),
6 6
Vet k| _ 1/524x10° _ 71.2x10° _ 1454 (2.41)

Voo knzl  1/712x10°  524%x10°°

that is, the voltage developed across the parallel circuit when it is tuned at f = 810 KHz is
13.6 times larger than the voltage developed at f = 740 KHz.
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2.10 Summary

In a series RLC circuit, the frequency at which the capacitive reactance X; = 1/0C and the

inductive reactance X, = oL are equal, is called the resonant frequency.

The resonant frequency is denoted as w, or f, where

JLC
and
f, 1

" 2nJLC

The quality factor Q,g at series resonance is defined as

3 (nOL B 1
Qos = & = w,RC

In a parallel GLC circuit, the frequency at which the inductive susceptance B, = 1/wL and
the capacitive susceptance B = oC are equal is, again, called the resonant frequency and it

is also denoted as w,. As in a series RLC circuit, the resonant frequency is

The quality factor Q,p at parallel resonance is defined as

_0C 1
Qo = 75 ~ 0,GL

The general definition of Q is

_on Maximum Energy Stored
~ ""Energy Dissipated per Cycle

Q

In a parallel RLC circuit, the half-power frequencies , and o, are the frequencies at which
the magnitude of the input admittance of a parallel resonant circuit, is greater than the magni-

tude at resonance by a factor of /2, or equivalently, the frequencies at which the magnitude
of the input impedance of a parallel resonant circuit, is less than the magnitude at resonance

by a factor of /2.
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e We call 0, the lower half-power point, and o, the upper half-power point. The difference
o, — o, is the half-power bandwidth BW, that is,

Bandwidth = BW = o, -0,

e The bandwidth BW can also be expressed in terms of the quality factor Q as
o
Qo

fo

BW = w,-0, =

or
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2.11 Exercises

1. A series RLC circuit is resonant at f, = 1 MHz with Z; = 100 Q and its half-power band-
width is BW = 20 KHz. Find R, L, and C for this circuit.

2. For the network below the impedance Z; is variable, Z, = 3+j4 and Z; = 4-j3. To what

value should Z; be adjusted so that the network will operate at resonant frequency?

17T

20— [z [&

3. For the circuit below with the capacitance C adjusted to 1 uF, the half-power frequencies are
f, = 925 KHz and f, = 1075 KHz.

a. Compute the approximate resonant frequency.
b. Compute the exact resonant frequency.

c. Using the approximate value of the resonant frequency, compute the values of Q,,, G,
and L.

¢ L% c =&

4. The GLC circuit below is resonant at f, = 500 KHz with V; = 20 V and its half-power
bandwidth is BW = 20 KHz.

a. Compute L, C, and I, for this circuit.

b. Compute the magnitude of the admittances |Y,| and |Y,| corresponding to the half-
power frequencies f; and f,. Use MATLAB to plot |Y| in the 100 KHz <f <1000 KHz

range.

c
14 e

7
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5. For the circuit below v = 170cosot and Q, = 50. Find:

ao (1)0

b. BW

c. o, and o,

d. Ve

R L
10 1 mH

T
Vg 1 uF

1OQ§R2

6. The series—parallel circuit below will behave as a filter if the parallel part is made resonant to
the frequency we want to suppress, and the series part is made resonant to the frequency we
wish to pass. Accordingly, we can adjust capacitor C, to achieve parallel resonance which will

reject the unwanted frequency by limiting the current through the resistive load to its mini-
mum value. Afterwards, we can adjust C; to make the entire circuit series resonant at the

desired frequency thus making the total impedance minimum so that maximum current will

flow into the load.

For this circuit, we want to set the values of capacitors so that v| gop Will be maximum at

f, = 10 KHz and minimum at f, = 43 KHz. Compute the values of C; and C, that will

achieve these values. It is suggested that you use MATLAB to plot |v| gap| versus frequency

f in the interval 1 KHz<f<100 KH to verify your answers.

/IP
I A)
I\ R, L
Cy
100 Q 2mH

Vg = 170cosmt

£

VioaD
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2.12 Solutions to End-of-Chapter Exercises

1. At series resonance Z, = R = 100 and thus R = 100 Q. We find L from Qu5 = ®,L/R

where w, = 2nf,. Also,

6

) w 2 10

Qos = : =#v:—n>< - =50
0y — 0 21t x 20 x 10

Then,

R -

L - Qos _ 100><5(; — 0796 mH
®o 2nx 10
and from o) = 1/LC
c--L _ 1 — 318 pF

ool (2mx10%)° % 7.96 x 107
Check with MATLAB:

f0=1076; wO=2*pi*f0; Z0=100; BW=2*pi*20000; wl=wO0-BW/2; w2=w0+BW/2;...
R=Z0; Qos=w0/BW; L=R*Qos/w0; C=1/(w0"2*L); fprintf(' \n");...

fprintf('R = %5.2f Ohms \t', R); fprintf(L = %5.2e H \t', L);...

fprintf('C = %5.2e F \t', C); fprintf(' \n'); fprintf(' \n’);

R = 100.00 Ohms L = 7.96e-004 H C = 3.18e-011 F

2.
i
Zin— I_Zd LZQ
where

_(3+j4)-(4—-j3) _ 12-j9+j16+12 7]

2,112, = : 19) _ : L

3+j4+4—j3 T+] 7—]j

_ 168 +j49 —j24 + 7 _ 175+ )25 ~35+j05

7?41 50

Welet Z,y = Ry +iX,y and Z; = Ry +jX; . For resonance we must have

Zin = Rin+iXiy = Ry +jX;+35+j05 = Rjy+0 = R, +jX,; +35+j0.5
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Equating real and imaginary parts we obtain
0 = jX,+j05

and while R; can be any real number, we must have jX; = —j0.5 and thus

3.
a.
BW = f,-f, = 1075-925 = 150 KHz
Then,
fo = f;+BW/2 = 925+ 150/2 = 1000 KHz
b. The exact value of f; is the geometric mean of f; and f, and thus
f, = Jf, -, = +/(925 +1075)10° = 997.18 KHz
C. f C
1000 W
Qup = —% = =— = 20/3. Also, Qpp = ——
P f,—f, 150 PTG
Then 6 6
G = woC _ 2nfC _ 21 x10°x 10" _ 3m _ 0.94 0!
Qor  Qop 20/3 10
and 1 . 1
L=-L = - = 0.025 puH
®oC  an’flC  4n®x10%x10°
4.
a.
Qup = f_O — 200 _ 25
7 BW 20
0,C
G
-G -3 _
c - C_ 25x107 _ 706,10 F=7.96nF
g 21 x5x 10
L= 1 1 = 12.73x10° H = 12.73 uH

®0oC  an*flC  4n’x25%x107°%x 7.96%x 107

lo = VoYp = VoG = 20x10° A = 20 mA
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b. f, = f;—-BW/2 = 500-10 = 490 KHz and f, = f,+ BW/2 = 500+ 10 = 510 KHz

. 1
Y|f:f1 =G +j((l)lc—(m)

10 +j(27% 490 x 10° x 7.96 x 10°° - 1 )
27 % 490 x 10° x 12.73 x 10~

Likewise,

. 1
Y|f=f2 = G+J(0\)1C—(?L)

1072+ j(Zn x 510 x 10° x 7.96 x 10° — 31 - )
27 x 510 x 10° x 12.73 x 10°

We will use MATLAB to do the computations.

G=107(-3); BC1=2*pi*490*10"3*7.96*10"(-9);...
BL1=1/(2*pi*490*1073*12.73*107(-6)); Y1=G+*(BC1-BL1),...
BC2=2*pi*510*10"3*7.96*10"(-9); BL2=1/(2*pi*510*10"3*12.73*10"(-6));...
Y2=G+*(BC2-BL2); fprintf(' \n"); fprintf('mag¥1 = %5.2e mho \t', abs(Y1));...
fprintf('magyY2 = %5.2e mho \t', abs(Y2)); fprintf(' \n"); fprintf(’ \n’)

magYl = 1.42e-003 mho magY2 = 1.41e-003 mho
We will use the following MATLAB script for the plot

f=100*1073: 10"3: 1000*10"3; w=2*pi*f;...

G=107(-3); C=7.96*10"(-9); L=12.73*10"(-6);...

BC=w.*C; BL=1./(w.*L); Y=G+j*(BC-BL); plot(f,abs(Y));...
xlabel('Frequency in Hz'); ylabel('Magnitude of Admittance');grid

The plot is shown below.
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a. Itis important to remember that the relation w, = 1/./LC applies only to series RLC and
parallel GLC circuits. For any other circuit we must find the input impedance Z,, set the
imaginary part of Zy equal to zero, and solve for ®,. Thus, for the given circuit

1/joC - (10 + joL)

10+ j(wL-1/wC)

_10+j(wL-1/0C)+10/joC+L/C 10-j(wL -1/0C)

10+ j(oL—1/wC) 10— j(wL-1/0C)
_ 100 +j10(wL -1/wC) +100/(joC) + 10L/C - j10(wL - 1/®wC)
100 + (oL — 1/0C)°
, (0L - 1/0C)’ - (10/0C) (0L - 1/6C) - jL/C(oL - 1/C)
100 + (0L - 1/wC)?
100+ 10L/C + (0L - l/oJC)2 - (10/0C) (oL —1/wC)
100 + (oL - 1/wC)?
, 100/(joC) —jL/C(oL - 1/0C)
100 + (oL — 1/0C)?

1 .
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For resonance, the imaginary part of Z,, must be zero, that is,

_LQQ__J_'-(UJOL__L =0
jo € C W
_1[199 ( ___1_)}:
c 030+L ol 0,C 0
1—QQ+030L2——-L——=0
ON 0,C
L*Cwj+100C—L = 0
wi= 2100 1 100 _ 449 908 - gx10°

LC 2 10°x10° 10°

w, = J9%10° = 30,000 r/s

BW = w,/Q = 30,000/50 = 600 r/s

and thus

w; = wy—BW/2 = 30,000 — 300

29,700 r/s

e
N
|

= wy+BW/2 = 30, 000 + 300

30,300 r/s

d. At resonance

jooL = j3x10%x 107 = j30 Q and 1/jw,C = —j10™*x 10°/3 = —j100/3
The phasor equivalent circuit is shown below.
VCO

—AAAN—— 00T
10 j30

VS
4 10 Q é
@ -j100/3 Q

170£0° V

Weletz; =1Q,z, = -j100/3 Q, and z; = 10 + j30 Q. Using nodal analysis we obtain:

Ven—Ve V V
co= Vs Yeo_ Yeo
Z; Z, Z3

=0
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V
(l+l+l)vco - _S
Z; Z; 13

We will use MATLAB to obtain the value of V.

Vs=170; z1=1; z2=—j*100/3; z3=10+j*30; Z=1/z1+1/z2+1/z3; Vc0=Vs/Z,...
fprintf(* \n"); fprintf("VcO = %6.2f', abs(Vc0)); fprintf(* \n"); fprintf(' \n")

VcO = 168.32

First, we will find the appropriate value of C,. We recall that at parallel resonance the voltage

is maximum and the current is minimum. For this circuit the parallel resonance was found as

in (2.37), that is,

o = | L_R
.=
LC |2
or
4
21 % 43,000 = 13 __10 -
2x10°C, 4x10°
3 4 2 4 4.2 -6
10° _ 10 6+(2n><4.3><104) _ 10 +(2n><4.3><106) x 4 x 10
2C;  4x10” 4% 10
4%10°° 9
C, = 500{ - 6} = 6.62x10° F = 6.62 nF
10* + (2n x 4.3x 10%) x4 x 107

Next, we must find the value of C; that will make the entire circuit series resonant (minimum
impedance, maximum current) at f = 10 KHz. In the circuit below we let z; = —jX,

| v = 17020° vV

Then,
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Zin = 21+ 25l 23+ 2 oap
and
N (F=10 KHz) = 2, + 2, | Z3)

10 KHz 10 KHz

where z, || 23| 1o kg found with the MATLAB script below.

= z
format short g; f=10000; w=2*pi*f; C2=6.62*10"(-9); XC2=1/(w*C2); L=2*10"(-3);...
XL=w*L; R1=100; z2=—*XC2; z3=R1+j*XL; Zp=22*23/(z2+23)

p =
111.12 + 127.72i

and by substitution into (1)
Z,y(f=10 KHz) = z; +111.12 +j127.72+ 1 = z, + 113.12 +j127.72 Q (2)

The expression of (2) will be minimum if we let z, = —j127.72 Q at f = 10 KHz. Then, the
capacitor C; value must be such that 1/0C = 127.72 or

C, = L = 125x107 F = 0.125 uF

21 x 10% x 127.72

Shown below is the plot of |V p| versus frequency and the MATLAB script that produces this
plot.

f=1000: 100: 60000; w=2*pi*f; Vs=170; C1=1.25*10"(-7); C2=6.62*10"(-9); L=2.*10."(-3);...
R1=100; Rld=1; z1=—j./(w.*C1); z2=—j./(w.*C2); z3=R1+j.*w.*L; ZId=Rld;...
Zin=z1+z2.*z3./(z2+23); VId=ZId.*Vs./(Zin+ZId); magVId=abs(VId);...

plot(f,magVld); axis([1000 60000 0 2]);...

xlabel('Frequency f'); ylabel('|VId|"); grid
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W)

Frequency f w 0t

This circuit is considered to be a special type of filter that allows a specific frequency (not a
band of frequencies) to pass, and attenuates another specific frequency.
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Chapter 3

Elementary Signals

networks. The unit step, unit ramp, and delta functions are then introduced. The sampling
and sifting properties of the delta function are defined and derived. Several examples for
expressing a variety of waveforms in terms of these elementary signals are provided.

T his chapter begins with a discussion of elementary signals that may be applied to electric

3.1 Signals Described in Math Form

Consider the network of Figure 3.1 where the switch is closed at time t = 0.

R t=20
A%

+
<"> Vout open terminals

VS -

Figure 3.1. A switched network with open terminals

We wish to describe v, in a math form for the time interval —e <t < +e. To do this, it is conve-

nient to divide the time interval into two parts, —o<t<0,and 0 <t<eo.

For the time interval —e <t <0, the switch is open and therefore, the output voltage v, is zero.

In other words,
Vout = 0 for —ee<t<0 (3.1)

For the time interval 0 <t<eo, the switch is closed. Then, the input voltage vg appears at the
output, i.e.,
Vout = Vg for O<t<eo (3.2)

Combining (3.1) and (3.2) into a single relationship, we obtain

0 —o<t<O 13
Vout = Vg O<t<oo (3-3)

We can express (3.3) by the waveform shown in Figure 3.2.

The waveform of Figure 3.2 is an example of a discontinuous function. A function is said to be dis-
continuous if it exhibits points of discontinuity, that is, the function jumps from one value to
another without taking on any intermediate values.
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out
Vs

0 t

Figure 3.2. Waveform for v, as defined in relation (3.3)

3.2 The Unit Step Function u,(t)

. . . . . . * . . 3
A well known discontinuous function is the unit step function uy(t) which is defined as

0 t<0
Ho(t) = {1 tiO G4

It is also represented by the waveform of Figure 3.3.
Up(t)

1
t

0
Figure 3.3. Waveform for ug(t)

In the waveform in Figure 3.3, the unit step function uy(t) changes abruptly from 0 to 1 at

t = 0. Butif it changes at t = t; instead, it is denoted as uy(t - ty). In this case, its waveform and

definition are as shown in Figure 3.4 and relation (3.5) respectively.

1h--—
| Up(t—tp)

! t
0 to

Figure 3.4. Waveform for uy(t—ty)

0 t<t,
Up(t—ty) = 1 (ot (3.5)
0

If the unit step function changes abruptly from 0 to 1 at t = —t;, it is denoted as uy(t+t,). In
this case, its waveform and definition are as shown in Figure 3.5 and relation (3.6) respectively.

In some books, the unit step function is denoted as u(t), that is, without the subscript O. In this text, however, we

s
will reserve the u(t) designation for any input when we will discuss state variables in Chapter 7.
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1 Ug(t +1tg)

—ty 0
Figure 3.5. Waveform for uy(t +t;)

t

0 t<-t,

Up(t+1ty) = {1 t>t, (3.6)

Example 3.1

Consider the network of Figure 3.6, where the switch is closed at time t = T.
R t=T
— 2
+
<'|> Vout open terminals

VS -

Figure 3.6. Network for Example 3.1

Express the output voltage v, as a function of the unit step function, and sketch the appropriate

waveform.
Solution:

For this example, the output voltage v,,; = 0 for t<T, and v,,; = vg for t>T. Therefore,
Vout = Vslp(t—T) (3.7)
and the waveform is shown in Figure 3.7.

VsUp(t—=T)
Vout | - - -

t

0 T
Figure 3.7. Waveform for Example 3.1

Other forms of the unit step function are shown in Figure 3.8.

Unit step functions can be used to represent other time—varying functions such as the rectangular
pulse shown in Figure 3.9.
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T -T
t t t
O @ o O ©
-Af———— A -A—
~Aug(t) —Auy(t-T) —Aug(t+T)
Auy(-t) Auy(-t+T) Aug(-=t-T)
_0 A — A A
t . t ‘ t
O @ 0 T (o T @
T -T
t T t T t
o @ o0 m O W
——— A . A PR -A
~Auy(-t) -Auy(-t+T) -Auy(—t-T)
Figure 3.8. Other forms of the unit step function
u,(t)
1
1
t t ' t
ol 1 0 0 o
(a) (b) —
—uy(t—1)

Figure 3.9. A rectangular pulse expressed as the sum of two unit step functions

Thus, the pulse of Figure 3.9(a) is the sum of the unit step functions of Figures 3.9(b) and 3.9(c)
and it is represented as Uy(t) —Uy(t—1).

The unit step function offers a convenient method of describing the sudden application of a volt-
age or current source. For example, a constant voltage source of 24 V applied at t = 0, can be
denoted as 24u,(t) V. Likewise, a sinusoidal voltage source v(t) = V,cosot V that is applied to
a circuit at t = ty, can be described as v(t) = (V,cosmt)uy(t—ty) V. Also, if the excitation in a

circuit is a rectangular, or triangular, or sawtooth, or any other recurring pulse, it can be repre-
sented as a sum (difference) of unit step functions.

1
Example 3.2

Express the square waveform of Figure 3.10 as a sum of unit step functions. The vertical dotted
lines indicate the discontinuities at T, 2T, 3T, and so on.
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The Unit Step Function

v(t)
Ao —®
T 2T 3T )
0 | : 1
A @ @

Figure 3.10. Square waveform for Example 3.2
Solution:

Line segment @ has height A, starts at t = 0, and terminates at t = T. Then, as in Example 3.1, this
segment is expressed as

Vi(t) = Afug(t) —ug(t—T)] (3.8)

Line segment @ has height —A, starts at t = T and terminates at t = 2T. This segment is
expressed as
V(1) = ~Alug(t—T) - ug(t—2T)] (3.9)

Line segment @ has height A, starts at t = 2T and terminates at t = 3T. This segment is expressed
as
Va(t) = AlUg(t—2T) - ug(t—3T)] (3.10)

Line segment® has height —A, starts at t = 3T, and terminates at t = 4T . It is expressed as
Vu(t) = —A[ug(t—3T) —ug(t—4T)] (3.11)

Thus, the square waveform of Figure 3.10 can be expressed as the summation of (3.8) through

(3.11), that s,
V() = V(1) +Vy(t) + Vva(t) + Vvu(t)
Alug(t) —upg(t=T)]-Alug(t=T) —ug(t-2T)] (3.12)

+A[Ug(t—2T) —ug(t—3T)]-Aluy(t—3T) —uy(t—4T)]

Combining like terms, we obtain

V(t) = Alug(t) —2up(t—T) + 2ug(t—2T) — 2uy(t=3T) +...] (3.13)

Example 3.3
Express the symmetric rectangular pulse of Figure 3.11 as a sum of unit step functions.
Solution:

This pulse has height A, starts at t = —T/2, and terminates at t = T/2. Therefore, with refer-
ence to Figures 3.5 and 3.8 (b), we obtain
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i(t)

t

_T/2 0 T/2

Figure 3.11. Symmetric rectangular pulse for Example 3.3
i(t) = Aug (t+% ) - Aug (t—g )= Alu, (t% ) -t (t—% )} (3.14)

Example 3.4
Express the symmetric triangular waveform of Figure 3.12 as a sum of unit step functions.

v(t)
1

T2 0 2

Figure 3.12. Symmetric triangular waveform for Example 3.4
Solution:

We first derive the equations for the linear segments @ and & shown in Figure 3.13.

2 v(t) 2

T T
: t

Figure 3.13. Equations for the linear segments in Figure 3.12

For line segment @,
vy(t) = (% t+1) [uo (t + g) - uo(t)J (3.15)

and for line segment @,
Vy(t) = (-% t+ 1) [uo(t) _u, (t— %H (3.16)

Combining (3.15) and (3.16), we obtain

V() = V(1) +vy(t) = ($t+1)[uo (t+%) —uo(t)J+(—_%_t+1)[uo(t)—u0 (t-%)} (3.17)
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Example 3.5

Express the waveform of Figure 3.14 as a sum of unit step functions.

1 v

N .t
ol 1 2 3

Figure 3.14. Waveform for Example 3.5

Solution:

As in the previous example, we first find the equations of the linear segments linear segments @
and @ shown in Figure 3.15.

V(D)

|
0 1 2 3
Figure 3.15. Equations for the linear segments of Figure 3.14
Following the same procedure as in the previous examples, we obtain
V(t) = (2t+1)[ug(t) —up(t—1)] +3[ug(t—1) —up(t-2)]
(= t+3)[Ug(t—2) — Ug(t—3)]

Multiplying the values in parentheses by the values in the brackets, we obtain

V(t) = (2t+ 1)ug(t) — (2t + 1)ug(t— 1) + uy(t—1)
—3Ug(t=2) + (= t+3)Ug(t—2) — (— t + 3)uy(t - 3)

V(1) = (2t+ 1)ug(t) + [ (2t + 1) + 3]up(t— 1)
F =3+ (= t+3)]up(t—2) = (= t+3)ug(t—3)
and combining terms inside the brackets, we obtain

V(t) = (2t+ 1)ug(t)—2(t — 1)ug(t— 1)—tug(t— 2) + (t— 3)uy(t — 3) (3.18)
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Two other functions of interest are the unit ramp function, and the unit impulse or delta function.
We will introduce them with the examples that follow.

Example 3.6

In the network of Figure 3.16 ig is a constant current source and the switch is closed at time

t = 0. Express the capacitor voltage v (t) as a function of the unit step.

R t=20
W

+
D
: C

Is

Figure 3.16. Network for Example 3.6
Solution:

The current through the capacitor is ic(t) = ig = constant, and the capacitor voltage v(t) is

1t .
ve(t) = Z[ ic(nde (3.19)
where 1 is a dummy variable.

Since the switch closes at t = 0, we can express the current ic(t) as
ic(t) = is Ug(t) (3.20)

and assuming that v.(t) = 0 for t<0, we can write (3.19) as

iS 0 .
10t —I Ug(t)dt igpt
Ve(t) = = ot = Gl =2 d 3.21
c(b) Cj_musuo(r) T + 2w (3.21)
0
or -
Ve(t) = %tuo(t) (3.22)

Therefore, we see that when a capacitor is charged with a constant current, the voltage across it is
a linear function and forms a ramp with slope is /C as shown in Figure 3.17.

* Since the initial condition for the capacitor voltage was not specified, we express this integral with —> at the lower limit of
integration so that any non-zero value prior to t <0 would be included in the integration.
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)

slope = ig/C
t

Figure 3.17. Voltage across a capacitor when charged with a constant current source

3.3 The Unit Ramp Function u,(t)

The unit ramp function, denoted as u,(t), is defined as

uy(t) = jt Ug(T)dt (3.23)

—oo

where T is a dummy variable.

We can evaluate the integral of (3.23) by considering the area under the unit step function uy(t)

from —eo to t as shown in Figure 3.18.

Area = 1lxt=1=1

t

T
Figure 3.18. Area under the unit step function from —eo t0 t

Therefore, we define u,(t) as

0  t<0
ul(t)={t t;) (3.24)

Since u,(t) is the integral of uy(t), then uy(t) must be the derivative of uy(t), i.e.,

(%ul(t) = uy(t) (3.25)

Higher order functions of t can be generated by repeated integration of the unit step function. For
example, integrating Uy(t) twice and multiplying by 2, we define u,(t) as

0 t<0 t
u,(t) = { ) or u,(t) = zj uy(t)de (3.26)
t t>0 .
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Similarly,
0 t<0 t
Ug(t) = { X or Ug(t) = 3] u,(t)dt (3.27)
t t>0 —eo
and in general,
0 t<0 t
u,(t) = { . or u,(t) = nj u, ;(t)de (3.28)
t t>0 —oo
Also,
a0 = 294 (3.29)
n-1 ndt " '

Example 3.7

In the network of Figure 3.19, the switch is closed at time t = 0 and i (t) = 0 for t<0. Express

the inductor voltage v| (t) in terms of the unit step function.

.
CD iy (1) é_VL(t)

Is

Figure 3.19. Network for Example 3.7
Solution:

The voltage across the inductor is

di,
V() = LE (3.30)
and since the switch closesat t = 0,
i (t) = igUg(t) (3.31)
Therefore, we can write (3.30) as
. d

But, as we know, ugy(t) is constant (0 or 1) for all time except at t = 0 where it is discontinuous.
Since the derivative of any constant is zero, the derivative of the unit step uy(t) has a non-zero

value only at t = 0. The derivative of the unit step function is defined in the next section.
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The Delta Function

3.4 The Delta Function 5(t)

The delta function or unit impulse, denoted as 8(t), is the derivative of the unit step uy(t). It is also

defined as

t
j S(t)dt = uy(t) (3.33)

and

5(t) = 0 forall t=0 (3.34)

To better understand the delta function §(t), let us represent the unit step uy(t) as shown in Fig-
ure 3.20 (a).

1
/| .
Figure (a)
/o ! .

—€ €
Area =1 | ¢ .
I Figure (b)
S | 0 | &
I t

Figure 3.20. Representation of the unit step as a limit

The function of Figure 3.20 (a) becomes the unit step as € — 0. Figure 3.20 (b) is the derivative of
Figure 3.20 (a), where we see that as € = 0, 1/2¢ becomes unbounded, but the area of the rect-
angle remains 1. Therefore, in the limit, we can think of 8(t) as approaching a very large spike or
impulse at the origin, with unbounded amplitude, zero width, and area equal to 1.

Two useful properties of the delta function are the sampling property and the sifting property.

3.4.1 The Sampling Property of the Delta Function 5(t)

The sampling property of the delta function states that

f(t)d(t—a) = f(a)d(t) (3.35)

or, whena = 0,

f(1)8(t) = F(0)S(t) (3.36)

that is, multiplication of any function f(t) by the delta function §(t) results in sampling the func-
tion at the time instants where the delta function is not zero. The study of discrete—time systems is
based on this property.

Proof:

Since §(t) = 0 for t<0 and t>0 then,
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f(t)d(t) = 0 for t<0 and t>0 (3.37)

We rewrite f(t) as
f(t) = £(0) + [f(t) - f(0)] (3.38)

Integrating (3.37) over the interval — to t and using (3.38), we obtain
t

jt f(1)8(t)dt = jt f(0)6(r)dr+j [f(t) - f(0)18(1)dt (3.39)

—oo

The first integral on the right side of (3.39) contains the constant term f(0); this can be written
outside the integral, that is,

t t
j f(O)S(t)dr:f(O)I S(1)dt (3.40)

The second integral of the right side of (3.39) is always zero because

5(t) = 0 for t<0 and t>0

and
[(f(t)-f(O)1|,_, = f(0)-f(0) =0

Therefore, (3.39) reduces to
jt f(1)8(t)dt = f(O)jt S(1)dt (3.41)

Differentiating both sides of (3.41), and replacing T with t, we obtain

f(H)8(1) = F(0)S(t) (3.42)
Sampling Property of §(t) '
3.4.2 The Sifting Property of the Delta Function d(t)
The sifting property of the delta function states that
| T H 08 (t— a)dt = f(a) (3.43)

that is, if we multiply any function f(t) by 8(t— ), and integrate from —eo to +0, we will obtain
the value of f(t) evaluated at t = a.

Proof:

Let us consider the integral

b
j f(1)8(t— o)dt where a<a<b (3.44)

a
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We will use integration by parts to evaluate this integral. We recall from the derivative of prod-
ucts that
d(xy) = xdy +ydx or xdy = d(xy)-ydx (3.45)

and integrating both sides we obtain

dey = xy—jydx (3.46)

Now, we let x = f(t); then, dx = f'(t). We also let dy = 8(t-a); then, y = uy(t- o). By sub-
stitution into (3.44), we obtain
b b oD
j f(1)S(t—a)dt = f(t)uo(t—oc)‘a—.[ ug(t— o) ‘(t)dt (3.47)
a

a

We have assumed that a < a <b; therefore, ug(t—o) = 0 for a<a, and thus the first term of the

right side of (3.47) reduces to f(b). Also, the integral on the right side is zero for o < a, and there-
fore, we can replace the lower limit of integration a by a. We can now rewrite (3.47) as

b b
j f(1)8(t— o)dt = f(b)-j f'()dt = f(b) = f(b) + f(a)

a

and letting a— - and b— e forany |a/ <o , we obtain

Lof(t)S(t _a)dt = f() (3.48)
Sifting Property of d(t)
3.5 Higher Order Delta Functions
An nth-order delta function is defined as the nth derivative of uy(t), that is,
n 8"
5(1) = lue(D)] (3.49)

The function &'(t) is called doublet, §"(t) is called triplet, and so on. By a procedure similar to the
derivation of the sampling property of the delta function, we can show that

f(t)d'(t—-a) = f(a)d'(t—a)-f'(a)d(t-a) (3.50)

Also, the derivation of the sifting property of the delta function can be extended to show that

jw f(1)8"(t—a)dt = (—1)"%[f(t)] (3.51)
e t

t=a
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Example 3.8

Evaluate the following expressions:

a. 3t'st-1) b jw t8(t— 2)dt c. t28'(t—3)
Solution:

a. The sampling property states that f(t)d(t—a) = f(a)8(t) For this example, f(t) = 3t* and
a = 1. Then,

3t'8(t-1) = {3t*] _, 18(t-1) = 33(1)

b. The sifting property states that '[ f(1)d(t—o)dt = f(a). For this example, f(t) = t and
o = 2. Then, -
I t3(t-2)dt = f(2) = t|,_, =2

c. The given expression contains the doublet; therefore, we use the relation
f(t)d'(t—-a) = f(a)d'(t—a)-f'(a)d(t-a)
Then, for this example,

28 (t-3) = t2|t:38‘(t—3)—dgtt2 _0(t-3) = 98'(t-3)-63(t-3)

Example 3.9

a. Express the voltage waveform v(t) shown in Figure 3.21 as a sum of unit step functions for the
time interval -1 <t<7s.

b. Using the result of part (a), compute the derivative of v(t) and sketch its waveform.
Solution:

a. We begin with the derivation of the equations for the linear segments of the given waveform
as shown in Figure 3.22.

Next, we express v(t) in terms of the unit step function uy(t), and we obtain

V(t) = 2t[ug(t+1) —ug(t—1)] + 2[ug(t— 1) — Ug(t—2)]
+ (—t+5)[Ug(t—2) — Ug(t—4)] + [Ug(t— 4) — Up(t - 5)] (3.52)
+ (—t+6)[Ug(t—5) — Uy(t—7)]
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v(t) V)
P M
2 T-°° | |
| |
it/ —
SN/ LR GO S S S
TN
R R EEEE R,
s )
Figure 3.21. Waveform for Example 3.9
V(D[ (V) v(t)
3 - ---- —-t+5
| |
it/ — /
| | |
. 12 3 14 15\6 7
\I t(s)
T
2t
e )

Figure 3.22. Equations for the linear segments of Figure 3.21

Multiplying and collecting like terms in (3.52), we obtain

V(t) = 2tug(t+1) - 2tug(t—1) — 2up(t—1) — 2uy(t—2) —tuy(t—2)
+5Ug(t—2) +tup(t—4) —Sup(t—4) + ug(t—4) —uy(t-5)
—tug(t—5) + 6uy(t—5) +tug(t—7) —6uy(t—7)

or

V(t) = 2tug(t+ 1) + (-2t + 2)up(t—1) + (-t + 3)uy(t-2)
+(t—4)ug(t—4) + (-t +5)ug(t-5) + (t-6)uy(t-7)

b. The derivative of v(t) is
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‘3—‘{ = 2ug(t+1)+2t8(t+ 1)~ 2up(t—1) + (= 2t + 2)8(t— 1)

CU(t—2) + (—t+3)3(t—2) + Ug(t—4) + (t— 4)5(t - 4) (3.53)
CUp(t=5) + (—t+5)3(t=5) + Uy(t—7) + (t— 6)3(t - 7)

From the given waveform, we observe that discontinuities occur only at t = -1, t = 2, and

t = 7. Therefore, 8(t—1) = 0, 8(t—4) = 0, and 8(t-5) = 0, and the terms that contain
these delta functions vanish. Also, by application of the sampling property,

218(t+1) = {2t]__ }8(t+1) = -23(t+1)
(~t+3)8(t-2) = {(~t+3)[,_, }5(t-2) = 8(t-2)
(t-6)8(t—7) = {(t-6)|,_, }8(t-7) = 8(t-7)
and by substitution into (3.53), we obtain

‘;—‘t’ = 2Up(t+1)=28(t+ 1) - 2uy(t—1) - ug(t—2)

(3.54)
+O(t—2) +Uup(t—4)—uy(t=5) +u(t-=7) +8(t-7)
The plot of dv/dt is shown in Figure 3.23.
dv V/s
m (V/s)
2
S(t-2) d(t-7)
1+ A A
o 1|2 3 4 s 6 7
| t(s)
-1+
v
_25(t+1)
Figure 3.23. Plot of the derivative of the waveform of Figure 3.21
We observe that a negative spike of magnitude 2 occurs at t = -1, and two positive spikes of

magnitude 1 occuratt = 2, and t = 7. These spikes occur because of the discontinuities at
these points.
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Higher Order Delta Functions

[t would be interesting to observe the given signal and its derivative on the Scope block of the
Simulink® " model of Figure 3.24. They are shown in Figure 3.25.

% =ignal 1 L’ I:l

Signal Builder duidt

Scope

Derivative

Figure 3.24. Simulink model for Example 3.9

3--Signal 1----

Bl g — i Ao ey

T
0 .....................

01 I EEEEEEE] EER Gh AR e

7Y IS LU S S U RS U A

] | | | | | | | | |

-2 -1 (1] 1 2 3 4 5 6 ri g

Time (sec)

£ >

Adiust segment Y position |
Figure 3.25. Piece—wise linear waveform for the Signal Builder block in Figure 3.24
The waveform in Figure 3.25 is created with the following procedure:

1. We open a new model by clicking the new model icon shown as a blank page on the left corner
of the top menu bar. Initially, the name Untitled appears on the top of this new model. We
save it with the name Figure_3.25 and Simulink appends the .mdl extension to it.

2. From the Sources library, we drag the Signal Builder block into this new model. We also drag
the Derivative block from the Continuous library, the Bus Creator block from the Com-
monly Used Blocks library, and the Scope block into this model, and we interconnect these
blocks as shown in Figure 3.24.

* A brief introduction to Simulink is presented in Appendix B. For a detailed procedure for generating piece-wise
linear functions with Simulink’s Signal Builder block, please refer to Introduction to Simulink with Engineering

Applications, ISBN 978-1-934404—09—6
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3. We double—click the Signal Builder block in Figure 3.24, and on the plot which appears as a
square pulse, we click the y—axis and we enter Minimum: —2.5, and Maximum: 3.5. Likewise
we right—click anywhere on the plot and we specify the Change Time Range at Min time: -2,
and Max time: 8.

4. To select a particular point, we position the mouse cursor over that point and we left—click. A
circle is drawn around that point to indicate that it is selected.

5. To select a line segment, we left—click on that segment. That line segment is now shown as a
thick line indicating that it is selected. To deselect it, we press the Esc key.

6. To drag a line segment to a new position, we place the mouse cursor over that line segment and
the cursor shape shows the position in which we can drag the segment.

7. To drag a point along the y—axis, we move the mouse cursor over that point, and the cursor
changes to a circle indicating that we can drag that point. Then, we can move that point in a
direction parallel to the x—axis.

8. To drag a point along the x—axis, we select that point, and we hold down the Shift key while
dragging that point.

9. When we select a line segment on the time axis (x—axis) we observe that at the lower end of
the waveform display window the Left Point and Right Point fields become visible. We can
then reshape the given waveform by specifying the Time (T) and Amplitude (Y) points.

Figure 3.26. Waveforms for the Simulink model in Figure 3.24

The two positive spikes that occur at t = 2, and t = 7, are clearly shown in Figure 3.26.

MATLAB" has built-in functions for the unit step, and the delta functions. These are denoted by
the names of the mathematicians who used them in their work. The unit step function uy(t) is

referred to as Heaviside(t), and the delta function 3(t) is referred to as Dirac(t).

*  An introduction to MATLAB® is given in Appendix A.
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3.6 Summary

The unit step function ugy(t) is defined as

U (t) = 0 t<0
] t>0

The unit step function offers a convenient method of describing the sudden application of a
voltage or current source.

The unit ramp function, denoted as u,(t), is defined as

t
uy (1) :I ug(T)dt

The unit impulse or delta function, denoted as 8(t), is the derivative of the unit step uy(t). It is

also defined as
t

I S(T)dt = uy(t)

d
an o(t) = 0 forall t=0

The sampling property of the delta function states that
f(1)S(t—a) = f(a)d(t)
or, whena = 0,
f(1)d(t) = f(0)8(t)
The sifting property of the delta function states that

j TR O8(t— a)dt = f(a)

The sampling property of the doublet function §'(t) states that

f(t)o'(t—a) = f(a)d'(t—a)-f'(a)d(t-a)
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3.7 Exercises

1. Evaluate the following functions:

a. sinté(t—g) b. cosZtS(t—E) c. cosZtS(t—@

d. tan2t8(t—§) e. Iitze_tS(t—Z)dt f. sinztﬁl(t—g)

2.
a. Express the voltage waveform v(t) shown below as a sum of unit step functions for the time
interval 0<t<7s.

V() | (V) v(t)
20 1

10 7
0

i
4 5 6 7 t(s)

b. Using the result of part (a), compute the derivative of v(t), and sketch its waveform. This
waveform cannot be used with Sinulink’s Function Builder block because it contains the
decaying exponential segment which is a non-linear function.
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3.8 Solutions to End-of-Chapter Exercises

1. We apply the sampling property of the 8(t) function for all expressions except (e) where we
apply the sifting property. For part (f) we apply the sampling property of the doublet.

We recall that the sampling property states that f(t)8(t—a) = f(a)d(t). Thus,

a. Sinté(t—g) = sint|,__,8(t) = singé(t) = 0.58(1)
b. cosZtS(t—i—D = cos2t|, __,8(1) = cosgé(t) =0

2 T 1 1 1
c. costd|t—=] = =(1+ cos2t) () = (1 +cosm)d(t) = Z(1L-1)d(t) =0
( 2) 2 t=mn/2 2 2

d. tan2t8(t—§) = tan2t| __.3(t) = tanZ—{S(t) = 8(1)

We recall that the sampling property states that I f(1)8(t—a)dt = f(a). Thus,

e. [ fedt-2)dt = e[ _, = 4e” = 054

f. We recall that the sampling property for the doublet states that

f(t)d'(t—a) = f(a)d'(t—a)-f'(a)d(t-a)
Thus,

sinZIS‘(t—g) = sin2t|t:n/28'(t—g)—(%sinzth:n/z&(t—g)
= %(1—0052t)|t=n/28‘(t—§) —sin2t|t=n/26(t—7—5)

2
= %(1 + 1)6'@—2) - sinn&(t—g) = 8'(t—§)

LV = e 2'[Ug(t) — Ug(t— 2)] + (10t — 30)[Ug(t - 2) — Up(t - 3)]
' +(~10t + 50)[Ug(t — 3) — Uy(t — 5)] + (10t — 70)[Uy(t — 5) — Up(t — 7)]
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v(t) = e 2ug(t) — e *ug(t— 2) + 10tug(t - 2) — 30Uy (t — 2) — 10tuy(t — 3) + 30Uy (t - 3)
— 10tug(t - 3) + 50Uy (t — 3) + 10tuy(t - 5) — 50Uy (t — 5) + 10tu,(t - 5)
~70u4(t—5) — 10tuy(t— 7) + 70u,(t - 7)

v(t) = e 'ug(t) + (—e 7"+ 10t — 30)ug(t — 2) + (=20t + 80)up(t — 3) + (20t — 120)uy(t - 5)
+(~10t + 70)uy(t - 7)

AV _ _oe2uy(t) + e 28(t) + (2672 + 10)ug(t—2) + (—& 2 + 10t — 30)5(t - 2)

dt
20U, (t—3) + (= 20t + 80)S(t - 3) + 20uy(t—5) + (20t - 120)§(t=5) (1)

~10u,(t—7) + (- 10t + 70)8(t - 7)

Referring to the given waveform we observe that discontinuities occur onlyatt = 2, t = 3,
and t = 5. Therefore, §(t) = 0 and 8(t-7) = 0. Also, by the sampling property of the delta

function
(—e '+ 10t-30)3(t-2) = (-& "'+ 10t - 30)|, _ ,8(t-2) ~-103(t-2)

(- 20t+80)3(t— 3) = (— 20t + 80)|_ ,8(t—3) = 208(t-3)
(20t—120)3(t - 5) = (20t - 120)| _ 3(t—5) = —208(t—5)
and with these simplifications (1) above reduces to

dv/dt = —2e 2ug(t) + 26 2ug(t— 2) + 10uy(t — 2) — 108(t — 2)
—20uy(t—3) + 208(t - 3) + 20u(t - 5) — 208(t - 5) — 10uy(t - 7)
—2e 2" [ug(t) — Ug(t— 2)1-108(t — 2) + 10[ug(t — 2) — Up(t — 3)] + 208(t - 3)
—10[ug(t - 3) — Ug(t— 5)] — 208(t - 5) + 10[uy(t - 5) — Uy(t—7)]

The waveform for dv/dt is shown below.

dv/dt (V/5s)

208(t-3

20 L (t-3)
10 +

I | |
-10 TI 2 3 4 5 6 7 t(s)

~108(t-2)
-20 +

92 -208(t-5)
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Chapter 4

The Laplace Transformation

his chapter begins with an introduction to the Laplace transformation, definitions, and
T properties of the Laplace transformation. The initial value and final value theorems are also

discussed and proved. It continues with the derivation of the Laplace transform of common
functions of time, and concludes with the derivation of the Laplace transforms of common wave-
forms.

4.1 Definition of the Laplace Transformation

The two-sided or bilateral Laplace Transform pair is defined as

L {f(t)}= F(s) = jw f(t)e'dt (4.1)
gg_l ~ ~ L Cc+jo st
{F(s)}= (1) = om) F(s)e"ds 4.2)
c-jo

where £ {f(t)} denotes the Laplace transform of the time function f(t), <2 {F(s)} denotes the
Inverse Laplace transform, and s is a complex variable whose real part is ¢, and imaginary part
o, thatis, s = c+jo.

In most problems, we are concerned with values of time t greater than some reference time, say
t = t, = 0, and since the initial conditions are generally known, the two-sided Laplace trans-

form pair of (4.1) and (4.2) simplifies to the unilateral or one-sided Laplace transform defined as

<L {f(t)}= F(s) = jwf(t)e‘“dt = jwf(t)e‘“dt (4.3)
to 0
-1 1 G +jo st
<2 HF(s))= f(t) = Z_MI T F(s)e’ds (4.4)
c-jo

The Laplace Transform of (4.3) has meaning only if the integral converges (reaches a limit), that
is, if

j f(t)e 'dt
0

<o (4.5)
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To determine the conditions that will ensure us that the integral of (4.3) converges, we rewrite

(4.5) as

I f(tye 'eT”dt| < oo (4.6)

0

The term e 7" in the integral of (4.6) has magnitude of unity, i.e., e_jwt| = 1, and thus the con-

dition for convergence becomes

j f(t)e °'dt
0

<o 4.7)

Fortunately, in most engineering applications the functions f(t) are of exponential order . Then,
we can express (4.7) as,

< (4.8)

j f(t)e °'dt
0

it t_
I ke ® e °ldt
0

and we see that the integral on the right side of the inequality sign in (4.8), converges if 6> o,.

Therefore, we conclude that if f(t) is of exponential order, < {f(t)} exists if
Re{s} = o>o0, 4.9)

where Re{s} denotes the real part of the complex variable s.

Evaluation of the integral of (4.4) involves contour integration in the complex plane, and thus, it
will not be attempted in this chapter. We will see in the next chapter that many Laplace trans-
forms can be inverted with the use of a few standard pairs, and thus there is no need to use (4.4)
to obtain the Inverse Laplace transform.

In our subsequent discussion, we will denote transformation from the time domain to the com-
plex frequency domain, and vice versa, as

f(t) © F(s) (4.10)

4.2 Properties and Theorems of the Laplace Transform

The most common properties and theorems of the Laplace transform are presented in Subsec-
tions 4.2.1 through 4.2.13 below.

4.2.1 Linearity Property

The linearity property states that if the functions
fl(t)7 fz(t)a EAR] fn(t)

0

* A function f(t) is said to be of exponential order if |f(t)| < ke™ for all t>0.
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have Laplace transforms
F1(8), F5(8), ..., F,(S)

respectively, and
Cy Co -nns Cp

are arbitrary constants, then,

¢y fi() +c, fr()+ ... + c, fn(t) & ¢ Fi(s)+Cy Fp(s) + ...+ ¢ F (s) 4.11)

Proof:

L{c fit)+c, fL()y+...+c,f (D} J.:o[cl fi(t)+c, fr(t) + ... + ¢, f (0)]dt

—st

0
clj fl(t)e_Stdt+02J' f,(he"'dt+ ... + ¢ J. f (t)e ™ 'dt
t ) " ty "

cy Fi(s)+cy Fy(s) + ... +c,F,(S)

Note 1:

[t is desirable to multiply f(t) by the unit step function ugy(t) to eliminate any unwanted non—

zero values of f(t) for t<O0.

4.2.2 Time Shifting Property

The time shifting property states that a right shift in the time domain by a units, corresponds to

multiplication by e in the complex frequency domain. Thus,

f(t—a)uy(t—a) = e “F(s) (4.12)

Proof: . _
L {f(t-a)uy(t-a)} = j 0e'dt + j f(t—a)e*'dt (4.13)
0

a

Now, we let t—a = 1; then, t = T+a and dt = dt. With these substitutions and with a— 0,
the second integral on the right side of (4.13) is expressed as

=)

J' f(1)e ¥t = e‘asj f(1)e""dt = e *°F(s)
0 0

4.2.3 Frequency Shifting Property

The frequency shifting property states that if we multiply a time domain function f(t) by an expo-

. . —at . . . . . R . .
nential function e where a is an arbitrary positive constant, this multiplication will produce a
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shift of the s variable in the complex frequency domain by a units. Thus,

e 'f(t) & F(s +a) (4.14)

Proof:

£ {e (1)} = j e Mf(t)e'dt = j f(He C* ¥t = F(s+a)
0 0
Note 2:

A change of scale is represented by multiplication of the time variable t by a positive scaling fac-
tor a. Thus, the function f(t) after scaling the time axis, becomes f(at).

4.2.4 Scaling Property

Let a be an arbitrary positive constant; then, the scaling property states that

f(at) < %F(Z) (4.15)

Proof:

< {f(at)} = jwf(at)e‘“dt
0

and letting t = t/a, we obtain

< {f(at)} = j:f(r)e‘s“/a)dG) = %j:f(r)e‘“/a”d(r) = iF(z)

Note 3:

Generally, the initial value of f(t) is taken at t = 0" to include any discontinuity that may be
present at t = 0. If it is known that no such discontinuity exists at t = 07, we simply interpret
f(0) as f(0).

4.2.5 Differentiation in Time Domain Property

The differentiation in time domain property states that differentiation in the time domain corre-
sponds to multiplication by s in the complex frequency domain, minus the initial value of f(t) at

t = 0. Thus,

f1(t) = dﬂt f(t) & sF(s) - £(07) (4.16)

Proof:

LIf'(1)} = j:f'(t)e‘“dt

Using integration by parts where

4-4  Circuit Analysis IT with MATLAB® Computing and Simulink® / SimPowerSystems® Modeling
Copyright © Orchard Publications



Properties and Theorems of the Laplace Transform

vdu = uv— |udv 4.17)
J J

we let du = f'(t) and v = e*". Then, u = f(t), dv = —se”*', and thus

L F' (D)) = f(he™ ;} SF(s)

°°_+sf f(tye'dt = lim [f(t)e‘St
0 0" a— oo

- —-sa
lim [e
a—> oo

f(a)—f(0 )] +sF(s)=0-f(0) +sF(s)

The time differentiation property can be extended to show that

2
d—2 f(t) & s2F(s) —sf(0)—f'(0) (4.18)
dt
d® . ) .
aTnes F(s)—s2f(07) —sf'(07) = f"(0) (4.19)
and in general
% f(t) & s"F(s)—s" (0 =s" A0 ) —... "0 (4.20)
t
To prove (4.18), we let d
gt) = f'(t) = gt f(t)
and as we found above,
ZLA{g'M} = s£L{g(t)}-9(0)
Then,
LA} = sL{F'(M}-F'(0) = s[sL [f(t)] -0 )]-F'(0)

s2F(s)—sf(07)—f'(0")

Relations (4.19) and (4.20) can be proved by similar procedures.

We must remember that the terms f(07), f'(07), f"(07), and so on, represent the initial condi-
tions. Therefore, when all initial conditions are zero, and we differentiate a time function f(t) n
times, this corresponds to F(s) multiplied by s to the nth power.

4.2.6 Differentiation in Complex Frequency Domain Property

This property states that differentiation in complex frequency domain and multiplication by minus
one, corresponds to multiplication of f(t) by t in the time domain. In other words,
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d
tf(t) & —d—SF(s) (4.21)

Proof: _
<L [f(t)} = F(s) = j f(t)e 'dt
0

Differentiating with respect to s and applying Leibnitz’s rule for differentiation under the integral,
we obtain

d _Qm st “ 0 st _ °°_ st __oo sty
) = dsjo f(t)e "dt _jo e f(tyat _jo te *'f(t)dt = jo [tf(t)]e *dt = —<£ [tf(t)]
In general, .
t"f(t) & (—1)“9——nF(s) (4.22)
ds

The proof for n>2 follows by taking the second and higher—order derivatives of F(s) with
respect to s.
4.2.7 Integration in Time Domain Property

This property states that integration in time domain corresponds to F(s) divided by s plus the ini-
tial value of f(t) att = 07, also divided by s. That is,

jt f(1)dt < E%S_Q + iﬁ_SO_) (4.23)

Proof:

We begin by expressing the integral on the left side of (4.23) as two integrals, that is,

J.t f(t)dt = J.

—oo

0 t
f(t)dt + j f(1)dt (4.24)
0

The first integral on the right side of (4.24), represents a constant value since neither the upper,
nor the lower limits of integration are functions of time, and this constant is an initial condition

denoted as f(07). We will find the Laplace transform of this constant, the transform of the sec-

b
*  This rule states that if a function of a parameter o. is defined by the equation F(a) = I f(x, a)dx where f is some known
a

function of integration x and the parameter o, a and b are constants independent of x and o, and the partial derivative

b
of/0a. exists and it is continuous, then dF _ j aiX’—onx‘
da 2 O(a)
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ond integral on the right side of (4.24), and will prove (4.23) by the linearity property. Thus,

oo

oo oo —st
j £(0)e dt = f(O‘)J- e ldt = f(0)&—
0 0 —S

f(07)x 0— (_Iﬁ%l) _f(0)

S

L {F(0)}
0 (4.25)

This is the value of the first integral in (4.24). Next, we will show that

J.t f(t)dr F(s)
0 S
We let
t
t)y = | f(t)d
g(t) = [ fmydr
then,
g'(t) = f(1)
and
0
g(0) = j f(t)dt = 0
0
Now,

L {g(D)} = G(s) = s {g(t)} ~g(0") = G(s)~0
s<£ {g(1)} = G(s)
< {g(n} = 28

& {Itf(r)dr} = 51552 (4.26)

0

and the proof of (4.23) follows from (4.25) and (4.26).

4.2.8 Integration in Complex Frequency Domain Property
This property states that integration in complex frequency domain with respect to s corresponds to

division of a time function f(t) by the variable t, provided that the limit lim ) exists. Thus,
t—0

fitD PN jw F(s)ds (4.27)

Proof:

F(s) = j:f(t)e“dt
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Integrating both sides from s to «, we obtain

J.DOF(s)ds = J'm

S

[ J-:f(t)e_Stdtst

Next, we interchange the order of integration, i.e.,

IWF(s)ds = J: Uwe“ds} f(t)dt

and performing the inner integration on the right side integral with respect to s, we obtain

EF(S)dS - f:[—%e_“m f(tydt = j:ﬂtge‘s‘dt - gg{ﬁtﬂ}

4.2.9 Time Periodicity Property

The time periodicity property states that a periodic function of time with period T corresponds to
T

the integral I f(t)e ™'dt divided by (1 -e™°") in the complex frequency domain. Thus, if we let
0

f(t) be a periodic function with period T, that is, f(t) = f(t+nT), forn = 1,2,3, ... we obtain
the transform pair

T —st
j f(t)e 'dt

f(t+nT) & 2
l-e

(4.28)

-sT

Proof:

The Laplace transform of a periodic function can be expressed as

2T 3
f(t)e‘“dt+j

o T
£ (1)} = j f(t)e dt = j f(t)e_Stdt+I
0 T

T st
f(t)e "dt+...
0 T

2
In the first integral of the right side, we let t = 1, in the second t = ©+ T, in the third
t = 1+ 2T, and so on. The areas under each period of f(t) are equal, and thus the upper and
lower limits of integration are the same for each integral. Then,

T T T
L {f(t)} = j f(r)e"dt + I f(t+ T)e_S(HT)d'c +j f(t+ 2T)e_s(r+ Dt + ... (4.29)
0 0 0
Since the function is periodic, i.e., f(t) = f(t+T) = f(t+2T) = ... = f(t+nT), we can express
(4.29) as
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Properties and Theorems of the Laplace Transform

.
L)t = L+e T +e 2T+ .) j f(t)e *"dt (4.30)
0
By application of the binomial theorem, that is,
lta+al+a’+... = — 4.31)
l-a
we find that expression (4.30) reduces to

T S
f(t)e”"dt

L {f(1)} = 2

1_ efsT

4.2.10 Initial Value Theorem

The initial value theorem states that the initial value f(0") of the time function f(t) can be found
from its Laplace transform multiplied by s and letting s — . That is,

limf(t) = limsF(s) = f(0) (4.32)

t—0 S— e

Proof:

From the time domain differentiation property,

d .
41 f(D & sF($)=F(0)

or

d - “d st
%{d—t f(t)} = sF(s) - f(0) = jo 5 fhe~"ldt

Taking the limit of both sides by letting s — o=, we obtain

S22 | Towe
e—>0

lim [sE(s)-f(07)] = lim [ lim de%f(t)e“dt]

Interchanging the limiting process, we obtain

]
Jim [$F(s)-(@)] = im_ [ S0 tim & ot
e—0 &

and since
. st
lime™ =0
§—> o0
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Chapter 4 The Laplace Transformation

the above expression reduces to
lim [sF(s)-f(0)] =0
S— oo

or

lim sF(s) = f(0)

§— o0

4.2.11 Final Value Theorem

The final value theorem states that the final value f(e) of the time function f(t) can be found
from its Laplace transform multiplied by s, then, letting s — 0. That is,

lim f(t) = lim sF(s) = f(c°) (4.33)

t— oo

Proof:

From the time domain differentiation property,

d .
5 f(D & sF(9)-F(0)
or

d _ -~ _(7d st
Eé{a-t f(t)} = sF(s)—f(0) = jo 5 f(he~ldt

Taking the limit of both sides by letting s — 0, we obtain

l T [ . Td —st ]
im [sF(s)=f(07)] = lim | lim I Z ftye'dt
s—0 $=0| T 5o Edt

e—>0

and by interchanging the limiting process, the expression above is written as

. - . Td . st
lim [sF(s)-f(0 )] = lim j - f(t)[ lime Jdt
s—0 T dt s—0
e—>0
Also, since .
lime™ =1
s—0

it reduces to

_ Td T _
lim [sF(s)-f(07)] = lim j = f(t)dt = lim j f(t) = lim [f(T)=f(e)] = f(e0)—F(0")
s—0 Tow ¢ dt Toew¢ T

e—>0 e—>0 e—>0

Therefore, )
IlmosF(s) = f(e0)
s—

4-10 Circuit Analysis IT with MATLAB® Computing and Simulink® / SimPowerSystems® Modeling
Copyright © Orchard Publications



Properties and Theorems of the Laplace Transform

4.2.12 Convolution in Time Domain Property

Conwolution  in the time domain corresponds to multiplication in the complex frequency domain,
that is,

fl(t)*fz(t) & Fi(s)F,(s) (4.34)
Proof:

oo oo

%L {f,()*,(0)} = L U f,(0)f,(t-1)d1 }: jo U:fl('c)fz(t—r)dr}e—ﬁdt
- (4.35)

_ Imfl(r)Umfz(t _ t)e_Stdt}dr
0 0
Welett—t = A;then, t = A+71, and dt = dA. Then, by substitution into (4.35),

.[:fl(r)U:fz(X)e_s(}””)d}»}dr - jm

0
F1(8)F2(s)

%L {f,()*F, (1)} fl(r)e‘”drjmfz(x)e‘“dx
0

4.2.13 Convolution in Complex Frequency Domain Property
Conwolution in the complex frequency domain divided by 1/2xj, corresponds to multiplication in
the time domain. That is,
1
RO & 5 Fi)*Fas) (4.36)

Proof: _
L {f,(Of,(1)]} = j f,(t)f,(t)e "'dt (4.37)
0

and recalling that the Inverse Laplace transform from (4.2) is

1 c+jo
fi(t) = 2_7”_[

Fr(we"'du

c-jo

* Convolution is the process of overlapping two time functions f,(t) and f,(t). The convolution integral indicates
the amount of overlap of one function as it is shifted over another function The convolution of two time functions
f(t) and f,(t) is denoted as f,(t)*f,(t), and by definition, f,(t)*f,(t) = J‘w f,(1)f,(t - 1)dt where T is a dummy
variable. Convolution is discussed in Signals and Systems with MATLAB Computing and Simulink Modeling,
ISBN 978-1-934404—11-9.
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Chapter 4 The Laplace Transformation

by substitution into (4.37), we obtain
11,0601 = [ T2 77 Fweaulr,me st = L [
! 2 B .[0 |:211;J_[ 1(u M:| 2 = J

h ~(s -t
T Fl(u)Uo fo(he ot ap

c—-jo c-jo

We observe that the bracketed integral is F,(s — ) ; therefore,

1 G+jo

L {050} = 5= |

1
o] FLOF(s—mdu = 5 =Fy(9)*Fy(s)

c-jo

For easy reference, the Laplace transform pairs and theorems are summarized in Table 4.1.

4.3 Laplace Transform of Common Functions of Time

In this section, we will derive the Laplace transform of common functions of time. They are pre-
sented in Subsections 4.3.1 through 4.3.11 below.

4.3.1 Laplace Transform of the Unit Step Function u,(t)

We begin with the definition of the Laplace transform, that is,

L {f(t)} = F(s) = jwf(t)e‘“dt
0
or

oo

st

%L {uy(t)} = I:le_Stdt = 2-2-

0

Thus, we have obtained the transform pair

Up(t) & 3 (4.38)

for Re{s} = 6>0."

4.3.2 Laplace Transform of the Ramp Function u,(t)
We apply the definition

<L [f(1)} = F(s) = jmf(t)e‘“dt
0

*  This condition was established in relation (4.9), Page 4—2.
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Laplace Transform of Common Functions of Time

TABLE 4.1 Summary of Laplace Transform Properties and Theorems

Property/Theorem Time Domain Complex Frequency Domain
I | Linearity ¢y f1(t) + ¢, F(b) Cq Fy(s) + ¢, Fy(s)
+c, () +...+c,F,(s)
2 Time Shifting f(t—a)uy(t—a) e E(s)
3 Frequency Shifting e f(t) F(s+a)
4 Time Scaling f (at) 1 75 )
(3
5 Time Differentiation d -
g sF(s)-f(0
See also (4.18) through (4.20) | dt f(®) (8)-1(0)
6 Frequency Differentiation tf(t) d F
See also (4.22) “ds (s)
7 Time Integration t B
j f(t)dt F(s) , f(0)
- S S
8 Frequency Integration f(t oo
U0, .[ F(s)ds
t S
9 Time Periodicity f(t+nT) T &t
J' f(t)e*'dt
o
1— e—sT
10 | Initial Value Theorem lim f(t) lim sF(s) = f(0))
11 | Final Value Theorem lim f(t) lim sF(s) = f ()
[ ) S—0
12 | Time Convolution f,(1)*f,(1) F1(S)F,(3)
13 | Frequency Convolution f.(OF(t 1
1( ) 2( ) 2_7” Fl(S)*FZ(S)

or

L {u ()} = L{t} = jmte_Stdt
0

Circuit Analysis IT with MATLAB® Computing and Simulink® / SimPowerSystems® Modeling 4-13
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Chapter 4 The Laplace Transformation

We will perform integration by parts by recalling that

Iudv = uv—.[vdu (4.39)
We let
U=t and dv = e
then, L
du =1 and v=_es

By substitution into (4.39),

oo

_jw_e_Stdt _ |:—te_St_§______St:|
S S 2
0

—st|”
L {t} = _t%

(4.40)

0o "0 S

Since the upper limit of integration in (4.40) produces an indeterminate form, we apply L’ Hépi-

* .
tal’s rule , that is,

d
—(t)
limte™ = lim L = lim < — = jim L =0
dt
Evaluating the second term of (4.40), we obtain <£ {t} = 12
S
Thus, we have obtained the transform pair
1
to = (4.41)
S

for 6>0.

4.3.3 Laplace Transform of t"u,(t)

Before deriving the Laplace transform of this function, we digress to review the gamma or general-

. . f(x . , .
Often, the ratio of two functions, such as —g—l, for some value of x, say a, results in an indeterminate form. To work
9(x)
around this problem, we consider the limit lim 59% , and we wish to find this limit, if it exists. To find this limit, we use
X—a

L’Hoépital’s rule which states that if f(a) = g(a) = 0, and if the limit (-jg)—(f(x)/ ag;(g(x) as x approaches a exists, then,

im £ jim (%(f(x)/f—xg(x))

x—a g(X) x-a

4-14 Circuit Analysis IT with MATLAB® Computing and Simulink® / SimPowerSystems® Modeling
Copyright © Orchard Publications



Laplace Transform of Common Functions of Time

ized factorial function T'(n) which is an improper integral” but converges (approaches a limit) for

all n>0. It is defined as
r(n) = ij”*lefxdx (4.42)
0

We will now derive the basic properties of the gamma function, and its relation to the well

known factorial function
n'=n(n-1)(n-2)- - 3-2-1

The integral of (4.42) can be evaluated by performing integration by parts. Thus, in (4.42) we let
u=e* and dv=x"""
n

Then,
du = —e *dx and v :XF

and (4.42) is written as _
- (4.43)

r(n) = £& +lj x"e *dx

0

x=0

With the condition that n> 0, the first term on the right side of (4.43) vanishes at the lower
limit x = 0. It also vanishes at the upper limit as X — . This can be proved with L’ Hopital’s

rule by differentiating both numerator and denominator m times, where m >n. Then,

d™ n d n-1
Xn(-)_X xn deX dxm——lnx
lim . =Iim—x=lim — =“mT=
X —> oo X —> oo X —> oo X —> oo -
dx dx
_ im M=D(-2). .(n-m+ X" (n-D(1=2)...(n-m+1) _4
X — oo nex X —> oo meneX
Therefore, (4.43) reduces to
17 n —x
I'(n) = n.[ox e “dx

and with (4.42), we have

* Improper integrals are two types and these are:

b
a. I f(x)dx where the limits of integration a or b or both are infinite
a

b
b. j f(x)dx where f(x) becomes infinite at a value x between the lower and upper limits of integration inclusive.
a
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Chapter 4 The Laplace Transformation

I'(n) = I x" " e dx = %J. x"e "dx (4.44)
0 0

By comparing the integrals in (4.44), we observe that

r(n) = FJ”;—Q (4.45)
or
n'(n) = I'(h+1) (4.46)

It is convenient to use (4.45) for n<0, and (4.46) for n>0. From (4.45), we see that I'(n)
becomes infinite as n — 0.

Forn = 1, (4.42) yields

oo

r@) = [ e'dx= -7 =1 (4.47)
0

and thus we have obtained the important relation,
ra =1 (4.48)
From the recurring relation of (4.46), we obtain

r2)=1-T{1) =1

r3)=2-Ie)=21=2! (4.49)
I'(4) = 3-T(3) = 3-2 = 3!
and in general
I'n+1) = n! (4.50)

forn=1,23,...

The formula of (4.50) is a noteworthy relation; it establishes the relationship between the I'(n)
function and the factorial n!

We now return to the problem of finding the Laplace transform pair for t"uyt, that is,
£ {t"ugt} = [ e dt (4.51)
0

To make this integral resemble the integral of the gamma function, we let st = y, or t = y/s,
and thus dt = dy/s. Now, we rewrite (4.51) as

a0 = (1) e00(E) = ol ey - e
0 0

n
S s Sn+1 sn+1
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Laplace Transform of Common Functions of Time

Therefore, we have obtained the transform pair

|
t"uy(t) s“n_l (4.52)

for positive integers of n and 6>0.

4.3.4 Laplace Transform of the Delta Function d(t)
We apply the definition

L {8(t)} = IWS(t)e*“dt
0

and using the sifting property of the delta function, we obtain

L {S)} = INS(t)e*S‘dt |
0

Thus, we have the transform pair

(el (4.53)

forall o.

4.3.5 Laplace Transform of the Delayed Delta Function d(t —a)
We apply the definition

L (§(t-a)} = I:S(t_ a)e "'dt

and again, using the sifting property of the delta function, we obtain

S

£ {d(t-a)} = JWS(t—a)efstdt =e°
0

Thus, we have the transform pair

d(t-a)ee ™ (4.54)

for 6>0.

*The sifting property of the §(t) is described in Subsection 3.4.2, Chapter 3.
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Chapter 4 The Laplace Transformation

4.3.6 Laplace Transform of e *'uy(t)
We apply the definition

o efatu Y = ooefatefstdt: ocef(s+a)tdt: (_ 1 )ef(s+a)t
teun()} = [ I, =

Thus, we have the transform pair

_at 1
e Un(t) & —
o(t S+a

for 6> -a.

4.3.7 Laplace Transform of tnefatuo(t)

For this derivation, we will use the transform pair of (4.52), i.e.,

|

n n!
t ug(t) & KES

and the frequency shifting property of (4.14), that is,
e 'f(t) & F(s +a)

Then, replacing s with s +a in (4.56), we obtain the transform pair

n!
1
(s+a)' "

n —at
te uy(t)e

where n is a positive integer, and 6 >-a. Thus, for n = 1, we obtain the transform pair

te Uy (t) &

(s+ a)2
for 6 >-a.
For n = 2, we obtain the transform
—at !
t2%e () o —2 -
(s+a)
and in general,
n -at n!
te uy(t)e —
(s+a)

for 6> -a.

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)

(4.61)
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4.3.8 Laplace Transform of sinmt u,(t)

We apply the definition
oo a
< {sinot ug(t)} = J' (sinot)e *'dt = IimJ (sinot)e *'dt
0 a— el

and from tables of integrals”

ax -
J'eaxsinbxdx _ € (asinbx —bcosbx)
2.2
a“+b
Then,

_st . a

lim & *'(—ssinwt — mcoswt)
2 2

a—eo ST+

<L {sinmt uy(t)}

0

lim e_""s(—ssinwa—wcosma)+ o |
Ao oo 2 2 2 2 |7 2 2
ST+ s+ ] sT+w

Thus, we have obtained the transform pair

sinot uyt & (4.62)

2 2
S +m®

for 6>0.

4.3.9 Laplace Transform of coswt uy(t)
We apply the definition

a

£ {coswt Uy(t)} = I (coswt)e™'dt = lim [ (coswt)e*'dt
0

0 a—> oo

and from tables of integrals’

Ieaxcosbxdx _ e™(acosbx + bsinbx)
2 .2
a“+b

Then,

*  This can also be derived from sinot = j—lé(ejwt - e_jwt), and the use of (4.55) where e_atuo(t) = S—%zl' By the linear-

ity property, the sum of these terms corresponds to the sum of their Laplace transforms. Therefore,
%[sinwtuo(t)]zjlz( 1 1 ). _o

S—jo S+]j 2102
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_st . a
e (=scosmt + msinmt)

<L {coswt ug(t)} = lim
a—ee $?+ 0’
0
—as -
- lim | & (—scosma\+o)smwa)+ S __S
A o 2 2 2 2 2 2
ST+ "+ ST+
Thus, we have the fransform pair
cosot Uyt & 2 j = (4.63)
for6>0.
4.3.10 Laplace Transform of e *'sinmt u,(t)
From (4.62),
sinotugt < — © >
ST+
Using the frequency shifting property of (4.14), that is,
e 'f(t) = F(s +a) (4.64)
we replace s with s+ a, and we obtain
e lsinot uy(t) +2 (4.65)
(s+a) +w
for 6>0 and a>0.
4.3.11 Laplace Transform of e *'cosmt Ug(t)
From (4.63),
cosmt uy(t) & > 5
ST+

1

jot . _—jot o . o
2(eJ(D +e7°Y and the linearity property, as in the derivation of the transform of

T We can use the relation coswt =

sinot on the footnote of the previous page. We can also use the transform pair dgt f(t) & sF(s)—f(0); this is the time

differentiation ~ property of (4.16). Applying this transform  pair for this derivation, we obtain

- L[iY 1,04y il o s
< [cosotuy(t)] = L [wdtsmmtuo(t)}_ w% [dtsmmtuo(t)}_ w532+m2 = 7,0
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and using the frequency shifting property of (4.14), we replace s with s+ a, and we obtain

e *'cosmt uy(t) < -—-—§—J52—a———2 (4.66)
(s+a) +w

for 6>0 and a>0.

For easy reference, we have summarized the above derivations in Table 4.2.

TABLE 4.2 Laplace Transform Pairs for Common Functions

f(t) F(s)
1 Uo(t) 1/s
2| tug(t) 1/s°
3yt n!
n+1
4 181 1
5 |8(t-a) e
6 —at 1
t —_—
e Uo(®) s+a
7 1:ne—t'ﬂtuo(,[) n! -
(s+a)""
8 | sinot uy(t) o
2 2
s+
9 | cosot ug(t) S
2 2
ST+
10| e 2inot U(t) _®
(s+ a)2 + 0
I | et eos ot Ug(t) __s+a
(s+ a)2 + 0’

4.4 Laplace Transform of Common Waveforms

In this section, we will present procedures for deriving the Laplace transform of common wave-
forms using the transform pairs of Tables 4.1 and 4.2. The derivations are described in Subsec-

tions 4.4.1 through 4.4.5 below.
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4.4.1 Laplace Transform of a Pulse

The waveform of a pulse, denoted as fy(t), is shown in Figure 4.1.

fp(t)
A

0 a t

Figure 4.1. Waveform for a pulse

We first express the given waveform as a sum of unit step functions as we’ve learned in Chapter 3.
Then,
fo(t) = AfUg(t) — Ug(t—a)] (4.67)
From Table 4.1, Page 4-13,
f(t—a)uy(t—a) = e F(s)

fi Table 4.2, P -22
and from Table 4.2, Page 4 Ug(t) & 1/s

Thus,
Aug(t) & A/s

and

Aug(t-a) & e_as'%

Then, in accordance with the linearity property, the Laplace transform of the pulse of Figure 4.1
is

(1-e)

Aluy(t) —up(t-a)] & %_e‘as’%

o |>

4.4.2 Laplace Transform of a Linear Segment

The waveform of a linear segment, denoted as f, (t), is shown in Figure 4.2.

fi.(t)
1 —_— o —
|
' t
0l 1 2

Figure 4.2. Waveform for a linear segment

We must first derive the equation of the linear segment. This is shown in Figure 4.3.
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Figure 4.3. Waveform for a linear segment with the equation that describes it

Next, we express the given waveform in terms of the unit step function as follows:

fLt) = (t-1Dug(t-1)

From Table 4.1, Page 4-13,
f(t—a)uy(t—a) = e “F(s)

and from Table 4.2, Page 4-22,

tug(t) @%
S

Therefore, the Laplace transform of the linear segment of Figure 4.2 is

(t-Duy(t-1) e‘ssl2 (4.68)

4.4.3 Laplace Transform of a Triangular Waveform

The waveform of a triangular waveform, denoted as f(t), is shown in Figure 4.4.

£ (t)
1_ J—

|
:
ol 1 2 t

Figure 4.4. Triangular waveform

The equations of the linear segments are shown in Figure 4.5.

(1)

I
I
0l T 2 t
Figure 4.5. Triangular waveform with the equations of the linear segments

Next, we express the given waveform in terms of the unit step function.

fr(t)

tlug(t) —ug(t—=1) ]+ (—t+ 2)[up(t—1) —uy(t-2)]
tug(t) —tug(t—1) —tug(t—1) + 2up(t—1) + tuy(t—2) — 2uy(t-2)
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Collecting like terms, we obtain
fo(t) = tug(t) — 2(t— 1)ug(t— 1) + (t— 2)ug(t - 2)
From Table 4.1, Page 4-13,
f(t—a)uy(t—a) = e °F(s)

and from Table 4.2, Page 4-22, 1
S

Then, 1 L
tup(t) - 2(t - 1)Ug(t-1) + (t-2up(t-2) & L —2e S 42
S S S
or .
tUg(t) — 2(t— 1)ug(t—1) + (t-2)ug(t-2) & =(1-2e "+ e )
s
Therefore, the Laplace transform of the triangular waveform of Figure 4.4 is
) eta-e*) (4.69)
s

4.4.4 Laplace Transform of a Rectangular Periodic Waveform

The waveform of a rectangular periodic waveform, denoted as fg(t), is shown in Figure 4.6. This

is a periodic waveform with period T = 2a, and we can apply the time periodicity property

J‘T f(r)e*"dt

LAf(1)} = 20
l-e

where the denominator represents the periodicity of f(t).

fr(t)
A
. . , t
0 a 2a  '3a
—Al- - - I

Figure 4.6. Rectangular periodic waveform

For this waveform,
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2

% {fa(t)} = ——]

a st 1 & st 2a st
— ] falve ot = _ZaSUOAe dt+J-a (At

0 1-e

a

A St et 2a
= 1 Za{ S + T }
—-€ 0 a
Lifp(D)} = —P— (e lae ™)

s(1-e°%)

_ A (1_ze—as+ e—2as) _ A(l—e_as)2

—2as -as -as

s(l-e ™) s(1+e )(1-e )

'_A.‘(l _ e—as) ~ é(eas/ze—as/Z _ e—as/2e—as/2)

S (1+ e—as) T g eas/Ze—as/Z + e—as/Ze—as/Z

A e—as/z(eas/Z_e—as/Z J _ Asinh(as/2.
Se e

-as/2| _as/2 + e—as/z s cosh(as/2)

A

fo (1) -S-tanh(g-g') (4.70)

2

4.4.5 Laplace Transform of a Half-Rectified Sine Waveform

The waveform of a half-rectified sine waveform, denoted as f,(t), is shown in Figure 4.7. This

is a periodic waveform with period T = 2a, and we can apply the time periodicity property

.
f(t)e"dt

L A{f(t)} = 0—_5T
1-e

where the denominator represents the periodicity of f(t).

frw()

n 27 3 4n 5n

Figure 4.7. Half-rectified sine waveform

For this waveform,
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1 2n —st T st
<L {fuw()} = f(t)e “dt = sinte " dt
HW B e_anJ.O 1_ e_anJ.O
T

__ 1 {e“(ssint—cost)} __ 1 (d+e™

1-e7™ 41 NGRS IC R
1 1+e ™
L {fuw (D)} = (tre )

(C+1)(L+e ™) (L-eT

1
2+ 1)(1-eT)

faw() & (4.71)

4.5 Using MATLAB for Finding the Laplace Transforms of Time Functions

We can use the MATLAB function laplace to find the Laplace transform of a time function. For
examples, please type

help laplace

in MATLAB’s Command prompt.

We will be using this function extensively in the subsequent chapters of this book.

* This waveform was produced with the following MATLAB script:
t=0:pi/64:5*pi; x=sin(t); y=sin(t—2*pi); z=sin(t—4*pi); plot(t,x,t,y,t,z); axis([0 5*pi 0 1])
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4.6 Summary

e The two-sided or bilateral Laplace Transform pair is defined as
<L {f(t)}= F(s) = J'w f(t)e 'dt

-1 1 ¢°H® st
< HF(s))= f(t) ZRJIG_,-U) F(s)e"'ds
where <{f(t)} denotes the Laplace transform of the time function f(t), < i F(s)} denotes
the Inverse Laplace transform, and s is a complex variable whose real part is ¢, and imagi-
nary part o, thatis, s = c+jo.

e The unilateral or one-sided Laplace transform defined as
L {f(t)}= F(s) = jmf(t)e‘“dt = wa(t)e_“dt
t 0

e We denote transformation from the time domain to the complex frequency domain, and vice
versa, as

f(t) = F(s)
e The linearity property states that

¢ fi+c, fr()+... + Ch fn(t) & c Fi(s)+c, Fy(s) + ... + ch Fn(s)
e The time shifting property states that
f(t—a)up(t—a) = e “F(s)

e The frequency shifting property states that

—at

e f(t)yeoF(s+a)

e The scaling property states that

f(at)@iF(z)

e The differentiation in time domain property states that

f(t) = adz f(t) < sF(s) - (0")
Also,

2
f—é f(t) & s2F(s) - sf(0) —f'(0")
t
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d—?’g f(t) = s°F(s) - s*F(07) —sf'(07) - £"(0")
dt

and in general
n

% f(t) = s"F(s)—s" (07) =" A (07) - ... —F"T(0)
t

where the terms f(07), f'(07), f"(07), and so on, represent the initial conditions.
e The differentiation in complex frequency domain property states that
th(t) & —LF(s)
ds
and in general,

t"f(t) & (_1)”9-;F(s)
ds

e The integration in time domain property states that

J.t f(ﬂc)dﬂc(:)a8§2+flg—_2

e The integration in complex frequency domain property states that

K,[D S J:o F(s)ds

provided that the limit lim KtD exists.
t—0

e The time periodicity property states that

T st
j f(t)e *'dt

ft+nT) = 0
1_ e—sT
o The initial value theorem states that
limf(t) = limsF(s) = f(0)
t—>0 S— oo
e The final value theorem states that
lim f(t) = limsF(s) = ()
t— o s—0
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e Convolution in the time domain corresponds to multiplication in the complex frequency
domain, that is,
fL () *f, (1) & Fi(s)F,(s)

e Convolution in the complex frequency domain divided by 1/27j, corresponds to multiplica-
tion in the time domain. That is,

1
f,(OHf,(1) & 2—7” F1(s)*F5(s)

e The Laplace transforms of some common functions of time are shown in Table 4.1, Page 4-13
e The Laplace transforms of some common waveforms are shown in Table 4.2, Page 4-22

e We can use the MATLAB function laplace to find the Laplace transform of a time function
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4.7 Exercises

1. Derive the Laplace transform of the following time domain functions:
a. 12 b, Buy(t) c. 24ug(t-12) d. Stug(t) e 4t°ug(t)

2. Derive the Laplace transform of the following time domain functions:

-5t

a. j8 b. j5£-90° ¢ 5elug(t) d. 8t'elug(t) e 158(t—4)

3. Derive the Laplace transform of the following time domain functions:
a. (t2+3t°+4t+3)uy(t) b. 3(2t-3)8(t-3)
c. (3sin5t)ug(t) d. (5cos3t)uy(t)
e. (2tan4t)uy(t) Be careful with this! Comment and you may skip derivation.

4. Derive the Laplace transform of the following time domain functions:
a. 3t(sin5tyuy(t) b. 2t°(cos3tyuy(t) c. 2e 'sinbt

d. 8e'cos4t e. (cost)d(t—m/4)

5. Derive the Laplace transform of the following time domain functions:
a. 5tug(t—-3) b. (2t°—5t+4)uy(t-3) c. (t-3)e uy(t—2)

2(t-2)

d. (2t-4)e Ug(t—3) e 4te *'(cos2tyuy(t)

6. Derive the Laplace transform of the following time domain functions:

t

t d, .2 d, -2t . d, .2 2
. Z(t°cos2t d. £(e " sin2t . Z(t%e
) ¢ dt( ) dt( ) e dt( )

a. i(sin3t) b. i(?;e_4
dt dt
7. Derive the Laplace transform of the following time domain functions:

. t .- . oo co —T
a Sy ST osAl g [TESTh o [TE g
t 0 T t ¢ T ¢ T
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8. Derive the Laplace transform for the sawtooth waveform fgy (t) below.

a Ja 3a

9. Derive the Laplace transform for the full-rectified waveform frg(t) below.

fer(D)

T 2n 3n 47

Write a simple MATLAB script that will produce the waveform above.
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4.8 Solutions to End-of-Chapter Exercises
1. From the definition of the Laplace transform or from Table 4.2, Page 4-22, we obtain:

2 5!
e. 4~—6
S

a. 12/s b. 6/s

e 1%, 2?4 d. 5/s

2. From the definition of the Laplace transform or from Table 4.2, Page 4-22, we obtain:

e. 15¢7*

!
a. j8/s b. 5/s «c. si 7

+5 7 (545)°

a. From Table 4.2, Page 4-22, and the linearity property, we obtain 3—i 43x2t, 4,3

2
S S ¢ S

b. 3(2t-3)3(t-3) = 3(2t-3)|, _,8(t-3) = 95(t-3) and 95(t-3) & 9~

_ —
c. 3 25 - d5 e‘zmmz2.§1Q_4_t(:)2.4/32+22 _8
sST+5 s +3 cos4t s/(s2+2%) S

This answer for part (e) looks suspicious because 8/s < 8uy(t) and the Laplace transform is

unilateral, that is, there is one—to—one correspondence between the time domain and the com-
plex frequency domain. The fallacy with this procedure is that we assumed that if
fi(t)y Fy(s)
— o

fo(t)  Fy(s)

f (1) & Fy(s) and f,(t) & F,(s), we cannot conclude that . For this exercise

f (1) - fy(t) = sindt-

Tosdt’ and as we’ve learned, multiplication in the time domain corre-

sponds to convolution in the complex frequency domain. Accordingly, we must use the
Laplace transform definition j (2tan4t)e *'dt and this requires integration by parts. We skip
0

this analytical derivation. The interested reader may try to find the answer with the MATLAB
script

syms s t; 2*laplace(sin(4*t)/cos(4*t))

4. From (4.22), Page 4-6,

t"f(t) & (_1)”9-;F(s)

ds
a.
d(_5 5. (25) 30s
3(-1)'=( —=] = -3 =
Y 0'5(32 " 52) [(sz " 25)ZJ (s2+ 25’

4-32 Circuit Analysis IT with MATLAB® Computing and Simulink® / SimPowerSystems® Modeling

Copyright © Orchard Publications



Solutions to End—of—Chapter Exercises

b.
d? S dls?+3°—s 25} d[—32+9)
2(-1° = ——] = 2—{ = 20— ===
dsz(52+32) ds (sz+9)2 ds (32+9)2
L, 9)°(=25) — 2(s% + 9)(25)(—s° + 9)
(s2+9)
2 2 3 3
_ 2.(5 + 9)(=25) —4s(-5S +9):2.—25 —18s + 4s™ — 365
(s2+9) (s2+9)
_, 2s° _54s ) 2s(s*=27) _ 4s(s*—27)
- ’ 2 3 ’ 2 3 2 3
(s"+9) (s"+9) (s"+9)
“ 2x5  _ 10
(s+5)2+5%  (s+5)°+25
d 8(s+3) _ _8(s+3)
(s+3)2+4%  (s+3)°+16
c.
cost| ,8(t-n/4) = (J2/2)8(t-n/4) and (,2/2)8(t-n/4) & (J2/2)e ™"
5.
a. 5
Stug(t—3) = [5(t—3)+15]uy(t—3) @e*?’s( 55—2 +1?5) - ge*33@+3)
b. , ,
(2t? —5t+4)uy(t—3) = [2(t—3)" + 12t — 18 - 5t + 4]u,(t - 3)
= [2(t-3)° + 7t — 14]u,(t - 3)
= [2(t-3)%+ 7(t—3) + 21 — 14]u,(t - 3)
= [2(t-3)°+ 7(t-3) + TTug(t-3) e (222 4 T4 T
S s S
C.
(t-3)e Puy(t-2) = [(t-2)-1]e 2" e uy(t-2)
-4 25 1 1 -4 2s[—(s+1)
e -e — =€ -€
[(S+2)2 (S+2)J [(S+2)2}
d.
(2t-4)e” Py t-3) = [2(t-3)+6-4]e """V . e Py, (t-3)

et eyt 22
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c.
ate”*'(cos2t)ug(t) & 4(—1)@[—S +3 J : —41[—3 13 J
ds 2 52 ds| .2
(s+3) +2 ST+6s+9+4
2
@_40%[2 s+3 J:_{s +65+213—(s+3)£25+6)}
Sls® + 65+ 13 (s“+6s+13)
@_4{52+65+13—252—65—65—18}_ 4(s® + 65 + 5)
- =
(s2 + 65 + 13) (s2+ 65 +13)°
6.
a. 3 d ~ ~
sindt e ——— a—tf(t)@sF(s)—f(O ) f(0 ) = sin3t|, _, =0
s"+3
i(sin3t)<:>s > -0= —2§-S-—
dt sT+3 sT+9
b. 3 q
_4t - - —4t
3¢ e = 5 f(1) & sF(s) - f(0") f(07) = 3¢™| _, =3
i(Be_“)(:)s 3 3-8 3(s+4)_-12
dt s+4 s+4 s+4 S+4
C.
2 2 d° S
cos2t & T tcos2t < (-1) —2[2—}
S +2 ds"ts™ +4

g[sz+4—s 23} _ d{—52+4} _ (524 4)°(225) - (=524 4)(s* + 4)2(25)
ds

ds| (24 4)° (s2+4) (s2+4)"
_ (S 4)(=28)— (=s"+4)(4s) _ —25°—8s +4s° 165 _ 25(s°—12)

(52+4)3 (32+4)3 (52+4)3
Thus, ;
t20052t<:>g§£§——_——1—2-2
2 3
(s"+4)
and i .
di(tZCOSZt)(:)sF(s)—f(o_) P szﬂj—_lsQ_o _ 2s°(s —1322
t (s"+4) (s +4)
d. , ;
sin2t & ——— e_2tsin2t<:>-————5——— —f(t) & sF(s)-f(0)
ST+2 (s+2)" +4 dt
i(e_ZtsinZt) @s—-—-—g—z—_o = 2—52
at s+2°+4  (s+2)°+4
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! 2 ! _
el e 9ty o sF(s) —F(07)
S (s+2) dt
2 !
4% o s—2— 0= 2 .
dt (s+2) (s+2)
7.
a.
sint < 2 but to find & {smt} we must first show that the limit lim 3¢ exists. Since
s"+1 t t=0
lim S0X _ 1 ki dition i g sint .
, this condition is satisfied and thus @I ds. From tables of inte-
x—0 X t s $5+1

ds = tanfl(l/s) +C and the constant of

grals,j X = ltan (x/a) + C. Then, J- )
X%+ a’ %+

integration C is evaluated from the final value theorem. Thus,

lim f(t) = lim sF(s) = Sli_r)nos[tan_l(l/s)+C — 0 and gm—t@tan (1/5)

t—> o

b.
. t -
From (a) above, g{n_t & tan (1/s) and since I f(t)dt & FJSQ + fl(s)_z , it follows that

.[S'md To = tan Y(1/s)

C.

From (a) above %nt & tan_l(l/s) and since f(at) %F( i ) , it follows that

. -1
_smat@ lt n (w) or smat@ tan (a/s)
at t
d.
cost & — S , cost = .[ ds, and from tables of integrals,
s +1 t sS +1

ds = %In(s2 +1)+ C and the constant of inte-

J.z dx:—ln(x +a’)+C. ThenJ.
x+a s+1

gration C is evaluated from the final value theorem. Thus,

t _
lim f(t) = limsF(s) = lim s[lln(sz+1)+CJ = 0 and using J‘ 1‘(1)d1<:>ﬂ§2+]10—2 we
t— oo s—0 s—0 L2 oo S S

Circuit Analysis IT with MATLAB® Computing and Simulink® / SimPowerSystems® Modeling 4-35
Copyright © Orchard Publications



Chapter 4 The Laplace Transformation

obtain B
J. 5T o lIn(s2 +1)
¢ T 2s
e.
a1 et 1
& ==, —t—(:)L ;_—Ids, and from tables of integrals .[ax+bdx = Eln(ax+b). Then,

J‘s-i-ilds = In(s+1) + C and the constant of integration C is evaluated from the final value
theorem. Thus,

limf(t) = limsF(s) = lims[In(s+1)+C] =0

t— oo s—0 s—0

t —
and using '[ f(t)dt < ﬂsﬂ + ug—2 , we obtain

oo —T
J. g~—d‘c<:>lln(s+1)
¢ T S

a 2a 3a

This is a periodic waveform with period T = a, and its Laplace transform is

a a
Fs) = ——[ Bre ot = —A [ et (1)
1-e~7od a(l—e )70

and from (4.41), Page 4-14, and limits of integration 0 to a, we obtain

a ¢ i 0
- 2
S s
0

a

S 2

a —st —st
L {t}]; = j te'dt = {_te _e_}
0 S

—as —as
- {l _ae _e—z} = Ll1-(@+as)e™
S S

Adding and subtracting as in the last expression above, we obtain
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*_as] = 12[(1 +as)(1-e **)-as]

L {t}]g = ?[(1+as)—(1+as)ea :

By substitution into (1) we obtain

F(s) = ———A—_—as—~-15[(1+as)(1—e_as)—as] = — A — (1 +as)(1-e **)-as]
a(l-e ™) s as’(l-e ™)
_ A(l+as) Aa =_A{(1+as)_ a }
as® as(l-e®%) aL s (1-e7%)

This is a periodic waveform with period T = a = © and its Laplace transform is

1
(1-e™)

F(s) = —=
1

.
f(t)e*'dt =
_ e—sTJ-0

T st
J. sinte " dt
0

From tables of integrals,

jsinbxeaxdx _ e*(asinbx — bcosbx)
- 2 2
a~+b
Then, .

1 1+e ™
1—e_”5.

1 e’(ssint—cost)

F(s)
1-e™ s2+1

2
s +1

0

1 1+e™ 1 s
> . — = coth >
sT+1 1-e s +1

The full-rectified waveform can be produced with the MATLAB script below.
t=0:pi/16:4*pi; x=sin(t); plot(t,abs(x)); axis([0 4*pi 0 1])

1

0.8 _

0.6 _

0.4f .

0.2 —

0 I I I I I I
0 2 4 6 8 10 12

The full-rectified waveform can also be produced with the Simulink model below. The Sine
Wave, Abs, and Reshape blocks are in the Math Operations library, the MATLAB Func-
tion block is in the User-Defined Functions library, and the Scope and Display blocks are
found in the Sinks library.
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Y ] [ 000
| |U o )
Vi ju
Sine Wave Abs Scope 050
OoE7
E— 00
MATLAE Fcn Heshape OB7T
MATLAE =
™ Function [ ™ [3] 050
oo
eval(stringl)  Column _
Vectar (2-0) Display

Format: bank

Before simulation execution, the following script must be entered at the MATLAB command
prompt:

x=[0 pi/6 pi/3 pi/2 2*pi/3 5*pi/6 pi]; stringl="abs(sin(x))";

The Scope block displays the waveform shown below.

ime offzet. 0

We can use MATLAB polyfit(x,y,n) and polyval(p,x) functions to find a suitable polynomial*
that approximates the full-rectifier waveform.

* For an example with a step—by—step procedure, please refer to Numerical Analysis Using MATLAB and
Excel, ISBN 978—1-934404—03—4, Chapter 8, Example 8.8.
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Chapter 5

The Inverse Laplace Transformation

his chapter is a continuation to the Laplace transformation topic of the previous chapter

and presents several methods of finding the Inverse Laplace Transformation. The partial

fraction expansion method is explained thoroughly and it is illustrated with several exam-
ples.

5.1 The Inverse Laplace Transform Integral

The Inverse Laplace Transform Integral was stated in the previous chapter; it is repeated here for
convenience.

G+jo

< HF(s))= f(t) = Zimj F(s)e’'ds 5.1)

c-jo

This integral is difficult to evaluate because it requires contour integration using complex vari-
ables theory. Fortunately, for most engineering problems we can refer to Tables of Properties, and
Common Laplace transform pairs to lookup the Inverse Laplace transform.

5.2 Partial Fraction Expansion

Quite often the Laplace transform expressions are not in recognizable form, but in most cases
appear in a rational form of s, that is,

F(s) = 34(3 (5.2)

where N(s) and D(s) are polynomials, and thus (5.2) can be expressed as

N(s) _ bps" by 8" Taby 8" 2

- -1 -2
D) as"+a, ;5" t4a, L8t t+ . +a s+,

+...+b;s+Dby

F(s) = (5.3)

The coefficients a, and by are real numbers for k = 1,2, ..., n, and if the highest power m of

N(s) is less than the highest power n of D(s), i.e., m<n, F(s) is said to be expressed as a proper
rational function. If m>n, F(s) is an improper rational function.

In a proper rational function, the roots of N(s) in (5.3) are found by setting N(s) = 0; these are
called the zeros of F(s). The roots of D(s), found by setting D(s) = 0, are called the poles of F(s).
We assume that F(s) in (5.3) is a proper rational function. Then, it is customary and very conve-

nient to make the coefficient of s" unity; thus, we rewrite F(s) as
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Lo s+b, s" taeb, 5" 244 b,s+bg)

F(s) = NG) _ & (5.4)

D(s) Sn+an—1sn—1+an—25n—2+ +ﬁ5+a—0
—_— o

n n an a'n

The zeros and poles of (5.4) can be real and distinct, repeated, complex conjugates, or combina-
tions of real and complex conjugates. However, we are mostly interested in the nature of the
poles, so we will consider each case separately, as indicated in Subsections 5.2.1 through 5.2.3
below.

5.2.1 Distinct Poles

If all the poles py, Py, P3, -, P, of F(s) are distinct (different from each another), we can factor the

denominator of F(s) in the form

_ N(s)
F = 5.5
e P GRS B CJr N B ©-)

where p, is distinct from all other poles. Next, using the partial fraction expansion method, we can
express (5.5) as

r r I3 + I'n

F(s) = L4 + +...
(s=p1) (5=P2) (5—Ps3) (S—Py)

(5.6)
where 1y, 1y, 13, ..., 1, are the residues, and p;, py, P, -.-, P, are the poles of F(s).

To evaluate the residue r,, we multiply both sides of (5.6) by (s - p,) ; then, we let s — p,, that is,
re = lim (s—py)F(s) = (s—pk)F(s)| B (5.7)
S — Py § =P

|
Example 5.1

Use the partial fraction expansion method to simplify F;(s) of (5.8) below, and find the time

domain function f;(t) corresponding to F(s).

Fy(s) = 5222 (5.8)
S"+3s5s+2

The partial fraction expansion method applies only to proper rational functions. It is used extensively in integration, and in
finding the inwerses of the Laplace transform, the Fourier transform, and the z-transform. This method allows us to decom-
pose a rational polynomial into smaller rational polynomials with simpler denominators from which we can easily recognize
their integrals and inverse transformations. This method is also being taught in intermediate algebra and introductory cal-
culus courses.
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Solution:

Using (5.6), we obtain

3s+2 3542 I I

F.(S) = - = + 5.9
1(8) 213542 (+D1(s+2)  (s+1) (s+2) (59)
The residues are 3542
r, = sIerll(s+1)F(s) = m . =-1 (5.10)
and 35+ 2
r, = SI|Hr712(3+2)F(s) = (-s—:-l_) , =4 (5.11)
Therefore, we express (5.9) as
35+2 -1 4
F S) = = + 512
1(5) 213542 (5+1) (s+2) (512)
and from Table 4.2, Chapter 4, Page 4-22, we find that
—at 1
e uo(t)<:>SJra (5.13)
Therefore,
Fy(s) = —% 4 o et ae Y ugt) = f(t) (5.14)

+
(s+1) (s+2)

The residues and poles of a rational function of polynomials such as (5.8), can be found easily
using the MATLAB residue(a,b) function. For this example, we use the script

Ns =13, 2]; Ds =[1, 3, 2]; [r, p, k] = residue(Ns, Ds)
and MATLAB returns the values

r =
4
-1
p =
-2
-1
k =
1

For the MATLAB script above, we defined Ns and Ds as two vectors that contain the numerator
and denominator coefficients of F(s). When this script is executed, MATLAB displays the r and
p vectors that represent the residues and poles respectively. The first value of the vector r is asso-
ciated with the first value of the vector p, the second value of r is associated with the second
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value of p, and so on.

The vector K is referred to as the direct term and it is always empty (has no value) whenever F(s)
is a proper rational function, that is, when the highest degree of the denominator is larger than
that of the numerator. For this example, we observe that the highest power of the denominator is

s2, whereas the highest power of the numerator is s and therefore the direct term is empty.
We can also use the MATLAB ilaplace(f) function to obtain the time domain function directly
from F(s). This is done with the script that follows.

syms s t; Fs=(3*s+2)/(s"2+3*s+2); ft=ilaplace(Fs); pretty(ft)
% Must have Symbolic Math Toolbox installed

When this script is executed, MATLAB displays the expression
4 exp(-2 t)- exp(-t)

Example 5.2

Use the partial fraction expansion method to simplify F,(s) of (5.15) below, and find the time

domain function f,(t) corresponding to F,(s).

2
F,(s) = 3 3s :25+5 (5.15)
S"+12s +44s +48
Solution:

First, we use the MATLAB factor(s) symbolic function to express the denominator polynomial of
F,(s) in factored form. For this example,

syms s; factor(s"3 + 12*s"2 + 44*s + 48) % Must have Symbolic Math Toolbox installed

ans =
(s+2)*(s+4)*(s+6)
Then,
F,(s) = 352+25+5 352+Zs+5 r r, ra (5.16)

Pr 125 +adsrag  (SHDEHAEHE) 5+2) (5+4) (5+6)

The residues are

2
= 3s"+2s+5 _9 (5.17)
(s+4)(s+6)|,_, 8
2
, = 35" +2s+5 _ 3 (5.18)
(s+2)(s+6)|,__, 4

5-4  Circuit Analysis IT with MATLAB® Computing and Simulink® / SimPowerSystems® Modeling
Copyright © Orchard Publications



Partial Fraction Expansion

2
3s"+2s+5 89
= 93 TESTI = = 1
BT s+, 8 (5-19)
Then, by substitution into (5.16) we obtain
2
Fy(s) = 3s -2|-28+5 _ 9/82 +—37/44+ 89/68 (5.20)
4125 +4ds+48 (5T2) (5+4) (5+0)
From Table 4.2, Chapter 4, Page 4-22,
—at 1
e *uy(t) & = (5.21)
Therefore,
_9/8  -37/4 89/8 . (9 2t 37 at_ 89 st _
Fas) = o + 210+ B8 o (Be et Be Jus(t) = £,(0 (5.22)
Check with MATLAB:
syms s t; Fs = (3*s"2 + 4*s + 5) / (s"3 + 12*s"2 + 44*s + 48); ft = ilaplace(Fs)
ft =

-37/4%exp(-4*t)+9/8*exp(-2*t)+89/8*exp(-6*t)

5.2.2 Complex Poles

Quite often, the poles of F(s) are complex,* and since complex poles occur in complex conjugate
pairs, the number of complex poles is even. Thus, if p, is a complex root of D(s), then, its com-
plex conjugate pole, denoted as p,*, is also a root of D(s). The partial fraction expansion method

can also be used in this case, but it may be necessary to manipulate the terms of the expansion in
order to express them in a recognizable form. The procedure is illustrated with the following
example.

|
Example 5.3

Use the partial fraction expansion method to simplify F4(s) of (5.23) below, and find the time

domain function f4(t) corresponding to F4(s).

Fa(s) = ——S* (5.23)
s"+5s +125+8

* A review of complex numbers is presented in Appendix D
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Solution:

Let us first express the denominator in factored form to identify the poles of F5(s) using the
MATLAB factor(s) symbolic function. Then,

syms s; factor(s"3 + 5*s"2 + 12*s + 8)

ans =
(s+1)*(s"2+4*s+8)

The factor(s) function did not factor the quadratic term. We will use the roots(p) function.
p=[1 4 8]; roots_p=roots(p)

roots p =
-2.0000 + 2.0000i
-2.0000 - 2.00001
Then,
S+3 _ S+3
C(s+1)(s+2+]j2)(s+2-j2)

Fs(s) = ——
s +5s +125+8

or

sk
Fafs) = it e ey (5.24)
45 +12s+8 D (5+2+]2) (s+2-)2)

The residues are
s+3

= St3 - é (5.25)
S +4s+8| _
- s+3 _ 1-j2 _1-j2
2 — - - - - - -
(s+1)(s+2-j2)|__, i, (=1-j2)(-j4) -8+]j4
_ ls=-2-j2 (5.26)
_ (1-J2) (=8-j4) _-16+j12 _ 1 |3
(—8+j4)(—8-j4) 80 520
s o (L1,08) 21 3
o = ( 572 520 627
By substitution into (5.24),
F3(S) _2/5 +—1/5+j3/20+—1/5—j3/20 (528)

T (s+1)  (s+2+j2) (s +2-j2)

The last two terms on the right side of (5.28), do not resemble any Laplace transform pair that we
derived in Chapter 2. Therefore, we will express them in a different form. We combine them into

. * . .
a single term , and now (5.28) is written as
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o) = 2/5 (25 +1)

1
(s+1) 5 (s1+4s+8)

(5.29)

For convenience, we denote the first term on the right side of (5.29) as F4(s), and the second as

F3,(s). Then,

2 _
Far(s) = % & et = () (5.30)
Next, for F5,(s) . pe
Fay(s) = —=- _(2s+1) (5.31)

5 (s2 +4s+8)
From Table 4.2, Chapter 4, Page 4-22,

—-at . Q)
e SIn o)tuot =4

2 2
(s+a) +w (5.32)

—at S+a
e COS(D'[UOt =

2. 2
(s+a) +w

Accordingly, we express F3,(s) as

1.3 3
2 S+o+s-> _2( sz, 3 )
. 5\(s+2)2+2%)) 5

(s+2)2+2%) (s+2)%+2%

_ 2(__s+2 6/10 2 (5.33)
) 5((s+2)2+22))+ 2 ((s+2)2+22))

2 2 3 2
) ‘5(<s+2>+2+22>)+f>( (s+2)2+22))

Addition of (5.30) with (5.33) yields

2/5 2 S+2 3 2
F3(s) = F3.(S) + F3(s) = -= + =
’ N O 5((s+2)2+22)) 10((s+2)2+22))
2 -t 2 -t 3 2t oy
@Se —5e 0032t+10e sin2t = f4(t)
Check with MATLAB:

syms a s t w; % Define several symbolic variables. Must have Symbolic Math Tootbox installed
Fs=(s + 3)/(s"3 + 5*s"2 + 12*s + B); ft=ilaplace(Fs)

*  Here, we used MATLAB function simple((—1/5 +3j/20)/(s+2+2j) + (=1/5 =3j/20)/(s+2—-2j)). The simple function,
after several simplification tools that were displayed on the screen, returned (-=2*s-1)/(5*s"2+20*s+40).
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Chapter 5 The Inverse Laplace Transformation

ft =
2/5*exp(-t)-2/5*exp(-2*t)*cos(2*t)+3/10*exp(-2*t) *sin(2*t)

5.2.3 Multiple (Repeated) Poles

In this case, F(s) has simple poles, but one of the poles, say p, , has a multiplicity m. For this con-
dition, we express it as

F(s) = ) (5.34)
(S—P1) (S—P2)...(S=Pn_1)(S—Pp)

Denoting the m residues corresponding to multiple pole p; as Iy, 15, I3, ..., [1m, the partial frac-
tion expansion of (5.34) is expressed as

r r r r
F(S) — 11 + 12 + 13 + _'im

+ ...
(s=p)" (s-pp" " (s-p)" 7 =P PN
PR S TP
(5—P2)  (5—ps3) (S—Pp)
For the simple poles py, p,, ..., p,, we proceed as before, that is, we find the residues from
re = lim (s-p)F(s) = (s—pk)F(s)‘ B (5.36)
S — Py $ =Py

The residues ryy, Iy, 13, ..., [y corresponding to the repeated poles, are found by multiplication

of both sides of (5.35) by (s—p)™. Then,

(s— pl)mF(S) =TI+ (S=P)rp+(s— p1)2r13 +.o..+(S- pl)m_lr
r b, ,_Tn )) (5.37)
(s— pz) (s-p3) (s—p,

+(s-p)"(

Next, taking the limit as s — p; on both sides of (5.37), we obtain

Jim (5 =p)"F(s) = rig+ Jim [(5=po)rss + (5= po)7ris + oo+ (5=p0)" i)
s M
+SILm [(S P1) ((s o (S—p3)+m+(3—pn))}
or
= im (5-p)"F() (5.38)

and thus (5.38) yields the residue of the first repeated pole.
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The residue r;, for the second repeated pole p;, is found by differentiating (5.37) with respect to

s and again, we let s — p,, that is,
o = lim L{(s-p))"F(s)] (5.39)
s—p,dS
In general, the residue r;, can be found from

(s=p0)"F(S) = My +Ty(S=P1) +Tia(s=Pp)” + ... (5.40)
whose (m —1)th derivative of both sides is
g k!

. 1
K—1)!r, = lim
(k=D)try s—p(k—1)!gsk-1

[(s—py)"F(s)] (5.41)

or
k-1

f = lim —2—9 (s —p,)"F(s)] (5.42)

s—py(k—1)lggh-1

|
Example 5.4

Use the partial fraction expansion method to simplify F,(s) of (5.43) below, and find the time

domain function f,(t) corresponding to F,(s).

Fy(s) = —*+3 a (5.43)
(s+2)(s+1)
Solution:
We observe that there is a pole of multiplicity 2 at s = -1, and thus in partial fraction expansion

form, F,(s) is written as

F,(s) = s+3 o T T (5.44)
’ (s+2)(s+1)° +2) (s41)? (+1)

The residues are
s+ 3

I’l— > =1
(s+1) S=_2
s+3
er—S—— =2
tells-a
i _d_(s+3) _(s+2)—(s+3) 1
22 — - - =
ds\s+2 -1 (s+2)2 .
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Chapter 5 The Inverse Laplace Transformation

The value of the residue r,, can also be found without differentiation as follows:

Substitution of the already known values of r; and r,, into (5.44), and letting s = 0 * we obtain

_s+3 | __1 L2 +i‘
s+1s+2)|_, *2h-o s+1)% _, G+l
or
g = %+2+r22
from which r,, = -1 as before. Finally,
3 1 2 -1 -2t -t -t
F,(s)= St = + + setr2te et = (1) (5.45)
B se)s+1)2 6+ (s41)? (5+1) )
Check with MATLAB:

syms s t; Fs=(s+3)/((s+2)*(s+1)"2); ft=ilaplace(Fs) % Must have Symbolic Math Toolbox installed
ft = exp(-2*t)+2*t*exp(-t)-exp(-t)

We can use the following script to check the partial fraction expansion.

syms s

Ns =[1 3]; % Coefficients of the numerator N(s) of F(s)

expand((s + 1)*2); % Expands (s + 1)*2 to s"2 + 2*s + 1;

di=[1 2 1] % Coefficients of (s + 1)*2 =s"2 + 2*s + 1 term in D(s)
d2=[0 1 2] % Coefficients of (s + 2) term in D(s)

Ds=conv(d1,d2); % Multiplies polynomials d1 and d2 to express the

% denominator D(s) of F(s) as a polynomial
[r,p,k]=residue(Ns,Ds)

r =
1.0000
-1.0000
2.0000

* This is permissible since (5.44) is an identity.
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p =
-2.0000
-1.0000
-1.0000

k =

1

|
Example 5.5
Use the partial fraction expansion method to simplify F¢(s) of (5.46) below, and find the time

domain function f5(t) corresponding to the given F(s).

Fe(s) = _.§i_"‘__§_5.i‘__1__2 (5.46)
(s+1)(s+2)
Solution:

We observe that there is a pole of multiplicity 3 at s = -1, and a pole of multiplicity 2 at s = -2.
Then, in partial fraction expansion form, F¢(s) is written as

r r r r r
Fe(s) = —2—+—22 B 2 , 2z (5.47)
° (s+1)° (s+1)° G+1) (5422 (5+2)

The residues are

fy = S +35+21 1
(s+2)" |,
" d[sz+35+1j
12
ds\ (s+2)® )|
_ (3+2)%(25+3)-2(s+2)(s° +35+1) _ _s+4 3
(s+2)* L, s+
2( 2 2
r13=19—(5 +35+1j =1_d_[_d_(s +3S+1H _ 10 sxa)
21452\ (s +2)° 2ds| ds{ (54 2)? 2ds\ (54237 |
s=-1 s=-1 s=-1
B l{(s+2)3_3(s+2)2(s+4)H B 1(s+2—33—12) 5.5 .
B 2 6 - 2 4 = 2 = _
(s+2) . (s+2) N O ) M

Next, for the pole at s = -2,
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2
fy = S +35+31 -1
(s+1)" | _,
and
r __g[¥+3s+q (541325 +3)-3(s+ D352+ 35 + 1)
22 — dS 3 - 6
(s+1) o (s+1) s _2
_ (s+1)(2s+3)-3(s°+3s+1) _-s’—4s 4
(s+1)" o, DY
By substitution of the residues into (5.47), we obtain
Fe(s) = — 2 — 4+ —3 -4 1 _,_4 (5.48)

+ +
(s+1)° (s+1)® G+D (5422 (5+2)
We will check the values of these residues with the MATLAB script below.

syms's; % The function collect(s) below multiplies (s+1)*3 by (s+2)"2
% and we use it to express the denominator D(s) as a polynomial so that we can
% use the coefficients of the resulting polynomial with the residue function
Ds=collect(((s+1)"3)*((s+2)"2))
Ds =
SNS+7*SNM+19*sN3+25*sM2+16*s+4

Ns=[1 3 1]; Ds=[17 19 25 16 4]; [r,p,k]=residue(Ns,Ds)

r =
4.0000
1.0000
-4.0000
3.0000
-1.0000

p:

-2.0000

-2.0000

-1.0000

-1.0000

-1.0000

k =
]
From Table 4.2, Chapter 4,

_ _ 1 —_ 1)
eat<:> 1 te at<:> 1 : £ 1e at@!n 1)n
s+a (s+a) (s+a)
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and with these, we derive fg(t) from (5.48) as

t A

fs(t) = —%tze_t +3te ' —de " +te P + de (5.49)

We can verify (5.49) with MATLAB as follows:
syms s t; Fs=-1/((s+1)"3) + 3/((s+1)"2) - 4/(s+1) + 1/((s+2)"2) + 4/(s+2); ft=ilaplace(Fs)

ft = -1/72*t"2%exp(-t)+3*t*exp(-t)-4*exp(-t)
+t*exp(-2*t)+4*exp(-2*t)

5.3 Case where F(s) is Improper Rational Function

Our discussion thus far, was based on the condition that F(s) is a proper rational function. How-
ever, if F(s) is an improper rational function, that is, if m>n, we must first divide the numerator
N(s) by the denominator D(s) to obtain an expression of the form

F(s) = k0+kls+k252+...+km_nsm_n+—:}%§ (5.50)

where N(s)/D(s) is a proper rational function.
|
Example 5.6

Derive the Inverse Laplace transform fg(t) of

sz+25+2

Fo(s) = s+1

(5.51)
Solution:

For this example, Fg(s) is an improper rational function. Therefore, we must express it in the form

of (5.50) before we use the partial fraction expansion method.

By long division, we obtain

2
Fe(s) = s +2s+2 _ 1 +1+s

s+1 s+1

Now, we recognize that 1
-t

s+1 =€

and
1o o)
but
s 7?
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To answer that question, we recall that
ug'(t) = 8(t)

and Ug(1) = 8(b)

where 8'(t) is the doublet of the delta function. Also, by the time differentiation property

Ug"(t) = 8'(t) & s°F(s) — sf(0)—f' (0) = s°F(s) = 52.% _ s
Therefore, we have the new transform pair
and thus,
_sZ+25+2_ 1 lese et 4800+ 80t = f.(t (5.5
Fe(s) = s+l _S+1+ +see +8(t)+d'(t) = f5(t) _
In general, i
L5t " (5.54)
dt

We verify (5.53) with MATLAB as follows:
Ns=[1 2 2]; Ds=[1 1];[r, p, k] = residue(Ns, Ds)

r =
1

p =
-1

k =
1 1

The direct terms k= [1 1] above are the coefficients of §(t) and &'(t) respectively.

5.4 Alternate Method of Partial Fraction Expansion

Partial fraction expansion can also be performed with the method of clearing the fractions, that is,
making the denominators of both sides the same, then equating the numerators. As before, we
assume that F(s) is a proper rational function. If not, we first perform a long division, and then
work with the quotient and the remainder as we did in Example 5.6. We also assume that the
denominator D(s) can be expressed as a product of real linear and quadratic factors. If these

assumptions prevail, we let (s—a) be a linear factor of D(s), and we assume that (s—a)" is the
highest power of (s —a) that divides D(s). Then, we can express F(s) as
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_ N(S) _ r I M'm
F(s) = = 5.55
) D(s) s—a+(s_a)2+ (s—a)" (355

Let s>+ as+p bea quadratic factor of D(s), and suppose that (s* + oS + B)n is the highest power
of this factor that divides D(s). Now, we perform the following steps:
1. To this factor, we assign the sum of n partial fractions, that is,

rs+k; rs+Kk, r.s+K,
+ T —

2 2
s +as+f (32+0cs+B) (32+ocs+B)n
. We repeat step 1 for each of the distinct linear and quadratic factors of D(s)

. We set the given F(s) equal to the sum of these partial fractions

2
3
4. We clear the resulting expression of fractions and arrange the terms in decreasing powers of s
5. We equate the coefficients of corresponding powers of s

6

. We solve the resulting equations for the residues
|
Example 5.7

Express F-(s) of (5.56) below as a sum of partial fractions using the method of clearing the frac-

tions.

F.(s) = 2—25—+42 (5.56)
(s"+1)(s-1)
Solution:

Using Steps 1 through 3 above, we obtain

—-25+4 rs+A I M2
F.(s) = = + + (5.57)
! S+ 1)s-1)°  (sP+1) (s-1)° -1
With Step 4, X ) 5
—2544 = (r;S+A)(S=1) +r,(sS +1)+ryp(s=-1)(s"+1) (5.58)
and with Step 5,

—2544 = (1 +1p)S + (21 + ATy +y)S” (5.59)
+(r —2A+1,)S+(A-Ty+1,) ‘

Relation (5.59) will be an identity is s if each power of s is the same on both sides of this relation.
Therefore, we equate like powers of s and we obtain
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0 =r1+T1y
o

4 = A-ryy+T1y

Subtracting the second equation of (5.60) from the fourth, we obtain
4 = 2r
o r =2 (5.61)
By substitution of (5.61) into the first equation of (5.60), we obtain
0=2+r,
o fy = —2 (5.62)
Next, substitution of (5.61) and (5.62) into the third equation of (5.60) yields
-2 =2-2A-2

ot A=1 (5.63)

Finally by substitution of (5.61), (5.62), and (5.63) into the fourth equation of (5.60), we obtain

4 =1+2+ry
o fy =1 (5.64)
Substitution of these values into (5.57) yields

F(s) = ——2s+4 _ 2s+l . 1 2 (5.65)

C+1)5-17 (P+1) (s-1)° -1

|
Example 5.8
Use partial fraction expansion to simplify Fg(s) of (5.66) below, and find the time domain func-

tion fg(t) corresponding to Fg(s).

Fals) = — 233 (5.66)
ST +5s +125+8

Solution:

This is the same transform as in Example 5.3, Page 5-6, where we found that the denominator
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D(s) can be expressed in factored form of a linear term and a quadratic. Thus, we write Fg(s) as

Fy(s) = 223 (5.67)
(s+1)(s"+4s+8)

and using the method of clearing the fractions, we express (5.67) as

r r,S+r
Fa(s) = — S Ak (5.68)
(s+1)(s°+4s+8) S*t1 ¢*i45+8

As in Example 5.3, 3 )
o= s = < (5.69)

S +4s+8| _ | 5

Next, to compute r, and ry, we follow the procedure of this section and we obtain

(s+3) = r1(52+4s+8)+(rzs+r3)(s+1) (5.70)

Since r, is already known, we only need two equations in r, and r;. Equating the coefficient of s?

on the left side, which is zero, with the coefficients of s? on the right side of (5.70), we obtain
and since r; = 2/5, it follows that r, = -2/5.

To obtain the third residue r;, we equate the constant terms of (5.70). Then, 3 = 8r; +r5 or
3 =8x2/5+r5,0rr; = -1/5. Then, by substitution into (5.68), we obtain

2/5 1 _(25+1)
(+1) 5 (s?145+8)

Fy(s) = (5.72)

as before.

The remaining steps are the same as in Example 5.3, and thus fg(t) is the same as f4(t), that is,

fg(t)= f5(t)= (ge_t— %e_2t0052t+ %e_ZtsinZt) Uo(t)
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5.5 Summary

e The Inverse Laplace Transform Integral defined as

G +]o

-1 _ 1 st
£ HF(s))= f(t) = anj F(s)e*'ds

c-jm
is difficult to evaluate because it requires contour integration using complex variables theory.

e For most engineering problems we can refer to Tables of Properties, and Common Laplace
transform pairs to lookup the Inverse Laplace transform. The partial fraction expansion
method offers a convenient means of expressing Laplace transforms in a recognizable form
from which we can obtain the equivalent time-domain functions. The partial fraction expan-
sion method can be applied whether the poles of F(s) are distinct, complex conjugates,
repeated, or a combination of these. The method of clearing the fractions is an alternate
method of partial fraction expansion.

e If the highest power m of the numerator N(s) is less than the highest power n of the denomi-
nator D(s), i.e., m<n, F(s) is said to be expressed as a proper rational function. If m>n, F(s)
is an improper rational function. The Laplace transform F(s) must be expressed as a proper
rational function before applying the partial fraction expansion. If F(s) is an improper rational
function, that is, if m > n, we must first divide the numerator N(s) by the denominator D(s) to
obtain an expression of the form

F(s) = kg+Ks+Kys"+ ... + km_nsm”+gl(§§

e In a proper rational function, the roots of numerator N(s) are called the zeros of F(s) and the
roots of the denominator D(s) are called the poles of F(s).
e When F(s) is expressed as

My P! M3 + I'n

= + + + ...
(5=P1) (5=P2) (S—P3) (s—pp)

F(s)

ry, My fa ..., 1y are called the residues and p;, py, ps, ---» P, are the poles of F(s).

e The residues and poles of a rational function of polynomials can be found easily using the
MATLAB residue(a,b) function. The direct term is always empty (has no value) whenever

F(s) is a proper rational function. We can use the MATLAB factor(s) symbolic function to
convert the denominator polynomial form of F,(s) into a factored form. We can also use the
MATLAB collect(s) and expand(s) symbolic functions to convert the denominator factored
form of F,(s) into a polynomial form. In this chapter we introduced the new transform pair

n
s < §'(t) and in general, d—nS(t) &3
dt
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5.6 Exercises

1.

Find the Inverse Laplace transform of the following:

4 4 4 3s+4 s +65+3
a —— b - - d - e TEOSES
s+3 (s +3) (s +3) (s+3) (s +3)

Find the Inverse Laplace transform of the following:

3s+4 4s + 5 s2+ 3542
T b. 2 - .- %3 2
S +4s+85 s +5s5+185 S +55 +10.55+9
2
s —16 s+1
d. 3 > e 3 >
S +8s" +24s+ 32 S +6S +11s+6

Find the Inverse Laplace transform of the following:

2

1 . S
) ﬁ(smocuoctcosoct)@ 52
‘ 323+2 b. 523 +3 Hint: (s"+a)
$"+25 (s"+4) Ag(sinoct—octcosoct)c) - L =
20 (s“+0°)

3 2
25+ 3 d S +8s +24s+ 32 o o2 3
s?+4.255+1 s?+6s+8 (25 +3)°

Use the Initial Value Theorem to find f(0) given that the Laplace transform of f(t) is

25+ 3
s +4.255+1

Compare your answer with that of Exercise 3(c).

[t is known that the Laplace transform F(s) has two distinct poles, one at s = 0, the other at
s = —1. It also has a single zero at s = 1, and we know that lim f(t) = 10. Find F(s) and

t—>
f(t).
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Chapter 5 The Inverse Laplace Transformation

5.7 Solutions to End-of-Chapter Exercises

1.
a 2 oae b 2(:>4te73t c. —2 2 i't?’efngt?’ef3t
5+3 (s+3) (s+3)" 3 8
35+4 _ 3(s+4/3+5/3-5/3) _ 4 (5+43)-5/3 , 1 . _ 1
1 (s+3)° (s +3)° (s+3)° s+3)*  (s+3)°
33,3t 5.4 —3t_l(3 -3t 5 4 —3t)
3!te 4!te _2te 12te
2 2 2
S +6s+3 _ s +6s+9-6 _(s+3) 6 _ _1 g 1
. (s +3)° (s +3)° s+3)° (5+3)° (s+3)°  (s+3)
12 -3t 6.4 —3t_l(2 -3t 1.4 —3t)
o te ate =s\te Ste
2.
a.
3544  _3(s+4/3+2/3-2/3) _ 5 (5+2)-2/3 5 _(s+2) 1 _ 2x9
s?+4s+85 (s +2)°+81 (s+2)° +9° (s+2)2+9% 9 (s+2)°+9°
=3 (S+22) 2—2- 92 2<:>3e‘2tc059t—ge_2tsin9t
(s+2)"+9 9 (s+2)"+9 9
b.
4s+5 _ 4s+5 _ 4s+5 — 4. S+5/4
s +55+185 s°+55+6.25+12.25 (S+2.5)°+3.5° (s+25)° +35°
-4 S+10/4—10/4+5/4_4 S+ 2.5 1 5x 3.5
- 2 2 7 2 2735 2 2
(s+25)"+35 (s+25)"+35 (s+25)" +35
=4. (s+25) 10 3.5 (:)4e72‘5tcos3.5t—%efz'StsinB.St

(s+25)2+35% 1 (s+25)2+352
c. Using the MATLAB factor(s) function we obtain:

syms s; factor(s"2+3*s+2), factor(s"3+5*s"2+10.5*s+9)
% Must have Symbolic Math Toolbox installed

ans = (s+2)*(s+l)
ans = 1/2*(s+2)*(2*s"2+6*s+9)
Then,
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Solutions to End—of—Chapter Exercises

43542 _ _ (s+1)(s+2)  _ _ (s+1)  _ s+1
$?+55%+1055+9  (s+2)(s°+3s+45) (s°+3s+45) s°+35+2.25-225+45
_ S+15-15+1 __ s+15 1 _ 05x15
(s+15)%+(15)°% (s+15%+15?% 1° (s+15)°+(15)°
= S +21'5 5~ % . 1'2 5 & e °'cos1.5t - %efl‘Stsin 1.5t
(s+1.5)" +(15) (s+25)"+35
d.
s?_16 __(s+4)(5-4) _ _(s-4) _s+2-2-4
4852 +245+32  (s+4)(sP+4s+8) (s+2)°+2°  (s+2)7+2°
_ s+2 1 6x2
(s+2)2+22 2 (s+2)2+22
= S+22 2—3- 22 2<:>e72t0052t—3e72tsin2t
(s+2) +2 (s+2) +2
[SH
S+1 _ (s+1) _ 1
162 4+11s+6 +D(s+2)(s+3) (s+2)(s+3)
r r
= 1 = L + 2 I’1=L =1 7‘2—L =-1
(s+2)(s+3) s+2 s+3 s+3|,_, S+2| _ ,
_ 1 =[ 1 1 :|(:>e_2t—e_3t
(s+2)(s+3) Ls+2 s+3
3.
. 323+2 = 233 2+l- §X52 =3 25 2+2- > 2<:>30055t+gsin5t
2425 s24+5% ° s°45 s°+5° 9 §°4+5 5
55+ 3 5s° 3 1 1
= + 5. (sin2t + 2tcos2t) + 3 - ——=(sin2t — 2tcos2t)
2 2 2 2.2 2 2.2 2%x2 2%x8
b (8 +4) (s"+27) (s5+29)
(:)(§+—3é)sin2t+(§—§— 2tcos2t = 2—Pfsin2t+1—7-tc052t
4 1 4 1 16 8
2s+3 _ 2s+ 3 __n 4 r
32+4.255+1 (S+4)(S+l/4) s+4 s+1/4
C.
~ 25+3‘ 5 4 r_2$+3‘ _5/2 2
15 a1 = T4 2 = Ty
s+1/4|_, -15/4 3 s+4| __,, 15/4 3
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Chapter 5 The Inverse Laplace Transformation

4/3+ 2/3
s+4 s+1/4

& %(Zef4t + efw)

$°+85° 4245432 _(s+4)(s°+45+8) _(sS°+45+8)

and by long division

d 1 6s+8 (s+2)(s+4) (s+2)
w S+2+—— A (:»6(t)+26(t)+4e
S+2 S+2
e.
-2s 3 -2s
e — e F(s) & f(t-2)uy(t-2)
(2s+3)
3
F(s)= 3 = 3/23 = 3/8 = 3/8 3@2(21' 2e—(3/2)t) 136 2a= /2t
(25+3) (2s+3)7/2 [(2s+3)/2] (s+3/2)
e_ZSF(S)= e—25 3 o 3( 2)2 —(3/2)(t- 2) Uy(t—2)
(23+3) 16
4. The initial value theorem states that IimO f(t) = lim sF(s). Then,
t— S —> oo
2
f(0) = lim S_Z__gii_g___ — lim 225—‘*‘35
$—2> 8" +4255+1 S7>~g"4+425s5+1
2s°/5% + 3s/5° 2+3/s

lim = lim =2

s g2 /62 L4 055/s% +1/s° S7=14425/5+1/5°

The value f(0) = 2 is the same as in the time domain expression found in Exercise 3(c).

5. We are given that F(s) = ':‘4—2 and lim f(t) = IimOsF(s) = 10. Then,

t— oo

M Alim =1 _ _A =10

s—>0 S(S+1) s—>0(S+l)

Therefore, . ;
Fs)==06-D N1, To 10 20 . (10_20eyu,t)
s(s+1) s s+1 s s+1
that is,

f(t) = (10—20e ")uy(t)
and we observe that .
limf(t) =

t— oo
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Chapter 6

Circuit Analysis with Laplace Transforms

to illustrate how the Laplace transformation is applied to circuit analysis. Complex imped-

T his chapter presents applications of the Laplace transform. Several examples are presented
ance, complex admittance, and transfer functions are also defined.

6.1 Circuit Transformation from Time to Complex Frequency

In this section we will show the voltage—current relationships for the three elementary circuit
networks, i.e., resistive, inductive, and capacitive in the time and complex frequency domains.
They are described in Subsections 6.1.1 through 6.1.3 below.

6.1.1 Resistive Network Transformation

The time and complex frequency domains for purely resistive networks are shown in Figure 6.1.

Time Domain Complex Frequency Domain
+ i Va(t) = Rig(t) ¥ i VR(s) = Rlg(s)
VR(D) RZig(t) . VR(t) Vr(s) RS [Rr(S) ~VR(9)
§ in(t) = RR § Ir(s) = —o—

Figure 6.1. Resistive network in time domain and complex frequency domain

6.1.2 Inductive Network Transformation

The time and complex frequency domains for purely inductive networks are shown in Figure 6.2.

Time Domain Complex Frequency Domain
+
* \l/ di_ l/ V (s) = sLI (s)-Li (0)
i) i) = Lor sLg 1.(5)
V (s) Vis) i(0)
VL(t) Lé ] ~ 1 t L i IL(S) = T+T
L =] v Li (0)

Figure 6.2. Inductive network in time domain and complex frequency domain
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Chapter 6 Circuit Analysis with Laplace Transforms

6.1.3 Capacitive Network Transformation

The time and complex frequency domains for purely capacitive networks are shown in Figure 6.3.

Time Domain Complex Frequency Domain
+ \L + _
+ le(® = C5 sCT- ¢ Io(s) V(0T
ve(t) Cx= t V() Ve(s) = —Cs-Ei—Jr—C—;—
B _1 i ) ve(0
Ve(t) = CI_NICdt (_) c(S )
Figure 6.3. Capacitive circuit in time domain and complex frequency domain
Note:

In the complex frequency domain, the terms sL and 1/sC are referred to as complex inductive
impedance, and complex capacitive impedance respectively. Likewise, the terms and sC and 1/sL
are called complex capacitive admittance and complex inductive admittance respectively.

|
Example 6.1
Use the Laplace transform method and apply Kirchoff’'s Current Law (KCL) to find the voltage

vc(t) across the capacitor for the circuit of Figure 6.4, given that vo(07) = 6 V.

R
AMA
Vs 10 N
Cr Cc = V(D)
12uyt) v 1F

Figure 6.4. Circuit for Example 6.1
Solution:

We apply KCL at node A as shown in Figure 6.5.

R |

MAS=A
Vg 1Q iC
G C 7 Ve(h)
120,y v LF

Figure 6.5. Application of KCL for the circuit of Example 6.1
Then,
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Circuit Transformation from Time to Complex Frequency

in+ic = 0
or
ve®-12uy(t) |, dvg
1 dt
fja‘-’tﬁ Fve(t) = 12ug(t) 6.1)
The Laplace transform of (6.1) is
12

SVe(8)—Ve(0 ) +Ve(s) = ’

(s+1)Ve(s) = 13—2+6
6s + 12
V(S) =
c(®) s(s+1)
By partial fraction expansion,
Ve(s) = bs+12 _ L, Do
s(s+1) s (s+1)
o Bs4l2 g,
(s+1) | _,
I
S ls=a
Therefore,
Ves)=22_ 6 12 6et = (12-6e YU (t) = vo(t)
¢ s s+1 0 ¢
|
Example 6.2

Use the Laplace transform method and apply Kirchoff’s Voltage Law (KVL) to find the voltage
v (t) across the capacitor for the circuit of Figure 6.6, given that v(07) = 6 V.

R
. MW
S 1Q
+
@) CoR_Ve(t)
1F
12u(t) V

Figure 6.6. Circuit for Example 6.2
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Chapter 6 Circuit Analysis with Laplace Transforms

Solution:

This is the same circuit as in Example 6.1. We apply KVL for the loop shown in Figure 6.7.

R
v W
S 1
C
CL) g ;<+Vc(t)
Ic(t) 1l
12uy(t) V

Figure 6.7. Application of KVL for the circuit of Example 6.2

. 1t
Rig(t) + = Luc(t)dt = 12u,(t)
and with R = 1 and C = 1, we obtain
t

ic(t)+j ic(tdt = 12uy(t) (6.2)

Next, taking the Laplace transform of both sides of (6.2), we obtain

c(s) Vc(oi) _12

le(s) + S S
1 12 6 _ 6
(143 e = 2-2-
(s+ 1 ) <(s) =
or
lo(s) = —@ io(t) = 6e uy(t)

Check: From Example 6.1,
ve(t= (1266 )uy(t)
Then,

ic(t) = cdd—t - % - %(12—6e_t)uo(t) = 66 Uy (t) + 65(t) 6.3)

The presence of the delta function in (6.3) is a result of the unit step that is applied at t = 0.
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Circuit Transformation from Time to Complex Frequency

Example 6.3

In the circuit of Figure 6.8, switch S; closes at t = 0, while at the same time, switch S, opens.

Use the Laplace transform method to find v, (t) for t>0.

t=0 's(H
@ 2A
c iF'Sc NV
2
t=20 20 0.5H
0 ANV ALK +
c A/S<C R L, > L 1\
+ S, 1 L1 (D) 2
-~ R § 1Q % Vout(t)
- — 2
LF| ™ ve(0) = 3V 05H][ |

Figure 6.8. Circuit for Example 6.3

Solution:

Since the circuit contains a capacitor and an inductor, we must consider two initial conditions
One is given as V(07) = 3 V. The other initial condition is obtained by observing that there is

an initial current of 2 A in inductor L, ; this is provided by the 2 A current source just before

switch S, opens. Therefore, our second initial condition is i, ;(07) = 2 A.

* . . .
For t >0, we transform the circuit of Figure 6.8 into its s—domain equivalent shown in Figure 6.9.

@
’\N\/’Iﬂi‘d‘@

~ 1/s 2 - tv JTr
1 § 0.5s é Vout(s)
® l
3/s

Figure 6.9. Transformed circuit of Example 6.3

In Figure 6.9 the current in inductor L, has been replaced by a voltage source of 1 V. This is

found from the relation

Hmmv:%xzzlv (6.4)

* Henceforth, for convenience, we will refer the time domain as t—domain and the complex frequency domain as s—domain.
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Chapter 6 Circuit Analysis with Laplace Transforms

The polarity of this voltage source is as shown in Figure 6.9 so that it is consistent with the direc-
tion of the current i ,(t) in the circuit of Figure 6.8 just before switch S, opens. The initial

capacitor voltage is replaced by a voltage source equal to 3/s.
Applying KCL at node D we obtain

Vour($) =1-3/5  Vou(s) | Voul®) _ (6.5)
1/5+2+5s/2 1 s/2

and after simplification,

Vout(S) - - 23(23 + 3) (6.6)
S"+8s"+10s+4

We will use MATLAB to factor the denominator D(s) of (6.6) into a linear and a quadratic fac-
tor.

p=[1 8 10 4]; r=roots(p) % Find the roots of D(s)
r =
-6.5708

-0.7146 + 0.31321
-0.7146 - 0.3132i

y=expand((s + 0.7146 — 0.3132j)*(s + 0.7146 + 0.3132))) % Find quadratic form

y =

sN2+3573/2500*s+3043737/5000000

3573/2500 % Simplify coefficient of s

ans =
1.4292

3043737/5000000 % Simplify constant term

ans =
0.6087

Therefore,

2 2
Vou(s) = = s(zs+3) _ sz(s+3) 6.7)
ST+8s"+10s+4 (s+6.57)(s"+1.43s+0.61)

Next, we perform partial fraction expansion.

2 3 r ryS+r
Vou(s)= 25 19) et o (6.8)
(s+657)(s>+ 1435 +0.61) S+657 2414354061
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Circuit Transformation from Time to Complex Frequency

r = —-23323) — 136 (6.9)
s?+ 1435+ 061 _
The residues r, and r; are found from the equality
25(s+3) = r,(s° +1.435 + 0.61) + (1, S + 5)(s + 6.57) (6.10)

Equating constant terms of (6.10), we obtain
0 = 0.61r; + 6.57r,
and by substitution of the known value of r; from (6.9), we obtain
fy = —0.12
Similarly, equating coefficients of s?, we obtain
2 =1r.+T,

and using the known value of r,, we obtain

r, = 0.64 (6.11)
By substitution into (6.8),
. 1.36 0.645s-0.12 _ 1.36 0.64s + 0.46 — 0.58 *
Voul®) = o657+ 2 T 54657 2
S+0. s“+1.43s+061 SO s“+1.435+051+0.1
or
Vo (5) = 136, 064 s+0.7125—0.91 :
$+6.57 (s +0.715)" + (0.316)
1.36 0.64(s + 0.715 0.58
ST A v ;s (6.12)
D0 (s+0.715)° + (0.316)° (s + 0.715)° + (0.316)
_ 136 ,_ 064(s+0715) _ 1.84 x 0.316

$+6.57  (540.715)%+(0.316)> (s +0.715)° + (0.316)°

Taking the Inverse Laplace of (6.12), we obtain

—6.57t -0.715t -0.715t

Vo, (1) = (1.36e + 0.64e cos0.316t — 1.84e sin0.316t)uy(t) (6.13)

* We perform these steps to express the term M in a form that resembles the transform pairs
s+ 1.43s+0.61
—at S+a —-at_. ()] . , .
e cosotuy(t) & 5 and e sinotuy(t) & 5 The remaining steps are carried out in (6.12).
(s+a) +o (s+a) +w
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Chapter 6 Circuit Analysis with Laplace Transforms

From (6.13), we observe that as t — e, v, (t) = 0. This is to be expected because v, (t) is the
voltage across the inductor as we can see from the circuit of Figure 6.9. The MATLAB script
below will plot the relation (6.13) above.

t=0:0.01:10;...
Vout=1.36.*exp(—6.57.*)+0.64.*exp(—0.715.*t).*c0s(0.316.*t)—1.84.*exp(—0.715.*t).*sin(0.316.*t);...
plot(t,Vout); grid

Figure 6.10. Plot of Vv, (t) for the circuit of Example 6.3

Figure 6.11 shows the Simulink/SimPower Systems model for the circuit in Figure 6.8.

Smulation stop tme: 10sec

Canti [ ]
ontinuous ‘—p g m
powergui Scope 1
J
i - Scope 2
ez [ e AT ey " —
vl

=\oltage Measurement

l o L J i r i

T —“—"'\J;\u-:‘\..-— . % LE_TI_ WM Scope 3
1 1w

= =+

Figure 6.11. The Simulink/SimPowerSystems model for the circuit in Figure 6.8
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Circuit Transformation from Time to Complex Frequency

In the model in Figure 6.11, the Switch 1 and Switch 2 blocks are modeled as current sources

and unless a snubber ™ circuit is present, cannot be connected in series with a current source or in
series with an inductor. The Current Source block and the series RL block in Figure 6.11 do not
include snubbers and in this case, the Resistor blocks R3 and R4, both set as 1 MQ, are con-
nected in parallel with the Current Source block and the series RL block to act as snubbers.

The Block Parameters for the Simulink/SimPowerSystems blocks in Figure 6.11 are set as follows:
On the model in Figure 6.11 window click Simulation>Configuration Parameters, and select:
Type: Variable Step, Solver: ode23. Leave unlisted parameters in their default states.

Timer 1 and Timer 2 blocks — Time(s): [0 3/60]
Amplitude — Timer 1: [1 0] (Closed, then Open after 3/60 s)
Timer 2: [0 1] (Open, then Closed after 3/60 s)

Switch 1 block — as shown in Figure 6.12

E| Block Parameters: Switch 1 |

Ideal Switch (mask) {Jink)

Switch controlled by a gate signal in parallel with a series RC snubber drcuit.
In on-state the Switch model has an internal resistance (Ron).

In off-state this internal resistance is infinite.

The internal resistance must be greater than zero,

The switch model is on-state when the gate signal (o) is set to 1.

Parameters
Internal resistance Ron (Ohms) :
0.001
Initial state (0 for 'open’, 1 for 'dosed?) :
1
Snubber resistance Rs (Chms) :
inf
Snubber capadtance Cs (F) :
0

E Show measurement port

Figure 6.12. Block parameters for Switch 1 block
Switch 2 block — as shown in Figure 6.12, except Initial state 0.

* A snubber is a device used to suppress transients such as voltage in electrical systems, force in mechanical sys-
tems, and pressure in fluid mechanics.
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Chapter 6 Circuit Analysis with Laplace Transforms

Current Source block — Peak Amplitude: 2, Phase: 90, Frequency: 0, Measurement: Current

With these settings the Current Source block behaves as a 2 Amp DC current source.

R1 L1 block - As shown in Figure 6.13.

'_ﬁJ Block Parameters: Series RLC Branch @J

Series RLC Branch (mask) {ink)

Implements a series branch of RLC elements.
IUse the ‘Branch type' parameter to add or remove elements from the branch.

Parameters

Branch type: |RJ_ -

Resistance (Ohms):
2
Inductance (H):
0.5
[¥] set the initial inductor current

Inductor initial current (A):
2

Measurements [Branch current -

Figure 6.13. Block parameters for R1 L1 branch

The waveform for the voltage v_ . (t) in expression 6.13 is displayed by the Scope 3 block in Fig-

out
ure 60.11 is shown in Figure 6.14 and it compares favorably with the waveform produced with
MATLAB in Figure 6.10.
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Complex Impedance Z(s)

Figure 6.14. Waveform displayed by the Scope 3 block in Figure 6.11.

6.2 Complex Impedance Z(s)

Consider the s—domain RLC series circuit of Figure 6.11, where the initial conditions are
assumed to be zero.

R sL
AM——558 +
0
_|_ 1
A ) 17 Voul®)
Vg(s) C ¥

Figure 6.15. Series RLC circuit in s—domain

For this circuit, the sum R +sL + ;—% represents the total opposition to current flow. Then,

V()

') = RisL+1/5C (©.19)
and defining the ratio V((s)/1(s) as Z(s), we obtain
_Vs(s) 1
Z(s)= i - R+3L+SC (6.15)
and thus, the s—domain current I(s) can be found from the relation (6.16) below.
_ Vg(9)
I(s) = 510 (6.16)
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where

- 1
Z(s) = R+sL+SC (6.17)

We recall that s = 6+ jo. Therefore, Z(s) is a complex quantity, and it is referred to as the com-
plex input impedance of an s —domain RLC series circuit. In other words, Z(s) is the ratio of the
voltage excitation V(s) to the current response 1(s) under zero state (zero initial conditions).

|

Example 6.4

For the network of Figure 6.16, all values are in Q (ohms). Find Z(s) using:
a. nodal analysis

b. successive combinations of series and parallel impedances

1 1/s
AN €

_|_
VS(s) S S

o

Figure 6.16. Circuit for Example 6.4
Solution:

a.
We will first find 1(s), and we will compute Z(s) using (6.15). We assign the voltage VA(s) at

node A as shown in Figure 6.17.

Figure 6.17. Network for finding 1(S) in Example 6.4
By nodal analysis,

VA(S)_VS(S)+VA(S)+ Va(S) 9
1 s s+1/s

1 1 _
(1 + S + Tk )VA(S) = Vg(S)
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Complex Admittance Y (s)

3
s +1
Vals) = 57— - Vs(8)
ST+28"+s+1
The current I(s) is now found as
Vs(s) = Va(S) $P+1 2s°+ 1
I(5) = =8 = (15— V() = 55— Vs(9)
ST+2s"+s+1 ST+2s +s+1
and thus, v \ ,
S
Z(S) - S( ) _ S +25 +s+1 (6.18)

15) 26?41

The impedance Z(s) can also be found by successive combinations of series and parallel
impedances, as it is done with series and parallel resistances. For convenience, we denote the
network devices as Z,, Z,, Z; and Z, shown in Figure 6.16.

1 /s
a o /\/\/\, 1€
7, 73
Z(S) BN S ZZ S Z4
b

Figure 6.18. Computation of the impedance of Example 6.4 by series — parallel combinations

To find the equivalent impedance Z(s), looking to the right of terminals a and b, we begin on
the right side of the network and we proceed to the left combining impedances as we would
combine resistances where the symbol || denotes parallel combination. Then,

Z(s) = [(Zg+2Zy) |1 2,1+ 2,4

2 3 3 2
Z(s) = SE+1/5 +1:SZ—+1+1=52_+5+1=5+252—+5+1 (6.19)
s+s+1/s (25°+1)/s 25" +1 25 +1

We observe that (6.19) is the same as (6.18).

6.3 Complex Admittance Y (s)

Consider the s—domain GLC parallel circuit of Figure 6.19 where the initial conditions are
zero.
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+

® V(}) oz 13 sc

I5(s)

Figure 6.19. Parallel GLC circuit in s—domain

/1

For the circuit of Figure 6.19,
GV(s) + leV(S) +sCV(s) = I(s)

(G + Sll_ + sc)(V(s)) = 1(s)

Defining the ratio 15(s)/V(s) as Y(s), we obtain

1

_16) _ gL
Y(s)_v(s) = G+sL+SC 7

and thus the s —domain voltage V(s) can be found from

|

where

Y(s) = G+~ +sC
sL

(6.20)

(6.21)

(6.22)

We recall that s = o +jw. Therefore, Y(s) is a complex quantity, and it is referred to as the com-
plex input admittance of an s —domain GLC parallel circuit. In other words, Y(s) is the ratio of

the current excitation Ig(s) to the voltage response V(s) under zero state (zero initial condi-

tions).
|

Example 6.5

Compute Z(s) and Y(s) for the circuit of Figure 6.20. All values are in Q (ohms). Verify your

answers with MATLAB.
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T €
13s 8/5s
20
Z(8) — 10 § §
Y(s) —
(5) 5s g 16/s ~

Figure 6.20. Circuit for Example 6.5
Solution:

[t is convenient to represent the given circuit as shown in Figure 6.17.

o Z,

Z(s), Y(s) — Z, Z,

o

Figure 6.21. Simplified circuit for Example 6.5

where )

Z, = 1354+ 8 — 135 +8

s S
Z, = 10 +5s

Z, = 20+% - 44555—“‘2

Then,
, (10 + 55)(4JM) , (10 + 55)(4JM)
2(s) = 2, ZpZ3 _ 135" +8 s _13°+8 s
Zy+Z s 10+ 55 4 4(5s+4) s 55° + 10s + 4(5s + 4)
S
s
_ 135" 48 20(5s° + 145 +8) _ 655" +490s’ + 5285 + 400s + 128
s 55% +30s + 16 s(5s° + 305 + 16)

Check with MATLARB:
syms s; % Define symbolic variable s. Must have Symbolic Math Toolbox installed

z1=13*s + 8/s; z2 =5*s + 10; z3 =20 + 16/s; z=z1 + 22 * 23 | (z2+23)

Z =
13*s+8/s+(5*s+10)*(20+16/s)/(5*s+30+16/s)

710 = simplify(z)

Circuit Analysis IT with MATLAB® Computing and Simulink® / SimPowerSystems® Modeling 6-15
Copyright © Orchard Publications



Chapter 6 Circuit Analysis with Laplace Transforms

z10 =
(65*s"M4+490*s"3+528*s"2+400*s+128)/s/ (6*s"2+30*s+16)

pretty(z10)

4 3 2
65 s + 490 s + 528 s + 400 s + 128

s (s + 30 s + 16)

The complex input admittance Y(s) is found by taking the reciprocal of Z(s), that is,

2
1 1
Y(s) = = = - s(5§ +3052+ 6) (6.23)
(8) 655" +490s° + 528s% + 400s + 128

6.4 Transfer Functions

In an s—domain circuit, the ratio of the output voltage V,,(s) to the input voltage V;,(s)

under zero state conditions, is of great interest in network analysis. This ratio is referred to as the
voltage transfer function and it is denoted as G, (), that is,

Vout(S)

G/ =715)

(6.24)

Similarly, the ratio of the output current 1,,,(s) to the input current I,,(S) under zero state condi-

tions, is called the current transfer function denoted as G;(s), that is,

lout(S)

Gi(s) = I (s)

(6.25)

The current transfer function of (6.25) is rarely used; therefore, from now on, the transfer func-
tion will have the meaning of the voltage transfer function, i.e.,

To appreciate the usefulness of the transfer function, let us express relation (6.24) as V,,(s) = G,(s) - Vi, (s) -

This relation indicates that if we know the transfer function of a network, we can compute its output by multi-
plication of the transfer function by its input. We should also remember that the transfer function concept exists
only in the complex frequency domain. In the time domain this concept is known as the impulse response, and
it is discussed in Signals and Systems with MATLAB Computing and Simulink Modeling, ISBN 978-1—
934404-11-9.
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(6.26)

Example 6.6

Derive an expression for the transfer function G(s) for the circuit of Figure 6.22, where R, rep-
resents the internal resistance of the applied (source) voltage Vg, and R represents the resis-

tance of the load that consists of R, L, and C.

+
R,_§
R
’ L% Vout
Vg C=

Figure 6.22. Circuit for Example 6.6
Solution:

No initial conditions are given, and even if they were, we would disregard them since the transfer
function was defined as the ratio of the output voltage V ,(s) to the input voltage

Vin(s) = Vy(s) under zero initial conditions. The s —domain circuit is shown in Figure 6.23.

+
RL§
R
g sL é Vout(s)
1=
Vin(s) sC

Figure 6.23. The s—domain circuit for Example 6.6

The transfer function G(s) is readily found by application of the voltage division expression of
the s—domain circuit of Figure 6.23. Thus,
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v R +sL+1/sC y
out(S) = Ry+R_+sL+1/sC in(S)

Therefore,
Vou(s) = R +Ls+1/sC

G(s)= =
®) Vin(s)  Ryg+R_+Ls+1/sC

(6.27)

1

Example 6.7

Compute the transfer function G(s) for the circuit of Figure 6.24 in terms of the circuit constants
R, R, Ry, Cy,and C, Then, replace the complex variable s with jo, and the circuit constants

with their numerical values and plot the magnitude |G(s)| = V,,(5)/V;,(s) versus radian fre-

quency .
R2 240K Cpx10nF
Ry R3
NN A —
+ 200K 50K
) + +
Vin Clr\ 25 nF Vout
Figure 6.24. Circuit for Example 6.7
Solution:

The complex frequency domain equivalent circuit is shown in Figure 6.25.

RZ § ~ 1/SC2
Ry 1| Rs 2
AN AN —
+ V,(s) Va(s) >_:|_
Vin (s) p Vout (s)

Tl/scl

Figure 6.25. The s—domain circuit for Example 6.7

Next, we write nodal equations at nodes 1 and 2. At node 1,

Vi®-Vin®) | v,

Vl(S)—Vout(S)+V1(S)—V2(S) -0

R,

+
1/sC,

R,

Rs
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At node 2,
VZ(S) _Vl(s) — VOUt(S) (629)
R, 1/sC,
Since V,(s) = 0 (virtual ground), we express (6.29) as
Vi(S) = (-SRyC,)V g y(9) (6.30)

and by substitution of (6.30) into (6.28), rearranging, and collecting like terms, we obtain:

[( 1 +i+i+scl)(—sRscz)——

1 1
— V,.+(8) = =V (s
Rl R2 R3 R2:| OUt( ) Rl In( )

or
Vou®) _ -1

Vi (5) Ry [(1/R;+1/R,+1/Ry+5C; )(SRyC,) + 1/R,]

G(s)= (6.31)

To simplify the denominator of (6.31), we use the MATLAB script below with the given values
of the resistors and the capacitors.

syms s; % Define symbolic variable s
R1=2*10"5; R2=4*10"4; R3=5*10"4; C1=25*107(-9); C2=10*10"(-9);...
DEN=R1*((1/R1+1/R2+1/R3+s*C1)*(s*R3*C2)+1/R2); simplify(DEN)

ans =
1/200*s+188894659314785825/75557863725914323419136*s"2+5

188894659314785825/75557863725914323419136 % Simplify coefficient of s"2

ans =
2.5000e-006

1/200 % Simplify coefficient of s"2

ans =
0.0050

Therefore,
Vout(s) — —1
Vin(8)  25%x10°%°+5%x107°%s+5

G(s)=

By substitution of § with jo we obtain

G(jo)= Vout(jm) _ -1
Vin(o)  25x10%0%~j5x 10w +5

(6.32)

We use MATLAB to plot the magnitude of (6.32) on a semilog scale with the following script:
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-1./(2.5.*10./(—6).*w."2-5.*].*10./(-3).*w+5);...
semilogx(w,abs(Gs)); xlabel('Radian Frequency w'); ylabel('|Vout/Vin|);...

titte('Magnitude Vout/Vin vs. Radian Frequency"); grid

The plot is shown in Figure 6.22. We observe that the given op amp circuit is a second order low—

pass filter whose cutoff frequency (-3 dB) occurs at about 700 r/s.

w=1:10:10000:; Gs

Magnitude Vout/Vin vs. Radian Frequency

+

|

|

|

|

|
1N

|

|

|

|

|

|
ke

Il e B e e A
I \ | T 1T

I e

|
|
|
|
|
111
|
|
|
|
|
|
TOT ITTOOT

0.15F--+r-r4++tr

0
0.05---

Juiaanol

Figure 6.26. |G(jm)| versus o for the circuit of Example 6.7

6.5 Using the Simulink Transfer Fcn Block

Transfer Fon

VouT(8)

The Simulink Transfer Fen block implements a transfer function where the input V| (s) and

the output Vg 1(s) can be expressed in transfer function form as

(6.33)

G(s)

V n(S)
Let us reconsider the active low—pass filter op amp circuit of Figure 6.24, Page 6-18 where we

found that the transfer function is
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G(s)= Vour(S) _ 1
Vi (5)  Ry[(1/R;+1/R,+1/R;+5C; )(SRyC,) + 1/R,]

(6.34)

and for simplicity, let R, = R, = R; = 1 Q,and C, = C, = 1 F. By substitution into (6.34) we
obtain

G(s)= Voul® _ -1 (6.35)

Vin(s)  *+3s+1

Next, we let the input be the unit step function uy(t), and as we know from Chapter 4,
Ug(t) & 1/s. Therefore,

Vyy((s) = G(s)- Vi (s) = 2. —2— - -1 (6.36)

a _
S s*+3s+1  s®43s%+s

To find v,,(t), we perform partial fraction expansion, and for convenience, we use the MAT-
LAB residue function as follows:

num=-1; den=[1 3 1 O];[r p k]=residue(num,den)

r =
-0.1708
1.1708
-1.0000
p =
-2.6180
-0.3820
0
k =
1
Therefore,
@'?Ii;]:_%+si£;[kgégm)@_l+LﬂmO%H_Q”Rzmm:VWN)(6”)

The plot for v, ,(t) is obtained with the following MATLAB script, and it is shown in Figure
6.217.

t=0:0.01:10; ft=—1+1.171.*exp(-0.382.#t)-0.171.*exp(~2.618.*t); plot(t,ft); grid

The same plot can be obtained using the Simulink model of Figure 6.29, where in the Function
Block Parameters dialog box for the Transfer Fcn block we enter —1 for the numerator, and
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[1 3 1] for the denominator. After the simulation command is executed, the Scope block dis-
plays the waveform of Figure 6.29.

0 \

| | | |

1 1 1 1

| | | |
02F--N--- Ao . L o Lo u

1 1 1 1

1 1 1 1
L e S R SR —

| | |

1 1 1 1
0.6 ------- AN RREEEEE B R 8

| | | |

1 1 1 1

| I | |
08F------- A-------- [ - ———— == o — - -

| | | |

| | |

1 1 1 ‘

_1 1 1 1 1
0 2 4 6 8 10

Figure 6.27. Plot of V,,(t) for Example 6.8.

>

-1
| |
J 52 +35+1 Scope
Step Transfer Fon Bus
Creator

Figure 6.28. Simulink model for Example 6.8

Figure 6.29. Waveform for the Simulink model of Figure 6.28
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6.6 Summary

The Laplace transformation provides a convenient method of analyzing electric circuits since
integrodifferential equations in the t—domain are transformed to algebraic equations in the
s-domain.

In the s—domain the terms sL and 1/sC are called complex inductive impedance, and com-
plex capacitive impedance respectively. Likewise, the terms and sC and 1/sL are called com-
plex capacitive admittance and complex inductive admittance respectively.

The expression

Z(s) = R+sL+ &
sC

is a complex quantity, and it is referred to as the complex input impedance of an s-domain
RLC series circuit.

In the s—domain the current I(s) can be found from

Vs(s)

I(s) = 2(5)

The expression

Y(s) = G+~ +sC
sL

is a complex quantity, and it is referred to as the complex input admittance of an s —domain
GLC parallel circuit.

In the s—domain the voltage V(s) can be found from
V(S) = ———S—

In an s-domain circuit, the ratio of the output voltage V,,(s) to the input voltage V;(s)
under zero state conditions is referred to as the voltage transfer function and it is denoted as
G(s), that is,

_ You(®)

MV
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6.7 Exercises

1. In the circuit below, switch S has been closed for a long time, and opens at t = 0. Use the
Laplace transform method to compute i (t) for t>0.

t=0 Ry
M
RZ iL(t)é 1 mH ®
0Q L -

2. In the circuit below, switch S has been closed for a long time, and opens at t = 0. Use the
Laplace transform method to compute v (t) for t>0.

Ry t=0 R3 R,
oxo ~T° o%e | 20%a
@) ° Regeo ke C;:irvc(t) n S10KQ
72V g MF °

3. Use mesh analysis and the Laplace transform method, to compute i,(t) and i,(t) for the cir-

cuit below, given that i, (07) = 0 and v(0") = 0.

L, R,
TR AN
2 H 30
R1§1Q L, 1H
@ cl+
Vi(t) = Up(D) | ij(t) >
' Fl 2 V,(t) = 2uy(t)

4. For the s—domain circuit below,

a. compute the admittance Y(s) = 1,(s)/V,(s)

b. compute the t—domain value of i;(t) when v,(t) = uy(t), and all initial conditions are

Z€ero.
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11(s) Ry \_i{C(S) R3
r ANN— = AN
1Q 1/s 3Q

Vi(s) R4’\/\/\2/Q V,(S) = 2V¢(9)

5. Derive the transfer functions for the networks (a) and (b) below.

NV EIIR
+ + L +
Vin(S) R + Vin(S) R% Vout(s)

NLO

~ Vout(S)

(a) (b)
6. Derive the transfer functions for the networks (a) and (b) below.

F I + + IV%{\’ +
Vin(s) R% Vo ui(S) Vin(8) L % Vout(8)

any

O

(a) (b)

7. Derive the transfer functions for the networks (a) and (b) below.

L
Vin(8) © RV, ,(5) Vin(8)

T +
Foue + L

(a)

8. Derive the transfer function for the networks (a) and (b) below.

Ry
+ | Wy >
v, +
Vo-lu-t(s) n(®) + Vout($)

=

O

Va RS

Ry
NN

Vin(S)

-+
V \/é
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9. Derive the transfer function for the network below. Using MATLAB, plot |G(s)| versus fre-
quency in Hertz, on a semilog scale.

R, = 11.3kQ
R, = 22.6 kQ
AN Rs=R, = 68.1 kQ

’\/\/\, N C]_:Cz = O‘Ol MF
+
+ AN ANV > Vout(s)
V. () Ry

1 o L
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6.8 Solutions to End-of-Chapter Exercises

1. Att = 0 , the switch is closed, and the t — domain circuit is as shown below where the 20 Q
resistor is shorted out by the inductor.

S 10Q
O—-0—ANN——
2200 | gim 9
i (1) 32V
Then,
| = % —32A

and thus the initial condition has been established as i, (0 ) = 3.2 A

Forall t>0 the t—domain and s-domain circuits are as shown below.

| 107%s % ||L(5)

003 1mH§iL(0_)=3.2A 002
&

Li (0 ) = 32x10°V

From the s—domain circuit on the right side above we obtain

-3
3.2x10 3.2 ~20000t .

= < 3.2e Us(t) = i, (t

20+ 10 3s S+ 20000 o) = 1.(1)

I (s) =

2.Att = 0 , the switch is closed and the t—domain circuit is as shown below.

6KQ 30KQ  20KQ
_'Viwm s R l
(t) ' 60 KQ§ Ve 10 Kg§ i, (1)
2V 1—

Then,
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(07 = 72V ___ T2V _ T2V
T 6 KQ+60 KQII60 KQ ~ 6 KQ+30 KQ 36 KQ

= 2 mA

and
12(07) = 3ir(07) = 1 mA
Therefore, the initial condition is
Ve(0 ) = (20 KQ+10 KQ) - ip(0 ) = (30 KQ) - (1 mA) = 30 V

For all t>0, the s—domain circuit is as shown below.

30KQ 20KQ Vr = Ve(s)
—VW AN L _pm————
_L 1 - - : J; 9 x 106 : n
§ 60 KQ 40/9x10 s § 10KQ VC(S): 40s : VR§ 22.5KQ
| | -
30/s 'L _ §0_/_3_ B !

(60 KQ +30 KQ) Il (20 KQ + 10 KQ) = 225 KQ

225 x 10° 30 30 x 22.5 x 10°
Ve(s) = Vg = 5 3’ g 6 3
9% 10°/40s+225%x10° S 9x10%/40 + 22.5x 10%s
_ (30x225%10%/(225%10%) _ 30 _ 30
9x10°/(40x225x10%) +s  9x10°/90x10%+s 10+s
Then, 30 ot

3. The s—domain circuit is shown below where z; = 25,2z, = 1+1/s,and z; = s+3

,’\il - T~
VAR L AMAN—
« 2s / \ 3 NZ3
/1 |' \ 5)
\
+‘> Il + 1z, é
1/s 1,(8) [\1/s]— Iy (s)
2
N 2/s

Then,
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(21 +25)14(8) —Z,15(s) = 1/s

—Z,11(S) + (2, + Z3)1,(S) = -2/s

(21+2) -z, | L) _ | 1/s
-2, (Z,+1Z3)| |1,(9) -2/5

We use the MATLAB script below we obtain the values of the currents.

and in matrix form

syms s; z1=2*s; z2=1+1/s; z3=s+3; % Must have Symbolic Math Toolbox installed
Z=[z1+z2 -z2; -z2 z2+z3]; Vs=[1/s -2/s]; Is=Z\Vs; fprintf(’ \n);...
disp('Is1 ="); pretty(Is(1)); disp(ls2 ="); pretty(Is(2))

Isl =
2
2s-1+s
2 3
(6 s+3+9s +2s)
Is2 =
2
4 s +s+ 1
2 3
(6s+3+9s + 2s) conj(s)
Therefore,
242s-1
l(s) = ——= (1)
2S"+9s" +6s+3
2
I,(s) = 34s +Zs+1 2)
25" 4+9s  +6s+3

We use MATLAB to express the denominators of (1) and (2) as a product of a linear and a
quadratic term.

p=[2 9 6 3]; r=roots(p); fprintf(' \n"); disp(‘rootl ="); disp(r(1));...

disp(‘root2 ="); disp(r(2)); disp(‘'root3 ="); disp(r(3)); disp(‘'root2 + root3 ='); disp(r(2)+r(3));...
disp(‘root2 * root3 ="); disp(r(2)*r(3))

rootl =
-3.8170

root2 =
-0.3415 + 0.52571
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root3 =
-0.3415 - 0.5257i

root2 + root3 =
-0.6830

root2 * root3
0.3930

and with these values (1) is written as

2 _ r r,S+r
|l(S) _ S -;25 1 — 1 + - 2 3 (3)
(s+3.817) - (s°+0.683s+0.393) (8+3817) (s*, 06835+ 0.393)

Multiplying every term by the denominator and equating numerators we obtain

s*+25—1 = ry(s° +0.683s + 0.393) + (IS + I;3)(s + 3.817)

. 2 .
Equating s°, s, and constant terms we obtain

rh+r, =1
0.683r; +3.817r,+ 13 = 2
0.393r; +3.817r; = -1

We will use MATLARB to find these residues.

A=[1 1 0;0.683 3.817 1;0.393 0 3.817]; B=[1 2 —1]; r=A\B; fprintf(' \n');...
fprintf('rl = 9%5.2f \t',r(1)); fprintf('r2 = %5.2f \t',r(2)); fprintf('r3 = %5.2f',r(3))

rl1 = 0.48 r2z = 0.52 r3 = -0.31

By substitution of these values into (3) we obtain

I I,S+1r3 B 048 0.52s-0.31 )

|1(3) = + =
(s+3817) (1 06835+0.393) (5+3817) (5?4 0.683s+0.393)

By inspection, the Inverse Laplace of first term on the right side of (4) is

0.48

-3.82t
(5+382) < 0.48¢ d)

The second term on the right side of (4) requires some manipulation. Therefore, we will use
the MATLAB ilaplace(s) function to find the Inverse Laplace as shown below.

syms st % Must have Symbolic Math Toolbox installed
IL=ilaplace((0.52*s-0.31)/(s"2+0.68*s+0.39));
pretty(IL)
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1217 17 1/2 1/2
- ———exp(- -- ) 14 sin(7/50 14 1)
4900 50
13 17 1/2
+ —- exp(- -- t) cos(7/50 14 1)
25 50
Thus, -3.82t -0.34t -0.34t
i1(t) = 048~ -0.93e "7 'sin0.53t+ 0.52e "~ c0s0.53t
Next, we will find 1,(s). We found earlier that
2
L(s) = — 343 +23+1
25" +9s"+6s+3
and following the same procedure we obtain
2
45 _s_1 r r,S+ 1
|2(S) - S2 S — 31817 + - 2 3 (6)
(s+3.817) - (s°+0.683s +0.393)  (8+3.817)  (s*, 0.683s + 0.393)
Multiplying every term by the denominator and equating numerators we obtain
45" —s—1 = ry(s° +0.683s + 0.393) + (IS + I;3)(s + 3.817)
Equating 52, s, and constant terms, we obtain
ri+r, =-4
0.683r, +3.817r,+ 1, = -1
0.393r, +3.817ry = -1
We will use MATLAB to find these residues.
A=[1 1 0;0.683 3.817 1:0.393 0 3.817]: B=[-4 —1 —1J"; r=A\B: fprintf(' \n"):...
fprintf('rl = %5.2f \t',r(1)); fprintf('r2 = %5.2f \t',r(2)); fprintf('r3 = %5.2f,r(3))
rl = -4.49 r2 = 0.49 r3 = 0.20
By substitution of these values into (6) we obtain
1,(s) = r S+ 13 -449 0.49s +0.20 (7)

+ —
(s+3817) (5?1 0683s+0393) (5+3817) (5%, 0.683s+0.393)

By inspection, the Inverse Laplace of first term on the right side of (7) is

0.48

_ -3.82t
a8 e (8)
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The second term on the right side of (7) requires some manipulation. Therefore, we will use
the MATLAB ilaplace(s) function to find the Inverse Laplace as shown below.

syms st % Must have Symbolic Math Toolbox installed
IL=ilaplace((0.49*s+0.20)/(s"2+0.68*s+0.39)); pretty(IL)

167 17 172 172
-——— exp(- -- ) 14 sin(7/50 14 t)
9800 50
49 17 1/2
+ ——— exp(- -- t) cos(7/50 14 1)
100 50
Thus,
i,(t) = —4.47¢ >%"+ 0.06e ***sin0.53t + 0.49¢ >**'c0s0.53t
4.
Vc(9)
MA—H (= A
1 1/s 3
14(s) 12 @é
V() 2 Va(s) = 2V(s)
AW
a. Mesh 1:
(2+1/5)-15(s) = 1,(s) = V,(s)
or
6(2+1/5)-1,(s)-6l,(s) = 6V4(s) (1)
Mesh 2:

—11(8) +61,(5) = =V,(s) = —(2/5)1(S) (2)
Addition of (1) and (2) yields

(12 +6/5) - 1,(s) + (2/5—1) - 1,(s) = 6V,(s)
of (11+8/5) - 1,(5) = 6V,(s)
and thus
Vi) = 1 _ 6 __6s
(s) = = =
Vi(s) 11+8/s 11s+8

b. With V,(s) = 1/s we obtain

_ ' __6s 1__6 _ _6/11 6 @/t _.
L) =Y () Vi) = 15 8 s " 11s+8 s+8/1L  11° =L
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5.
R + t L -
Vin®) g Voul®) Vin(®) RZ Vou(s)
(@) (b)
Network (a): L/Cs
Voul®) = gi1/cs Vin®)
and thus
G(s) = Youl® __1/Cs 1/Cs 1 _ _1/RC

"~ V() R+1/Cs (RCs+1)/(Cs) T RCs+1 s+1/RC

Network (b):

R
Vout(S) = Ls+R 'Vin(S)
and thus
Vo) _ R _ _R/L

G(s) = =
®) V,(s) Ls+R s+R/L

Both of these networks are first—order low—pass filters.

6.
| ¢
e, PRt
Vin(s) R VOUt(S) Vin(s) Ls Vout(s)
(a) (b)
Network (a):
R
Voul®) = 77653 R Vin(®)
and
Voul) R RCs  _ s

G(s) =

Vi,(s) 1/Cs+R  (RCs+1) s+1/RC

Network (b):

Ls
R+Ls

Vou(s) = “Vin(s)

and V. (s)
G(s) = out — Ls _ S
Vin(s)  R+Ls s+R/L

Both of these networks are first—order high—pass filters.

Circuit Analysis IT with MATLAB® Computing and Simulink® / SimPowerSystems® Modeling 6-33
Copyright © Orchard Publications



Chapter 6 Circuit Analysis with Laplace Transforms

7.

A
- T R -
+ LS
* LS 1/cs

Vm(s) R Vout(s) Vln(s) VOUt(s)

1/Cs
(a) ) — T -

(b)

Network (a):

R
Voul®) = Iip/csv R Vin®)

and thus

G(s) = Youl®) _ R _ RCs _ (R/L)s
Vin(s)  Ls+1/Cs+R | cs? 4+ 14+RCs s+ (R/L)s+1/LC

This network is a second-order band—pass filter.

Network (b):

Ls+1/Cs
Voul®) = R 1/0s Vin®)

and

G(s) = Youl® _ _Ls+l/Cs _ _LCS+1 _ _ s"+1/LC
Vin(8)  R+Ls+1/Cs | cs? +RCs+1 s°+(R/L)s+1/LC

This network is a second—-order band-elimination (band-reject) filter.
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8.
:<
1/Cs Ry
A% A
Ry Ry 1/Cs Ry
> AV >
{ A i 1€ .
. + + V. (S
Vin(®) Vou(s) () + Vour(s)
(a) (b)
Network (a):
R,x1/Cs . ) V,.(S) z
Let z; =R, and z, = R,[11/Cs = =2~——_F t —ub = 2 and
et z, , and z, 5l R, +1/Cs or inverting op amps Vo (5) 2. an
thus
G(s) = Vou(s)  -[(R;x1/Cs)/(R,+1/Cs)]  —(R,x1/Cs)  -R,C
C Vig(s) R, "R, -(Ry+1/Cs)  s+1/R,C

This network is a first—order active low—pass filter.

Network (b):

Voul(®) - & and thus

Vin(s) Zy

Voui(S) _ -R, _ —(Ry/Ry)s
Vin(s) R;+1/Cs  s+1/R,C

Let z; = R;+1/Cs and z R, . For inverting op-amps
1 1 2 2 p-amp

G(s)

This network is a first—order active high—pass filter.

Circuit Analysis IT with MATLAB® Computing and Simulink® / SimPowerSystems® Modeling 6-35
Copyright © Orchard Publications



Chapter 6 Circuit Analysis with Laplace Transforms

9.
R, = 11.3KQ
R, = 22.6 KQ
Ry R;=R, = 68.1 KQ
AW
R3 Vl Cl:C2 = 0.0l MF
Ry = N Vs B —— +
+— W\ o + Vour(S)
Vin($) ? > Li/cs l_
L = 1/Cys -
L
IX
AtNode V;:
Vl(s)+V1(s)—Vout(s) _ 0
R, R,
1.1 1
=+ = |V, (s) = =V 1
(R R Vi) = ZVoul®
At Node Vj:

V3(S)—V2(S)+ V3(s) -0
R, 1/Cys

and since V3(s) = V,(s), we express the last relation above as

Vi(8) = V,(8)

R, +CysV (s) =0

(Ri2+cls)v1(s) - Rizvz(s) )

At Node V,:

V,(s) - V;,(s) N V,(s) —V4(s) N V,(8) = Vou(s)
R, R, 1/C,s B

1.1 _ Vin(s) | Vy(s)
(R_1+R_2+CZS)V2(S) = R_1+ R2 +C25Vout(s) (3)
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From (1)
V,(s) = AR\, (s) = ———V_ (s)
1(8) = (Ry+R,)/R,R, U = (R +R,)  out

(4)

From (2) 1
V,(s) = RZ(R— + Cls)vl(s) = (1+R,C,5)V4(9)

2
and with (4) Ry(1+R,C,5)

Va®) = T RTR)

Vout(s) (5)

By substitution of (4) and (5) into (3) we obtain

R.(1+R,C,s) V. (s R
(L4 Llicys) 221 in($), 1_ Rs

Vout(s) = V,,1(8) + C,sV, (S
R, R, Ryt Ry ol = TR =R R+ Ry ou(®) F o5 Voul(s)

_( 1 1 S) R3(1 + RZC]_S) 1 R3

1 .
— + — + C2 - CZS}Vout(S) = _Vin(s*

Ry Ry (Rg+Ry)  Ry(Ry+Ry) Ry
and thus
G(S) — Vout(s) — 1
Vi,(s)

C,s

R (1 rLic 8)R3(1+R2C15) 1_Rs
Y\R; 'R, 2/ (Ry+R,)  Ry(Ry+Ry)

By substitution of the given values and after simplification we obtain

7.83 %10’

G(s) = 4 7
S"+1.77x10 s+ 5.87 x 10

We use the MATLAB script below to plot this function.

w=1:10:10000; s=j.*w; Gs=7.83.*10."7./(s."2+1.77.*10.4.*s+5.87.*10."7);...
semilogx(w,abs(Gs)); xlabel('Radian Frequency w'); ylabel('|Vout/Vin|’);...
titte('Magnitude Vout/Vin vs. Radian Frequency'); grid
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Magnitude Vout/Vin vs. Radian Frequency
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The plot above indicates that this circuit is a second—order low—pass filter.
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Chapter 7

State Variables and State Equations

his chapter is an introduction to state variables and state equations as they apply in circuit
analysis. The state transition matrix is defined, and the state—space to transfer function
equivalence is presented. Several examples are presented to illustrate their application.

7.1 Expressing Differential Equations in State Equation Form
As we know, when we apply Kirchoff’s Current Law (KCL) or Kirchoff’s Voltage Law (KVL) in

networks that contain energy—storing devices, we obtain integro—differential equations. Also,
when a network contains just one such device (capacitor or inductor), it is said to be a first-order
circuit. If it contains two such devices, it is said to be second—order circuit, and so on. Thus, a first
order linear, time—invariant circuit can be described by a differential equation of the form

d
ag + 3 Y() = X(V (7.
A second order circuit can be described by a second-order differential equation of the same form
as (7.1) where the highest order is a second derivative.

An nth—-order differential equation can be resolved to n first—order simultaneous differential
equations with a set of auxiliary variables called state variables. The resulting first—order differen-
tial equations are called state—space equations, or simply state equations. These equations can be
obtained either from the nth—order differential equation, or directly from the network, provided
that the state variables are chosen appropriately. The state variable method offers the advantage
that it can also be used with non-linear and time-varying devices. However, our discussion will
be limited to linear, time—invariant circuits.

State equations can also be solved with numerical methods such as Taylor series and Runge-

* . .
Kutta methods, but these will not be discussed in this text . The state variable method is best
illustrated with several examples presented in this chapter.

|
Example 7.1
A series RLC circuit with excitation

t

vg(t) = e!® (7.2)

* These are discussed in Numerical Analysis using MATLAB and Excel, ISBN 978—1-934404—03—4.
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is described by the integro—differential equation
ot
Ri+ LY +Cj idt = e (7.3)

Differentiating both sides and dividing by L we obtain

2
dt Rdi 1. 1. jot
d +Ldt+LCI Lj(ne (7.4)
or )
dt _ Bg_l___]_._ 1. jot
dtz__L ot I_C|+ije (7.5)

Next, we define two state variables x; and X, such that

X, =i (7.6)
and g dx
l - 221 _
Xy = p pm 1 (7.7)
Then, .
X, = d“i/dt (7.8)

where %, denotes the derivative of the state variable x, . From (7.5) through (7.8), we obtain the

state equations
Xl = XZ
_ R 1 1. jot (79)
X, = —LX2 LC Lj(x)e

. . . . . * .
[t is convenient and customary to express the state equations in matrix form. Thus, we write the

state equations of (7.9) as
0 1 0
M - N fle (7.10)
X2 - A - T X2 T J(De

We usually express (7.10) in a compact form as
X = Ax+bu (7.11)

T

where u' is any input

* For a review of matrix theory, please refer to Appendix E.
T In this text, and in all Orchard Publications texts, the unit step function is denoted as uy,.
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X 0 1 X 0
x=|"1 A =] 3 Rl Xx=1["" b=|1 [ andu=anyinput (7.12)
LC "L :

X5 [ we

The output y(t) is expressed by the state equation
y = Cx+du (7.13)

where C is another matrix, and d is a column vector.

In general, the state representation of a network can be described by the pair of the of the state—
space equations

AX + bu
Cx+du (7.14)

The state space equations of (7.14) can be realized with the block diagram of Figure 7.1.

RSN g s U S oSS S rcy B
ﬁ/ \
A
d

Figure 7.1. Block diagram for the realization of the state equations of (7.14)

We will learn how to solve the matrix equations of (7.14) in the subsequent sections.

Example 7.2
A fourth—order network is described by the differential equation

——Y + ag—Y + az—Y + al—Y +a,y(t) = u(t) (7.15)
gt  dt® g2t

where y(t) is the output representing the voltage or current of the network, and u(t) is any
input. Express (7.15) as a set of state equations.
Solution:

The differential equation of (7.15) is of fourth—order; therefore, we must define four state vari-
ables which will be used with the resulting four first—order state equations.
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We denote the state variables as X;, X,, X5, and X,, and we relate them to the terms of the given
differential equation as

_ _dy _d¥ _dYy
X1 = y(t) Xy = d X3 = — X4 = 3 (7.16)
t dt dt
We observe that
Xl = X2
Xy = X3
X3 = X4 (7.17)
q*
a% = X, = —8X1— Xy — BXg—a3X, + U(L)
and in matrix form
Xy 0 1 0 0% 0
¥ol 2|0 0 10X 10yt (7.18)
%/ |0 0 0 1||x] |o
Xy —8 —& —& —&||X, 1

X = Ax+bu (7.19)
where
Xy 0 1 0 O X3 0
X = XZ, A=[0 0 1 O, X = XZ, b= 0, and u = u(t)
Xg 000 1 X5 0
Xy —8 —& —& —& Xy 1

We can also obtain the state equations directly from given circuits. We choose the state variables
to represent inductor currents and capacitor voltages. In other words, we assign state variables to
energy storing devices. The examples below illustrate the procedure.

Example 7.3

Write state equation(s) for the circuit of Figure 7.2, given that vo(07) = 0, and uy(t) is the unit

step function.
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R
AN
+
@) == Ve(t) = V(D)
C
Vg Ug(t)

Figure 7.2. Circuit for Example 7.3
Solution:
This circuit contains only one energy—storing device, the capacitor. Therefore, we need only one
state variable. We choose the state variable to denote the voltage across the capacitor as shown
in Figure 7.3. For this example, the output is defined as the voltage across the capacitor.

R
ANN—
T Vr(t)

<i> @C ;:-_'_ Ve(t) = Vou(t) = X
VsUg(t)

Figure 7.3. Circuit for Example 7.3 with state variable x assigned to it
For this circuit,

dve

iR:i:iC:CE:CX
and .
Vi(t) = Ri = RCx
By KVL,
VR(t) +Vc(t) = vgUy(t)
or

RCX +X = vgUy(t)
Therefore, the state equations are

X = - —l—x+vsuo(t)

RC (7.20)

y = x

Example 7.4

Write state equation(s) for the circuit of Figure 7.4 assuming i, (0") = 0, and the output y is

defined as y = i(t).

R
MWV

VgU(t)

Figure 7.4. Circuit for Example 7.4
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Solution:

This circuit contains only one energy—storing device, the inductor; therefore, we need only one
state variable. We choose the state variable to denote the current through the inductor as shown
in Figure 7.5.

R
NV

GJCELYL

_vsuo(t)

Figure 7.5. Circuit for Example 7.4 with assigned state variable x

By KVL,
VR + V| = VglU(t)
> Ri+L@—v Uo(t)
dt - SHo
or

RX+LX = vgUy(t)
Therefore, the state equations are

R 1
X = — =X+ =VgU(t
L L'S o(t) (721)
y = X
7.2 Solution of Single State Equations
If a circuit contains only one energy—storing device, the state equations are written as
X = aX+pu
(7.22)

y = kyx+Kk,u
where o, B, kq, and k, are scalar constants, and the initial condition, if non—zero, is denoted as
Xo = X(to) (7.23)
We will now prove that the solution of the first state equation in (7.22) is

a(t-
X(t) = e

to) ot t —OLT
Xo+ € '[ e Bu(t)dr (7.24)
tO
Proof:

First, we must show that (7.24) satisfies the initial condition of (7.23). This is done by substitu-
tion of t = ty in (7.24). Then,
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(to-

t
X(ty) = e tO)x0+e0°tj 0e_O°T[3u(r)dr (7.25)
to

The first term in the right side of (7.25) reduces to X, since

-t
ey = &%, = X (7.26)

The second term of (7.25) is zero since the upper and lower limits of integration are the same.
Therefore, (7.25) reduces to X(t,) = X, and thus the initial condition is satisfied.

Next, we must prove that (7.24) satisfies also the first equation in (7.22). To prove this, we dif-
ferentiate (7.24) with respect to t and we obtain

d ot-ty) d| atp! —ar
X(t) = =(e Xo) + =< € e Bu(t)dr
) = S 0) dt{ LO (1) }
or ¢
X(t) = ocea(tfto)xo+ ae™[ e *"Bu(t)dr + em[e*(“Bu(r)]L:t
to
~ t
= o{e‘l(t tO)xo +e e(”[su(r)dr} +e™'e ™Bu(t)
to
or ‘
X(t)= a[e““‘“’)xo+ [ ea(t_T)Bu(r)dr} +Bu(t) (7.27)

to

We observe that the bracketed terms of (7.27) are the same as the right side of the assumed solu-
tion of (7.24). Therefore,

X = aX+pu
and this is the same as the first equation of (7.22).

In summary, if o and B are scalar constants, the solution of

X = oX+fu (7.28)
with initial condition Xq = X(to) (7.29)
is obtained from the relation
- t
X(t) = eOL(t tO)xo+e°Lt e *"Bu(t)dr (7.30)
t0
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Example 7.5

Use (7.28) through (7.30) to find the capacitor voltage v(t) of the circuit of Figure 7.6 for t> 0,

given that the initial condition is vo(07) = 1V

R
A%
20
Cl+
® " Lo
uyty OS5F
0

Figure 7.6. Circuit for Example 7.5
Solution:

From (7.20) of Example 7.3, Page 7-5,

and by comparison with (7.28),
o = e -1
RC 2x05
and
B =2
Then, from (7.30),
a(t-1p) atf' ot ~1(t-0) s
Xx(t) = e X+ € e Bu(t)dr = e l+e J. e2u(t)dt
ty 0

t t
et 2e_tj e'dt = e +2e [e'] ‘0 —e'+2e'(e-1)
0

or ¢
Ve(t) = x(1) = (2-e )uy(t)

Assuming that the output y is the capacitor voltage, the output state equation is

y(t) = x(t) = (2—€ up(t)

7.3 The State Transition Matrix
In Section 7.1, relation (7.14), we defined the state equations pair

X = Ax+bu
y = Cx+du

(7.31)

(7.32)

(7.33)
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where for two or more simultaneous differential equations, A and C are 2x 2 or higher order
matrices, and b and d are column vectors with two or more rows. In this section we will intro-

. A . . 1 .
duce the state transition matrix €', and we will prove that the solution of the matrix differential
equation

X = Ax+bu (7.34)
with initial conditions
X(ty) = Xg (7.35)
is obtained from the relation
~ t
x(t) = e t°)x0+e‘“j e "bu(t)de (7.36)
to

Proof:

Let A be any nx n matrix whose elements are constants. Then, another nx n matrix denoted as
¢(t), is said to be the state transition matrix of (7.34), if it is related to the matrix A as the
matrix power series

_ At 1,22 1,33 1l,.nn
o(t)=¢€ —I+At+2!At +3!At +...+mAt (7.37)
where | is the nx n identity matrix.
From (7.37), we find that
00) = €% = 1 +A0+... = (7.38)
Differentiation of (7.37) with respect to t yields
o'(t) = dgteAt= 0+A-1+A%t+... = A+A%t+... (7.39)
and by comparison with (7.37) we obtain
deAt _ pt (7.40)

dt

To prove that (7.36) is the solution of (7.34), we must prove that it satisfies both the initial con-
dition and the matrix differential equation. The initial condition is satisfied from the relation

A(ty—to)
0 OX

t
X(ty) = e o+eAt°I eV bu(tydt = €%, +0 = Ix, = X, (7.41)
t

where we have used (7.38) for the initial condition. The integral is zero since the upper and
lower limits of integration are the same.
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To prove that (7.34) is also satisfied, we differentiate the assumed solution
A(t—t t_
X(t) = e ( 0)xo + eAtJ' e "bu(t)dr
ty

with respect to t and we use (7.40), that is,

d At , At
dte = Ae
Then, .
X(t) = AeA(tftO)x0+AeAt e “bu(t)dr + €' bu(t)
t
or ;
(1) = A|:eA(t_t0)Xo+eAtI eATbU(’C)dT:| + eAte—Atbu(t) (7.42)
ty

We recognize the bracketed terms in (7.42) as X(t), and the last term as bu(t). Thus, the expres-
sion (7.42) reduces to

X(t) = Ax+bu

In summary, if A is an nx n matrix whose elements are constants, n>2, and b is a column vec-
tor with n elements, the solution of

X(t) = Ax+bu (7.43)
with initial condition Xg = X(tg) (7.44)
is -
X(t) = eA(t_to)xO+eAtj e *bu(t)dr (7.45)
t0

Therefore, the solution of second or higher order circuits using the state variable method, entails

. o A . .
the computation of the state transition matrix €', and integration of (7.45).

7.4 Computation of the State Transition Matrix ™t

Let A be an nxn matrix, and | be the nxn identity matrix. By definition, the eigenvalues 2,

i =12 ...,n of A are the roots of the nth order polynomial

detfA-Al] =0 (7.46)

We recall that expansion of a determinant produces a polynomial. The roots of the polynomial of
(7.46) can be real (unequal or equal), or complex numbers.
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. . AL, . .
Evaluation of the state transition matrix € = is based on the Cayley—Hamilton theorem. This theo-
rem states that a matrix can be expressed as an (n-1)th degree polynomial in terms of the
matrix A as

= al+aA+aA®t . +a, A" (7.47)

where the coefficients g are functions of the eigenvalues A.

We accept (7.47) without proving it. The proof can be found in Linear Algebra and Matrix The-
ory textbooks.

Since the coefficients g are functions of the eigenvalues A, we must consider the two cases dis-
cussed in Subsections 7.4.1 and 7.4.2 below.

7.4.1 Distinct Eigenvalues (Real of Complex)

If Ay# Ay #hg# ... £ A, that is, if all eigenvalues of a given matrix A are distinct, the coeffi-

cients @ are found from the simultaneous solution of the following system of equations:

_ A
Bot+ah +aA+ . +a At =e it
2 -1 Aot
B+ A, + Ao+ ... +a, Ay =€ (7.48)
2 n-1 At
Qrar,+dA+...+a, A, =€

Example 7.6

Compute the state transition matrix €' given that
A-l21
0 -1

We must first find the eigenvalues A of the given matrix A . These are found from the expansion

of

Solution:

detfA-Al] =0
For this example,
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%MA—M]—da{fz ﬂ_xP-O}}:daff—% 1} -0
0 -1 01 0 —1-\

(-2-M)(=1-1)=0

or

Therefore,

A+1)(A+2) =0
Ay = -1 and A, =-2 (7.49)

Next, we must find the coefficients @ of (7.47). Since A is a 2x 2 matrix, we only need to con-

sider the first two terms of that relation, that is,
At
€ = aql+aA (7.50)

The coefficients a, and a; are found from (7.48). For this example,

8+ ayh, = e
3+ ayh, = ¢
or
a+a(-1) =€ a5
A+ a(-2) = e .
Simultaneous solution of (7.51) yields
ot
8 = 2e —-e
S (7.52)
=€
and by substitution into (7.50),
eAt _ (2e_t e—Zt{ 1 0 } +(et e—2t) {_2 1}
1 0-1
or
2t 2t
e = [e & e ] (7.53)
0 e

o A . . . :
In summary, we compute the state transition matrix € = for a given matrix A using the following
procedure:
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1. We find the eigenvalues A from det[A —-Al] = 0. We can write [A —Al] at once by sub-
tracting A from each of the main diagonal elements of A . If the dimension of A isa 2x2

matrix, it will yield two eigenvalues; if it is a 3 x 3 matrix, it will yield three eigenvalues, and
so on. If the eigenvalues are distinct, we perform steps 2 through 4; otherwise we refer to Sub-
section 7.4.2 below.

2. If the dimension of A is a 2x 2 matrix, we use only the first 2 terms of the right side of the
state transition matrix

= al+aA+aA’+ . +a, A" (7.54)

If A matrix is a 3 x 3 matrix, we use the first 3 terms of (7.54), and so on.

3. We obtain the g coefficients from

2 -1 Ayt
ao+al}\-1+a2)\«l+...+anil)\«;] = el
2 n-1 Aot

ao+al}\42+a2)\.2++an_l)\.2 =€
Ant

n

2 -1
B+ A+ BA+ ... +a, Ay =€

We use as many equations as the number of the eigenvalues, and we solve for the coefficients

g .

4. We substitute the a coefficients into the state transition matrix of (7.54), and we simplify.

Example 7.7

. At .
Compute the state transition matrix € = given that

5 7 -5
A=10 4 1 (7.55)
2 8 -3

Solution:

1. We first compute the eigenvalues from det[A —AlI] = 0. We obtain [A — Al] at once, by sub-
tracting A from each of the main diagonal elements of A . Then,
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5-A 7 -5
detfA-All =det| 9 4.3 -1 | =0 (7.56)

2 8 -3-A

and expansion of this determinant yields the polynomial

AC-6A°+110-6 = 0 (7.57)
We will use MATLAB roots(p) function to obtain the roots of (7.57).

p=[1 -6 11 —6]; r=roots(p); fprintf(' \n"); fprintf('lambdal = %5.2f \t', r(1));...
fprintf(lambda2 = %5.2f \t', r(2)); fprintf('lambda3 = %5.2f", r(3))

lambdal = 3.00 lambda2 = 2.00 lambda3 = 1.00

and thus the eigenvalues are
=1 dy=2  hy=3 (7.58)

2. Since A isa 3x 3 matrix, we use the first 3 terms of (7.54), that is,

M = al + a,A + a2A2 (7.59)

3. We obtain the coefficients a,, a;, and a, from

2
80+al}\.1+a2)\.1 =€
2

2
ao+a.1}\43+a2}\43 =e
or
pht+tay+a, =

|
(0]

ay+2a, +4a, = e (7.60)
a+3a+9, = e
We will use the following MATLAB script for the solution of (7.60).
B=sym([1 1 1;1 2 4;1 3 9]); b=sym('[exp(t); exp(2*t); exp(3*t)]'); a=B\b; fprintf(' \n");...
disp(‘'a0 ="); disp(a(1)); disp(‘al =); disp(a(2)); disp(‘a2 =); disp(a(3))
a0 =
3*exp(t)-3*exp(2*t)+exp(3*t)
al =

-5/2*exp(t)+4*exp(2*t)-3/2*exp(3*t)
a2 =
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1/72*exp(t)-exp(2*t)+1/2*exp(3*t)

Thus, t 2t 3t
8, =3e-3e +e
_ 51t 262 3 a3t
a; = —26+ e —26 (761)
a = let—e2t+le3t
272 2

4. We also use MATLAB to perform the substitution into the state transition matrix, and to per-
form the matrix multiplications. The script is shown below.

syms t; a0 = 3*exp(t)+exp(3*t)-3*exp(2*t); al = —5/2*exp(t)-3/2*exp(3*t)+4*exp(2*t);...
a2 = 1/2*exp(t)+1/2*exp(3*t)—exp(2*t);...
A=[57 -5, 0 4 -1; 2 8 -3]; eAt=a0*eye(3)+al*A+a2*A"2

eAt =

[-2*exp(D)+2*exp(2*t)+exp(3*t), -6*exp(t)+5*exp(2*t)+exp(3*t),
4*exp(t)-3*exp(2*t)-exp(3*t)]

[-exp()+2*exp(2*t)-exp(3*t), -3*exp(t)+5*exp(2*t)-exp(3*t1),
2*exp(t)-3*exp(2*t)+exp(3*t)]

[-3*exp()+4*exp(2*t)-exp(3*t), -9*exp(t)+10*exp(2*t)-exp(3*t1),
6*exp(t)-6*exp(2*t)+exp(3*t)]

Thus,

t 2t 3t t 2t 3t t 2t 3t
—-2e +2e +¢€ —-6e +5e" +e 4e -3 —¢€

At t

= t 2t 3t t 2t 3t t 2t 3
€ —e+2e7 - _—3e+5e -¢e 2¢ —3e" +e

t 2t 3t t 2t 3t t 2t 3t
-3e+4e —-e -9 +10e -e 6e —6e +¢€

7.4.2 Multiple (Repeated) Eigenvalues

In this case, we will assume that the polynomial of
detfA—Al] = 0 (7.62)

has n roots, and m of these roots are equal. In other words, the roots are

hoy = hy= Mg = Ay Ariags (7.63)
The coefficients & of the state transition matrix
= gl +aA+aA . +a, A" (7.64)

are found from the simultaneous solution of the system of equations of (7.65) below.
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A+ A A . ra, AT = e
d 2 n-1 d Mt
—(ag+ A+ AT+ ... + A, _ A = —¢
d)\l(ao hAg + oAy 1A ) i,
d_2 )\' }\'2 )\'n—l _ d_2 }\'lt
d}»i(ao+al 1t @A+ .+ 8 A ) = d}»ie
(7.65)
m-1 2 n-1 d™ ot
d)\'lm_l(ao+al)\«1+a2}\-1+ e +an_1)\«1 ) = d}\’lm_le
B+ A1+ By 1t o+ By gAmiy = ekm+1t
2 n-1 At
atayr+ A +...+a8, A, =€

Example 7.8

. At
Compute the state transition matrix €' given that

i

1. We first find the eigenvalues A of the matrix A and these are found from the polynomial of
det[A —Al] = 0. For this example,

Solution:

det[A —Al] = de{_lz_)‘ . OJ -0  (-1-M(=1-M)=0  (+1)% =0

and thus,
}\11 = }\12 = —1

2. Since A is a 2 x 2 matrix, we only need the first two terms of the state transition matrix, that
is,

= gyl +aA (7.66)

3. We find a; and a, from (7.65). For this example,
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it

d I
dxl(a0+a1)»l) = d)»le

39+ A

or

|
D

8+ ah =
and by substitution with A, = A, = -1 , we obtain

8- =€
_t
Simultaneous solution of the last two equations yields

ay = el +te

(7.67)
t
4. By substitution of (7.67) into (7.66), we obtain
M= (e_t+te_t) {1 0 +te_{_1 O}
0 1 2 1
or ~
—t
f-je 0 (7.68)
ote” e_t_

We can use the MATLAB eig(x) function to find the eigenvalues of an nx n matrix. To find out
how it is used, we invoke the help eig command.

We will first use MATLAB to verify the values of the eigenvalues found in Examples 7.6 through
7.8, and we will briefly discuss eigenvectors in the next section.

Example 7.6:

A=[-2 1;0 -1]; lambda=eig(A)

lambda =
-2
-1

Circuit Analysis IT with MATLAB® Computing and Simulink® / SimPowerSystems® Modeling 7-17
Copyright © Orchard Publications



Chapter 7 State Variables and State Equations

Example 7.7:
B=[57 -5, 04 -1; 2 8 -3]; lambda=eig(B)

lambda =
1.0000
3.0000
2.0000

Example 7.8:
C=[-1 0; 2 -1]; lambda=eig(C)

lambda =
-1
-1

7.5 Eigenvectors

Consider the relation
AX = X (7.69)

where A is an nx n matrix, X is a column vector, and A is a scalar number. We can express this
relation in matrix form as

anl anz ann Xn Xn
We express (7.70) as

(A-ADX = 0 (7.71)
Then, (7.71) can be written as
(a1 —A)Xy  apXy, .. X,
Xy (B A)Xp oo BppXn | _ 0 (7.72)

a1 Xy aXo ... (8= A)X,
The equations of (7.72) will have non—trivial solutions if and only if its determinant is zero’, that
is, if

*  This is because we want the vector X in (7.71) to be a non-zero vector and the product (A-A1)X to be zero.
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(@ -A) ap ... &

n

det| 2z G2M . @ | _g (7.73)
281 a, oo (@A)
Expansion of the determinant of (7.73) results in a polynomial equation of degree n in A, and it
is called the characteristic equation.

We can express (7.73) in a compact form as
det(A—Al) = 0 (7.74)

As we know, the roots A of the characteristic equation are the eigenvalues of the matrix A, and
corresponding to each eigenvalue A, there is a non-trivial solution of the column vector X, i.e.,
X #0. This vector X is called eigenvector. Obviously, there is a different eigenvector for each
eigenvalue. Eigenvectors are generally expressed as unit eigenvectors, that is, they are normalized
to unit length. This is done by dividing each component of the eigenvector by the square root of
the sum of the squares of their components, so that the sum of the squares of their components is
equal to unity.

o I o T
In many engineering applications the unit eigenvectors are chosen such that X - X' = | where
T, . . : . .

X is the transpose of the eigenvector X, and | is the identity matrix.

Two vectors X and Y are said to be orthogonal if their inner (dot) product is zero. A set of eigen-
vectors constitutes an orthonormal basis if the set is normalized (expressed as unit eigenvectors)
and these vector are mutually orthogonal. An orthonormal basis can be formed with the Gram-
Schmidt Orthogonalization Procedure; it is beyond the scope of this chapter to discuss this proce-

dure, and therefore it will not be discussed in this text. It can be found in Linear Algebra and
Matrix Theory textbooks.

The example below illustrates the relationships between a matrix A, its eigenvalues, and eigen-
vectors.

|
Example 7.9

Given the matrix

5 7 -5
A=10 4 21
2 8 -3

a. Find the eigenvalues of A
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b. Find eigenvectors corresponding to each eigenvalue of A
c. Form a set of unit eigenvectors using the eigenvectors of part (b).
Solution:

a. This is the same matrix as in Example 7.7, relation (7.55), Page 7-14, where we found the
eigenvalues to be
}\41 = 1 }\42 = 2 )\43 = 3
b. We begin with

AX = AX
and we let
X1
X = X5
X3
Then,
5 7 -5 %1 X1
0 4 —1||x,| = A|x, (7.75)
2 8 -3J|x, X3
or
5,  7X, -5Xj AXy
0 4x, —X3| = [AX, (7.76)
2X;  8x, —-3Xj AXs3

Equating corresponding rows and rearranging, we obtain

(5—}\.))(1 7X2 _5X3 O
0  (4-1)x, —X3 =10 (7.77)
2%, 8X, —(3-A)Xj 0

For A = 1, (7.77) reduces to

4Xq + TX5— 5X3
By Crame’s rule, or MATLAB, we obtain the indeterminate values
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Since the unknowns X;, X,, and x; are scalars, we can assume that one of these, say X,, is
known, and solve x; and X; in terms of X,. Then, we obtain X; = 2X,, and x; = 3x,. There-

fore, an eigenvector for A = 1 is

X3 2X; 2 2
Xp1= [Xo| = [ X, | = X2|1] = |2 (7.80)
X3 3%, 3 3

since any eigenvector is a scalar multiple of the last vector in (7.80).

Similarly, for A = 2, we obtain X; = X,, and X3 = 2x,. Then, an eigenvector for A = 2 is

X1 X2 1 1
Xozo= [Xo| = [ X, | = %2|1] = |1 (7.81)
X3 2X, 2 2
Finally, for A = 3, we obtain X; = —X,, and X3 = X,. Then, an eigenvector for A = 3 is
X1 —X3 -1 -1
Xpza= [Xo| = [ x| =X 1| = | 1 (7.82)
X3 X, 1 1

c. We find the unit eigenvectors by dividing the components of each vector by the square root of
the sum of the squares of the components. These are:

J2?+1%+3% = 14
A/12+12+22 = Jé
JDP+ 12412 = 3

The unit eigenvectors are

2 1] 1
J14 J6 3
Unit X, _ = ﬁ Unit X, _ = %6 Unit X, _ 4= % (7.83)
3 2 1
/14 V8 J3

We observe that for the first unit eigenvector the sum of the squares is unity, that is,
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(ﬁ)2+(ﬁ)2+(%‘)2 = 1£4+1l4+124 =1 (7.84)

and the same is true for the other two unit eigenvectors in (7.83).

7.6 Circuit Analysis with State Variables

In this section we will present two examples to illustrate how the state variable method is used in
circuit analysis.

Example 7.10

For the circuit of Figure 7.7, the initial conditions are i (07) = 0, and vc(0") = 05 V. Use the

state variable method to compute i, (t) and v(t).

R L
A4, ELIX
Qe 1/4H |,
& T Ve®
i(t -
Vg(t) = ug(t) ® 4/3

Figure 7.7. Circuit for Example 7.10
Solution:

For this example, o
=
d

an ' di,

Substitution of given values and rearranging, yields

dic oo
YT (-D)i —ve+1
or
di, .
— = —4i —4v.+4 (7.85)

t

Next, we define the state variables x; = i, and x, = v¢. Then,

X, = —k (7.86)

and
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%, d—d‘it@
Also, dve
I, = C—d-t—
and thus, dve A
xl_lL_CE_sz_éxz
r
’ X, = gxl (7.87)

Therefore, from (7.85), (7.86), and (7.87), we obtain the state equations
X; = —4X;—4X,+4
3

Xy = 2 %1

{xll _ {_4 —4} {xl} .\ Huo(t) (7.88)
x,  |3/4 0|lx,] |0

We will compute the solution of (7.88) using

and in matrix form,

(t—tg)

t
X(t) = € x0+eA‘J' e “"bu(t)dr (7.89)
to

A = {—4 —} X, = {iL(O)} - {0} b = ﬂ (7.90)
3/4 0 ve(0)| |12 0

. . At , .
First, we compute the state transition matrix € . We find the eigenvalues from

where

detfA-Al] =0
Then,

detfA—al] = det|=4=* =4 20 () (4-0)+3=0  A%+4r+3=0
3/4 -

Therefore,
ereore A, = -1 and A,=-3

The next step is to find the coefficients & . Since A is a 2x 2 matrix, we only need the first two
terms of the state transition matrix, that is,

M = al +a,A (7.91)
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The constants a, and a, are found from

3+ ah, = e
3+ ah, = e
and with A; = -1 and X, = -3, we obtain
e = e 7.92
a-3a = e (792
Simultaneous solution of (7.92) yields
= 15¢ - 0.5¢
% (7.93)

a, = 05¢'-05e

We now substitute these values into (7.91), and we obtain

A= (1set—05e [l 0|4 (0set-05e?) 4 4
0 1 3/4 0
156t _05et 0 2et+2e _oetioe™
_ L . N
_t _3t §e_t _ §e_3t 0
0 1.5e -05e 3 8
or
A |-05e'+15e  _2et+2e
e =
3t 3 -3 t _3t
8e —8e 15e -0.5e

The initial conditions vector is the second vector in (7.90); then, the first term of (7.89) becomes

t

—t —3t —t -3
eAtx ~ -0.5e "+ 1.5e -2e +2e 0
0~ 3t 3-8 t _3t
e -Ze 1.5¢ - 0.5¢e 1/2
8 8
or
—t —3t
fix,=| ~© *€ (7.94)
0.75¢ '~ 0.25¢ ™

We also need to evaluate the integral on the right side of (7.89). From (7.90)
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b= |4 =14
0 0
and denoting this integral as Int, we obtain

| It 056 "7+ 15e ) e 7Ty 2g Y {
nt = 3
—(t— -3(t-1)
| Set-v_3g

1} Adt
8 8

~3(t-1) 0

15e Y _05e

or

t|-05e "V 41573 D

Int = LO §e_(t_l_>_§e—3(t—r)
8 8

4dr (7.95)

The integration in (7.95) is with respect to t; then, integrating the column vector under the

integral, we obtain
t

—05e """ 4 05e3"" ]
)

Int = 4
0.375¢ "7 _0.125¢7 3" .
T=

int - 4{ _05+05 } 4| -05et+05e* | _, 0.5 '-0.5¢
0.375-0.125] |p375¢'-0.125¢ 0.25-0.375e ' + 0.125¢ >

By substitution of these values, the solution of

or

(t-tp)

t
X(t) = e x0+eAtJ. e “"bu(t)dr
to

[X1] _ ety e_3t +4 0.5e_t—0.5e_3t _ e_t—e_3t
Xo| 075t 0.25¢ 0.25-0.375¢ ' + 0.125¢ 1-0.756 ' + 0.25¢

X, =i, =6 -e° (7.96)

is

Then,

and . a
X, = Vo = 1-0.75¢ " + 0.25¢" (7.97)

Other variables of the circuit can now be computed from (7.96) and (7.97). For example, the
voltage across the inductor is
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di, 1d, t _at 1t 3 3t
= e -e )_—4e +4e

We use the MATLAB script below to plot the relation of (7.97).

t=0:0.01:10; x2=1-0.75.*exp(-t)+0.25.*exp(—3.*t);...
plot(t,x2); grid

The plot is shown in Figure 7.8.

1 T T T
I I | I I I I I
I I I | | ! t 3t
I I I = . = [ !
‘ ‘ ' X, = Ve = 1-0.75e +0.25e
09k--—-—2o___ /A ___ A
I | I I I I I I I
I I I I I I I I I
I I I I I I I I I
— I I I I I I I I I
T A i e e B e e e R
9) I I I I I I I I I
g l l l l l l l l
S 1 T /I O O SO AU S
> T l oo l o
I I I I I I I I I
I I I I I I I I I
I I I I I I I I I
[0 e S A i B e i A
l l l l l l l l l
I I I I I I I I I
I I I I I I I I I
0.5 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10
Time (sec)

Figure 7.8. Plot for relation (7.97)

We can obtain the plot in Figure 7.8 with the Simulink State—Space block with the unit step
function as the input using the Step block, and the capacitor voltage as the output displayed on
the Scope block as shown in the model of Figure 7.9 where for the State—Space block Function
Block Parameters dialog box we have entered:

A: [-4 -4; 3/4 Q]

B:[4 O]

C:[0 1]

D:[0]

Initial conditions: [0 1/2]

‘= Axt+Bu
o
o = G0l Scope

St=p State-Space Bus
Creator

Figure 7.9. Simulink model for Example 7.10

7-26 Circuit Analysis II with MATLAB® Computing and Simulink® / SimPowerSystems® Modeling
Copyright © Orchard Publications



Circuit Analysis with State Variables

The waveform for the capacitor voltage for the simulation time interval 0<t< 10 seconds is

shown in Figure 7.10 where we observe that the initial condition v(07) = 0.5V is also dis-
played.

Figure 7.10. Input and output waveforms for the model of Figure 7.9

The SimPowerSystems model for the circuit in Figure 7.7 is shown in Figure 7.11.

Faon: 0.001
Initial state: O
Continuous —|_’ Rs:1eb ]
- Discrete Scope 1 WM =Voltage Measurement
powergui Timer p g
Time: [0 3/60] el TATA A T I . T
Amplitude: [0 1] Ideal Switch 1 v
Samnple Time: 0.1 1 Ohm 0.25H

Frequency =0Hz

€1

4 1volt l :[Wl Scope 2
@Phaae:gumg -L-'EIFT =

Figure 7.11. Model for the circuit in Figure 7.7. Scope 2 block displays the waveform in Fig.7.8.

Example 7.11

A network is described by the state equation

X = Ax+bu (7.98)
where
A = {1 0} Xo = H b= H and u = 8(t) (7.99)
1 - 0 1
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Compute the state vector

Solution:

We compute the eigenvalues from
detfA-All =0
For this example,

det[A—Al] = de{l‘k 0 } =0  (1-A)(=1-2) = 0
1 -1

Then,

)\41 = 1 a.nd )\42 = —1
Since A is a 2x 2 matrix, we only need the first two terms of the state transition matrix to find
the coefficients g, that is,

M = al + A (7.100)
The constants a, and a; are found from
At
+ak =€’
o i iy (7.101)
a+ah, =€’
and with A; = 1 and A, = -1, we obtain
a+ta =€
" (7.102)
-8 = e

and simultaneous solution of (7.102) yields

ay = €+€ _ cosht
2
e_g"
a, = — = sinht
! 2

By substitution of these values into (7.100), we obtain

e = coshtl + sinhtA = cosht|1 O] + sinnt|1 O — | cosnt+ sinht 0 (7.103)
0 1 1-1 sinht cosht — sinht

The values of the vector x are found from
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(t-ty)

t t
x(t) = € x0+eAtI e “bu(t)dr = eAtx0+eAtI e "3 (1)dt (7.104)
t 0

Using the sifting property of the delta function we find that (7.104) reduces to

eAtxo+ b = eAt(xo+ b) = eAt{ H + {_1}} = eA{
1

0

1
_ |cosht + sinht 0 0 _ %
sinht cosht—sinht ||1] |X,

X = H - { 0 } _ {0} (7.105)
X, cosht — sinht et

X(1)

Therefore,

7.7 Relationship between State Equations and Laplace Transform

In this section, we will show that the state transition matrix can be computed from the Inverse
Laplace transform. We will also show that the transfer function can be found from the coefficient
matrices of the state equations.

Consider the state equation
X = Ax+bu (7.106)
Taking the Laplace of both sides of (7.106), we obtain
sX(s) - x(0) = AX(s) +bU(s)

o (sl - A)X(S) = x(0) + bU(s) (7.107)

Multiplying both sides of (7.107) by (sl —= A)™*, we obtain
X(s) = (sl —A)'x(0) + (sl —A) 'bU(s) (7.108)
Comparing (7.108) with
t
X(t) = e’“x0+e‘“j e bu(t)dr (7.109)
0

we observe that the right side of (7.108) is the Laplace transform of (7.109). Therefore, we can

. At - .
compute the state transition matrix € = from the Inverse Laplace of (sl —A)™", that is, we can
use the relation
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= s —A)™h (7.110)

Next, we consider the output state equation
y = Cx+du (7.111)
Taking the Laplace of both sides of (7.111), we obtain

Y(s) = CX(s) +dU(s) (7.112)
and using (7.108), we obtain

Y(s) = C(sl = A)'x(0) + [C(sl = A) b+ d]U(s) (7.113)
If the initial condition x(0) = 0, (7.113) reduces to
Y(s) = [C(sl =A) b +d]U(s) (7.114)

In (7.114), U(s) is the Laplace transform of the input u(t) ; then, division of both sides by U(s)
yields the transfer function

G(s) = 5% = C(sl-A) Yb+d (7.115)

Example 7.12
In the circuit of Figure 7.12, all initial conditions are zero. Compute the state transition matrix

At
€ using the Inverse Laplace transform method.

R L
AN TR
30 1H cl+
) - = V(1)
_ <_ (1) 12F -
Vg(t) = up(t)

Figure 7.12. Circuit for Example 7.12
Solution:
For this circuit,
=
and

. di

Substitution of given values and rearranging, yields
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Now, we define the state variables
X1 =1y
d
an Xy = Ve
Then, di
X, = Sk = _3j, —ve+1 (7.117)
dt
and
dve
27 gt
Also, dv dv
i _ 2tC _ -'c
= C3f = 05 (7.118)
and thus, dv
of X, = 2X, (7.119)

Therefore, from (7.117) and (7.119) we obtain the state equations

X, = —3X;—-X,+1
! v (7.120)
and in matrix form, )
Xaf — |73 =L)X [1]4 (7.121)
X |2 ollx] [0
By inspection, )
A=|3 1 (7.122)
2 0]
Now, we will find the state transition matrix from
M=z s -a)™ (7.123)
where
(sl—A) = |S O _|-3 -1/ _|s+3 1
0 s 2 0 -2 S
Then,
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S -1
(sl—A)t = &Sl =A) _ 1 s -1 | _ |(s+1)(s+2) (s+1)(s+2)
det(sl-A)  43s+2(2 s+3 2 s+3

(s+1)(s+2) (s+1)(s+2)
We find the Inverse Laplace of each term by partial fraction expansion. Thus,
t ot t ot
eAtzgg—l{(Sl_A)—l}z —-e +2e -e +e
2et_2e 26 g

Now, we can find the state variables representing the inductor current and the capacitor voltage
from

t
x(t) = 'xy+ e’“j e "bu(t)dr
0
using the procedure of Example 7.11.

MATLAB provides two very useful functions to convert state—space (state equations), to transfer
function (s—domain), and vice versa. The function ss2tf (state—space to transfer function) con-
verts the state space equations

= A Bu
X+ B (7.124)
= Cx+Du
to the rational transfer function form
N(s
G(s) = N(©) 7.125
(s) D(s) ( )

This is used with the statement [num,den]=ss2tf(A,B,C,D,iu) where A, B, C, D are the matrices
of (7.124) and iu is 1 if there is only one input. The MATLAB help command provides the fol-
lowing information:

help ss2tf

SS2TF State-space to transfer function conversion.
[NUM,DEN] = SS2TF(A,B,C,D,1u) calculates the
transfer function:
NUM(s) -1
G(s) = ———————- = C(sl-A) B +D
DEN(Ss)
of the system:
X = AX + Bu

*  We have used capital letters for vectors b and ¢ to be consistent with MATLAB's designations.
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y = Cx + Du
from the iu"th input. Vector DEN contains the coefficients of the
denominator in descending powers of s. The numerator coefficients are
returned in matrix NUM with as many rows as there are outputs vy.

See also TF2SS

The other function, tf2ss, converts the transfer function of (7.125) to the state—space equations
of (7.124). It is used with the statement [A,B,C,D]=tf2ss(num,den) where A, B, C, and D are
the matrices of (7.124), and num, den are N(s) and D(s) of (7.125) respectively. The MATLAB
help command provides the following information:

help tf2ss

TF2SS Transfer function to state-space conversion.
[A,B,C,D] = TF2SS(NUM,DEN) calculates the state-space
representation:

X Ax + Bu
Yy Cx + Du
of the system:
NUM(Ss)

from a single input. Vector DEN must contain the coefficients of the
denominator in descending powers of s. Matrix NUM must contain the
numerator coefficients with as many rows as there are outputs y. The
A,B,C,D matrices are returned in controller canonical form. This cal-
culation also works for discrete systems. To avoid confusion when using
this function with discrete systems, always use a numerator polynomial
that has been padded with zeros to make it the same length as the
denominator. See the User"s guide for more details.

See also SS2TF.
1 ——
Example 7.13

For the circuit of Figure 7.13, all initial conditions are zero.

R L
A
1Q
<+ _ C;<+ Ve(t) = Vou(t)
2 .
Ve(t) = ug(t) (t) 1F

Figure 7.13. Circuit for Example 7.13
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a. Derive the state equations and express them in matrix form as

X = AX+Bu
= Cx+Du
b. Derive the transfer function
G(s) = N8
D(s)

c. Verify your answers with MATLAB.
Solution:

a. The differential equation describing the circuit is
. di
Ri + Ld_t + Ve = Ug(t)

and with the given values, gi

dt
or di
[
ol —I =V + Ug(t)
We let
Xl = IL =1
and
Xy = VC - Vout
Then, g
[
X, = —
LT gt
and
dv,
s = E = Xl

Thus, the state equations are

and in matrix form,

X =AX+Buo X1] 2
XZ

(7.126)
y=Cx+Duewy= [0 ﬂ{xl} + [o]uo(t)

b. The s—domain circuit is shown in Figure 7.14.
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R L
AN T
1Q S

@)

* V() = Vou(®

Vin(s)

(Z2ERY|

1/

Figure 7.14. Transformed circuit for Example 7.13

By the voltage division expression,

1/s
Voul®) = 1555175V

or

Vout(s) — 1

Vin(s)  SL4s+1
Therefore, -

1
G(s) = =2~ - (7.127)
Vin(8)  SL4s+1

A=[-1 -1;1 0;B=[1 0]; C=[0 1]; D =[0];
[num, den] = ss2tf(A, B, C, D, 1)

% The matrices of (7.126)
% Verify coefficients of G(s) in (7.127)

num =
0 0 1
den =
1.0000 1.0000 1.0000
num=1[0 0 1];den=[1 1 1J; % The coefficients of G(s) in (7.127)
[A B C D] = tf2ss(num, den) % Verify the matrices of (7.126)
A =
-1 -1
1 0
B =
1
0
C =
0 1
D =
0

The equivalence between the state—space equations of (7.126) and the transfer function of
(7.127) is also evident from the Simulink models shown in Figure 7.15 where for the State—
Space block Function Block Parameters dialog box we have entered:
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A:[-1 -1; 3/4 0]
B:[1 O]

C:[0 1]

D:[0]

Initial conditions: [0 O]

For the Transfer Fen block Function Block Parameters dialog box we have entered:

Numerator coefficient: [ 1 ]
Denominator coefficient: [1 1 1]

- = AxBu
w = Caxt0u Scope 1
Step 1 State-Space Bus
Creator 1
1
| L g
245+ Scope 2
Step 2 Transfer Fon Bus
Creator 2

Figure 7.15. Models to show the equivalence between relations (7.126) and (7.127)

After the simulation command is executed, both Scope 1 and Scope 2 blocks display the input
and output waveforms shown in Figure 7.15.

Figure 7.16. Waveforms displayed by Scope 1 and Scope 2 blocks for the models in Figure 7.15
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7.8 Summary

An nth-order differential equation can be resolved to n first—order simultaneous differential
equations with a set of auxiliary variables called state variables. The resulting first—order dif-
ferential equations are called state—space equations, or simply state equations.

The state—space equations can be obtained either from the nth—order differential equation, or
directly from the network, provided that the state variables are chosen appropriately.

When we obtain the state equations directly from given circuits, we choose the state variables
to represent inductor currents and capacitor voltages.

The state variable method offers the advantage that it can also be used with non-linear and
time—varying devices.

If a circuit contains only one energy—storing device, the state equations are written as

X
y

aX + pu
kox + kyu

where o, B, k;, and k, are scalar constants, and the initial condition, if non—zero, is denoted
as
Xo = X(to)

If o and B are scalar constants, the solution of X = ax + Bu with initial condition x; = x(ty)

is obtained from the relation

(t-

t t_
x(t) = e 0>x0+e‘“f e “"Bu(t)dt
ty

The solution of the state equations pair
X

y

AX + bu
Cx+du

where A and C are 2x 2 or higher order matrices, and b and d are column vectors with two

) ) . . A . .
or more rows, entails the computation of the state transition matrix € t, and integration of
A(t-to) At A
x(t) = e “xg+€ '[ e 'bu(t)dt

to

The eigenvalues A;, where i = 1,2, ...,n, of an nx n matrix A are the roots of the nth order

polynomial
detfA-Al] =0
where | is the nx n identity matrix.
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e The Cayley-Hamilton theorem states that a matrix can be expressed as an (n—1)th degree
polynomial in terms of the matrix A as

At 2 .
= gl+aA+aA’+...+a, A" "

where the coefficients g are functions of the eigenvalues A.
e If all eigenvalues of a given matrix A are distinct, that is, if
AM#EAZEAZE ... EA,

the coefficients g are found from the simultaneous solution of the system of equations

2 -1 Ayt
a0+al)\41+a2)\41+...+a1,]71)\4;_] = el
5 52 an-1_ Aot
Aty + A +...+8, A, T =€
2 n-1 At
Qg+ ayh, A +...+a, A, =€

e If some or all eigenvalues of matrix A are repeated, that is, if
)\«1 = )\«2= )\«3... = }\.m, )\«m+1 , }\.n

the coefficients @ of the state transition matrix are found from the simultaneous solution of the

system of equations

B+ A + @Al + .. 3, AT = eXlt
d n- d At
(ﬁl(ao+alkl+a2}»i+...+an_lxl b = D 1
—q—z—(ao+ax +aMi+ . A, MY = d®

dn2 1T ST -1/ Y
m-t m-1

n- d Aqt
(B + A+ BAT+ ...+ 3, Al ) =

g TR R D g
}‘m+1t

2 n-1
B+ Ay, 1+ BAn, g+ .+ B Ay = €

At
2 -1
Qo+ Ak, + BAn+ ...+ 8, Ay =€
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e We can use the MATLAB eig(x) function to find the eigenvalues of an nx n matrix.
e A column vector X that satisfies the relation
AX = AX
where A is an nx n matrix and A is a scalar number, is called an eigenvector.

e There is a different eigenvector for each eigenvalue.

e Eigenvectors are generally expressed as unit eigenvectors, that is, they are normalized to unit
length. This is done by dividing each component of the eigenvector by the square root of the
sum of the squares of their components, so that the sum of the squares of their components is
equal to unity.

e Two vectors X and Y are said to be orthogonal if their inner (dot) product is zero.

e A set of eigenvectors constitutes an orthonormal basis if the set is normalized (expressed as
unit eigenvectors) and these vector are mutually orthogonal.

e The state transition matrix can be computed from the Inverse Laplace transform using the
relation

= s -AY

e If U(s) is the Laplace transform of the input u(t) and Y(s) is the Laplace transform of the
output y(t), the transfer function can be computed using the relation

G(s) = \Uﬂg = C(sl-A) Yb+d

e MATLAB provides two very useful functions to convert state—space (state equations), to
transfer function (s-domain), and vice versa. The function ss2tf (state—space to transfer func-
tion) converts the state space equations to the transfer function equivalent, and the function
tf2ss, converts the transfer function to state—space equations.
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7.9 Exercises

1. Express the integrodifferential equation below as a matrix of state equations where
k4, Ky, and k5 are constants.
2 t
MY v+ k[ vdt = sin3t+ cosat
dt® dt 0
2. Express the matrix of the state equations below as a single differential equation, and let

x(y) = y().

X1 0O 1 0 O X1 0
X5 _ O 01 O X5 " 0 u(t)
X3 0O 0 0 1 X3 0
X4 -1 -2 -3 4 X4 1

3. For the circuit below, all initial conditions are zero, and u(t) is any input. Write state equa-
tions in matrix form.

u(t)

4. In the circuit below, all initial conditions are zero. Write state equations in matrix form.

R L
NN IR
1Q 1H ¢
1

<&

V ,cosmtug(t)

/1
TN\
/1

=
2F 2

5. In the below, i (07) = 2 A. Use the state variable method to find i, (t) for t>0.

R

2Q
T ige

10uy(t)
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6. Compute the eigenvalues of the matrices A, B, and C below.

0 1 0
S IR B E
3 -1 -4 6 _11 -6

Hint: One of the eigenvalues of matrix C is —1.

At .
7. Compute €' given that

0 1 0
A=l0 0 1
6 -11 -6

Observe that this is the same matrix as C of Exercise 6.

8. Find the solution of the matrix state equation X = AX + bu given that

[ el e e
2 2 2 0

9. In the circuit below, i (07) = 0, and vc(07) = 1 V.

a. Write state equations in matrix form.

At .
b. Compute €' using the Inverse Laplace transform method.

c. Find i (t) and v(t) for t>0.

C
RS Lé 4 L
3/4Q 4/3F
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7.10 Solutions to End-of-Chapter Exercises

1. Differentiating the given integrodifferential equation with respect to t we obtain

3 2
dl+k3dv k. v dv

3 >— +K;v = 3c0s3t - 3sin3t = 3(cos3t - sin3t)
dt dt>  Cdt

or
3
dl3 =k dV2 k2OIV k,Vv + 3(cos3t—sin3t) (1)
dt gt dt
We let )
dv : dv
dt dtz
Then, .
dv :
= - X3
dt®
and by substitution into (1)
and thus the state equations are
Xg = —KyX; — KXy — KgXg + 3(C0S3t — sin3t)
and in matrix form
X1 0 1 0] |X4 |0
X, =0 0 1]-|xy+]|0| 3(cos3t-sin3t)

=k, —k, -k
Xs 17Ky —Kgl Ixg] (1
2. Expansion of the given matrix yields

Letting X = y we obtain

JL+4J%+3JL+Zl+y=lKU
d*  dt® g dt
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or

Also,

Then,

and in matrix form

or

or

By KVL,

R
AA'A%

_.IT ll
® g

u(t)

|
C7\_VC
C

ut)-ve dve
R =1 +C It
u(t) - x, .
— = = x;+Cx
R 1 2

-1 dx. = 1 1 1
Xp = [Xgand X; = — X~ o =Xp + ﬁ(_:u(t)

X\ _ [ o | ] oo ]y
%, L1/c -1/R |x [1/RC

R Vep L ﬁiL
NN SR
1Q 1

C
@ Ci| + +

2
2F 2F|™
Vpcosmtuo(t)

Vg — Vpcosmtug(t)

dve, .
1

Xy — V ,COS0tU(t) +2X, + X, = 0
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di,
Ver = L+ Ve2
or _
Xy = 1IX; + X3
or
X1 = Xo—Xg (2)
Also, )
- Veo
=g
or )
Xy = 2Xg3
or 1
X3 = 5% 3)

Combining (1), (2), and (3) into matrix form we obtain

X1 0 1 -1 [% |o

Xo| = |-1/2 =1/2 0] |Xo| +|1/2| - VCOSOtU(T)
i L2 0 o) | [o

We will create a Simulink model with V, = 1 and output y = X5. The model is shown below
where for the State-Space block Function Block Parameters dialog box we have entered:
A0 1 -1:-1/2 —1/2 0:1/2 0 0]

B: [0 1/2 O]

C:[0 0 1]

D:[0]

Initial conditions: [0 0 0]

and for the Sine Wave block Function Block Parameters dialog box we have entered:

Amplitude: 1

Phase: pi/2
|'n'-. = AwtBu
W ™ w = Ca0u Scope
Sine Wave State-Space

The input and output waveforms are shown below.
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10u,(t)

From (7.21) of Example 7.4, Page 7-6,
X = - Fx + %vsuo(t)

For this exercise, « = -R/L = -1 and b = 10x(1/L) = 5. Then,

(t-t

t
x(t) = e 0)x0+e°“j e “"Bu(t)dr
ty

t t
= ett=0g, e_tI e'5u,(T)dt = 2e ' + 5e_tj e'dt
0 0

= 2¢'+5e (e —1)=2e"'+5-5e" = (5-3e )uy(t)

and denoting the current i, as the output y we obtain

y(t) = x(t) = (5-3e)Uy(t)

A = {1 2} det(A—Al) = deﬂ1 2}—7{1 OD - det{l_x 2 } -0
31 3.1 “lo1 3 _1-2

(1-A)(~1-2)-6=0
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_1-A+A+A%-6=0

A2 =7
and thus
A o= AT Ay = =7
b.
B=|2a0 det(B—Al) = det( a 0| ;|1 Oj —det|2=* 0| _ g
-a b -a b 01 -a b-A
(a-A)(b-1) =0
d th
and thus )\'1 - a )\'2 - b
C.
0 1 0 0 1 0 100
C=1|o 0 1 det(C-Al) = det 0 0 1 -A 010
-6 -11 -6 -6 -11 -6 001
A 1 0
=det| o _) 1 =0
-6 -11 -6-A
AH(=6-1) —6— (~11)(-A) = A3+ 6%+ 11L+6 =0
and it is given that A; = -1. Then,
A +6A2+ 1A+ 6 _ 2
hs + t2 - ) +50+6=>(A+1D(A+2)(A+3) =0
(A+1)
d th
Ane e =1 dp=-2 2y =-3
7.

a. Matrix A is the same as Matrix C in Exercise 6. Then,

and since A is a 3x 3 matrix the state transition matrix is

M= al + A + a2A2 (1)

Then,
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2 Ayt —t
Pral+ar=e Dg-a+a==¢€

2 Aot —2t
Gtral,+al, =6’ =a,-2a +4a,=¢€

8o+ Ayhg + BAS = e = a,-3a,+9%,=¢ "

symst; A=[1 -1 1;1 -2 4;1 -3 9];...

a=sym('[exp(-t); exp(—2*t); exp(-3*1)]"); x=A\a; fprintf(' \n");...

disp(‘a0 ="); disp(x(1)); disp(‘al ="); disp(x(2)); disp(‘a2 ="); disp(x(3))

a0 =
3*exp(-t)-3*exp(-2*t)+exp(-3*t)
al =
5/2*exp(-t)-4*exp(-2*t)+3/2*exp(-3*t)
a2 =
1/72*exp(-t)-exp(-2*t)+1/2*exp(-3*t)
Thus,
ay = 3¢ -3¢ +3e™
a = 25¢'-4e ' +15¢

a = 05¢ - e+ 056"

Now, we compute €' of (1) with the following MATLAB script:

syms t; a0=3*exp(-t)-3*exp(-2*t)+exp(-3*t); al=5/2*exp(-t)-4*exp(-2*t)+3/2*exp(—3*t);...
a2=1/2*exp(-t)-exp(-2*t)+1/2*exp(-3*t); A=[0 1 0; 00 1; -6 -11 —6]; fprintf(' \n);...
eAt=al*eye(3)+al*A+a2*An2

eAt =
[3*exp(-t)-3*exp(-2*t)+exp(-3*1), 5/2*exp(-t)-4*exp(-2*t)+3/
2*exp(-3*t), 1/72*exp(-t)-exp(-2*t)+1/2*exp(-3*t) ]

[-3*exp(-t)+6*exp(-2*t)-3*exp(-3*t), -5/2*exp(-t)+8*exp(-
2*1)-9/2*exp(-3*t), -1/2*exp(-t)+2*exp(-2*t)-3/2*exp(-3*t)]
[3*exp(-t)-12*exp(-2*t)+9*exp(-3*t), 5/2*exp(-t)-16*exp(-
2*t)+27/2*exp(-3*t), 1/72*exp(-t)-4*exp(-2*t)+9/2*exp(-3*t) ]
Thus,
3e'-3e¢?+e  25e'-4e?+15e 056’ -e?+05e
At
€ = | 3e'+r6e?-3¢F _25¢'+8¢%-45e _05e'+2e%-15e"

3e'-12¢ '+ 9 25e'_16e%+135e> 05e'-4e ' +45e""
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8.

A{l 0}, b=H, xFH, W=3(1). 1=0
2 2 2 0

t t
x(t) = eA(t_o)xo+eAtj e bu(t)dr = eAtx0+eAt.[ e b5 (1) dr
0 0

eAtxO+ eAtb = eAt(xO+ b) = eAt[ -1 + 1 J = eAt 0
0 2 2

We use the following MATLAB script to find the eigenvalues A; and 2.

(1)

A=[1 0; -2 2]; lambda=eig(A); fprintf(' \n);...
fprintf(lambdal = %4.2f \t',lambda(1)); fprintf(lambda2 = %4.2f \t',lambda(2))

lambdal = 2.00 Qlambda2 = 1.00

Next,
Aqt t
Qpt+tayr =€ = agt+a =€
Aot 2t
Q+ral,=€° =ay+2a =€
Then,
t 2t 2t {
ao = 2e—e al =€e —-e
and

1
01 -2 2

2et - e2t 0 + e2t - et 0 _ et 0
0 2et - e2t —2e2t + 2et 2e2t - 2et 2et - 2e2t e2t

By substitution into (1) we obtain

x(t) = & O = e 1.
2 2et_2e2t eZt

eAt &l + A = (2et—e2t){ o}+(e2t—et){1 0}

and thus
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Solutions to End—of—Chapter Exercises

We let
Then,

- lic i o
R§ R Lé L ~Vc VC(O_) _1v

X1 =i X = Ve
Ve . Ve
< cf=0
R +1+ dt
Xo 4 .
3/4+x1+3x2 =0
or
: 3
Also, .
di_ :
or
Xy = sz (2)

From (1) and (2)

X1 _ { 0 1/ﬂ . [X1]
X, -3/4 -1 Xy
and thus
A { 0 1/4}
-3/4 -1

= s -ATY
s_aj= s o|_| o w4 _|s -1a
0 s |-3/4 -1 |3/4 s+1

A =det[sl-A] = det| S 14 _P1543/16 = (s+1/4)(s+3/4)
3/4 s+1
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Chapter 7 State Variables and State Equations

adj[sl ~A] = ad{ s —1/4} _ {s+1 1/4}
3

/4 s+1 -3/4 s
S S 1 s+1 1/4
[sI=Al" = zadils A]'_(s+1/4XS+3/4J;3/4 S }
s+1 1/4
(s+1/4)(s+3/4) (s+1/4)(s+3/4)
-3/4 S

(s+1/4)(s+3/4) (s+1/4)(s+3/4)

We use MATLAB to find ' = & 71{ [sl — A1} with the script below.

syms st % Must have Symbolic Math Toolbox installed

Fsl=(s+1)/(s"2+s+3/16); Fs2=(1/4)/(s"2+s+3/16); Fs3=(-3/4)/(s"2+s+3/16);...
Fs4=s/(s"2+s+3/16);...

fprintf(' \n'); disp('all ="); disp(simple(ilaplace(Fs1))); disp(‘al2 =");...
disp(simple(ilaplace(Fs2)));...

disp(‘a21 ="); disp(simple(ilaplace(Fs3))); disp(‘a22 = "); disp(simple(ilaplace(Fs4)))

all =
_1/2%exp(-3/4*1)+3/2%exp(-1/4*t)
alz =
1/2*exp(-1/4*t)-1/2*exp(-3/4*t)
a2l =
-3/2*exp(-1/4*t)+3/2*exp(-3/4*t)
a22 =
3/2*exp(-3/4*t)-1/2*exp(-1/4*t)
Thus,
At 15605t 05g 07t 5g 0Bt 5g 07
~15e°%® 1 15e°™ _05e %% 4 15¢7 0™
c.
t
x(t) = €%+ M e bu(t)dr = €'xy+0 = eAt[ 0+ O]
0 1 0
_ 15605t 05g 0Tt 5a 0Bt 5g 07 H _ 056 0%t _ 5g 05t
1560Bt 1 50T _(5e 0%t 1 50T |1 | g5g 0Bt 1 50T
and thus for t> 0,
x, =i, = 05e°®'-05e*™  x,=v.=-05e"""+156 %"
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Chapter 8

Frequency Response and Bode Plots

his chapter discusses frequency response in terms of both amplitude and phase. This topic
T will enable us to determine which frequencies are dominant and which frequencies are vir-

tually suppressed. The design of electric filters is based on the study of the frequency
response. We will also discuss the Bode method of linear system analysis using two separate plots;
one for the magnitude of the transfer function, and the other for the phase, both versus fre-
quency. These plots reveal valuable information about the frequency response behavior.

Note: Throughout this text, the common (base 10) logarithm of a number x will be denoted as
log(x) while its natural (base e) logarithm will be denoted as In(x). However, we should remem-
ber that in MATLAB the log(x) function displays the natural logarithm, and the common (base
10) logarithm is defined as log10(x).

8.1 Decibel Defined

The ratio of any two values of the same quantity (power, voltage or current) can be expressed in
decibels (dB). For instance, we say that an amplifier has 10 dB power gain or a transmission line
has a power loss of 7 dB (or gain -7 dB). If the gain (or loss) is 0 dB, the output is equal to the
input. We should remember that a negative voltage or current gain A,, or A, indicates that there

is a 180° phase difference between the input and the output waveforms. For instance, if an ampli-
fier has a gain of —100 (dimensionless number), it means that the output is 180° out-of-phase
with the input. For this reason we use absolute values of power, voltage and current when these
are expressed in dB terms to avoid misinterpretation of gain or loss.

By definition,

dB = 10log| out 8.1)

in

Therefore,
10 dB represents a power ratio of 10

10n dB represents a power ratio of 10"

20 dB represents a power ratio of 100

30 dB represents a power ratio of 1, 000

60 dB represents a power ratio of 1, 000, 000

Also,
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Chapter 8 Frequency Response and Bode Plots

1 dB represents a power ratio of approximately 1.25
3 dB represents a power ratio of approximately 2
7 dB represents a power ratio of approximately 5

From these, we can estimate other values. For instance, 4 dB = 3 dB + 1 dB which is equivalent
to a power ratio of approximately 2x 1.25 = 2.5. Likewise, 27 dB = 20 dB + 7 dB and this is
equivalent to a power ratio of approximately 100 x5 = 500.

Since y = Iogx2 = 2logx and P V2/R = IR, if we let R = 1 the dB values for the voltage

and current ratios become:

dB 10log = 20log (8.2)

\"

Voul? Vou

n In

and
dB; = 10log

bout® = 2010g)|lout

(8.3)

In n

Example 8.1

Compute the gain in dB,), for the amplifier shown in Figure 8.1.
IDin I:>out
1w 10 w

Figure 8.1. Amplifier for Example 8.1

Solution:

P
dByy = 10Iogp%Ut = 10Iog% = 10log10 = 10x1 = 10 dB,y

n
|
Example 8.2

Compute the gain in dB,, for the amplifier shown in Figure 8.2 given that log2 = 0.3.
Vin Vout
lv 2v

Figure 8.2. Amplifier for Example 8.2.
Solution:

\Y
dB,, = 20log V"_”t = 20Iog§ = 20l0og0.3 = 20x 0.3 = 6 dB,,

In
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Bandwidth and Frequency Response

8.2 Bandwidth and Frequency Response

Electric and electronic circuits, such as filters and amplifiers, exhibit a band of frequencies over
which the output remains nearly constant. Consider, for example, the magnitude of the output
voltage |V, | of an electric or electronic circuit as a function of radian frequency @ as shown in

Figure 8.3.

1Vout

0.707 - —

<— Bandwith —— =

| |
| |
| |
| I = (0
®, ®3
Figure 8.3. Definition of the bandwidth.
As shown in Figure 8.3, the bandwidth is BW = 0, -, where w; and o, are the lower and
upper cutoff frequencies respectively. At these frequencies, Vou = J2/2 = 0.707 and these two

points are known as the 3 dB down or half-power points. They derive their name from the fact

that since power p = v2/R = i2R, for R =1 and for v = 0'707|Vout‘ ori = 0'707|Iout‘ the

power is 1/2, that is, it is “halved”. Alternately, we can define the bandwidth as the frequency
band between half-power points.

Most amplifiers are used with a feedback path which returns (feeds) some or all its output to the
input as shown in Figure 8.4.

INPUT OUTPUT
GAIN AMPLIFIER
iL
FEEDBACK CIRCUIT

Figure 8.4. Amplifier with partial output feedback

Figure 8.5 shows an amplifier where the entire output is fed back to the input.

INPUT, OUTPUT
GAIN AMPLIFIER >

I+

FEEDBACK PATH

Figure 8.5. Amplifier with entire output feedback
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Chapter 8 Frequency Response and Bode Plots

The symbol X2 (Greek capital letter sigma) inside the circle indicates the summing point where the
output signal, or portion of it, is combined with the input signal. This summing point may be also
indicated with a large plus (+) symbol inside the circle. The positive (+) sign below the summing
point implies positive feedback which means that the output, or portion of it, is added to the input.
On the other hand, the negative (-) sign implies negative feedback which means that the output, or
portion of it, is subtracted from the input. Practically, all amplifiers use used with negative feed-
back since positive feedback causes circuit instability.

8.3 Octave and Decade

Let us consider two frequencies u; and u, defining the frequency interval u, —u,, and let

(O]
2

(8.4)

If these frequencies are such that m, = 20, , we say that these frequencies are separated by one

octave and if w, = 10w, , they are separated by one decade.

Let us now consider a transfer function G(s) whose magnitude is evaluated at s = |jw|, that is,

= [G(o) = < (8.5)
()]

c
G(s)| = ~
S s = il

Taking the log of both sides of (8.5) and multiplying by 20, we obtain

r
© IG(0)lyg = — 20klog; oo + 20l0g,,C (8.6)
Relation (8.6) is an equation of a straight line in a semilog plot with abscissa log,yw where

dB
decade

slope = —-20k

and intercept = C dB shown in Figure 8.6.

With these concepts in mind, we can now proceed to discuss Bode Plots and Asymptotic Approxi-
mations.
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Bode Plot Scales and Asymptotic Approximations

G ()|

|G(w)| axis intercept

-20 dB/decade = —6 dB/octave

log, o

1 10 100 1000
Figure 8.6. Straight line with slope —20 dB/decade = -6 dB/octave
8.4 Bode Plot Scales and Asymptotic Approximations

Bode plots are magnitude and phase plots where the abscissa (frequency axis) is a logarithmic
(base 10) scale, and the radian frequency w is equally spaced between powers of 10 such as 107 ,
10%, 10", 10% and so on.

The ordinate (dB axis) of the magnitude plot has a scale in dB units, and the ordinate of the
phase plot has a scale in degrees as shown in Figure 8.7.

20__ 900__
2 101 b 4501
% 10 §
Q [P)
g 0 ‘ i w0 | |
2 1 10 100 z 1 10 100
& F /s 2
§ —-10T requency o r. 2 —45° Frequency o 1/s
o>
201 . ~90°+
Bode Magnitude Plot Bode Phase Angle Plot

Figure 8.7. Magnitude and phase plots

It is convenient to express the magnitude in dB so that a transfer function G(s), composed of
products of terms can be computed by the sum of the dB magnitudes of the individual terms. For

example,
20-(1+{Oﬂ _ .
=20dB+(1+42) dB — dB
10 0d +( +100)d +1+j0)d
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Chapter 8 Frequency Response and Bode Plots

and the Bode plots then can be approximated by straight lines called asymptotes.

8.5 Construction of Bode Plots when the Zeros and Poles are Real

Let us consider the transfer function
A-(S+29)-(S+2Zy) ... (5+2Z)

G =
) = TG p) Grpy 51y (5+p)

(8.7)

where A is a real constant, and the zeros z; and poles p; are real numbers. We will consider com-
plex zeros and poles in the next section. Letting s = jo in (8.7) we obtain
A-(Jo+z)-(Jo+2y) ... (Jo+2Z,)

G(j = - - - - -
o) = S Gorp) - Gorpy . Go+py Go+py

(8.8)

Next, we multiply and divide each numerator factor jo +z; by z; and each denominator factor

jo +p; by p; and we obtain:
A-zl(jzil’u) -zz(jzi;+1) . -zm($+1)

jm-pl(%’f+1) -pz(.p(2+1) . ...-pn(jﬁu—:+1)

G(jw) = (8.9)

Letting
[1=
m_ Al = 1 (8.10)

[1r

A-zl-zz-...-z
pl'pz'...'pn

K

we can express (8.9) in dB magnitude and phase form,

IG(w)| = 20log|K| +20Iog(j£°f+ 1) +20|og(jzlz°+1) Fo +20|og(£+1) (8.11)
-20|og|jm|-20|og(1p°—;+1)-20|og(;;+1)-...-20|og(%‘:+1)
/G(0) = 4K+4(jz‘—:’+1)+4(§+1}+...+4{$+1} (8.12)
—ij—é(jr%;+l)—4(j£+l)—...—L(jp&:+1)
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Construction of Bode Plots when the Zeros and Poles are Real

The constant K can be positive or negative. Its magnitude is |[K| and its phase angle is 0° if
K> 0, and -180° if K< 0. The magnitude and phase plots for the constant K are shown in Fig-

ure 8.8.

~ "o

g 20log | K| s K >0

3 3 Y

2 = Frequency /s
% 0 9

S 3 K <0

= = _180°

Frequency wr/s

Figure 8.8. Magnitude and phase plots for the constant K

For a zero of order n, that is, (jo)" at the origin, the Bode plots for the magnitude and phase are
as shown in Figures 8.9 and 8.10 respectively.

For a pole of order n, that is, 1/(jo)" = (jo) " at the origin, the Bode plots are as shown in Fig-
ures 8.11 and 8.12 respectively.

Next, we consider the term G(jo) = (a+jo)".

The magnitude of this term is
. n n/2
G(jw)| = /@ +0?) = (a°+n’) (8.13)
and taking the log of both sides and multiplying by 20 we obtain
20log|G(jm)| = 10n|og(a2 +u)2) (8.14)

It is convenient to normalize (8.14) by letting
u=w/a (8.15)
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Chapter 8 Frequency Response and Bode Plots

120
100
80 8
60 .

40 1
20 1 Z
0
20 | n=1 =
40—
-60 7
-80
-100 .
-120
0.01 0.10 1.00 10.00 100.00

 (r/s)

I\

Magnitude in dB

AN\

Figure 8.9. Magnitude for zeros of Order n at the origin

360

S n=3
S 270
] _
2 180 n=2
<
[} =
2 90 n=1
K
o

0

0.01 0.10 1.00 10.00  100.00

o (rad/s)

Figure 8.10. Phase for zeros of Order n at the origin
Then, (8.14) becomes

2 2
Z-a%j = 10n|oga2+10nlog(1+u2)

20log|G(ju)| = 10nlog[a
a

(8.16)

= 10nlog(1 + u2) + 20nloga
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Construction of Bode Plots when the Zeros and Poles are Real

120

100 B
n=3

80 AN
60 n=>

40 \\\ i
20 | n=1 \x
0

-20 X
-40 i T
-60 i \
-80 i

-100 A

-120
0.01 0.10 1.00 10.00 100.00

 (r/s)

/

Magnitude in dB

//]

Figure 8.11. Magnitude for poles of Order n at the origin

g o

e =

o 90 n=1

2 -180 o

o 270 n=3

@

& 360

o 0.01 0.10 1.00 10.00 100.00
o (rad/s)

Figure 8.12. Phase for poles of Order n at the origin

For u « 1 the first term of (8.16) becomes 10nlogl = 0 dB. For u » 1, this term becomes approx-

imately 10nlog u? = 20nlogu and this has the same form as G(jo) = (jo)" which is shown in
Figure 8.9forn = 1,n =2 ;and n = 3.

The frequency at which two asymptotes intersect each other forming a corner is referred to as the
corner frequency. Thus, the two lines defined by the first term of (8.16), one for u«1 and the
other for u» 1 intersect at the corner frequency u = 1.

The second term of (8.16) represents the ordinate axis intercept defined by this straight line.

The phase response for the term G(jo) = (a+jo)" is found as follows:

We let
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Chapter 8 Frequency Response and Bode Plots

u=m/a (8.17)
and )
o(u) = tan "u (8.18)
Then, .
(a+jw)n = an(1+ju)n = an( 1+u24tan_lu) = an(1+u2)n/2em¢(u) (8.19)

Figure 8.13 shows plots of the magnitude of (8.16) fora = 10,n = 1,n =2 ,and n = 3.

Order n for (a+jw)"
u= w/a, a=10

120 /
100 / v
Asymptotes / /
o
80 d
= 7
g =3 pd
S 60 i =
.chn n=2 %
g a0 — =
n=1 |_—
20 —
™~ Corner Frequencies
0 ‘ ‘
0.01 0.10 1.00 10.00 100.00

Frequency u (r/s)

Figure 8.13. Magnitude for zeros of Order n for (a + j(x))n

As shown in Figure 8.13, a quick sketch can be obtained by drawing the straight line asymptotes

given by 10log1l = 0 and 10nlog u? foru«1 and u»1 respectively.
The phase angle of (8.19) is no(u). Then, with (8.18) and letting

no(u) = B(U) = ntan u (8.20)
we obtain .
lim 6(u) = limntan 'u =0 (8.21)
u—0 u—0
and .
lim 6(u) = lim ntan u = A& (8.22)
U—> oo U— oo 2

At the corner frequency U = a we obtain u = 1 and with (8.20)
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(1) = ntan "1 = ”T“ (8.23)

Figure 8.14 shows the phase angle plot for (8.19).

Order n for (a+jw)"
u= w/a, a=10
0(u) = n*arctan(u)*180/n

360
=) n=3
S 270
[}
5 n=2
180
< 7
o n=1
c 90
= /_
o
0 T
0.01 0.10 1.00 10.00 100.00

u (rad/s)

Figure 8.14. Phase for zeros of Order n for (a + j(x))n

The magnitude and phase plots for G(jo) = 1/(a+jo)" are similar to those of
G(jo) = (a+jo)" except for a minus sign. In this case (8.16) becomes
~20l0g|G(ju)| = —10nlog(1 + u*)—20nloga (8.24)

and (8.20) becomes L
O(u) = —ntan "u (8.25)

The plots for (8.24) and (8.25) are shown in Figures 8.15 and 8.16 respectively.
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Order n for 1/(a+jo)"
u= o/a, a=10
0 ‘
n=1 Corney Frequencies
220 _ & /)
m n=2 k\
z -40 | N
3 n=3 \
Ef -60
£ 80 AN
/ NN
-100 Asymptotes \\ \
-120 N
0.01 0.10 1.00 10.00 100.00
Frequency u (r/s)
. . . .n
Figure 8.15. Magnitude for poles of Order n for 1/(a + jm)
Order n for 1/(a+jw)"
u= w/a, a=10
0(u) = —n*arctan(u)*180/n
0 ‘
g —
S -90
2 n=2
g’ -180 :
) n=3
g -270 1
<
o
-360
0.01 0.10 1.00 10.00 100.00
u (rad/s)

Figure 8.16. Phase for poles of Order n for 1/(a + j(JJ)n

8.6 Construction of Bode Plots when the Zeros and Poles are Complex

The final type of terms appearing in the transfer function G(s) are quadratic term of the form

2 . . .
as” + bs + ¢ whose roots are complex conjugates. In this case, we express the complex conjugate

roots as
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Construction of Bode Plots when the Zeros and Poles are Complex

: . 2 42
(s+oa—jp)y(s+a+jp) = (s+a) +P (8.26)
2 2 .2
=s +20s+a +f
1 .
and letting o = Lo, (827)
and
a’+B° = o] (8.28)
by substitution into (8.26) we obtain
s?+ 205+ 07 + BZ - st 2Cw,s + wﬁ (8.29)
Next, we let ) )
G(s) = s +20m, s+ w, (8.30)
Then, 5 5
G(jw) = (jo) +j20,0 + o,
, (8.31)
= (0, -0") +j20,0
The magnitude of (8.31) is
2
IG(jo)| = A/(coﬁ—wz) +4§2mﬁw2 (8.32)
and taking the log of both sides and multiplying by 20 we obtain
2
20l0g|G(jo)| = 10log[(0’ - ) + 4w 0] (8.33)

As in the previous section, it is convenient to normalize (8.33) by dividing by w,, to yield a func-

tion of the normalized frequency variable u such that

u=sw/o, (8.34)
Then, (8.33) is expressed as

2
20l0g|G (ju)| = 10log[(w> - 7)) +4L 0w w’]
or

20log |G (ju)l

10log Lwﬁtwn _zw J + 4@203::9)-5J = 10log LwﬁLwn _Zw J + 4C2wﬁ%

2 2
10Iog(wﬂ(l—u2) +4c2u2H=10|ogmf,‘+10|og[(1_u2) +at2u?

The first term in (8.35) is a constant which represents the ordinate axis intercept defined by this

straight line. For the second term, if u? « 1, this term reduces to approximately 10logl = 0 dB
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and if u%» 1 , this term reduces to approximately 10log u* and this can be plotted as a straight line
increasing at 40 dB/decade . Using these two straight lines as asymptotes for the magnitude curve
we see that the asymptotes intersect at the corner frequency u = 1. The exact shape of the curve
depends on the value of { which is called the damping coefficient.

A plot of (8.35) for { = 0.2, { = 0.4 ,and { = 0.707 is shown in Figure 8.17.

Zeros of (-0 + 2w,
u=ow/o, o,=1

10logw,*+10log{(1-u?)?+4L2u%}

40

: W%

20 ¢=0.707 ]

/
10
0 74

v
=N
-10 £=0.2 0

Magnitude in dB

-20
0.01 0.10 1.00 10.00 100.00

Frequency u (r/s)

2
Figure 8.17. Magnitude for zeros of 10log (x);]1 + 10log[(1 - u2) + 4C2u2]

The phase shift associated with (wﬁ - wz) +j2m,0 is also simplified by the substitution u=w/o,
and thus

-1 2Cu
O(u) = tan (8.36)
(1—u2)

The two asymptotic relations of (8.36) are

1
lim 6(u) = fim tan (22} = 0 (8.37)
u—20 u—0 1-u

and
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Construction of Bode Plots when the Zeros and Poles are Complex

1
lim o(u) = fim tan (5L = n (8.38)
U— oo U—> oo 1-u

At the corner frequency ® = o, u = 1 and

0(1) = ulimltan_l(fgu—z) = g (8.39)
- -u

A plot of the phase for { = 0.2, { = 0.4 ,and { = 0.707 is shown in Figure 8.18.

Zeros of (,2-02)+2Lwa
u=ow/o, o,=1
8(u) = (arctan(2Lu/(1-u?))*180/n

180

3 {=0.707 —>
Z
° ¢=0.4
c 90
<
[}
[%2]
8 < (=0.2
o

0 T

0.01 0.10 1.00 10.00 100.00

u (rad/s)

2
Figure 8.18. Phase for zeros of 10log 03:: + 10log[(1 - u2) + 4C2u2]

The magnitude and phase plots for
1

(0, - mz) +j2w,0

G(jo) =

are similar to those of s
G(jw) = (0,-0") +j20,0

except for a minus sign. In this case, (8.35) becomes

_10(|ogm;‘)_10|og[(1_u2)2+4§2u2] (8.40)
and (8.36) becomes M
B(U) = —tan (gu_z) (8.41)
1-u
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Chapter 8 Frequency Response and Bode Plots

A plot of (8.40) for { = 0.2, { = 0.4 ,and { = 0.707 is shown in Figure 8.19.

20

Magnitude for Poles of 1/((co,>-®?)+j2wnm)

u=owlo, o,=1

~10logw, *~10log{(1-u?)*+4L%u%}

10

{; .

-10

-20

Magnitude in dB

-30

-40

{=0.707

0.01

0.10

1.00

Frequency u (r/s)

10.00 100.00

2
Figure 8.19. Magnitude for poles of 1/10logm::' + 10log[(1 - u2) + 4C2u2]

A plot of the phase for { = 0.2, { = 0.4 ,and { = 0.707 is shown in Figure 8.20.

Phase for Poles of (0,2-0%)+2Lw0

u=owlom, o,=1

8(u) = —(arctan(2{u/(1-u?)*180/n

0
(2] —
S £=0.707 704
@
2 .90
<
b
° (=0.2 —
o

-180

0.01 0.10 1.00 10.00 100.00
u (rad/s)

2
Figure 8.20. Phase for poles of 1/10log (D;1 + 10log[(1 - u2) + 4§2u2]
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Example 8.3

For the circuit shown in Figure 8.21

a. Compute the transfer function G(s).

b. Construct a straight line approximation for the magnitude of the Bode plot.

c. From the Bode plot obtain the values of 20log|G(jw)| at @ = 30 r/s and ® = 4000 r/s.
Compare these values with the actual values.

d. If v(t) = 10cos(5000t + 60°), use the Bode plot to compute the output v, (t).

Cc L

4| 100uF 100mH |+
6, 110 Q@ S Vi)
“TvgUg(t) R1™

Figure 8.21. Circuit for Example 8.3.

Solution:

a. We transform the given circuit to its equivalent in the s — domain shown in Figure 8.22.

C L
4
10/s 01s |+
@ 1103 Vo ui(9)
“Vin(s) R

Figure 8.22. Circuit for Example 8.3 in s —domain

By the voltage division expression,

110
Vout(s) = 4 “Vi,(8)
10 /s+0.1s+ 110
Therefore, the transfer function is
Vout(8) 110s _ 1100s _ 1100s

G(s) =

(8.42)

Vin(®)  0.15°+110s+10"  s°+1100s+10° (8 +100)(s+1000)

b. Letting s = jo we obtain

1100jw

CUO) = F07700) (o + 1000)

or in standard form
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. 0.011jo
G = A4
U0) = 750/100)(1 + jo, 1000) (8.43)

Letting the magnitude of (8.43) be denoted as A, and expressing it in decibels we obtain

. . jo jo
A4g = 20log|G(jm)| = 2010g0.011 + 20log|jo| - 20log (1+11—0)‘—20I0g (1+{%)‘ (8.44)

We observe that the first term on the right side of (8.44) is a constant whose value is
20l0og0.011 = —39.17. The second term is a straight line with slope equal to 20 dB/decade.
For @ <100 r/s the third term is approximately zero and for m > 100 it decreases with slope
equal to —20 dB/decade . Likewise, for @ <1000 r/s the fourth term is approximately zero and
for w > 1000 it also decreases with slope equal to —20 dB/decade.

For Bode plots we use semilog paper. Instructions to construct semilog paper with Microsoft
Excel are provided in Appendix F.

In the Bode plot of Figure 8.23 the individual terms are shown with dotted lines and the sum of
these with a solid line.

80 —
. - T
60 20lo0g jyljo| - -
-7 20log /1 + jo|
40 =
\_ -
20 - +

-
- /
-

0 T l _
/ i~ ~ IS e

-20 | . T~ - T ~
/ —20log ;4|1 + jw/1000] SN S~

UY) P e e e — e — — — —_—_— e —_— = = = -—\—\————\-

’ ~20l0g/;0/1 + jo/100] ~ <

-60 ~ -~
20l0g 1,(0.011)

-80

1.E+00 1.E+01 1.E+02 1.E+03 1.E+04 1.E+05

Figure 8.23. Magnitude plot of (8.44)

c. The plot of Figure 8.23 shows that the magnitude of (8.43) at w = 30 r/s is approximately
-9 dB and at @ = 4000 r/s is approximately —10 dB. The actual values are found as follows:
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At o = 30 r/s, (8.43) becomes
G(j30)
and using the MATLAB script

930=0.011*30j/((1+0.3j)*(1+0.03j));...
fprintf(' \n"); fprintf('mag = %6.2f \t',abs(g30));...
fprintf‘'magdB = %6.2f dB',20*log10(abs(g30))); fprintf(' \n"); fprintf(' \n")

_ __0.011xj30
(1+)0.3)(1+0.03)

we obtain
mag = 0.32 magdB = -10.01 dB
Therefore, .

G(j30)| = 0.32
and

20log|G(j30)| = 20log0.32 ~-10 dB
Likewise, at @ = 4000 r/s, (8.43) becomes

0.11(j4000)

G(j1000) = (1+j40)(1 +j4)

and using MATLAB script

g4000=0.011*4000j/((1+40))*(1+4j)):...
fprintf(' \n"); fprintf(‘'mag = %6.2f \t',abs(g4000));...
fprintf('magdB = %6.2f dB',20*log10(abs(g4000))); fprintf(' \n"); fprintf(' \n")

we obtain
mag = 0.27 magdB = -11.48 dB
Therefore, i

G(j4000)| = 0.27
and

20l0g|G(j4000)| = 20l0g0.27 = —11.48 dB

d. From the Bode plot of Figure 8.23, we see that the value of A g at @ = 5000 r/s is approxi-

mately —12 dB. Then, since in general a;5 = 20logb, and that y = logx implies x = 107, we

have

12
2
Al = 10 = 0.25

and therefore

\Y = IAI‘VS‘ =025x10 = 25V

out max

If we wish to obtain a more accurate value, we substitute ® = 5000 into (8.43) and with the
following MATLAB script:
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g5000=0.011*5000j/((1+50j)*(1+5)));...
fprintf(' \n"); fprintf(mag = %6.2f \t',abs(g5000));...
fprintf(‘'phase = %6.2f deg.',angle(g5000)*180/pi); fprintf(' \n"); fprintf(' \n")

and we we obtain

mag = 0.22 phase = -77.54 deg.
G(j5000) = —201LU5000) _ 95/ 7754
(1+)50)(1+j5)
Then,
V = |A|x10 = 022x10 = 22 V

out max

and in the t—domain
Vout(t) = 2.2c0s(5000t - 77.54°)

We can use the MATLAB function bode(sys) to draw the Bode plot of a Linear Time Invari-
ant (LTI) System where sys = tf(num,den) creates a continuous-time transfer function sys
with numerator num and denominator den, and tf creates a transfer function. With this func-
tion, the frequency range and number of points are chosen automatically. The function
bode(sys,{wmin,wmax}) draws the Bode plot for frequencies between wmin and wmax (in
radians/second) and the function bode(sys,w) uses the user-supplied vector w of frequencies,
in radians/second, at which the Bode response is to be evaluated. To generate logarithmically
spaced frequency vectors, we use the command logspace(first_exponent,last_exponent,
number_of_values). For example, to generate plots for 100 logarithmically evenly spaced

points for the frequency interval 10 <w<10? 1/ s, we use the statement logspace(—1,2,100).

The bode(sys,w) function displays both magnitude and phase. If we want to display the mag-
nitude only, we can use the bodemag(sys,w) function.

MATLAB requires that we express the numerator and denominator of G(s) as polynomials of

s in descending powers.
Let us plot the transfer function of Example 8.3 using MATLAB.

From (8.42), 1100s

32 + 1100s + 105

G(s) =

and the MATLAB script to generate the magnitude and phase plots is as follows:
num=[0 1100 0]; den=[1 1100 10”5]; w=logspace(0,5,100); bode(num,den,w)
However, since for this example we are interested in the magnitude only, we will use the script

num=[0 1100 0]; den=[1 1100 1075]; sys=tf(num,den);...
w=logspace(0,5,100); bodemag(sys,w); grid

and upon execution, MATLAB displays the plot shown in Figure 8.24.
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Bod= Magnitude Diagram

ADfo-dogad

20 -4 L

Magnitude (d&8)

A0 : !!!!!!!I1 MMM I ::::::”3 MMM
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Fregquency (md'sec)

Figure 8.24. Bode plot for Example 8.3.

——————————————————
Example 8.4

For the circuit in Example 8.3

a. Draw a Bode phase plot.

b. Using the Bode phase plot estimate the frequency where the phase is zero degrees.
c. Compute the actual frequency where the phase is zero degrees.

d. Find v, (1) if v;,(t) = 10cos(wt+60°) and o is the value found in part (c).

Solution:

a. From (8.43) of Example 8.3

G(jo) = 0.011je (8.45)
(1+]0/100)(1 + jo, 1000)

and in magnitude—phase form

o 0.011jo|
CU9) = 1T370/100)|(1 + jo 1000y <&~ P~
where . .
Zo = 90° Z—B = —tan “(®/100) Z—y = —tan ~(w/1000)
For o = 100

Z-p = _tan 11 = —45°
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For ® = 1000
/—y = —tan 1 = —45°

The straight-line phase angle approximations are shown in Figure 8.25.

180

135

NVi1-=-==7--- N 72 I Sl il i p =

45 \
O s S e _—— \

45 |y = tan""(0./1000 >

-90 - Se -2

-135 4

-180
10 10 10 10 10 10

Figure 8.25. Bode plot for Example 8.4.

Figure 8.26 shows the magnitude and phase plots generated with the following MATLAB
script:

num=[0 1100 0]; den=[1 1100 10"5]; w=logspace(0,5,100); bode(nhum,den,w)

b. From the Bode plot of Figure 8.25 we find that the phase is zero degrees at approximately
o =310r/s

c. From (8.45) 0.011jo
CUO) = 75671001 + joo, 1000)

and in magnitude—phase form

Sl = 0.0110£90°
(1 + jo/100) £tan " (@/100)|(1 + jo/1000)| Ltan " (w/1000)
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Bode Diagram

ool iiiinil oo doaiiin 0 e L
10° 10 107 10° 10* 10°

Freguency (radisec)

Figure 8.26. Bode plots for Example 8.4 generated with the MATLAB bode function

The phase will be zero when
tan"Y(®,/100) + tan *(®,/1000) = 90°

This is a trigonometric equation and we will solve it for o with the solve(equ) MATLAB
function as follows:

syms w; x=solve(atan(w/100)+atan(w/1000)—pi/2)

ans =
316.2278

Therefore, ® = 316.23 r/s

d. Evaluating (8.45) at ® = 316.23 r/s we obtain:

0.011(j316.23) (8.46)

G(j316.23) = —— _
(1+)316.23/100)(1 +j316.23,/1000)
and with the MATLAB script

Gj316=0.011*316.23j/((1+316.23j/100)*(1+316.23j/1000)); fprintf(' \n');...
fprintf(magGj316 = %5.2f \t', abs(Gj316));...
fprintf('phaseGj316 = %5.2f deg.', angle(Gj316)*180/pi)

we obtain
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magGj316 = 1.00 phaseGj316 = -0.00 deg.

We are given that ’V = 10 V and with |G(j316.23)| = 1, we obtain

in‘

v G(j316.23)[|V;;| =1x10 = 10 V

out‘ =

The phase angle of the input voltage is given as 6;, = 60° and with 6(j316.23) = 0° we find
that the phase angle of the output voltage is

6OUt = ein + 6(]31623) =60°+0° = 60°

and thus .
Ve = 10260

or
Vou(t) = 10c0s(316.23t + 60°)

8.7 Corrected Amplitude Plots

The amplitude plots we have considered thus far are approximate. We can make the straight line
more accurate by drawing smooth curves connecting the points at one-half the corner frequency

®,/2, the corner frequency o, and twice the corner frequency 2o, as shown in Figure 8.27.

At the corner frequency o, the value of the amplitude A in dB is

AdB‘mzw = +20log|1 +j| = +20log/2 = +3 dB (8.47)

where the plus (+) sign applies to a first order zero, and the minus (-) to a first order pole.
Similarly,

Ags| = +20log|1 +j/2| = J_r20|ogf—3 = +0.97 dB=+1 dB (8.48)
0=0,/2 4

and
Ags| = +20log|1 +j2| = +20log/5 = +6.99 dB =~ +7 dB (8.49)

o =20,

As we can seen from Figure 8.27, the straight line approximations, shown by dotted lines, yield
0 dB at half the corner frequency and at the corner frequency. At twice the corner frequency, the
straight line approximations yield +6 dB because o, and 2w, are separated by one octave which

is equivalent to +3 dB per decade. Therefore, the corrections to be made are +1 dB at half the
corner frequency m,/2, #3 dB at the corner frequency o, and £1 dB at twice the corner fre-

quency 20, .
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The corrected amplitude plots for a first order zero and first order pole are shown by solid lines in
Figure 8.27.

20 ”
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m ] 74
3
5 10
=
5 |
3 dB
1dB——___|
0 1 —_—
1-1dB —— ]
] -3dB
_5 a
1 3
10 -
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winr/s
©./2 O, /2

Figure 8.27. Corrections for magnitude Bode plots

The corrections for straight-line amplitude plots when we have complex poles and zeros require

different type of correction because they depend on the damping coefficient {. Let us refer to the
plot in Figure 8.28.

We observe that as the damping coefficient { becomes smaller and smaller, larger and larger
peaks in the amplitude occur in the vicinity of the corner frequency w,. We also observe that

when {>0.707 , the amplitude at the corner frequency w, lies below the straight line approxi-

mation.
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Magnitude for Poles of 1/((wn2-03)+j2¢w,m)
u=owlw, o,=1
~10logw,*-10log{(1-u?)*+4¢%u?}

20
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Figure 8.28. Magnitude Bode plots with complex poles
We can obtain a fairly accurate amplitude plot by computing the amplitude at four points near the

corner frequency w, as shown in Figure 8.28.

The amplitude plot of Figure 8.28 is for complex poles. In analogy with (8.30), i.e., the plot in Fig-
ure 8.28 above, we obtain

2 2
G(s) = s"+20m,5+ 0,
which was derived earlier for complex zeros, the transfer function for complex poles is
C

G(s) = > > (8.50)
s"+20o,s+

where C is a constant.

Dividing each term of the denominator of (8.50) by w,, we obtain

Gis) = < L

a)ﬁ( s/o, )2 +20(s/m,) +1

and letting C/ mﬁ = K and s = jo , we obtain
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G(jw) = * (8.51)
1-(w/0,) +j2Lo/0,
As before, we let /o, = u . Then (8.51) becomes
G(ju) = _—2_'3___ (8.52)
1-u"+j2Cu
and in polar form, K
G(ju) = —— (8.53)
11— u?+j2cu 20
The magnitude of (8.53) in dB is
Agg = 20log|G(ju)| = 20logK — 20log|(1 - u? + j2¢u)| 550
J 22 .22 4 2.2 '
= 20logK —20log4/(1—-u”) +4Cu” = 20logK —10log[u” +2u™ (28 - 1) + 1]
and the phase is
-1
O(u) = —tan i@u_z (8.55)
1-u

In (8.54) the term 20logK is constant and thus the amplitude Az, as a function of frequency, is

dependent only the second term on the right side. Also, from this expression, we observe that as
u—0,

_10log[u* + 20%(2C% = 1) + 11— 0 (8.56)
and as U — oo,

—10Iog[u4+2u2(2§2—1)+1] — —40logu (8.57)

We are now ready to compute the values of Ayg at points 1, 2, 3, and 4 of the plot of Figure
8.29.

At point 1, the corner frequency m,, corresponds to u = 1. Then, from (8.54)

4 2 2
Agg(®,/2) = AdB(g) = ~10log[u” + 2u“(2¢ —1)+1]\u=1/2

(8.58)

1 1,2 __ 1 .21
—10|og[16+2 5(2C 1)+1}_ 10|og[16+§ 2+1}

_10log (%% + 0.5625)
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and for { = 0.4,
AdB(mn/Z)‘ _ = —1OIog(O.42 +0.5625) = 1.41 dB
point 1
6
5 i
4 T -
Pointzatw=mmax Point 3 at ® F ®,

Point 1 at m = wn/Z

Point 4 at o |= ®g 4B

A

!
®

1

1

.|
On/2 Omax "o gg

Figure 8.29. Corrections for magnitude Bode plots with complex poles when { = 0.4

To find the amplitude at point 2, in (8.54) we let K = 1 and we form the magnitude in dB.
Then,

1
AdB‘ = 20log

. ; (8.59)
point 2 [1-(0/0)? +j2t0/0,

We now recall that the logarithmic function is a monotonically increasing function and therefore
(8.59 has a maximum when the absolute magnitude of this expression is maximum. Also, the
square of the absolute magnitude is maximum when the absolute magnitude is maximum.

The square of the absolute magnitude is
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12 (8.60)
[1-(0/0,)°] +4(lo/o,)
or
1 (8.61)

2
1- 2w2/w§ + w4/wﬂ' + 4C2w /(nﬁ
To find the maximum, we take the derivative with respect to ® and we set it equal to zero, that
is,
2 3,4 2 2
do/0,-40 /0, -8 0/ 0,
2
2.2 2
[1-(0/w,)"] +4((Cw)/o,)

=0 (8.62)

The expression of (8.62) will be zero when the numerator is set to zero, that is,
(0/02)(4-40" /0> -8%) = 0 (8.63)
Of course, we require that the value of ® must be a nonzero value. Then,
4-40°/0> -8 = 0

or 2 2 2
(4n")/w, = 4-8C

Oy = © = 0 41-28° (8.64)

provided that 1 - ZCZ >0 or {<1/4J2 or {<0.707 .

from which

The dB value of the amplitude at point 2 is found by substitution of (8.64) into (8.54), that is,

_10log[u* + 2u%(2C% — 1) + 1]

max) T

2.2 2 2
~10log[(1-2C%) +2(1-2L°)(2¢°-1) +1]

AdB(w

(8.65)

~10log[4%°(1 - {)]

and for { = 0.4

Agg(® _10log (4 x 0.4%(1 - 0.4%)) = 2.69 dB

max) =
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The dB value of the amplitude at point 3 is found by substitution of ® = o, = u = 1 into
(8.54). Then,

Agg(®,) = —10log[u” + 2u°(2¢° = 1) + 1] o1

_10log[1 + 2(2C% = 1) + 1] (8.66)

_10log[4%%] = —2010g(20)

and for { = 0.4
Agg(w,) = —20log(2x0.4) = 1.94 dB

Finally, at point 4, the dB value of the amplitude crosses the 0 dB axis. Therefore, at this point
we are interested not in Ayg(w, 4g) but in the location of 0, 45 in relation to the corner fre-

quency o, . at this point we must have from (8.57)
0 dB = —10log[u® + 2u%(2¢% ~ 1) + 1]
and since logl = 0, it follows that
ur2udedoy el =1
ur2vde®-1) =0
WPl +202¢%-1) = 0
or 2 2
u+220%-1) = 0

Solving for u and making use of u = w/w, we obtain

/ 2
2
Opax = OV 1-2C

therefore, if we already know the frequency at which the dB amplitude is maximum, we can com-

From (8.67),

pute the frequency at point 4 from
Wp gB = A/émmax (8.67)

Example 8.5

For the circuit in Figure 8.30,
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X Vout(D)
VinuO(t)_ " mF’I\

Figure 8.30. Circuit for Example 8.5.

a. Compute the transfer function G(s)

b. Find the corner frequency o, from G(s).

c. Compute the damping coefficient (.
d. Construct a straight line approximation for the magnitude of the Bode plot.

e. Compute the amplitude in dB at one-half the corner frequency w, /2, at the frequency o,
at which the amplitude reaches its maximum value, at the corner frequency ,, and at the
frequency wy 45 where the dB amplitude is zero. Then, draw a smooth curve to connect these
four points.

Solution:

a. We transform the given circuit to its equivalent in the s —domain shown in Figure 8.31 where
R =1,Ls = 0.05s,and 1/Cs = 25/s.

R L

0.2 0.01s

t +
@ 25/S(§|\‘V°“t(s)

Vin(s)_

Figure 8.31. Circuit for Example 8.5 in s —domain
and by the voltage division expression,

25/
Vout® = 5270015+ 25,5 Vin(®)

Therefore, the transfer function is

V(s
G(s) = vout®) _ 25 _ __ 2500

- ; = (8.68)
Vin(®) 0015+ 025+25 5%+ 20s + 2500
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b. From (8.50),

G(s) = K a (8.69)
S+ 20w, s+,

and from (8.68) and (8.69) o’ = 2500 or w, = 50 rad/s

c. From (8.68) and (8.69) 2{w, = 20 . Then, the damping coefficient { is

20 20
= £ _ =02 8.70
¢ 20, 2x50 (8.70)

d. For w <o, , the straight line approximation lies along the 0 dB axis, whereas for > o, the
straight line approximation has a slope of —40 dB. The corner frequency o, was found in part

(b) to be 50 rad/s The dB amplitude plot is shown in Figure 8.32.

20
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10 w,/2 = 25 L 100 1000
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Figure 8.32. Amplitude plot for Example 8.5
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e. From (8.61),
Agg(®,/2)= ~10log({” +0.5625)

where from (8.74) { = 0.2 and thus Cz = 0.04. Then,
Agg(®,/2)= —10l0g(0.04 + 0.5625) = —10l0g(0.6025) = 2.2 dB

and this value is indicated as Point 1 on the plot of Figure 8.32.

Next, from (8.64)
Omax = @n V1—2C2

Omax = 50./1-2x0.04 = 50,/0.92 = 47.96 rad/s
Therefore, from (8.65)

Then,

Ags(®,) = —10log[4¢°(1 - ¢%)] = ~10log[(0.16) x (0.96)] = 8.14 dB
and this value is indicated as Point 2 on the plot of Figure 8.32.
The dB amplitude at the corner frequency is found from (8.66), that is,

Agg(®,) = —20log(2%)

Then,
Agg(®,) = -20log(2x0.2) = 7.96 dB

and this value is indicated as Point 3 on the plot of Figure 8.32.

Finally, the frequency at which the amplitude plot crosses the 0 dB axis is found from (8.67),
that is,

W g = “/éwmax

or
Wy gg = ~/2x47.96 = 67.83 rad/s

This frequency is indicated as Point 4 on the plot of Figure 8.32.

The amplitude plot of Figure 8.32 reveals that the given circuit behaves as a low pass filter.

Using the transfer function of (8.68) with the MATLAB script below, we obtain the Bode
magnitude plot shown in Figure 8.33.

num=[0 0 2500]; den=[1 20 2500]; sys=tf(num,den); w=logspace(0,5,100); bodemag(sys,w)
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and Bode Plots

Bode Maghitude Diagram
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Figure 8.33. Bode plot for Example 8.5 using the MATLAB bodemag function
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8.8 Summary

e The decibel, denoted as dB, is a unit used to express the ratio between two amounts of power,

generally P, ./P;,. By definition, the number of dB is obtained from

out

dB,, = 10log, (Poy/Pin) - It can also be used to express voltage and current ratios provided

out
that the voltages and currents have identical impedances. Then, for voltages we use the
expression dB, = 20|0910(V

out’Vin)» and for currents we use the expression

e The bandwidth, denoted as BW,, is a term generally used with electronic amplifiers and filters.
For low-pass filters the bandwidth is the band of frequencies from zero frequency to the cutoff
frequency where the amplitude fall to 0.707 of its maximum value. For high-pass filters the
bandwidth is the band of frequencies from 0.707 of maximum amplitude to infinite frequency.
For amplifiers, band-pass, and band-elimination filters the bandwidth is the range of frequen-
cies where the maximum amplitude falls to 0.707 of its maximum value on either side of the
frequency response curve.

o If two frequencies w; and w, are such that w, = 2m,, we say that these frequencies are sepa-
rated by one octave and if , = 10w, , they are separated by one decade.

e Frequency response is a term used to express the response of an amplifier or filter to input sinu-
soids of different frequencies. The response of an amplifier or filter to a sinusoid of frequency

o is completely described by the magnitude |G(jo)| and phase ZG(jw) of the transfer func-
tion.

e Bode plots are frequency response diagrams of magnitude and phase versus frequency .

 In Bode plots the 3-dB frequencies, denoted as o,,, are referred to as the corner frequencies.

e In Bode plots, the transfer function is expressed in linear factors of the form jw + z; for the zero
(numerator) linear factors and jo + p; for the pole linear factors. When quadratic factors with
complex roots occur in addition to the linear factors, these quadratic factors are expressed in

.2 . 2
the form (jo)” +j2lo,0 + 0.
e In magnitude Bode plots with quadratic factors the difference between the asymptotic plot and

the actual curves depends on the value of the damping factor ¢. But regardless of the value of
¢, the actual curve approaches the asymptotes at both low and high frequencies.
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e In Bode plots the corner frequencies w, are easily identified by expressing the linear terms as

Zi(jo/z;+1) and p;(jo/p; + 1) for the zeros and poles respectively. For quadratic factor the

. . .2 . 2
corner frequency ®, appears in the expression (jo) +j2o,0+w, or
(jm/mn)2+j2Cw/wn+1

e In both the magnitude and phase Bode plots the frequency (abscissa) scale is logarithmic. The
ordinate in the magnitude plot is expressed in dB and in the phase plot is expressed in degrees.

e In magnitude Bode plots, the asymptotes corresponding to the linear terms of the form
(jo/z;+1) and (jo/p;+ 1) have a slope £20 dB/decade where the positive slope applies to

zero (numerator) linear factors, and the negative slope applies to pole (denominator) linear
factors.

¢ In magnitude Bode plots, the asymptotes corresponding to the quadratic terms of the form

(j(x)/(x)n)2 +j2Cow/w, + 1 have aslope +40 dB/decade where the positive slope applies to zero

(numerator) quadratic factors, and the negative slope applies to pole (denominator) quadratic
factors.

e In phase Bode plots with linear factors, for frequencies less than one tenth the corner fre-
quency we assume that the phase angle is zero. At the corner frequency the phase angle is
+45°. For frequencies ten times or greater than the corner frequency, the phase angle is
approximately +90° where the positive angle applies to zero (numerator) linear factors, and
the negative angle applies to pole (denominator) linear factors.

¢ In phase Bode plots with quadratic factors, the phase angle is zero for frequencies less than one
tenth the corner frequency. At the corner frequency the phase angle is +90°. For frequencies
ten times or greater than the corner frequency, the phase angle is approximately +180° where
the positive angle applies to zero (numerator) quadratic factors, and the negative angle applies
to pole (denominator) quadratic factors.

e Bode plots can be easily constructed and verified with the MATLAB function bode(sys)
function. With this function, the frequency range and number of points are chosen automati-
cally. The function bode(sys),{wmin,wmax}) draws the Bode plot for frequencies between
wmin and wmax (in radian/second) and the function bode(sys,w) uses the user-supplied vec-
tor w of frequencies, in radian/second, at which the Bode response is to be evaluated. To gen-
erate logarithmically spaced frequency vectors, we use the command log-
space(first_exponent,last_exponent, number_of_values).
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8.9 Exercises

1. For the transfer function

5
_ 10%s+5)
() = 537100)(s + 5000)

a. Draw the magnitude Bode plot and find the approximate maximum value of |G(jw)| in dB.
b. Find the value of ® where |G(jo)| = 1 for @ >5r/s
c. Check your plot with the plot generated with MATLAB.

2. For the transfer function of Exercise 1:

a. Draw a Bode plot for the phase angle and find the approximate phase angle at ® = 30 r/s,
o =50r/s,m =100 r/s,and o = 5000 r/s

b. Compute the actual values of the phase angle at the frequencies specified in (a).

c. Check your magnitude plot of Exercise 1 and the phase plot of this exercise with the plots
generated with MATLAB.

3. For the circuit below:
L

0.25H
R

© T

ViUg(D) | 4x 1073 Fll_

a. Compute the transfer function.
b. Draw the Bode amplitude plot for 20log|G(jm)|

c. From the plot of part (b) determine the type of filter represented by this circuit and esti-
mate the cutoff frequency.

d. Compute the actual cutoff frequency of this filter.
e. Draw a straight line phase angle plot of G(jo) .
f. Determine the value of 0(w) at the cutoff frequency from the plot of part (c).

g. Compute the actual value of 6(w) at the cutoff frequency.
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8.10 Solutions to End-of-Chapter Exercises

1. a.
S(jo) = 10°(jo + 5) _ 10° x 5% (1 +jw/5)
(jo+100)(jo +5000) 100X (1+ jw/100) x 5000 x (1 + jw/5000)
_ (1+jw/5)

"~ (1+j0/100) - (1 + jo./5000)

20l0g|G(jw)| = 20log|1 + jw/5| - 20log|1 + jw/100] — 20log|1 + jw/5000|

The corner frequencies are at ® = 5r/s, ® = 100 r/s, and ® = 5000 r/s. The asymptotes
are shown as solid lines.

40

35 .
20log|(1 +jo/5)| S 20l0g|G(jo)

30 / /
/
25

; / \.
/ AN

-10 +

N
-20log|(1 + jw/100)] ——\
15 N (~20l0g|(1 + joo/100) 4
-20 b 1

Magnitude of G(jo) in dB
o ()]
7/

-25 - AN Y
_30 a

-35 - N

-40 M

o (r/s)
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From this plot we observe that 20log|G(jw)| .., = 26 dB for the interval 10°<w<5x10°

max

b. By inspection, 20log|G(jo)| = 0 dB at = 9.85x 10% r/s

2. From the solution of Exercise 1,

(1+jw/5)

G(jo) =
UO) = 77707100 - (1+ jo,/5000)

and in magnitude-phase form

(1 +jo/5)|
(1+]0/100) - (L + jo/5000)] <(* P~V

G(jo) =

that is, B(w) = o.— B -y where o = tan “©/5, B = —tan "®/100, and —y = —tan “®,/5000

The corner frequencies are at @ = 5r/s, ® = 100 r/s, and @ = 5000 r/s where at those

frequencies o = 45°, - = —45°, and —y = —45° respectively. The asymptotes are shown as
solid lines.

From the phase plot we observe that 6(30 r/s) = 60°, 6(50 r/s) =53°, 6(100 r/s) = 38°, and
0(5000 r/s) =~ —39°

90 -

1 ~—F1 o = ftan r(1)/5
75 1 Ve
60 / ERN

s // \\ 0(0)
f \

-15 :

30 3
] -B =-tan "®/100 — N
-45 . AN

Phase angle in degrees

60 1
1 =y =|-tan "®»/5000
-75 1 N

-90 |
10 10 10 10
o (r/s)
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b. We use the MATLAB script below for the computations.

theta_g30=(1+30j/5)/((1+30j/100)*(1+30j/5000));...
theta_g50=(1+50j/5)/((1+50j/100)*(1+50j/5000));...
theta_g100=(1+100j/5)/((1+100j/100)*(1+100j/5000));...
theta_g5000=(1+5000j/5)/((1+5000j/100)*(1+5000j/5000));...
printf(' \n');...

fprintf('theta30r = %5.2f deg. \t', angle(theta_g30)*180/pi);...
fprintf('theta50r = %5.2f deg. ', angle(theta_g50)*180/pi);...
fprintf( \n');...

fprintf('thetalO0r = %5.2f deg. \t', angle(theta_g100)*180/pi);...
fprintf('theta5000r = %5.2f deg. ', angle(theta_g5000)*180/pi);...
fprintf(' \n")

and we obtain

theta30r = 63.49 deg. theta50r = 57.15 deg.
thetalOOr = 40.99 deg. theta5000r = -43.91 deg.-

Thus, the actual values are

(1+j30/5)

£6(130) = 4{1+]30/100) - (1 +30,/5000) ~ 63.49°
£G(1%0) = ‘s j50/iéo§j-5((i/f;50/5000) = 57157
£6(j100) = I j100/(1108)j.1?f iSj)100/5000) = 40997
/G(j5000) = £ (1+15000/5) = _43.91°

(1+]5000,/100) - (1 + j5000,/5000) _
c. The Bode plot generated with MATLAB is shown below.
syms s; expand((s+100)*(s+5000))

ans =
s"2+5100*s+500000

num=[0 1075 5*1075]; den=[1 5.1*10"3 5*1075];...
w=logspace(0,5,10"4); bode(num,den,w)
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Bode Diagram
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The equivalent s —domain circuit is shown below.

+
0.25s
1% |

LN+

~ Vout(s)
) 25/5 lom

Vin(s) I

By the voltage division expression,

1+25/s
Vour®) = 9255y 14 25,5 Vin(®)

and
Vout()  s+25  4(s+25) 1)

G(s) = V. (5 - 3 >
in(8) 0.255"+s+25 s +4s+100

b.From (1) with s = jw,

Gjo) = —UeEB) ()
-0 +4jo + 100

From (8.53),
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G(s) = ¢ > 3)
s+ 20w, s+,

and from (1) and (3) wﬁ = 100, o, = 10, and 20w, = 4, { = 0.2.
Following the procedure of page 8-26 we let u = 0/, = ©/10. The numerator of (2) is a
linear factor and thus we express it as 100(1 + jw/25) . Then (2) is written as

100(1 + jw/25) _ (1+jw/25)
100(—m2/100 +4jw/100 + 100/100) 1- ((n/lO)2 +j0.4/10

G(jo) =

or

G(jo) = o/
11— (0/10)% +j0.40,/10| 26

The amplitude of G(jw) in dB is

2010gG (jo)| = 20log|1 +jo/25| - 20log[|1 - (/10)% + j0.4w/10]] (5)

The asymptote of the first term on the right side of (5) has a corner frequency of 25 r/s and
rises with slope of 20 dB/decade. The second term has a corner frequency of 10 r/s and
rises with slope of —40 dB/decade . The amplitude plot is shown below.

80

60 - -3 dB at w,=131/5
40 | _Ar
20 | T\

0 / ~ T 20logl1 +jw/25|
-20 S 20log|G(jw)l
-40 \\\ ‘/

N
—60 B 2 ) /\ \ \\\\
—20l0g[]1 - (0/10)? + j0.4w/10]] L
-80 .
10t 10° 10 10° 10° 10*

c. The plot above indicates that the circuit is a low-pass filter and the 3 dB cutoff frequency
. occurs at approximately 13 r/s.
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d. The actual cutoff frequency occurs where
IG(jw.)| = IG(®)|pmax/~2 = 1/(J2) = 0.70

At this frequency (2) is written as
100 + 4jw

G(jo) = >
(100-w¢) +4jo

and considering its magnitude we obtain

Jloo2 + (40p)°

=il=

2.2 2
/(100—03(: ) +(4og)
2
2[100% + (400c)°] = (10007 + (40)’
2 2 4 2
20000 + 32w = 10000 - 200w + o + 1604

g - 2160 — 10000 = 0

We will use MATLAB to find the four roots of this equation.
syms w; solve(w"4-216*w”"2-10000)

ans =
[ 2*(27+13547N(1/2))M(1/2)] [ -2*(27+1354~(1/2))~(1/2)]
[ 2*(27-1354~(1/2))™(1/2)] [ -2*(27-1354~(1/2))~(1/2)]

W1=2%(27+13547(1/2))(1/2)

wl =
15.9746

W2=-2*(27+13547(1/2))(1/2)

w2 =
-15.9746

W3=2%(27-13547(1/2))N(1/2)

w3 =
0.0000 + 6.2599i

Wa=-2*(27-13547(1/2))(1/2)

w4 =
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-0.0000 - 6.25991

From these four roots we accept only the first, that is, s =16 r/s

e. From (4)
0 = tan (w/25)
and
_ 040/10
0= =
1-(0/10)

For a first order zero or pole not at the origin, the straight line phase angle plot approxima-
tions are as follows:

I. For frequencies less than one tenth the corner frequency we assume that the phase angle
is zero. For this exercise the corner frequency of 8(w) is o, = 25 r/s and thus for

1<® <25 r/s the phase angle is zero as shown on the Bode plot below.

180
D(m)

135 -
901 A== ===
S PR
o> 45 _ - T
§ _ - /e(oan)=25rs
2 0 T * *
o> \ AN
b w,) = 10 1/s
$ -45 1 \\f( V £G(jw)
@ N
< N
& 90 ~

N \/
N
-135 - N
N
(o) ~
-180 ~—
107! 10° 10" 10° 10° 10*
o (r/s)

II For frequencies ten times or greater than the corner frequency, the phase angle is
approximately +90°. The numerator phase angle 6(®) is zero at one tenth the corner
frequency, it is 45° at the corner frequency, and 90° for frequencies ten times or greater
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the corner frequency. For this exercise, in the interval 2.5 <® <250 r/s the phase angle
is zero at 2.5 r/s and rises to 90° at 250 r/s.

[II As shown in Figure 8.20, for complex poles the phase angle is zero at zero frequency,

—-90° at the corner frequency and approaches —180° as the frequency becomes large.
The phase angle asymptotes are shown on the plot of the previous page.

From the plot of the previous page we observe that the phase angle at the cutoff frequency
is approximately —63°

g. The exact phase angle at the cutoff frequency o, = 16 r/s is found from (1) with s = j16.

G(j16) = i(]16+25)
(j16)” + 4(j16) + 100

We need not simplify this expression; we will use the MATLAB script below.
g16=(64j+100)/((16j)*2+64j+100); angle(g16)*180/pi
ans =

-125.0746

This value is about twice as that we observed from the asymptotic plot of the previous
page. Errors such as this occur because of the high non-linearity between frequency inter-
vals. Therefore, we should use the straight line asymptotes only to observe the shape of the
phase angle. It is best to use MATLAB as shown below.

num=[0 4 100]; den=[1 4 100]; w=logspace(0,2,1000);bode(num,den,w)
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Bode Dimgram
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Chapter 9

Self and Mutual Inductances - Transformers

his chapter begins with the interactions between electric circuits and changing magnetic

fields. It defines self and mutual inductances, flux linkages, induced voltages, the dot con-

vention, Lenz’s law, and magnetic coupling. It concludes with a detailed discussion on trans-
formers.

9.1 Self-Inductance

About 1830, Joseph Henry, while working at the university which is now known as Princeton,
found that electric current flowing in a circuit has a property analogous to mechanical momentum
which is a measure of the motion of a body and it is equal to the product of its mass and velocity,

i.e., Mv. In electric circuits this property is sometimes referred to as the electrokinetic momentum
and it is equal to the product of Li where i is the current analogous to velocity and the self—induc-
tance L is analogous to the mass M. About the same time, Michael Faraday visualized this prop-
erty in a magnetic field in space around a current carrying conductor. This electrokinetic momen-
tum is denoted by the symbol A, that is,

A = Li 9.1)

Newton’s second law states that the force necessary to change the velocity of a body with mass M
is equal to the rate of change of the momentum, i.e.,

dv
F = —-(Mv) = Ma (9.2)
dt
where a is the acceleration. The analogous electrical relation says that the voltage v necessary to
produce a change of current in an inductive circuit is equal to the rate of change of electrokinetic
momentum, i.e,

di

vV = —(L|) = Ldt

(9.3)

9.2 The Nature of Inductance

Inductance is associated with the magnetic field which is always present when there is an electric
current. Thus when current flows in an electric circuit, the conductors (wires) connecting the
devices in the circuit are surrounded by a magnetic field. Figure 9.1 shows a simple loop of wire
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and its magnetic field which is represented by the small loops. The direction of the magnetic field
(not shown) can be determined by the left—hand rule if conventional current flow is assumed, or
by the right—-hand rule if electron current flow is assumed. The magnetic field loops are circular in
form and are called lines of magnetic flux. The unit of magnetic flux is the weber (WDb).

Figure 9.1. Magnetic field around a current carrying wire

In a loosely wound coil of wire such as the one shown in Figure 9.2, the current through the
wound coil produces a denser magnetic field and many of the magnetic lines link the coil several
times.

Figure 9.2. Magnetic field around a current carrying wound coil

The magnetic flux is denoted as ¢ and, if there are N turns and we assume that the flux ¢ passes
through each turn, the total flux denoted as A is called flux linkage. Then,

A = No 9.4)

By definition, a linear inductor one in which the flux linkage is proportional to the current
through it, that is,
A = Li 9.5)

where the constant of proportionality L is called inductance in webers per ampere.
We now recall Faraday’s law of electromagnetic induction which states that

v

o (9.6)
and from (9.3) and (9.5), di
v = La;'[ 9.7)
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9.3 Lenz’s Law

Heinrich F. E. Lenz was a German scientist who, without knowledge of the work of Faraday and
Henry, duplicated many of their discoveries nearly simultaneously. The law which goes by his
name, is a useful rule for predicting the direction of an induced current. Lenz’s law states that:

Whenever there is a change in the amount of magnetic flux linking an electric circuit, an induced
voltage of value directly proportional to the time rate of change of flux linkages is set up tending
to produce a current in such a direction as to oppose the change in flux.

To understand Lenz’s law, let us consider the transformer shown in Figure 9.3.

—> 1 /~ —¢ N
[ q
< |
= T v
Q] D
- P <
N /A

Figure 9.3. Basic transformer construction

Here, we assume that the current in the primary winding has the direction shown and it produces
the flux ¢ in the direction shown in Figure 9.3 by the arrow below the dotted line. Suppose that
this flux is decreasing. Then in the secondary winding there will be a voltage induced whose cur-
rent will be in a direction to increase the flux. In other words, the current produced by the
induced voltage will tend to prevent any decrease in flux. Conversely, if the flux produced by the
primary winding in increasing, the induced voltage in the secondary will produce a current in a
direction which will oppose an increase in flux.

9.4 Mutually Coupled Coils

Consider the inductor (coil) shown in Figure 9.4.

Figure 9.4. Magnetic lines linking a coil
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There are many magnetic lines of flux linking the coil L, with N, turns but for simplicity, only

two are shown in Figure 9.4. The current i; produces a magnetic flux ¢,;. Then by (9.4) and
(9.5), we obtain
Ay = Nyoyy = Lyiy 9.8)

and by Faraday’s law of (9.6), in terms of the self~inductance L,

_diy o dey diy
vi= =N = L (9.9)

Next, suppose another coil L, with N, turns is brought near the vicinity of coil L; and some lines

of flux are also linking coil L, as shown in Figure 9.5.

Figure 9.5. Lines of flux linking two coils

It is convenient to express the flux @;; as the sum of two fluxes @ ; and @,,, that is,

P11 = P+ (9.10)

where the linkage flux ¢ ; is the flux which links coil L, only and not coil L,, and the mutual flux
@, is the flux which links both coils L; and L,. We have assumed that the linkage and mutual

fluxes @, and @,,; link all turns of coil L; and the mutual flux ¢,; links all turns of coil L,.

The arrangement above forms an elementary transformer where coil L, is called the primary wind-

ing and coil L, the secondary winding.

In a linear transformer the mutual flux @,; is proportional to the primary winding current i; and

since there is no current in the secondary winding, the flux linkage in the secondary winding is by

©.8),
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Ay = Ny@y = Myiy (9.11)

where M,; is the mutual inductance (in Henries) and thus the open—circuit secondary winding

voltage v, is

da, do,, diy
In summary, when there is no current in the secondary winding the voltages are
v,=L and v,=M d—ll
if i;,20 and i, =0

Next, we will consider the case where there is a voltage in the secondary winding producing cur-
rent i, which in turn produces flux @,, as shown in Figure 9.6.

Figure 9.6. Flux in secondary winding
Then in analogy with (9.8) and (9.9)

Ay = Nyoyy = Lo, 9.14)
and by Faraday’s law in terms of the self~inductance L,

kb9 di;

vy = —F = (9.15)

If another coil L; with N; turns is brought near the vicinity of coil L,, some lines of flux are also

linking coil L, as shown in Figure 9.7.
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X~

- ...

Figure 9.7. Lines of flux linking open primary coil

Following the same procedure as above, we express the flux ¢,, as the sum of two fluxes @, , and

@4, , that is,

G2 = P2+ 01 (9.16)

where the linkage flux @, , is the flux which links coil L, only and not coil L, , and the mutual flux
@4, is the flux which links both coils L, and L, . As before, we have assumed that the linkage and

mutual fluxes link all turns of coil L, and the mutual flux links all turns of coil L, .
Since there is no current in the primary winding, the flux linkage in the primary winding is

A = N1@gp = My 9.17)

where M, is the mutual inductance (in Henries) and thus the open—circuit primary winding volt-
age Vq is
dA, do,, di,

In summary, when there is no current in the primary winding, the voltages are

di, di,
V2 = LZE and Vl = Mlza (9 19)
if i;,=0and i,#0
We will see later that
My = My = M (9.20)

The last possible arrangement is shown in Figure 9.8 where i; # 0 and also i, #0.
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Figure 9.8. Flux linkages when both primary and secondary currents are present

The total flux ¢, linking coil L; is

Op = P+ P+ P12 = @1+ Py 9.21)
and the total flux ¢, linking coil L, is

D2 = QLo+t Pt @1 = Py + Py (9.22)

and since A = N@, we express (9.21) and (9.22) as

Ay = Nyj@gy + Ny, (9.23)
and
Differentiating (9.23) and (9.24) and using (9.13), (9.14), (9.19) and (9.20) we obtain:
di,  di,
vy = L=+ M=2
aeood 9.25)
diy di,
V2 = Ma + Lza

In (9.25) the voltage terms i i
L a and L di,
Ldt 2 dt

are referred to as self-induced voltages and the terms

i iz
at A% Mt

are referred to as mutual voltages.
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Chapter 9 Self and Mutual Inductances — Transformers

In our previous studies we used the passive sign convention as a basis to denote the polarity (+)
and (<) of voltages and powers. While this convention can be used with the self-induced voltages,
it cannot be used with mutual voltages because there are four terminals involved. Instead, the
polarity of the mutual voltages is denoted by the dot convention. To understand this convention,
we first consider the transformer circuit designations shown in Figures 9.9(a) and 9.9(b) where
the dots are placed on the upper terminals and the lower terminals respectively.

M M
? i ¥ N 12%—’_ —> 1 ¥ N e di
. . + + v, = Matl
ok Lo %2 Vi Ly L, V2 for both
s = — ) ) - networks
(a) (b)

Figure 9.9. Arrangements where the mutual voltage has a positive sign

These designations indicate the condition that a current i entering the dotted (undotted) termi-
nal of one coil induce a voltage across the other coil with positive polarity at the dotted (undot-
ted) terminal of the other coil. Thus, the mutual voltage term has a positive sign. Following the
same rule we see that in the circuits of Figure 9.10 (a) and 9.10(b) the mutual voltage has a nega-
tive sign.

M M
? 1y ¥ X 12%-1_ — s ¥ N e di
y * . + v, = —Md—t1
A\ L, L, V2 \7] L, E L, V2 for both
s = - ) — networks
(a) (b)

Figure 9.10. Arrangements where the mutual voltage has a negative sign
|
Example 9.1

For the circuit of Figure 9.11 find v, and v, if
a. i; = 50 mA and i, = 25 mA
b. i; = 0 and i, = 20sin377t mA

15c0s377t mA and i, = 40sin(377t+ 60°) mA

c. iy
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M =20 mH
i N
T F

Vi L, WV
50 mH 50 mH

Figure 9.11. Circuit for Example 9.1
Solution:

a. Since both currents i; and i, are constants, their derivatives are zero, i.e.,

di, di,
—_— = —= = 0
dt dt

and thus
Vi =V, =0

b. The dot convention in the circuit of Figure 9.11 shows that the mutual voltage terms are posi-
tive and thus
vy = Lyt 4+ M = 005X 0+ 20 107° x 20 x 377 x cos377t

150.8co0s377t mV

Vy, = Ma+Lza = 20x10 "x0+0.05%x20x%x 377 x cos377t
= 377cos377t mV
C.
diy di, . .
vV, = LlEJr ME = 0.05(-15x 377sin377t) + 0.02 x 40 x 377cos (377t + 60°)

= —282.75sin377t + 301.6 cos (377t + 60°) mV

i diz
Vo = Mgy gt

= —113.1sin377t + 754 cos (377t + 60°) mV

= 0.02(~15 x 377sin377t) + 0.05 x 40 x 377cos (377t + 60°)

Example 9.2

For the circuit of Figure 9.12 find the open—circuit voltage v, for t>0 given that i,(0 ) = 0.
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M = 20 mH
WA +
5Q
® vl e
24V 50 mH.[Ly Lof50 mH

Figure 9.12. Circuit for Example 9.2

Solution:
Fort>0
di,

L +Riy = 24
005OIil 5i, = 24
di,
—= + 100i, = 480
dt !

Also,

i, = Qg+,
where i is the forced response component of i; and it is obtained from

if:%i‘:4.8A

and i, is the natural response component of i; and it is obtained from

-Rt/L -100t

i, = Ae = Ae

Then, 100t
ip = ig+i, = 48+ Ae

and with the initial condition
i,(0") = i, (07) = 0 = 48+Ae’
we obtain A = -4.8

Therefore,

i, =i +i = 48-4.8¢ "

and in accordance with the dot convention,

di
v, = —-M—2 = —0.02(480e '® —loot

it ) = -9.6e
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9.5 Establishing Polarity Markings

In our previous discussion and in Examples 9.1 and 9.2, the polarity markings (dots) were given.
There are cases, however, when these are not known. The following method is generally used to
establish the polarity marking in accordance with the dot convention.

Consider the transformer and its circuit symbol shown in Figure 9.13.

M
i TS 4
.C | < : °
] : N Ly Lo L, L,
| .
J:\D d =1 ¢
\ ! e

Figure 9.13. Establishing polarity markings

We recall that the direction of the flux ¢ can be found by the right—hand rule which states that if
the fingers of the right hand encircle a winding in the direction of the current, the thumb indi-
cates the direction of the flux. Let us place a dot at the upper end of L; and assume that the cur-

rent i, enters the top end thereby producing a flux in the clockwise direction shown. Next, we
want the current in L, to enter the end which will produce a flux in the same direction, in this
case, clockwise. This will be accomplished if the current i, in L, enters the lower end as shown
and thus we place a dot at that end.

1

Example 9.3

For the transformer shown in Figure 9.14, find v, and v,.

Solution:

Let us first establish the dot positions as discussed above. Since the current i, has a negative sign,

it leaves the upper terminal, or equivalently, enters the lower terminal and thus we enter a dot at
the lower terminal. The dotted circuit now is as shown in Figure 9.15.
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M=2H
i, = 2sin377tA — |, —@ "\ | i, = -5C0s377t A

+ [ ) q +

( I‘1 L I
v - 2
1 C D [ Vv,
_ 4 3H 4H L
- | -

\ /

i, = 2sin377t A — /o — @ . | iy =-5C0s377t A
d +

PP TT1 Vs
q

Figure 9.15. Figure for Example 9.3 with dotted markings

The current i, enters the upper terminal on the left side and i, leaves the upper terminal on the

right side, the fluxes oppose each other. Therefore,

di,  di

vy = Lyl -MZ = 2262¢05377t-3770sin377t V
di,  di, _
V = ~Ml + L% = — 15080377t + 7540sin377t V

Example 9.4
For the network in Figure 9.16 find the voltage ratio [V,/V/| ;

Solution:

The dots are given to us as shown. Now, we arbitrarily assign currents 1, and I, as shown in Fig-

ure 9.17 and we write mesh equations for each mesh.

*  Henceforth we will be using bolded capital letters to denote phasor quantities.
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M = 50 mH
Ry N
MA— .
+ 05Q|. . T
- L1, e | s

V;, = 120£0° 50 mH 100 mH

o =377r1/s
Figure 9.16. Circuit for Example 9.4
M = 50 mH

S
+ O.SQT-

Dot [

\# 120£0° 50 mH 100 mH

In
o =377r/s

©

Figure 9.17. Mesh currents for the circuit of Example 9.4
With this current assignments 1, leaves the dotted terminal of the right mesh and therefore the

mutual voltage has a negative sign. Then,

Mesh 1:
o (0.5+j18.85)1, —j18.851, = 120£0° (9.26)
Mesh 2: i .
—-joMIl; +joL,l, +Rgapl, = 0
or

—J18.851; + (1000 +j37.7)I, = O (9.27)
We will find the ratio |V,/V,| using the MATLAB script below where

V, = joL,l, = j18.851,
7=[0.5+18.85] —18.85j; ~18.85] 500+37.7j]; V=[120 O]’ I=2\V:...

fprintf(' \n"); fprintf('V1 = %7.3f V \t', abs(18.85j*1(1))); fprintf('V2 = %7.3f V \t', abs(500*1(2)));...
fprintf(Ratio V2/V1 = %7.3f \t',abs((500*1(2))/(18.85j*1(1))))

V1l = 120.093 V V2 = 119.753 V  Ratio V2/V1 = 0.997

That is,
Vol _ 11975 _ 997 (9.28)
vV, ~ 120,09
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Chapter 9 Self and Mutual Inductances — Transformers

and thus the magnitude of V,, = V, is practically the same as the magnitude of V;,. However,
we suspect that V p will be out of phase with V;,. We can find the phase of V| by adding the
following statement to the MATLAB script above.

fprintf('Phase V2= %6.2f deg', angle(500*1(2))*180/pi)

Phase V2= -0.64 deg

This is a very small phase difference from the phase of V;, and thus we see that both the magni-

tude and phase of V| oap are essentially the same as that of V; ..

If we increase the load resistance R, p to 1 KQ we will find that again the magnitude and phase of
Vioap are essentially the same as that of V; . Therefore, the transformer of this example is an iso-
lation transformer, that is, it isolates the load from the source and the value of V;, appears across

the load even though the load changes. An isolation transformer is also referred to as a 1:1 trans-
former.

If in a transformer the secondary winding voltage is considerably higher than the input voltage,
the transformer is referred to as a step—up transformer. Conversely, if the secondary winding volt-
age is considerably lower than the input voltage, the transformer is referred to as a step—down
transformer.

9.6 Energy Stored in a Pair of Mutually Coupled Inductors

We know that the energy stored in an inductor is
W(t) = %Liz(t) (9.29)

In the transformer circuits shown in Figure 9.18, the stored energy is the sum of the energies sup-
plied to the primary and secondary terminals. From (9.25),

_L diy Mdi2
R P TRMRT: ©:30)
di, di, .
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m%lz ﬁllmlz%

di,

vV, = Mdt

L1 for both
circuits

Flgure 9.18. Transformer circuits for computation of the energy

and after replacing M with M;, and M,, in the appropriate terms, the instantaneous power deliv-

ered to these terminals are:
di, di,
p1= Vyip = ('—1 at + My, dt)
(9.31)

di di,
P2= Vaip = (le dtl +L, dt)

Next, let us suppose that at some reference time t,, both currents i; and i, are zero, that is,

iL(ty) = ip(ty) = 0 (9.32)
In this case, there is no energy stored, and thus
W(t,) = 0 (9.33)

Now, let us assume that at time t,, the current i, is increased to some finite value, while i, is still

zero. In other words, we let
i (t) = 1 (9.34)

i,(t;) = 0 (9.35)

and
Then, the energy accumulated at this time is
tl
Wy = [ (py+po)ct (9.36)
0

and since i,(t;) = 0, then p,(t;) = 0 and also di,/dt = 0. Therefore, from (9.31) and (9.36) we

obtain

W =.[tlLiT—1dt=L.[tlidi T (9.37)
1 to lldt ltol 1 2 11 .

Finally, let us at some later time t,, maintain i; at its previous value, and increase i, to a finite

value, that is, we let
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i (t) = 1, (9.38)

ip(tp) = 1 (9.39)

and

During this time interval, di;/dt = 0 and using (9.31) the energy accumulated is

W, = J-:(Pl +p,)dt = .[:(Mlzll% + inzdd_itz) dt 0.0
- J‘:(l\/|12|l +Lyip)diy = Myly 1y + 3L,15
Therefore, the energy stored in the transformer from t, to t, is from (9.37) and (9.40),
Wi = %Lllf+ Myl 1, + %Lzug (9.41)

Now, let us reverse the order in which we increase i; and i,. That is, in the time interval
ty<t<t;, we increase i, so that i,(t;) = |, while keeping i; = 0. Then, at t = t,, we keep

i, = |, while we increase i, so that i,(t,) = I;. Using the same steps in equations (9.33) through
(9.40), we obtain

t
ty

= %L1|5+M21|1|2+%L2|§ (9.42)

Wi
Since relations (9.41) and (9.42) represent the same energy, we must have
My, = M,, =M (9.43)
and thus we can express (9.41) and (9.42) as

b _ 1 1

2 2
W[ = Lty + Mgl + 3Ll (9.44)

Relation (9.44) was derived with the dot markings of Figure 9.18 which is repeated below as Fig-
ure 9.19 for convenience.

.M . M di
— sl N Lhe— NG V| ¥ NI o V, = MEITI
+
for both
v .
L, % circuits

Figure 9.19. Transformer circuits of Figure 9.18
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However, if we repeat the above procedure for the dot markings of the circuit of network 9.20 we

will find that

.M . M di

—> iy N <— b ¥ N v2:—|\/|d—tl

¥ + - T
. . for both
Vi Ly L V2 ik L, Y2 circuits
(a) (b)
Figure 9.20. Transformer circuits with different dot arrangement from Figure 9.19
t
WS = %Lllf—MI1I2+%L2I§ (9.45)

and relations (9.44) and (9.45) can be combined to a single relation as

LM, + 2,02 (9.46)

W2 =
|to_2 2

where the sign of M is positive if both currents enter the dotted (or undotted) terminals, and it is
negative if one current enters the dotted (or undotted) terminal while the other enters the undot-
ted (or dotted) terminal.

The currents I; and I, are assumed constants and represent the final values of the instantaneous
values of the currents i; and i, respectively. We may express (9.46) in terms of the instantaneous

currents as

t 1, .2 . 1. .0
W|t§ = 5SL1i1#Misi; + SL,0; (9.47)

Obviously, the energy on the left side of (9.47) cannot be negative for any values of iy, i,, Ly, L,,
or M. Let us assume first that i; and i, are either both positive or both negative in which case
their product is positive. Then, from (9.47) we see that the energy would be negative if

t 1, 2. 1 =2 -

and the magnitude of the Mi,i, is greater than the sum of the other two terms on the right side of
that expression. To derive an expression relating the mutual inductance M to the self-induc-
tances L; and L,, we add and subtract the term ,/L;L,i,i, on the right side of (9.47), and we
complete the square. This expression then becomes
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t 1 . . \2 - ..
W| = S(JLais = Laip)” + LyLoii, My (9.49)

We now observe that the first term on the right side of (9.49) could be very small and could
approach zero, but it can never be negative. Therefore, for the energy to be positive, the second

and third terms on the right side of (9.48) must be such that ,/L;L,>M or

M< /LL, (9.50)

Expression (9.50) indicates that the mutual inductance can never be larger than the geometric
mean of the inductances of the two coils between which the mutual inductance exists.

Note: The inequality in (9.49) was derived with the assumption that i; and i, have the same
algebraic sign. If their signs are opposite, we select the positive sign of (9.47) and we find that

(9.50) holds also for this case.

The ratio M/, /L, L, is known as the coefficient of coupling and it is denoted with the letter k, that

is,

K= M (9.51)

Obviously k must have a value between zero and unity, that is, 0 <k < 1. Physically, k provides a
measure of the proximity of the primary and secondary coils. If the coils are far apart, we say that
they are loose—coupled and k has a small value, typically between 0.01 and 0.1. For close—coupled
circuits, k has a value of about 0.5. Power transformers have a k between 0.90 and 0.95. The
value of k is exactly unity only when the two coils are coalesced into a single coil.

|
Example 9.5

For the transformer of Figure 9.21 compute the energy stored at t = 0 if:

a. i; = 50 mA and i, = 25 mA
b. i; = 0 and i, = 20sin377t mA

15c0s377t mA and i, = 40sin(377t+ 60°) mA

(e}
=
Il
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M =20 mH
s 1 m Iy «—
+ +
Vi L1 Lz Vo
50 mH 50mH

Figure 9.21. Transformer for Example 9.5
Solution:

Since the currents enter the dotted terminals, we use (9.47) with the plus (+) sign for the mutual
inductance term, that is,

W(t) = 3,15 + Miyi, + %ing (9.52)
Then,
a.
-3 -3.2 -3 -3 -3
W], _, = 0.5x50x 107 x (50 x 107) +20x 10™>x 50 x 10> x 25 x 10
+05x50x 10 x (25x 107" = 103x 107° J = 103 wJ
b

Since iy = 0 and i, = 20sin377t|,_, = 0, it follows that

W|_,=0

W|,_, = 05x50x 107 x (15 1037 +20x 103 15 x 10° x 40 x 10~ x 5in(60")

+05x50% 107 x (40 x 10 x sin(60°))° = 46 x 10°° J = 46 uJ

9.7 Circuits with Linear Transformers

A linear transformer is a four—terminal device in which the voltages and currents in the primary
coils are linearly related.

The transformer shown in figure 9.22 a linear transformer. This transformer contains a voltage
source in the primary, a load resistor in the secondary, and the resistors R; and R, represent the

resistances of the primary and secondary coils respectively. Moreover, the primary is referenced to
directly to ground, but the secondary is referenced to a DC voltage source V, and thus it is said

that the secondary of the transformer has a DC isolation.
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Ry fMN R,
MWV MY
+ . +
o, i B et
= @ Vo0
T

Figure 9.22. Transformer with DC isolation
Application of KVL around the primary and secondary circuits yields the loop equations

o gy i
Vin = Ry + Ly - M . 053
di; '

0=-Mg

di,
+L2d + (R, +Ryp)

and we see that the instantaneous values of the voltages and the currents are not affected by the
presence of the DC voltage source V, since we would have obtained the same equations had we

|
Example 9.6

For the transformer shown in Figure 9.23, find the total response of i, for t>0 given that

i;(07) =i,(0) = 0. Use MATLAB to sketch i, for 0<t<5s.

M=2H
R2

MN
100 Q . 200 |4
24V DC 3H 5H Rip|

Figure 9.23. Transformer for Example 9.6

AN

Solution:

The total response consists of the summation of the forced and natural responses, that is,

di, diy
* The mutual inductance terms ME and M— have a negative sign since the current i, is leaving the dotted ter-

minal of the transformer secondary.
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I = Iy + iy, (9.54)

and since the applied voltage is constant (DC), no steady—state (forced) voltage is produced in
the secondary and thus iy = 0.

For t>0 the s—domain circuit is shown in Figure 9.24.

28
100 ¥\ 200

AWV AV
V|n(s) . . +
+
24/5<_> 1) 3s ESSlz(S) 1000§_Vout(5)

Figure 9.24. The s—domain circuit for the transformer of Example 9.6 for t>0
The loop equations for this transformer are

(3s+100)1,(s) —2sl,(s) = 24/s

(9.55)
~251,(s) + (55 + 1200 1,(s) = 0
Since we are interested only in 1,(s), we will use Cramer’s rule.
{35 +100 24/5}
-2 0
L(s) = s . - 4.36
354100 s 115% + 4100s + 120000 s + 372.73s + 10909.01
-2s  5s+1200
or
L(s) = 4.36
(s+340.71)(s + 32.02)
and by partial fraction expansion,
r r
I,(s)= 4.36 S S (9.56)
(5+34071)(s+3202)  5+34071 s+ 32.02
from which
r, = —236 = 001 (9.57)
s +32.02 = 34071
4.36
[, = —‘ = 0.01 (9.58)
s +340.71 s _ 2202
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By substitution into (9.56), we obtain

0.01 + —0.01

208) = 3202 sy aa0T1 ©-59)
and taking the Inverse Laplace of (9.59) we obtain
i) = 0.01 (e 3202t _ g~34071) (9.60)

Using the following MATLAB script we obtain the plot shown on Figure 9.25.
t=0: 0.001: 0.2; i2n=0.01.*(exp(—32.02*t)—exp(—340.71.*1)); plot(t,i2n); grid

Transformer Secondany Current for Example 906

i2n - 0.501(6—32.02t _ ?—340.71t)

] 0.05 01 015 0.z
Time (sec)

Figure 9.25. Plot for the secondary current of the transformer of Example 9.6

Example 9.7

For the transformer of Figure 9.26, find the steady-state (forced) response of v, ;.

10 Q
00

3H ESH

+
Vin@ | 100 Q§ Vout

170cos377t V

Figure 9.26. Circuit for Example 9.7
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Solution:
The s—domain equivalent circuit is shown in Figure 9.27.

We could use the same procedure as in the previous example, but it is easier to work with the
transfer function G(s).

10
A ¥ 25 N
Vin(s), 3s E5s N
f\) ‘ 100§ Vout(s)
170.20° v| 11(5) o
. ST | (S)
2

Figure 9.27. The s—domain equivalent circuit for Example 9.7
The loop equations for the transformer of Figure 9.27 are:
(35 +10+1/0.15 )1 (s) — (25 + 1/0.15 ) I,(s) = V,(S)

(9.61)
—(2s+1/0.1s)1,(s)+ (5s+ 100+ 1/0.1s )I,(s) = 0

and by Cramer’s rule,

(3s+10+1/0.1s) V;.(5)
~(2s+1/0.15) 0

I,(s) =
(3s+10+1/0.1s) —(25+1/0.1s)
—(2s+1/0.1s) (5s+100+1/0.1s)

or
(25 +10/5)V,(s) B (25° + 10 )V, (s)

115 + 3505 + 1040 + 1100/s 115> + 350s° + 1040s + 1100
(0.185° +0.91 )V, (s)
s> +31.82s5% + 94.555 + 100

1,(s)

From Figure 9.27 we observe that

(0185° +091)Vip(s) (1857 +91)V, (s)
s3+31.825%+ 94.555 + 100 s° + 31.825% + 94.555 + 100

Vu(s) = 100 - 1,(s) = 100 - (9.62)

and

Voul(s) _ 18s% + 91 9.63)

G(s) = v 3 >
in(8)  §°+31.825° + 94.555 + 100

Circuit Analysis 1T with MATLAB® Computing and Simulink® / SimPowerSystems® Modeling 9-23
Copyright © Orchard Publications



Chapter 9 Self and Mutual Inductances — Transformers

The input is a sinusoid, that is,
Vi, = 170cos377t V

and since we are interested in the steady—state response, we let

s = jo = j377

and thus )
V. (s) =V, (jo) = 170.£0°

From (9.63) we obtain:

6 8
. _256x10°+91 . 4,35 10°£0°
Vou(io) = — : — ——17020° = 22210 -
j5.36 x 10"~ 4.52 x 10° + j3.56 x 10* + 100 452 % 10° - 5.36 x 10
or 8
4.35x10°£180° _ 435.180°

Vou(jo) = = 8.09£274.82° = 8.09/-85.18° (9.64)

538 x 107 /94,820  5-38/-94.82°

and in the t—domain,
V(1) = 8.09c0s(377t-85.18°) (9.65)

The expression of (9.65) indicates that the transformer of this example is a step—down trans-
former.

9.8 Reflected Impedance in Transformers

In this section, we will see how the load impedance of the secondary can be reflected into the pri-
mary.

Let us consider the transformer phasor circuit of Figure 9.28. We assume that the resistance of the
primary and secondary coils is negligible.

M
¥ N
Vs . . -
@ L, L, | Zp Vip
T Vi Va2 -

Figure 9.28. Circuit for the derivation of reflected impedance

By KVL the loops equations in phasor notation are:

joL, 1, —joMI, = Vq (9.66)
. joL 0~V
J 1'1— Vs
|, = —11 °S )
, : (9.67)
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d
an —joMI, + (joL, + Z,p)1, = 0 (9.68)
or oM
Wity
_ __JoMl, (9.69)
? (Joly+Zoap)
Equating the right sides of (9.67) and (9.69) we obtain:
joL,l; - Vg _ joMIy 9.70)
joM (joL,+Zp)
Solving for Vg we obtain:
. ioM)2
Ve = [J(L)L —,JJ‘”—L} (9.71)
s ! (oL, +Z.p) !
and dividing V¢ by I, we obtain the input impedance Z;, as
V . 2M 2
Z. = =S — igL., 4+ —0 M 72

The first term on the right side of (9.72) represents the reactance of the primary. The second term
is a result of the mutual coupling and it is referred to as the reflected impedance. It is denoted as Zg,
ie.,

m2M?

= — 7
joL,+Z,p ©.73)

R

From (9.73), we make two important observations:

1. The reflected impedance Zg does not depend on the dot locations on the transformer. For
instance, if either dot in the transformer of the previous page is placed on the opposite termi-
nal, the sign of the mutual term changes from M to -M. But since Zy varies as M?, its sign

remains unchanged.
2. Let Z,p = R p+jX.p-. Then, we can express (9.73) as

20\ 2 202
Zq = w-M _ w-M

= - - = - (9.74)
joL, + R p+jX\p Rip + (X p +0L,)

To express (9.74) as the sum of a real and an imaginary component, we multiply both numerator
and denominator by the complex conjugate of the denominator. Then,
®2M?R, wZM?(X p + oL,)

Zy = - (9.75)
" RZ5+ (X p + 0L,)2 RZp+ (X p+0L,)2
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The imaginary part of (9.75) represents the reflected reactance and we see that it is negative.
That is, the reflected reactance is opposite to that of the net reactance Xy + oL, of the second-

ary. Therefore, if X, is a capacitive reactance whose magnitude is less than oL,, or if it is an
inductive reactance, then the reflected reactance is capacitive. However, if X is a capacitive
reactance whose magnitude is greater than wL,, the reflected reactance is inductive. In the case

where the magnitude of X is capacitive and equal to wL,, the reflected reactance is zero and

the transformer operates at resonant frequency. In this case, the reflected impedance is purely real
since (9.75) reduces to

2
7, = ©M (9.76)
RLD

|
Example 9.8

In the transformer circuit of Figure 9.29, Z represents the internal impedance of the voltage

source Vg.
Find:
a. Z;,
b. I,
c. |y
do Vl
e. V,
100 mH
2Q
7 ¥ N
s
VS + L ) +
200 mH 300 m
’9 L, L, Zp| Vip
h 4'1 ) vV, V, \|2 -
Vg = 120/0° 7540
Zip=10-]—7Q
® = 377 1/s Lo 7
Figure 9.29. Transformer for Example 9.8
Solution:
a. From (9.72) orr2
Z, = =2 = joL, + —2M
I joL,+Z,p
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and we must add Z, = 2 Q to it. Therefore, for the transformer of this example,

20/ 2
Z, = jobL; + w +2=]j754 +- 142129 x 0'0_1 +2
joL,+Z,p j113.1+10-j20
= 3.62 +)60.31 = 60.42.£86.56° Q
b. v
l, = =8 = —120£0°  _ 495/ gg560 A
Z;, 60.42/86.56° Q
c. ByKVL
or
___joM _ j37.7 : o _ 74.88.3.04° _ _ o
2 = joL, + zLDIl T jl13.1+ 10—j201'984 80.56" = o364 magre - B<808A

d.

V, = joL;l; - joMI, = 75.4./90° x 1.98 /-86.56° — 37.7.£90° x 0.8 /—80.83°

= 149.29./3.04° - 30.15£9.17° = 149.08 +j7.92 — 30.15 — j4.8 = 118.9/1.5° V

e.

V, =2 1, =(10-j20)0.8£-80.83° = 22.36/-63.43° x 0.8.£/-80.83° = 17.89./-144.26°V

9.9 The Ideal Transformer

An ideal transformer is one in which the coefficient of coupling is almost unity, and both the pri-
mary and secondary inductive reactances are very large in comparison with the load impedances.
The primary and secondary coils have many turns wound around a laminated iron—core and are
arranged so that the entire flux links all the turns of both coils.

An important parameter of an ideal transformer is the turns ratio a which is defined as the ratio of
the number of turns on the secondary, N,, to the number of turns of the primary N, that is,

N,
a= == 9.77

N, 9.77)
The flux produced in a winding of a transformer due to a current in that winding is proportional to
the product of the current and the number of turns on the winding. Therefore, letting o be a con-
stant of proportionality which depends on the physical properties of the transformer, for the pri-
mary and secondary windings we have:
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013 = aNiy

) (9.78)
0gp = aN,i,

The constant o is the same for the primary and secondary windings because we have assumed
that the same flux links both coils and thus both flux paths are identical. We recall from (9.8) and
(9.14) that

A= Nyogy = Lyig (9.79)
Ay = Nogyy = Loy
Then, from (9.78) and (9.79) we obtain:
. 2.
N;@y; = Lyl = aNgly
_ N (9.80)
No@yy = Lyly, = aNjiy
or ,
L, = aN}
) (9.81)
Therefore, L N <2
-2 _ (22 42
= (Nl) - a 9.82)
From (9.69), joMI
oo oMl (9.83)
2 (JoLy+Zp)
or _
I2 = _J% (9.84)
l,  (JolL,+Z.p)
and since joL, » Z, 5, (9.84) reduces to
_joM _ M (9.85)
I, JjoL, 2
For the case of unity coupling,
k=-M__1 (9.86)
L,L,
or
M= JLL, (9.87)

and by substitution of (9.87) into (9.85) we obtain:
L_Jhiby L
L L 4/; ©-58)
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From (9.82) and (9.88), we obtain the important relation

I, 1
" a (9.89)

Also, from (9.77) and (9.89),

and this relation indicates that if N, < N, the current I, is larger than 1, .

The primary and secondary voltages are also related to the turns ratio a. To find this relation, we
define the secondary or load voltage V, as

V, = Zipl, (9.91)

and the primary voltage V; across L, as

V= Zl, (9.92)
From (9.72),
Ve . (1)2|\/|2
Z, = = = joL; + ———— (9.93)
and for k = 1
M? = L,L,
Then, (9.93) becomes )
Z = jol, + -2k (9.94)
in J 1 J(DLZ + ZLD *
Next, from (9.82) ,
L, = a’L, (9.95)
Substitution of (9.95) into (9.94) yields
2.2, 2
Z. = joL,+—22 Lk (9.96)

and if we let joL; — o, both terms on the right side of (9.96) become infinite and we obtain an
indeterminate result. To work around this problem, we combine these terms and we obtain:

7 - —wZaZLf+j(nL12,_D+0)2a2Lf _ joLZ,p

in . 2 . 2
joa'L,+Z, 5 joa'L,+Z, 5

and as joL; —> oo,
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Z

Zi, = %
a

Finally, substitution of (9.97) into (9.92) yields

ZLD
V, = 2 Iy
a

and by division of (9.91) by (9.98) we obtain:

Vo _ _Zwobh _ 21 _
or Vi (ZLD/aZ)Il a
Vo _ o
vV,

also, from the current and voltage relations of (9.88) and (9.99),

Vol = Vily

that is, the volt—amperes of the secondary and the primary are equal.

An ideal transformer is represented by the network of Figure 9.30.

—_ il 1:a —_ 12
+ +

Vi, ELZ Vs

Figure 9.30. Ideal transformer representation

9.10 Impedance Matching

(9.97)

(9.98)

(9.99)

(9.100)

(9.101)

An ideal (iron—core) transformer can be used as an impedance level changing device. We recall
from basic circuit theory that to achieve maximum power transfer, we must adjust the resistance
of the load to make it equal to the resistance of the voltage source. But this is not always possible.
A power amplifier for example, has an internal resistance of several thousand ohms. On the other
hand, a speaker which is to be connected to the output of a power amplifier has a fixed resistance
of just a few ohms. In this case, we can achieve maximum power transfer by inserting an iron—core
transformer between the output of the power amplifier and the input of the speaker as shown in

Figure 9.31 where N, <Nj, .

9-30 Circuit Analysis IT with MATLAB® Computing and Simulink® / SimPowerSystems® Modeling
Copyright © Orchard Publications



Simplified Transformer Equivalent Circuit

> e s
+

+
Power o .
Amplifiel Ve N; ENZ Vv, Speaker

Figure 9.31. Transformer used as impedance matching device

Let us suppose that in Figure 9.31 the amplifier internal impedance is 80000 Q and the imped-
ance of the speaker is only 8 Q. We can find the appropriate turns ratio N,/N; = a using (9.97),
that is,

z, = 4o 9.102)
a
or
a = I:I_z = ZLQ = /\/ 8 = /\/ 1 — _1__
N, ) Z, _ 80000 ~ 410000 _ 100
or N
N1 _ 100 (9.103)
NZ

that is, the number of turns in the primary must be 100 times the number of the turns in the sec-
ondary.

9.11 Simplified Transformer Equivalent Circuit

In analyzing networks containing ideal transformers, it is very convenient to replace the trans-
former by an equivalent circuit before the analysis. Consider the transformer circuit of Figure

9.32.

ZS 1:a

Figure 9.32. Circuit to be simplified
From (9.97)

Zin:Z_LzD
a

The input impedance seen by the voltage source Vg in the circuit of Figure 9.32 is
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Z, = Zg+ 20 (9.104)

and thus the circuit of Figure 9.32 can be replaced with the simplified circuit shown in Figure
9.33.

ZS
+

~) Z,o/2| Vy = V,/a
I, = al,| —1=

Figure 9.33. Simplified circuit for the transformer of Figure 9.32

Vs

+

The voltages and currents can now be found from the simple series circuit of Figure 9.33.

9.12 Thevenin Equivalent Circuit

Let us consider again the circuit of Figure 9.32. This time we want to find the Thevenin equiva-
lent to the left of the secondary terminals and replace the primary by its Thevenin equivalent at
points X and y as shown in Figure 9.34.

l:a X

Z
s
VS+ . ° +
@, )u3|| iy, Bl e
i - Vi V, -
y

Figure 9.34. Circuit for the derivation of Thevenin’s equivalent

If we open the circuit at points X and y as shown in Figure 9.34, we find the Thevenin voltage as
Vry = Voc = V,y. Since the secondary is now an open circuit, we have I, = 0, and also I, = 0

because I, = al,. Since no voltage appears across Zg, V; = Vg and V, ;. = aV; = aVg. Then,

VTH = VOC = VXy = aVS (9.105)

We will find the Thevenin impedance Z;,, from the relation

7. = Yoc (9.106)

ISC

The short circuit current lg¢ is found from
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| V./Z Ve %
and by substitution into (9.106),
aVv
ZTH S = aZZS
Vg/aZg

The Thevenin equivalent circuit with the load connected to it is shown in Figure 9.35.

X
a"Zg
aVg + +
@ Zip| V, =aVv,
y

Figure 9.35. The Thevenin equivalent of the transformer circuit in Figure 9.34

The circuit of Figure 9.35 was derived with the assumption that the dots are placed as shown in
Figure 9.34. If either dot is reversed, we simply replace a by -a.

Example 9.9
For the circuit of Figure 9.36, find V, .

'1\%,2 . 1100 .,
+ . +
Vg r\) L, L, [e0+jsoa] Vs
e 00y 001V, . =

Figure 9.36. Circuit for Example 9.9
Solution:

We will replace the given circuit with its Thevenin equivalent. First, we observe that the dot in
the secondary has been reversed, and therefore we will replace a by —a. The Thevenin equivalent
is obtained by multiplying V¢ by 10, dividing the dependent source by —10, and multiplying the

10 Q resistor by (—al)2 = 100. With these modifications we obtain the circuit of Figure 9.37.

ince =0 an =aoraV, = it follows that = 0 also.
* Since V, = 0 and V,/V, V, =V, it follows that V; = 0 al
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1 KQ
a'A'A}
+ +
~) 60 +j80 | V,
_80400 \7 —0001V2 -

Figure 9.37. The Thevenin equivalent of the circuit of Example 9.9
Now, by application of KCL
V, - (-80£0°)

0
10°

I V,
—(-107%V,) + . _
60 +j80
Vo Vo (60-j80)V, 80
10° 10° 10000 10°
2V, + (6 - j8)V, = —80
8(1-j1)V, = 80.£180°

(J2/-45°)V, = 10.£180°

or
V, = 10 2050 = 5.5, 135°

2

Other equivalent circuits can be developed from the equations of the primary and secondary volt-
ages and currents.

Consider for example, the linear transformer circuit of Figure 9.38.
_— 11 iz <

¥ ¥

Vl Ll % % L2 V2

Figure 9.38. Linear transformer

From (9.30), the primary and secondary voltages and currents are:
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diy di,
(9.108)
_ Mdl1 L di,
Vo = Migr T e
and these equations are satisfied by the equivalent circuit shown in Figure 9.39.
Figure 9.39. Network satisfying the expressions of (9.108)
If we rearrange the equations of (9.108) as
dij di, di,
Vi = (LM~ (dt dt)
(9.109)

V2 = M((jjltl (jjltz)”

we find that these equations are satisfied by the circuit of Figure 9.40.

I
LZ—M)d—tz

—h iz._

+L,-M L,-M +
v, é'\/l V2

Figure 9.40. Network satisfying the expressions of (9.109)

Additional equivalent circuits are shown in Figure 9.41 and they are useful in the computations of
transformer parameters computations from the open— and short—circuit tests, efficiency, and volt-
age regulation which will be discussed in subsequent sections in this chapter.

Circuit Analysis IT with MATLAB® Computing and Simulink® / SimPowerSystems® Modeling 9-35
Copyright © Orchard Publications



Chapter 9 Self and Mutual Inductances — Transformers

—>Il _>|2 ﬁl I—Z_I ﬁlz
—_ ] eql 1| eql |
| Lol Lo

| ] |

() (b)
_h Ze2_>|2 _ . N Z—1 — Iy
TS S P e R Y O e

Figure 9.41. Other transformer equivalent circuits

9.13 Autotransformer

An autotransformer is a special transformer that shares a common winding, and can be configured
either as a step—down or step—up transformer as shown in Figure 9.42.

T Ne _ Ve _ls s
Ny Vs Ip
C@ Np — — Ng Vs %
Vp Ig T Ip Load
N \% Np
S S Load Ve
(a) Step—down autotransformer (b) Step—up autotransformer

Figure 9.42. Step—down and step—up center—tapped autotransformers

Autotransformers are not used in residential, commercial, or industrial applications because a
break in the common winding may result in equipment damage and / or personnel injury.

A variac is an adjustable autotransformer, that is, its secondary voltage can be adjusted from zero
to a maximum value y a wiper arm that slides over the common winding as shown in Figure 9.43.
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p— Np _ Vp _ g
Ip Ns Vs Ip
Cr“-u Np N Is T
S Vg
Ve | Load

Figure 9.43. Variac

9.14 Transformers with Multiple Secondary Windings

Some transformers are constructed with a common primary winding and two or more secondary
windings. These transformers are used in applications hen there is a need for two or more different
secondary voltages with a common primary voltage. Figure 9.44 shows a transformer with one pri-
mary and two secondary windings.

Va1
v Ns Np _ Ns; _Nsp
NP Ve Va1 Vg
P Vs2
Ns,

Figure 9.44. Transformer with common primary winding and two secondary windings

9.15 Transformer Tests

The analysis of the ideal transformer model provides approximate values. A practical transformer

* .
is shown in Figure 9.44 and makes provisions for core (hysteresis and eddy current 1) losses, wind-
ing losses, and magnetic flux leakages. The resistances Rp and Rg are the resistances of the pri-

mary and secondary windings respectively, the reactances Xp and Xg represent the leakage flux
of the primary and secondary windings respectively, the resistance R is for the core loses, and
the reactance X,,, referred to as the magnetizing reactance, represents the transformer’s main

flux.

*  Exercise 11 at the end of this chapter provides a brief discussion and a method for the computation of hysteresis
and eddy current losses,
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O AN —Y Y YL MAA—Y Y Y ____ 0o
+ 7l Ry Xp R Xs —ls +
Ve ReZ Xy Np Ns Vs
o— =)

Figure 9.45. Equivalent circuit for practical transformer

Figure 9.46 shows the equivalent circuit in Figure 9.45 with the secondary quantities referred to
the primary.

O AAN YTYTY Y AMN f‘\"mj____,o
o O

Figure 9.46. Equivalent circuit for practical transformer with secondary quantities referred to the primary

The resistance Rp in the primary winding and the resistance Rg in the secondary winding are

read with an Ohmmeter. The other quantities are determined by the open—circuit and short—cir-
cuit tests described below.

I. Open—Circuit Test

The open—circuit test, also referred to as the no-load test, is used to determine the reactance
Xp n the primary winding, the core resistance R, and the magnetizing reactance X,,. For

this test, the secondary is left open, and an ammeter, a voltmeter, and a wattmeter are con-
nected as shown in Figure 9.47.

—@fw
e

Vs

® 3

Figure 9.47. Configuration for transformer open—circuit test
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In Figure 9.47, the value of the applied voltage Vg is set at its rated value”, and the voltmeter,

ammeter, and wattmeter readings, denoted as V¢, loc, and P respectively, are measured

and recorded. Then,
1Zy| = \# = JRE+ X2 (9.110)
oc

Xo| = 125 - Ri (9.111)

The magnitude of the admittance Y, in the excitation branch consisting of the parallel con-

from which

nection of R and Xy, is found from

Y| = Voc _ loc _ JG%+ B}, (9.112)

IOC VOC

where G¢ = 1/R. and By, = 1/X,,, and the phase angle 8 is found using the relation

P
C0S0 . = —2— 9.113
%€ 7 Voc - loc ( )
from which P
Boc = arccos —2&— (9.114)
Voc - loc
Then,

Ge = |Yp|cosOnc ©.115)
By = [Yp|Sin0oc '

II. Short—Circuit Test

The short—circuit test is used to determine the magnitude of the series impedances referred to
the primary side of the transformer denoted as Zy For this test, the secondary is shorted, and

an ammeter, a voltmeter, and a wattmeter are connected as shown in Figure 9.48.

:@*W

IRated

e © >

Vs

Figure 9.48. Configuration for transformer short—circuit test

*

It is important to use rated values so that the impedances and admittances will not have different values at dif-
ferent voltages.
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In Figure 9.48, the value of the applied voltage Vg is considerably less than the rated value of the
transformer. It is set at a value such that the primary current denoted as g, is the rated pri-
mary current value, and the voltmeter, ammeter, and wattmeter readings, denoted as V¢, lgc,

and Py respectively, are measured and recorded. Then,

|Zsc| = \# (9.116)
sC
and the phase angle 64 is found using the relation
P
C0S0g. = —C— (9.117)
¢ Ve lse
from which .
Ogc = arccos —S— (9.118)
Vsc - Isc
Then,

|
Example 9.10

The open—circuit and short—circuit tests on a 100 KVA, 13.2/2.4 KV, 60 Hz transformer pro-
duced the data shown in Table 9.1.

TABLE 9.1 Open— and Short—Circuit data for transformer in Example 9.10

Test Voltage (V) | Current (A) | Power (W)
Open—circuit 2400 37 1100
Short—circuit 450 8.2 1600

The high-voltage side of this transformer is connected to a generator via a long transmission line,
and the transmission line impedance is estimated to be Z;,, = 10+j35 Q . A 75 KW load at

0.8 lagging power factor is connected to the low—voltage side of the transformer, and it is desired
that the voltage across the 75 KW load be 2, 300 V. Compute the terminal voltage Vg of the

generator connected to the left end of the transmission line.
Solution:

The equivalent circuit of this system is shown in Figure 9.49, and all quantities are referred to the
primary side.
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oS o
- IYYYN_ 5
] - IP\\OQ 135 Q/ ' I(l) \\Req Xeq ~ [
Zi T
line
j 0.8 pf l
o o
Figure 9.49. Circuit for Example 9.10
For this transformer, the ratio a is
N \Y
_p_Ye_ 182KV _ g (9.120)
N Vg 24KV
From the short—circuit test, b
R, = =¢ = 1090 _ 2350 9.121)
q 2 2
12 82
and v
= Ysc o450 _ 5490 (9.122)
Then,
2 2 2 2
Xoq = o Zeq—Roq = /5497 238" = 495 O (9.123)
The load current I, referred to the primary is
|| = —L0dKW B _ _744 9.124)
Load KV xaxpf 23-55-0.8
The excitation current lo referred to the primary is
l 37
ly = 2£ = 2L =673 A 9.125
¢~ "3 " 55 ©.125)
and its phase angle ¢ is
Poc 1100
o = arccosm = arccos 2400‘37~90 deg (9.126)

and since in a real transformer the angle of the current lags the angle of the voltage, we accept
Z¢ = -90 deg, and thus
lo = 6.732-90° = —j6.73 (9.127)

Therefore, the generator voltage Vggy must be
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VGEN = 1o Zjine + 1L (Zjine + Zeg) - PF-aV,
—j6.73x (10 +j35) + 7.4 X (33.8 + }84.5) x (0.8 — j0.6) + 5.5 x 2300 = 13457 + j280.5

or
Veen| = 1346 KV (9.128)

9.16 Efficiency

Efficiency, denoted as 1, is a dimensionless quantity defined as

n = Pour _ Pin—Pross _ ;_Puross (9.129)
Pin Pin Pin

or in terms of the output and losses
P P
no_four _;__ Pioss 9.130)
Pout +PLoss Pout +PLoss

The losses in a transformer are the summation of the core losses (hysteresis and eddy currents),
and copper losses caused by the resistance of the conducting material of the coils, generally made
of copper. The core losses can be obtained from the transformer equivalent circuit in Figure 9.50.

F“ U_I—ﬁ
v 3 B Falv,

| |

Figure 9.50. Transformer equivalent circuit for computation of the core losses

Thus, the core losses P are found from the relation
Pe = Gg,V5 (9.131)
The copper losses can be obtained from the transformer equivalent circuit in Figure 9.51.

| |
— 1 — 2
Ze2

) ' ERa v,

|

Figure 9.51. Transformer equivalent circuit for computation of the copper losses
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Thus, the copper losses Py are found from the relation

Pr = Regol 9.132)

Therefore, using equation (9.130), we obtain

Pout 3 V,l,c0s0, (9.133)

N Poor+Pross 2 2
OUTTTLOSS  V,l,€088, + Gy Vo + Ryl

The efficiency varies with the load current I,, and to find the maximum efficiency we differenti-

ate (9.133) with respect to the load current I, * and we obtain

dn _ q q

T . = =0 (9.134)
2 (V,15€080, + GeyV + Rgyl3)
(V1,€080, + G,V + Rogl)) - V€080, — (V,€086, + 2R, l5) - V,l,C086, . ©.135)
- = :
(V150080 + G, V3 + Regol3)
or 9 9

(V21500860 + GV + Rogols) = (V5€086, + 2R ol5) - 1, = 0 (9.136)

and after simplification, , ,

That is, the efficiency attains its maximum value at that load at which the constant (core) losses
are equal to the losses that vary with the load, i.e., the copper losses.

Example 9.11
A 1000 KVA, 13.2/4.16 KV transformer has an equivalent series impedance Zog=1+j42Q

referred to the low—voltage side, and a core loss 2500 w at rated terminal voltage. Find:

a. The value of the load current I, which will produce the maximum efficiency

b. The KVA output at maximum efficiency.

Solution:
a. From relation (9.137),

2 2
Regls = GcV = 2500

* The quantities V, and cos®, are constant.
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and with Req = 1 Q, we find that the maximum efficiency occurs when 1, = 50 A, and with
(9.133) we find that the efficiency is

V,l,cos0, 4160 x 50 x 0.8

= = 0.97 or 97%
4160 x 50 x 0.8 + 2500 + 2500

n= 2 2
V31,0080, + G,V + Regol

Figure 9.52 is a plot of the efficiency versus the load current, and we observe that the maxi-
mum efficiency occurs when the load current 1, is 50 A.

The plot in Figure 9.51 was produced with the MATLAB script below.

i2=0:1:150; eff=4.16.*0.8.*i2./(4.16.*0.8.*i2+2.5+i2.72./1000); plot(i2,eff); grid;...
xlabel('Load Current 12 (A)"); ylabel('Efficiency'); ...
title('Efficiency vs Load Current, Example 9.11")

Efficiency vs Load Gurrent, Example 9.11
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Figure 9.52. Efficiency vs. load current for the transformer in Example 9.11
b. At maximum efficiency the KVA output is

4.16 KV x50 A = 208 KVA
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[t is reasonable to assume that whenever a transformer is intended to operate continuously, it
should be designed to operate at its maximum efficiency at rated load. However, the loads sup-
plied by the transformer vary from time to time, but in most cases follow the same pattern day
after day. Thus, a more meaningful measure is a energy efficiency, denoted as n,,, for the entire

day, and it is defined as
t
jt Pourdt
N = ! 9.138)
t2 t2 t2
[ Pourdt+[ Pedt+ [ Pgat
tl tl tl

where P = core losses and Py = copper losses.

All-day efficiency is defined as the ratio of energy output to energy input for a 24—hour period.

Example 9.12

A 10KVA, 2400 /240, 60 Hz transformer is in operation 24 hours a day. The loads during the
day are:

a. 10 KVA at pf = 1.0 for 3 hours

b. 6 KVA at pf = 0.8 for 5 hours

c. No load for 16 hours

Using the transformer equivalent circuit in Figure 9.53 where

. . -1
Yeq1 = Gc1+iByy = 125-j28.6 nQ

and i )
Zeqt = Reqr +1Xeqr = 84+j137 Q

compute the all-day efficiency.

— 1 — I

] [ Zeql [

[ ]
V, [Vear] g SNAVA

|

Figure 9.53. Transformer equivalent circuit for Example 9.12

Solution:
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The all-day efficiency is readily found by evaluating the integrals in equation (9.138). Thus,

denoting the energy as W, we obtain

Wgyp = (10000 X 1.0) x 3 + (6000 x 0.8) x5 + 0 x 16 = 54, 000 watt-hours

(9.139)

The core losses P are the same for the entire 24-hour period and using (9.131) we obtain

Pe = Gg,V5 = Ge Ve = (125x10°°%) - (2400)° = 72 w
and the energy W dissipated during the 24-hour period is
W = 72x 24 = 1728 watt-hours

For the 3—hour period the energy dissipated due to copper losses is

10

10 KVA)2 2
) ‘Rgq1 3 = (ﬂ) x84x3 = 4375wW—h

Wrs-hr = (2.4 KV
For the 5-hour period the energy dissipated due to copper losses is

6

6 KVA)? _(_)2 B
).Reql-s_ 57) x84x5=2625w-h

Wrs—nr = (2.4 KV
For the 16-hour period the energy dissipated due to copper losses is zero, that is,
WgR 1_nhr = OW=h
and from (9.141) through (9.143),
Wh 54y = 437.5+2625+0 w = 700 w-h

Therefore, from (9.138) we find that all-day efficiency is

Moy = 54000 _ 0.957
W™ 54000 + 1728 + 700 '

9.17 Voltage Regulation

(9.140)

(9.141)

(9.142)

(9.143)

(9.144)

The voltage regulation in a transformer is based on rated voltage and rated current at the second-
ary terminal. Accordingly, a transformer operates at rated conditions when the following condi-

tions are satisfied.

V, = V,(rated)

(9.145)
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KVA(rated

I, =1 = KVA(rated) 9.146
2 = lp(rated) V,(rated) ( )
V, (rated)

Turns ratio = a =
V,(rated)

(9.147)

While the relation in (9.147) defines the turns ratio, the primary terminal voltage under rated
conditions is not exactly V,(rated) under normal operating conditions and thus it cannot be

computed as V; = aV,. Its actual value can be computed from a transformer equivalent circuit

such as the one shown in Figure 9.52, Page 9-45, from which
|
Vi=aVy+Zy - f (9.148)

and we must remember that V, and I, are the transformer rated values. Relation (9.148) can also

be expressed as

if we use the equivalent circuit in Figure 9.50, Page 9-42.
The relations in (9.148) and (9.149) are phasor quantities. However, the transformer regulation,
denoted as ¢, is defined in terms of the magnitudes of V, as computed from relation (9.148) or

(9.149), and the magnitude of rated secondary voltage V, as

. V,-aV, _ V,/a-V, (9.150)
aV, V,

The transformer voltage regulation can also be expressed in terms of the no-load and full-load
voltages as
. V,(No Load)-V,(Full Load)  V, \ -V,¢
V,(Full Load) Vo

(9.151)

where V, ¢ represents the condition where the transformer operates under rated conditions, that
is, V, and I, are the rated values defined in (9.145) and (9.146), and V, , represents the condi-
tion where the load is disconnected in which case I, = 0, and the output voltage V, attains the
value V,/a.

Obviously, the transformer regulation depends on the power factor of the load. In Figure 9.53, a

resistive load is represented by the phasor diagram (a), an inductive load is represented by the
phasor diagram (b), and a capacitive load is represented by the phasor diagram (c).
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When pu values are used the transformer ratio is unity. that is, a = 1. This is because the pu val-

ues are the same regardless of which side there are referred to, e.g., Z,, = Zega- Accordingly,

eql
whenever pu values are use, the voltage regulation expression in (9.150) above, reduces to

(9.152) below.

Vi-Vo, _ Yy
= =—-1 9.152
€py v, v, ( )
1 1 1
avi av1 l, av1 -
4Zeq2l2 ézeqzb M eq2’2
L, v, | V, Va

Figure 9.54. Transformer voltage regulation dependence on load power factor
|
Example 9.13
An equivalent circuit of a 10KV A, 2400 / 240, 60 Hz transformer is shown in Figure 9.55 where

. . -1
Yequ = Gc1+iByy = 125-j28.6 nQ

and

Zoq1 = Reqr +1Xeqr = 84+J187 Q

eql

Compute the voltage regulation if the transformer operates at rated load and pf = 08 lagging.

o o
T 1 rzeq_ll 2 T

= \L/Z

Figure 9.55. Transformer equivalent circuit for Example 9.13

<
[
]
L8 s

[

Solution:

The voltage regulation is defined as in relation (9.150). Therefore we need to find the value of V,
using relation (9.148). We choose the secondary rated voltage V, = 240£0° V as our reference.
The magnitude of the rated current I, is found from (9.146), that is,
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_ KVA(rated) _ 10 KVA

1y = = = 417 A
V,(rated) 0.24 KV

and since pf = cos® = 0.8, the power factor angle is ® = cos™%(0.8) = 36.9°, and thus

I, = 41.7/-36.9° = 33.4-j25.0
and since a = 10/1 = 10, | _
o _ 334-25.0 _ 534 ip50
a 10
Also,
aV, = 2400£0° V

and it is given that .
Zoqy = 84+]137 Q

Then, from (9.148)
|
Vi = aVy+ Zyg 2 = 2400+ (84 +]13.7) - (3.34- [2.50) = 2462 +]25 = 2462./0.58°

The voltage regulation is computed using only the magnitudes of the voltages V,; and V,. Thus
from (9.150)

V,_aV _
¢ = S1— Vo _ 24622400 _ ) 4o58 or 2.58%

av, 2400

9.18 Transformer Modeling with Simulink® / SimPowerSystems®

The MathWorks™ Simulink / SimPowerSystems libraries include single-phase and three—phase
transformer blocks. In this section we will model a single-phase transformer circuit, and in Chap-
ter 11 we will model a three—phase transformer circuit. Introductions to Simulink and SimPower-
Systems are presented in Appendices B and C respectively.

Example 9.14

We begin the creation of our model by performing the following steps:
1. At the MATLAB command prompt we enter powerlib and the SimPowerSystems library
blocks window appears as shown in Figure 9.56.

2. At the upper left corner we click File>New>Model and the window shown in Figure 9.57
appears.
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3. From the powerlib library in Figure 9.56, we drag the following blocks into the blank window
in Figure 9.57

W Library:powerlib
File Edit View Format Help

SimPowerSystems 5.1
Copyright 1997-2009 Hydro-Quebec and The MathWorks, Inc.

+ le T f @ ’@ Extras powergui
powergui

Electrical Elements Power
Sources Electronics

Machines Measurements Application Extra
Libraries Library

Figure 9.56. The powerlib library

W untitled I | =l ] [
File Edit View Simulation Format Tools Help

D dH&S| tB2R | 422 =00 [Noma |
Ready 100% _ oded5

Figure 9.57. Window for new model

powergui
Electrical Sources: Choose AC Voltage Source

Elements: Choose Parallel RLC Load, Ground (copy 4 times), Linear Transformer

IS

c.
d. Measurements: Current Measurement, Voltage Measurement
e. From the Simulink Commonly Used Blocks: Scope (copy once)

When all the blocks are dragged, the new model window will appears as shown in Figure 9.58.

Next, we perform the following steps:

a. We double—click the Linear Transformer block and on the Block Parameters window we
uncheck the Three windings transformer option. The transformer now appears as a two

winding transformer.
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b. We double—click the Parallel RLC Load and on the Block Parameters window we set the
Capacitive reactive power Qc to zero. The block now is reduced to a parallel RL block.
We rotate this block with Format>Rotate Block>Counterclockwise.

c. We interconnect the blocks and we rename them as shown in the model in Figure 9.59.
d. The parallel 40 KW /30 KVAR load is assumed to be a pf = 0.8 lagging load.

B untitled * = ] e |

File Edit View Simulation Format Tools Help

Lz EES 22|y m [0 [Nomal =
"n —_I— —i— —l— —i— —_I—
Sl aepiess @AC Voltage Source n%n £ Fi 7 = =
powergui e

Parallel RLC Load

=]
2
—=| &2 . e ] I
1 of+ ! X als wp
. %" Scope Scopel
o

Current Measurement Voltage Measurement

Linear Transformer

Ready {100% oded5

Figure 9.58. The blocks for the model for Example 9.14
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W Cir I Fig 9.5 EEREE
File Edit View Simulation Format Toels Help
O dS| L £ S 0.1 | Normal |
CM = Current Measurement
)|
WM = Violtage Measurement
Continuous Scope 1
Primary Current
powergui i
+1 M 1 5 )
2400 V RMS . 1 aouw AR Scope 2
] —4— —é— — Load Valtage
10KVA, B0Hz
—é— 24001240 V FMS 1
ey
Ready 100% ' | |ode23th

Figure 9.59. The model for Example 9.14

By default, the calculations are performed using the pu method but the parameters will automati-
cally be converted if we change from pu to SI or vice versa. The Block Parameters for the trans-
former block are in pu values are shown in Figure 9.60. These values were obtained in the solution
of Exercise 9.8 at the end of this chapter.
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ﬂ Block Parameters: Linear Transformer Lﬁ.

Linear Transformer (mask) {ink)

Implements a three windings linear transformer.

Click the Apply or the OK button after a change to the Units popup to confirm the
conversion of parameters,

Parameters

Units [pu =

Mominal power and frequency [Pn(vA) miHz)]:
[10e4 60

Winding 1 parameters [V 1{vrms) R.1{pu) L 1{pu)]:
[ 2400 0,015 0.024]

Winding 2 parameters [V2[vrms) R2{pu) L2(pu)]:
[ 240 0.015 0.024]

[7] Three windings transformer

Winding 3 parameters [V3{vrms) R.3{pu) LI{pu)]:

[ 31523 0,002 0,08 ]

Magnetization resistance and reactance [Rm{pu) Lmi{pu]]:
[13961]

Measurements |.l5.JI woltages and currents -

Use 51 units

[ Ok JI Cancel H Help | Apply

Figure 9.60. The Block Parameters dialog box for the transformer of the model in Figure 9.59

Before we issue the Simulation Start command for the model in Figure 9.59, we click Simula-
tion>Configuration Parameters >Solver, and we select the ode23b(stiff/ TR-BDF2) parameter.
After the simulation command is executed the Scope 1 and Scope 2 blocks display the waveforms
in Figures 9.61 and 9.62 respectively, noting that amplitudes are in peak values, i.e.,

Peak = RMS x /2.
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r 3
n Scope 1 Primary Current IEIE'&J

5B L PP ABE P4 % -

B0 L i
1] 0.0z2 0.04 0.06

Time offset. 0O

Figure 9.61. Waveform for the primary winding current

' H Scope 2 Load Voltage E@ﬁﬂ
GEPLL AERE BAE -

400 : i
1] 0.0z 0.04 0.06

Time offset; O

Figure 9.62. Waveform for the voltage across the load

The SimPowerSystems/Measurements library includes the Multimeter block which is now added
to the model and the new model is shown in Figure 9.63. We double—click the Multimeter block
and we observe that the left pane in the dialog box in Figure 9.64 displays 6 Available Measure-
ments and as Ub (Parallel RLC Load), Uwl and Uw2 (Primary and Secondary Winding Volt-
ages), Iwl and Iw2 (Primary and Secondary Winding Currents), and Imag (Magnetization Cur-
rent). The last 5 measurement are displayed because in the Block Parameters dialog box for the
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Linear Transformer block in Figure 9.60, in the Measurements parameter we selected the All
voltages and currents option.

W Cir I Fig_9_59A SHACIHL X
File Edit View Simulation Format Tools Help
NEdS et Ao I 0.1 | Nomal |
CM = Current Measurement
=]
_ WM = Voltage Measurement all O |p
Continuous Scope 1 .
Primary Current Multimeter
powergui i
1 ZM l
@ —= — |7 v [
2400 V RMS “71 40K DRV 1 Scope 2
] —4— —é— — Load Violtage
10KVA, 80H=z
—é— 24000240 V RMS 1
L
Ready (100 % ode?3th

Figure 9.63. The model for Example 9.13 with the added Multimeter block

In the Multimeter dialog box in Figure 9.64, the Available Measurements in the left pane were
highlighted to be selected, and were copied to the Selected Measurements pane on the right side
by clicking the >> icon. The dialog box was then updated by clicking the Update button, and
with the Plot selected measurements parameter selected, the Simulation Start command was
issued producing the plots of the selected measurements shown in Figure 9.65, and we observed
that the number 0 inside the Multimeter block was changed to 6.

As we have seen, with the use of the Multimeter block it was not necessary to use the Scope 1
and Scope 2 blocks since the primary current and the load voltage waveforms are also shown in

Figure 9.65.

The output port of a Multimeter block can also be connected to a Scope block with multiple axes
through a Demux block as shown in the SimPowerSystems documentation demo. It can be
accessed by typing power_compensated at the MATLAB command prompt.

An example with a centered tapped transformer (3—winding) demo is also provided in the Sim-
PowerSystems documentation. It can be accessed by typing power_transformer at the MATLAB
command prompt
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B Cir 1 Fig_9_59A/Multimeter || B S

Help u
Available Measurements oelected Measurements

Ub: Parallel EBELC Load i Ub: Parallel BLC Load ik

Uwl: Linear Transformer Uwrl: Linear Transformer

UwZ: Linear Transformer UwZ: Linear Transformer

Iwl: Linear Transformer o Iwl: Linear Transformer
IwZ: Linear Transformer IwZ: Linear Transformer
Imag: Linear Transformer Imag: Linear Transformer

i

Remove

+
=

@ Plot selected measurements

Update | Fles = Close
LI Ty Complex

Figure 9.64. The Multimeter block dialog box
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m Simulation result for : Multimeter l = | =k
File Edit View Insert Tools Desktop Window Help N
DEgde | | RRODLEA-S|0E =
Ub: Parallel RLG Load Uw1: Linear Transformer
2000 1
o 4
-2000 5
0 002 004 O0DO6 008 01 0 002 004 OD6 OOB 01
Uwz: Linear Transformer Iw1: Linear Transformer
20 4
o 4
-20
i) 002 004 O0OO6 O0O8 01 0 002 004 OO 0OODB 01
lw2: Linear Transformer Imag: Linear Transformer
1 ]
o 4
i) 002 004 0OO0O6 008 01 i} o02 004 OO 0OOB 01

Figure 9.65. Waveforms for the six measurements provided by the Measurements block in Figure 9.63
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9.19 Summary

Inductance is associated with the magnetic field which is always present when there is an elec-
tric current.

The magnetic field loops are circular in form and are called lines of magnetic flux.
The magnetic flux is denoted as @ and the unit of magnetic flux is the weber (Wb).

If there are N turns and we assume that the flux ¢ passes through each turn, the total flux
denoted as A is called flux linkage. Then,
A = No

A linear inductor one in which the flux linkage is proportional to the current through it, that
is,

A = Li
where the constant of proportionality L is called inductance in webers per ampere.
Faraday’s law of electromagnetic induction states that

_ dk

V=

Lenz’s law states that whenever there is a change in the amount of magnetic flux linking an
electric circuit, an induced voltage of value directly proportional to the time rate of change of
flux linkages is set up tending to produce a current in such a direction as to oppose the change
in flux.

A linear transformer is a four—terminal device in which the voltages and currents in the pri-
mary coils are linearly related.

In a linear transformer, when there is no current in the secondary winding the voltages are
L di, d M di,
V, = — and V, = —_
1= b 2 217Gt
if i;,20 and i, =0
In a linear transformer, when there is no current in the primary winding, the voltages are
di,

di,

if i;,=0 and i,#0
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e In a linear transformer, when there is a current in both the primary and secondary windings,
the voltages are

L diy Mdl2
[ e N TR
diy di,
Vo = Mgy +hogy
e The voltage terms
di, di,
L= it and L,—= it
are referred to as self~induced voltages.
e The voltage terms
di, di,
Mdt and MOIt

are referred to as mutual voltages.

e The polarity of the mutual voltages is denoted by the dot convention. If a current i entering
the dotted (undotted) terminal of one coil induces a voltage across the other coil with positive
polarity at the dotted (undotted) terminal of the other coil, the mutual voltage term has a pos-
itive sign. If a current i entering the undotted (dotted) terminal of one coil induces a voltage
across the other coil with positive polarity at the dotted (undotted) terminal of the other coil,
the mutual voltage term has a negative sign.

e If the polarity (dot) markings are not given, they can be established by using the right—hand
rule which states that if the fingers of the right hand encircle a winding in the direction of the
current, the thumb indicates the direction of the flux. Thus, in an ideal transformer with pri-
mary and secondary windings L, and L, and currents i, and i, respectively, we place a dot at

the upper end of L; and assume that the current i; enters the top end thereby producing a flux
in the clockwise direction. Next, we want the current in L, to enter the end which will pro-

duce a flux in the same direction, in this case, clockwise.

e The energy stored in a pair of mutually coupled inductors is given by

i

1 .

where the sign of M is positive if both currents enter the dotted (or undotted) terminals, and it
is negative if one current enters the dotted (or undotted) terminal while the other enters the
undotted (or dotted) terminal.
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e The ratio

is known as the coefficient of coupling and k provides a measure of the proximity of the pri-
mary and secondary coils. If the coils are far apart, we say that they are loose—coupled, and k has
a small value, typically between 0.01 and 0.1. For close—coupled circuits, k has a value of about

0.5. Power transformers have a k between 0.90 and 0.95. The value of k is exactly unity only
when the two coils are coalesced into a single coil.

o If the secondary of a linear transformer is referenced to a DC voltage source V,, it is said that
the secondary has DC isolation.

e In alinear transformer, the load impedance of the secondary can be reflected into the primary
can be reflected into the primary using the relation

®2M?

R™ jol,+Z.,

where Zj is referred to as the reflected impedance.

e An ideal transformer is one in which the coefficient of coupling is almost unity, and both the
primary and secondary inductive reactances are very large in comparison with the load imped-
ances. The primary and secondary coils have many turns wound around a laminated iron—core
and are arranged so that the entire flux links all the turns of both coils.

e In an ideal transformer number of turns on the primary N; and the number of turns on the sec-
ondary N, are related to the primary and secondary currents |; and |, respectively as
Nql; = Nyl

e An important parameter of an ideal transformer is the turns ratio a which is defined as the
ratio of the number of turns on the secondary, N,, to the number of turns of the primary N,
that is,

N
a= 2
Nl

e In an ideal transformer the turns ratio a relates the primary and secondary currents as

L_1
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Summary

In an ideal transformer the turns ratio a relates the primary and secondary voltages as
V
Vo,
Vi
In an ideal transformer the volt—amperes of the primary and the secondary are equal, that is,
Vol = Vily

An ideal transformer can be used as an impedance matching device by specifying the appropri-
ate turns ratio N,/N; = a. Then,

_ ZLD
“n = e

In analyzing networks containing ideal transformers, it is very convenient to replace the trans-
former by an equivalent circuit before the analysis. One method is presented in Section 9.11.

An ideal transformer can be replaced by a Thevenin equivalent as discussed in Section 9.12.

Four transformer equivalent circuits are shown in Figure 9.41 and they are useful in the com-
putations of transformer parameters computations from the open— and short—circuit tests, effi-
ciency, and voltage regulation.

An autotransformer is a special transformer that shares a common winding, and can be config-
ured either as a step—down or step—up transformer as shown in Figure 9.42.

Autotransformers are not used in residential, commercial, or industrial applications because a
break in the common winding may result in equipment damage and / or personnel injury.

A wariac is an adjustable autotransformer, that is, its secondary voltage can be adjusted from
zero to a maximum value y a wiper arm that slides over the common winding as shown in Fig-

ure 9.43.

Some transformers are constructed with a common primary winding and two or more second-
ary windings. These transformers are used in applications hen there is a need for two or more
different secondary voltages with a common primary voltage.

The transformer open—circuit test, also referred to as the no—load test, is used to determine the
reactance X, n the primary winding, the core resistance R, and the magnetizing reactance
Xy - For this test, the secondary is left open, and an ammeter, a voltmeter, and a wattmeter are
connected as shown in Figure 9.47.

The transformer short—circuit test is used to determine the magnitude of the series impedances
referred to the primary side of the transformer denoted as Zg. For this test, the secondary is

shorted, and an ammeter, a voltmeter, and a wattmeter are connected as shown in Figure 9.48.
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e Efficiency, denoted as m, is a dimensionless quantity defined as

n = Poutr _ Pin—Pioss _ ; Pross
Pin Pin Pin

or in terms of the output and losses

ne=—tour _q _ Pioss
Pout *+PLoss

Pout *+PLoss

o The losses in a transformer are the summation of the core losses (hysteresis and eddy cur-
rents), and copper losses caused by the resistance of the conducting material of the coils, gen-
erally made of copper.

o Energy efficiency, denoted as m,y, for the entire day, and it is defined as

t,
t

nW B t2 tZ t2
[ Pourdt+[ Pedt+[ Prdt
tl tl tl

where P = core losses and P = copper losses.

e All-day efficiency is defined as the ratio of energy output to energy input for a 24-hour period.

o The transformer voltage regulation, denoted as ¢, is defined in terms of the magnitudes of V,
as computed from relation (9.148) or (9.149), and the magnitude of rated secondary voltage
V, as

V;-aV, V,/a-V,

€ = =
av, V,

The transformer voltage regulation can also be expressed in terms of the no—load and full-
load voltages as

_ Vp(No Load)-V,(Full Load)  V, -V, g
- V,(Full Load)  Vyq

where V, ¢ represents the condition where the transformer operates under rated conditions,
that is, V, and |, are the rated values defined in (9.145) and (9.146), and V, \, represents
the condition where the load is disconnected in which case 1, = 0, and the output voltage

V, attains the value V,/a.
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Summary

e The MathWorks Simulink / SimPowerSystems libraries include single-phase and three—phase
transformer blocks. A model with a single—phase transformer is presented in this chapter.
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9.20 Exercises

1. For the transformer below find v, for t>0.

(D §2 @ L L, V2

1H 2H

I = 4uy(t) A

2. For the transformer below find the phasor currents I, and 1I,.

M=ijlQ
1Q
A ¥ N
+ . . 29
9| jlgé 8o i10 Q
= 1 I -]
10.20° V 2 T

3. For the network below find the transfer function G(s) = Vgy1(s)/V n(S).

10 0.57'51,4 Lo
é,) 1H§ CO.SH

Vin (S) +
NG SRS S

4. For the transformer below find the average power delivered to the 4 Q resistor.

MV
20 8 Q
AN 1:2

+ . .

Q3

Vg = 4cos3tV

E §49
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Exercises

5. Replace the transformer below by a Thevenin equivalent and then compute V4, V,, I, and I,

I I,
JE— 1.5 —_—

2+j3Q -

12 £0°

+
Ev, [wo0j750

6. For the circuit below compute the turns ratio a so that maximum power will be delivered to
the 10 KQ resistor.

4Q 1:a

MN
+ L] °
@ ‘ ‘ E §1o KQ
T 12.0° v

7. The recorded open— and short—circuit test data fora 10KVA, 2400 /240, 60 Hz transformer
are as follows:

Open—circuit test with input to the low side: 240 V, 0.75 A, 72 W
Short—circuit test with input to the high side: 80.5 V, 5 A, 210 W

Compute the parameters for the approximate equivalent circuit shown below.

L= L

8. Repeat Exercise 7 above using per—unit values.

9. Using the data in Exercise 7 above, compute the voltage regulation for power factor 0.8 lead-
ing using per—unit values.

10. Using the data in Exercise 7 above, compute the efficiency for power factor 0.8 lagging at half
load using per—unit values.
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11. As mentioned earlier, the core losses in a transformer consist of hysteresis losses and eddy cur-
rent losses. The hysteresis loss is computed a

n
max

where the factor k;, and the exponent n vary with the core material used, U is the volume of

the core, f is the frequency in Hz, and B is the magnetic flux density.
The eddy current loss is approximated by the relation

2
max

P, = k,UT’f’B

where 71 is the thickness of the laminated cores, and the other variables are as in the hysteresis
loss expression above.

Since for a given core the volume U and the thickness T of the laminated cores are constant,
it is convenient to lump together the hysteresis losses and eddy current losses as core losses
Pc, thatis,

n
max

2

Pe = P+P, = K fB . +K B
Now, suppose that the total core losses (hysteresis and eddy current) for a transformer core are

500 W at f; = 25 Hz. If the maximum flux density B,,, remains unchanged while the fre-

quency increases to f, = 50 Hz, the total core losses increase to 1400 W. Compute the hys-

teresis and eddy current losses for both frequencies.
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9.21 Solutions to End-of-Chapter Exercises

1.
M=1H M=1H
¥ N 2 8 ¥ N
_ n w :
! L. . VIN L. .|_
(D §2 Q 1! Lo v, — _ : 2V
1H 2 H I 1H 2H

Application of KVL in the primary yields
o diy

di,

LG

+2ip =8 t>0 (1)

The total solution of i; is the sum of the forced component i;; and the natural response i,
ie.,

iy = e+,
From (1) we find that iy = 8/2 = 4, and i, is found from the characteristic equation

s+2 = 0 from which s = -2 and thus i;, = Ae™*". Then,

i, =4+Ae” (2)

Since we are not told otherwise, we will assume that i,(0 ) = 0 and from (2) 0 = 4 + Ae® or
A = —4 and by substitution into (2)
i, = 4(1-4e
The voltage v, is found from
Vy, = Mdd—lt1 + LZ%
and since i, = 0,

di
v,=1.—=2 = (%[4(1—46”)] = 8e v

dt
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2.

+

1Q
MN
. . 20
> )ired Eieo % .
|1 | —leQ
10.£0° V 2 ’r

The mesh equations for primary and secondary are:

(1+j1)1,—j1l, = 10.£0°
Cjll+(2-j2)1, = 0
By Cramer’s rule,
where )
A = (1"']1) —Jl =5
L -1 (2-]2)
D, = [1020° i1 | _ 50,
0 (2-j2)
D, = |(1+i1) 1020°] _ 44
1o
Thus, )
I, = 39%:12 = 4(1-j) = 4.2/-45° A
P =j1?0 - j2 = 2,00° A
Check with MATLAB:

Z=[1+] —j; - 2-2j]; V=[10 0]; 1=2\V;

fprintf('magll = %5.2f A \t', abs(1(1))); fprintf(‘'phasell = %5.2f deg ',angle(1(1))*180/pi);...
fprintf( \n');...

fprintf('magl2 = %5.2f A \t', abs(1(2))); fprintf(‘'phasel2 = %5.2f deg ',angle(1(2))*180/pi);...
fprintf(" \n")

-45.00 deg

magll = 5.
= 2. 90.00 deg

A  phasell
magl2 A

phasel2

66
00
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|fe‘\+

Vin (

w
~—'

We will find Voyr (s) from Vot (s) = (1 Q)15. The three mesh equations in matrix form are:

(s+1) -0.55s -0.5s 1
—0.5s (s+1) -05s| = |0| - Vin(S)
-0.5s -05s (s+1) 0

We will use MATLAB to find the determinant A of the 3 x 3 matrix.

syms s
delta=[s+1 -0.5*s -0.5*s; -0.5*s s+1 -0.5*s; —0.5*s —0.5*s s+1]; det_delta=det(delta)

det _delta =
9/4*s"N2+3*s+1

d3=[s+1 -0.5*s -0.5*s; -0.5*s s+1 —-0.5*s; 1 0 0]; det_d3=det(d3)
det d3 =
3/4*s"2+1/2*s
I3=det_d3/det_delta
13 =
(3/74*%s"2+1/2*s)/(9/4*s"2+3*s+1)
simplify(13)
ans =
s/ (3*s+2)
Therefore,
Vour(s) = 1-13-Vy(s) = 8/(3s+2) -V (S)

and
G(s) = Vour(s)/Vin(s) = s/(3s+2)
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4.

MV
8 Q

o)

2 a=2

AN 1:2 A
v, E\gg §4Q

l'49

For this exercise, P, 4 o = %(I4Q)24 and thus we need to find 1, .

At Node A, V. V. 4.,0°
_2+L_|2=0
4 8
3V, 1
—_, == (1
-l =3

From the primary circuit,
primaty cred 20,4V, = 4 (2)

Since 1,/1; = 1/a, V,/V; = a,and a = 2, it follows that I, = 21, and V; = V,/2. By sub-

stitution into (2) we obtain

al,+ Y2 _ g
) =
2
|2+\-;—2:1 3)
Addition of (1) and (3) yield
ition of (1) and (3) yields 3_V2+\L2=l+1
8 8 2
from which V, = 3. Then,
VAR

and
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5.
Iy I,
— [ 2+j30 15 e — o
Vs, T ¥ Vs 4 +
Q) v, v, [100575 0 ®© Zv, = av,
T12.20° ~ . Mol, = 1,/a =
y y
Because the dot on the secondary is at the lower end, a = -5. Then,
aVg = -5x1220° = -60£0° = 60£180°
a2Zq = 25(2+j3) = 50 +j75 = 90.14./56.31° Q
Z p = 100-j75 = 125/-36.87° Q
aVv o o
| - s _ __ 60/180°  _ 60/180° _ 2 o0,
aZZS +Z,p 50+]j75+100-j75 150 5
and
V, =Zp- |, = 1254—36.87")(%41800 = 50£143.13° V
6.
4 Q la
MN
+ . .
® B gwe
| 1220° Vv
From (9.102)
ZLD
“n = e
Then, .
a2 = & - 10000 _ 554,
Zin
or

a=>50

former are as follows:
Open—circuit test with input to the low side: 240 V, 0.75 A, 72 W

Short—circuit test with input to the high side: 80.5 V, 5 A, 210 W

We are told that open— and short—circuit test data for a 10KVA, 2400 /240, 60 Hz trans-

Circuit Analysis 1T with MATLAB® Computing and Simulink® / SimPowerSystems® Modeling 9-71

Copyright © Orchard Publications



Chapter 9 Self and Mutual Inductances — Transformers

The given equivalent circuit is the circuit (a) in Figure 9.41 which is repeated below for conve-
nience and we are asked to compute Yeqi and Zegr- The equivalent circuits (b) and (d) will

also be useful for the solution of this exercise.

T T |

(a) (b)
L rZ:l—> l, L E o
T ° ° T T °

Vi 4 E [l oo g =" Egj

(c) (d)

Since the input for the open—circuit test is measured at the low side, we will compute the
admittance Yeq2 in circuit (d) above, and we then refer it to the high side in Figure (a) using

the relation qul = quz/az.

From the open—circuit test data, the admittance Yeqo 1

l 0.75 3 51
Yeqo| = 25 = =2 =31x10° Q
[Veqz| V,oc 240
and the phase angle 8 is found from
)
Coseoc — ocC 72 0.4

Vooc oo 240x0.75

Ooc = 00571(0.4) = —66.4° (lagging)

Then, with a = 2400/240 = 10
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-3 ~-1
_ Teqz _ 3.1x10° Q "/-66.4° _ . -6 -1
qul = " = 100 = (124-j28.4)x10 " Q

from which A
Goy = 124x10° @

and 6 1
By, = —284x10° Q

The measurements for the short—circuit test were made at the high side, and thus we will use
the equivalent circuit (b) above. The impedance |Zequ| 1 found from

Zoga] = 15 = &55 - 1610Q

I1SC

and the phase angle 84 is found from

Psc _ 210 — 052

CoSOgc = = =

Osc = 005_1(0.52) = 58.7° (lagging)

Then, )
Zeql = 16.1£58.7° = 8.36 + j13.76 Q
from which
Reqs = 8.36 O
and
Xeq, = 13.76 ©

8. We begin with establishing the bases below.

Ppase = Papase = 10000 VA V| pase = 2400 V V, pase = 240 V
10000 VA 10000 VA
|1 base = W = 417 A |2 base = W = 417 A
Next, we convert all test data into per—unit values.
Vv 240 V I 0.75 A
Vv = —0C _ =1pu | =09 _ = = 0.018 pu
=y T 2ov P OC PU T |, e 4LTA P
P 72 W \ 80.5 V
Poc pu = 5 Q& = TSo50 A = 00072 pu Vsc pu = SO Saogy = 00335 pu
a base 1 base
l 5A Psc 210 W
lgg o0 = —22— = = 1.2 pu Psc .\ = = = 0.021 pu
PUT ] ase 41T A pup .. 10000 VA

Following the same procedure as in Exercise 7, we obtain:
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From the open—circuit test data, the magnitude of the admittance Y

eq2 pu is
|
_ 'oc pu _ 0.018 _
[Yeqz pul = Voc oy 1 0.018 pu
Poc 0.0072 .
cosO = bu = — =04
OCPY T Voc gy loc pu 1x0018

Boc pu = 00571(0.4) = —-66.4° (lagging)

sinb,¢ bu = sin(-66.4°) = -0.916
G, pu = ‘quz pu‘ oS0, ou = 0.018 x 0.4 = 0.0072 pu

By pu = |Yeqz pu/SiNOoc pu = 0.018 x (-0.916) = ~0.0165 pu

Yeqa py = 0-0072-0.0165

From he short—circuit test data, the magnitude of the impedance Z

eql pu is
Vsc 0.0335
— pu _ Y. —
[Zequ pul = lsc oy 12 0.028 pu
cosO.. = —SCau 0021 _ g
SEPY T Voo g pu 0.0335% 1.2

-1 o

Ogc py = C0S (0.522) = 585

sin®

scpu = SIN(58.5°) = 0.853

Reqipu = |Zeqr pu €050sc py = 0.028 x 0522

— 0.01456 pu
Xeqr pu = |Zequ pul SiNOsc pu = 0.028x 0.853 = 0.0238 pu
Zoqy pu = 0.0146 +0.0238 pu
Check:
V
Z

1 base 2400 V
eq1 base = | = 417 A = 57554 Q

1 base

sk

Conversion to pu values applies only to magnitudes, angles remain the same as working with actual values.
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Y
Zoqy sclactual) = —5€ = % = 161 Q
SC
_ Zequsc@tual) - 161 _ o0

Loy = -
eql pu Z o1 base 575.54

z

and the other quantities can be verified similarly.

9. The voltage regulation is computed using only the magnitudes of the voltages V; and V,, and

since we are using pu values, we will use (9.152), i.e.,

We choose V, as the reference phasor, and we let V, = Vg = 240 V, and in pu,

%
= —9€ = 1.,0° pu

V2 pu — V2

and since the current leads the voltage by a leading power factor. we have I, = Igc = 5 A,
and in pu,

ISC o i
2pu = |_2 = 1/36.9° pu = 0.8+)0.6

With a = 1, relation (9.148) reduces to:
where from the solution of Exercise 8,

z = 0.01456 + j0.0238 pu

eql pu
Thus, i .
V, = 1+(0.01456 +j0.0238) - (0.8 +j0.6) = 0.9974 + 0.0278 = 0.9978
and
vV,
e, = —-1=09978-1 = -0.0022
pu V2

As expected, the voltage regulation is negative because of the leading load.

10. Choosing I, as our reference vector, that is, 1, = 1,£0° pu, at half-load,

and
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Put = Vigag- l2 L - Pf = 1x05x0.8 = 0.4 pu
From the solution of Exercise 8, G; = 0.018 pu, and thus the core losses are
Pe = GcVour = 0.018x 1% = 0.018 pu

Also from the solution of Exercise 8, Req = 0.01456 pu, and thus the copper losses are

Pe = Rggl® = 0.01456 x0.5° = 0.0036 pu
Thus, the efficiency is
P
n = HL 04 = 0.949
PyL+Pc+Pg  0.4+0.018 + 0.0036
11.
Pe = P +P, = K B +K B2
Since B, is constant, we let x; = k', Bpnax and x, = k', B?nax . Then,
Pe o5 11, = 25X, +(25)°X, = 25%, + 625%, = 500 W
and ,
or
and
Xy +50x, = 28 W
Simultaneous solution of the last two equations yields
and thus the individual losses are:
2
Py, = 25x12 =300 W P, .. = (25)°x032 = 200 W
2
Preyn, =50x12 =600 W P, .. = (50)°x032 = 800 W

9-76 Circuit Analysis IT with MATLAB® Computing and Simulink® / SimPowerSystems® Modeling
Copyright © Orchard Publications



Chapter 10

One- and Two-Port Networks

his chapter begins with the general principles of one and two-port networks. The z, y, h,
and g parameters are defined. Several examples are presented to illustrate their use. It con-
cludes with a discussion on reciprocal and symmetrical networks.

10.1 Introduction and Definitions

Generally, a network has two pairs of terminals; one pair is denoted as the input terminals, and the
other as the output terminals. Such networks are very useful in the design of electronic systems,
transmission and distribution systems, automatic control systems, communications systems, and
others where electric energy or a signal enters the input terminals, it is modified by the network,
and it exits through the output terminals.

A port is a pair of terminals in a network at which electric energy or a signal may enter or leave
the network. A network that has only one pair a terminals is called a one—port network. In an one—
port network, the current that enters one terminal must exit the network through the other ter-

minal. Thus, in Figure 10.1, i}, = iyy-

— lin +

— lout

Figure 10.1. One—port network

Figures 10.2 and 10.3 show two examples of practical one—port networks.

3Q 3Q /\ 7Q
- A T AW\
|1|n \2(( ] lILD
(j' e Zl0Q 340 V|_|_3§R,_D
12V Vout 2/& e 0

Figure 10.2. An example of an one—port network
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Chapter 10 One— and Two—Port Networks

— A AN
+Tlin2§2 8Q
~N) 492 60
_Tiout

120V 3 A A

1060 59 169
A

Figure 10.3. Another example of an one—port network

A two—port network has two pairs of terminals, that is, four terminals as shown in Figure 10.4
where i; = ij and i, = i,

— 1 4 + i2

-— 13 i4

Figure 10.4. Two—port network
10.2 One-Port Driving-Point and Transfer Admittances

Let us consider an n — port network and write the mesh equations for this network in terms of the
impedances Z. We assume that the subscript of each current corresponds to the loop number and
KVL is applied so that the sign of each Z;; is positive. The sign of any Z;; for i#j can be positive

or negative depending on the reference directions of i; and i;.

|
<
i

i, = —1 (10.2)

where

(10.3)
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V, Zy Zys - Z4

Next, we recall that the value of the determinant of a matrix A is the sum of the products

obtained by multiplying each element of any row or column by its cofactor . The cofactor, with the
proper sign, is the matrix that remains when both the row and the column containing the element
are eliminated. The sign is plus (+) when the sum of the subscripts is even, and it is minus (-)
when it is odd. Mathematically, if the cofactor of the element a, is denoted as A, then

Ay = -DTM, (10.5)

where M, is the minor of the element a;,. We recall also that the minor is the cofactor without a
sign.
.|

Example 10.1

Compute the determinant of A from the elements of the first row and their cofactors given that

1]
N
|
N BN
D N W

Solution:

detA=1]"% 2/_2|2 2|3|2 4 = 1x20-2x(-10)-3x0 = 40
2 6| |-1-6] |-1 2

Using the cofactor concept, and denoting the cofactor of the element a;; as C;;, we find that the

ij )
cofactors of Z;,, Z,,, and Z,, of (10.1) are respectively,

Zyp Zp3 -+ Zon
Cy = Z3p L33 -+ Zgn (10.6)
Zn2 Zn3 Znn

* A detailed discussion on cofactors is included in Appendix E.
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701 Zs .. Zyn
Cy = |Z01 T Za:
Zyy Zps oo Zop)
_212 213 Zln_
C, = |Zo Zos o Zay
Zyy Zys - Zoy)

Therefore, we can express (10.2) as

D C;.v, C,v, Co vV C.,Vv
21 xuVa aVe sV niVn

Il - e
A A A A A

Also,
i) = D, _ (:12V1+(:22V2+C332V3+ +Cn2vn
A A A A A

and the other currents is, i,, and so on can be written in similar forms.

In network theory the y;; parameters are defined as

Cpy Cy Cy
m=y Yes=g Ye=g
Likewise, c c c
_ S _ Lo _Cp
Yo1 = A Y22 A Y23 A

and so on. By substitution of the y parameters into (10.9) and (10.10) we obtain:

I = YuVi+YVotYisVa+ ... + YV,

Iy = Y1V +YooVo+YoaVat+ ... Yy,

(10.7)

(10.8)

(10.9)

(10.10)

(10.11)

(10.12)

(10.13)

(10.14)

If the subscripts of the y —parameters are alike, such as y,;, y,, and so on, they are referred to as

driving—point admittances. If they are unlike, such as y,,, y,; and so on, they are referred to as

transfer admittances.

If a network consists of only two loops such as in Figure 10.5 below,
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Figure 10.5. Two loop network

the equations of (10.13) and (10.14) will have only two terms each, that is,
i3 = YuVi+YnYs (10.15)
iy = Yor1Vi + Y2V, (10.16)

From Figure 10.5 we observe that there is only one voltage source, v, ; there is no voltage source

in Loop 2 and thus v, = 0. Then, (10.15) and (10.16) reduce to
Iy = Y11Vq (10.17)

Relation (10.17) reveals that the driving—point admittance y,, is the ratio i;/v,. That is, the

driving—point admittance, as defined by (10.17), is the admittance seen by a voltage source that is
present in the respective loop, in this case, Loop 1. Stated in other words, the driving—point admit-
tance is the ratio of the current in a given loop to the voltage source in that loop when there are no voltage
sources in any other loops of the network.

Transfer admittance is the ratio of the current in some other loop to the driving voltage source, in
this case v, . As indicated in (10.18), the transfer admittance y,, is the ratio of the current in

Loop 2 to the voltage source in Loop 1.

Example 10.2

For the circuit of Figure 10.6, find the driving—point and transfer admittances and the current
through each resistor.

R, Rj
MN MV
vi| 4@ 12Q

24V

Figure 10.6. Circuit for Example 10.2
Solution:

We assign currents as shown in Figure 10.7.
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R, R,
MWV MWV
vi| 49 12 Q

/\>R2§ S
2u4v][ i

2

Figure 10.7. Loop equations for the circuit of Example 10.2
The loop equations are

10i, - 6i, = 24
. . (10.19)
The driving—point admittance is found from (10.11), that is,
Cy
= =i 10.2
Y A (10.20)
and the transfer admittance from (10.12), that is,
Co
= —== 10.21
Yo1 A ( )
For this example,
A= |10 -6 _ 180_36 = 144 (10.22)
-6 18

The cofactor C,; is obtained by inspection from the matrix of (10.22), that is, eliminating the
first row and first column we are left with 18 and thus C,; = 18. Similarly, the cofactor C,, is

found by eliminating the first row and second column and changing the sign of -6. Then,
C,, = 6. By substitution into (10.20) and (10.21), we obtain

Cyy 18 1
= e— = —= - 10.23
Yu A 144 8 ( )
and c
12 6 1
Ya A 144 24 ( )

Then, by substitution into (10.17) and (10.18) we obtain

i = yyv, = %x24 - 3A (10.25)
i, = Yy Vg = 2%1><24 =1A (10.26)
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Finally, the we observe that the current through the 4 Q resistoris 3 A, through the 12 Q is 1 A
and through the 6 Q is i; —i, = 3-1 = 2A.

Of course, there are other simpler methods of computing these currents. However, the intent here
was to illustrate how the driving—point and transfer admittances are applied. These allow easy
computation for complicated network problems.

10.3 One-Port Driving-Point and Transfer Impedances

Now, let us consider an n —port network and write the nodal equations for this network in terms
of the admittances Y. We assume that the subscript of each current corresponds to the loop num-
ber and KVL is applied so that the sign of each Y;; is positive. The sign of any Y;; for i#j can be

positive or negative depending on the reference polarities of v; and v;.

Ynlvl + Yn2V2 + Yn3V3 + ...+ YnnVn = |n

In (10.27), each voltage can be found by Cramer’s rule. For instance, the voltage v, is found by

Dl
Vi = 10.28
L7 A ( )
where i ]
Yll Y12 Y13 Yln
Y21 Y22 Y23 Y2n
A =Yg Yo Yag . Yap (10.29)
Vo1 Yoo Yos oo Yoo
Vl Y12 Y13 Yln
V2 Y22 Y23 Y2n
D1 = |V, Yoy Yo o0 Vg, (10.30)
Vo Yoo Yos oo Yoo

As in the previous section, we find that the nodal equations of (10.27) can be expressed as
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<
N
|

and so on, where

Cll C21 C31
=y mTy o Wty
ClZ C22 C32
Z = — Z = — Z = ==
21 A 22 A 23 A
Cl3 C23 C33
W=y mTh W g

and so on. The matrices C;; represent the cofactors as in the previous section.

(10.31)
(10.32)

(10.33)

(10.34)

(10.35)

(10.36)

The coefficients of (10.31), (10.32), and (10.33) with like subscripts are referred to as driving—
point impedances. Thus, z,;, z,, and so on, are driving—point impedances. The remaining coeffi-

cients with unlike subscripts, such as z,,, z,; and so on, are called transfer impedances.

To understand the meaning of the driving—point and transfer impedances, we examine the net-

work of Figure 10.8 where 0 is the reference node and nodes 1 and 2 are independent nodes.

The driving point impedance is the ratio of the voltage across the nodes 1 and 0 to the current

that flows through the branch between these nodes. In other words,

Vol O

Figure 10.8. Circuit to llustrate the definitions of driving—point and transfer impedances.

(10.37)

The transfer impedance between nodes 2 and 1 is the ratio of the voltage v, to the current at

node 1 when there are no other current (or voltage) sources in the network. That is,

(10.38)
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Example 10.3

For the network of Figure 10.9, compute the driving—point and transfer impedances and the volt-
ages across each conductance in terms of the current source.

ZQ—l 1Q

I
Dwae v
107 Lo

Figure 10.9. Network for Example 10.3.
Solution:

We assign nodes 0, 1, 2, and 3 as shown in Figure 10.10.

1 V1
i, 2 1
G) 10§ 2 Va2 1 V3 3
1 1

0]Vo

Figure 10.10. Node assignment for network of Example 10.3

The nodal equations are
10v; +2(vy —Vy) + 1(Vy —V;3) =

| |
o T

2(Vy—Vy) + L(vy—Vy) +1v, = (10.39)

|
o

1(vg—vy) +1(v3—-Vy) +1vy =
Simplifying and rearranging we obtain:
13v, -2v,—-vy = iy
-2V, +4v,-v; =0 (10.40)

-V;—-V,+3vy =0
The driving—point impedance z,; is found from (10.34), that is,

C
2y, = —Al—l (10.41)

and the transfer impedances z,, and z3, from (10.35) and (10.36), that is,
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Cp
Z,, = —=
21 =
Cis
Zy = —=
Y
For this example,
13 -2-1
A=|p 4 4| =156-2-2-4-13-12 = 123
-1 -1 3

The cofactor Cy; is

4 -1
C,, = =12-1=11
am |4

Similarly, the cofactors C;, and C,4 are

2.1
C,, = - — (-6-1) =7
12 Ll 3} ( )

and

Ciy = {—2 4} =2+4=6

By substitution into (10.41), (10.42), and (10.43), we obtain
. _Cu_1
LA 7123

2y = 22 - 1

27 A T 123

7 Cis _ 6

BT OA T 123

Then, by substitution into (10.31), (10.32), and (10.33) we obtain:

. . . 11 .
. . 7
. . . 6.

(10.42)

(10.43)

(10.44)

(10.45)

(10.46)

(10.47)

(10.48)

(10.49)

(10.50)

(10.51)

(10.52)

(10.53)
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As stated earlier, there are other simpler methods of computing these voltages. However, the
intent here was to illustrate how the driving—point and transfer impedances are applied. These
allow easy computation for complicated network problems.

10.4 Two-Port Networks

Figure 10.11 shows a two—port network with external voltages and currents specified.

i i .
+ 1 Linear net\(vork - ip o
(Consists of linear
Vi passive devices and

ig possibly dependent V2

— = 1 sources butno
independent sources)

— - iy

Figure 10.11. Two—port network
Here, we assume that i; = i3 and i, = i,. We also assume that i, and i, are obtained by the

superposition of the currents produced by both v, and v, .

Next, we will define the y, z, h, and g parameters.

10.4.1 The y Parameters

The two—port network of Figure 10.11 can be described by the following set of equations.
i1 = Y1Vi+ Y1V (10.54)

In two—port network theory, the y coefficients are referred to as the y parameters.
Let us assume that v, is shorted, that is, v, = 0. Then, (10.54) reduces to

R (10.56)
or

i
Y = \‘/Ll (10.57)

and y,, is referred to as the short circuit input admittance at the left port when the right port of Fig-
ure 10.11 is short—circuited.

Let us again consider (10.54), that is,
i1 = YV + YV (10.58)
This time we assume that v, is shorted, i.e., v; = 0. Then, (10.58) reduces to

i; = YoVs (10.59)
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or :
\Z
and y,, is referred to as the short circuit transfer admittance when the left port of Figure 10.11 is

short—circuited. It represents the transmission from the right to the left port. For instance, in
amplifiers where the left port is considered to be the input port and the right to be the output, the
parameter Y,, represents the internal feedback inside the network.

Similar expressions are obtained when we consider the equation for i,, that is,

i) = YoV1+ YV (10.61)

In an amplifier, the parameter y,,; is also referred to as the short circuit transfer admittance and

represents transmission from the left (input) port to the right (output) port. It is a measure of the
so—called forward gain.

The parameter y,, is called the short circuit output admittance.

The y parameters and the conditions under which they are computed are shown in Figures 10.12

through 10.16.

I1 = Y11Vi+¥YVs
I = ¥YorVi+¥aVs

Figure 10.12. The y parameters for v; #0 and v, #0

i

— 13 —i4

V2:O

i

_ Iy

y11—\',"
1

v, =0

Figure 10.13. Network for the definition of the y,; parameter

11 i2
Vl:O

-— 13 _ 14 V2

Figure 10.14. Network for the definition of the y;, parameter
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V2:O

Vl -~ i3 — i4

Figure 10.15. Network for the definition of the y,, parameter

— 1

Vl=0

-— i3 ﬁ14

Figure 10.16. Network for the definition of the y,, parameter

|
Example 10.4

For the network of Figure 10.17, find the y parameters.

Figure 10.17. Network for Example 10.4
Solution:

a. The short circuit input admittance y,; is found from the network of Figure 10.18 where we
have assumed that v; = 1 V and the resistances, for convenience, have been replaced with

conductances in mhos.

Vl=1V

Figure 10.18. Network for computing y,;

-1 . -
We observe that the 0.05 Q™ conductance is shorted out and thus the current i, is the sum of

the currents through the 0.2 Q' and 0.1 Q' conductances. Then,
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i, = 02v;+01v, = 02x1+01x1 = 0.3 A
and thus the short circuit input admittance is

b. The short circuit transfer admittance y;, when the left port is short—circuited, is found from
the network of Figure 10.19.

Figure 10.19. Network for computing Yy,

-1 . -1 .
We observe that the 0.2 Q ~ conductance is shorted out and thus the 0.1 Q~ conductance is

in parallel with the 0.05 Q! conductance. The current i;, with a minus (=) sign, now flows
through the 0.1 Q™" conductance. Then,

i, = 0lv,=-01x1=-01A
and .

c. The short circuit transfer admittance y,; when the right port is short—circuited, is found from
the network of Figure 10.20.

-—

: 15
1
0297 1005 Q7 [V2=0
V= 1V ! :

Figure 10.20. Network for computing y,;

We observe that the 0.05 @} conductance is shorted out and thus the 0.1 @} conductance

. . -1 C . .
is in parallel with the 0.2 Q™ conductance. The current i,, with a minus (=) sign, now flows

through the 0.1 @ conductance. Then,

i, = —01v,; =-01x1=-01A
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and .
Yo = ip/Vy = 01/1 = 01Q (10.64)

d. The short circuit output admittance y,, at the right port when the left port is short—circuited,
is found from the network of 10.21.

Figure 10.21. Network for computing Y,

We observe that the 0.2 Q" conductance is shorted out and thus the current iy is the is the
sum of the currents through the 0.05 Q" and 0.1 Q' conductances. Then,

i, = 0.05v,+0.1v, = 0.05x1+0.1x1 = 0.15 A

and )
Y = ip/V, = 0.15/1 = 0.15 Q@ (10.65)

Therefore, the two—port network of Figure 10.10 can be described by the following set of equa-
tions.

i (10.66)
Iy = YoV +YopoVy = —0.1V1 + 0.3V2
Note:
In Example 10.4, we found that the short circuit transfer admittances are equal, that is,
Yor = Y12 = 0.1 (10.67)

This is not just a coincidence; this is true whenever a two—port network is reciprocal (or bilateral).
A network is reciprocal if the reciprocity theorem is satisfied. This theorem states that:

If a voltage applied in one branch of a linear, two—port passive network produces a certain current in any
other branch of this network, the same voltage applied in the second branch will produce the same current
in the first branch.

The reverse is also true, that is, if current applied at one node produces a certain voltage at
another, the same current at the second node will produce the same voltage at the first. An exam-
ple is given at the end of this chapter. Obviously, if we know that the two—port network is recipro-
cal, only three computations are required to find the y parameters.
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If in a reciprocal two—port network its ports can be interchanged without affecting the terminal
voltages and currents, the network is said to be also symmetric. In a symmetric two—port network,

Yoo =Y
Yor = Yoo

(10.68)

The network of Figure 10.17 is not symmetric since Yo, # Y, -
We will present examples of reciprocal and symmetric two—port networks at the last section of
this chapter.

The following example illustrates the applicability of two—port network analysis in more compli-
cated networks.

.|
Example 10.5
For the network of Figure 10.22, compute v,, v,, i;, and i,.
Y i,
— VWN—e ¥
10 Q

!

5Q 20Q V2S4Q
E;

/
—
(e}
©
l—<—+4

Figure 10.22. Network for Example 10.5

Solution:

We recognize the portion of the network enclosed in the dotted square, shown in Figure 10.23, as
that of the previous example.

— B 2l
T+ 17 Wy i
() 10Q ll 'S50 '20Q V2§4Q
154 I co

Figure 10.23. Portion of the network for which the y parameters are known.
For the network of Figure 10.23, at Node 1,

i, = 15-v,/10 (10.69)

d at Node 2, .
and at Hode i, = —v,/4 (10.70)
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By substitution of (10.69) and (10.70) into (10.66), we obtain:
Iy = YyVq+YpV, = 0.3v;-0.1v, = 15-v,/10

. (10.71)
or
0.4v,-0.1v, = 15
(10.72)
We will use MATLAB to solve the equations of (10.72) to become more familiar with it.
syms v1 v2; [vl v2]=solve(0.4*v1-0.1*v2-15, —0.1*v1+0.4*v2)
% Must have Symbolic Math Toolbox installed
vl = 40
v2 = 10
and thus v, = 40V
(10.73)
v, =10V
The currents i; and i, are found from (10.69) and (10.70).
ip =15-40/10 = 11 A
(10.74)

i, =-10/4 = 25 A

10.4.2 The z parameters

A two—port network such as that of Figure 10.24 can also be described by the following set of
equations.

iy

Vi = Il + 250
Vo = Zy1l 20

Figure 10.24. The z parameters for i; #0 and i,#0

In two—port network theory, the z;; coefficients are referred to as the z parameters or as open cir-

cuit impedance parameters.
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Let us assume that v, is open, that is, i, = 0 as shown in Figure 10.25.

Vi Vo i2:O
L

Z11=I
i,=0

Figure 10.25. Network for the definition of the z;; parameter

h :
Then, (10.75) reduces to v, = 2y, (10.77)

or

2, = = (10.78)

and this is the open circuit input impedance when the right port of Figure 10.25 is open.
Let us again consider (10.75), that is,

This time we assume that the terminal at v, is open, i.e., i; = 0 as shown in Figure 10.26.

. + +
11:0 Vi \Z)

i
2li,=0

Figure 10.26. Network for the definition of the z,, parameter

Then, (10.75) reduces to v, = 2y,i (10.80)

or

and this is the open circuit transfer impedance when the left port is open as shown in Figure 10.26.

Similar expressions are obtained when we consider the equation for v, , that is,

Let us assume that v, is open, thatis, i, = 0 as shown in Figure 10.27.
Then, (10.82) reduces to
Vy = 2y (10.83)
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or
Z, = -2 (10.84)

The parameter z,, is referred to as open circuit transfer impedance when the right port is open as

shown in Figure 10.27.

Finally, let us assume that the terminal at v, is open, i.e., i; = 0 as shown in Figure 10.28.

. + +
11:0 Vi Vo

i

2

Zy =

i =0
Figure 10.28. Network for the definition of the z,, parameter

Then, (10.82) red
en, ( ) reduces to Vy = Zpi (10.85)

or
Z,, = -2 (10.86)

The parameter z,, is called the open circuit output impedance.

We observe that the z parameters definitions are similar to those of the y parameters if we substi-
tute voltages for currents and currents for voltages.

|
Example 10.6

For the network of Figure 10.29, find the z parameters.

MN

§20§z §159

Figure 10.29. Network for Example 10.6
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Solution:

a. The open circuit input impedance z;; is found from the network of Figure 10.30 where we

have assumed that i; = 1 A.

150 V2 =0

O~
11=1A

[\
e

Figure 10.30. Network for computing z,, for the network of Figure 10.29

We observe that the 20 Q resistor is in parallel with the series combination of the 5 Q and
15 Q resistors. Then, by the current division expression, the current through the 20 Q resistor
is 0.5 A and the voltage across that resistor is

v, = 20x05 =10V
Therefore, the open circuit input impedance z,; is

b. The open circuit transfer impedance z,, is found from the network of Figure 10.31.

Mo
5Q ' +
%209 %:wgw (D

+

il=0 Vl

! i2:1A

Figure 10.31. Network for computing z,, for the network of Figure 10.29

We observe that the 15 Q resistance is in parallel with the series combination of the 5 Q and
20 Q resistances. Then, the current through the 20 Q resistance is

. 15 15
oo = 5 51202 T a0 < 1T3EA

and the voltage across this resistor is

3 60
=x20==
8

5 =15/2V

Therefore, the open circuit transfer impedance z,, is
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2, =2 =82 2750 (10.88)

I

c. The open circuit transfer impedance z,, is found from the network of Figure 10.32.

O
i,=1A

)
S
)
==
9]
)
<
N
g
|
(e)

Figure 10.32. Network for computing z,, for the network of Figure 10.29

In Figure 10.32 the current that flows through the 15 Q resistor is

. 20 . 20
50 = 50555151 T a0 1T 2A

and the voltage across this resistor is

v2=%><15=15/2V
Therefore, the open circuit transfer impedance z,; is

2y = 2 = %/2 = 75Q (10.89)

b h
We observe that 2y = 24 (10.90)

d. The open circuit output impedance z,, is found from the network of Figure 10.33.

Wy
oo s | #
=0 v, 200 "5QV2 (D

! i2:1A

Figure 10.33. Network for computing z,, for the network of Figure 10.29

We observe that the 15 Q resistance is in parallel with the series combination of the 5 Q and
20 Q resistances. Then, the current through the 15 Q resistance is

20+5 . 25
20455152 = 40 1=58A

lisqg =
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and the voltage across that resistor is
g x15=75/8 V

Therefore, the open circuit output impedance z,, is

2y = ‘I’—zl - B8 - 75/80 (10.91)

10.4.3 The h Parameters
A two-port network can also be described by the set of equations

vy = hyiy +hp,v, (10.92)

i = hyyiy +hyv,

i
i Vl E
L = | \Y

vy = hypip+hppv,

(10.93)
as shown in Figure 10.34.

2
ig = ha1ig +hgpVy
Figure 10.34. The h parameters for i; #0 and v, #0

The h parameters represent an impedance, a voltage gain, a current gain, and an admittance. For
this reason they are called hybrid (different) parameters.

Let us assume that v, = 0 as shown in Figure 10.35.

V2=0
iy -

Figure 10.35. Network for the definition of the hy; parameter
Then, (10.92) reduces to

vy = hy iy (10.94)
or v
hy = I—ll (10.95)
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Therefore, the parameter hy; represents the input impedance of a two—port network.

Let us assume that i; = 0 as shown in Figure 10.36.

il:O Vi

"G
12_\/
2

ip=0

Figure 10.36. Network for computing hy, for the network of Figure 10.34
Then, (10.92) reduces to

Vi = hpp vy (10.96)

or v
hy, = V—l (10.97)

2

Therefore, in a two—port network the parameter h,, represents a voltage gain (or loss).

Let us assume that v, = 0 as shown in Figure 10.37.

i

v,=0
Figure 10.37. Network for computing h,, for the network of Figure 10.34
Then, (10.93) reduces to
iy = hyly
or ;
2
hyy = i
1
Therefore, in a two—port network the parameter h,, represents a current gain (or loss).

Finally, let us assume that the terminal at v, is open, i.e., i; = 0 as shown in Figure 10.38.

+ — 1,
1,=0 Vi

Vo

)

h =
22
Vv

i,=0

Figure 10.38. Network for computing h,, for the network of Figure 10.34
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Then, (10.93) reduces to
Iy = NpV,
or :
[
hy, = -2
2=y
Therefore, in a two—port network the parameter h,, represents an output admittance.

|
Example 10.7

For the network of Figure 10.39, find the h parameters.

10 6Q
40

Figure 10.39. Network for Example 10.7
Solution:

a. The short circuit input impedance h,; is found from the network of Figure 10.40 where we

have assumed that i; = 1 A.

Figure 10.40. Network for computing hy; for the network of Figure 10.39

From the network of Figure 10.40 we observe that the 4 Q and 6 Q resistors are in parallel
yielding an equivalent resistance of 2.4 Q in series with the 1 Q resistor. Then, the voltage
across the current source is

v, = 1x(1+24) = 34V

Therefore, the short circuit input impedance h,; is

hy = 2 = ?f‘ =340 (10.98)

Iy
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b. The voltage gain h;, is found from the network of Figure 10.41.

1Q 6 Q
+

i,=0 v, 40 CD

V2:1V

Figure 10.41. Network for computing hy, for the network of Figure 10.39.
Since no current flows through the 1 Q resistor, the voltage v, is the voltage across the 4 Q
resistor. Then, by the voltage division expression,

4

4
Vi= g V2 = x1 =04V

10

Therefore, the voltage gain hy, is the dimensionless number

h,=-="2%=04 (10.99)

Figure 10.42. Network for computing h,; for the network of Figure 10.39.

We observe that the 4 Q and 6 Q resistors are in parallel yielding an equivalent resistance of
2.4 Q. Then, the voltage across the 2.4 Q parallel combination is

Vouq = 24%1 = 24V
The current i, is the current through the 6 Q resistor. Thus,

i) = _Zéﬁ - _04A

Therefore, the current gain h,; is the dimensionless number
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I, 04
hyy = 2 = —= = _04
21 i]_ 1

We ob that
e observe tha hy = —hy, (10.100)

and this is a consequence of the fact that the given network is reciprocal.

d. The open circuit admittance h,, is found from the network of Figure 10.43.

1Q 6 Q
+

i,=0 v 40 (D

V2:1V

Figure 10.43. Network for computing h,, for the network of Figure 10.39.

Since no current flows through the 1 Q resistor, the current i, is found by Ohm’s law as

Y2 _ 1 _po1a

i, =
27 6+4 10

Therefore, the open circuit admittance h,, is

(B

i 0 -1
h = 2 = —= = 01 1 1 1
2=5 =7 Q (10.101)

Note:
The h parameters and the g parameters (to be discussed next), are used extensively in networks

* . . .
consisting of transistors , and feedback networks. The h parameters are best suited with series—
parallel feedback networks, whereas the g parameters are preferred in parallel-series amplifiers.

10.4.4 The g Parameters
A two—port network can also be described by the set of equations

ip = g13Vq + 015y (10.102)

Vy = Op1Vq + Ugls (10.103)

* Transistors are three—terminal devices. However, they can be represented as large—signal equivalent two—port
networks circuits and also as small—signal equivalent two—port networks where linearity can be applied. For a
detailed discussion on transistors, please refer to Electronic Devices and Amplifier Circuits with MATLAB

Applications, ISBN 978—1-934404—-13-3.
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as shown in Figure 10.44.

I3 = 011V1+ 0500
Vo = 01Vy + 91

Figure 10.44. The g parameters for v, #0 and i, # 0

The g parameters, also known as inverse hybrid parameters, represent an admittance, a current gain,
a voltage gain and an impedance.

Let us assume that i, = 0 as shown in Figure 10.45.

_.il +

Vi —

Figure 10.45. Network for computing g4, for the network of Figure 10.44

Then, (10.102) red t
en, ( ) reduces to i, = gV, (10.104)
or i
gy = h (10.105)
Vi

Therefore, the parameter g,; represents the input admittance of a two—port network.

Let us assume that v; = 0 as shown in Figure 10.46.

_'il + .
v1=0 Vs I

912=i
2

v;=0
Figure 10.46. Network for computing g, for the network of Figure 10.44

Then, (10.102) red
en ( ) reduces to i1 = 9y, i2 (10.106)
or i
9, = i (10.107)

Therefore, in a two—port network the parameter g,, represents a current gain (or loss).
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Let us assume that i, = 0 as shown in Figure 10.47.

Vi -

Figure 10.47. Network for computing g, for the network of Figure 10.44

Then, (10.103) red
en, ( ) reduces to Vy = Gy Vs (10.108)

or v
Uy = Tf (10.109)

Therefore, in a two—port network the parameter g,, represents a voltage gain (or loss).

Finally, let us assume that v, is shorted, i.e., v; = 0 as shown in Figure 10.48.

_’il + .
V]_:O V2 12

Figure 10.48. Network for computing g, for the network of Figure 10.44

Then, (10.103) reduces to v, = G, (10.110)

or
v

Oy = = (10.111)
)

Thus, in a two—port network the parameter g,, represents the output impedance of that network.

|
Example 10.8
For the network of Figure 10.49, find the g parameters.

1Q 4Q
12 Q

Figure 10.49. Network for Example 10.8
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Solution:

a. The open circuit input admittance g;; is found from the network of Figure 10.50 where we

have assumed that v; = 1 V.

Figure 10.50. Network for computing gq; for the network of Figure 10.49.

There is no current through the 4 Q resistor and thus by Ohm’s law,
1+12 13

Il -

A

Therefore, the open circuit input admittance g, is

i 1/13 1 .4
- =={5 _ — 0 10.112
O11 v, 1 13 ( )

b. The current gain g,, is found from the network of Figure 10.51.

1Q 4Q

Figure 10.51. Network for computing g,, for the network of Figure 10.49.

By the current division expression, the current through the 1 Q resistor is

12 . 12
I, = -f5x1=-12/13 A

=1

Therefore, the current gain g;, is the dimensionless number

o = £ = 22 - 12713 (10.113)

I

c. The voltage gain g,, is found from the network of Figure 10.52.
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1Q 4Q

Figure 10.52. Network for computing g, for the network of Figure 10.49.

Since there is no current through the 4 Q resistor, the voltage v, is the voltage across the

12 Q resistor. Then, by the voltage division expression,

o 12
27 1+12
Therefore, the voltage gain g,, is the dimensionless number

x1=12/13V

Vo _ 12713 _ 12
vy 1 13

921 =

We observe that
921 = —O12 (10.114)

and this is a consequence of the fact that the given network is reciprocal.

d. The short circuit output impedance g, is found from the network of Figure 10.53.

1Q 4Q

Figure 10.53. Network for computing g, for the network of Figure 10.49.

The voltage v, is the sum of the voltages across the 4 Q resistor and the voltage across the

12 Q resistor. By the current division expression, the current through the 12 Q resistor is

. 1 . 1
oo = 771502 = 13><1 =1/13 A (10.115)
Then, 1
Vipg = 75x12 = 12/13 V
and

v, = %+4 — 64/13 V
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Therefore, the short circuit output impedance g,, is

Oy = 2 = % = 64/13 Q (10.116)

I

10.5 Reciprocal Two-Port Networks

If any of the following relationships exist in a a two—port network,

Zn = I
You =Y
2o (10.117)
hyy = —hy,
921 = 012
the network is said to be reciprocal.
If, in addition to (10.117), any of the following relationship exists
Zyp = 1Ip
Yoo = Y
27 (10.118)

hijhy —hpphy =1
911922~ 912921 = 1
the network is said to be symmetric.

Examples of reciprocal two—port networks are the tee, m, bridged (lattice), and bridged tee.
These are shown in Figure 10.54. Examples of symmetric two—port networks are shown in Figure

10.55.

Let us review the reciprocity theorem and its consequences before we present an example. This
theorem states that:

If a voltage applied in one branch of a linear, two—port passive network produces a certain current in any
other branch of this network, the same voltage applied in the second branch will produce the same current
in the first branch.

The reverse is also true, that is, if current applied at one node produces a certain voltage at
another, the same current at the second node will produce the same voltage at the first.

[t was also stated earlier that if we know that the two—port network is reciprocal, only three com-
putations are required to find the y, z, h, and g parameters as shown in (10.117). Furthermore, if
we know that the two—port network is symmetric, we only need to make only two computations as

shown in (10.118).
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Zy Z3 Zy
Z; 7, Z3
Tee T
Z
Z
) Zg
Bridgec
Z ORO:
¢ Z, >
Bridged Tee

Figure 10.54. Examples of reciprocal two—port networks

Z Z Z,

Z, 7 Zy

Tee T
Z3
7y
7y 71
Bridgec
Z, e @
¢ Z, >
Bridged Tee

Figure 10.55. Examples of symmetric two—port networks.

Example 10.9

In the two—port network of Figure 10.56, the voltage source vg connected at the left end of the

network is set for 15 V, and all impedances are resistive with the values indicated. On the right

side of the network is connected a DC ammeter denoted as A . Assume that the ammeter is ideal,
that is, has no internal resistance.
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a. Compute the ammeter reading.

b. Interchange the positions of the voltage source and recompute the ammeter reading.

Z
i vg = 15V
2 7 Z,=30Q
Z, = 60 Q
69 Z CA) Z,=200Q
Z, =10 Q

Figure 10.56. Network for Example 10.9.
Solution:

a. Perhaps the easiest method of solution is by nodal analysis since we only need to solve one
equation.

The given network is redrawn as shown in Figure 10.57.

zZ
i |I Vg = 15V
Z4
7 a 7 Z,=30Q
6@ 7 (A) Z, =20 Q
Z,=100Q
0

Figure 10.57. Network for solution of Example 10.9 by nodal analysis

By KCL at node a,

V____ab_15+\ﬁ)+\ﬁ =0
30 60 20

of 6 15
é_ovab = ?5
or
V, =5V

The current through the ammeter is the sum of the currents |,; and 1,,. Thus, denoting the
current through the ammeter as 1, we obtain:

Vab .V _ 5 15

Iy = loatlyy, = +~ = 24220254150 = 1.75 A 10.119
AT 3Tz 707z, 2010 ( )
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b. With the voltage source and ammeter positions interchanged, the network is as shown in Fig-

ure 10.58.

z

| ‘ i vg = 15V
Z4
Z a Z Z, =30
| Z, = 60Q
Z1

® ‘m O s
Z,=10Q

D

Figure 10.58. Network of Figure 10.57 with the voltage source and ammeter interchanged.
Applying KCL for the network of Figure 10.58, we obtain:

\_/_a_b+\_/ﬁg+v________ab_15 =0
30 60 20

o 6 15
@Vab = E
or
V, =75V

The current through the ammeter this time is the sum of the currents 1,; and I,,. Thus, denot-
ing the current through the ammeter as 1, we obtain:
Vap .V _ 75,15

Iy = by +1y, = 202, 5 10 - 0.25+150 = 1.75 A (10.120)

We observe that (10.119) and (10.120 yield the same value and thus we can say that the given
network is reciprocal.
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10.6 Summary

A port is a pair of terminals in a network at which electric energy or a signal may enter or leave
the network.

A network that has only one pair a terminals is called a one—port network. In an one—port net-
work, the current that enters one terminal must exit the network through the other terminal.

A two—port network has two pairs of terminals, that is, four terminals.
For an n—port network the y parameters are defined as

I = Y11V + Y1V +Y13Va+ .o + Y1V,

iy = YarVi+YoVo +Yo3Va+ ... + YoV,

I3 = Ya1Vi+Y3Vo +YasVa+ ... + Y50V,
and so on.

If the subscripts of the y —parameters are alike, such as y,;, y,, and so on, they are referred to
as driving—point admittances. If they are unlike, such as y,,, y,; and so on, they are referred to

as transfer admittances.
For a 2 — port network the y parameters are defined as

I = Y1V + YV

i) = YorVi+YpVs
In a 2-port network where the right port is short—circuited, that is, when v, = 0, the y,;
parameter is referred to as the short circuit input admittance. In other words,
Iy

Yiu = v,

v, =0

In a 2-port network where the left port is short—circuited, that is, when v, = 0, the y,

parameter is referred to as the short circuit transfer admittance. In other words,

In a 2-port network where the right port is short—circuited, that is, when v, = 0, the y,,

parameter is referred to as the short circuit transfer admittance. In other words,
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e In a 2-port network where the left port is short—circuited, that is, when v, = 0, the y,,

parameter is referred to as the short circuit output admittance. In other words,

e For a n—port network the z parameters are defined as

<
N
|

<
w
|

and so on.

If the subscripts of the z—parameters are alike, such as z,;, z,, and so on, they are referred to
as driving—point impedances. If they are unlike, such as z;,, z,; and so on, they are referred to

as transfer impedances.

For a 2 — port network the z parameters are defined as

In a 2-port network where the right port is open, that is, when i, = 0, the z,; parameter is

referred to as the open circuit input impedance. In other words,

In a 2-port network where the left port is open, that is, when i, = 0, the z,, parameter is

referred to as the open circuit transfer impedance. In other words,
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e Ina 2-port network where the right port is open, that is, when i, = 0, the z,, parameter is

referred to as the open circuit transfer impedance. In other words,

e Ina 2-port network where the left port is open, that is, when i, = 0, the z,, parameter is

referred to as the open circuit output impedance. In other words,

e A two—port network can also be described in terms of the h parameters with the equations
vy = hyiy +hppvy
iy = Nyiy +hyv,

e The h parameters represent an impedance, a voltage gain, a current gain, and an admittance.
For this reason they are called hybrid (different) parameters.

e Ina 2-port network where the right port is shorted, that is, when v, = 0, the h;; parameter

represents the input impedance of the two—port network. In other words,

Vi
hyj; = =

i

1 v, =0

e Ina 2-port network where the left port is open, that is, when i; = 0, the h,, parameter rep-
resents a voltage gain (or loss) in the two—port network. In other words,

Vi

h,, =
12
\Z

iy =0
e Ina 2-port network where the right port is shorted, that is, when v, = 0, the h,, parameter

represents a current gain (or loss). In other words,

v, =0

e Ina 2-port network where the left port is open, that is, when i; = 0, the h,, parameter rep-

resents an output admittance. In other words,
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L

hzz—v
2l

1=0

e A two—port network can also be described in terms of the g parameters with the equations
i1 = 011V1+010lp
Vo = G1V1+ Oy

e The g parameters, also known as inverse hybrid parameters, represent an admittance, a cur-
rent gain, a voltage gain and an impedance.

e In a 2-port network where the right port is open, that is, when i, = 0, the g,; parameter
represents the input admittance of the two—port network. In other words,
iy

9u1 = v,

ip=0
e Ina 2-port network where the left port is shorted, that is, when v; = 0, the g;, parameter
represents a current gain (or loss) in the two—port network. In other words,

i
9, =

v =0

e In a 2-port network where the right port is open, that is, when i, = 0, the g,; parameter

represents a voltage gain (or loss). In other words,

_ V2

921 =

vy

iy=0

e Ina 2-port network where the left port is shorted, that is, when v, = 0, the g,, parameter

represents an output impedance. In other words,

e The reciprocity theorem states that if a voltage applied in one branch of a linear, two—port pas-
sive network produces a certain current in any other branch of this network, the same voltage
applied in the second branch will produce the same current in the first branch. The reverse is
also true, that is, if current applied at one node produces a certain voltage at another, the same
current at the second node will produce the same voltage at the first.
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e A two—port network is said to be reciprocal if any of the following relationships exists.

Zyn = I
Yor = Yo
hy = —hy,
U921 = U1

e A two—port network is said to be symmetrical if any of the following relationships exists.
2y =17y and zyp =17y

Y1 =Y12 and Yy, =Yy
hoy =-hyp and hyjhyy —hyohy =1

921 =912 and 931855~ 912021 =1
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10.7 Exercises

1. For the network below find the z parameters.

MWy
10 Q

5Q 20 Q

2. For the network below find the y parameters.

MW
5Q

20 Q 15§2§

3. For the network below find the h parameters.

AAA
40

4. For the network below find the g parameters.

MWV
4Q
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5. The equations describing the h parameters can be used to represent the network below. This
network is a transistor equivalent circuit for the common—emitter configuration and the h
parameters given are typical values for such a circuit. Compute the voltage gain and current
gain for this network if a voltage source of v;= cosot mV in series with 800 Q is connected at

the input (left side), and a 5 KQ load is connected at the output (right side).

hy; (€2)
+— —i +
I
Vi hya vo <i> hay i1<l> g V2
1
hy, (2 7)
hy, = 2x10°°

hy, = 50x10° Q"
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10.8 Solutions to End-Of-Chapter Exercises

=
=
)
)
(e}
@)
<
N
Iy
|
[a]

. _(10+20) . _ 30 . _
5o = 510420yt =35 LT OTA

V, = Biso = 5x6/7 = 30/7V

o
[
(a)
s
()] -_—
()]
0 ©
\®]
()
@)
<
N

12:1A

. 20 . 20
50 = (2075+10)2 = 35 X1 TA

v1=5><§=20/7v

\Y
212=_—1=204=20/7Q

I
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v, MWV 1
i, =0
() \%1 5Q 20 Q Vo i2:O
11=1A
5 S

loo = mll = £X1=1/7A

V,=20x1=20/7V

7
v
221=i—2=¥=20/79
1
We observe that , ,
21 T ‘412

7. = V2 NN
27, + 10 Q +

i,=1A

i
]
<
R |
[9)]
)
3
@)
AMA
>
)
/

. (1045) . 15 .
we = 0410452 = 35 <1=TA

v, =20x3 =60/7V

\Y
222=_—1=604=60/7£2

I
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2.
S —i MW
1= —1,
Vil g : 50
:é 200 15Q short | v,=0
V1=1V i

Req = 51120 = 4

()
—/

V2=1V

15 Q
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Yoy = Ip/Vy = -1/5/1 = -1/5 Q"

We observe that

yzz—v_2 Pl
v;=0 :
' +
O
1
: V2:1V
i, = Vp/Req = 1/(51115) = 1/(75/20) = 4/15 A
Yop = i/V, = 4/15/1 = 4/15 Q"
3.
- NWY
v i
hn:i—1 g I 4 Q
Llv,=0 lio
D o3h o owd | |
p=1A short
. 4 . 4
g = (1+4)'1— 5><1_4/5A
Vi = 1Xijo =4/5V
v
1
NWY
v — i, ~———
hlzzv—; |1—0 + ll 4 Q + 2
i, =0 10
2 §IQ 6Q§V2 C)
V2:1V
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Vv
2 1 1 _11/30A

i:—: =
? Ry 6II(4+1) " 30/11

. 6 . 6 11
vV, = 1Xig = 1X(6+4+1)X|2 = 1><11><30 =1/5V

v . .
- h 15 4 (dimensionless)

Vs 1
i2 1 M -
hy = = ! 4 Q -
21 = I
1Q 60 V2=
L=1A short
) . 1
lp = Ty X i) = 5X () = -1/5 A
i _
hy = 2= =22 = -1/5
1
We observe that
h21:—h12
i 5 NWVY p—
2|1=O
v <10 6§2§V2
VZZIV
v
ip=-2=-—+=2 - _L _91/3A
R. 6l(4+1) 30/11

lp _ 11/30 _ 41,30 ot
Vv, 1
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10 = ¢

i — WAAAY
2 b 4Q i,=0
1|2=0
+> 2 % 1Q 6Q§
V1=1V _
_ v
ip=-t-—L1 1 _11/10A
Ry 1I(4+6)) 10/11
i _
911=V—11=—11110=11/1091
- » VWY T —
Iy 4 Q + 2
vy=0
v, = 0 1Q 6Q§V2 <>
short B ip=1A
i = _ﬁ__) iy =8
Il_(6+4( ) = =R A
i - . .
9 = i = % = —3/5 (dimensionless)
MVWY
v —
Va . 4 Q l ip=0
vy + +

V1=1V —_ -
\'

ip=-t-—2 __1 _1550A
Req LI(4+6) 10/11

V, = 6Xigg = 6X(1+i+6'%) =3/5V
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Vo 3/5

=< ====3/5
921 v, 1
We observe that
U1 = —0O12
MNVY
v B ly =——
gzz_i—2 Iy 4 Q _l+ 2
2lv, =0 60
short _ ib=1A
v2=6xi69=6x($xi2)=i—gx1=12/5V
Vv
gzz=i—2=&l/5=12/59
2
5.
We recall that

With the voltage source v;= cosmt mV in series with 800 Q connected at the input and a

5 KQ load connected at the output the network is as shown below.

800 © 1200 Q
— MWW MWV —
I +
C") 2x107%, <—> 50i, <l> %50 x10° Q"' Vv § 5000 Q
1/0° mV B

The network above is described by the equations

(800 + 1200)i, + 2 x 10V,

1
-
o

. -6 .
501, +50x 10 v i, = —=

o 2= 2% 5500
or

10-48 Circuit Analysis IT with MATLAB® Computing and Simulink®/SimPowerSystems® Modeling
Copyright © Orchard Publications



Solutions to End—0f—Chapter Exercises

-3

2x10%, +2x 107, = 10
50i, +2x 10", = 0
We write the two equations above in matrix form and use MATLAB for the solution.

A=[2*10"3 2*107(-4); 50 2*107(-4)]; B=[107(-3) 0]'; X=A\B;...
fprintf(' \n'); fprintf('il = %5.2e A \t',X(1)); fprintf('v2 = %5.2e V',X(2))

il = 5.13e-007 A v2 = -1.28e-001 V
Therefore,
i, = 0513 uA (3)
v, = ~128 mV (4)

Next, we use (1) and (2) to find the new values of v; and i,
v, = 1.2x10°x 0513 x10° + 2x 10 x (-128 x 10™°) = 0.59 mV

i, = 50x0513x 10 °+50x 10™° x (-128 x 10°) = 19.25 pA

The voltage gain is

\" _
G, = V2 cl8mV _

= =tV _ 717
v, 059mV

and the minus (-) sign indicates that the output voltage in 180° out—of-phase with the input.

The current gain is

G o=l _ 1925 pA _ ooc
' 70, T 0513 uA '

and the output current is in phase with the input.

The Simulink / SimPowerSystems model for this exercise is shown below.
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Continuous

powergui

5.128e-007

i

CM = Current Measurement

WM =Voltage Measurement
CWVS=Controlied Voltage Source

CCS=Controlied Current Source

&0

h21

CM 1

ﬂ-|—_1r'ﬂ‘u"
]
=

g00

24 ————————

e A AN e

h11

h12

h12 x w2

L

_| h21 x i1 2

4

e 5@'

[ l I‘I _
: 1 WM
CV3 " | cos % hzz X

10-50 Circuit Analysis IT with MATLAB® Computing and Simulink®/SimPowerSystems® Modeling

Copyright © Orchard Publications



Chapter 11

Balanced Three-Phase Systems

his chapter is an introduction to three—phase power systems. The advantages of three—
phase system operation are listed and computations of three phase systems are illustrated by
several examples.

11.1 Advantages of Three-Phase Systems

The circuits and networks we have discussed thus far are known as single—phase systems and can
be either DC or AC. We recall that AC is preferable to DC because voltage levels can be changed
by transformers. This allows more economical transmission and distribution. The flow of power in
a three—phase system is constant rather than pulsating. Three—phase motors and generators start
and run more smoothly since they have constant torque. They are also more economical.

11.2 Three-Phase Connections

Figure 11.1 shows three single AC series circuits where, for simplicity, we have assumed that the
internal impedance of the voltage sources and the wiring have been combined with the load

impedance. We also have assumed that the voltage sources are 120° out—of-phase, the load
impedances are the same, and thus the currents I, 1), and I have the same magnitude but are

120° out—of-phase with each other as shown in Figure 11.2.

+ + + +
va@ . zEi Vy @D z_ VC@D zc_

Figure 11.1. Three circuits with 120° out—of—phase voltage sources

o

Figure 11.2. Waveforms for three 120° out—phase currents
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o
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Chapter 11 Balanced Three—Phase Systems

Let us use a single wire for the return current of all three circuits as shown below. This arrange-
ment is known as four—wire, three—phase system.

|a+|b+|c

Figure 11.3. Four—wire, three—phase system

This arrangement shown in Figure 11.3 uses only 4 wires instead of the 6 wires shown in Figure
11.1. But now we must find the relative size of the common return wire that it would be sufficient
to carry all three currents 1 +1,+1_

We have assumed that the voltage sources are equal in magnitude and 120° apart, and the loads

are equal. Therefore, the currents will be balanced (equal in magnitude and 120° out-of phase).
These currents are shown in the phasor diagram of Figure 11.4.

&
Figure 11.4. Phasor diagram for three—phase balanced system

From figure 11.4 we observe that the sum of these currents, added vectorially, is zero.” Therefore,
under ideal (perfect balance) conditions, the common return wire carries no current at all. In a
practical situation, however, is not balanced exactly and the sum is not zero. But still it is quite
small and in a four-wire three—phase system the return wire is much smaller than the other three.

* This can also be proved using trigonometric identities, and also the MATLAB statement x=sin(t); y=sin(t—2.*pi./
3); z=sin(t—4.*pi./3); s=x+y+z
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Three—Phase Connections

Figure 11.5 shows a four-wire, three—phase Y —system where |V = |V, = |V, the three

d
loads are identical, and I, is the current in the neutral (fourth) wire.

— |
+l Vv cosot vV a
Z\ b
V,.cos(mt — 120°) V
, Voos( ) ~
| LD
b
ZLD
+[ V cos(ot-240°) vV
IC

|~

n

Figure 11.5. Four—wire, three—phase Y — system

A three—wire three-phase Y — system is shown in Figure11.6 where IV = [Vy = |V and the

d>
three loads are identical.

Vv cosot V a

+Vbcos((nt -120°) Vv

+T Vcos(ot —240°) V

— 1

Cc

Figure 11.6. Three—wire, three—phase Y — system

This arrangement shown in Figure 11.6 could be used only if all the three voltage sources are per-
fectly balanced, and if the three loads are perfectly balanced also. This, of course, is a physical
impossibility and therefore it is not used.

A three-wire three-phase A —load system is shown in Figure 11.7 where |V = |V = [V, and
the three loads are identical. We observe that while the voltage sources are connected as a
Y —system, the loads are connected as a A — system and hence the name A —load

The arrangement in Figure 11.7 offers the advantage that the A—connected loads need not be
accurately balanced. However, a A—connection with only three voltages is not used for safety rea-
sons, that is, it is a safety requirement to have a connection from the common point to the
ground.
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Chapter 11 Balanced Three—Phase Systems

\% aCOS(JJt \% a

Vcos(ot - 120°) V
+

— |
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V .cos(wt - 240°) V

— 1

Cc

Figure 11.7. Three—wire, three—phase A —10ad system

11.3 Transformer Connections in Three-Phase Systems

Three—phase power systems use transformers to raise or to lower voltage levels. A typical genera-
tor voltage, typically 13.2 KV, is stepped up to hundreds of kilovolts for transmission over long
distances. This voltage is then stepped down; for major distribution may be stepped down at a
voltage level anywhere between 15 KV to 50 KV, and for local distribution anywhere between
24 KV to 12 KV Finally, the electric utility companies furnish power to industrial and commer-
cial facilities at 480 V volts and 120 V and 240 V at residential areas. All voltage levels are in
RMS values.

Figure 11.8 shows a bank of three single phase transformers where the primary is A—connected,

while the secondary is Y —connected. This A —Y connection is typical of transformer installations
at generating stations.

1l
3e
1

1 4

Figure 11.8. Three single—phase transformers use in three—phase systems
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Line—to—Line and Line—to—Neutral Voltages and Currents

Figure 11.9 shows a single—phase three—wire system where the middle of the three wires is center—
tapped at the transformer secondary winding. As indicated, voltage between the outer wires is

240 V while voltage from either of the two wires to the centered (neutral) wire is 120 V. This
arrangement is used in residential areas.

‘ 120V
Neutral wire

S 1

240V 120V

Figure 11.9. 240/120 wvolt single phase three—wire system

Industrial facilities need three—phase power for three-phase motors. Three—phase motors run
smoother and have higher efficiency than single—phase motors. A Y — A connection is shown in
Figure 11.10 where the secondary provides 240 V three—phase power to the motor, and one of
the transformers of the secondary is center—tapped to provide 120 V to the lighting load.

Figure 11.10. Typical 3—phase distribution system

11.4 Line-to-Line and Line-to-Neutral Voltages and Currents

We assume that the perfectly balanced Y —connected load of Figure 11.11 is perfectly balanced,
that is, the three loads are identical. We also assume that the applied voltages are 120° out—of—
phase but they have the same magnitude; therefore there is no current flowing from point n to
the ground. The currents 1, 1, and I are referred to as the line currents and the currents I,
lpn» and I, as the phase currents. Obviously, in a Y —connected load, the line and phase currents

are the same.
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—.Ia a
‘Jab ZLp
T
Vo Vi Zip
| C
—

Figure 11.11. Perfectly balanced Y—connected load

Now, we consider the phasor diagram of Figure 11.12.
| c v\

I
Figure 11.12. Phasor diagram for Y—connected perfectly balanced load

If we choose |, as our reference, we have

| = 1,£0° (11.1)
lp = 1,£-120° (11.2)
I, = 1,£+120° (11.3)

These equations define the balance set of currents of positive phase sequence a—b—-c.

Next, we consider the voltages. Voltages V4, V., and V. are referred to as line—to—line voltages

and voltages V,, V|, and V, as phase voltages. We observe that in a Y —connected load, the

an’
line and phase voltages are not the same.

We will now derive the relationships between line and phase voltages in a Y —connected load.

Arbitrarily, we choose V, as our reference phase voltage. Then,

V=V, L0° (11.4)
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Line—to—Line and Line—to—Neutral Voltages and Currents

Vi, = Vgnd—120° (11.5)

n

Vg = Vgql+120° (11.6)

cn

These equations define a positive phase sequence a—b - c. These relationships are shown in Figure
\

11.13.
cn ‘\

Vi

Van
n
Figure 11.13. Phase voltages in a Y —connected perfectly balanced load

The Y —connected load in Figure 1.11 is repeated in Figure 11.14 below for convenience.

a
y o
b Zp
j A b [y
R e N (RS
VaC VbC Zi b
| 1 .
—

Figure 11.14. Y—connected load
From Figure 11.14

Vab = Van+vnb = Van—Vbn (11.7)
Vea=VentVia = Ven—Van (11.8)
VbC = Vbn+VnC = Vbn—vcn (11.9)

These can also be derived from the phasor diagram of Figure 11.15.
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Chapter 11 Balanced Three—Phase Systems

Figure 11.15. Phasor diagram for line—to—line and line—to—neutral voltages in Y load

From geometry and the law of sines we find that in a balanced three—phase, positive phase
sequence Y —connected load, the line and phase voltages are related as

Vg = 3V ,,£30°

Y — connected |oad

(11.10)

The other two line-to-line voltages can be easily obtained from the phasor diagram in Figure
11.15.

Now, let us consider a A —connected load shown in Figure 11.16.

— 15 a
T
Vab ‘ Zp
lab
1
‘ o — b o]
Vea Vie IZLD
[ l I Ipe

Figure 11.16. Line and phase currents in A —connected load

We observe that the line and phase voltages are the same, but the line and phase currents are not
the same. To find the relationship between the line and phase currents, we apply KCL at point a
and we obtain:
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Equivalent Y and A Loads

lap = latlca
or

=l (1L.11)
The line currents I, and | are derived similarly, and the phase—to-line current relationship in a

A —connected load is shown in the phasor diagram of Figure 11.17.

Ic
/A\
/

Ia /

Figure 11.17. Phasor diagram for line and phase currents in A—connected load

From geometry and the law of sines we find that a balanced three—phase, positive phase sequence
A —connected load, the line and phase currents are related as

I, = /3l,4,2-30°

A — connected load

(11.12)

The other two line currents can be easily obtained from the phasor diagram of Figure 11.17.

11.5 Equivalent Y and A Loads

In this section, we will establish the equivalence between the Y and A combinations shown in
Figure 11.18.
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A A

: 240

Figure 11.18. Equivalence for A and Y—connected loads

In the Y —connection, the impedance between terminals B and C is

Zoc v = Zp+ 2, (11.13)

and in the A—connection, the impedance between terminals B and C is Z, in parallel with the

sum Z,; + Z5, that is,

Zgc o = ZZ—Z(JrZ;JrZ;) (11.14)
1+ 4o+ 243
Equating (11.13) and (11.14) we obtain
7,427, = 224t %) (11.15)
Zi+Z,+2Z4

Similar equations for terminals AB and CA are derived by rotating the subscripts of (11.15) in a
cyclical manner. Then,

Z.(Z1+2Z,)
7 +7, = =271 72/ 11.16
attb = 7 7757, (11.16)
and 7 (747
7 17 = ZalZetZy (11.17)

C A Z,+Z,+2Z,
Equations (11.15) and (11.17) can be solved for Z, by adding (11.16) with (11.17), subtracting
(11.15) from this sum, and dividing by two. That is,

L Zo+ 220+ 2, 2,+2,Z 22,2+ 22+ 2, Z
22a+zb+zc — 1-3 ZZ 3 1-2 1-3 — 1-3 2-3 1-2 (1118)
1+ Zy+ 24 Zi+Z,+2Z4

11.1
Zi+Z,+2Z4 ( ?)

27, +Zp+Z,~ 2,2,
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Equivalent Y and A Loads

27.2
22 = b (11.20)
Zl+ZZ+Z3
z.Z
173 (11.21)

& Z v Z,+ 2,

Similar equations for Z,; and Z are derived by rotating the subscripts of (11.21) in a cyclical

manner. Thus, the three equations that allow us to change any A—connection of impedances into
a Y —connection are given by (11.22).

_ ZIZS
A Z,+Z,+2Z,
ZZZ3
b~ Z,+Z,+2, (11.22)
_ Z122
C Z,+Z,+2Z,

A—Y Conversion

Often, we wish to make the conversion in the opposite direction, that is, from Y to A.This con-
version is performed as follows:

Consider the Y and A combinations of Figure 11.8 repeated for convenience as Figure 11.19.

A 1
l1, AL
e %%,
C 7 B
2
SCRCUNCrE
C B (b)
/I; @ ‘IB\
Figure 11.19. Y and A loads
From Figure (a),
Vea = Zole=2Z,a (11.25)

Circuit Analysis IT with MATLAB® Computing and Simulink®/SimPowerSystems® Modeling 11-11
Copyright © Orchard Publications



Chapter 11 Balanced Three—Phase Systems

If we attempt to solve equations (11.23), (11.24) and (11.25) simultaneously, we will find that the
determinant A of these sets of equations is singular, that is, A = 0. This can be verified with Cra-
mer’s rule as follows:

ZJa—Zplg+0
0+Zplg~Z ¢

VAB
Ve (11.26)

Z, ~Z, 0
A=|0 2, -Z. =ZZpZ~ZZpZ+0+0+0+0 =0 (11.27)
-z, 0 Z,

This result suggests that the equations of (11.26) are not independent and therefore, no solution
exists. However, a solution can be found if, in addition to (11.23) through (11.25), we use the
equation

Iy +lg+lc =0 (11.28)
Solving (11.28) for |- we obtain:
lo = 1, —lg (11.29)
and by substitution into (11.25),
Ven = “Zda—Zelg—Zla = <2+ Z)Ia-Z 5 (11.30)

From (11.23) and (11.30),

(11.31)
(Zg+ Z)Ia-Zlg = Vea
and by Cramer’s rule,
D, D,
la == e =% (11.32)
where
Za _Zb
A = = -22.-2.7,-2,7, (11.33)
—(Za+ ZC) —ZC
and
Vaip Z
D= | "% P = ZVas+ZVen (11.34)
Vea ~Z¢
Then,
Dy ZVastZpVen | ZVaeZpVes (1135)
A= — = = .
A —ZaZb—ZbZC—ZCZa ZaZb+ ZbZC+ ZCZa
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Equivalent Y and A Loads

Similarly,
D ZVoe-Z N
lg= 2=_—2B8 "CAP (11.36)
A ZZp+ZpZ.+2.2,
and by substitution of 1, and |5 into (11.28),
Z\NV 2NV
b”CA —a BC (11.37)

IC =
L L+ Lyl +Z L,

Therefore, for the Y —connection which is repeated in Figure 11.20 for convenience, we have:

A
i
Za
C/®/
Z N

Figure 11.20. Currents in Y—connection
| ZNVpg—ZpVen
A
Z L+ 22 +Z.Z,
ZNg—Z.NV
lg = ——2 B2¢ ¢ AB (11.38)
ZZp+ZyZ.+Z.Z,
| ZVepa—Z Vac
c=
ZZp+ZyZ+Z.Z,

For the A—connection, which is also repeated in Figure 11.21 for convenience, the line currents
are:

Figure 11.21. Currents in A —connection
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Chapter 11 Balanced Three—Phase Systems

| = YaB_ Veca
ATz Z
3 1
Vge V
|, = —BC_"AB )
8= 7 "7, (11.39)
|- Vea Vec
c” z, z
1 2

Now, the sets of equations of (11.38) and (11.39) are equal if

ZVag=ZpVea _ Vag Vea (11.40)
ZZy+Z 2 +ZZ, Iy Z4
ZVec—ZcVas _Vec Vas (11.41)
ZZy+Zp Z +ZZ, I, Zg
ZpVea—ZVee _ Vea Vac (11.42)
Zolptipletlcly L1 2o
From (11.40)
7 Z
C — Zi and b = l (1143)
Lly+ Lyl +L Ly 3 Zalp*tZplc+Zela 4a
and from (11.41) Z
a _ 1 (11.44)
Z.Zp+2,2.+2.2, Z,
Rearranging, we obtain:
L _ 2o 22t 27,
L=
Zp
L _ Zan* 22t 22,
L _ 2o+ 22+ 22,
3 =
Ze

Y — A Conversion
.|
Example 11.1

For the circuit of Figure 11.22, use the Y — A conversion to find the currents in the various

. . *
branches as indicated.
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Equivalent Y and A Loads

60 Q

70 Q

Figure 11.22. Circuit (a) for Example 11.1
Solution:

Let us indicate the nodes as a, b, ¢, and d, and denote the 90 Q, 80 Q, and 50 Q resistances as
R,» Ry, and R, respectively as shown in Figure 11.23.

Figure 11.23. Circuit (b) for Example 11.1

Next, we replace the Y connection formed by a, b, ¢, and d with the equivalent A connection
shown in Figure 11.24.

a Iy
L 196Q & )
R,
(D R2§174g d
120 V R 00
314 Q
b I

Figure 11.24. Circuit (c) for Example 11.1

Now, with reference to the circuits of Figures 11.23 and 11.24, and the relations of (11.45), we
obtain:

* The subscripts are assigned to be consistent with those in the solution steps.
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R.R.+R.R.+R R
R, = ab b c™ ¢ a:90><80+80><50+50><90:1570021969
Rb 80 80

R. - RaRb + RbRC + RcRa _ 15700 174 O
2 R, 90

R.R.+R.R.+R R
_ab b''c ca=1557(;)O=314Q

Ry = =
c

Combination of parallel resistances in the circuit of Figure 11.24 yields

196X 60 _ o )

Rbd = 196+ 60
and R L 3XTO_
ad ~ 314+70

The circuit of Figure 11.24 reduces to the circuit in Figure 11.25.

a

Iy
46 Q
(j) ‘§174 Q ‘ d
120V I <o
b

Figure 11.25. Circuit (d) for Example 11.1

The circuit of Figure 11.25 can be further simplified as shown in Figure 11.26.

120V I I3

Figure 11.26. Circuit (e) for Example 11.1

From the circuit of Figure 11.26,
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Equivalent Y and A Loads

By addition of (11.46) and (11.47)

120
174

120
103

==— = 069 A

— =117 A

I, = I+ 15 = 069+ 117 = 1.86

(11.46)

(11.47)

(11.48)

To compute the other currents, we return to the circuit of Figure 11.25 which, for convenience, is
repeated as Figure 11.27 and it is denoted as Circuit (f).

a

120V

I

46 Q

C_f) ’§174§2 ‘ d

I

I3g 570

Figure 11.27. Circuit (f) for Example 11.1

b

For the circuit of Figure 11.27, by the voltage division expression

46

Vad = 46 + 57
57

Vb = 26+ 57

x 120

x 120

53.6 V

66.4 V

(11.49)

(11.50)

Next, we return to the circuit of Figure 11.24 which, for convenience, is repeated as Figure 11.28

and denoted as Circuit (g).

120V

a I4
[ 196 Q
1 96 60 Q
Ry
(t) R2§ 174 Q d
R
70 Q
314 Q
b I —

Figure 11.28. Circuit (g) for Example 11.1

From the circuit of figure 11.28,
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Chapter 11 Balanced Three—Phase Systems

v
I, = =20 - 386 _ g5 (11.51)
70 ~ 60
and v
lg= -0 - 864 _ gggn (11.52)
60 70

Finally, we return to the circuit of Figure 11.23 which, for convenience, is repeated as Figure

11.29 and denoted as Circuit (h).

Figure 11.29. Circuit (h) for Example 11.1
For the circuit of Figure 11.29, by KCL,

I, =1,-1, = 1.86-0.95 = 091 A (11.53)
lg = 1,~1g = 1.86-0.89 = 0.97 A (11.54)

and
lg = I5—1, = 0.89-0.95 = -0.06 A (11.55)

Of course, we could have found the branch currents with nodal or mesh analysis.

Quite often, the Y and A arrangements appear as shown in Figure 11.30 and they are referred to

as the tee (T) and pi (m) circuits. Consequently, the formulas we developed for the Y and A
arrangements can be used with the tee and 7 arrangements.

A—7, Zy—B A Zs B

Figure 11.30. T and T circuits
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Computation by Reduction to Single Phase

In communications theory, the T and 7t circuits are symmetrical, i.e., Z, = Z, and Z; = Z,.

11.6 Computation by Reduction to Single Phase

When we want to compute the voltages, currents, and power in a balanced three—phase system, it
is very convenient to use the Y —connection and work with one phase only. The other phases will
have corresponding quantities (voltage, current, and power) exactly the same except for a time
difference of 1/3 cycle. Thus, if current is found for phase a, the current in phase b will be 120°
out—of—phase but it will have the same magnitude as phase a. Likewise, phase ¢ will be 240°
out—of—phase with phase a.

If the load happens to be A—connected, we use the A — Y conversion shown in Figure 11.31 and
the equations (11.56) below.

Ip A
l A l Ip
Za
QA0 J—
N
o/ 2 B
2 AN C (b) @ B
Ic (a) =1 AN
c

Figure 11.31. A—Y conversion

_ le3
A Z,+Z,+2Z,
Z223
b Z,+Z,+ 2, (11.56)
_ ZIZZ
¢ Z,+Z,+2Z,4

A—Y Conversion
Since the system is assumed to be balanced, the loads are equal, that is, Z, = Z, = Z; and

Z,=2,=2.. Therefore, the first equation in (11.56) reduces to:

2
Z,Z z z
o= —213 1 _1 (11.57)
Z,+Z,+Z3 3Z, 3

and the same is true for the other phases.
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11.7 Three-Phase Power

We can compute the power in a single phase and then multiply by three to find the total power in
a three—phase system. Therefore, if a load is Y —connected, as in Figure 11.31 (b), the total three—
phase power is given by

Piotal = 3|VAN| |IA| cosf

(11.58)

Y — connected load

where V ,\ is the line—to—neutral voltage, |, is the line current, cos6 is the power factor of the load,

and 6 is the angle between V , and I, .

If the load is A—connected as in Figure 11.31 (a), the total three—phase power is given by

P

total

A — connected |oad

| = 3|VAB||IAB| cosH

(11.59)

We observe that relation (11.59) is given in terms of the line—to—neutral voltage and line current,
and relation (11.58) in terms of the line—to-line voltage and phase current.
Quite often, the line—to-line voltage and line current of a three—phase systems are given. In this

case, we substitute (11.12), i.e., |I| = J@|IAB| into (11.59) and we obtain

Piotal = “/é|VABHIA|CoseLD
Y or A —connected |load

(11.60)

[t is important to remember that the power factor cos8,  in (11.60) refers to the load, that is, the

angle 6 is not the angle between V5 and I, .

|
Example 11.2

The three—phase generator of Figure 11.32 supplies 100 kW at 0.9 lagging power factor to the
three—phase load. The line—to-line voltage at the load is 2400 V . The resistance of the line is 4 Q
per conductor and the inductance and capacitance are negligible. What line—to-line voltage must
the generator supply to the line?

Solution:

The load per phase at 0.9 pf is

%x 100 = 33.33 kW
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Three—Phase Power

Generator Load
(Y—connected) (Y—connected)

Figure 11.32. Circuit for Example 11.2

From (11.10),
V. = 3V, £30°

(11.61)
Y — connected |load
Then, the magnitude of the line-to—neutral at the load end is
J3 3
and the KV A per phase at the load is
KW/phase_ 33.33 _ 570 kvA (11.63)
pf 0.9
The line current in each of the three conductors is
line = —2A = 37000 _ 567 A (11.64)
‘Van Ioad| 1386
and the angle by which the line (or phase) current lags the phase voltage is
0 = cos '0.9 = 25.84° (11.65)

Next, let us assume that the line current in phase a lies on the real axis. Then, the phasor of the
line-to—neutral voltage at the load end is

\% = ‘Van‘ £25.84° = 1386(0s25.84° + jSin25.84°) = 1247 + j604 V (11.66)

an load
The voltage drop across a conductor is in phase with the line current since it resistive in nature.
Therefore,

v xR = 26.7x4 = 106.8 V (11.67)

cond = liine
Now, the phasor line—to—neutral voltage at the generator end is

v =V 1oad + V

an gen an loa q = 1247 +j604 + 106.8 = 1354 +j604 (11.68)

con

and its magnitude is

Van gen| = /1354° + 604" = 1483 V (11.69)
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Finally, the line-to-line voltage at the generator end is

Viine_tine gen| = ¥3%[Van gen| = ¥3% 1483 = 2569 V (11.70)

11.8 Instantaneous Power in Three-Phase Systems

A significant advantage of a three—power system is that the total power in a balanced three—phase
system is constant. This is proved as follows:

We assume that the load is purely resistive. Therefore, the voltage and current are always in—
phase with each other. Now, let V,; and I, be the peak (maximum) voltage and current respec-

tively, and |V| and |I| the magnitude of their RMS values. Then, the instantaneous voltage and
current in phase a are given by

vV, = V,cosot = /2|V|cosot (11.71)
i, = l,cosot = /2|l cosot (11.72)
Multiplication of (11.71) and (11.72) yields the instantaneous power, and using the trigonometric

identity
cos’ot = (cos2mt + 1)/2 (11.73)

we obtain

P, = V4, = 2VI[I[cos’ot = |V||I|(cos2ot + 1) (11.74)

The voltage and current in phase b are equal in magnitude to those in phase a but they are 120°
out—of-phase. Then,

v, = +/2|V|cos(wt - 120°) (11.75)
iy, = /2|l cos(wt - 120°) (11.76)
P = Vp- ib = 2|V||I|cosz(oat—120°) = |V||l|[ cos(2wt — 240°) + 1] (11.77)

Similarly, the power in phase c is

Pe = Verie = 2|V||I|cosz((ut—240°) = |V||l|[ cos(2wt — 480°) + 1] (11.78)

and the total instantaneous power is
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Ptotal = Pat Pp* Pc

(11.79)
= |V||l|[ cos2mt + cos(2mt — 240°) + cos(2mt — 480°) + 3]
Recalling that
COS(X —Y) = COSXCOSY + Sinxsiny (11.80)
we find that the sum of the three cosine terms in (11.79) is zero. Then,
= 3|V||I
Prota = 3VIIN (11.81)

Three - phase Balanced System

Therefore, the instantaneous total power is constant and it is equal three times the average power.

The proof can be extended to include any power factor; thus, (11.81) can be also expressed as

Piota = 3IVI[I|coso (11.82)

Example 11.3

Figure 11.33 shows a three—phase feeder with two loads; one consists of a bank of lamps con-
nected line—to neutral and the rating is given in the diagram; the other load is A—connected and
has the impedance shown. Find the current in the feeder lines and the total power absorbed by
the two loads.

220 Volts
| A (Line-to-Line)

Lamps - Resistive Load

L L Rated 500 Watts,
120 Volts each

DD

Zy

Z = 18+j80

Figure 11.33. Diagram for Example 11.3
Solution:

To facilitate the computations, we will reduce the given circuit to one phase (phase a) taken as
reference, i.e., at zero degrees, as shown in Figure 11.34.
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— + V| __ = 220£0°V
|l 1
VA L
z Vi
Y .
7 (Line-to-neutral)
L

T T

Figure 11.34. Single—phase representation of Figure 11.33

We first compute the impedance Z, . Using (11.56),

Zy _ 18+j80 _ 82£77.32
3 3 3

z, = = 27.33/77.32 Q

Next, we compute the lamp impedance Z .

Viae _ 120° _ 5050

500

Z|_' = RIamp = P

rated
The line-to-line voltage is given as V| | = 220 V; therefore, by (11.10), the line—to—-neutral
voltage V| _ is

Vi_L  220.0°

V| = = = 127.20°V
3 J3
For convenience, we indicate these values in Figure 11.34 which now is as shown in Figure 11.35.
— 1 N0 " °~~°-°-- +
Ia II I, IL‘
Zy V _n= 127200V
I "
Zy = 271.33£77.32 Z, = 288.0°

Figure 11.35. Diagram with computed values, Example 11.3

From Figure 11.35,

oo Yion _ _127./0°
£z, 213347132

= 4.65/-77.32 = 1.02-]4.54

and
_ Vi N 127200

I = = = 4.41,0° = 441
Z,  288.0°

Then,
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I,+1, = 1.02-j454+ 441 = 543-j4.54 = 7.08£-39.9°

and the power delivered by phase a is

Py = V| _y-la = 127x 7.08x coS(-39.9°) = 690 watts
Finally, the total power delivered to the entire load is three times of P, , that is,

Piota = 3% 690 = 2070 watts = 2.07 Kw

Check:
Each lamp is rated 120 V and 500 w but operates at 127 V. Thus, each lamp absorbs
Vv 2 p 2
(o) = o p = ()50 = 560 w
v rated Pr ated 120

and the power absorbed by the three lamps is

Plamps= 3% 560 = 1680 w

The voltage across each impedance Z in the A—connected load is (see Figure 11.33) 220 V.
Then, the current in each impedance Z is

Vioo 220

|, = —t=L = = 2.68£-77.32° A
18+)80 82/77.32

and the power absorbed by each impedance Z is
P=V,__|l,c0s0 = 220 x 2.68 x cos(-77.32°) = 129.4 watts
The total power absorbed by the A load is
P, = 3x129.4 = 388 watts

and the total power delivered to the two loads is

This value is in close agreement with the value on the previous page.

11.9 Measuring Three-Phase Power

A wattmeter is an instrument which measures power in watts or kilowatts. It is constructed with
two sets of coils, a current coil and a voltage coil where the interacting magnetic fields of these
coils produce a torque which is proportional to the V x| product. It would appear then that one
would need three wattmeters to measure the total power in a three—phase system. This is true in a
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four—wire system where the current in the neutral (fourth wire) is not zero. However, if the neu-
tral carries no current, it can be eliminated thereby reducing the system to a three—wire three—
phase system. In this section, we will show that the total power in a balanced three-wire, three
phase system can be measured with just two wattmeters.

. * .
Figure 11.36 shows three wattmeters connected to a Y load where each wattmeter has its cur-
rent coil connected in one line, and its potential coil from that line to neutral. With this arrange-
ment, Wattmeters 1, 2, and 3 measure power in phase a, b, and ¢ respectively.

T

-]

o

-]
r
1
1
1
1
1
1
1
1

-

1
1
1
1
1

I_LI_J

n

Wattmeter connections

Figure 11.36. Wattmeter connections in four—wire, three—phase system

Figure 11.37 shows a three—wire, three—phase system without a neutral. This arrangement occurs
in systems where the load, such as an induction motor, has only three terminals. The lower end of
the voltage coils can be connected to any reference point, say p. We will now show that with this
arrangement, the sum of the three wattmeters gives the correct total power even though the refer-
ence point was chosen as any reference point.

* If the load were A—connected, each wattmeter would have its current coil in one side of the A and its potential

coil from line to line.
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| Load

L1 [ [,

'Wattmeter connecuons

]
—'f

Figure 11.37. Wattmeter connections in three—wire, three—phase system

We recall that the average power P, is found from

ave
1¢' 1
Pae = Tjo pdt = Tjovudt (11.83)
Then, the total power absorbed by the load of Figure 11.36 is
¢t : :
Piota = '_F.[ (Vanla* Vonlp + Venl o) dt (11.84)
0

This is the true power absorbed by the load, not power indicated by the wattmeters.

Now, we will compute the total power indicated by the wattmeters. Each wattmeter measures the
average of the line current times the voltage to point p. Then,

Pyattmeters = j (Vapia* Voplp + Vepl o) (11.85)
But
Vap = Van+ Vip
Vip = Von* Vip (11.86)
Vep = Ven+ Vip

and by substitution of these into (11.85), we obtain:

Puattmeters = j [(Vania* Vonib * Venic) + Vaplia+ip+ig)ldt (11.87)

d .
AR snee i +ip+i, =0 (11.88)
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then (11.87) reduces to

1¢7 : .
Puatimeters = ;IO (Vania+ Vinip + Veni o) dt (11.89)

This relation is the same as (11.84); therefore, the power indicated by the wattmeters and the true
power absorbed by the load are the same.

Some thought about the location of the arbitrarily selected point p would reveal a very interesting
result. No matter where this point is located, the power relation (11.87) reduces to (11.89). Sup-
pose that we locate point p on line c. If we do this, the voltage coil of Wattmeter 3 is zero and
thus the reading of this wattmeter is zero. Accordingly, we can remove this wattmeter and still
obtain the true power with just Wattmeters 1 and 2 as shown in Figure 11.38.

_________

C

|
|
|
|
|
'Wattmeter connections

|
L — - — — - — — — — a

Figure 11.38. Two wattmeter method of reading three—phase power

11.10 Practical Three-Phase Transformer Connections

The four possible transformer connections and their applications are listed below.
The A-A connection isused in certain industria applications.

The A-Y connection is the most common and it is used in both commercial and industrial

applications.

The Y-A connection used for transmissions of high voltage power.

The Y-Y connection causes harmonics and balancing problems and thusisto be avoided.

If three phase transformation is needed and a three phase transformer of the proper size and turns
ratio is not available, three single phase transformers can be connected to form a three phase
bank. When three single phase transformers are used to make a three phase transformer bank,
their primary and secondary windings are connected in a Y or A connection. The three trans-
former windings in Figure 11.39 are labeled H1 and the other end is labeled H2. One end of each
secondary lead is labeled X1 and the other end is labeled X2.
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Figure 11.39. Primary and secondary leads labels in a transformer

11.11 Transformers Operated in Open A Configuration

In certain applications where large amounts of power are not required, the open A configuration
is a viable alternative. The solution of Exercise 11.9 at the end of this chapter show that the input
line currents form a symmetrical three—phase set and thus two transformers can also be used for a
symmetrical three—phase system.

If in a closed A configuration one of the transformers is burnt out resulting in an open A configu-
ration, the transformer bank KV A rating is reduced to about 58% of its original capacity. This is
because in the open A configuration the line currents become phase currents and thus they are
reduced to Ipyase = I ne/(+/3) = 0577 -1 ,\g- For instance, if three 100 KVA transformers

were connected to form a closed A connection, the total output would be 300 KVA . If one of
these transformers were removed and the transformer bank operated as an open delta connec-
tion, the output power would be reduced to 57.7% of its original capacity, that is,

300 KVA x 0577 = 173.2 KVA.

If, in a bank o three transformers connected in A is burnt out and no replacement is readily avail-
able, capacitors with the proper rating can be used to prevent overloading as illustrated with
Example 11.4 below.

|
Example 11.4

A bank of three 13200/4160V transformers each rated 833 KVA, 60 Hz connected in A-A,
feeds a short distribution line that is terminated in a bank of three 833 KVA, 4160/ 480V trans-
formers with a 1600 KVA, and 0.8 pf lagging load.
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a. If one of the 13200/ 4160V transformers burns out, what would the voltage, current, and rat-
ing of capacitors on the secondary side of the 4160/480V transformers be to prevent over-
loading of any of the transformers?

b. What would the capacitor ratings be if installed at the 480V side and what would the current
be through this capacitor bank?

c. What would the capacitor ratings be if installed at the 4160 V side and what would the cur-
rent be through this capacitor bank?

Assume that line and transformer impedances are negligible.

Solution:

a. With the assumption that the line and transformer impedances are negligible, the open A con-
nection still forms a balanced symmetrical system.”

The rated current per transformer at 13200 V is

_ 833 KVA

'rated = 13.2 KV

= 631A (1)

With the open A connection the 1600 KVA at 0.8 pf lagging load, the new KV A rating is
1600/ ./3 = 923.8 KVA , and the actual current per transformer is

_ 923.8 KVA

lactual = 135Ky

=70A (2

The reduction in KVA is found from the proportion of (1) and (2) above, i.e.,

-6—361'>< 1600 = 1443 KVA

The real power Py, (kilowatts) at 0.8 pf lagging load is

Py, = 1600x 0.8 = 1280 Kw

and without capacitors the reactive power Qo1 (kilovars) is

Quvart = KVAZ 4= Phy, = +/1600° - 12807 = 960 Kvar

With capacitors the reactive power Q4o (kilovars) will be

*  This is tllustrated in Exercise 11.9 at the end of this chapter.
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Quvarz = KVAZ, — Pl = /14437 1280° = 666 Kvar
Therefore, the Kvar required to prevent overloading should be

Quvart — Quvary = 960666 = 294 = 300 Kvar

b. For installation at the 480V side, three single—phase capacitors each rated 100 Kvar will be
required, and the current through this capacitor bank must be 100/0.480 = 208 A per phase.

c. For installation at the 13200 V side, three single—phase capacitors each rated 100 Kvar will
be required, and the current through this capacitor bank must be 100/13.2 = 24 A per phase.

11.12 Three-Phase Systems Modeling with Simulink / SimPowerSystems

The MathWorks Simulink / SimPowerSystems toolbox includes several three—phase transformer
and they can be used with three—phase system models that include three—phase transformers.
Two of these are shown in Figure 11.40 below.

oAl 2+ Iﬂ —I
o A1§ gAZ ln TA a |“
e M 120,
OBl B2 Iﬂ |
o mg gmln Y9 Y Cln
o cz2pF Three-Phase
Three-Phase Transformer Transformer
12 Terminals (Two Windings)

Figure 11.40. Two of the three—phase transformer blocks included in the Simulink / SimPowerSystems toolbox

Example 11.5

For the circuit in Figure 11.41, the three-phase transformer bank consists of three transformers
each rated 5 KVA, 440/208V, 60 Hz connected A-Y connection, and the lighting load is bal-
anced. Each lamp is rated 500 w at 120 V. Assume that each lamp draws rated current. The
three—phase motor draws 5.0 Kw at a power factor of 0.8 lagging. The secondary of the trans-
former is connected Y grounded and provides balanced 208 V line-to-line. The distance

between the transformer and the loads is small and the wiring resistance and inductance can be
neglected. The input voltages are:
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A

¢

Figure 11.41. Three—phase circuit for Example 11.5

Create a Simulink / SimPowerSystems model to display all voltages and currents.

Solution:

The model is shown in Figure 11.42.

VM = Voltage Measurement
. :" vi—P L] 9
C ontinuous 3-Phase V-1 = Three-Phase V-l Measurement
VM 1 Scope 1
powergui |:|
1
A - - Vabc 1 Scope 2
labc 1
c A Y3 ¢ c | C
3-Phase 3-Phase V-1 1 Load 1
Transformer 3-ph motor
(Two Windings)
Vabc 1 ‘| Scope 3
30 |3 — P
labc 1
Vs Multimeter L a | A
i i i o4l
Vsl—480V@0deg ¢
Vs2 =480V @ -120 deg Load 2
Vs3 =480 V @ +120 deg 3-Phase V-1 2 Lighting

Figure 11.42. Simulink / SimPowerSystems model for the three—phase circuit in Figure 11.41
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For the model in Figure 11.42, the default integration algorithm ode45 was changed to odetb23.
This is done with Simulation>Configuration Parameters>Solver>odetb23.

The dialog box is configured as shown in Figure 11.43, and the dialog box for is shown in Figure

11.44.

Configuration | Parameters I Advanced |

Winding 1 connection (ABC terminals): [DEHE Dy - ]

Winding 2 connection (abc terminals) : ["r'g - ]

[ saturable core

Measurements [.ﬁ.ll measurements (V I Fluxes) - ]

Figure 11.43. Block Parameters 3-Phase Transformer — Configuration tab

| Configuration Parameters Advanced |

Units |pu -

Mominal power and frequency [Pn(va) , fmHz) ]
[ 15¢3,60]

Winding 1 parameters [ V1 Ph-Ph(vrms) , R1(pu) , L1(pu) ]
[ 480, 0.002, 0.08]

Winding 2 parameters [ V2 Ph-Ph(vrms) , R2(pu) , L2(pu) ]
[208,0.002, 0.08 ]

Magnetization resistance Rm {pu)

200

Magnetization reactance Lm (pu)
150

Saturation characteristic [i1, phil; iZ2, phi2; ... ] {pu)
[0,0:0.0024,1.2; 1.0,1.52]

Initial fluxes [ phida , philB , phioC ] (pu):

[0.0013751598071908 0.000972437502405849 0.000402722004633157]

Figure 11.44. Block Parameters 3-Phase Transformer — Parameters tab

Circuit Analysis IT with MATLAB® Computing and Simulink®/SimPowerSystems® Modeling 11-33
Copyright © Orchard Publications



Chapter 11 Balanced Three—Phase Systems

For the remaining blocks, the Measurement parameter has been set to Voltage, Current. Voltage
and Current, or All Measurements (V-I) fluxes (indicated in Figure 11.43), and the Multimeter
block in Figure 11.42 indicates that 30 measurements will be displayed when selected in the Mul-
timeter block dialog box shown in Figure 11.45.

B Cir_I_Fig_11_42/Multimeter = | B
Help o
Available Measurerments melected Measurements
Tan: Three-Phase Parallel EBLT Li . Tan: Three-Phase Parallel BLC Le ,
Ubn: Three-Phase Parallel ERLC Le¢ Ubn: Three-Phase Parallel EBLC L¢
Ucn: Three—-Phase Parallel RLC Le Uecn: Three-Phase Parallel RBLC Le
Tag: Three-Pha=ze Parallel ERLZ Le | Uag: Three-Phase Parallel ELC Ly
Thg: Three-Phase Parallel EBLEZ Le EE Ubg: Three-Phase Parallel ELC Le
Teg: Three—-Pha=ze Parallel EBLE Le Ucg: Three-Phase Parallel PLC Ly
Uab wl: 3-Phase Transformer (Tuw: Uab wl: 3-Phase Transformer (Tun
Ubec wl: 3-Phase Transformer (Tuwe Ubc _wl: 3-FPhase Transformer (T
Uza wl: 3-Phase Transformer (Tuwe Uca wl: 3-Phase Transformer (T
Uag wi: 3-Phase Transformer (Tuw Uag wZ: 3-FPhase Transformer (T
Ubg wZ: 3-Phase Transformer (qu=_| U |Uhg_w2: 3-Phase Transformer (Turd_
Tog wZ: 3-Phase Transformer (Twe p Ucg wi: 3-Phase Transformer (Tu™
U=zre: ACZ Voltage SourceZ U=sre: AC Voltage Sourcel
TU=zre: AZ Voltage Sourcel |Usrc: AC Valtage Sourcez
U=zre: AZ Voltage Source Down U=srec: ACD Toltage Source

Ian: Three-Phase Parallel RLC Lt Ian: Three-Phase Parallel EBLC Lif
Ibn: Three-Phase Parallel RBLC L¢ Ibn: Three-Phase Parallel RBLC Ly

Icn: Three—-Phase Parallel BLC Le |Hem°ve|lcn: Three-Phase Parallel PBLC Ly
Tag: Three-Phase Parallel BLC Le Iag: Three-Phase Parallel BLC Ly
Ibg: Three-Phase Parallel RLC Ly ke Ibg: Three-Phase Parallel BLC Li
Icyg: Three—-Phase Parallel BLC Lo Teg: Three—-Phase Parallel BLC L
Iab wl: 3-Phase Transformer (T Iab wl: 3-Phase Transformer (Tum
Ibe wl: 3-Phase Transformer (T Ibe wl: 3-Phase Transformer (Tum
Ica wl: 3-Phase Transformer (T Ica wl: 3-Phase Transformer (Tum
Tag wZ: 3-Phase Transformer (Tw: Tag wi: 3-Phase Transformer (Tun _
- 3P ek P Pt 8 N e jal S i Tlhor vrT= P Tmmes T oo fmvmame T

4 111 b 4 1 k

@ Plot selected measurements

m| i Complex Close |

Figure 11.45. The Multimeter block dialog box

The SimPowerSystems powerlib/Electrical Sources library includes the Three-Phase Source
block shown in Figure 11.46.

Ao

iZ|o

Three-Fhase Source

Figure 11.46. The SimPowerSystems Three—Phase Source block
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This block is a balanced three—phase voltage source with an internal R-L impedance. It allows us
to specify the source internal resistance and inductance either directly by entering R and L values

or indirectly by specifying the source inductive short-circuit level” and X/R ratio. More details are
provided in the Help menu for this block, and an example is provided by The MathWorks. It can
be accessed by typing power_3phseriescomp at the MATLAB prompt.

Another three—phase voltage source block is the Three-Phase Programmable Voltage Source
shown in Figure 11.47. This three—phase voltage source allows variation for the amplitude, phase,
or frequency of the fundamental component of the source. Positive, negative, and zero sequences

are discussed in Chapter 12.
A
+
ol @— E|o
c

Three-Phase
Programmable
Yoltage Source

Figure 11.47. The SimPowerSystems Three—Phase Programmable Voltage Source block

More details are provided in the Help menu for this block, and an example is provided by The
MathWorks. It can be accessed by typing power_3phsignalseq at the MATLAB prompt.

*  The short-circuit level is a function of the transformer rated VA, the rated secondary voltage, and the trans-

former impedance in percent. These parameters are provided by the transformer manufacturer. It is computed

0,
from the relation 1g; = (52X VA)/(JBx Vo). Thus, for a 100KVA, 2300113800V, Z=7% trans-
ormer, the short-circuit level will be 10, 109, (/3% 13.8%x10%) = 558 A
75
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11.13 Summary

e AC s preferable to DC because voltage levels can be changed by transformers. This allows more
economical transmission and distribution.

e The flow of power in a three—phase system is constant rather than pulsating. Three—phase
motors and generators start and run more smoothly since they have constant torque. They are
also more economical.

e If the voltage sources are equal in magnitude and 120° apart, and the loads are also equal, the
currents will be balanced (equal in magnitude and 120° out—of—phase).

e Industrial facilities need three—phase power for three—phase motors. Three—phase motors run
smoother and have higher efficiency than single-phase motors.

e The equations I, = 1,£0°, I, = 1,£-120°, |, = |1,£+120° define a balanced set of currents of

positive phase sequence a-b-c.

e The equations V_, = V_,£0°, V=V £-120°, and V , = V_,,£+120° also define a bal-

anced set of voltages of positive phase sequence a—b-c.

e Ina Y —connected system
Vg = W3V, ,£30°

e Ina Y —connected load, the line and phase currents are the same.

e In a A—connected system
I, = /3 4,£-30°

e In a A—connected load, the line and phase voltages are the same.

e For A—> Y Conversion we use the relations

— le3 — ZZZ3 7 = leZ
& 2 +Z,+7Z, b 7, +Z,+2Z, ¢ Z,+Z,+Z,

e For Y - A Conversion we use the relations
_ZZovZZe+ 22y Zlyt Ll ZZ, o ZZptZZc+ 22,
= , = 3 =

Z, z z

a

Zy

Cc

e When we want to compute the voltages, currents, and power in a balanced three—phase system,
it is very convenient to use the Y —connection and work with one phase only.
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e Ifaloadis Y —connected, the total three—phase power is given by

ProTaL = 3|VAN||IA| cosH

Y — connected |oad

e If the load is A—connected the total three—phase power is given by

ProtaL = 3[Vag|lag|coso

A — connected |oad

e For any load (Y or A - connected) the total three—phase power can be computed from

ProtaL = “/§’|VAB||IA|COSGLD
Y or A —connected load

and it is important to remember that the power factor cos6,  refers to the load, that is, the

angle 6 is not the angle between Vg and 1, .
e Three—phase power can be measured with only two wattmeters.

¢ In a three-phase system, the A—A connection is preferred in certain industrial applications, the
A-Y connection is the most common and it is used in both commercial and industrial
applications, the Y-A connection used for transmissions of high voltage power, but the Y-Y
connection causes harmonics and balancing problems and it is to be avoided.

e If a three-phase transformation is needed and a three phase transformer of the proper size and

turns ratio is not available, three single phase transformers can be connected to form a three
phase bank.

e A symmetrical three—phase system can also be formed with two transformers.

e If one of these transformers were removed and the transformer bank operated as an open delta
connection, the output power would be reduced to 57.7% of its original capacity. To restore
the system to its original capacity, capacitors can be added to the system.

e The MathWorks Simulink / SimPowerSystems toolbox includes several three—phase trans-

former and they can be used with three—phase system models that include three—phase trans-
formers.
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11.14 Exercises

1. In the circuit below the line-to-line voltage is 100 V, the phase sequence is a— b - c, and each
Z = 10£30°. Compute:

a. the total power absorbed by the three—phase load.

b. the wattmeter reading.

b N
Wattmetej

O

C

2. Three single—phase transformers are connected A — Y as shown below. Each transformer is
rated 100 KVA , 2300/13800 V RMS, 60 Hz. The total three-phase load L is 270 KVA with
pf = 0.866 lagging. The input voltages are:

Vag = 2300£0° Vg = 2300/-120° Vi, = 2300£120°

Find all voltages and currents assuming that the transformers are ideal, and the line~to-neu-
tral voltages on the secondary are in phase with the input voltages.

A

O

3. In the circuit below the lighting load is balanced. Each lamp is rated 500 w at 120 V. Assume
constant resistance, that is, each lamp will draw rated current. The three—phase motor draws
5.0 Kw at a power factor of 0.8 lagging. The secondary of the transformer provides balanced
208 V line—to-line. The load is located 1500 feet from the three—phase transformer. The resis-
tance and inductive reactance of the distribution line is 0.403 Q and 0.143 Q respectively per
1000 ft of the wire line. Compute line—to-line and line—to—neutral voltages at the load.
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R

4. A three—phase motor and a single-phase motor are connected in a three—phase 208 volt,
60 Hz phase distribution system with neutral. The single-phase motor is connected between
line ¢ and the neutral, and there is no neutral connection for the three—phase motor. The
phase sequence is a-b-c.

The three—phase motor is rated 15 hp, 208 volts, 1740 rpm, 87% efficiency , and 0.866 pf .

The single—phase motor is rated 3.5 hp, 115 volts, 1750 rpm, 85% efficiency, and 0.8 pf .
How much current flows in each line and in the neutral when both motors are operating with

full loads?

5. Three—phase power of 1 Mw is to be delivered over a distance of 100 miles to a Y —connected
load whose power factor is 0.80 lagging. The operating frequency is 60 Hz and each line has a
30 Q resistance and 30 mH inductance. The generator at the sending end is also Y —con-
nected.

What must the line—to-line voltages be at the sending end if the corresponding voltages at the
load are to be 20,000 V in magnitude?

6. A three—phase transmission line 20 miles long has a resistance of 0.6 Q per mile of conductor
and a reactance of 0.27 Q per mile of conductor at 60 Hz. The transmission line delivers
1000 Kw to a Y —connected inductive load at a power factor of 0.80. The potential difference
between line conductors at the load is 11000 V .

a. Calculate the potential difference between line conductors at the input end of the line.

b. Calculate the total rating in KV A of a bank of capacitors placed at the input of the line that
will increase the power factor at that point to 0.90 lagging.

7. A potential difference of 66000 V is impressed between the conductors of a three-wire trans-
mission line at its generator end. Each line conductor has an impedance of 80+j60 Q. The
load is Y —connected and the power absorbed by this load is 1000 Kw at a lagging power factor
of 0.80. Calculate the potential difference between conductors at the load.
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8. Each conductor of a three—phase, three—wire transmission line has an impedance of 15+j20 Q
at 60 Hz. The potential difference between line conductors is 13200 V . The load connected to
this system is balanced and absorbs 1000 Kw at a lagging power factor that is to be determined.
The current per conductor is 70 A . Find:

a. the efficiency of transmission
b. the potential difference between line conductors at the load
c. the power factor at the load

9. Two transformers, each rated 20 KVA, 440/ 220 V, 60 Hz, are connected in open A config-

uration as shown below. Each load R, is a resistive load of 1.27 Q. The input voltages are:

Vg = 440£0° V Vgc = 440£-120° V Vea = 440£120° V

R,

A < LD
n
B
C
a
Rip
Rip

Assuming that the primary and secondary voltages are in phase, and the transformers are

ideal, find:
a. the voltages on the secondary

b. all currents
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11.15 Solutions to End-of-Chapter Exercises
1.

Wattmete

~ T_ _
Fé/

G

From the circuit above

_ Vap _ 100£0°

/\/é
., = = = 10/-30° = 1 -j10x = -
ab > 10,30° 0£-30 0x == jOX = 5./3-j5

2

V o
| = ~ca_ 100£-240° _ 1, 5790 = 10,90° = j10
ca~ "z 10/30°

I, =141 =5+/3-j5-j10 = 5/3-j15

and with MATLAB,

x=5*sqrt(3)-15j; fprintf(' \n');...
fprintf('mag = %5.2f A \t', abs(x)); fprintf('phase = %5.2f deg’, angle(x)*180/pi)

mag = 17.32 A phase = -60.00 deg
= 1732 A

The phase sequence a— b —c implies the phase diagram below.

From (11.59)
Protal = ~/3|V g/l {(10ad pf)
= /3x100x 17.32 x cos30° = 2, 598 w

b.
The wattmeter reads the product V4, x|, where I is 240° behind I, as shown on the phasor

diagram below. Thus, the wattmeter reading is

P

wattmeter

= Vx|, = 100£0° x 10./3 x cos(- 60° — 240°)
100 x 17.32 x cos(~300°) = 866 W
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Ve, = 100£-240°

Vg = 100£0°

Vi = 100£-120°

and, as expected, this value is one—third of the total power.

2.
Vag = 2300£0° Vg = 2300£-120° Vi, = 2300£120°
A a
n
B
C

Since the transformers are ideal, and the line-to—neutral voltages on the secondary are in
phase with the input voltages, the line—to—neutral voltages on the secondary are:

V,, = 13800£0° V. = 13800£-120°  V_, = 13800£120°

With reference to the phase diagram below, the line—to-line voltages on the secondary are:
13800£0° - 13800£-120° = 23900£30°

13800£-120° — 13800£-60° = 23900£-90°

13800£120° - 13800£180° = 23900£150°

Vab = Van—Vobn
Ve = Von— Ven

C

Vea= Ven—Van
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\Y/

Vbc

For the above complex number operations and the others below, it is convenient to use the

Simulink model below.”

13800 » 1.38e+004

] > 2.39e+004
Polar to > 0 >
Cartesian ]L
Cartesian to 0.5236
13800 N
L > 6900 Polar
[z >
-2*pil3 I:O'afto p|[ -1.195e+004 K=180/pi *
Cartesianl > =1aUip

Gain

The magnitude of the line currents on the secondary is determined by the current drawn by
the load, that is, total three—phase load divided by 3, 270 KVA/3 = 90 KVA, and thus

The load power factor is 0.866 lagging and since pf = cos® = 0.866, 0 = cos '0.866 = 30°,

and therefore the currents on the secondary lag the line-to—neutral voltages by 30°. Then,

I 6.5220° - 30° = 6.52/-30°

na
| = 6.52/-120°—30° = 6.52./~150°
e = 6.52£120° ~30° = 652./90°

*  For the description of the Stmulink blocks used in the model above, please consult The MathWorks, Inc. docu-
mentation, or refer to Introduction to Simulink with Engineering Applications, ISBN 978—1-934404—09-06.
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To find the values of the currents on the primary side, we make us of the transformers turns
ratio, that is, a = 2300/13800 = 1/6. Then,

lgc = (1/8) -1, = 39./-150°
lea = (1/a) -1 = 39.£90°

With reference to the phase diagram below, the input line currents are:
= 39/£-30° - 39£90° = 67.6£-60°
= 39/£-150° - 39/-30° = 67.6£180°
= 39./90° - 39/-150° = 67.6£60°

lp = IAB_ICA
lg = lgc—las

lc = lca—lgc

_Ica

3.
The single—phase equivalent circuit is shown below where

R = 0.403 ©/1000 ft x 1500 ft = 0.605 Q

X, = 0.143 ©/1000 ft x 1500 ft = 0.215 Q

and thus .
Z = 0.605+0.215
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’ 1500 ft
:r——F\: _____ J S(l_j: Itotal
AT ————
| losse 021501z, | amp
V= 208/.4/3£0°V M) y M = Viead
= 120.0° V 417 A 417 A 5,3 Kw
| <L L Losypf
Also, P
IIampl = I|amp2 = Vrated = ?2‘8 =417 A

rated

We recall that for a single phase system the real power is given by
Prea = [Vrum||lrms|c0SO

where cos0 = pf

Then, we find the motor current |, in terms of the motor voltage V,, as

Il = 5000/3 _ 2083
M 08[Vy|  |Vul

and since cos 0.8 = —36.9° (lagging pf), the motor current Iy is expressed as

1, = 228/ 369° = -1 (1666-j1251)
VM VM

The total current is

lotal = Namps+ Hamp2 + Iyt = 2X 417+ \—/1—(1666—j1251) - \—/1—(8.34VM + 1666 - j1251)
M M
and the voltage drop across the 1500 ft line is

Viine = lota * Ziine = ViM(e.?AvM +1666 —j1251) - (0.605 +j0.215)

- Vi(5.05vM +]1.79V,, + 1008 + }358.2 — | 756.9 + 269.0)
M

= ViM[(s.ova +1277) +j(1.79V,, - 398.7)]

Next,
V,, = 120£0° = V,, .+ V,, = Vi[(s.ova +1277) +](L79V,, - 398.7)] + V,,
M
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or
120V,, = [(5.05V,, + 1277) +](1.79V,, - 398.7)] + V ;

or
Vi - (114.95-j1.79)V,, + (1277 -j398.7) = 0

We solve this quadratic equation with the following MATLAB script:
p=[1 114.95-1.79] 1277-398.7]]; roots(p)

ans =

1.0e+002 *

1.0260 + 0.0238i

0.1235 - 0.0417i
Then, Vy; = 102.6+(2.39 = 102.63/1.33° and V,,, = 12.35-j4.17 = 134/-1866°. Of
these, the value of V,, is unrealistic and thus it is rejected. The positive phase angle in V,; is

a result of the fact that a motor is an inductive load. But since an inductive load has a lagging
power factor, we denote this line—to neutral of line-to—ground voltage with a negative angle,
that is,

Vi = Vjgag = 102.63/-1.33° V

The magnitude of the line-to-line voltage is

IV,_|| = ¥3%x V), = J3x102.63 = 177.76 V

a

—la

e

-

—

For the three—phase motor, the power is computed from the relation
P = 3|V ||l c0s6, pn

where cos6|  is the load power factor, and n is the efficiency. Solving for the magnitude of the
line current I, we obtain

P 15x 746

‘Ial = = =412A
3V | c0sB pn  +/3-208-0.866-0.87
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Next, let us refer to the phasor diagram below where we have chosen Vv, as the reference

phase voltage. Then,

V,, = 120£0°
Vi = 120£-120°
V,, = 120£120°

as shown in the phasor diagram below. The position of the phase current I in the phasor dia-

gram is determined by the load power factor cos, , = 0.866 from which 6 = —-30° where the
negative sign stems from the fact that the power factor is lagging. Therefore,

ly = 41.2£-30°
I, = 41.2/-150°
', = 41.2/90°

v Ve
For the single-phase motor, the magnitude of the current I"¢ is computed from the relation

3.5x 746

I = 22X _ _ 3344
115-0.8-0.85

and since cos6', , = 0.8 lagging, 8' = -36.9° and since I"¢ is a component of the line current

I, which is 120° out-of-phase with the line current 1, it follows that

I"c = 33.4£-36.9° x L120° = 33.44£83.1°A
and
| = I'C+ I"c = 41.2/90° + 33.4/83.1° = j41.2+4+j33.1 = 4+)74.3 = 74.4/87°

C
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5. Since the system is balanced, we can find the solution treating it as a single—phase system as
shown below.

~— - 100 miles —
J— IL 1 R L
VW
T 130 Q 30 mH: T
A E 0.8 pf
@Vsn 2L Vin| Z | Tagging
| | | 1 Mw

We let:

Vg, = Voltage to neutral at sending end
jX = j2rnfL = j2nx60x 0.03 = 11.31 Q
Z, = R+jX =30+j11.31 Q

0 = power factor angle = cos 10.80

V., = Voltage to neutral at receiving end = 20, 000/./3 = 11,547 V

= 10°

J3V| _ cosd  /3x 20,000x 0.8

1] = = 36.1A

Then, . .
Z/ 1 +V,, = (30+]11.31)(36.1)(0.8-j0.6) + 11, 547

12658 — 323 = 12662./-1.5° V

sn —

That is, the magnitude of voltage to neutral at the sending end is 12662 V , and the line-to-line

voltages are
V|| = £3x12662= 22,000 V

The phasor diagram below shows the relevant voltages and currents. The angle of V, is very

small and it is neglected.

Vm Vsn
\{? NA
I RIL ™t
L
6.
a. The line current I,  is
P _ 1000 x 1000

= 656 A

| = =
W BV pf /3x11000% 0.8
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The line resistance R; and the line reactance X, for the entire length of 20 miles are

R, =20x06 =12 Q X, =20x027 =54 Q

and thus the line impedance Z, is
Z, = 12+j54Q

The line—to—neutral voltage at the load end, denoted as V., is

v, = 2990 _ g5y
J3

and the line—to—neutral voltage at the sending end, denoted as Vg, is

Vg, = Z 1 +V,, = (12+]5.4)65.6(0.8-0.6) + 6350
7192 -j189 = 7195/-15° V

and the line-to-line voltage at the sending end, denoted as V| _| , is
Vi = 3Vg| = /3% 7195~ 12500 V

The phasor diagram below shows the relevant voltages and currents. The angle of Vg, is

very small and it is neglected.
Vrn Vsn

\<«6 ;??Z'L

I

b. The capacitor bank consumes no real power but it will cause the flow of a current that leads
Vg, by 90° as shown in the phasor diagram below.

Original current:

|y = 65.6(cosB, —jsing,) = 65.6(0.8—j0.6) = 52.5-(39.4

Original lagging reactive current:
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I, = -j39.4
For improved power factor 0.9, acos(0.9) = 25.8°, sin(25.8°) = 0.436. Then,
| o = 65.6(C0S0,—jsinG,) = 65.6(0.9-]0.436) = 59.0—j28.6
Thus, final lagging reactive current is
|, = 286
and leading reactive current by the capacitor bank is

lo=ly—1l,, = i39.4-]286 = j10.8

Cc X1

Therefore, the KVA rating of the capacitor bank is

NERAV I _ /3x12500x10.8 _ 234 KVA
1000 1000

Capacitor bank rating =

The single—phase equivalent circuit is shown below where Vg, = 66000/./3 = 38100 V

T T ! 0.8 pf
Van 2 Vin| Z Iagé)i ng
| | [ 1mw

We recall that for a three—phase Y —connected load the three—phase power is given by

Piota = 3- |Vm‘ . |I|_| - (load pf)

and thus .
P 1000x1000 _ 10

| = 3|V, - pf B 3|V -08 - 24|V

We choose V|, as a reference vector as shown in the phasor diagram below.

Vrn Vsn

& A
RI,

I

Then, 1, as a vector is
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I, = [l |(cosB,—sinb,) = =————(0.8-j0.6)

rn‘
Next,

10°
24 . |V

rn‘

Vg, = ZI, +V,, = (80 +j60) - (0.8-j0.6)+V,,

and since (80+j60) - (0.8-j0.6) = 100, Vg, and V, are in-phase and the expression above

simplifies to

_10° __10°
Vsn = 24 - |Vm‘ . 100+ Vrn = 24—‘\/rn| + Vrn
or 8
38100 = —9 v
24V, M

2 6
Vi, — 38100V, +417x10° = 0

We will use MATLAB to solve this quadratic equation.

syms Vrn
solve(Vrn"2-38100*Vrn+41.7*10"6)

ans =
19050+50*128481~(1/2)
19050-50*128481"(1/2)

We can find the magnitude of V  from either of these two solutions. Thus,

a=19050+50*128481"(1/2); abs(a)

ans =
3.6972e+004

Thatis, V., = 36972, and denoting the potential difference between conductors at the load as

V,, we obtain

V, = J/3x36972 = 64037 V
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8.
a. The percent efficiency n of the systems is
p 6
n = Power output _ out _ 10 - 829
Power output + Line copper |osses Pyt + 3|ER 10+ 3% 70°x 15
b. The power factor at the sending end is
P/ 6
Power factor = cosf = sN _ 107082 _
J3-Vg 1 /3x13200% 70
Also, acos(0.762) = 40.36°, SineS = sin(40.36°) = 0.648. Then,
Vrn(phase) = Vsn(phase)_ NN = 13200/(+/3) - 70(cosbg—jsinBg)(15 +20)
= 7621 —70(0.762 —j0.648)(15 + j20) = 5914 (386 = 5926./-3.74° VV
and
Vindingl = +3 Vingphase) = /3% 5926 = 10264 V
c. The power factor at the load end is
P, 6
pfLp = = = 10 = 0.80
V3V inding ||l +/3x 10264 x 70
9.
R
A 440 | 220 V c 2270
20 KVA
B ——uwr © y
C
1.27 Q
= rp
1.27 Q
Rip

Vg = 440£0° V Vgc = 440£-120° V Vepa = 440£120° V

a. Since the voltages on the primary and secondary are in—phase, it follows that:
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<
o
|

o = 220/-120° V
ca = 220£120° V

<
I

Vg = Voot Vi = — Vg Ve = 22020° V
and we observe that the secondary voltages form a symmetrical three—phase set.

b. The magnitude of the line—to—line voltages on the secondary side are 220 V and since the

secondary is connected in Y, the phase voltages are 220/./3. Accordingly, the magnitude
of the current through each R is

220/./3

= 100 A
127

ol =
We found that V,, = 220£0° V, then from the phasor diagram below,

v v ~Von v
JLT

an
\
\
\
Vbn Y _Vcn
\ /
\ /
\y/
Vbc
V
ab °
Van = Eé—30
\/
an °o _
Ian = R_ = 100£-30° = Ica
LD

and since the secondary voltages form a symmetrical three—phase set, it follows that:

\Y
bn o _
Ibn = —— = 100£-150° = IC

a
LD

| .= Ven _ 100/-270° = 100/90° = | I
cnh ~ R_ = - = =~ 'bc™ 'ca
LD
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The ratio of transformation a is 2. Then, the primary currents are:
Iy = lac = (1/a)l, = 50/-30°
lg = lge = (1/a)ly, = 50/-150°
lo = log +lea = 50£-270° = 50./90°

These results show that the input line currents form a symmetrical three—phase set and
thus two transformers can also be used for a symmetrical three—phase system.
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Unbalanced Three-Phase Systems

his chapter is an introduction to unbalanced three—phase power systems. It presents several

practical examples of analysis applied to unbalanced three—phase systems and a number of

observations are made based on the numerical examples. The method of symmetrical com-
ponents is introduced and a phase sequence indicator serves as an illustration of a Y-connection
with floating neutral.

12.1 Unbalanced Loads

Three—phase systems deliver power in enormous amounts to single—phase loads such as lamps,
heaters, air—conditioners, and small motors. It is the responsibility of the power systems engineer
to distribute these loads equally among the three—phases to maintain the demand for power fairly
balanced at all times. While good balance can be achieved on large power systems, individual
loads on smaller systems are generally unbalanced and must be analyzed as unbalanced three—
phase systems.

Fortunately, many problems involving unbalanced loads can be handled as single-phase problems
even though the computations can be three times as long as illustrated by the example below.

|
Example 12.1

In the three—phase system in Figure 12.1, the load consisting of electric heaters, draw currents as
follows:

I, =150A 1, =100A I =50A

I
I
.
2400 to 120 V I
I
I

n
Z ] Load
Transformer |

—C

Figure 12.1. Three—phase system for Example 12.1
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Find the current in each phase of the Y-connected generator.
Solution:

Let us assume that these currents are balanced in phase. Then,

150£0° = 150 +jO0 A
100£-120° = —50-j86.6 A (12.1)
50£+120° = —25+j43.3 A

and the current in the neutral connection is

I, = 1, +1,+1, = 75-j433 = 86.6£-30° A (12.2)

The currents 1,5, lgc, and I, on the primary side of each transformer is found from the known
secondary currents I, 1., and I, and observing in Figure 12.1 that parallel coils belong to the

same transformer, that is, the primary winding AB and the secondary winding nc are on the same
transformer and so on, and observing that the transformer turn ratio is 2400 to 120, or 20 to 1,

. . * . . .
and thus the current ratio is 1 to 20. Then, assuming that the polarity of the transformer wind-
ings is the same for the primary and the secondary, we have:

_nc_ ¢ _ 2540433 _ 455,216 = 25.,120°

| = =
AB T 20 T 20 20
I -
.= 8- a_10+j0_ 55, :9_ 75,00 12.3
BC ™ 20 T 20 20 *) (129

lp | i
lop = 2 =0 - D0B08 _ 55 ju33 - 51000
20 ©20 0 20

Next, we compute the primary line currents 1,, g, and I which are also the generator phase
currents. From Figure 12.1 we observe that
I = Iag+lac = lag—lop = — 1.25+)2.16 — (-2.5-j4.33) = 1.25+(6.49 = 6.61.,79.1°
lg = lgc+lga = lpc—lag = 75+j0— (~1.25+j2.16) = 8.75-j2.16 = 9.01/-13.87° (12.4)
lo = loa+log = loa—lge = —2.5-j4.33 — (7.5+j0) = —10-j4.33 = 10.90./-156.59°

Therefore, the magnitude of the current in each phase of the Y-connected generator is 6.61 A,
9.01 A, and 10.90 A, and the rating of a generator to carry this load must have a rating of 11 A

per phase or a total rating of /3 x2,400x 11 = 45.7 KVA or more.

* We recall from relation (9.89), Chapter 9, Page 9-29, that 1,/1, = 1/a.

12-2  Circuit Analysis II with MATLAB® Computing and Simulink®/SimPowerSystems® Modeling
Copyright © Orchard Publications



Voltage Computations

The current in the neutral connection of the generator is
Iy = la+lg+lc = 1.25+]6.49 +8.75 - j2.16 - 10-j4.33 = 0 (12.5)
as expected since there is no circuit in which it can flow.

The primary phase currents I g, lgc, Ica and the line currents 15, Ig, ¢, are shown in the pha-

sor diagram in Figure 12.2.

Figure 12.2. Phasor diagram for the primary phase and line currents in Example 12.1

12.2 Voltage Computations

In Example 12.1 above we did not consider the actual voltages at the load. If we assume that
these voltages are 120 volts, line to neutral, and balanced, the voltage at the generator will be
somewhat greater than the nominal value of 2400 volts because of the impedances in the system.
This will be considered in Example 12.2 below.

.|
Example 12.2
For the three—phase system in Figure 12.3, compute the generator voltages Vg, Vgc, and Vi,

Assume that each transformer impedance on the high side is j30 Q and the transformer resis-
tances are negligible. Assume also that the lines are very short and thus their impedances can are
also negligible. The transformer secondary voltages are assumed to be as follows:

V,, = 120£0° = 120 +jO
Vi, = 120£-120° = — 60 - j104 (12.6)
Vg, = 120£+120° = - 60 +j104

cn
Solution:

From Example 12.1, relation (12.3),
lag = ~125+j2.16  lge = 75+j0  lga = —2.5-j4.33

. . * . . .
The voltage ratio is 20 to 1. Therefore, the transformer primary voltages, line—to-line, are as
follows:
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AL e — - = -
| ' al!
| ! I
. ] |
n I I n I
2400 to 120V |
Z] Load
Transformer [ I I
B c | _.I cl ¢ |
L . _ __ ___——— m r—— _ _ a

Figure 12.3. Three—phase system for Example 12.2
Vg = 20V, +lagZ = (- 1200 +j2080) + (~ 1.25 + j2.16)j30 = — 1265 +j2043 = 2403./121.8°
= 20V, +lgcZ = (2400) + (7.5+j0)j30 = 2400 +j225 = 2411./5.4°
Vea = 20V, +lgaZ = (~1200-j2080) + (~2.5-j4.33)j30 = — 1270 - j2155 = 2406./-116.4°

<
w
(@]

|

Figure 12.4 below is the phasor diagram for these voltages.

VAB

Vea
Figure 12.4. Phasor diagram for Example 12.2

The computations in Example 12.2 are accurate. However, the approach is not practical. A prac-
tical approach would be to begin with the assumption that the generator voltage is constant at
2400 volts and compute the load (heaters) voltages given their resistances. This can be done with
loop or mesh equations and this approach will be used in the next example.

12.3 Phase-Sequence Indicator

The phase sequence is essential with rotating machines. The rotation of a generator in a clockwise
direction may develop voltages of phase sequence a—b —c while the rotation in a counterclock-

* We recall from relation (9.99), Chapter 9, Page 9-30, that V,/V, = a.
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Phase—Sequence Indicator

wise direction will develop voltages of phase sequence ¢ —b —a. The direction of rotation of an
induction motor will be reversed if two line connections are interchanged. Using a device called
phase—sequence indicator, we can prove that the currents in the three phases of an unbalanced Y-
connected load are dependent on the phase sequence of the source. This will be illustrated with
Example 12.3 below.

|
Example 12.3

Figure 12.5 shows a typical phase—indicator consisting of two resistors representing two light
bulbs each rated 15 watts, 120 volts at 60 Hz frequency, and a 2 uF capacitor connected to a
120 volt three—phase system.

15 watt, 120volt lamp

(o
Co—1, W
2 uF
a I 4 n
a
(o
bo—=—W

15 watt, 120volt lamp
Figure 12.5. A phase—sequence indicator

The instructions provided by the manufacturer of this device states that after connecting the cir-
cuit as shown, we should attach line a to the middle (capacitor) terminal. Then, the lamp that

lights is in line b. In the discussion that follows we will prove that only one of the lamps lights and
which one.

Let us assign currents |, and I, as shown in Figure 12.6, and assume that

V,, = 120£0° = 120 +jO
Vi = 120/-120° = — 60 —j104 (12.7)

V, = 120£+120° = - 60 +j104

C

At the frequency f = 60 Hz, the capacitive reactance is

X = ~1/0C = ~10°/(2nx 60 x 2) = 1326 Q
and the resistance of each lamp is

2 2 *
R =V /P =120"/15 = 960 Q

* For a balanced 3—phase load we must have |X¢| = R
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15 watt, 120volt lamp

RN
=T, W
2uF 1,
a I€ n
—Ia X I\
o) L
b o—=r—7 W

15 watt, 120volt lamp
Figure 12.6. The phase—sequence indicator with assigned mesh currents

The mesh equations are

(R+JX)y =Xcly = V
| | * (12.8)
=Xl + (R+]JX)l, = V¢,
By Cramer’s rule,
[Vab -1Xc ]
| = Vea R+IXc _ RVap +iXcVap +iXcVea _ RVap +iXc(Vap +Vea)
o 2 2 o 2 2
R+jXc —jX¢ (R+]JXc)" = (=X¢) (R+]JXc)" + X¢
-jXc R+jX¢
and since Vo+V V. .y *
abT Vea = Veb = Ve
we obtain - RV gp +iXc(Vep) _ RVap = 1Xc(Vpe)
(R+jXe)+ XE R®+j2RX
and by substitution of numerical values we obtain
I, = 960 x 122—](—1326) X (=60 —j104) — 0.098./52.6° A (12.9)
9602 + 2j x 960 x (—1326)
By a similar procedure we obtain
I = vaa_jxc(vbc)
, =
R®+j2RX,
and by substitution of numerical values we obtain
|, = 960 (60 +104) — |(-1326) x (~60=[104) _ 31 /g4 3° A (12.10)

9602 + 2j x 960 x (~1326)

*  See Figure 12.6
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The rated current for the 15— watt lamp is 15/120 = 0.125 A and from (12.8) we observe that
the value of 1, is approximately 80% of its rated current, and this is sufficient to light the lower

lamp in Figure 12.6 though not to full brilliance. However, the value of 1, is about one—fourth of

the rated value of the lamp, and this is not sufficient to produce a noticeable brightness. Thus we
have shown that one lamp lights brightly, and the other hardly at all, and that the lamp in line b
is the bright one. More importantly, we have shown that the phase sequence does make a differ-
ence.

12.4 A-Y Transformation

We can substitute a Y —connected load such as that of the phase-sequence indicator in Figure

12.6, with a A —connected load and solve for phase and then for line currents.

Example 12.4

Figure 12.7(a) below is the same as the phase—sequence indicator as in Figure 12.6. We wish to
find the equivalent A shown in 12.7(b).

(b) b

Figure 12.7. Y to A transformation for Example 12.4
Solution:

We begin with the application of the relations (11.45), Page 11-15, Chapter 11 which are
repeated below for convenience, where we have substituted Z,, Z,, and Z; with Z,, Z, ., and

Z,., respectively.
_ ZaZb+ ZbZC+ZCZa ~ ZaZb +ZbZC+ZCZa _ ZaZb+ ZbZC+ZCZa

Z, . = Z
bc ca
Zb Za Zc

Zab

Y — A Conversion

With reference to Figure 12.7, we obtain the following relations:
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ZaZb* Zp%c* Zc%a _ [XR+R*+jXR

Zy = = R+j2X = 960-j2652 = 2820./-70.1°
Z, R
2.2, +2,2.+Z,Z, i 2, 2
Zp, = 20 "beTeta  PXREIR FIXR _ or_jS = 1920 + 695 = 2042./19.9°
Z, iX X
Z.y = Zy = 2820£-70.1°
From (12.7), i
V,, = 120£0° = 120 +0
Vi, = 120/-120° = — 60 - 104
V,, = 120£+120° = — 60 +j104

and the phase currents in the A connection are:

V o

1, = -2 = 120£0° _ 60426.,70.1° = 0.0145 +j0.0401
Z,,  2820/-70.1°
V o

I, = ot = 120£7120% o585/ 139,90 = 0,0450-j0.0379
Z,.  2042719.9°
V o

I, = = = 220£+120° _ 40496 £190.1° = -0.0419-j0.0075
Z,.  2820/-70.1°

and the currents in Figure 12.7(a) or Figure 12.6 are:

a = lan—lca

ly = lpe—lap =
le = lea—lpe =

We observe that
from (12.10) and (12.11)

and from (12.9) and (12.11)

= 0.0564 +j0.0475 = 0.0736.£40.1°
—0.0595 -j0.079 = 0.0980£-127.4°
0.031 +j0.0304 = 0.0306.£84.2°

(12.11)

|a+|b+|c =0

12.5 Practical and Impractical Connections

A Y —connected system with a floating neutral should be avoided because the load may become
unbalanced. The reason becomes obvious by considering the phasor diagram in Figure 12.8.
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(b)

Figure 12.8. Phasor diagrams for balanced and unbalanced loads

In Figure 12.8(a) above the load is assumed to be balanced and thus the neutral point n is at the
center of the triangle. However, if the load becomes unbalanced, the neutral point n moves away
from the center as shown in Figure 12.8(b). An example where this may occur is the three—phase
distribution system shown in Figure 12.9 below, and thus this arrangement is impractical and

should be avoided.

Another example of an impractical distribution system is shown in Figure 12.10 where a Y =Y
transformer bank and a Y — A transformer bank are connected in parallel on both the primary

and secondary sides. The problem here is that one transformer bank shifts the voltages 30° " and
the other does not.

{ N {

N
~
B
1

i

Figure 12.9. An impractical configuration for a three—phase distribution system

* We recall that in a Y—connected system the line and phase voltages are different whereas in a A —connected sys-
tem they are the same.
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e
~( B

Figure 12.10. Another impractical configuration for a three—phase distribution system

Figure 12.11 shows an open — A connection on both the primary and secondary sides.

steel]
ENT

Figure 12.11. A practical open—A connection

This is the same as a standard A — A connection but with one transformer omitted on both sides.
This is a practical connection and it is convenient for temporary installations that are not heavily
loaded. We observe that this arrangement provides three line-to-line voltages with the correct
magnitude and phase.

12.6 Symmetrical Components

The analysis of unbalanced three—phase systems can be greatly simplified with the principle of
symmetrical components. This principle states that any three vectors can be represented by three
sets of balanced vectors. Thus, when applied to three—phase currents, any three current phasors
can be replaced by three sets of balanced currents, and when applied to three—phase voltages, any
three voltage phasors can be replaced by three sets of balanced voltages.

The voltages or currents at a point of unbalance in a three—phase system are determined and
replaced by three sets of components known as positive phase sequence, negative phase sequence, and
zero phase sequence. The positive phase sequence, negative phase sequence, and zero phase
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Symmetrical Components

sequence voltages or currents are determined independently and the actual unbalanced voltages
or currents are found by adding these three—phase sequences. Thus the solution of a difficult
problem involving unbalanced voltages or currents is simplified to the solution of three easy prob-
lems involving only balanced voltages or currents.

Example 12.5

Show that the three unbalance current phasors in Figure 12.12(a) are the sum of the three bal-
anced currents shown in Figure 12.12(b).

I I,

e
/v b0
N e 4"
Positive |
sequence b2 sfeerl?ence
Negatlve g
sequence
(a) 5 (b)

|
b
Figure 12.12. (a) Unbalanced currents and (b) their symmetrical components.

In symmetrical components, a symmetrical set of vectors as shown in Figure 12.12(b) above, are
equal in length, and equally spaced in angle. The symmetrical sets of three vectors such as those
shown in Figure 12.12(b) are related by equation (12.12) below.

lin = lpg£n - 120° = I ,22n - 120° (12.12)

an

For the positive—sequence we set n = 1, and thus

I, = 1p,2120° = 1, /240° (12.13)
In other words, for the positive—phase sequence set the orderis a-b-c—-a-b-c—... as shown
in Figure 12.13 below.
leq
la1
b1

Figure 12.13. Positive sequence phasor diagram

For the negative—sequence we set n = 2, and thus
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I, = 1,,2240° = 1_,/480° (12.14)
or 5 S
I, = 1,,4-120° = 1_,/120 (12.15)
The same symmetrical set results by letting n = -1, and this accounts for the name of negative
sequence. Thus,
I, = 1,,£-120° = |_,/~240° (12.16)
In other words, for the negative—phase sequence set the orderis c-b-a-c-b-a—... as shown
in Figure 12.14 below.
b2
a2
le2

Figure 12.14. Negative sequence phasor diagram

For the zero—sequence we set n = 3 or n = 0, and the latter accounts for the zero—sequence
name. The three components that comprise the zero—sequence set are equal in both magnitude

and phase, and thus it is unnecessary to denote them as I, I,,, and I ;. Instead, we use the sin-

gle notation |, for any of the zero—sequence components, i.e.,

lo = 1y = Ipo = oo (12.17)

Now, let us return to Figure 12.12, Example 12.5, to prove that the addition of the positive—
sequence, negative—sequence, a zero—sequence components in Figure 12.12(b) are added graphi-
cally to obtain the unbalanced set in Figure 12.12(a). The addition is shown in Figure 12.15
below.

The addition of the three symmetrical sets to obtain one unbalanced set is easy as shown in Figure
12.15. We will now derive three equations for finding the three symmetrical component sets of
any three unbalanced phasors.

We begin the derivation with the definitions in the system of the three equations below.

g+l +1g =1
Iy + 1+ 1o = 1y (12.18)

|c1+|c2+|0 = |
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Figure 12.15. Addition of the symmetrical components to obtain an unbalanced three—phase set.

From (12.13),

\\

ly, = 15, £-120° (12.19)
and I, = |, /+120° (12.20)
From (12.15), I, = 1,,£+120° (12.21)
and I, = 1,/-120° (12.22)

Substitution of (12.19) through (12.22) into (12.18) yields

Ial
|, £-120° +1,,2+120° + 1o = 1, (12.23)

|,y £+120° +1,,/-120° + 1y = I

+I',J12 +I0=Ia

Adding the three equations in (12.23), we observe that the first two columns vanish, and thus
lg = I+ 1, +1,

or 1

Next, we multiply the second equation in (12.23) by 1£+120° and the third equation by

1/-120° and we add again. This time the second and third columns in (12.23) vanish, leaving

3l = I, +1,£+120° + 1,£-120°
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or
Iy = %(Ia +1,£+120° + 1,£-120°) (12.25)

Finally, we multiply the second equation in (12.23) by 1/-120° and the third equation by
1/+120° and we add again. We observe that the first and third columns in (12.23) vanish, leav-
ing L
lap = 51+ 154-120° + 1,£+120°) (12.26)

Therefore, with (12.24) through (12.26) we can compute the symmetrical components of any
unbalanced three—phase using the set of equations in (12.27) below.

1

1 o (o]
lay = 51+ 1,£+120° +1,£-120°) (12.27)

al

1 o [e]
lyy = 5(g +1,£-120° +1,£+120°)

It is customary to let a = 1.02120° and a® = 1.0.£240° = 1.0./-120° be unity vectors that apply
the appropriate shift. Then, (12.27) can be expressed as

1

1
lyy = (1, +aly+a’lo) (12.28)

1 2
I, = §(Ia+a Ip+al,)

|
Example 12.6

In Example 12.5 the symmetrical components were presented without any explanation of where
they came from. In this example, we will find the symmetrical components using (12.27).

Solution:

The method of analysis is illustrated in Figure 12.16 below where the phasors I, I, and I

are the same as in Figure 12.15.
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IC4+120°

l,£+120° 1, £-120°

3l

Iy Iy

Zero sequence Positive sequence Negative sequence
1 — l ) o _ l o o
ly = §(|a+ l+1) g = 3(Ia+ l,£+120° +1,£-120°) I, = 3(|a+ l,£-120° + 1,£+120°)

Figure 12.16. Analysis of an unbalanced three—phase set to find symmetrical components

The zero-sequence component |, is found by adding dashed lines equal to I, and I, at the tip of
I, and one~third of the resultant is marked off as 1, in accordance with the first equation in
(12.27).

The positive-sequence component I, is found by adding a line equal to I, rotated by 120° at the
tip of I, and then a line equal to I, rotated by -120°. In accordance with the second equation in

(12.27), one~third of the resultant is 1, .

The negative-sequence component I, is found by applying the third equation in (12.27) in a
similar manner.

The complete symmetrical components system is by adding the phasors 1., and I, after being
rotated by the appropriate phase shift to the positive-sequence set, and by adding the phasors 1,
and I, after being rotated by the appropriate phase shift to the negative-sequence set as shown

in Figure 12.17 below.

c2 /'|a0
|
al /' Ibo
| = 4 ICO
. b2 | Zero
Positive az
sequence Negative Ssequence
sequence

Figure 12.17. The complete symmetrical components set for Example 12.6
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Three more problems on symmetrical components are given as exercises at the end of this chap-
ter. Because symmetrical components are phasors, the computations can be facilitated with the
use of MATLAB and /or Simulink as illustrated in Exercise 3 at the end of this chapter.

12.7 Cases where Zero-Sequence Components are Zero

Let us consider a Y —connected load with floating neutral shown in Figure 12.18.

Figure 12.18. Y —connected load with floating neutral

The three—phase Y —connected load with floating neutral point n shown in Figure 12.18 can have
no zero—sequence component. This can be shown from relation (12.24), i.e.,

1
Iy = §(|a+ lp+10)

and with a floating neutral, I, +1,+ 1, = 0, and thus I; = 0 regardless whether the load imped-

ances are unbalanced and what the applied voltages may be.
Next, let us consider a Y —connected load with the neutral point n connected to a ground as
shown in Figure 12.19.

Figure 12.19. Y —connected load with grounded neutral
In Figure 12.19,
L+ 1,+1. =g
and since 1
Iy = 513+ 1, +19)

it follows that
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Now, let us consider the A —connected load shown in Figure 12.20.

— 1

a

|

|a

— C

Figure 12.20. A —connected load showing line and phase currents

In Figure 12.20, the three line currents I, I,, and I, that supply the A—connected load have no
zero—sequence component because I, + 1, + 1. = 0. However, the sum of the phase currents 1,

Ig, and I, do not necessarily add to zero; they may, they may not.

If there is a zero—sequence current in the A—connected load, it is a circulating current as indi-
cated by the arrows for the phase currents 1,, Ig, and I . If there is only zero—sequence current
flowing, these three currents are all in the arrow direction at the same instant. Then, they reverse
all in the opposite direction together. In other words, the current flows first one way around the
A —connected load, then the other way, but never gets our of the A.

A similarity applies to line—to—line voltages and line to neutral voltages. Zero—sequence voltage is
one-third the sum of the three line—to-line voltages and these when circulated around a closed
path always add to zero. But there may be a zero—sequence component of the line-to—neutral
voltages.

Example 12.7

The three—phase generator in Figure 12.21 is connected to a transmission line through a trans-
former bank. There is no load at the other end of the transmission line system. One wire of the
transmission line breaks and falls to the ground resulting in a line—to—ground short circuit. Derive
the symmetrical component currents and total currents produced by the generator.
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o —

D) - 3

— g

Generator Transformer Ground to
bank line short

Figure 12.21. Three—phase system with a line—to—ground fault

Solution:

The system is balanced except at the point of fault indicated in Figure 12.21, and the fault current
is 1, . Because no load is connected to the system, currents 1, and I, are both zero.

The positive—, negative—, and zero—sequence currents at the point of fault are found from the sys-
tem of equations of (12.27), i.e.,

1
Iy = §(|a+ Iy + 1)
1 o) (o]
I, = §(|a+ I, £+120° + 1 ,£-120°)
1 o [e]
L, = §(|a+ l,£-120° + 1, £+120°)

and since I, = 0 and I, = 0, from the equations above we find that

Hence

as shown in Figure 12.22.

Figure 12.22. The symmetrical components for Example 12.7

Also, since the line currents 1, and 1, are both zero, we have

Ib1+ Ib2+ Iao = 0

and

+ 1 =0

lep + 1o+ 1q0

Symmetrical components are used in the calculation of fault currents since the total fault current
is not symmetrical. It includes a DC component which depends on the point at which the fault is
initiated.
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The four types of faults that can occur in a three—phase system are shown in Figure 12.23

In the calculation of a three—phase fault only positive sequence components are considered, in
the calculation of a line-to-line fault positive and negative sequence components are considered,
and in the calculation of a line-to—neutral fault or in a line-to—ground fault, all three sequences,
that is, positive, negative, and zero sequences are considered.

The calculation of fault currents is a laborious procedure since the degree of asymmetry is not the
same in all three phases. Detailed discussion on this topic is beyond the scope of this book. This
topic is discussed in power systems books, in General Electric™, Westinghouse™, and other refer-
ence books, and also in the Internet. Computer programs are available for the calculations and
these can also be found in the Internet.

The MathWorks SimPowerSystems documentation contains several demos with three—phase
faults. Four of them can be accessed by typing power_machines, power_svc_pss,
power_wind_dfig, and power_3phseriescomp at the MATLAB command prompt. An example
with a DC line fault can also be accessed by typing power_hvdc12pulse at the MATLAB com-
mand prompt.

| I | |
| S | S |
n n
Three-Phase — Line—to—Line
| o | | o |
| | | |
| | 1
| S | I
n n
1 1
e | |
Line—to—Neutral Line-to-Ground —=

Figure 12.23. Types of faults in three—phase systems

Circuit Analysis IT with MATLAB® Computing and Simulink®/SimPowerSystems® Modeling 12-19
Copyright © Orchard Publications



Chapter 12 Unbalanced Three—Phase Systems

12.8 Summary

Loads connected to three—phase systems must be distributed equally among the three-phases
to maintain the demand for power fairly balanced at all times.

Loads are generally unbalanced and must be analyzed as unbalanced three—phase systems.

Many problems involving unbalanced loads can be handled as single-phase problems even
though the computations can be three times as long.

A practical approach to compute load voltages, line currents, and load currents is to use loop or
mesh equations.

The phase sequence is essential with rotating machines. The rotation of a generator in a clock-
wise direction may develop voltages of phase sequence a— b — ¢ while the rotation in a counter-
clockwise direction will develop voltages of phase sequence ¢ — b —a. The direction of rotation
of an induction motor will be reversed if two line connections are interchanged.

We can prove that the currents in the three phases of an unbalanced Y-connected load are
dependent on the phase sequence of the source using a phase—sequence indicator.

The analysis of unbalanced three—phase systems can be greatly simplified with the method of
symmetrical components. This principle states that any three vectors can be represented by
three sets of balanced vectors. Thus, when applied to three—phase currents, any three current
phasors can be replaced by three sets of balanced currents, and when applied to three—phase
voltages, any three voltage phasors can be replaced by three sets of balanced voltages.

Using the method of symmetrical components the voltages or currents at a point of unbalance
in a three—phase system are determined and replaced by three sets of components known as
positive phase sequence, negative phase sequence, and zero phase sequence. The positive phase
sequence, negative phase sequence, and zero phase sequence voltages or currents are deter-
mined independently and the actual unbalanced voltages or currents are found by adding these
three—phase sequences. Thus the solution of a difficult problem involving unbalanced voltages
or currents is simplified to the solution of three easy problems involving only balanced voltages
or currents.

In symmetrical components the vectors are equal in length, and equally spaced in angle. The
symmetrical sets of three vectors are related by equation

iy = lpnZn - 120° = 1.,22n - 120°

an
For the positive—sequence we set n = 1, and thus

I,y = 1y, £120° = 1., £240°

al

In other words, for the positive-phase sequence set the orderisa-b-c—-a-b-c—....
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¢ For the negative-sequence we set n = 2, and thus

l,, = 1,,£240° = |_,/480°

a2
or . .
1, = 1,,£-120° = 1_,/120
The same symmetrical set results by letting n = -1, and this accounts for the name of negative

sequence. Thus,
I, = 1,,£4-120° = |_,/~240°

a
In other words, for the negative—phase sequence set the orderisc-b-a-c-b—-a—....

e For the zero-sequence we set n = 3 or n = 0, and the latter accounts for the zero—sequence
name. The three components that comprise the zero—sequence set are equal in both magnitude

and phase, and thus it is unnecessary to denote them as I, I,,, and 1, . Instead, we use the

single notation I, for any of the zero—sequence components, i.e.,
lo = lap = Tho = lco
® The three symmetrical sets are related as shown in the system of the three equations below.
i+t =13 lpy +lp+1g = 1y I+l +1p = 1

e We can compute the symmetrical components of any unbalanced three—phase using the set of
equations below.

: ! o o 1 . .
lo=50a+ lp+10) Ly = 2(13+ 1,£+120° +1,4-120°) 1y = (1, + 1,£-120° + 1,£+120%)
or in terms of the unity vectors a = 1.0£120° and a’ = 1.0£240° = 1.0./-120°

1 1 2 1 2
lo = 3Ua+1p+10) lag = 3(Ig+aly+ale) la = 3(a+alp+aly)

® A three—phase Y —connected load with floating neutral point can have no zero-sequence
component regardless whether the load impedances are unbalanced and what the applied volt-
ages may be.

® In a three—phase Y —connected load with neutral point connected to a ground, I5 = 3l

where |5 is the current flowing in the wire that connects the neutral point to the ground.

® In a three—phase system the three line currents I, I, and I, that supply a A—connected load
have no zero-sequence component because I, + 1, +1. = 0. However, the sum of the phase

currents |, Ig, and I do not necessarily add to zero; they may, they may not.
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12.9 Exercises

1. Balanced three—phase voltage 220 volts line—to-line, positive—phase sequence, is supplied to a
load that is Y —connected, floating neutral, with 500 Q resistors from neutral to lines a and b,
and a capacitor whose capacitive reactance is 500 Q to line ¢c. Compute the current in each
phase and draw a phasor diagram.

2. A good phase-sequence indicator operates with one lamp very bright and the other very dim.
Using the same lamps as in Example 12.3, Page 12-5, but with a capacitor of different value,
can you design a better indicator?

3. Resolve the unbalanced three—phase system shown below into its symmetrical components.

V. =2000£170° V, = 1500£30°

V, = 1800£-70°

4. The voltages of an unbalanced three—phase supply are V, = 200+j0, V, = -j200, and
V. = -100 +j200. Connected in Y across this supply are three equal impedances each

20 +j10 Q. There is no connection between the Y neutral and the supply neutral. Derive the
symmetrical components of phase a and compute the three line currents.

5. The voltages of an unbalanced three—phase supply are V, = 150£0°, V, = 86.6£-90°, and
V, = 86.6.290°.

a. Derive the symmetrical components of V.

b. Derive the symmetrical components of V|, and V, from the symmetrical components of V,
found in part (a).
c. Draw a phasor diagram showing all symmetrical components.

6. The currents in a three-phase system are |, = 5.00, I, = -j8.66, and I, = j10.00. Compute

l.;» I,,, and ly. Sketch phasors of the three positive—sequence components, the three nega-

tive—sequence components, and the zero—sequence component.
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12.10 Solutions to End-of-Chapter Exercises

| 500 Q v
a R’V\/\, ca

[
I, s00Q !
b AN n Vg

R
. |
—1 JXC/D
C 14

I\
—j500 Q Vie

By KVL
2RI, —RI, = V,, = 220£0° = 220 +j0

~RI; + (R+jXc)l, = V= 220£-120° = —110-j190

and by Cramer’s rule

where the determinant A is

A=|2R R _or?4jorxc-R? = R%+j2RXC
-R R+jXc
and
D Va R RV, +jXcV., +RV, = R(V.. +V, )+jXcV
= _ = +jXev,, + = + +JXC
1 Vbc R +jXc ab ab bc ab bc ab
Since
Vabt Ve = Vac = ~Vea
D, = —RV, +jXcV,,
Also,
2R Vab
- bc
Then,
D -RV_, +jXcV ]
= e ab _ 0.372-j0.076
A R® +j2RXC
and

(12.29)
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D R(2V,.+V
l, = -2 = w — 0.304—j0.152
A R” + j2RXC
From the three—phase network above, we observe that

I, =1, = 0372-j0.076 = 0.38£-11.5°

0.102£-131.8°

l, = I,~1, = —0.068 —j0.076

and )
I. = -1, =-0.304 +j0.152 0.34 £153.4°

The phasor diagram for the three line currents is shown below.

2. The brightness or dimness of the lamps will depend on the magnitude, but not the phase of the
current that flows through them. Accordingly let us choose a capacitor with capacitive reac-

tance equal to the to the resistance R of each of the lamps as follows:

1
Xp = ——
€~ 2nfC

C=_1
27cfXC

1

C =

2nfR

and with f = 60 Hz, C in uF, and R in KQ, the last expression above reduces to

2.65
R (KQ)

C (uF) =

From Example 12.3
R = V2/P = 120°/15 = 960 Q = 0.96 KQ

and thus

c =25 _56uF
0.96

(S}

Replacing —1326 in Example 12.3 with —960, we obtain
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_ 960 x 120 — j(~960) x (— 60 — j104)
960°—2j x 960°

I, = 0.108.248.4° A

and ) ) .

960 x (~ 60 +104) — (-960) x (- 60 ~j104) _ (109 /108.4° A (12.30)
960°—2j x 960°

I, =

The rated current for the 15 — watt lamp is 15/120 = 0.125 A and we observe that the value
of 1, is approximately 85% of its rated current, and this is an improvement in the lower lamp

brilliance. The value of 1, is only about 23% of the rated value of the lamp, and this is not suf-
ficient to produce a noticeable brightness.

V, = 2000.£170° Va = 1500.230°

Vy, = 1800£-70°

1 o o
Vy, = §(Va+Vb4120 +V £240°)
1 ° °

Vy, = §(Va+vb4240 +V,£120°) (1)

1
Vao = é(va +Vy+V,)

where by definition
Va1t VetV =V

V1t Vpo t Vo = Vy

Vc1+Vc2+Vco =V
Then,

Vy = %(1500430° +18004(- 70 + 120)° + 2000.£(170 + 240)°)  (2)
= %(1500430o + 1800£50° + 2000£410°)
= %(1299 +j750 + 1157 + j1379 + 1286 + j1532)

= %(3742+j3661) = 1247 +j1220 = 1744£44.37°
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By definition, V,, = V,,£-120°, and for this exercise

Vy, = 17442(44.4 - 120)° = 1744/-75.6° = 433 -j1689 3)

Also, .
V,, = 1744/(44.4 +120)° = 1744./164.4° = — 1680 + j469 (4)
Next, 1
V,; = 3(1500£30° + 1800./(~ 70 + 240)° + 2000 £(170 +120)°)  (5)
- %(1500430o +1800./170° + 2000./290)
- %(1299 +j750 — 1773 + 313 + 684 — }1879)
- %(210—]816) — 70-j272 = 281/-75.6°
Vy, = 2814(~75.6 +120)° = 281./44.4° = 201 +]197 (6)
V,, = 281(~ 75.6 + 240)° = 281.164.4° = — 271 +]76 (7)
Finally, L
Voo = 5(1500./30° + 1800/-70° + 2000./170°) (8)
- %(1299 +j750 + 616 — j1691 — 1970 + j347)
- %(— 55_j594) = — 18.3—j198 = 199./-95.3
and thus
Vyp = Vi = Vg = 1992-953 (9)
Check:

V, = V,, +V,, +V,, = 1247 41220 + 70 - j272 - 18 - j198 = 1299 + 750 = 1500.£30°
Vp = Vp, +Vp, +Vp, = 4341689 + 201 + (197 — 18 - j198 = 617 — j1690 = 1800.£-70°

Vo = Vg +V,+V,, = — 1680 + 469 — 271 +75.6 - 18 - 198 = — 1969 + j347 = 2000.£170°

The symmetrical components in phasor diagrams are as shown below where we observe that for
the positive—sequence the order of phasesis a—b-c—-a-b-c—..., and that for the negative—
sequence the order of phasesis c—b-a-c-b-a—....

We can verify the computations for V,, in (2) above with the following MATLAB script:
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\Y/
1
Vcl 8 Vb2
Ves
I
a0 Vbo Veo
Vi, a2

% Express Va, Vb rotated by 120 deg, and Vc rotated by 240 deg or by —120 deg, in accordance
% with (1) above

ReVa,ImVa]=pol2cart(30*pi/180, 1500),[ReVb,ImVb]=pol2cart((-70+120)*pi/180, 1800),
[ReVc,ImVc]=pol2cart((170-120)*pi/180, 2000)

ReVa = 1.2990e+003

Imva = 750.0000

ReVb = 1.1570e+003
ImvVb = 1.3789e+003
ReVc = 1.2856e+003
ImVc = 1.5321e+003

%
% Add reals and imaginaries and divide by 3 to obtain Val in Cartesian form

Val=(1/3)*(ReVa+ReVb+ReVc+j*(ImVa+imVb+imVc))

Val = 1.2472e+003 + 1.2203e+0031i

% To convert to polar form we define the real part ax x and the imaginary part as y
x=(1/3)*(ReVa+ReVb+ReVc), y=(1/3)*(ImVa+imVb+IimVc)

1.2472e+003

1.2203e+003

X
Yy
[rad,mag]=cart2pol(x,y), deg=rad*180/pi
0.7745

1.7449e+003

44 3757

rad

mag

deg

This script can be extended for the remaining calculations by repeated application of the
[x,y]=pol2cart(theta,r) and [theta,r]=cart2pol(x,y) MATLAB functions.
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The Simulink model below can also be used for the computations of V,; .

<F
v

1299
ama —
: }ZL 1745
m Polarto || 750
Cartesian 1 a []_{_ Gain Vaivag
- Cartesian to
o0 1157 N Polar L» R2D|—p 4438
e b‘ + Radians
-70*pil1 BO+2*pii3 Polar to

Cartesian 2

m real

L4

+v£ “wvvyy

Val Deg

Sum imag to Degrees

j

Constantblocks in Commonly Used Blocks library

Vb phase

-QDDD Transformation blocks in Simulink Extras / Transformations library
- Display blocks in Sinks library

Ve mag &L 1286 Sum blocks in Commanly Used Blocks library

— Gain block in Commonly Used Blocks library

Polar to
Cartesian 3

b4

170*pil180-2*pil3

1532

b

Ve phase

This model can also be used for the computations of V,, and V,,

4.
O Ia
z =20+j10
= 22.4/26.6°
V, = 200+j0
Vy, = -j200
b
V. = —100 +j200
J_Supply ground

a = 1.,120° a’ = 1.,240° a® = 1.,360° = 1

For positive-phase sequence,
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1 2 1 o o
Va = §(Va+avb+a Ve) = é(va+vb4120 +V,£240°)

- %(200 _j200./120° + (— 100 + j200).£240°)
= 2(200 + 200./30° + 223.6. /(1166 + 240)°)
= 2(200+1732 +]100 + 2232 - [133)

= %(596.4+j86.7) = 198.8 +j28.9 = 200.9£8.3°
For negative—phase sequence,

Vap = 3V, + Vb aV() = 2V, +V, 2240° +V,£120%)
= (200200 £240° + (- 100 + 200) £120°)
= 2(200 +200/150° + 223.6/(116.6 + 120)°)
= 2(200-173.2+100 - 1231 - 186.7)
- %(— 96.3—j86.7) = —32.1—j28.9 = 43.2./-138°

For zero—phase sequence,

1 1 . .
Vap = 5(Va+ Vp+ V) = 5(200-200- 100 +j200) = 33.3

a

Next, v
L, = 21 = 2009283° _ 547 1830 = 852282
77 T 224.266°
Var _ 43.2,-138° .
|, = 22 = B2LA8Y 93 16460 = —186-j051

27 224/2.6°
There is no connection between the Y neutral point n and the supply ground, and thus
ljg = 0

Now, for line current I,

a =l tl

aptlyg = 852-j282-186-j0.51+0 = 6.66-)3.33 = 7.45/-26.6°

For line current 1,
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l, = a’lag +aly,+ 1, = (8.97/-18.3°)/-120° + (1.93/-164.6°) £120°
8.97/-138.3° + 1.93/-44.6° = — 6.70 - j5.97 + 1.37 - j1.36
~5.33-j7.33 = 9.06./-54°

and for line current 1,

I, = aly, +a kg + 1, = (8.97./-18.3°)/120° + (1.93/-164.6°) /~120°
8.97£101.7° + 1.93£-284.6° = —1.82+)8.78 + 0.49 + j1.87
-1.33+j10.65 = 10.73£97.1°

Check: . ) .
Ia + Ib + |C = 6.66-]3.33-5.33-)7.33-1.33+j10.65=0
5.
V, = 86.6,90°
V, = 150.0°
-
V, = 86.6/-90°
a.
_ 1 2 = * £120° +V_/-120°
Vi = 3(Va+avb+a V¢) = 3(Va+Vb +V £~ )
= %(150400 + 86.6.£30° + 86.6 £—-30°)
1 . )
= 2(150 +86.6(/3/2) +86.6(1/2) +86.6(/3/2) - |86.6(1/2))
- %(150+150) = 100.£0°
b.
V,, = a’V,, = V,,/-120° = 100/-120° = —50—j86.6
V,, = av,, = V,,2120° = 100£120° = —50 + j86.6
Check: ) .
V,, +Vp, +V,, = 10050 - 86.6 - 50 +j86.6 = 0
Next,
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1 1
Vap = 5(Vy a’Vp+av,) = 3(Vy +VpZ-120° +V, £120°)
= 2(150.£0° + 86.6./150° + 86.6 2210°)
= %(150 +86.6(—~/3/2) +86.6(1/2) + 86.6(—+/3/2) - j86.6(1/2))

= 2(150-75-75) = 0

1 1
Vo = §(Va +Vy+V,) = 5(15040O + 86.6.£-90° + 86.6.£90°)

= %(15040°+0) = 50£0°

Check: . . .
V, =V, +V,,+V,, = 100.£0°+0+500° = 15020

a

and the phasor diagram is shown below.

V, = 86.6290°
V., = 100£120°
1 Vy, = 50£0°
fr_val = 100.0°
> V, = 150£0°
V, = 5020°
Vp, = 1002-120° '
V, = 86.6.-90°
6.
I, =500 = 520°A I, = —j8.66 = 8.66.-90° A I, = j10.00 = 10.00.£90° A

ly = %(Ia+alb+a2Ic) = %(|a+ 1,£120° +1,£-120°)
= %(5400 +8.66.230° + 10./-30°)
= %(5+8.66(ﬁ/2)+j8.66(1/2)+10(J§/2)—j10(1/2))
= %(5+7.5+j4.33+8.66—j5) = %(21.16—1'0-67)

= 7.05-j0.22 = 7.05£-1.8°

2 o o .
ly, = a1y = 1,,/-120° = 7.05/-121.8° = —3.72-j5.99

I, = aly, = 1,,2120° = 7.05,118.2° = —3.33 +6.21
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Next,

a

a

O=

1 2 1 o .
) = é(la+a Ib+al,) = §(Ia+lb4—120 +1,£120°)

%(5 +8.66./150° + 10.,210°)
%(5 +8.66(=+/3/2) +(8.66(1/2) + 10(-/3/2) —j10(1/2))
%(5 _75+j4.33-8.66—j5) = %(— 11.16 - j0.67)

~3.72-j0.22 = 3.73£-176.6°
lp, = al,, = 1,,£120° = 3.73£-56.6° = 2.05-j3.11

2 o _ o _ 1
., = a’l,, = 1,,/-120° = 3.73£63.4° = 1.67 +j3.34

1 1. . . . ]
(g +1p+1;) = 5(5-]8.66 +]10) = 167 +j0.45 = 1.7315

and the phasor diagrams are shown below.

le

Ibw

10£90°

2 5,0°

8.66£-90°

| 1.73.15°
c24 3732634° |

az —~ lyo

3.73./-176.6° -1
|

b

co
) 3.734£-56.6°
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Appendix A

Introduction to MATLAB®

procedures for naming and saving the user generated files, comment lines, access to MAT-
LAB’s Editor / Debugger, finding the roots of a polynomial, and making plots. Several exam-
ples are provided with detailed explanations.

T his appendix serves as an introduction to the basic MATLAB commands and functions,

A.1 MATLAB® and Simulink®
MATLAB and Simulink are products of The MathWorks,™ Inc. These are two outstanding soft-

ware packages for scientific and engineering computations and are used in educational institu-
tions and in industries including automotive, aerospace, electronics, telecommunications, and
environmental applications. MATLAB enables us to solve many advanced numerical problems
rapidly and efficiently.

A.2 Command Window

To distinguish the screen displays from the user commands, important terms, and MATLAB
functions, we will use the following conventions:

Click: Click the left button of the mouse
Courier Font: Screen displays

Helvetica Font: User inputs at MATLAB’s command window prompt >> or EDU>>"
Helvetica Bold: MATLAB functions

Times Bold Italic: Important terms and facts, notes and file names

When we first start MATLAB, we see various help topics and other information. Initially, we are
interested in the command screen which can be selected from the Window drop menu. When the
command screen, we see the prompt >> or EDU>>. This prompt is displayed also after execution
of a command; MATLAB now waits for a new command from the user. It is highly recommended
that we use the Editor/Debugger to write our program, save it, and return to the command screen
to execute the program as explained below.

To use the Editor/Debugger:

1. From the File menu on the toolbar, we choose New and click on M—-File. This takes us to the
Editor Window where we can type our script (list of statements) for a new file, or open a previ-
ously saved file. We must save our program with a file name which starts with a letter.

* EDU>> is the MATLAB prompt in the Student Version
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Important! MATLAB is case sensitive, that is, it distinguishes between upper— and lower—case let-
ters. Thus, t and T are two different letters in MATLAB language. The files that we create are
saved with the file name we use and the extension .m; for example, myfileO1.m. It is a good prac-
tice to save the script in a file name that is descriptive of our script content. For instance, if the
script performs some matrix operations, we ought to name and save that file as matricesO1.m or
any other similar name. We should also use a floppy disk or an external drive to backup our files.

2. Once the script is written and saved as an m—file, we may exit the Editor/Debugger window by
clicking on Exit Editor/Debugger of the File menu. MATLAB then returns to the command
window.

3. To execute a program, we type the file name without the .m extension at the >> prompt;
then, we press <enter> and observe the execution and the values obtained from it. If we have
saved our file in drive a or any other drive, we must make sure that it is added it to the desired

directory in MATLAB’s search path. The MATLAB User’s Guide provides more information
on this topic.

Henceforth, it will be understood that each input command is typed after the >> prompt and fol-
lowed by the <enter> key.

The command help matlab\iofun will display input/output information. To get help with other
MATLARB topics, we can type help followed by any topic from the displayed menu. For example,
to get information on graphics, we type help matlab\graphics. The MATLAB User’s Guide con-
tains numerous help topics.

To appreciate MATLAB’s capabilities, we type demo and we see the MATLAB Demos menu.
We can do this periodically to become familiar with them. Whenever we want to return to the
command window, we click on the Close button.

When we are done and want to leave MATLAB, we type quit or exit. But if we want to clear all
previous values, variables, and equations without exiting, we should use the command clear. This
command erases everything; it is like exiting MATLAB and starting it again. The command clc
clears the screen but MATLAB still remembers all values, variables and equations that we have
already used. In other words, if we want to clear all previously entered commands, leaving only
the >> prompt on the upper left of the screen, we use the clc command.

All text after the % (percent) symbol is interpreted as a comment line by MATLAB, and thus it is
ignored during the execution of a program. A comment can be typed on the same line as the func-
tion or command or as a separate line. For instance,

conv(p,q) % performs multiplication of polynomials p and g
% The next statement performs partial fraction expansion of p(x) / q(x)

are both correct.
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One of the most powerful features of MATLAB is the ability to do computations involving com-
plex numbers. We can use either i, or j to denote the imaginary part of a complex number, such as
3-4i or 3-4j. For example, the statement

2=3-4;
displays
z = 3.0000-4.00001

In the above example, a multiplication (*) sign between 4 and j was not necessary because the
complex number consists of numerical constants. However, if the imaginary part is a function, or
variable such as cos(x), we must use the multiplication sign, that is, we must type cos(X)*j or
j*cos(x) for the imaginary part of the complex number.

A.3 Roots of Polynomials

In MATLAB, a polynomial is expressed as a row vector of the form [a, a, ; ... a, a; a,]. These

are the coefficients of the polynomial in descending order. We must include terms whose coeffi-
cients are zero.

We find the roots of any polynomial with the roots(p) function; p is a row vector containing the
polynomial coefficients in descending order.

Example A.1
Find the roots of the polynomial

p(x) = x* — 10X’ +35x” — 50x + 24
Solution:

The roots are found with the following two statements where we have denoted the polynomial as
p1, and the roots as roots_ p1.

pl=[1 -10 35 -50 24] % Specify and display the coefficients of p1(x)

pl =
1 -10 35 -50 24

roots_ pl=roots(pl) % Find the roots of p1(x)

roots pl =
4._.0000
3.0000
2.0000
1.0000
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We observe that MATLAB displays the polynomial coefficients as a row vector, and the roots as a
column vector.

Example A.2
Find the roots of the polynomial

py(x) = X —7x" + 16X +25x + 52

Solution:

There is no cube term; therefore, we must enter zero as its coefficient. The roots are found with
the statements below, where we have defined the polynomial as p2, and the roots of this polyno-
mial as roots_ p2. The result indicates that this polynomial has three real roots, and two complex

. 3 * .
roots. Of course, complex roots always occur in complex conjugate  pairs.

p2=[1 -7 0 16 25 52]

p2 =
1 -7 0 16 25 52
roots_ p2=roots(p2)
roots p2 =
6.5014
2.7428
-1.5711

-0.3366 + 1.3202i
-0.3366 - 1.3202i

A.4 Polynomial Construction from Known Roots

We can compute the coefficients of a polynomial, from a given set of roots, with the poly(r) func-
tion where r is a row vector containing the roots.

Example A.3

[t is known that the roots of a polynomial are 1, 2,3, and 4. Compute the coefficients of this
polynomial.

* By definition, the conjugate of a complex number A = a+jb is A* = a—jb
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Solution:

We first define a row vector, say r3, with the given roots as elements of this vector; then, we find
the coefficients with the poly(r) function as shown below.

r3=[1 2 3 4] % Specify the roots of the polynomial

r3 =
1 2 3 4

poly _r3=poly(r3) % Find the polynomial coefficients
poly r3 =
1 -10 35 -50 24
We observe that these are the coefficients of the polynomial p,(x) of Example A.1.

|
Example A.4

It is known that the roots of a polynomial are -1, -2, -3, 4 +j5, and 4 —j5. Find the coeffi-
cients of this polynomial.

Solution:

We form a row vector, say r4, with the given roots, and we find the polynomial coefficients with
the poly(r) function as shown below.

rA=[-1 -2 -3 4+5] 4-5i]

r4 =
Columns 1 through 4
-1.0000 -2.0000 -3.0000 -4.0000+ 5.0000i
Column 5
-4._.0000- 5.0000i

poly_rd=poly(r4)

poly r4 =
1 14 100 340 499 246

Therefore, the polynomial is

pa(x) = x°+ 14x" + 100X’ + 340x” + 499x + 246
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A.5 Evaluation of a Polynomial at Specified Values

The polyval(p,x) function evaluates a polynomial p(x) at some specified value of the indepen-
dent variable x.

Example A.5

Evaluate the polynomial

Ps(X) = X° = 3%+ 57— 4x% + 3%+ 2 (A.1)
at X = -3.
Solution:

p5=[1 -3 0 5 -4 3 2]; % These are the coefficients of the given polynomial

% The semicolon (;) after the right bracket suppresses the

% display of the row vector that contains the coefficients of p5.
%
val_minus3=polyval(p5, —-3) % Evaluate p5 at x=—3; no semicolon is used here

% because we want the answer to be displayed

val _minus3 =
1280

Other MATLAB functions used with polynomials are the following:
conv(a,b) — multiplies two polynomials a and b

[g,r]=deconv(c,d) —divides polynomial ¢ by polynomial d and displays the quotient q and
remainder r.

polyder(p) — produces the coefficients of the derivative of a polynomial p.
|
Example A.6
Let
p; = x> - 3x* + 57+ 7x + 9
and

p, = 2x° - 8x* + 4x% + 10x + 12

Compute the product p, - p, using the conv(a,b) function.
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Solution:

pl=[1 -3 057 9]; % The coefficients of p1

p2=[2 0 -8 0 4 10 12]; % The coefficients of p2

plp2=conv(pl,p2) % Multiply p1 by p2 to compute coefficients of the product p1p2
plp2 =

2 -6 -8 34 18 -24 -74 -88 78 166 174 108
Therefore,
Do, = 2x - 6x™ - 8x? + 34x® + 18x” - 24x°
_74x°-88x" + 78x° + 166X° + 174x + 108

I
Example A.7
Let

p; = X' —3x°+5x3+ 7x +9
and

P, = 2x° - 8x° +4x% + 10X + 12

Compute the quotient p;/p, using the [g,r]=deconv(c,d) function.

Solution:

% It is permissible to write two or more statements in one line separated by semicolons
p3=[1 0 -3 0 5 7 9], p4=[2 -8 0 0 4 10 12]; [g,r]=deconv(p3,p4)
q =
0.5000
r =
0 4 -3 0 3 2 3

Therefore,

Example A.8
Let

ps = 2x° - 8x" + 4x% + 10x + 12

Compute the derivative(—%( ps using the polyder(p) function.
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Solution:
p5=[2 0 -8 0 4 10 12]; % The coefficients of p5
der_p5=polyder(p5) % Compute the coefficients of the derivative of p5
der_p5 =
12 0 -32 0 8 10
Therefore,

d 5 3
pr5 = 12x" - 32x" + 8x + 10

A.6 Rational Polynomials
Rational Polynomials are those which can be expressed in ratio form, that is, as

n n-1 n-2
Num(x) _ b X +b, ;X “+b, X “+..+bXx+b,

R(X) = Den(x)

T — (A.2)

m m-
apX +a, ;X +a, X +...+aX+a,

where some of the terms in the numerator and/or denominator may be zero. We can find the roots
of the numerator and denominator with the roots(p) function as before.

As noted in the comment line of Example A.7, we can write MATLAB statements in one line, if
we separate them by commas or semicolons. Commas will display the results whereas semicolons
will suppress the display.

|
Example A.9
Let

R(x) = Poum _ x°=3x" 455" + 7x+9
Pden  x®—4x®+2x°+5x+6

Express the numerator and denominator in factored form, using the roots(p) function.

Solution:

num=[1 -3 0 5 7 9];den=[1 0 -4 0 2 5 6]; % Do not display num and den coefficients
roots_num=roots(num), roots_den=roots(den) % Display num and den roots
roots_num =

2.4186 + 1.07121 2.4186 - 1.0712i -1.1633
-0.3370 + 0.99611 -0.3370 - 0.99611
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roots den =
1.6760 + 0.4922i 1.6760 - 0.4922i -1.9304
-0.2108 + 0.9870i -0.2108 - 0.9870i -1.0000

As expected, the complex roots occur in complex conjugate pairs.
For the numerator, we have the factored form

= (X-2.4186 — j1.0712)(x~2.4186 + j1.0712)(x + 1.1633)
(X + 0.3370 — j0.9961)(X + 0.3370 + j0.9961)

pnum

and for the denominator, we have

Pyen = (X—1.6760 — j0.4922)(x~1.6760 + j0.4922) (x + 1.9304)
(X +0.2108-j0.9870)(x + 0.2108 + j0.9870)(x + 1.0000)
We can also express the numerator and denominator of this rational function as a combination of

linear and quadratic factors. We recall that, in a quadratic equation of the form x> +bx+c¢ = 0
whose roots are x; and X,, the negative sum of the roots is equal to the coefficient b of the x

term, that is, —(X; + X,) = b, while the product of the roots is equal to the constant term c, that

is, X, - X, = ¢. Accordingly, we form the coefficient b by addition of the complex conjugate roots

and this is done by inspection; then we multiply the complex conjugate roots to obtain the con-
stant term ¢ using MATLAB as follows:

(2.4186 + 1.0712i)*(2.4186 —1.0712i)
ans = 6.9971

(-0.3370+ 0.9961i)*(-0.3370-0.9961i)
ans = 1.1058

(1.6760+ 0.4922i)*(1.6760-0.4922i)
ans = 3.0512

(-0.2108+ 0.9870i)*(—0.2108-0.9870i)
ans = 1.0186

Thus,

R(X) = Prum _ (X° — 4.8372x + 6.9971)(x” + 0.6740x + 1.1058)(X + 1.1633)
Pden  (X° = 3.3520x + 3.0512)(x* + 0.4216X + 1.0186)(x + 1.0000)(x + 1.9304)
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We can check this result of Example A.9 above with MATLAB’s Symbolic Math Toolbox which is
a collection of tools (functions) used in solving symbolic expressions. They are discussed in detail
in MATLAB’s Users Manual. For the present, our interest is in using the collect(s) function that
is used to multiply two or more symbolic expressions to obtain the result in polynomial form. We
must remember that the conv(p,q) function is used with numeric expressions only, that is, poly-
nomial coefficients.

Before using a symbolic expression, we must create one or more symbolic variables such as x, y, t,
and so on. For our example, we use the following script:

syms x % Define a symbolic variable and use collect(s) to express numerator in polynomial form
collect((x"2-4.8372*x+6.9971)*(x"2+0.6740*x+1.1058)*(x+1.1633))

ans =
x"5-29999/10000*x"M4-1323/3125000*x"3+7813277909/
1562500000*x"2+1750276323053/250000000000*x+4500454743147/
500000000000

and if we simplify this, we find that is the same as the numerator of the given rational expression
in polynomial form. We can use the same procedure to verify the denominator.

A.7 Using MATLAB to Make Plots

Quite often, we want to plot a set of ordered pairs. This is a very easy task with the MATLAB
plot(x,y) command that plots y versus x, where x is the horizontal axis (abscissa) and y is the ver-
tical axis (ordinate).

Example A.10

Consider the electric circuit of Figure A.1, where the radian frequency o (radians/second) of the
applied voltage was varied from 300 to 3000 in steps of 100 radians/second, while the amplitude
was held constant.

Ry
— O
R,
@ C==
\V4 L

Figure A.1. Electric circuit for Example A.10
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The ammeter readings were then recorded for each frequency. The magnitude of the impedance
|Z| was computed as |Z| = |[V/A| and the data were tabulated on Table A.1.

TABLE A.1 Table for Example A.10

© (rads/s) |Z| Ohms || ® (rads/s) |Z| Ohms
300 39.339 1700 90.603
400 52.589 1800 81.088
500 71.184 1900 73.588
600 97.665 2000 67.513
700 140.437 2100 62.481
800 222.182 2200 58.240
900 436.056 2300 54.611
1000 1014.938 2400 51.428
1100 469.83 2500 48.717
1200 266.032 2600 46.286
1300 187.052 2700 44.122
1400 145.751 2800 42.182
1500 120.353 2900 40.432
1600 103.111 3000 38.845

Plot the magnitude of the impedance, that is, |Z| versus radian frequency o.
Solution:

We cannot type ® (omega) in the MATLAB Command prompt, so we will use the English letter
w instead.

If a statement, or a row vector is too long to fit in one line, it can be continued to the next line by
typing three or more periods, then pressing <enter> to start a new line, and continue to enter
data. This is illustrated below for the data of w and z. Also, as mentioned before, we use the semi-
colon (;) to suppress the display of numbers that we do not care to see on the screen.

The data are entered as follows:

w=[300 400 500 600 700 800 900 1000 1100 1200 1300 1400 1500 1600 1700 1800 1900....
2000 2100 2200 2300 2400 2500 2600 2700 2800 2900 3000};

%

z=[39.339 52.789 71.104 97.665 140.437 222.182 436.056....

1014.938 469.830 266.032 187.052 145.751 120.353 103.111....

90.603 81.088 73.588 67.513 62.481 58.240 54.611 51.468....

48.717 46.286 44.122 42.182 40.432 38.845];

Of course, if we want to see the values of w or z or both, we simply type w or z, and we press

Circuit Analysis IT with MATLAB ® Computing and Simulink / SimPowerSystems ® Modeling A-11
Copyright © Orchard Publications



Appendix A Introduction to MATLAB®

<enter>. To plot z (y—axis) versus W (x—axis), we use the plot(x,y) command. For this example,
we use plot(w,z). When this command is executed, MATLAB displays the plot on MATLAB’s
graph screen and MATLAB denotes this plot as Figure 1. This plot is shown in Figure A.2.

1200

1000 + B

800 - b

600 - b

400 b

200 - b

0 1 1 1 1 1
0 500 1000 1500 2000 2500 3000

Figure A.2. Plot of impedance |z| versus frequency o for Example A.10

This plot is referred to as the magnitude frequency response of the circuit.

To return to the command window, we press any key, or from the Window pull-down menu, we
select MATLAB Command Window. To see the graph again, we click on the Window pull-down
menu, and we choose Figure 1.

We can make the above, or any plot, more presentable with the following commands:

grid on: This command adds grid lines to the plot. The grid off command removes the grid. The

command grid toggles them, that is, changes from off to on or vice versa. The default” is off.

box off: This command removes the box (the solid lines which enclose the plot), and box on
restores the box. The command box toggles them. The default is on.

title(‘string’): This command adds a line of the text string (label) at the top of the plot.
xlabel(‘string’) and ylabel(‘string’) are used to label the x— and y—axis respectively.

The magnitude frequency response is usually represented with the x—axis in a logarithmic scale.
We can use the semilogx(x,y) command which is similar to the plot(x,y) command, except that
the x—axis is represented as a log scale, and the y-axis as a linear scale. Likewise, the semil-
ogy(x,y) command is similar to the plot(x,y) command, except that the y—axis is represented as a

*  Adefault is a particular value for a variable that is assigned automatically by an operating system and remains

in effect unless canceled or overridden by the operator.
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log scale, and the x—axis as a linear scale. The loglog(x,y) command uses logarithmic scales for
both axes.

Throughout this text it will be understood that log is the common (base 10) logarithm, and In is
the natural (base e) logarithm. We must remember, however, the function log(x) in MATLAB is
the natural logarithm, whereas the common logarithm is expressed as log10(x), and the logarithm
to the base 2 as log2(x).

Let us now redraw the plot with the above options by adding the following statements:

semilogx(w,z); grid; % Replaces the plot(w,z) command
title('Magnitude of Impedance vs. Radian Frequency');
xlabel('w in rads/sec"); ylabel(’|Z| in Ohms")

After execution of these commands, the plot is as shown in Figure A.3.

If the y—axis represents power, voltage or current, the x—axis of the frequency response is more
often shown in a logarithmic scale, and the y—axis in dB (decibels).

Magnitude of Impedance vs. Radian Frequency

1200

1000

800

600

|Z] in Ohms

400

200

w in rads/sec

Figure A.3. Modified frequency response plot of Figure A.2.

To display the voltage v in a dB scale on the y—axis, we add the relation dB=20*log10(v), and we
replace the semilogx(w,z) command with semilogx(w,dB) provided that v is predefined.

. * . . . . .
The command gtext(‘string’) switches to the current Figure Window, and displays a cross—hair
that can be moved around with the mouse. For instance, we can use the command gtext(‘Imped-
ance |Z| versus Frequency’), and this will place a cross—hair in the Figure window. Then, using

*  With the latest MATLAB Versions 6 and 7 (Student Editions 13 and 14), we can add text, lines and arrows directly into
the graph using the tools provided on the Figure Window. For advanced MATLAB graphics, please refer to The Math-
Works Using MATLAB Graphics documentation.
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the mouse, we can move the cross—hair to the position where we want our label to begin, and we
press <enter>.

The command text(x,y,’string’) is similar to gtext(‘string’). It places a label on a plot in some
specific location specified by x and y, and string is the label which we want to place at that loca-
tion. We will illustrate its use with the following example which plots a 3—phase sinusoidal wave-
form.

The first line of the script below has the form
linspace(first_value, last_value, number_of values)

This function specifies the number of data points but not the increments between data points. An
alternate function is

x=first: increment: last
and this specifies the increments between points but not the number of data points.
The script for the 3—phase plot is as follows:

x=linspace(0, 2*pi, 60); % piis a built—in function in MATLAB;

% we could have used x=0:0.02*pi:2*pi or x = (0: 0.02: 2)*pi instead;

y=sin(x); u=sin(x+2*pi/3); v=sin(x+4*pi/3);

plot(x,y,Xx,u,x,v); % The x—axis must be specified for each function

grid on, box on, % turn grid and axes box on

text(0.75, 0.65, 'sin(x)"); text(2.85, 0.65, 'sin(x+2*pi/3)"); text(4.95, 0.65, 'sin(x+4*pi/3)")

These three waveforms are shown on the same plot of Figure A.4.

1

Sin(x+4*pil3)

0.5

-0.5

Figure A.4. Three—phase waveforms
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In our previous examples, we did not specify line styles, markers, and colors for our plots. How-
ever, MATLAB allows us to specify various line types, plot symbols, and colors. These, or a com-
bination of these, can be added with the plot(x,y,s) command, where s is a character string con-
taining one or more characters shown on the three columns of Table A.2. MATLAB has no
default color; it starts with blue and cycles through the first seven colors listed in Table A.2 for
each additional line in the plot. Also, there is no default marker; no markers are drawn unless
they are selected. The default line is the solid line. But with the latest MATLAB versions, we can
select the line color, line width, and other options directly from the Figure Window.

TABLE A.2 Styles, colors, and markets used in MATLAB

Symbol Color Symbol Marker Symbol Line Style
b blue . point - solid line
g green o circle : dotted line
T red X x—mark - dash—dot line
c cyan + plus — dashed line
m magenta * star
y yellow s square
k black d diamond
w white v triangle down

A triangle up
< triangle left
> triangle right
p pentagram
h hexagram

For example, plot(x,y,'m*:") plots a magenta dotted line with a star at each data point, and
plot(x,y,'rs") plots a red square at each data point, but does not draw any line because no line was
selected. If we want to connect the data points with a solid line, we must type plot(x,y,'rs—'). For
additional information we can type help plot in MATLAB’s command screen.

The plots we have discussed thus far are two—dimensional, that is, they are drawn on two axes.
MATLAB has also a three-dimensional (three—axes) capability and this is discussed next.

The plot3(x,y,z) command plots a line in 3-space through the points whose coordinates are the
elements of x, y and z, where x, y and z are three vectors of the same length.

The general format is plot3(X1,Y1,21,51,X2,Y2,22,52,X3,Y3,Z3,S3,...) where X, ¥, and z, are vectors
or matrices, and s, are strings specifying color, marker symbol, or line style. These strings are the
same as those of the two—dimensional plots.
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Example A.11
Plot the function

z=—2x3+x+3y2—1 (A.3)
Solution:

We arbitrarily choose the interval (length) shown on the script below.

x=-10: 0.5: 10; % Length of vector x
Y= X; % Length of vector y must be same as x
Z= -2 X N3+x+3. 7y .21, % Vector z is function of both x and y*

plot3(x,y,z); grid

The three—dimensional plot is shown in Figure A.5.

3000
2000

1000

-1000

-2000 -l
10

Figure A.5. Three dimensional plot for Example A.11

In a two—dimensional plot, we can set the limits of the x— and y—axes with the axis([xmin xmax
ymin ymax]) command. Likewise, in a three—dimensional plot we can set the limits of all three
axes with the axis([xmin xmax ymin ymax zmin zmax]) command. It must be placed after the
plot(x,y) or plot3(x,y,z) commands, or on the same line without first executing the plot com-
mand. This must be done for each plot. The three-dimensional text(x,y,z,’string’) command will
place string beginning at the co—ordinate (x,y,z) on the plot.

For three—dimensional plots, grid on and box off are the default states.

* This statement uses the so called dot multiplication, dot division, and dot exponentiation where the multiplication, division,
and exponential operators are preceded by a dot. These important operations will be explained in Section A.9.
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We can also use the mesh(x,y,z) command with two vector arguments. These must be defined as
length(x) = n and length(y) = m where [m, n] = size(Z). In this case, the vertices of the mesh
lines are the triples {X(j), y(i), Z(i, j) } . We observe that X corresponds to the columns of Z, and y
corresponds to the rows.

To produce a mesh plot of a function of two variables, say z = f (X, y) , we must first generate the
X and Y matrices that consist of repeated rows and columns over the range of the variables x and
y. We can generate the matrices X and Y with the [X,Y]=meshgrid(x,y) function that creates the
matrix X whose rows are copies of the vector X, and the matrix Y whose columns are copies of the
vector Y.

Example A.12
The volume V of a right circular cone of radius r and height h is given by

V = %nrzh (A.4)

Plot the volume of the cone as r and h vary on the intervals 0<r<4 and 0<h <6 meters.

Solution:

The volume of the cone is a function of both the radius r and the height h, that is,
V = f(r,h)

The three—dimensional plot is created with the following MATLAB script where, as in the previ-
ous example, in the second line we have used the dot multiplication, dot division, and dot expo-
nentiation. This will be explained in Section A.9.

[R,H]=meshgrid(0: 4, 0: 6); % Creates R and H matrices from vectors r and h;...
V=(pi *R .~ 2 .*H)./3; mesh(R, H, V);...

xlabel('x—axis, radius r (meters)'); ylabel('y—axis, altitude h (meters)");...
zlabel('z—axis, volume (cubic meters)"); title("Volume of Right Circular Cone'); box on

The three—dimensional plot of Figure A.6 shows how the volume of the cone increases as the
radius and height are increased.

The plots of Figure A.5 and A.6 are rudimentary; MATLAB can generate very sophisticated
three-dimensional plots. The MATLAB User’s Manual and the Using MATLAB Graphics Man-

ual contain numerous examples.
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Volume of Right Circular Cone

=
a
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y-axis, altitude h (meters) x-axis, radius r (meters)

Figure A.6. Volume of a right circular cone.

A.8 Subplots

MATLAB can display up to four windows of different plots on the Figure window using the com-
mand subplot(m,n,p). This command divides the window into an m x n matrix of plotting areas
and chooses the pth area to be active. No spaces or commas are required between the three inte-
gers m, n and p. The possible combinations are shown in Figure A.7.

We will illustrate the use of the subplot(m,n,p) command following the discussion on multiplica-
tion, division and exponentiation that follows.

111
Full Screen Default
211 221 | 222
122
212 223 | 224 121
221
221 | 222 211 12 o 322
212 223 | 224 223 124

Figure A.7. Possible subplot arrangements in MATLAB

A.9 Multiplication, Division, and Exponentiation

MATLAB recognizes two types of multiplication, division, and exponentiation. These are the
matrix multiplication, division, and exponentiation, and the element-by—element multiplication,
division, and exponentiation. They are explained in the following paragraphs.
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In Section A.2, the arrays [a b ¢ ...], such a those that contained the coefficients of polynomi-
als, consisted of one row and multiple columns, and thus are called row vectors. If an array has
one column and multiple rows, it is called a column vector. We recall that the elements of a row
vector are separated by spaces. To distinguish between row and column vectors, the elements of a
column vector must be separated by semicolons. An easier way to construct a column vector, is to
write it first as a row vector, and then transpose it into a column vector. MATLAB uses the single
quotation character (') to transpose a vector. Thus, a column vector can be written either as

b=[-1; 3; 6; 11]

or as
b=[-1 3 6 11]
As shown below, MATLAB produces the same display with either format.
b=[-1; 3; 6; 11]
b =
-1
3
6
11
b=[-1 3 6 11] % Observe the single quotation character (‘)
b =
-1
3
6
11

We will now define Matrix Multiplication and Element-by—Element multiplication.

1. Matrix Multiplication (multiplication of row by column vectors)
Let
A=1la a a .. apl
and
B = [bl b2 b3 e bn]'

be two vectors. We observe that A is defined as a row vector whereas B is defined as a col-
umn vector, as indicated by the transpose operator (). Here, multiplication of the row vector
A by the column vector B, is performed with the matrix multiplication operator (*). Then,

A*B = [a;b; +3,b, +a3by + ... +a,b,] = single value (A.5)
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For example, if

A=1[1 2 3 4 5]
and

B=[-2 6 -3 8 7]

the matrix multiplication A*B produces the single value 68, that is,
A*B = 1x(<2)+2x6+3x(-3)+4x8+5x7 = 68
and this is verified with the MATLAB script
A=[1 2 3 4 5;B=[-2 6 -3 8 7];A*B % Observe transpose operator (‘) in B
ans =
68

Now, let us suppose that both A and B are row vectors, and we attempt to perform a row—by—
row multiplication with the following MATLAB statements.

A=[1 2 3 4 5];B=[-2 6 -3 8 7]; A*B % No transpose operator (‘) here

When these statements are executed, MATLAB displays the following message:

??? Error using ==> *

Inner matrix dimensions must agree.

Here, because we have used the matrix multiplication operator (¥) in A*B, MATLAB expects
vector B to be a column vector, not a row vector. It recognizes that B is a row vector, and
warns us that we cannot perform this multiplication using the matrix multiplication operator

(*). Accordingly, we must perform this type of multiplication with a different operator. This
operator is defined below.

2. Element-by-Element Multiplication (multiplication of a row vector by another row vector)
Let
C=1c; ¢, ¢ ... ¢l

and
D

[d, d, dy ... d]

be two row vectors. Here, multiplication of the row vector C by the row vector D is per-
formed with the dot multiplication operator (.¥). There is no space between the dot and the
multiplication symbol. Thus,

C*D = [Cldl C2d2 C3d3 e C d ] (A.6)

n-n

This product is another row vector with the same number of elements, as the elements of C
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and D.

As an example, let

C=1[1 2 3 4 5]
and

D=[-2 6 -3 8 7]

Dot multiplication of these two row vectors produce the following result.

C*D = 1x(-2) 2x6 3x(-3) 4x8 5x7=-2 12 -9 32 35

Check with MATLAR:

C=[1 2 3 45 % Vectors C and D must have
D=[-2 6-3 8 7]; % same number of elements
C.*D % We observe that this is a dot multiplication

-2 12 -9 32 35

Similarly, the division (/) and exponentiation (* ) operators, are used for matrix division and
exponentiation, whereas dot division (./) and dot exponentiation (.” ) are used for element—
by—element division and exponentiation, as illustrated in Examples A.11 and A.12 above.

We must remember that no space is allowed between the dot (.) and the multiplication, divi-

sion, and exponentiation operators.

Note: A dot (.) is never required with the plus (+) and minus (-) operators.
|
Example A.13
Write the MATLAB script that produces a simple plot for the waveform defined as

2
y = f(t) = 3¢ *'cos5t - 2e *'sin2t + ——
t+1

in the 0 <t<5 seconds interval.

Solution:
The MATLAB script for this example is as follows:
t=0: 0.01: 5; % Define t—axis in 0.01 increments

y=3 .*exp(—4 .*t) .* cos(b .* t)-2 * exp(-3 .*t) .*sin(2 .*t) +t A2 ./ (t+1);
plot(t,y); grid; xlabel('t"); ylabel('y=f(t)"); title('Plot for Example A.13")

The plot for this example is shown in Figure A.8.

(A7)
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Plot for Example A.13

(t)

Figure A.8. Plot for Example A.13

Had we, in this example, defined the time interval starting with a negative value equal to or less
than -1, say as -3 <t< 3, MATLAB would have displayed the following message:

Warning: Divide by zero.

This is because the last term (the rational fraction) of the given expression, is divided by zero
when t = -1. To avoid division by zero, we use the special MATLAB function eps, which is a

number approximately equal to 2.2 x 107"® . It will be used with the next example.

The command axis([xmin xmax ymin ymax]) scales the current plot to the values specified by
the arguments xmin, xmax, ymin and ymax. There are no commas between these four argu-
ments. This command must be placed after the plot command and must be repeated for each plot.
The following example illustrates the use of the dot multiplication, division, and exponentiation,
the eps number, the axis([xmin xmax ymin ymax]) command, and also MATLAB’s capability
of displaying up to four windows of different plots.

Example A.14

Plot the functions
y = sin’, z = cos’X, W = sin® - cos’x, Vv = sin?x/cos’x

in the interval 0 <x < 2m using 100 data points. Use the subplot command to display these func-
tions on four windows on the same graph.

A-22 Circuit Analysis Il with MATLAB ® Computing and Simulink / SimPowerSystems ® Modeling
Copyright © Orchard Publications



Multiplication, Division, and Exponentiation

Solution:
The MATLAB script to produce the four subplots is as follows:

x=linspace(0,2*pi,100); % Interval with 100 data points
y=(sin(x).” 2); z=(cos(x)." 2);

w=y.* z;

v=y./ (z+eps);% add eps to avoid division by zero
subplot(221);% upper left of four subplots

plot(x,y); axis([0 2*pi 0 1]);

title ('y=(sinx) * 2');

subplot(222); % upper right of four subplots
plot(x,z); axis([0 2*pi O 1]);

title ('z= (cosx) * 2');

subplot(223); % lower left of four subplots
plot(x,w); axis([0 2*pi 0 0.3]);

title('w= (sinx) © 2*(cosx) * 2');

subplot(224); % lower right of four subplots
plot(x,v); axis([0 2*pi 0 400]);

title('v=(sinx) * 2/(cosx) * 2);

These subplots are shown in Figure A.9.

y:(sinx)2 z:(cosx)2
1
0.5 0.5
0 0
0 2 4 6 0 2 4 6
v\p(sinx)z*(cosx)2 v:(sinx)zl(cosx)2
400
0.2
200
0.1
0 0
0 2 4 6 0 2 4 6

Figure A.9. Subplots for the functions of Example A.14

The next example illustrates MATLAB’s capabilities with imaginary numbers. We will introduce
the real(z) and imag(z) functions that display the real and imaginary parts of the complex quan-
tity z = x + iy, the abs(z), and the angle(z) functions that compute the absolute value (magni-
tude) and phase angle of the complex quantity z = x + iy = r£0. We will also use the
polar(theta,r) function that produces a plot in polar coordinates, where r is the magnitude, theta
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is the angle in radians, and the round(n) function that rounds a number to its nearest integer.

Example A.15

Consider the electric circuit of Figure A.10.

10 Q
ao—MAN—
10 Q
Zp— =< 10 uF
0.1H

Figure A.10. Electric circuit for Example A.15

With the given values of resistance, inductance, and capacitance, the impedance Z,; as a func-

tion of the radian frequency ® can be computed from the following expression:

10° —j(10%/w)

Zp=2Z=10+ -
10 +j(0.1w—10°/w )

(A.8)

a. Plot Re{Z} (the real part of the impedance Z) versus frequency .
b. Plot Im{Z} (the imaginary part of the impedance Z) versus frequency w.

c. Plot the impedance Z versus frequency o in polar coordinates.
Solution:
The MATLAB script below computes the real and imaginary parts of Z,, which, for simplicity,

are denoted as z, and plots these as two separate graphs (parts a & b). It also produces a polar
plot (part c).

w=0: 1: 2000; % Define interval with one radian interval;...
z=(10+(10 A4 —j .*10 .~ 6 ./ (w+eps)) ./ (10 +j .* (0.1 .* w —10.%5./ (w+eps))));...
%

% The first five statements (next two lines) compute and plot Re{z}
real_part=real(z); plot(w,real_part);...

xlabel('radian frequency w'); ylabel('Real part of Z'); grid
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Figure A.11. Plot for the real part of the impedance in Example A.15

% The next five statements (next two lines) compute and plot Im{z}
imag_part=imag(z); plot(w,imag_part);...
xlabel('radian frequency w'); ylabel('Imaginary part of Z'); grid

600

400

200

-200

Imaginary part of Z
o

-400

|

|

1

i

| | |

| | |

1 1 1
0 200 400 600 800 1000 1200 1400 1600 1800 2000
radian frequency w

-600

Figure A.12. Plot for the imaginary part of the impedance in Example A.15

% The last six statements (next five lines) below produce the polar plot of z

mag=abs(z); % Computes |Z];...

rndz=round(abs(z)); % Rounds |Z| to read polar plot easier;...
theta=angle(z); % Computes the phase angle of impedance Z;...
polar(theta,rndz); % Angle is the first argument

ylabel('Polar Plot of Z'); grid
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Polar Plot of Z

Figure A.13. Polar plot of the impedance in Example A.15
Example A.15 clearly illustrates how powerful, fast, accurate, and flexible MATLAB is.

A.10 Script and Function Files

MATLAB recognizes two types of files: script files and function files. Both types are referred to as
m—files since both require the .m extension.

A script file consists of two or more built—in functions such as those we have discussed thus far.
Thus, the script for each of the examples we discussed earlier, make up a script file. Generally, a
script file is one which was generated and saved as an m—file with an editor such as the MAT-

LAB’s Editor/Debugger.

A function file is a user—defined function using MATLAB. We use function files for repetitive
tasks. The first line of a function file must contain the word function, followed by the output argu-
ment, the equal sign ( = ), and the input argument enclosed in parentheses. The function name
and file name must be the same, but the file name must have the extension .m. For example, the
function file consisting of the two lines below

function y = myfunction(x)
y=x." 3 + c0s(3.* X)

is a function file and must be saved as myfunction.m
For the next example, we will use the following MATLAB functions:

fzero(f,x) — attempts to find a zero of a function of one variable, where f is a string containing the
name of a real-valued function of a single real variable. MATLAB searches for a value near a
point where the function f changes sign, and returns that value, or returns NaN if the search fails.
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Important: We must remember that we use roots(p) to find the roots of polynomials only, such as
those in Examples A.1 and A.2.

fplot(fcn,lims) — plots the function specified by the string fcn between the x—axis limits specified
by lims = [xmin xmax]. Using lims = [xmin xmax ymin ymax] also controls the y—axis limits.
The string fcn must be the name of an m—file function or a string with variable x.

NaN (Not-a—Number) is not a function; it is MATLAB’s response to an undefined expression
such as 0/0, o/, or inability to produce a result as described on the next paragraph. We can
avoid division by zero using the eps number, which we mentioned earlier.

|
Example A.16

Find the zeros, the minimum, and the maximum values of the function

f(x) = 1 - 1 ~10 (A.9)

(x-0.1)*+001 (x-1.2)%+0.04

in the interval -1.5<x<1.5
Solution:

We first plot this function to observe the approximate zeros, maxima, and minima using the fol-
lowing script.

x=-1.5: 0.01: 1.5;
y=1./ (x-0.1).» 2 + 0.01) -1./ ((x-1.2).~ 2 + 0.04) -10;
plot(x,y); grid

The plot is shown in Figure A.14.
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|
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Figure A.14. Plot for Example A.16 using the plot command
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The roots (zeros) of this function appear to be in the neighborhood of x = -0.2 and x = 0.3. The

maximum occurs at approximately x = 0.1 where, approximately, = 90, and the minimum

ymax

occurs at approximately x = 1.2 where, approximately, = -34.

Ymin
Next, we define and save f(x) as the funczero01.m function m—file with the following script:

function y=funczero01(x)
% Finding the zeros of the function shown below
y=1/((x—0.1)"2+0.01)-1/((x-1.2)"2+0.04)-10;

To save this file, from the File drop menu on the Command Window, we choose New, and when
the Editor Window appears, we type the script above and we save it as funczero01. MATLAB
appends the extension .m to it.

Now, we can use the fplot(fcn,lims) command to plot f(x) as follows:
fplot(‘funczero0l', [-1.5 1.5]); grid

This plot is shown in Figure A.15. As expected, this plot is identical to the plot of Figure A.14
which was obtained with the plot(x,y) command as shown in Figure A.14.

100

80f------

60~~~

40f------

20f------

0 ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

ok - N

-40
15

Figure A.15. Plot for Example A.16 using the fplot command

We will use the fzero(f,x) function to compute the roots of f(x) in Equation (A.9) more precisely.
The MATLAB script below will accomplish this.

x1= fzero(‘funczero01l', —-0.2);

x2= fzero(‘funczero01', 0.3);

fprintf('The roots (zeros) of this function are r1= %3.4f", x1);
fprintf(' and r2= %3.4f \n', x2)
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MATLAB displays the following:
The roots (zeros) of this function are rl= -0.1919 and r2= 0.3788

The earlier MATLAB versions included the function fmin(f,x1,x2) and with this function we
could compute both a minimum of some function f(x) or a maximum of f(x) since a maximum of
f(x) is equal to a minimum of —f(x). This can be visualized by flipping the plot of a function f(x)
upside—down. This function is no longer used in MATLAB and thus we will compute the maxima
and minima from the derivative of the given function.

From elementary calculus, we recall that the maxima or minima of a function y = f(x) can be
found by setting the first derivative of a function equal to zero and solving for the independent
variable x . For this example we use the diff(x) function which produces the approximate deriva-
tive of a function. Thus, we use the following MATLAB script:

syms x ymin zmin; ymin=1/((x-0.1)"2+0.01)-1/((x-1.2)"2+0.04)-10;...
zmin=diff(ymin)

zmin =
-1/((x-1/10)"2+1/100)"2*(2*%x-1/5)+1/ ((x-6/5)"2+1/25)"2*(2*x-12/5)

When the command
solve(zmin)

is executed, MATLAB displays a very long expression which when copied at the command
prompt and executed, produces the following:

ans =
0.6585 + 0.34371
ans =
0.6585 - 0.34371
ans =

1.2012

The real value 1.2012 above is the value of x at which the function y has its minimum value as
we observe also in the plot of Figure A.15.

To find the value of y corresponding to this value of x, we substitute it into f(x), that is,
x=1.2012; ymin=1 / (x-0.1) A 2 + 0.01) 1 / (x=1.2) A 2 + 0.04) —10

ymin = -34.1812

We can find the maximum value from —f(x) whose plot is produced with the script
x=-1.5:0.01:1.5; ymax=-1./((x-0.1).~2+0.01)+1./((x-1.2).~2+0.04)+10; plot(x,ymax); grid
and the plot is shown in Figure A.16.
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Figure A.16. Plot of —f(X) for Example A.16

Next we compute the first derivative of —f(x) and we solve for x to find the value where the max-
imum of ymax occurs. This is accomplished with the MATLAB script below.

syms x ymax zmax; ymax=—(1/((x—0.1)"2+0.01)-1/((x—1.2)*2+0.04)—-10); zmax=diff(ymax)

Zmax =
1/ ((x-1/10)"2+1/100)"2*(2*x-1/5) -1/ ((X-6/5)"2+1/25)"2* (2*x-12/5)

solve(zmax)
When the command
solve(zmax)

is executed, MATLAB displays a very long expression which when copied at the command
prompt and executed, produces the following:

ans =
0.6585 + 0.34371

ans =
0.6585 - 0.3437i

ans
.2012

I~ 1l

ans
0.0999

From the values above we choose x = 0.0999 which is consistent with the plots of Figures A.15
and A.16. Accordingly, we execute the following script to obtain the value of ymin.
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x=0.0999; % Using this value find the corresponding value of ymax
ymax=1/((x-0.1)~2 + 0.01) -1/ ((x-1.2) ~ 2 + 0.04) -10

ymax = 89.2000

A.11 Display Formats

MATLARB displays the results on the screen in integer format without decimals if the result is an
integer number, or in short floating point format with four decimals if it a fractional number. The
format displayed has nothing to do with the accuracy in the computations. MATLAB performs all
computations with accuracy up to 16 decimal places.

The output format can changed with the format command. The available MATLAB formats can
be displayed with the help format command as follows:

help format

FORMAT Set output format.

All computations in MATLAB are done in double precision.

FORMAT may be used to switch between different output display formats
as follows:

FORMAT Default. Same as SHORT.

FORMAT SHORT Scaled fixed point format with 5

FORMAT LONG Scaled fixed point format with 15

FORMAT SHORT E Floating point format with 5 digi

FORMAT LONG E Floating point format with 15 digits.

FORMAT SHORT G Best of fixed or floating point format with 5 digits.

FORMAT LONG G Best of fixed or floating point format with 15 digits.

FORMAT HEX Hexadecimal format.

FORMAT + The symbols +, - and blank are printed for positive, negative,
and zero elements.Imaginary parts are ighored.

FORMAT BANK Fixed format for dollars and cents.

FORMAT RAT Approximation by ratio of small integers.

digits.
digits.
ts.

Spacing:

FORMAT COMPACT Suppress extra line-feeds.
FORMAT LOOSE Puts the extra line-feeds back in.

Some examples with different format displays age given below.

format short 33.3335 Four decimal digits (default)

format long 33.33333333333334 16 digits

format short e 3.3333e+01 Four decimal digits plus exponent
format short g 33.333 Better of format short or format short e
format bank 33.33 two decimal digits

format + only + or - or zero are printed
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format rat 100/3 rational approximation

The disp(X) command displays the array X without printing the array name. If X is a string, the
text is displayed.

The fprintf(format,array) command displays and prints both text and arrays. It uses specifiers to
indicate where and in which format the values would be displayed and printed. Thus, if %f is
used, the values will be displayed and printed in fixed decimal format, and if %e is used, the val-
ues will be displayed and printed in scientific notation format. With this command only the real
part of each parameter is processed.

This appendix is just an introduction to MATLAB.” This outstanding software package consists

of many applications known as Toolboxes. The MATLAB Student Version contains just a few of
these Toolboxes. Others can be bought directly from The MathWorks,™ Inc., as add-ons.

* For more MATLAB applications, please refer to Numerical Analysis Using MATLAB and Excel, ISBN 978—
1-934404-03—4.
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duce Simulink with a few examples. Some familiarity with MATLAB is essential in under-

standing Simulink, and for this purpose, Appendix A is included as an introduction to
MATLAB.

T his appendix is a brief introduction to Simulink. This author feels that we can best intro-

B.1 Simulink and its Relation to MATLAB

The MATLAB® and Simulink® environments are integrated into one entity, and thus we can
analyze, simulate, and revise our models in either environment at any point. We invoke Simulink
from within MATLAB. We will introduce Simulink with a few illustrated examples.

Example B.1

For the circuit of Figure B.1, the initial conditions are i, (07) = 0, and v,(0") = 05V . We will

compute V(t).

— +

<

c()

C
_ -
H(t) 4/3F

Vs(t) = Up(1)

Figure B.1. Circuit for Example B.1

| <—

For this example,

o : dv
=i =ic= Cd—tC (B.1)
and by Kirchoff’s voltage law (KVL),

Substitution of (B.1) into (B.2) yields
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2
rede | cdVe
dt dt2

+Ve = Ug(t) (B.3)

Substituting the values of the circuit constants and rearranging we obtain:

2
1d°ve  4dv
ol T RACREL
dVe , 4, 0Ve 5,y B4
2 T T3ve = 3l E4
d2VC dVC
—C4+4—"S43v. =3 t>0 (B.5)
dt2 dt

To appreciate Simulink’s capabilities, for comparison, three different methods of obtaining the
solution are presented, and the solution using Simulink follows.

First Method — Assumed Solution

Equation (B.5) is a second-order, non—-homogeneous differential equation with constant coeffi-
cients, and thus the complete solution will consist of the sum of the forced response and the natu-
ral response. It is obvious that the solution of this equation cannot be a constant since the deriva-
tives of a constant are zero and thus the equation is not satisfied. Also, the solution cannot
contain sinusoidal functions (sine and cosine) since the derivatives of these are also sinusoids.

‘ . _at . .
However, decaying exponentials of the form ke™® where k and a are constants, are possible candi-
dates since their derivatives have the same form but alternate in sign.

st st
It is shown in Appendix H that if ke = and k,e * where k; and k, are constants and s; and

s, are the roots of the characteristic equation of the homogeneous part of the given differential
. . st st

equation, the natural response is the sum of the terms k;e = and k,e 2" Therefore, the total

solution will be

1 S,

v (t) = natural response + forced response = v (t) + v (t) = klefst+k2e7 t+vcf(t) (B.6)

The values of s; and s, are the roots of the characteristic equation

S+4s+3 =0 (B.7)

Solution of (B.7) yields of s, = -1 and s, = -3 and with these values (B.6) is written as
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v (t) = kle_t+ kze_3t+vcf(t) (B.8)
The forced component v(t) is found from (B.5), i.e.,

2

M+4LVC

> o +3ve =3 t>0 (B.9)
dt

Since the right side of (B.9) is a constant, the forced response will also be a constant and we
denote it as v = kg. By substitution into (B.9) we obtain

0+0+3k; =3

or
Ver = kg = 1 (B.10)
Substitution of this value into (B.8), yields the total solution as

t

Ve(t)= V() + Vg = ke + ke S+ 1 (B.11)

The constants k; and k, will be evaluated from the initial conditions. First, using v<(0) = 0.5 V

and evaluating (B.11) at t = 0, we obtain

ve(0) = k&2 +k,e’+1 = 05

ky+k, = 05 (B.12)
1 2
Also, S dve dve i,
W=le=Cq @ ¢
and
d_VC :il-(ﬁzgzo (B.13)
d|_, C C '

Next, we differentiate (B.11), we evaluate it at t = 0, and equate it with (B.13). Thus,

dvg

= = k3K (B.14)

t=0

By equating the right sides of (B.13) and (B.14) we obtain
k,~3k, = 0 (B.15)
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Simultaneous solution of (B.12) and (B.15), gives k; = -0.75 and k, = 0.25. By substitution into
(B.8), we obtain the total solution as

Ve(t) = (<0.75e "+ 0.25¢ " + 1)uy(t) (B.16)
Check with MATLAB:
syms t % Define symbolic variable t
y0=-0.75*exp(-t)+0.25*exp(-3*t)+1; % The total solution y(t), for our example, vc(t)
y1=diff(y0) % The first derivative of y(t)
yl =
3/4*%exp(-t)-3/4*exp(-3*t)
y2=diff(y0,2) % The second derivative of y(t)
y2 =
-3/4*%exp(-t)+9/4*exp(-3*t)
y=y2+4*y1+3*y0 % Summation of y and its derivatives
y =
3

Thus, the solution has been verified by MATLAB. Using the expression for v(t) in (B.16), we

find the expression for the current as

dVo _4(3,13 gt

. . . -3t —
i= IL_IC_Cdt_§(4e i )_e—e A (B.17)
Second Method - Using the Laplace Transformation
The transformed circuit is shown in Figure B.2.
R L
IR +
1 0.25s ¢
T~ T
V(s) = 1/s C 3/4s V()
1(9) (Ve l
0.5/s v

Figure B.2. Transformed Circuit for Example B.1
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. . . * .
By the voltage division expression,

Vs = 3/4s (1 o.5) 05 _ 15 05 055 +2s+3
o(s) = (2o B2 o Do DOS #2549
(1+0.255+3/4s) \s s S(SZ+4S+3) s(s+1)(s+3)
Using partial fraction expansion, we let
2 r r r
055 +2s+3 - _1+ 2 + 3 (B18)
S(s+1)(s+3) s (s+1) (s+3)
_055+2s+3]  _
Lo+ 1)(s+3)|_,
2
. 05s+_2s+3‘ - 075
s(s+3) "
055° + 25+ 3
g = S #2543 = 025
s(s+1) ce 3

and by substitution into (B.18)

05s°+2s+3 _ 1, 075, 025
sS(s+1)(s+3) s (s+1) (s+3)

Ve(s) =

Taking the Inverse Laplace transform* we find that
Ve(t) = 1-0.75e " +0.25¢ "
Third Method - Using State Variables
di,

. sksk

*  For derivation of the voltage division and current division expressions, please refer to Circuit Analysis I with

MATLAB Computing and Simulink / SimPowerSystems , ISBN 978—1-934404—17—-1.
T Partial fraction expansion is discussed in Chapter 5, this text.

% For an introduction to Laplace Transform and Inverse Laplace Transform, please refer Chapters 4 and 5, this
text.

** Usually, in State—Space and State Variables Analysis, u(t) denotes any input. For distinction, we will denote
the Unit Step Function as uy(t) . For a detailed discussion on State—Space and State Variables Analysis, please
refer to Chapter 7, this text.
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By substitution of given values and rearranging, we obtain

1di _ g
adt - (-1, —ve+1
or
di, :
rri —4i —4v.+4 (B.19)

Next, we define the state variables x; = i, and x, = v¢. Then,

%, = % (B.20)
and
dv
X, = (B.21)
Also,
P oWve
- dt
and thus, dv 4
X1=i|_=cd_tC=CX2=§X2
or
X, = gxl (B.22)

Therefore, from (B.19), (B.20), and (B.22), we obtain the state equations
Xy = —4X —-4X,+4

3
X2= 2%

{xl} _ {_4 _4} {xl} + ﬂ Uo(t) (B.23)
X, 3/4 0]|x,| |0

and in matrix form,

Solution™ of (B.23) yields

*  The notation x (x dot) is often used to denote the first derivative of the function X, that is, x = dx/dt.
T The detailed solution of (B.23) is given in Chapter 7, Example 7.10, Page 7—23, this text.
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|:X:IZ| _ ol
X —t -3t
2 1-0.75e "+ 0.25e

X, =i, =e -e (B.24)

Then,

and
X, = Ve = 1- 0.75¢ ' + 0.25¢ > (B.25)
Modeling the Differential Equation of Example B.1 with Simulink

To run Simulink, we must first invoke MATLAB. Make sure that Simulink is installed in your sys-
tem. In the MATLAB Command prompt, we type:

simulink

Alternately, we can click on the Simulink icon shown in Figure B.3. It appears on the top bar on

MATLAB’s Command prompt.

Figure B.3. The Simulink icon

Upon execution of the Simulink command, the Commonly Used Blocks appear as shown in Fig-
ure B.4.

In Figure B.4, the left side is referred to as the Tree Pane and displays all Simulink libraries
installed. The right side is referred to as the Contents Pane and displays the blocks that reside in
the library currently selected in the Tree Pane.

Let us express the differential equation of Example B.1 as
2

d
dVe _ 4% 3y, 4 3uy(t) (B.26)
dt? dt

A block diagram representing relation (B.26) above is shown in Figure B.5. We will use Simulink

to draw a similar block diagram.”

* Henceforth, all Simulink block diagrams will be referred to as models.
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Figure B.4. The Simulink Library Browser
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Figure B.5. Block diagram for equation (B.26)

To model the differential equation (B.26) using Simulink, we perform the following steps:

1. On the Simulink Library Browser, we click on the leftmost icon shown as a blank page on the
top title bar. A new model window named untitled will appear as shown in Figure B.6.
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51 untitled
File Edit Wiew Simulabion Format  Tools  Help
0D =S 100 |Momal

Ready 1100%: ndeds

Figure B.6. The Untitled model window in Simulink.

The window of Figure B.6 is the model window where we enter our blocks to form a block dia-
gram. We save this as model file name Equation_1_26. This is done from the File drop menu of
Figure B.6 where we choose Save as and name the file as Equation_1_26. Simulink will add
the extension .mdl. The new model window will now be shown as Equation_1_ 26, and all
saved files will have this appearance. See Figure B.7.

B Equation_1_26

File Edit “iew Simulation  Format  Tools  Help
O = HS o I'IEI. ]Nl:nrmal -
Ready _llfllj°f.:: lode3

Figure B.7. Model window for Equation 1 26.mdl file

2. With the Equation_1_26 model window and the Simulink Library Browser both visible, we
click on the Sources appearing on the left side list, and on the right side we scroll down until
we see the unit step function shown as Step. See Figure B.8. We select it, and we drag it into
the Equation_1_26 model window which now appears as shown in Figure B.8. We save file
Equation_1 26 using the File drop menu on the Equation_1_26 model window (right side of
Figure B.8).

3. With reference to block diagram of Figure B.5, we observe that we need to connect an ampli-
fier with Gain 3 to the unit step function block. The gain block in Simulink is under Com-
monly Used Blocks (first item under Simulink on the Simulink Library Browser). See Figure
B.8. If the Equation_1 26 model window is no longer visible, it can be recalled by clicking on
the white page icon on the top bar of the Simulink Library Browser.

4. We choose the gain block and we drag it to the right of the unit step function. The triangle on
the right side of the unit step function block and the > symbols on the left and right sides of
the gain block are connection points. We point the mouse close to the connection point of the
unit step function until is shows as a cross hair, and draw a straight line to connect the two
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blocks.” We double—click on the gain block and on the Function Block Parameters, we
change the gain from 1 to 3. See Figure B.9.
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Figure B.8. Dragging the unit step function into File Equation 1 26
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Figure B.9. File Equation 1 26 with added Step and Gain blocks

* An easy method to interconnect two Simulink blocks by clicking on the source block to select it, then hold down
the Ctrl key and left—click on the destination block.
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5. Next, we need to add a thee—input adder. The adder block appears on the right side of the
Simulink Library Browser under Math Operations. We select it, and we drag it into the
Equation_1 26 model window. We double click it, and on the Function Block Parameters
window which appears, we specify 3 inputs. We then connect the output of the of the gain
block to the first input of the adder block as shown in Figure B.10.

>

Step Fain 1

+
Add

Figure B.10. File Equation 1 26 with added gain block

6. From the Commonly Used Blocks of the Simulink Library Browser, we choose the Integra-
tor block, we drag it into the Equation_1_26 model window, and we connect it to the output
of the Add block. We repeat this step and to add a second Integrator block. We click on the
text “Integrator” under the first integrator block, and we change it to Integrator 1. Then, we
change the text “Integrator 1” under the second Integrator to “Integrator 2” as shown in Fig-

ure B.11.
I I: . 1 » 1L

Stap Gainl £ T
+
o Integrator Integratorz

Figure B.11. File Equation 1 26 with the addition of two integrators

7. To complete the block diagram, we add the Scope block which is found in the Commonly
Used Blocks on the Simulink Library Browser, we click on the Gain block, and we copy and
paste it twice. We flip the pasted Gain blocks by using the Flip Block command from the For-
mat drop menu, and we label these as Gain 2 and Gain 3. Finally, we double—click on these
gain blocks and on the Function Block Parameters window, we change the gains from to —4
and -3 as shown in Figure B.12.

J_%J' 1 1 C ]

" 1 1
Step Gain 1 * oz ® ™

Integratorz Soope

Gain3

Figure B.12. File Equation 1 26 complete block diagram
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_ dv _
8. The initial conditions i (07) = C—a-tg = 0, and v,(0) = 0.5V are entered by double
t=0
clicking the Integrator blocks and entering the values 0 for the first integrator, and 0.5 for the
second integrator. We also need to specify the simulation time. This is done by specifying the
simulation time to be 10 seconds on the Configuration Parameters from the Simulation drop
menu. We can start the simulation on Start from the Simulation drop menu or by clicking on

» .
the icon.

9. To see the output waveform, we double click on the Scope block, and then clicking on the

Autoscale L icon, we obtain the waveform shown in Figure B.13.

Time offset: 0

Figure B.13. The waveform for the function v(t) for Example B.1

Another easier method to obtain and display the output v(t) for Example B.1, is to use State—
Space block from Continuous in the Simulink Library Browser, as shown in Figure B.14.

» ® = AxtBu |:|
= CxOu
Step State-Space Seope
simout
To Workspace

Figure B.14. Obtaining the function v(t) for Example B.1 with the State—Space block.
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The simout To Workspace block shown in Figure B.14 writes its input to the workspace. The
data and variables created in the MATLAB Command window, reside in the MATLAB Work-
space. This block writes its output to an array or structure that has the name specified by the
block's Variable name parameter. This gives us the ability to delete or modify selected variables.
We issue the command who to see those variables. From Equation B.23, Page B-6,

KRR n R

The output equation is

y = Cx+du
or
y = [0 1] H +[0]u
Xz

We double—click on the State—Space block, and in the Functions Block Parameters window we
enter the constants shown in Figure B.15.

=1 Function Block Parameters: State-Space [g|
State Space

State-zpace model:
dudt =t + Bu
y=Cn+Du

Farameters
A
[-4-4; 344 0] |
B:
407 |
C:
01] |
0
|0 |

[mitial conditiores:
[ w2] |

Ahbzalute tolerance:

iautu:u |

(] ” Cancel ] ’ Help Apply

Figure B.15. The Function block parameters for the State—Space block.
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The initials conditions [x1 x2]' are specified in MATLAB’s Command prompt as
x1=0; x2=0.5;

. . . . . |
As before, to start the simulation we click clicking on the icon, and to see the output wave-

form, we double click on the Scope block, and then clicking on the Autoscale L icon, we
obtain the waveform shown in Figure B.16.

Time offset; 0O

Figure B.16. The waveform for the function v(t) for Example B.1 with the State-Space block.

The state—space block is the best choice when we need to display the output waveform of three or
more variables as illustrated by the following example.

Example B.2
A fourth—order network is described by the differential equation

4 3 2
d d d
d—% + ag——%! + az—-l2 + ala¥ +a,y(t) = u(t) (B.27)
dt dt dt

where y(t) is the output representing the voltage or current of the network, and u(t) is any input,
and the initial conditions are y(0) = y'(0) = y"(0) = y"(0) = 0.

a. We will express (B.27) as a set of state equations
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b. It is known that the solution of the differential equation
dy &
Y22 byt = snt (B.28)
dt*  dt
subject to the initial conditions y(0) = y'(0) = y"(0) = y"(0) = 0, has the solution

y(t) = 0.125[(3-t%) - 3tcost] (B.29)

In our set of state equations, we will select appropriate values for the coefficients
as, &y, a;, and a, so that the new set of the state equations will represent the differential equa-

tion of (B.28), and using Simulink, we will display the waveform of the output y(t).

1. The differential equation of (B.28) is of fourth—order; therefore, we must define four state vari-
ables that will be used with the four first—order state equations.

We denote the state variables as X;, X,, X3, and X,, and we relate them to the terms of the
given differential equation as

d d’ d’
X1 = y(t) Xy = (_jY X3 = _ZY Xq = _3¥ (B.30)
t dt dt
We observe that
Xl = Xz
Xz = X3
X3 = Xy (B31)
4
d
—(-Zl—t% = Xy = —8X;—& Xy — 8X3—8X, + U()
and in matrix form
Xy 0 1 0 0% 0
Xol 2|0 0 101X 0]y (B.32)
x |0 0 0 1||x{ |0
X4 —3 —a; -3 -] |x,| |1
In compact form, (B.32) is written as
X = AX+ bu (B.33)
Also, the output i
50, the output is y = Cx+du (B.34)

where
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Xy 0O 1 0 O X1 0
x=|%, aA=]0 O 1 01X p_|0  andu=uw (B.35)
X3 00 0 1 X3 0
X4 —8 —a —& & X4 1
and since the output is defined as
y(t) = x;
relation (B.34) is expressed as
X
y = [1 00 0]-[*2 +[0Ju) (B.36)
X3
Xy

2. By inspection, the differential equation of (B.27) will be reduced to the differential equation of
(B.28) if we let

a3 =0 a =2 a =0 a=1 u(t) = sint

and thus the differential equation of (B.28) can be expressed in state—space form as

Xy 0 1 0 O|Xs 0
Xo = |00 1 0HXa, 10/gng (B.37)
X3 0 0 0 1||x, 0
2 |~w0-20x| 1
where
Xy 0100 X1 0
=%, A=[0010 _1*X  H_[0  andu = snt (B.38)
X 0001 X5 0
%, 2, 0-2 0 Xq 1
Since the output is defined as
y(t) = X,

in matrix form it is expressed as
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Xy

y=[1000] iz +[0]sint (B.39)
3

X4

We invoke MATLAB, we start Simulink by clicking on the Simulink icon, on the Simulink
Library Browser we click on the Create a new model (blank page icon on the left of the top
bar), and we save this model as Example_1_2. On the Simulink Library Browser we select
Sources, we drag the Signal Generator block on the Example_1 2 model window, we click
and drag the State-Space block from the Continuous on Simulink Library Browser, and we
click and drag the Scope block from the Commonly Used Blocks on the Simulink Library
Browser. We also add the Display block found under Sinks on the Simulink Library
Browser. We connect these four blocks and the complete block diagram is as shown in Figure
B.17.

[ g e ]
Signal Sthate-Space Scope

Generator
Display

Figure B.17. Block diagram for Example B.2

We now double—click on the Signal Generator block and we enter the following in the Func-
tion Block Parameters:

Wave form: sine

Time (t): Use simulation time
Amplitude: 1

Frequency: 2

Units: Hertz

Next, we double—click on the state—space block and we enter the following parameter values
in the Function Block Parameters:

A:[0100;0010,000 1;,-a0 —al -a2 -a3]
B:[0 0 0 1]

C:[1 00 Q]

D: [0]

Initial conditions: x0
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Absolute tolerance: auto
Now, we switch to the MATLAB Command prompt and we type the following:
>> a0=1; al=0; a2=2; a3=0; x0=[0 0 0 Of;

We change the Simulation Stop time to 25, and we start the simulation by clicking on the "
icon. To see the output waveform, we double click on the Scope block, then clicking on the

Autoscale #h icon, we obtain the waveform shown in Figure B.18.

Figure B.18. Waveform for Example B.2

The Display block in Figure B.17 shows the value at the end of the simulation stop time.

Examples B.1 and B.2 have clearly illustrated that the State—Space is indeed a powerful block. We
could have obtained the solution of Example B.2 using four Integrator blocks by this approach
would have been more time consuming.

1
Example B.3

Using Algebraic Constraint blocks found in the Math Operations library, Display blocks found
in the Sinks library, and Gain blocks found in the Commonly Used Blocks library, we will create
a model that will produce the simultaneous solution of three equations with three unknowns.

The model will display the values for the unknowns z,, z,, and z; in the system of the equations

yz+agZ,+agZ3+k, = 0 (B.40)

a2+ 82, +agZ3+ ky = 0
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The model is shown in Figure B.19.
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Figure B.19. Model for Example B.3

Next, we go to MATLAB’s Command prompt and we enter the following values:

al=2; a2=-3; a3=-1; a4=1; ab=5; a6=4; a7=-6; a8=1; a9=2;...
k1=-8; k2=-7; k3=5;

After clicking on the simulation icon, we observe the values of the unknowns as z; = 2,

z, = -3, and z; = 5.These values are shown in the Display blocks of Figure B.19.

The Algebraic Constraint block constrains the input signal f(z) to zero and outputs an algebraic

state z. The block outputs the value necessary to produce a zero at the input. The output must
affect the input through some feedback path. This enables us to specify algebraic equations for
index 1 differential/algebraic systems (DAEs). By default, the Initial guess parameter is zero. We
can improve the efficiency of the algebraic loop solver by providing an Initial guess for the alge-
braic state z that is close to the solution value.
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An outstanding feature in Simulink is the representation of a large model consisting of many

blocks and lines, to be shown as a single Subsystem block.” For instance, we can group all blocks
and lines in the model of Figure B.19 except the display blocks, we choose Create Subsystem

from the Edit menu, and this model will be shown as in Figure B.20" where in MATLAB'’s Com-
mand prompt we have entered:

al=5; a2=-1; a3=4; a4=11; a5=6; a6=9; a7=-8; a8=4; a9=15;...
k1=14; k2=-6; k3=9;

out
Display 1
outz
Dizplay 2

outs -1.976
Display 3

Subsystem
Figure B.20. The model of Figure B.19 represented as a subsystem

The Display blocks in Figure B.20 show the values of z,, z,, and z; for the values specified at the
MATLAB command prompt.

B.2 Simulink Demos

At this time, the reader with no prior knowledge of Simulink, should be ready to learn Simulink’s
additional capabilities. It is highly recommended that the reader becomes familiar with the block
libraries found in the Simulink Library Browser. Then, the reader can follow the steps delineated
in The MathWorks Simulink User’s Manual to run the Demo Models beginning with the thermo
model. This model can be seen by typing

thermo
at the MATLAB command prompt.

* The Subsystem block is described in detail in Chapter 2, Section 2.1, Page 2—2, Introduction to Simulink with
Engineering Applications, 978—1-934404—09-6.

1 The contents of the Subsystem block are not lost. We can double—click on the Subsystem block to see its con-
tents. The Subsystem block replaces the inputs and outputs of the model with Inport and Outport blocks. These
blocks are described in Section 2.1, Chapter 2, Page 2—2, Introduction to Simulink with Engineering Applica-
tions, ISBN 978—1-934404-09-6.
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Introduction to SimPowerSystems®

I his appendix is a brief introduction to SimPowerSystems® blockset that operates in the

Simulink® environment. An introduction to Simulink is presented in Appendix B. For
additional help with Simulink, please refer to the Simulink documentation.

C.1 Simulation of Electric Circuits with SimPowerSystems

As stated in Appendix B, the MATLAB® and Simulink® environments are integrated into one
entity, and thus we can analyze, simulate, and revise our models in either environment at any
point. We can invoke Simulink from within MATLAB or by typing simulink at the MATLAB
command prompt, and we can invoke SimPowerSystems from within Simulink or by typing pow-
erlib at the MATLAB command prompt. We will introduce SimPowerSystems with two illus-
trated examples, a DC electric circuit, and an AC electric circuit

Example C.1
For the simple resistive circuit in Figure C.1, vg = 12v, R; = 7Q, and R, = 5Q. From the volt-

age division expression, Vg, = R, xVg/(R; +R,) = 5x12/12 = 5v and from Ohm’s law,
i = vg/(R,+R,) = 1A.

M
Rl

Figure C.1. Circuit for Example C.1
To model the circuit in Figure C.1, we enter the following command at the MATLAB prompt.
powerlib
and upon execution of this command, the powerlib window shown in Figure C.2 is displayed.

From the File menu in Figure C.2, we open a new window and we name it Sim_Fig_C3 as shown
in Figure C.3.
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"B Library:powerlib o=l
File Edit View Format Help

| SimPowerSystems 5.1

Copyright 1997-2009 Hydro-Quebec and The MathWorks, Inc.

1u_l_- C 3 f @l V\I\ 4@' Extras powargui

Electrical Elements Power Machines Measurements Application Extra powergui
Sources Electronics Libraries Library

Figure C.2. Library blocks for SimPowerSystems

B Sim Fig ©3 r

File  Edit: Yiew Simulation Format Tools Help

O eHE&| & 2RB|(E= 4|52 » 100 [Noma Ral

.

[Ready 100% | | loded5 7

Figure C.3. New window for modeling the circuit shown in Figure C.1

The powergui block in Figure C.2 is referred to as the Environmental block for SimPowerSys-
tems models and it must be included in every model containing SimPowerSystems blocks.
Accordingly, we begin our model by adding this block as shown in Figure C.4.

We observe that in Figure C.4, the powergui block is named Continuous. This is the default
method of solving an electric circuit and uses a variable step Simulink solver. Other methods are
the Discrete method used when the discretization of the system at fixed time steps is desired, and
the Phasors method which performs phasor simulation at the frequency specified by the Phasor
frequency parameter. These methods are described in detail in the SimPowerSystems documen-
tation.
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[ B Sim Fia C3 I E=EI™)

File Edit Wiew Simulation Format Tools Help

D eEHS 2R | &G 4|20 |'|D.E' |Nu:urrna| j

Continuous

powergui

|Ready 100% \oded5

e Ld al

Figure C.4. Window with the addition of the powergui block

Next, we need to the components of the electric circuit shown in Figure C.1. From the Electrical
Sources library in Figure C.2 we select the DC Voltage Source block and drag it into the model,
from the Elements library we select and drag the Series RLC Branch block and the Ground
block, from the Measurements library we select the Current Measurement and the Voltage
Measurement blocks, and from the Simulink Sinks library we select and drag the Display block.
The model now appears as shown in Figure C.5.

-]
Continuous ﬂ-l-_ DC Voltage Source o W o -+

o Series RLC Branch

powergui

nzh i A 1

Current Measurement Voltage Measurement Display

Figure C.5. The circuit components for our model

From the Series RLC Branch block we only need the resistor, and to eliminate the inductor and
the capacitor, we double click it and from the Block Parameters window we select the R compo-

nent with value set at 7 Q as shown in Figure C.6.
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E Block Parameters: Series RLC Branch &J

Series RLC Branch {mask) (link)

Implements a series branch of RLC elements.
Use the 'Branch type' parameter to add or remove elements from the branch.

Parameters

Branch type: [F‘. -

Resistance (Ohms):

7

Measurements [Nune - ]

l Ok ] l Cancel | | Help | | Apply |

[ -

Figure C.6. The Block Parameters window for the Series RLC Branch

We need two resistors for our model and thus we copy and paste the resistor into the model, using
the Block Parameters window we change its value to 5 Q, and from the Format drop window we
click the Rotate block option and we rotate it clockwise. We also need two Display blocks, one
for the current measurement and the second for the voltage measurement and thus we copy and
paste the Display block into the model. We also copy and paste twice the Ground block and the
model is now as shown in Figure C.7 where we also have renamed the blocks to shorter names.

| L L 1
a
Continuous ﬂ-l-_"u"S:lz v =N —n — - =
powergui i R1=7 Ohms R2=5 Ohms
P G 1Kl | ,
CM WM Current (@amps) Voltage (volis)

Figure C.7. Model with blocks renamed

From Figure C.7 above, we observe that both terminals of the voltage source and the resistors are
shown with small square ( ) ports, the left ports of the CM (Current Measurement), and VM
(Voltage Measurement) are also shown with ports, but the terminals on the right are shown with
the Simulink output ports as >. The rules for the SimPowerSystems electrical terminal ports
and connection lines are as follows:
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1. We can connect Simulink ports (>) only to other Simulink ports.

2. We can connect SimPowerSystems ports ( ) only to other SimPowerSystems ports.*

3. If it is necessary to connect Simulink ports (>) to SimPowerSystems ports ( ), we can use
SimPowerSystems blocks that contain both Simulink and SimPowerSystems ports such as the
Current Measurement (CM) block and the Voltage Measurement (VM) block shown in Fig-
ure C.7.

The model for the electric circuit in Figure C.1 is shown in Figure C.8.

i pi T
+
Continuous | ol " Current (amps)

1 . R1=7 Ohms v 5]
powergui -l- Ve | VM Voltage (volts)
I R2=5 Ohms —_l—

L
!
L

r ot

Figure C.8. The final form of the SimPowerSystems model for the electric circuit in Figure C.1

For the model in Figure C.8 we used the DC Voltage Source block. The SimPowerSystems doc-
umentation states that we can also use the AC Voltage Source block as a DC Voltage Source
block provided that we set the frequency at 0 Hz and the phase at 90 degrees in the Block
Parameters window as shown in Figure C.9.

*  As in Simulink, we can autoconnect two SimPowerSystems blocks by selecting the source block, then holding

down the Ctrl key, and left-clicking the destination block.
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W Block Parameters: AC Voltage Source | = |

AC Violtage Source (mask) {Tink)
Ideal sinusoidal AC Voltage source,
Parameters

Peak amplitude (V):

12

Phase (deq):

]
Frequency (Hz):
0

Sample time:

a

Measurements | Voltage e

l Ok ] | Cancel | I Help | Apply

Figure C.9. Block parameter settings when using an AC Voltage Source block as a DC Voltage Source

Continuous | w7
+
i - Current (amps)
powergui I
AN M ri=7onms —| e lC—
AC Volt Source -
Frequency =0Hz WM Voltage (volts)
Phase =90 deg { R2=5 Ohms L

Figure C.10. Model with AC Voltage Source used as DC Voltage Source

A third option is to use a Controlled Voltage Source block with a Constant block set to the
numerical value of the DC voltage Source as shown in the model of Figure C.11.
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Continuous i > I:-|

powergui 1_. T Current (amps)

s BT o r—' e

wmo v WM Voltage (vaolts)

_T R2=5 Ohms —
12 l
Constant =
CWE =Controlled Voltage Source L

Figure C.11. Model with Controlled Voltage Source block
|

Example C.2

Consider the AC electric circuit in Figure C.12

Vs 1Q 02H

LB e

60 Hz
Figure C.12. Electric circuit for Example C.2

The current I and the voltage V¢ across the capacitor are computed with MATLAB as follows:

Vs=120; f=60; R=1; L=0.2; C=10"(-3); XL=2*pi*f*L; XC=1/(2*pi*f*C);...
Z=sqrt(R"2+(XL-XC)"2); I=Vs/Z, Vc=XC*|
| =
1.6494
Vc =
4.3752

The SimPowerSystems model and the waveforms for the current I and the voltage V¢ are shown
in Figures C.13 and C.14 respectively.
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Simulation stop time: 0055

Continuous N i j:l_. L1
powergui 1 ) v v Scope

Mu
ZM R=1 Ohm L=0.2H

AC Volts
120v

@
60Hz i

WM

CM= CurrentMeasurement C=10"(-3) F = VM=Voltage Measurement

Figure C.13. SimPowerSystems model for the electric circuit in Figure C.12

n.m 0.0z 0.03 .04 0.05

Figure C.14. Waveforms for the current [ and voltage Vc across the capacitor in Figure C.12

The same results are obtained if we replace the applied AC voltage source block in the model of
Figure C.13 with a Controlled Voltage Source (CVS) block as shown in Figure C.15.

Simulation stop time: 0055

Continuous N i j:l_> L]
powergui ) v Mux Scope

cve @ M R=1 Ohm L=02H

VM
120v G60Hz | »" | CM= CurrentMeasurement -
: Ti C=10"~(-3) F —  WM=Voltage Measurement
ﬁU — CVS =Controlled Voltage Source
Sine Wave

Figure C.15. The model in Figure C.13 with the AC Voltage Source block replaced with a CVS block
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Appendix D

Review of Complex Numbers

his appendix is a review of the algebra of complex numbers. The basic operations are
defined and illustrated by several examples. Applications using Euler’s identities are pre-
sented, and the exponential and polar forms are discussed and illustrated with examples.

D.1 Definition of a Complex Number

In the language of mathematics, the square root of minus one is denoted as i, thatis, i = /-1.
In the electrical engineering field, we denote i as j to avoid confusion with current i. Essentially,
j is an operator that produces a 90-degree counterclockwise rotation to any vector to which it is
applied as a multiplying factor. Thus, if it is given that a vector A has the direction along the
right side of the x—axis as shown in Figure D.1, multiplication of this vector by the operator j will
result in a new vector jJA whose magnitude remains the same, but it has been rotated counter-
clockwise by 90°.

JA

i(GA) = JPA = -A A

X

j(iA) = °A = A

i-A) = J°A = A
Figure D.1. The j operator

Also, another multiplication of the new vector jA by j will produce another 90° counterclock-
wise direction. In this case, the vector A has rotated 180° and its new value now is —A. When
this vector is rotated by another 90° for a total of 270°, its value becomes j(-A) = —JA. A
fourth 90° rotation returns the vector to its original position, and thus its value is again A.

Therefore, we conclude that j2 = -1, j3 = —j, and j4 =1.
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Note: In our subsequent discussion, we will denote the x—axis (abscissa) as the real axis, and the
y—axis (ordinate) as the imaginary axis with the understanding that the “imaginary” axis is just as

. . . . . . . . *
“real” as the real axis. In other words, the imaginary axis is just as important as the real axis.

An imaginary number is the product of a real number, say r, by the operator j. Thus, r is a real

number and jr is an imaginary number.

A complex number is the sum (or difference) of a real number and an imaginary number. For
example, the number A = a+ jb where a and b are both real numbers, is a complex number.
Then, a = Re{A} and b = Im{A} where Re{A} denotes real part of A, and b = Im{A}
the imaginary part of A.

By definition, two complex numbers A and B where A = a+jb and B = ¢+ jd, are equal if
and only if their real parts are equal, and also their imaginary parts are equal. Thus, A = B if and
onlyifa = cand b = d.

D.2 Addition and Subtraction of Complex Numbers

The sum of two complex numbers has a real component equal to the sum of the real components,
and an imaginary component equal to the sum of the imaginary components. For subtraction, we
change the signs of the components of the subtrahend and we perform addition. Thus, if

A=a+jbandB =c+jd
then

A+B = (a+c)+j(b+d)
and

A-B = (a-c)+j(b-d)
1
Example D.1
[tis given that A = 3+j4,and B = 4—j2.Find A+B and A-B

Solution:

A+B=(3+j4)+(4—j2) = (3+4)+](4-2) = T+]2
and

A-B=(3+j4)-(4-j2) = 3-4)+](4+2) = —1+]6

* We may think the real axis as the cosine axis and the imaginary axis as the sine axis.
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D.3 Multiplication of Complex Numbers

Complex numbers are multiplied using the rules of elementary algebra, and making use of the
fact that j2 = -1. Thus, if

A=a+jbandB = c+jd

then i ) . . .
A-B = (a+jb)-(c+jd) = ac+jad +jbc +j?bd
and since j2 = -1, it follows that
A-B = ac+jad + jbc-bd
. (D.1)
= (ac-bd) +j(ad + bc)
Example D.2

Itis giventhat A = 3+j4 and B = 4—j2.Find A-B
Solution:
A-B = (3+j4)-(4—j2) = 12-j6+]16—-j28 = 20 +10
|

The conjugate of a complex number, denoted as A*, is another complex number with the same
real component, and with an imaginary component of opposite sign. Thus, if A = a+ jb, then
A* = a-jb.

1

Example D.3

It is given that A = 3+ j5. Find A*

Solution:

The conjugate of the complex number A has the same real component, but the imaginary com-

ponent has opposite sign. Then, A* = 3-j5
O
If a complex number A is multiplied by its conjugate, the result is a real number. Thus, if

A = a+jb, then

A-A* = (a+jb)(@-jb) = a’jab+jab—j*b* = a+ b’
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Example D.4
[t is given that A = 3+ j5. Find A - A*
Solution:

A-A* = (3+]5)(3-j5) = 3°+5° = 9+25=34

D.4 Division of Complex Numbers

When performing division of complex numbers, it is desirable to obtain the quotient separated
into a real part and an imaginary part. This procedure is called rationalization of the quotient, and it
is done by multiplying the denominator by its conjugate. Thus, if A = a+jb and B = c+jd,
then,

A _a+jb _ (a+jb)(c—jd) _ A B* _ (ac+hbd)+j(bc—ad)
B c+jd (c+jd)(c—jd) B B* ¢?+d’
(D.2)
_ (ac+bd)+j(bC—ad)
¢’ +d? ¢’ +d’

In (D.2), we multiplied both the numerator and denominator by the conjugate of the denomina-
tor to eliminate the j operator from the denominator of the quotient. Using this procedure, we see
that the quotient is easily separated into a real and an imaginary part.

Example D.5
It is given that A = 3+ j4,and B = 4+ 3. Find A/B
Solution:

Using the procedure of (D.2), we obtain

A _ 3+j4 _ B+jH(4-]3) _ 12-J9+j16 +12 _ 24 + 7 _24
B 4+j3 (4+]3)(4-j3) 443 25 2D

+j-2—75 = 0.96 +j0.28

D.5 Exponential and Polar Forms of Complex Numbers

The relations

eJe = C0SO + jsin® (D.3)

and
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e )02 C0SO—jsinod (D.4)

are known as the Euler’s identities.

Multiplying (D.3) by the real positive constant C we obtain:

CeJe = Ccos0 + jCsino (D.5)

This expression represents a complex number, say a + jb, and thus

cel® = a+ijb (D.6)
where the left side of (D.6) is the exponential form, and the right side is the rectangular form.
Equating real and imaginary parts in (D.5) and (D.6), we obtain

a=Ccos0 and b = Csino (D.7)

Squaring and adding the expressions in (D.7), we obtain

a+b’ = (Cc056)2+(Csin6)2 = Cz(c0326+sin26) = c?

Then, , ,
C°=a"+b

or

C = Jal+Db? (D.8)
Also, from (D.7) b ]

b _ Csin® _ e

a Ccoso
or

o= tan‘l(g) (D.9)

To convert a complex number from rectangular to exponential form, we use the expression

. -1b
a+jb = A/a2+b2ej(tan a) (D.10)

To convert a complex number from exponential to rectangular form, we use the expressions

ce!® = ccoso +jCsino
(D.11)

ce 9 = Ccos6—jCsin®
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The polar form is essentially the same as the exponential form but the notation is different, that
is,

Ce’ = CL6 (D.12)

where the left side of (D.12) is the exponential form, and the right side is the polar form.

We must remember that the phase angle 0 is always measured with respect to the positive real
axis, and rotates in the counterclockwise direction.

Example D.6

Convert the following complex numbers from rectangular’ to exponential and polar forms:
a.3+j4

b.-1+j2

c.—2—]

d 4-j3

Solution:

a. The real and imaginary components of this complex number are shown in Figure D.2.

Figure D.2. The components of 3 + j4

Then,
j(tan_l 4) 15310
34j4 = J3244% e 3/ = 5! 55310
Check with MATLAB:
x=3+j*4; magx=abs(x); thetax=angle(x)*180/pi; disp(magx); disp(thetax)
)

*  The rectangular form is also known as Cartesian form.
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53.1301

Check with the Simulink Complex to Magnitude—Angle block” shown in the Simulink
model of Figure D.3.

— 5 Magnitude
Display 1

wallll

G+di Wy,

Constant Camplexto
Magnitude-Angle 1504pi 5313 Phase (degrees)

Camin Display 2

Figure D.3. Simulink model for Example D.6a

b. The real and imaginary components of this complex number are shown in Figure D.4.

Figure D.4. The components of —1 + |2

Then, - 4,
_1+4j2 = A/12+22ej(tan —_1) = J5el19%° U 511660
Check with MATLAB:
y=—1+j*2; magy=abs(y); thetay=angle(y)*180/pi; disp(magy); disp(thetay)
2.2361
116.5651

c. The real and imaginary components of this complex number are shown in Figure D.5.

Im
206.6°
-2 /—\ x Re
: &126. N .
, <—-153.4°(Measured
&7 A/E B Clockwise)

* For a detailed description and examples with this and other related transformation blocks, please refer to Intro-
duction to Simulink with Engineering Applications, ISBN 978—1-934404—09-6.
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Figure D.5. The components of —2 — |
Then,

j(tan_1 -_-l)

_2-j1= 2% +1%¢ 2

Check with MATLAR:

_ f5e12066% _ & ons60 = SBT3 U B 15340

v=—2-j*1; magv=abs(v); thetav=angle(v)*180/pi; disp(magv); disp(thetav)

2.2361
-153.4349

d. The real and imaginary components of this complex number are shown in Figure D.6.

Figure D.6. The components of 4 — |3
Then,

. -1 _3
tan — : ° ing o
4-j3 = 4% + 3° ej( 4) =501 _ 530310 = 57 - 53690
Check with MATLAB:
w=4-*3; magw=abs(w); thetaw=angle(w)*180/pi; disp(magw); disp(thetaw)

)
-36.8699

Example D.7
Express the complex number —2.230° in exponential and in rectangular forms.

Solution:

We recall that -1 = j?. Since each j rotates a vector by 90° counterclockwise, then —2./30° is
the same as 2.£30° rotated counterclockwise by 180°. Therefore,

-2/30° = 2/£(30° + 180°) = 2£210° = 2.£-150°
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The components of this complex number are shown in Figure D.7.

&I 3 ~150°(Measured
Clockwise)

Figure D.7. The components of 2£-150°
Then,

~j150°

2./-150° = 2e = 2(c0s150° — jsin150°) = 2(- 0.866 —j0.5) = — 1.73—j

Note: The rectangular form is most useful when we add or subtract complex numbers; however,
the exponential and polar forms are most convenient when we multiply or divide complex
numbers.

To multiply two complex numbers in exponential (or polar) form, we multiply the magnitudes
and we add the phase angles, that is, if

A=MZ0 and B =NZo
then,

16 +0)

AB = MN(0+06) = Me!®Ne® = MNe (D.13)

Example D.8
Multiply A = 10£53.1° by B = 5/-36.9°
Solution:

Multiplication in polar form yields
AB = (10x5)/[53.1°+(-36.9°)] = 50£16.2°

and multiplication in exponential form yields

j53.1° ~j36.9° j(53.1°-36.9°)

AB = (10e °*%)(5e ) = 50e - 50¢ ]

To divide one complex number by another when both are expressed in exponential or polar
form, we divide the magnitude of the dividend by the magnitude of the divisor, and we subtract
the phase angle of the divisor from the phase angle of the dividend, that is, if
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A=M£0 and B=NZo
then,

i _
A_M ~me® Moje-w

Example D.9

Divide A = 10£53.1° by B = 5/-36.9°
Solution:

Division in polar form yields

A _ 10£53.1°
= = —/——— = 2/[53.1°-(-36.9°)] = 2£90°
B 54£-36.9° [ ( )

Division in exponential form yields
j53.1° _ . .
53.1° j36.9° 90°
= 108 eI 13697 _ el
~j36.9°
5e

wi>
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Appendix E

Matrices and Determinants

his appendix is an introduction to matrices and matrix operations. Determinants, Cramer’s

rule, and Gauss’s elimination method are reviewed. Some definitions and examples are not

applicable to the material presented in this text, but are included for subject continuity,
and academic interest. They are discussed in detail in matrix theory textbooks. These are
denoted with a dagger (f) and may be skipped.

E.1 Matrix Definition

A matrix is a rectangular array of numbers such as those shown below.

) 3 7 131
1-15 o -2 1-5
4-7 6

In general form, a matrix A is denoted as

Ay A 3 ...
Ay Gy 83 ...

A= lay agp ag ... &, E-1)

8m1 qm2 Gm3 -+ G|
The numbers a j are the elements of the matrix where the index i indicates the row, and j indi-
cates the column in which each element is positioned. For instance, a,; indicates the element
positioned in the fourth row and third column.

A matrix of m rows and n columns is said to be of mx n order matrix.

If m = n, the matrix is said to be a square matrix of order m (or n). Thus, if a matrix has five
rows and five columns, it is said to be a square matrix of order 5.
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In a square matrix, the elements a;, @y, @3, ..., a,, are called the main diagonal elements.
Alternately, we say that the matrix elements a;;, @y, a3, ..., @,,, are located on the main
diagonal.

T The sum of the diagonal elements of a square matrix A is called the trace” of A.

1 A matrix in which every element is zero, is called a zero matrix.

E.2 Matrix Operations

Two matrices A = [ai J and B = [b} are equal, thatis, A = B, if and only if

ij
a” = blJ | = 1, 2,3,...,m J = 1, 2, 3,...,n (E.Z)

Two matrices are said to be conformable for addition (subtraction), if they are of the same order
mxn.

If A = [a]J and B = [b”] are conformable for addition (subtraction), their sum (difference) will

be another matrix C with the same order as A and B, where each element of C is the sum (dif-
ference) of the corresponding elements of A and B, that is,

C=ALB = [ah] (E.3)

|
Example E.1
Compute A + B and A — B given that

Solution:

A+B = 1+2 2+3 3+0 _ 3
0-1 1+2 4+5

and

* Henceforth, all paragraphs and topics preceded by a dagger ( T ) may be skipped. These are discussed in matrix
theory textbooks.
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Check with MATLAB:
A=[1 2 3; 01 4]; B=[2 3 0;-1 2 5]; % Define matrices A and B
A+B, A-B % Add A and B, then Subtract B from A
ans =
3 5 3
-1 3 9
ans =
-1 -1 3
1 -1 -1
Check with Simulink:
S
Constant 1 > 3 5 3 Note: The elements of matrices
. 1 3 9 A and B are specified in
o MATLAB's Command prompt
B TT Sum 1 Display 1 (A+B)
Constant 2
—> =il ] 3
L 1 =i =i
Sum 2 Display 2 (A-B)

If k is any scalar (a positive or negative number), and not [k] which is a 1 x 1 matrix, then mul-
tiplication of a matrix A by the scalar k is the multiplication of every element of A by k.

Example E.2
Multiply the matrix

by

Il
&)

a. k;
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Solution:
a.
k. .A =5x|1-2 - |5%x1 5x(-2)| _ |5 -10
! 2 3 |[5x2 5x3 10 15
b.
Ky A = (-3+]2) 1-2) _ |[(-3+j2)x1 (-3+j2)x(-2)| _ |-3+j2 6-j4
2 3 (-3+j2)x2 (-3+j2)x3 -6+j4 -9+]j6
Check with MATLAB:
k1=5; k2=(-3 + 2%); % Define scalars k; and ky
A=[1-2;2 3], % Define matrix A
K1*A, k2*A % Multiply matrix A by scalars k; and ky
ans =
5 -10
10 15
ans =

-3.0000+ 2.0000i 6.0000- 4.00001
-6.0000+ 4.00001 -9.0000+ 6.00001

Two matrices A and B are said to be conformable for multiplication A - B in that order, only
when the number of columns of matrix A is equal to the number of rows of matrix B . That is, the
product A - B (but not B - A) is conformable for multiplication only if A is an mx p matrix and
matrix B is an px n matrix. The product A - B will then be an mx n matrix. A convenient way

to determine if two matrices are conformable for multiplication is to write the dimensions of the
two matrices side—by—side as shown below.

Shows that A and B are conformable for multiplication

/
Al 1B

mxp pxn

! f

Indicates the dimension of the product A - B

For the product B - A we have:
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Here, B and A are not conformable for multiplication

.
Bl la

pXn mxp

For matrix multiplication, the operation is row by column. Thus, to obtain the product A - B, we
multiply each element of a row of A by the corresponding element of a column of B; then, we
add these products.

|
Example E.3

Matrices C and D are defined as

C = [234] andD = |_1

Compute the products C-D and D - C
Solution:

The dimensions of matrices C and D are respectively 1x 3 3x 1; therefore the product C- D is
feasible, and will result in a 1 x 1, that is,

1
C-D = [234 _1| = [(2).(1)+(3)-(—l)+(4)~(2)] - [7]
2

The dimensions for D and C are respectively 3x 1 1x 3 and therefore, the product D - C is
also feasible. Multiplication of these will produce a 3 x 3 matrix as follows:

1 DH-2 O3 D@4 2 3 4
D-C= 1234 = |0 @ 1@ 1@ =|2-3-4
2 (2)-(2) 2-3) (24 4 6 8
Check with MATLAB:
C=[2 3 4]; D=[1 -1 2]; % Define matrices C and D. Observe that D is a column vector
C*D, D*C % Multiply C by D, then multiply D by C
ans =
7
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ans =
2 3 4
2 -3 -4
4 6 8

Division of one matrix by another, is not defined. However, an analogous operation exists, and it
will become apparent later in this chapter when we discuss the inverse of a matrix.

E.3 Special Forms of Matrices

T A square matrix is said to be upper triangular when all the elements below the diagonal are
zero. The matrix A of (E.4) is an upper triangular matrix. In an upper triangular matrix, not
all elements above the diagonal need to be non—zero.

81 8yp A3 -+ A

0 By, 8y ... &,
A=10 0 Ju.. ... (E.4)

T A square matrix is said to be lower triangular, when all the elements above the diagonal are
zero. The matrix B of (E.5) is a lower triangular matrix. In a lower triangular matrix, not all
elements below the diagonal need to be non—zero.

ay 0 0 .. 0]
6121 \8.2& 0 0
B=|.. ..~ 00 (E.5)
...\.\..\ 0
3m1 3mp 8mg -+ |

T A square matrix is said to be diagonal, if all elements are zero, except those in the diagonal. The
matrix C of (E.6) is a diagonal matrix.
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1
oo o o

7/
coo¥ o

o O

L

o O

.0
AN
N

BN

- )

O O O O

N

T A diagonal matrix is called a scalar matrix, if a;; = @y, = a3 = ... = a,, = k where k is a

scalar. The matrix D of (E.7) is a scalar matrix with k = 4.

4 000
0400
0040
0004

(E.7)

A scalar matrix with k = 1, is called an identity matrix 1. Shown below are 2x 2, 3x 3, and

4 x 4 identity matrices.

1
10 100 010008
010 (E.8)
01 001 0010
0001

The MATLAB eye(n) function displays an nx n identity matrix. For example,
eye(4) % Display a 4 by 4 identity matrix

ans =

[oNoNek
OORrOoO
Or OO
R OOO

Likewise, the eye(size(A)) function, produces an identity matrix whose size is the same as matrix
A . For example, let matrix A be defined as

A=[1 3 1;-2 1-5;4 -7 6] % Define matrix A

A =
1 3 1
-2 1 -5
4 -7 6
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Then,
eye(size(A))
displays
ans =
1 0 0
0 1 0
0 0 1

1+ The transpose of a matrix A, denoted as A", is the matrix that is obtained when the rows and
columns of matrix A are interchangeE. For example, if

1 4
A= {1 2 3} then AT= |5 5 (E.9)
456
3 6

In MATLAB, we use the apostrophe (*) symbol to denote and obtain the transpose of a matrix.
Thus, for the above example,

A=[1 2 3; 4 5 6] % Define matrix A

A =

1 2 3

4 5 6
A % Display the transpose of A
ans =

1 4

2 5

3 6

T A symmetric matrix A is a matrix such that AT = A, that s, the transpose of a matrix A is the
same as A . An example of a symmetric matrix is shown below.

1 2 3 1 2 3
A=12 45 Al=12 4.5 =A (E.10)
3-5 6 3-5 6

T If amatrix A has complex numbers as elements, the matrix obtained from A by replacing each

element by its conjugate, is called the conjugate of A, and it is denoted as A*, for example,
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A= [1+I2 ] ax = |1-02 ]
3 2-j3 3 243
MATLAB has two built—in functions which compute the complex conjugate of a number. The
first, conj(x), computes the complex conjugate of any complex number, and the second,

conj(A), computes the conjugate of a matrix A . Using MATLAB with the matrix A defined
as above, we obtain

A=[1+2) j; 3 2-3j] % Define and display matrix A

A =
1.0000 + 2.0000i 0O + 1.0000i1
3.0000 2.0000 - 3.00001%
conj_A=conj(A) % Compute and display the conjugate of A
conj A =
1.0000 - 2.0000i 0O - 1.00001#
3.0000 2.0000 + 3.0000+%

T A square matrix A such that AT = —A is called skew-symmetric. For example,

02-3 | 0-23
A=120-4 A=|2 0 4/=-A
340 -3 -4 0

Therefore, matrix A above is skew symmetric.

T A square matrix A such that A™" = A is called Hermitian. For example,

114 2] 1 1+ 2 1 1+j 2
A=l1+) 3 jlA =l1-j 3 | A =l1-j 3 |=A
2 4 0 2 j o 2 i 0

Therefore, matrix A above is Hermitian.

T A square matrix A such that A™ = _A is called skew—Hermitian. For example,

j 1-j 2 . io-1-i -2 4 -1+ -2
A=l-1-j 3 j|A =) 3 A S+ 8 | FA
-2 j 0 2 j 0 2 - 0

Therefore, matrix A above is skew—Hermitian.
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E.4 Determinants

Let matrix A be defined as the square matrix

ajq A Qg3 ... Ay
Ay Ay Ay ... Gy
83 A g ... 8y, (E.11)

then, the determinant of A, denoted as detA, is defined as

detA = a;185,8z3... 3, + Q483334. .- By + Q384855 By + - (E.12)
_a.r]l...a22a13-.._ar12...a23a14_ a.r]3...a24a15 T e

The determinant of a square matrix of order n is referred to as determinant of order n.

Let A be a determinant of order 2, that is,

A= {aﬂ aﬂ} (E.13)
a1 8
Then,
detA = a;,8,, — 3,8, (E.14)
Example E.4

Matrices A and B are defined as

Compute detA and detB.

Solution:
detA =1-4-3-2=4-6=-2
detB =2-0-2-(-1) =0-(-2) =2
Check with MATLAB:
A=[1 2;3 4];B=[2 -1;2 0]; % Define matrices A and B
det(A), det(B) % Compute the determinants of A and B

E-10  Circuit Analysis IT with MATLAB ® Computing and Simulink / SimPowerSystems® Modeling
Copyright © Orchard Publications



Determinants

ans

I
N I

ans

N

Let A be a matrix of order 3, that is,

a1 8o A3
A = lay ay, axy (E.15)
831 83y 833
then, detA is found from
detA = ay18,,853 + 81739385 + 113853 (E.16)

—81185,833 — 81185833 — 8118833

A convenient method to evaluate the determinant of order 3, is to write the first two columns to

the right of the 3x 3 matrix, and add the products formed by the diagonals from upper left to
lower right; then subtract the products formed by the diagonals from lower left to upper right as
shown on the diagram of the next page. When this is done properly, we obtain (E.16) above.

Q1 81p &3 @11 Qpp B
an a><a ><:a /;1
b1 @) 23)<‘ 21\ o
aﬁ a3§<a33 a3 Az +

This method works only with second and third order determinants. To evaluate higher order
determinants, we must first compute the cofactors; these will be defined shortly.

Example E.5

Compute detA and detB if matrices A and B are defined as

and B =

>
I
N RPN
=
o - 0
o r N

o1 O W
|
O N b
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Solution:
2 2.3
detA = 1\§><f><3\0
2 1>< 2 1
of detA= 2x0x0)+(3x1x1)+(5x1x1)
-(2x0x5)-(1x1x2)-(0x1x3)=11-2=9
Likewise,
2-3-4 .2-3
detB = 1\0><_:2<<]<_2
O—5>S6 2 -6
or

detB= [2Xx 0x (=6)] + [(=3) X (=2) X 0] + [(~4) X 1 X (5)]
“[0X 0% (=4)] - [(=5) x (=2) x 2] — [(-6) x 1 x (-3)] = 20~ 38 = —18

Check with MATLAB:
A=[2 3 5 1 0 1; 2 1 O0]; det(A) % Define matrix A and compute detA

ans =
9

B=[2 -3 -4; 1 0 -2; 0 -5 -6];det(B) % Define matrix B and compute detB

ans =
-18

E.5 Minors and Cofactors

Let matrix A be defined as the square matrix of order n as shown below.

A Ay A3 ... Gy

A= |ag ag ag - ay E17)

181 @n2 @ng -+ np

If we remove the elements of its ith row, and jth column, the remaining n— 1 square matrix is

called the minor of A, and it is denoted as [M iJ .
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The signed minor (- 1)i +] [M i ]] is called the cofactor of &, j and it is denoted as o i

Example E.6

Matrix A is defined as

ap1 81 A3
A = |ay 8y axy (E.18)
1831 857 8g3
Compute the minors [M 11} , [M 12} , :M 13:| and the cofactors o, oy, and o5.
Solution:
COR e = e I S
and
SRTIRTS [N Y RRIRTLL i S VS Y VS (RS ¥

The remaining minors

Mol Mg [M] M- (M) [m

and cofactors
Olpg, Olyps Oloz, Olgy, Oap, AN 0Lz

are defined similarly.

|
Example E.7

Compute the cofactors of matrix A defined as

3
2 (E.19)
6

Solution:

Gy = (—1)“1{‘4 2} =20 ap,-= (-1)“2{2 2} - 10 (E.20)
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o5 = (-1)“3{_21 ‘j =0 oy= (—1)2+1B :j -6 (E.21)

Olpy = (—1)“2[_11 :j -9 Olyg = (_1)“3[_11 ﬂ -4 (E.22)

Olgy = (—1)3+1L24 —ﬂ =8  Ogy= (_1)3”[; ‘j -8 (E.23)
Olgg = (—1)3+3& _ﬂ - -8 (E.24)

It is useful to remember that the signs of the cofactors follow the pattern below

o+ 4+ _
+ -+ -+

that is, the cofactors on the diagonals have the same sign as their minors.

Let A be a square matrix of any size; the value of the determinant of A is the sum of the products
obtained by multiplying each element of any row or any column by its cofactor.

Example E.8

Matrix A is defined as

1 2 -3
A=|2-4 2 (E.25)
-1 2 -6

Compute the determinant of A using the elements of the first row.

Solution:

detA =14 2|_2| 2 2|_3| 24 = 1x20-2x(-10)-3x0 = 40
2.6 |-1-6 |-1 2
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Check with MATLAB:
A=[1 2 -3;2 -4 2;-1 2 —6]; det(A) % Define matrix A and compute detA
ans =

40

We must use the above procedure to find the determinant of a matrix A of order 4 or higher.
Thus, a fourth-order determinant can first be expressed as the sum of the products of the ele-
ments of its first row by its cofactor as shown below.

A1 Ao A3 Ay

o 4. a. a 8y, 83 Ay Q1o 813 Ay
_ |821 8 3 Ayl _ _
A = = Q41 |ag, g3 84| 1|83, A3 Bgy (E.26)
831 3y 33 Az
Qyp By3 Yy Qyp Sy3 Ayy
81 g2 43 Ay
Q1o 813 Ay o 43 Ay

+8g1 | ayy By3 By ~ 1|8 B3 Ay

Qyp QY3 Ayy 83y 833 A3y

Determinants of order five or higher can be evaluated similarly.

|
Example E.9

Compute the value of the determinant of the matrix A defined as

2-1 0 -3
A=t 10 - (E.27)
403 -2
300 1

Solution:

Using the above procedure, we will multiply each element of the first column by its cofactor.
Then,

1 0-1 -1 0-3 -1 0-3 -1 0-3
A=210 32| -(-D|o 3-2 +41 0-1 (3|1 0-1
001 0 01 0 01 0 3 -2

[a] [b] [c] [d]
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Next, using the procedure of Example E.5 or Example E.8, we find

and thus

[al =6, [b] =-3, [c] =0, [d] =-36

detA = [a] +[b]+[c]+[d] = 6-3+0-36 = -33

We can verify our answer with MATLAB as follows:

As[2 -1 0
delta
-33

~3;-110-1;4 0 3 -2; -3 0 0 1]; delta = det(A)

Some useful properties of determinants are given below.

Property 1:

Property 2:

Property 3:

If all elements of one row or one column are zero, the determinant is zero. An exam-
ple of this is the determinant of the cofactor [c] above.

If all the elements of one row or column are m times the corresponding elements of
another row or column, the determinant is zero. For example, if

2 4 1
A=13 6 1 (E.28)
1 2 1
then,
2 4 1|2 4
detA =|3 6 1|3 6 =12+4+46-6-4-12=0 (E.29)
1 2 1|1 2

Here, detA is zero because the second column in A is 2 times the first column.
Check with MATLAB:
A=[2 4 1,3 6 1;1 2 1]; det(A)

ans =
0

If two rows or two columns of a matrix are identical, the determinant is zero. This
follows from Property 2 with m = 1.

E.6 Cramer’s Rule

Let us consider the systems of the three equations below:
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X +apy+az = A
anX+ayy+ayz =B (E.30)
Q31X + AgoY + AgaZ =
and let
apy app a3 A ay; ag a;; A a3 ay ap A
A = Ay 89 o3 D=1 B ay ay D=1 ay B ay Ds=]aya,B
g1 8gp g3 C ag a3 a3 C ag a3 ag C
Cramer’s rule states that the unknowns x, y, and z can be found from the relations
X:E—1 y:-D-g 2:93‘ (E.31)
A A A

provided that the determinant A (delta) is not zero.

We observe that the numerators of (E.31) are determinants that are formed from A by the substi-
tution of the known values A, B, and C, for the coefficients of the desired unknown.

Cramer’s rule applies to systems of two or more equations.

z = 0 also.

If (E.30) is a homogeneous set of equations, that is, if A

are all zero as we found in Property 1 above. Then, x =y

1
Example E.10

Use Cramer’s rule to find v, v,, and v, if
v V2 3

2v,—5-V,+ 3V,

—2v3-3v,—4v,; = (E.32)
Vo+3V;—4-v; =
and verify your answers with MATLAB.
Solution:
Rearranging the unknowns v, and transferring known values to the right side, we obtain
2V, -V,+3Vy = 5
—4v,-3v,-2v; = 8 (E.33)

By Cramer’s rule,
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2 -1 3| 2 -1
A=|_4 3 _2|_4 3 =6+6-12+27+4+4 =35
3 1-1|] 3 1
5-1 3|5 -1
D=8 -3 2|8 -3 =15+8+24+36+10-8 =85
4 1 -1(4 1
2 5 3] 2 5
D,=|_4 8 2| 4 g =-16-30-48-72+16-20 = ~170
3 4 -1 3 4
2 -1 5] 2 -1
D;=|_4 3 8| -4 -3 =-24-24-20+45-16-16 = -55
3 1 4|, 3 1
Using relation (E.31) we obtain
D D D
x, = 2=8_1L1 x, = -2 = 0 _ 34 xg = -2 =2 U (E.34)
A 35 7 A 35 7 A 35 7

We will verify with MATLAB as follows:

% The following script will compute and display the values of v4, v, and vs.

format rat

B=[2 -1 3; -4 -3 -2; 3 1-1];
delta=det(B);

di=[5 -1 3; 8 -3 -2; 4 1 -1];
detd1=det(d1);

d2=[2 5 3; -4 8 -2; 3 4 -1];

detd2=det(d2);

d3=[2 -1 5;-4 -3 8; 3 1 4],

detd3=det(d3);

vl=detd1/delta;

v2=detd2/delta;

v3=detd3/delta;

disp('v1=");disp(vl);
disp('v2=");disp(v2);
disp('v3=");disp(v3);

% Express answers in ratio form

% The elements of the determinant D of matrix B
% Compute the determinant D of matrix B

% The elements of D,

% Compute the determinant of D
% The elements of D,

% Compute the determinant of D,
% The elements of D3

% Compute he determinant of D3
% Compute the value of v

% Compute the value of v,

% Compute the value of v3

%

% Display the value of v,

% Display the value of v,

% Display the value of v
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vl=
17/7

v2=
-34/7

v3=
-11/7

These are the same values as in (E.34)

E.7 Gaussian Elimination Method

We can find the unknowns in a system of two or more equations also by the Gaussian elimina-
tion method. With this method, the objective is to eliminate one unknown at a time. This can be
done by multiplying the terms of any of the equations of the system by a number such that we
can add (or subtract) this equation to another equation in the system so that one of the
unknowns will be eliminated. Then, by substitution to another equation with two unknowns, we
can find the second unknown. Subsequently, substitution of the two values found can be made
into an equation with three unknowns from which we can find the value of the third unknown.
This procedure is repeated until all unknowns are found. This method is best illustrated with the
following example which consists of the same equations as the previous example.

Example E.11

Use the Gaussian elimination method to find v,, v,, and v; of the system of equations

2V, —V,+ 3V,

—4v, - 3v,—2v, (E.35)

3V, +V,— Vs
Solution:

As a first step, we add the first equation of (E.35) with the third to eliminate the unknown v, and

we obtain the equation
5v;+2vy =9 (E.36)

Next, we multiply the third equation of (E.35) by 3, and we add it with the second to eliminate
V,, and we obtain the equation

5v,-5vy = 20 (E.37)
Subtraction of (E.37) from (E.36) yields
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7vg = -11 or vy = —171 (E.38)

Now, we can find the unknown v, from either (E.36) or (E.37). By substitution of (D.38) into
(E.36) we obtain

5v1+2-(—171) =9 orv,= 177 (E.39)

Finally, we can find the last unknown v, from any of the three equations of (E.35). By substitu-

tion into the first equation we obtain

V, = 2V, +3v3-5 = 3—74_373_3—75=_3—74 (E.40)

These are the same values as those we found in Example E.10.

The Gaussian elimination method works well if the coefficients of the unknowns are small inte-
gers, as in Example E.11. However, it becomes impractical if the coefficients are large or fractional
numbers.

E.8 The Adjoint of a Matrix
Let us assume that A is an n square matrix and o, j s the cofactor of & i Then the adjoint of A,
denoted as adjA, is defined as the n square matrix below.

Olyg Olpp Olzg --- Oy

Ogp Olpp Olzp .- Oy

adjA = (E.41)

Oly3 Oz Olgg .- Olpyg

Oty Olpp Olgp -+

We observe that the cofactors of the elements of the ith row (column) of A are the elements of
the ith column (row) of adjA.

|
Example E.12
Compute adjA if Matrix A is defined as
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1 2 3
A=11 3 4 (E42)
1 4 3
Solution:
3 4 [2 3 {2 3}
4 3 |4 3 3 4
- o 7 6 -1
adjiA = [_|1 4} 13 {2 3}= 10 -1
13 |1 3] 3 4 10 1
1 3} 12 {1 2}
1 4 |1 4] 13

E.9 Singular and Non-Singular Matrices

An n square matrix A is called singular if detA = 0; if detA #0, A is called non—singular.

Example E.13

Matrix A is defined as

(E.43)

>

Il
W N
a w N
N P ow

Determine whether this matrix is singular or non-singular.

Solution:

1 23|12
detA = |2 3 4|23 =21+24+30-27-20-28 = 0
3 5 7

35

Therefore, matrix A is singular.
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E.10 The Inverse of a Matrix

If A and B are n square matrices such that AB = BA = |, where | is the identity matrix, B is
called the inverse of A, denoted as B = A™", and likewise, A is called the inverse of B, that is,

A=B"

. . . . . -1 .
If a matrix A is non-singular, we can compute its inverse A~ from the relation

-1 1 .
AT = d—-———etAade (E.44)
1 ——
Example E.14
Matrix A is defined as
1 2 3
A=11 3 4 (E.45)
1 4 3
Compute its inverse, that is, find A™
Solution:
Here, detA = 9+8+12-9-16-6 = -2, and since this is a non-zero value, it is possible to com-
pute the inverse of A using (E.44).
From Example E.12,
-7 6 -1
adjA =1 0 -1
1 -2 1
Then,
L 761 [35-3 05
A= gaddiA=—=11 0-1=|-05 0 05 (E.46)
1-21 -05 1-05
Check with MATLAB:

A=[1 2 3; 1 3 4; 1 4 3], invA=inv(A) % Define matrix A and compute its inverse
A =

1 2 3
1 3 4
1 4 3
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INnvVA =

3.5000 -3.0000 0.5000
-0.5000 0 0.5000
-0.5000 1.0000 -0.5000

Multiplication of a matrix A by its inverse A~ produces the identity matrix I, that is,

AA =1 or ATA = (E.47)
1 ——

Example E.15
Prove the validity of (E.47) for the Matrix A defined as

o

Proof:
detA = 8-6 = 2 and adjA = { 2‘3}
-2 4
Then,
SRS S P Ry
and

AA L= [4 3|1 -3/2 _|4-3 -6+6 _ |1 -
2 2/|-1 2 2-2 -3+4 0 1

E.11 Solution of Simultaneous Equations with Matrices

Consider the relation
AX = B (E.48)

where A and B are matrices whose elements are known, and X is a matrix (a column vector)
whose elements are the unknowns. We assume that A and X are conformable for multiplica-
tion.

Multiplication of both sides of (E.48) by A™" yields:

A'AX =ATB=1X=A"B (E.49)
or
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X=A"'B (E.50)

Therefore, we can use (E.50) to solve any set of simultaneous equations that have solutions. We
will refer to this method as the inverse matrix method of solution of simultaneous equations.

|
Example E.16

For the system of the equations

2X +3X,+X3 = 9
33X, + X+ 2X3 = 8
compute the unknowns X,, X,, and X5 using the inverse matrix method.
Solution:
In matrix form, the given set of equations is AX = B where
2 31 X1 9
A=11 2 3|, X=|x,/» B=16 (E.52)
31 2 X3 8
Then, .
X =A"B (E.53)
or
-1
X1 2 3 1 |9
X, =1 2 3| |6 (E.54)
X3 3 1 2| |8

Next, we find the determinant detA , and the adjoint adjA .

1-57
detA =18 and adjA=|7 1 _5
-5 71

Therefore,
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. 157
AT qan A =157 1-5
5 7 1

and with relation (E.53) we obtain the solution as follows:

X1 1 -5 7/[9 35| |35/18) 194
1 1
X =% =1g|7 1-5/|6] = 13|29 = |29/18) = |1.61 (E.55)
Xq -5 7 1]|8 5 5/18| |0.28

To verify our results, we could use the MATLAB'’s inv(A) function, and then multiply A™ by B.

However, it is easier to use the matrix left division operation X = A \B; this is MATLAB’s solu-

tion of A™'B for the matrix equation A - X = B, where matrix X is the same size as matrix B.
For this example,
A=[2 3 1;1 2 3;3 1 2];B=[9 6 8]'; X=A\B

X =
1.9444
1.6111
0.2778

Example E.17

For the electric circuit of Figure E.1,

20 20
MA AN
Cf) §9Q §9Q §4Q
V=100v I, I

Figure E.1. Electric circuit for Example E.17

the loop equations are

91,+201,-91,= 0 (E.56)
9,415, = 0
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Use the inverse matrix method to compute the values of the currents I,, I, and I
Solution:

For this example, the matrix equation is Rl = V or | = RV, where

10-9 0 100 hy
R=|_920-9, V=| o and I=/],
0 -915 0 I

The next step is to find R™. It is found from the relation

R = = 1tR adjR (E.57)

Therefore, we must find the determinant and the adjoint of R. For this example, we find that

219 135 81
detR = 975, adjR = 135 150 90 (E.58)
81 90 119
Then, ~
219 135 81
R = ——adiR = ===|135 150 90
detR 975
81 90 119
and
l4 1 219 135 81 ||100 100 219 22.46
I= |1, = 575|135 150 90|| ©f = g7g|135 = |13.85
I3 81 90 119 0| 81 8.31
Check with MATLAR:

R=[10 -9 0; -9 20 -9; 0 -9 15]; V=[100 0O O]; I=R\V; fprintf(' \n');...
forintf(11 = %4.2f \t', 1(1)); fprintf('12 = %4.2f \t', 1(2)); fprintf(13 = %4.2f \t', 1(3)); fprintf( \n')

11 = 22.46 12 = 13.85 I3 = 8.31

We can also use subscripts to address the individual elements of the matrix. Accordingly, the
MATLARB script above could also have been written as:

R(1,1)=10; R(1,2)=—9; % No need to make entry for A(1,3) since it is zero.
R(2,1)=-9; R(2,2)=20; R(2,3)=-9; R(3,2)=-9; R(3,3)=15; V=[100 0 0O]’; I=R\V; fprintf(' \n");...
fprintf('11 = %4.2f \t', 1(1)); fprintf('12 = %4.2f \t', 1(2)); fprintf('13 = %4.2f \t', 1(3)); fprintf(' \n")
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11 = 22.46 12 = 13.85 I3 = 8.31

Spreadsheets also have the capability of solving simultaneous equations with real coefficients
using the inverse matrix method. For instance, we can use Microsoft Excel’s MINVERSE (Matrix
Inversion) and MMULT (Matrix Multiplication) functions, to obtain the values of the three cur-
rents in Example E.17.

The procedure is as follows:

1. We begin with a blank spreadsheet and in a block of cells, say B3:D5, we enter the elements of
matrix R as shown in Figure D.2. Then, we enter the elements of matrix V in G3:G5.

2. Next, we compute and display the inverse of R, that is, R™". We choose B7:D9 for the ele-
ments of this inverted matrix. We format this block for number display with three decimal

places. With this range highlighted and making sure that the cell marker is in B7, we type the
formula

=MININVERSE(B3:D5)

and we press the Crtl-Shift-Enter keys simultaneously. We observe that R™ appears in these
cells.

3. Now, we choose the block of cells G7:G9 for the values of the current |. As before, we high-
light them, and with the cell marker positioned in G7, we type the formula

=MMULT(B7:D9,G3:G5)

and we press the Crtl-Shift-Enter keys simultaneously. The values of | then appear in G7:G9.

A | B | c|] bp|] E [F|] G H

1 |Spreadsheet for Matrix Inversion and Matrix Multiplication

2

3 10 -9 0 100
4 R= -9 20 -9 V= 0
5 0 -9 15 0
6

7 0.225| 0.138| 0.083 22.462
8 R'=| 0.138| 0.154| 0.092 I=] 13.846
9 0.083| 0.092| 0.122 8.3077
10

Figure E.2. Solution of Example E.17 with a spreadsheet

Example E.18
For the phasor circuit of Figure E.18
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ssg§ R,  Cr < —100Q

170£0° | +
Ix

@ Vi —VWA—1 V,
R, =100 Q

Vo~
j2OOQ%L Rz§ 50Q

Figure E.3. Circuit for Example E.18

the current I can be found from the relation

V,-V
ly = 22 (E.59)
Rs
and the voltages V,; and V, can be computed from the nodal equations

V,-170£0° V,-V, V,-0
1 +—L 24 1 =0 (E.60)

85 100 ' j200

and V,-170£0° V,-V; V,-0
2 21,2 ~_0 (E.61)

- +
100 100 50

Compute, and express the current |, in both rectangular and polar forms by first simplifying like

terms, collecting, and then writing the above relations in matrix form as YV = I, where
Y = Admittance, V = Voltage, and | = Current

Solution:

The Y matrix elements are the coefficients of V, and V,. Simplifying and rearranging the nodal
equations of (E.60) and (E.61), we obtain

(0.0218-j0.005)V, - 0.01V, = 2 (E.62)
~0.01V, + (0.03+j0.01)V, = j1.7 '
Next, we write (E.62) in matrix form as
0.0218-j0.005  -0.01 vV, 2
~001  003+j0.01] |V, = |j17 (E.63)
H_J

Y \V/ I
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where the matrices Y, V, and | are as indicated.

We will use MATLAB to compute the voltages V; and V,, and to do all other computations.
The script is shown below.

Y=[0.0218-0.005j -0.01; —0.01 0.03+0.01j]; I=[2; 1.7j]; V=Y\I; % Define Y, I, and find V

fprintf(\n"); % Insert a line
disp('V1 ="); disp(V(1)); disp('V2 ="); disp(V(2)); % Display values of V1 and V2
V1l =
1.0490e+002 + 4.9448e+0011
V2 =

53.4162 + 55.3439i

Next, we find Iy from

R3=100; IX=(V(1)-V(2))/R3 % Compute the value of Iy

IX =
0.5149 - 0.05901

This is the rectangular form of 1, . For the polar form we use the MATLAB script

maglX=abs(IX), thetalX=angle(IX)*180/pi % Compute the magnitude and the angle in
degrees

maglX =
0.5183

thetalX =
-6.5326

Therefore, in polar form,
Iy = 0.518./-6.53°

Spreadsheets have limited capabilities with complex numbers, and thus we cannot use them to
compute matrices that include complex numbers in their elements as in Example E.18.
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E.12 Exercises

For Exercises 1, 2, and 3 below, the matrices A, B, C, and D are defined as:

1-1-4 5 9-3 4 6 L2 3
A=15 720 B=|28 2 C=_3 8 D=LGJ
356 7-4 6 5_2 - B

1. Perform the following computations, if possible. Verify your answers with MATLAB.
a.A+B b.A+C c¢.B+D dC+D
eeA-B f.A-C gB-D hC-D

2. Perform the following computations, if possible. Verify your answers with MATLAB.
a. A-B b.A-C ¢ B-D d.C-D
eeB-A fC-A g¢gD-A hD-C

3. Perform the following computations, if possible. Verify your answers with MATLAB.
a.detA  b. detB c. detC d. detD e. det(A-B) f. det(A - C)

4. Solve the following systems of equations using Cramer’s rule. Verify your answers with MAT-
LAB.

X1 — 2%y + X3

a. —2Xq+3X,+X
LT 3X,-3X, + 2X5 + 4%, = 19

3X4 + 4X, — 5X
! 2 : 44X, +2X, +5Xg3+ X4 = 27

5. Repeat Exercise 4 using the Gaussian elimination method.

6. Solve the following systems of equations using the inverse matrix method. Verify your answers

with MATLAB.

1
1 3 4| X1 -3
. — b _| 10
a3 1-2|" (X, -2 14
23 5 X3 0 7
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Appendix F

Scaling

his chapter discusses magnitude and frequency scaling procedures that allow us to trans-
form circuits that contain passive devices with unrealistic values to equivalent circuits with
realistic values.

F.1 Magnitude Scaling

Magnitude scaling is the process by which the impedance of a two terminal network is changed by
a factor k,, which is a real positive number greater or smaller than unity.

If we increase the input impedance by a factor k,,, we must increase the impedance of each

device of the network by the same factor. Thus, if a network consists of R, L, and C devices and
we wish to scale this network by this factor, the magnitude scaling process entails the following
transformations where the subscript m denotes magnitude scaling.

R, — kR

(F.1)

These transformations are consistent with the time—domain to frequency domain transformations

R—->R
L—joL (F.2)
1

C—)jw—c

and the t—domain to s —domain transformations

R—R
L— sl_ (F.3)

C%S—C

F.2 Frequency Scaling

Frequency scaling is the process in which we change the values of the network devices so that at
the new frequency the impedance of each device has the same value as at the original frequency.
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The frequency scaling factor is denoted as k. This factor is also a real positive number and can be
greater or smaller than unity.

The resistance value is independent of the frequency. However, the complex impedance of any
inductor is sL, and in order to maintain the same impedance at a frequency k; times as great, we
must replace the inductor value by another which is equal to L/k. Similarly, a capacitor with value C
must be replaced with another having a capacitance value equal to C/k;. For frequency scaling then, the
following transformations are necessary where the subscript f denotes magnitude scaling.

Ri— R
L
Li— —
7k (F.4)
C
A circuit can be scaled simultaneously in both magnitude and frequency using the scales values
below where the subscript mf denotes simultaneous magnitude and frequency scaling.

R — knR

Ls— L

K (F.5)

1
mf_>k kC

m™f

C

|
Example F.1

For the network of Figure F.6 compute

Z— R L C=
25Q JO5H | 2F

Figure F.6. Network for Example F.1

a. the resonant frequency .

b. the maximum impedance Z,, .

c. the quality factor Qgp.

d. the bandwidth BW.
the magnitude of the input impedance Z, and using MATLAB sketch it as a function of fre-
quency.
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f. Scale this circuit so that the impedance will have a maximum value of 5 KQ at a resonant fre-
quency of 5 x 10° rad/s
Solution:

a. The resonant frequency of the given circuit is

Wy = L~ 1radss

JLC
and thus the circuit is parallel resonant.

b. The impedance is maximum at parallel resonance. Therefore,

Zo o =250
c. The quality factor at parallel resonance is
C
d. The bandwidth of this circuit is
BW = =2 = 1 _ 2
Qp 9

e. The magnitude of the input impedance versus radian frequency o is shown in Figure F.7 and
was generated with the MATLAB script below.

w=0.01: 0.005: 5; R=2.5; G=1/R; C=2; L=0.5; Y=G+j.*(w.*C-1./(w.*L));...
magY=abs(Y); magZ=1./magY; plot(w,magZ2); grid

f. Using (F.1), we obtain

R 5000
k = —m = eeee— = 2
m R 2.5 000
Then,
L, = k,L = 2000x 0.5 = 1000 H
and c ) ;
C = — = — = 10— F
m k, 2000

After being scaled in magnitude by the factor k,, = 2000, the network constants are as shown
in Figure F.8, and the plot is shown in Figure F.9.
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le F.1

Figure F.7. Plot for Examp

2000

Figure F.8. The network in Figure F.6 scaled by the factor K,

___ gLy __

- —— =

5000

3000 - - - -

1000 - - -

4.5

3.5

2.5

15

0.5

2000

Figure F.9. Plot for the network of Figure F.6 after being scaled by the factor K,

The final step is to scale the above circuit to 5 x 10°% rad/s. Using (F.4), we obtain:

R; = R = 5 kQ

T
= LL
o o
o o
N o
I o
I
g
[{e]
[{e]
S =
X X
Lo
NN
S 0
S =
—
I
"
-
& ~
~ O
-
I
I -
e O
.|
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The network constants and its response, in final form, are as shown in Figures F.10 and F.11
respectively.

7Z — R L C<
5KQ 200 uH| 200 pF

Figure F.10. The network in Figure F.6 scaled to its final form

5000

Figure F.11. Plot for Example F.1 scaled to its final form
The plot of Figure F.11 was generated with the following MATLAB script:

w=1: 10"3: 10"7; R=5000; G=1/R; C=200.*10.~(-12); L=200.*10.(-6); ...
magY=sqrt(G."2+(w.*C-1./(w.*L)).*2); magZ=1./magY; plot(w,magZ); grid

Check:

The resonant frequency of the scaled circuit is

1 1

0 = —= = = — =5x10° rad/s
JLC  J02x10%%x02x10° 02x10

and thus the circuit is parallel resonant at this frequency.

The impedance is maximum at parallel resonance. Therefore,
Z, = 5KQ

The quality factor at parallel resonance is

®,C

Qe = == = ®,CR = 5x10°x2x10x5x10° = 5
OoP G 0

and the bandwidth is
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©o _ 5x10° _ 6

BW = 10
Qop 5
The values of the circuit devices could have been obtained also by direct application of (F.5),
that is,
R — knR
Lo — k—r:L
k
Cpnf — FTC
R, = k,R = 2000x25 = 5 KQ
L Kip, _ _2000
mf:-lz— = 6X05=200MH
f 5x10
1 1
Cs= =—C = x2 = 200 pf
™ Kaki T 2x10°x5x10°

and these values are the same as obtained before.
|

Example F.2

A series RLC circuit has resistance R = 1 Q, inductance L = 1 H, and capacitance C = 1 F.
Use scaling to compute the new values of R and L which will result in a circuit with the same
quality factor Qqg, resonant frequency at 500 Hz and the new value of the capacitor to be 2 uF.

Solution:

The resonant frequency of the circuit before scaling is

Wy = —1 = 1rad/s

JLC

and we want the resonant frequency of the scaled circuit to be 500 Hz or 27t x 500 = 3142 rad/s.

Therefore, the frequency scaling factor must be
ke = 31% = 3142

Now, we must compute the magnitude scale factor, and since we want the capacitor value to be
2 uF, we use (F.5), that is,
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C,.;s = —C
mf kmkf

or

K, = —=— = L - 150

KiCmt 3142 x2x 10
Then, the scaled values for the resistance and inductance are
R, = kR = 159x1 = 159 Q

and c

L =-2L =221 - 506 mH

mt = ko T 3142
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F.3 Exercises

1. A series resonant circuit has a bandwidth of 100 rad/s, Q,, = 20 and C = 50 uF. Compute

the new resonant frequency and inductance if the circuit is scaled
a. in magnitude by a factor of 5
b. in frequency by a factor of 5

c. in both magnitude and frequency by factors of 5

2. A scaled parallel resonant circuit consists of R = 4 KQ, L = 0.1 H, and C = 0.3 uF. Com-
pute k, and k¢ if the original circuit had the following values before scaling.

aaR=10Qand L =1H

b.R=10QandC =5F

c.L=1HandC =5F
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F.4 Solutions to End-of-Appendix Exercises
1. a.Itis given that BW = 0,/ Qpg = 100 and Qng = 20; then,

Wy = BW-Qpg = 100x 20 = 2000 rad/s
Since 3 = 1/LC, Lo p = 1/05C = 1/(4x10°x50x10°%) = 5 mH, and with k,, = 5,

Lyew = Knlop = 5%5 mH = 25 mH. Also, Cygw = CoLp/Ky = 50x10°%/5 = 10 uF
and

b. It is given that Co, , = 50 10" and from (a) Ly, 5 = 5 mH. Then, with k; = 5,

Lyew = Lolp/Ke = 5x107°/5 = 1 mH

Also, 6
Cnew = Colp/ks = 50x10 "/5 = 10 pF
and , . . 8
0y vew = 1/ LyewCnew = 17/(10 "x10x10 7)) = 10
or

c. Lop =5mH and Cg, p = 50 x10™°. Then, from (F.5)

LNEW = (km/kf) : LOLD = (5/5)-5mH =5mH
Also from (F.5)

Cnew = (1/(Knkp)) - Cop = S0 uF/(5x5) = 2 uF
and

2. a. From (F.1), k,, = Rygw/RoLp = 4000/10 = 400 and from (F.5)
ke = (LoLp/Lnew) - Km = (1/0.1) x 400 = 4000

b. From (a) k,, = 400 and from (F.5),

ke = (1/K;) - (CoLp/Cnew) = (1/400) - (5/0.3x10™°) = 41677
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Also from (F.5), k., - k¢ = Co, p/Crnew = 5/0.3x10° = 5x10°/03 (2)

Substitution of (1) into (2) yields 10k -k, = 5x10°/0.3, k3, = 5x10°/3, or k,, = 1291,

and from (1) k¢ = 1291 x 10 = 12910
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Appendix G

Per Unit System

his chapter introduces the per unit system. This system allows us to work with normalized

power, voltage current, impedance, and admittance values known as per unit (pu) values.

The relationship between units in a per-unit system depends on whether the system is sin-
gle—phase or three—phase. Three-phase systems are discussed in Chapters 11 and 12.

G.1 Per Unit Defined

By definition,
Actual Value (G.1)

Per Unit Value =
Base Value

A per unit (pu) system defines per unit values for volt-ampere (VA) power, voltage, current,
impedance, and admittance, and of these only two of these are independent. It is customary to
choose VA (or KVA) power and nominal voltage as the independent base values, and others are
specified as multiples of selected base values.

For single-phase systems, the pu values are based on rated VA (or KVA) rated power and on the
nominal voltage of the equipment, e.g., single—phase transformer, single—phase motor.

|
Example G.1

A single—phase transformer is rated 10 KVA and the nominal voltage on the primary winding is
480 V RMS. Compute its pu impedance.

Solution:

Base Current (amperes) = Base KVA _ 10000 VA _ 20.83 A RMS

Base Volts 480 V

Base Volts _ 480 V
Base Current  20.83 A

(G.2)
= 23.04 Q

Base Impedance (Ohms) =

and assuming that the actual primary winding voltage, current, and impedance are
436 Volts RMS, 15 ARMS, and 5 Q, respectively, the per unit values are computed as follows:

Circuit Analysis IT with MATLAB ® Computing and Simulink / SimPowerSystems® Modeling ~ G-1
Copyright © Orchard Publications


/wiki/Single_phase
/wiki/Single_phase
/wiki/Three_phase
/wiki/Electric_power
/wiki/Voltage
/wiki/Current_(electricity)
/wiki/Electrical_impedance
/wiki/Admittance

Appendix G Per Unit System

Actual Volts _ 436 V

Voltage,, = = ~0.91 pu
9€pu Base Volts 480 V P
Actual Current 15A
Current, , = = =~ 0.72 pu .
pu Base Current 20.83 A P (G.3)
Impedance,_ = Actual Impedance = 5 Q ~0.22 pu

PU ™ Base Impedance ~ 23.04 Q

The base impedance in (G.2) is also expressed as

Base Volts _ Base Volts _ (Base Volts)2 (G.4)

Base Impedance (Ohms) = =
P ( ) Base Current  (Base KVA)/(Base Volts) (Base KVA)

Thus, the pu impedance can also be expressed as

_ Actual Impedance _ Actual Impedance (G.5)
PU " Base Impedance 2 '
P (Base Volts)“/(Base KVA)

Actual Impedance x Base KVA2
(Base Volts)

Impedance

and using the values above we obtain

Impedancepu(Q) = 5x 19-0—%-(-) =~0.22 pu

480
as before.

The pu values allow us to express quantities in percentages, that is,

% = pux 100 (G.6)
and thus 0.22 pu = 22%

The per unit values in three—phase systems are based on

Base VA = 3-phase VA

. . (G.7)
Base Volts Line-to-Line Volts RMS

Example G.2

A three-phase Y-connected transformer is rated 7.5 KVA and the line-to-line voltage is
480 V RMS. Compute its per phase (line-to—neutral) pu impedance.

Solution:

The per phase (line—to—neutral) pu values are computed as follows:
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Impedance Transformation from One Base to Another Base

Per phase Base KVA _ 7.5/3 KVA

= 9.02 ARMS
Per phase Base Volts  480/./3 v

Per phase Base Current (A) =

(G.8)
Per phase Base Volts _ 480/./3 KV

= = 30.73 Q
Per phase Base Current 9.02 A

Base Impedance (Q) =

and assuming that the per phase (line-to—neutral) actual primary winding voltage, current, and

impedance are 472/./3 Volts RMS, 12.2 ARMS, and 5 Q respectively, the per phase (line—to—
neutral) per unit values are computed as follows:

Actual Volts _ 472/./3V _

Voltage., = = 0.98 pu
pu Base Volts  480/./3 V P
Actual Current _ 9.02 A
Current. = = ~0.74 pu (G.9)
pu Base Current 122 A P
Impedance_ = Actual Impedance _ _5Q ~0.16 pu

PU ™ Base Impedance =~ 30.73 Q

G.2 Impedance Transformation from One Base to Another Base

Often, we need to change the base values from one base to another, and thus we must change the
original pu values to the new base pu values. Denoting the original pu as pu; and the new pu as

pu,, and using relation (G.5) we obtain:

Impedancepul _ Actual Impedance x (Base KVA,)/(Base Voltsl)2

(G.10)
ImpedanceIouz )
Actual Impedance x (Base KVA,)/(Base Volts,)
from which,
(Base KVA,) ( Base Voltsl)2
Impedancepu2 = Impedancepul-(Base KVAl)' Base Volts, (G.11)

Example G.3

A three—phase AC motor rated 500 hp, 2.0 KV, 60 Hz, pu impedance = 0.26, full-load effi-
ciency 88 %, power factor 0.85, is connected to a 10,000 KVA, 4, 160 V system. Compute its pu
impedance on the system base values.

Solution:

First, we must find the rated KV A of the motor. It is computed from the equation
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(Rated hp) x 0.746 Kw/hp (G.12)

Motor Rated KVA = —
Full Load Efficiency x Rated Power Factor

Thus,
500 x 0.746 _ 500 x 0.746

Motor Rated KVA = 088x085 _ 088x0.85

~500 = KVA,

and with (G.11) we obtain

2
5 = 0.26.199_0_(_).(_2_) =12

Impedance 500 \716

pu

Example G.4

A step—down three—phase transformer is rated 1,000 KVA, 13,200/480 V, with 0.0575 pu
impedance. It is proposed to use this transformer on a 750 KVA, 12,000 V system. Compute:

a. The pu impedance of the 750 KVA, 12,000 V system.

b. If the 12,000 V is to be used as the new base voltage on the high voltage side, what would the
base voltage be on the low voltage side?

c. What would the base current values be on the high voltage side and the low voltage side on
the 750 KVA, 12,000 V system?

Solution:
a.
| d | d (Base KVA,) ( Base Voltsl)2
mpedancepy, = tMpe ancePUl'(Base KVAl)' Base Volts,
- 00575 20 (182)°
= 0.0575 Looo \ 12 = 0.052
b.
By proportion, 1
Low voltage side = 480 - 132 436
c.
. . _ 750 _
High voltage side base current = ——— = 36 A
J3-12
Low voltage side base current = 750 993 A
A/3-0.436
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Appendix H

Review of Differential Equations

examples are not applicable to introductory circuit analysis but are included for continuity of
the subject, and for reference to more advance topics in electrical engineering such as state
variables. These are denoted with an asterisk and may be skipped.

T his appendix is a review of ordinary differential equations. Some definitions, topics, and

H.1 Simple Differential Equations

In this section we present two simple examples to show the importance of differential equations in
engineering applications.

Example H.1

A 1 F capacitor is being charged by a constant current I . Find the voltage v across this capacitor

as a function of time given that the voltage at some reference time t = 0 is V.

Solution:

It is given that the current, as a function of time, is constant, that is,
ic(t) = | = constant (H.1)

We know that the current and voltage in a capacitor are related by

io(t) = c%‘ (H.2)

and for our example, C = 1. Then, by substitution of (H.2) into (H.1) we obtain
dve
dt

dve = Idt (H.3)

= |
By separation of the variables,
and by integrating both sides of (H.3) we obtain

ve(t) = It+k (H.4)

where k represents the constants of integration of both sides.
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We can find the value of the constant k by making use of the initial condition, i.e., at t = 0,
Ve = V, and (H.4) then becomes
V, = 0+k (H.5)

or k = V,, and by substitution into (H.4),

Ve(t) = 1t+V, (H.6)

This example shows that when a capacitor is charged with a constant current, a linear voltage is pro-
duced across the terminals of the capacitor.

|
Example H.2

Find the current i, (t) through an inductor whose slope at the coordinate (t,i,) is cost and the

current i, passes through the point (1/2,1).

Solution:

We are given that

di,
il cost (H.7)
By separating the variables we obtain
di, = costdt (H.8)
and integrating both sides we obtain
iL(t) = sint+k (H.9)

where k represents the constants of integration of both sides.

We find the value of the constant k by making use of the initial condition. For this example,
o =1 and thusat ot = t = n/2, i, = 1. With these values (H.9) becomes

1= sing +k (H.10)

or k = 0, and by substitution into (H.9),

i (t) = sint (H.11)
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H.2 Classification

Differential equations are classified by:
1. Type — Ordinary or Partial
2. Onrder — The highest order derivative which is included in the differential equation

3. Degree — The exponent of the highest power of the highest order derivative after the differen-
tial equation has been cleared of any fractions or radicals in the dependent variable and its
derivatives

For example, the differential equation
0 ALY oS8 o e

dx* dx® x> +1
is an ordinary differential equation of order 4 and degree 2.

If the dependent variable y is a function of only a single variable x, that is, if y = f(x) , the dif-
ferential equation which relates y and x is said to be an ordinary differential equation and it is

abbreviated as ODE.

The differential equation

—Y +3%Y 12 - 50084t
dt dt

is an ODE with constant coefficients.

The differential equation

2_Y dy 2_ 2y _
xd +th+(x n) =20

is an ODE with variable coefficients.

If the dependent variable y is a function of two or more variables such as y = f(x, t), where x
and t are independent variables, the differential equation that relates y, x, and t is said to be a
partial differential equation and it is abbreviated as PDE.

An example of a partial differential equation is the well-known one—dimensional wave equation
shown below.

a_y _2y
ot’ ax

Most of the electrical engineering problems are solved with ordinary differential equations with
constant coefficients; however, partial differential equations provide often quick solutions to
some practical applications as illustrated with the following three examples.
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Example H.3

The equivalent resistance Ry of three resistors R;, R,, and R; in parallel is given by

1 _1.1. 1
Rr R, R, R,

Given that initially R, = 5 Q, R, = 20 Q, and R; = 4 Q compute the change in Ry if R, is
increased by 10% and R; is decreased by 5% while R; does not change.
Solution:

The initial value of the equivalent resistance is Ry = 51120114 = 2 Q.

We begin by treating R, and R; as constants and differentiating R with respect to R; we obtain

L oR: L oR; (Rp)?
R%aRl R; Ry (Rl)

Similarly, dRy _ (R_T )2 and ORr _ (R—T )2

aRz - R2 aR3 B R3

and the total differential dRy is

_ Ry
~ OR,

Ry

aRZdR2+a—RTdR3 - (R—T)zdR1+(R—T)2dR2+(R—T )ZdR

IR
T oR, R, R,

dR; +
By substitution of the given numerical values we obtain
2\ 2 \? 2)?
dR; = (g ) (0)+(E) (2)+(Z) (~0.2) = 0.02-0.05 = —0.03

Therefore, the eequivalent resistance decreases by 3%.

Example H.4
In a series RC circuit that is excited by a sinusoidal voltage, the magnitude of the impedance Z is

computed from Z = JR?+ X . Initially, R = 4 Q and X. = 3 Q. Find the change in the
impedance Z if the resistance R is increased by 0.25 Q (6.25% ) and the capacitive reactance X¢
is decreased by 0.125 Q (-4.167%).

Solution:

We will first find the partial derivatives g—é and 8872 ; then we compute the change in impedance
C
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from the total differential dZ . Thus,

Z__ R __ gng 22 Xe

oR R2+ X2 BXC R+ X2
and 9z . 9z R dR + X dX

dZ = 25 dR+ 25 dX, = ~——* ¢ 2fc

oR BXC R2. X

and by substitution of the given values

iz — 4(0.25)+3(-0.125) _ 1 -0375
Therefore, if R increases by 6.25% and X decreases by 4.167%, the impedance Z increases by
4.167%.

= 0.125

Example H.5

A light bulb is rated at 120 volts and 75 watts. If the voltage decreases by 5 volts and the resis-
tance of the bulb is increased by 8 Q, by how much will the power change?

Solution:

AtV = 120 volts and P = 75 watts, the bulb resistance is

2 2
R=Y _120°_ 1959
P 75
and since
V2 oP 2V oP V2
P=— then =—==— and —==-—
oV R R~ R?
and the total differential is
P Gy, Pl 2V Y
dP = 5= dV+ 55 dR = 5 dv_deR
- 1119%2( 5)—@(8) 9.375

That is, the power will decrease by 9.375 watts.
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H.3 Solutions of Ordinary Differential Equations (ODE)

A function y = f(X) is a solution of a differential equation if the latter is satisfied when y and its
derivatives are replaced throughout by f(x) and its corresponding derivatives. Also, the initial
conditions must be satisfied.

For example a solution of the differential equation
2
d—-YZ +y =0
is
y = kysinx + k,cosx
since y and its second derivative satisfy the given differential equation.

Any linear, time-invariant electric circuit can be described by an ODE which has the form

n-1
Y va, SV, oW

dt" g at " %Y
d"x d™ 'x dx
_ bmm+bm_1F+...+bla+b0X (H.12)

Excitation (Forcing) Function x(t)
NON-HOMOGENEOUS DIFFERENTIAL EQUATION

If the excitation in (B12) is not zero, that is, if x(t) #0, the ODE is called a non—homogeneous
ODE. If x(t) = 0, it reduces to:

n n-1
and—nY+an_1d—n¥+...+a1gY+aoy =0
dt dt"" dt

HOMOGENEOUS DIFFERENTIAL EQUATION

(H.13)

The differential equation of (H.13) above is called a homogeneous ODE and has n different lin-
early independent solutions denoted as y;(t), y,(t), y5(t), ..., Y, (t).

We will now prove that the most general solution of (H.13) is:
Yu(t) = Ky ya(t) + Ko Yo (1) + Kg ys(t) + ... + K, ya(t) (H.14)

where the subscript H on the left side is used to emphasize that this is the form of the solution of
the homogeneous ODE and ki, k,, Ks, ..., k,, are arbitrary constants.
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Proof:

Let us assume that y,(t) is a solution of (H.13); then by substitution,

dnY1 dﬂ_lYl
" +tan_y dtn—l

a, +...+a1d0|—);1+aoyl =0 (H.15)

A solution of the form k,y,(t) will also satisfy (H.13) since

n n-1

d d d
a,— (K, y)) +a,_;——(k +...+a,—=(k +ao(k
a 1Y1 1dtn_1( 1Y1) 1dt( 1Y1) +ao(Ky Y1)
(H.16)

n n-1
= kl[anddt):l +an lu‘i' +al% +a.0 y]j = 0

If y = y;(t) and y = y,(t) are any two solutions, then y = y,(t) +y,(t) will also be a solution

since
n dn—l d
a, t)’/‘l+an_ldt“ {1+...+a1dlt1+a0yl =0
and ) -
an dyn2+an_1ddtn_y12+ +alga){—2+a0 y2 = O
Therefore,
d" d"t d
(Yt Yo) tan 1T (Yi+Ya) + o Far (Y +Y2) + (Y1 +Y2) (H.17)
dt dt dt
dn n-1 d
= an(ﬁ] Y.+ an—lF yit...+ al&Yl‘*‘ do Y1
n n-1
+and—y2+an_1— y2+...+z:11g Y,+3,Y, =0
dt" dt" ! dt °

In general, if
y: klyl(t)a kal(t)a k3y3(t)7 ceey knYn(t)

are the n solutions of the homogeneous ODE of (H.13), the linear combination

y= Kyy;(t) + Koy (1) + Kays(t) + ... + Ky, (t)
is also a solution.

In our subsequent discussion, the solution of the homogeneous ODE, i.e., the complementary
solution, will be referred to as the natural response, and will be denoted as yy (t) or simply yy . The
particular solution of a non—homogeneous ODE will be referred to as the forced response, and will
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be denoted as yg(t) or simply y . Accordingly, we express the total solution of the non—homoge-
neous ODE of (H.12) as:

y(t) =y Natural T Y Forced = YntYF (H18)

Response Response

The natural response yy contains arbitrary constants and these can be evaluated from the given
initial conditions. The forced response yg , however, contains no arbitrary constants. It is impera-

tive to remember that the arbitrary constants of the natural response must be evaluated from the
total response.

H.4 Solution of the Homogeneous ODE

Let the solutions of the homogeneous ODE

n n-1
ang—Y+an_lg———¥+...+ang+aoy =0 (H.19)
dt" dt"" dt
be of the form t
y = ke’ (H.20)

Then, by substitution of (H.20) into (H.19) we obtain

a ks"e™ +a, ;ks" et +...+a,kse” +a, ke™ = 0

or
(a,s"+a, ;8" "+...+a;5+a,)ke" =0 (H.21)

We observe that (H.21) can be satisfied when
(a,5"+2a, ;8" "+..+2,5+3,) =0 or k=0 or s = —oo (H.22)

but the only meaningful solution is the quantity enclosed in parentheses since the latter two yield
trivial (meaningless) solutions. We, therefore, accept the expression inside the parentheses as the
only meaningful solution and this is referred to as the characteristic (auxiliary) equation, that is,

-1
(a,8"+a, 1S +..+8,S+3,)=0

(H.23)

Characteristic Equation

Since the characteristic equation is an algebraic equation of an nth—power polynomial, its solu-
tions are Sy, Sy, Sy, ..., Sy, and thus the solutions of the homogeneous ODE are:

st Syt

Y1 = kle > Y2 = kZeSZI’ Y3 = kSeSSt’ vy Yn = kne " (H24)
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Case I — Distinct Roots

If the roots of the characteristic equation are distinct (different from each another), the n solu-
tions of (H.23) are independent and the most general solution is:

t

_ Slt Szt Sn
yn= ke +ke® + .. +k, e (H.25)
FOR DISTINCT ROOTS

Case II - Repeated Roots

If two or more roots of the characteristic equation are repeated (same roots), then some of the
terms of (H.24) are not independent and therefore (H.25) does not represent the most general

solution. If, for example, s, = s,, then,

5, t st

5.t 5.t 5 t 5 t
kle + k2e = kle + k2e = (kl + kz)e = k3e

and we see that one term of (H.25) is lost. In this case, we express one of the terms of (H.25), say

s, t s, t
ke ' as k,te ' . These two represent two independent solutions and therefore the most general

solution has the form:
t

yu = (K ke +kee™ + .+ ke (H.26)

If there are m equal roots the most general solution has the form:

spt

_ s, t S,t
yn = (K + Kot + .+ ko t" e 4k, e’ +... +k,e (H.27)
FOR M EQUAL ROOTS

Case III - Complex Roots

If the characteristic equation contains complex roots, these occur as complex conjugate pairs.
Thus, if one rootis s; = —a+jp where a and B are real numbers, then another root is

s; = —a—jPB. Then,

s;t 5t atei o _ . ~
ket +koe? = ke "y ke TP = ek el 4 ke Y

e *'(k,cospt + jk,sinpt + k,cospt—jk,sinpt)
e ™ [(ky + ky)cosPt + j(k, — k,)sinpt]

e " (kycospt + k,sinpt)= e “kscos(Bt + @)
FOR TWO COMPLEX CONJUGATE ROOTS

(H.28)
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If (H.28) is to be a real function of time, the constants k; and k, must be complex conjugates.

The other constants ks, k,, ks, and the phase angle ¢ are real constants.

The forced response can be found by

a. The Method of Undetermined Coefficients or

b. The Method of Variation of Parameters

We will study the Method of Undetermined Coefficients first.

H.5 Using the Method of Undetermined Coefficients for the Forced Response

For simplicity, we will only consider ODEs of order 2. Higher order ODEs are discussed in differ-
ential equations textbooks.

Consider the non—homogeneous ODE
ad—g + bgy +cy = f(x) (H.29)
dt dt

where a, b, and ¢ are real constants.

We have learned that the total (complete) solution consists of the summation of the natural and
forced responses.

For the natural response, if y; and y, are any two solutions of (H.29), the linear combination
y; = k;y; +K,Y,, where k; and k, are arbitrary constants, is also a solution, that is, if we know
the two solutions, we can obtain the most general solution by forming the linear combination of
y, and y,. To be certain that there exist no other solutions, we examine the Wronskian Determi-
nant defined below.

)i Y2 d d
W(y, Y,) = d d =W &yz -Y dx y1#0 (H.30)
dX yl dX y2
WRONSKIAN DETERMINANT

If (H.30) is true, we can be assured that all solutions of (H.29) are indeed the linear combination
of y; and y,.

The forced response is, in most circuit analysis problems, obtained by observation of the right side
of the given ODE as it is illustrated by the examples that follow.
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Example H.6
Find the total solution of the ODE

j_tzy+4da¥+3y ~ 0 (H31)

subject to the initial conditions y(0) = 3 and y'(0) = 4 where y' = dy/dt
Solution:

This is a homogeneous ODE and its total solution is just the natural response found from the

characteristic equation s° +4s + 3 = 0 whose roots are s, = -1 and s, = —3. The total response
is:
y(t) = yu(t) = ke + ke (H.32)

The constants k; and k, are evaluated from the given initial conditions. For this example,

y(O) = 3 = k1e0+k2e0

of K +k, = 3 (H.33)
Also, d
' —t -3t
y(0) =4 = a%ﬂ = ke - 3ke ™|
or
—kl—3k2 = 4 (H.34)

Simultaneous solution of (H.33) and (H.34) yields k; = 6.5 and k, = —3.5. By substitution into
(H.32), we obtain

y(t) = yu(t) = 6.5~ 35" (H.35)
Check with MATLAB:
y=dsolve('D2y+4*Dy+3*y=0', 'y(0)=3', 'Dy(0)=4") % Must have Symbolic Math Tool box installed
y =
13/(2*exp(t)) - 7/(2*exp(3*t))
pretty(y)

13 exp(-t) 7 exp(-3 t)

The function y = f(t) is shown in Figure H.1 plotted with the MATLAB command
ezplot(y,[0 10])
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13/(2 exp(t)) - 7/(2 exp(3 t))
T

10

Figure H.1. Plot for the function y = f (t) of Example H.6.

Example H.7
Find the total solution of the ODE

2
4 44 3y = 3¢ (H.36)
dt dt

subject to the initial conditions y(0) = 1 and y'(0) = -1
Solution:
The left side of (H.36) is the same as that of Example H.6.Therefore,

yu(t) = ket + ke (H.37)

(We must remember that the constants k; and k, must be evaluated from the total response).

To find the forced response, we assume a solution of the form
ye = Ae™ (H.38)

We can find out whether our assumption is correct by substituting (H.38) into the given ODE of
(H.36). Then,

4Ae* -8Ae ™ +3Ae " = 3¢ (H.39)
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from which A = -3 and the total solution is
y(t) = yN + yF = kle_t + kze_St—3e_2t (H.40)
The constants k; and k, are evaluated from the given initial conditions. For this example,

y(0) = 1 = ke’ +k,e”—3e°

of K +k, = 4 (H.41)
Also, d

y'(0) = -1 = H% - —kye - 3kpe "+ Be|
or

_k1_3k2 = _7

Simultaneous solution of (H.41) and (H.42) yields k; = 2.5 and k, = 1.5. By substitution into
(H.40), we obtain

y(t) = yn+VYe = 2.5 + 1.5 -3¢ (H.42)
Check with MATLAB:

% Must have Symbolic Math Tool box installed
y=dsolve('D2y+4*Dy+3*y=3*exp(-2*t)", 'y(0)=1", 'Dy(0)=-1")

y:
5/(2*exp(t)) - 3/exp(2*t) + 3/(2*exp(3*t))
pretty(y)
5 exp(-t) 3 exp(-3 t)
————————— -3 exp(-2 t) + —————————-
2 2

ezplot(y,[0 8])

The plot is shown in Figure H.2

Example H.8
Find the total solution of the ODE

2
%+6%¥+9y =0 (H.43)

subject to the initial conditions y(0) = -1 and y'(0) = 1
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Figure H.2. Plot for the function y = f (t) of Example H.7

Solution:
This is a homogeneous ODE and therefore its total solution is just the natural response found

from the characteristic equation s°+6s+9 = 0 whose roots are s; = s, = -3 (repeated roots).
Thus, the total response is

y(t) = yN = k]_e_3I + kzte_3t (H.44)
Next, we evaluate the constants k; and k, from the given initial conditions. For this example,

y(0) = -1 = k,e° +ky(0)e°

o k, = -1 (H.45)
Also, d
y'(O) = 1 = _Y = — 3k:|_e73t + k2873t —_ 3k2te73t
dt|,_, t=0
o _3k 4k, = 1 (H.46)

From (H.45) and (H.46) we obtain k; = -1 and k, = —2. By substitution into (H.44),

y(t) = —e ' - 2te”™ (H.47)
Check with MATLAB:

% Must have Symbolic Math Tool box installed
y=dsolve('D2y+6*Dy+9*y=0', 'y(0)=-1", 'Dy(0)=1")
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y =

- 1/exp(3*t) - (2*t)/exp(3*t)
ezplot(y,[0 4])

The plot is shown in Figure H.3.
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Figure H.3. Plot for the function y = f (t) of Example H.8.

Example H.9
Find the total solution of the ODE

2
%+ 59d¥ +6y = 3¢ (H.48)

Solution:

No initial conditions are given; therefore, we will express the solution in terms of the constants k;

and k, . By inspection, the roots of the characteristic equation of (H.48) are s, = -2 and s, = -3
and thus the natural response has the form

yN = k]_e_zt + k2 e_3t (H.49)
Next, we find the forced response by assuming a solution of the form

Ve = Ae (H.50)
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We can find out whether our assumption is correct by substitution of (H.50) into the given ODE
of (H.48). Then,

4Ae™ —10Ae ™ +6Ae™ = 3¢ (H.51)

but the sum of the three terms on the left side of (H.52) is zero whereas the right side can never be
zero unless we let t — o and this produces a meaningless result.

The problem here is that the right side of the given ODE of (H.48) has the same form as one of

the terms of the natural response of (H.49), namely the term k, e™*".

To work around this problem, we assume that the forced response has the form
ye = Ate™ (H.52)

that is, we multiply (H.50) by t in order to eliminate the duplication of terms in the total
response. Then, by substitution of (H.52) into (H.48) and equating like terms, we find that
A = 3. Therefore, the total response is

y(t) = yy+VYr = ke + ke + 3te™ (H.53)
Check with MATLAB:

% Must have Symbolic Math Tool box installed
y=dsolve('D2y+5*Dy+6*y=3*exp(—2*t)")

y:
-3*exp(-2*t)+3*t*exp(-2*t)+C1l*exp(-3*t)+C2*exp(-2*t)

Example H.10

Find the total solution of the ODE
@ + SQX +6y = 4cosbt (H.54)
dt dt

Solution:

No initial conditions are given; therefore, we will express solution in terms of the constants k;
and k,. We observe that the left side of (H.54) is the same of that of Example H.9. Therefore, the

natural response is the same, that is, it has the form
yN = kle_2t+ kze_3t (H-SS)
Next, to find the forced response and we assume a solution of the form

Y = Acos5t (H.56)
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We can find out whether our assumption is correct by substitution of the assumed solution of
(H.56) into the given ODE of (H.55). Then,

— 25Aco0s5t— 25Asin5t + 6 Acosbt = — 19Acos5t — 25Asin5t = 4cosbt

but this relation is invalid since by equating cosine and sine terms, we find that A = —-4/19 and
also A = 0. This inconsistency is a result of our failure to recognize that the derivatives of
Acos5t produce new terms of the form Bsin5t and these terms must be included in the forced
response. Accordingly, we let

Ve = kssin5t + k,cos5t (H.57)

and by substitution into (H.54) we obtain

—25k,sin5t — 25k, cos5t + 25k, cos5t — 25k, sin5t
+ 6k;sin5t + 6k, cos5t = 4cos5t

Collecting like terms and equating sine and cosine terms, we obtain the following set of equations

(H.58)
25k3—19k4 = 4
We use MATLAB to solve (H.58)
% Must have Symbolic Math Tool box installed
format rat; [k3 k4]=solve(19*x+25*y, 25*x-19*y—4)
k3 =
50/493
k4 =
-38/493
Therefore, the total solution is
_ ey, 50 o 38
y(t) = yy+Ye(t) = ke +k,e +4935|n5t+4930055t (H.59)

Check with MATLAB:

% Must have Symbolic Math Tool box installed

y=dsolve('D2y+5*Dy+6*y=4*cos(5*t)"); y=simple(y)
y =
-38/493*cos(5*t)+50/493*sin(5*t)+Cl*exp(-3*t)+C2*exp(-2*t)

In most engineering problems the right side of the non—homogeneous ODE consists of elementary

. . I . k . .
functions such as k (constant), X" where n is a positive integer, e, coskx, sinkx, and linear
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combinations of these. Table H.1 summarizes the forms of the forced response for a second order
ODE with constant coefficients.

TABLE H.1 Form of the forced response for 2nd order differential equations

2
Forced Response of the ODE az—g + b%% +cy = f(b)
t

f(t) Form of Forced Response Y (t)
k (constant) K (constant)
kt" (n= positive integer) Kot"+ K t" M+ .+ K, t+ K,
ke (r =real or complex) Ke"

kcosat or ksinat (o =constant) | K;coaot + K,sinat

kt"e"cosat or kt"e 'sinat (Kot"+ K t" h 4+ K, t+K,)e"cosat

+ (Kot"+ K t" 4+ L+ K, t+ K,)e sinat

We must remember that if f(t) is the sum of several terms, the most general form of the forced
response Yg(t) is the linear combination of these terms. Also, if a term in yg(t) is a duplicate of a
term in the natural response yy (t), we must multiply y(t) by the lowest power of t that will
eliminate the duplication.

Example H.11
Find the total solution of the ODE

2
a7y 2y 2%y 4y = te ' —e™ (H.60)
dt dt

Solution:

No initial conditions are given; therefore we will express solution in terms of the constants k; and
k, . The roots of the characteristic equation are equal, that is, s; = s, = -2, and thus the natural
response has the form

yy = ke +k, te™ (H.61)

To find the forced response (particular solution), we refer to Table H.1 and from the last row we

choose the term kt"e"'cosat. This term with n = 1, r = =2, and a = 0, reduces to kte™.
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Therefore the forced response will have the form

yF = (k3 t + k4)e_2t (H.62)

But the terms e and te™ are also present in (H.61); therefore, we multiply (H.62) by t° to

obtain a suitable form for the forced response which now is

Now, we need to evaluate the constants k; and k,. This is done by substituting (H.63) into the
given ODE of (H.60) and equating with the right side. We use MATLAB do the computations as

shown below.

syms t k3 k4 % Define symbolic variables
fO=(k3*t"3+k4*t"2)*exp(-2*t); % Forced response (H.64)

f1=diff(f0); fl=simple(fl) % Compute and simplify first derivative
fl =

-t*exp(-2*t)*(-3*k3*t-2*k4+2*k3*t"2+2*k4*t)
f2=diff(f0,2); f2=simple(f2) % Compute and simplify second derivative
2 =

2*exp(-2*t)*(3*k3*t+k4-6*k3*t"2-4*k4*t+2*k3*t"3+2*k4*tN2)
f=f2+4*f1+4*f0; f=simple(f)% Form and simplify the left side of the given ODE
T = 2*(B3*k3*t+kd)*exp(-2*t)
Finally, we equate ¥ above with the right side of the given ODE, that is

2(3kst + ket = te - (H.64)

and we find k; = 1/6 and k, = —1/2. By substitution of these values into (H.64) and combining
the forced response with the natural response, we obtain the total solution

2t v, 1a -2t 1o -2t

+>t’e -t (H.65)

-2
+ k,te 5 >

y(t) = ke

We verify this solution with MATLAB.

% Must have Symbolic Math Tool box installed
z=dsolve('D2y+4*Dy+4*y=t*exp(—2*t)—exp(—2*t)")

Z =

1/6*exp(-2*t) *t"3-1/2*exp(-2*t)*t"2
+Cl*exp(-2*t)+C2*t*exp(-2*t)
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H.6 Using the Method of Variation of Parameters for the Forced Response

In certain non—homogeneous ODEs, the right side f(t) cannot be determined by the method of
undetermined coefficients. For these ODEs we must use the method of variation of parameters.
This method will work with all linear equations including those with variable coefficients such as

Y L a4 By = (1) (H.66)
dt dt

provided that the general form of the natural response is known.

Our discussion will be restricted to second order ODEs with constant coefficients.

The method of variation of parameters replaces the constants k; and k, by two variables u; and

u, that satisfy the following three relations:

Y= uht Y, (H.67)
dy, du,
TR 0 (H.68)

d_Uld_Y1 duz dyz

ol ey = f(t) (H.69)

Simultaneous solution of (H.68) and (H.69) will yield the values of du,/dt and du,/dt; then,
integration of these will produce u; and u,, which when substituted into (H.67) will yield the

total solution.

Example H.12
Find the total solution of

—Y a3y - 12 (H.70)
dt? dt

in terms of the constants k; and k, by the

a. method of undetermined coefficients

b. method of variation of parameters
Solution:

With either method, we must first find the natural response. The characteristic equation yields
the roots s; = -1 and s, = —3. Therefore, the natural response is
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yy = ket ke (H.71)

a. Using the method of undetermined coefficients we let yr = k; (a constant). Then, by substi-

tution into (H.70) we obtain k; = 4 and thus the total solution is

y(t) = yy+Yr = ke '+ ke +4 (H.72)

b. With the method of variation of parameters we start with the natural response found above as
(H.71) and we let the solutions y; and y, be represented as

yi=¢e' and y,=¢" (H.73)

Then by (H.67), the total solution is
y = Uy + Wy,

or
y=ue +ue™ (H.74)
Also, from (H.68),
du,
dt yl + dt y2 -
o du du
duy -t dup st _
praC =0 (H.75)

and from (H.69), du dv. du. d
Ch D, Qe O _ g
dt dt dt dt

or
(e )+ f(-3e7) = 12 (H.76)

Next, we find du;/dt and du,/dt by Cramer’s rule as follows:

0 e—3t
du, |12 3™ _12e™ _12e™% t
dat = 3t | . _at = 6e (H.77)
dt e e —3e+e —2e
' 3™
and t
e 0
—t _t
%Jt_z _ e _ 12| _ 12e4t P (H.78)
-2e -2e”

Now, integration of (H.77) and (H.78) and substitution into (H.75) yields
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u, = 6J-etdt = 6e' +k, u, = —GIeS‘dt = -2e* +k, (H.79)

ue "+ uye
((6e"+ ke + (=2e> + k)
= (6 + kle7t —_ 2 + kzei:gt)

y

(H.80)

= (ke + ke '+ 4)
We observe that the last expression in (H.80) is the same as (H.72) of part (a).
Check with MATLAB:

% Must have Symbolic Math Tool box installed
y=dsolve('D2y+4*Dy+3*y=12")

y:
(4*exp(t)+Cl*exp(-3*t)*exp(t)+C2)/exp(t)

Example H.13
Find the total solution of

2
z-% +4y = tan2t (H.81)
t

in terms of the constants k; and k, by any method.

Solution:

This ODE cannot be solved by the method of undetermined coefficients; therefore, we will use
the method of variation of parameters.

The characteristic equation is s°+4 = 0 from which s = #j2 and thus the natural response is

yn = ke + kel (H.82)
We let
€ y, = cos2t and y, = sin2t (H.83)
Then, by (H.67) the solution is
y = WYy, +Uyy, = U;c0S2t+ U,sin2t (H.84)
Also, from (H.68),
du,  du, o
dt yl + dt y2 -
or
du o B
s cos2t + m sin2t =0 (H.85)
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and from (H.69),

G attar ot = [0 = H(-2sin2) + E(2c0s21) = tan2t (H.86)

Next, we find du,/dt and du,/dt by Cramer’s rule as follows:

_Sin £t .,
du, _ _|tan2t 2cos2t]  _ cos2t _ —sin"2t (H.87)
dt ‘ cos2t sin2t ‘ 200522t + 2sin®2t  2c€0s2t
-2sin2t 2cos2t
and
‘ cos2t 0 ‘

du, _ |-2sin2t tan2t _ sin2t

e S = H.88

dt 2 2 ( )

Now, integration of (H.87) and (H.88) and substitution into (H.84) yields

- 2 .
_ Igsin2t.  sin2t 1
up = -2 costht = 4In(se02t+tan2t)+k1 (H.89)
1l _ cos2t
U, = 3 j sin2tdt = — 22+ k, (H.90)
y = Uy, + Uy, = W— %cosZtln(seth + tan2t) + k, cos2t — sin2tcos2t + k,sin2t
1 (H.91)
= - ZcosZtIn(seth + tan2t) + k; cos2t + k,sin2t
Check with MATLAB:

% Must have Symbolic Math Tool box installed
y=dsolve('D2y+4*y=tan(2*t)")

y:
-1/4*cos(2*t)*log((1+sin(2*t))/cos(2*t))+Cl*cos(2*t)+C2*sin(2*t)
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H.7 Exercises

Solve the following ODEs by any method.
1.

dy 9V, a0
dt2+4dt+3y_t 1

’3t+lt—z

Answer: y = kje™ + kpe 3t

2
d—)21+4d—y+3y = 4e”
dt dt

Answer: y = ke + ke + 2te”!

2
g——}zf+2d—y+y = cos’t Hint: Use cos’t = %(0052t+1)

dt dt

Answer: y = ke + kzte‘t+§

2
Ej__}2£+y = sect
dt

Answer: y = k;cost + k,sint + tsint + cost(Incost)

1 3cos2t—4sin2t
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Appendix I

Constructing Semilog Paper with Excel® and with MATLAB®

his appendix contains instructions for constructing semilog plots with the Microsoft Excel

spreadsheet. Semilog, short for semilogarithmic, paper is graph paper having one logarithmic

and one linear scale. It is used in many scientific and engineering applications including fre-
quency response illustrations and Bode Plots.

I.1 Instructions for Constructing Semilog Paper with Excel

Figure 1.1 shows the Excel spreadsheet workspace and identifies the different parts of the Excel win-
dow when we first start Excel.

Fd Microsoft Excel - Print Screen -10] x|
:= File Edit Yiew Insert Format Tools Data  Window Help  Acrobat Type aquestion forhelp = o & X%
.}L:. Prompt

DEeEsS8 &0V $ BB

- Arial =10 - B JF O x

id g.‘ij ?@ T @ ﬂ q_il gﬁ Yo Reply with Changes... End Review...

ChartWizard
rd
Al - x
< TN e

1 o
| 2|
| 3 Chart toolbar (hidden)
| 4 |
| 5 |
| B |
| 7 |
£l
| 9 |
10
11
12 =
13
14
15

15 X
M 4 » M]iSheetl {cheet? £ sheets / || | L”J
Drawy [ |Autshapess N W O E 4l B [E@ - L-A- == 8@ .

Ready hLM é

Iﬁ‘Startl ) Microsoft Booksh, ., | ﬂ Adobe FrameMak. ., | Documentl - Micr... | Microsoft Excel ... fdobe Photabelu. ., | %}S 11:46 AM
Figure I.1. The Excel Spreadsheet Workspace
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Figure 1.2 shows that whenever a chart is selected, as shown by the visible handles around the
selected chart, the Chart drop menu appears on the Menu bar and that the Chart toolbar now is visi-
ble. We can now use the Chart Objects Edit Box and Format Chart Area tools to edit our chart.

E3 Microsoft Excel - Print Screen -10] x|
- File Edit Yiew Insert  Format  Tools  Chart  Window  Help  Acrobat Print Screen B
.')L:x Prompt
sy &Y @ - -| @ |
Arial SN e == = SH-A -
%ﬁ gﬁ r.ﬁ i T @ EEI Ell_Qj gﬁ Yo Reply with Changes... End Review...
Chart Area - B | b - &= ﬂfﬂ Y% P Menu bar  ChartWizard
BE. Chart drop menu
P
Chart Area = %
A [ B [ ¢ ND [ E INF [ 6 [ H [ I [ J [ K [ L
1
2 1 0.11] Chart Objects Edit Box | Format Chart Area Handles
EGx 2 0.13
4
iE ] | |
B 25
7
o 2
e
9 1.5
10 - s
11
12 05 -
|13 0 . . . . .
14 0 02 04 0B 08 1 fi
15 Y
| 1E | n n u =
W 4 » d'Sheetl { sheetz [ Sheet3 | KX | L[J_‘
Draw~ 3 |Autoshapes- ™ w 1O E 4l 0@ d-Z-A-=E=Z 5B @ .
Ready MM &

& Startl ) Microsoft Booksh, .. | E’ Adobe FrameMak, . | Documertl - Micr.., ” Microsoft Excel ... Adobe PhotoDelu. .. | %“E, 11119 AM
Figure 1.2. The Excel Spreadsheet with Chart selected

. Begin with a blank spreadsheet as shown in Figure I.1.
. Click Chart Wizard.
. Click X-Y (Scatter) Chart type under the Standard Types tab on the Chart Wizard menu.

N S N S

. The Chart sub—type shows five different sub—types. Click the upper right (the one showing two

continuous curves without square points.)

. Click Next, Series tab, Add, Next.

o

6. Click Gridlines tab and click all square boxes under Value X-axis and Value Y-axis to place
check marks on Major and Minor gridlines.
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10.

11.

12.

13.

14.

15.

Click Next, Finish, click Series 1 box to select it, and press the Delete key on the keyboard to
delete it.

The plot area normally appears in gray color. To change it to white, first make sure that the chart
is selected, that is, the handles (black squares) around the plot are visible. Point the mouse on the
Chart Objects Edit Box tool (refer to Figure 1.2), scroll down, click Plot Area, then click For-
mat Plot Area (shown as Format Chart Area tool in Figure 1.2).

. The Area section on the Patterns tab shows several squares with different colors. Click the white

square, fifth row, right—-most column, and click OK to return to the Chart display. You will
observe that the Plot Area has now a white background.

Click anywhere near the x—axis (lowest horizontal line on the plot) and observe that the Chart
Objects Edit box now displays Value (X) axis. Click the Format Chart Area tool which now
displays Format Axis, click the Sca/ tab and make the following entries:

Minimum: 1  Maximum: 100000 Major Unit: 10 Minor Unit: 10
Make sure that the squares to the left of these values are not checked.
Click Logarithmic scale to place a check mark, and click OK to return to the plot.

Click anywhere near the y—axis (left-most vertical line on the plot) and observe that the Chart
Objects Edit box now displays Value (Y) axis. Click the Format Chart Area tool which now
displays Format Axis, click he Scale tab and make the following entries:

Minimum: -80 Maximum: 80 Major Unit: 20 Minor Unit: 20

Make sure that the squares to the left of these values are not checked. Also, make sure that the
Logarithmic scale is not checked. Click OK to return to the plot.

You will observe that the x—axis values appear at the middle of the plot. To move them below the
plot, click Format Chart Area tool, click Patterns tab, click Tick mark labels (lower right sec-
tion), and click OK to return to the plot area.

To expand the plot so that it will look more useful and presentable, make sure that the chart is
selected (the handles are visible). This is done by clicking anywhere in the chart area. Bring the
mouse close to the lower center handle until a bidirectional arrow appears and stretch down-
wards. Repeat with the right center handle to stretch the plot to the right. Alternately, you may
bring the mouse near the lower right handle and stretch the plot diagonally.

You may wish to display the x—axis values in exponential (scientific) format. To do that, click any-
where near the x—axis (zero point), and observe that the Chart Objects Edit box now displays
Value (X) axis. Click the Format Chart Area tool which now displays Format Axis, click the
Number tab and under Category click Scientific with zero decimal places.

If you wish to enter title and labels for the x— and y—axes, with the chart selected, click Chart (on
the Menu bar), click Chart Options, and on the Titles tab enter the Title and the x— and y—axis
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labels. Remember that the Chart drop menu on the Menu bar and the Chart toolbar are hidden
when the chart is deselected.

16. With the values used for this example, your semilog plot should look like the one in Figure 1.3,
and it can be printed for creating Bode plots.

80

60

40

20

-20

-40 -

-60 -

-80 4
1.E+00 1.E+01 1.E+02 1.E+03 1.E+04 1.E+05

Figure 1.3. Semilog paper created with Excel

L.2 Instructions for Constructing Semilog Paper with MATLAB
It is much easier to construct semilog paper with MATLAB. The procedure is as follows:
1. Begin with the MATLAB script below.

x=linspace(1,1076,7); y=linspace(-40,90,7); semilogx(x,y);...
grid; xlabel('Frequency (log scale)'); ylabel('Gain (linear scale)’)

With this script, MATLAB creates the plot shown in Figure 1.4.

& -
2. To change the background from gray to white, scroll down the Figure Color icon and
select the white (blank) square by clicking it.

3. To erase the unwanted line segment, click it, and now the plot appears as shown in Figure 1.5.

14 Circuit Analysis IT with MATLAB® Computing and Simulink / SimPowerSystems® Modeling
Copyright © Orchard Publications



Instructions for Constructing Semilog Paper with MATLAB
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Figure 1.5. Selecting the unwanted line segment to erase it
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*

4. Change the Line parameter shown in Figure 1.6 to no line . The plot now appears as shown in

Figure 1.7, and can be printed for use with Bode plots.

-

Plot Type: _ Line

k

™

2

0.5

Line:

4

2

6.0

none =

Marker:

Figure 1.6. Changing line to no line
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Figure I.7. Semilog paper created with MATLAB

*, The unwanted line segment can also be erased with the Delete key.
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Symbols and Numerics

% (percent) symbol in MATLAB A-2
3-phase systems - see
three-phase systems

A

abs(z) in MATLAB A-23

AC Voltage Source C-5

adjoint of a matrix E-20

admittance Y(s) 6-13
driving-point 10-5

algebraic constrain blocks B-18

all-day efficiency 9-45

alpha coefficient 1-3, 1-16

alternate method of partial
fraction expansion 5-14

amplitude plots 8-24

angle(z) in MATLAB A-23

antenna 2-18

antiresonance 2-6

asymptotes 8-4, 8-6

audio frequency amplifier 2-19

autoscale icon in Simulink B-12

autotransformer 9-36

axis in MATLAB A-16, A-22

balanced currents 11-2

bandwidth 2-11, 8-3

beta coefficient 1-3, 1-16

bilateral Laplace transform 4-1

Bode plots 8-4

bode(sys,w) MATLAB function 8-20
bodemag(sys,w) MATLAB function 8-20
box in MATLAB A-12

bridged network 10-31

C

capacitive network transformation 6-2
Cartesian form of complex numbrs D-6
Cayley-Hamilton theorem 7-11
characteristic (auxiliary) equation H-8
characteristic equation 7-19

circuit analysis with Laplace transforms 6-1
circuit analysis with state variables 7-22
classification of differential equations H-3
clc in MATLAB A-2

clear in MATLAB A-2

close-coupled transformer 9-18

coefficient of coupling 9-18
cofactor 10-3, E-11, E-13
collect(s) MATLAB function 5-12
column vector in MATLAB A-20
command screen in MATLAB A-1
command window in MATLAB A-1
commas in MATLAB A-8
comment line in MATLAB A-2
Commonly Used blocks

in Simulink B-7
complex conjugate A-4
complex conjugate pairs 5-5
complex number A-3, D-2
complex poles 5-5
complex roots of

characteristic equation H-9
computation by reduction

to single phase 11-19
computation of the state

transition matrix 7-10
configuration parameters B-12
conformable for addition E-2
conformable for multiplicatio E-4
congugate of a matrix E-8
conj(x) in MATLAB E-9
conjugate of a complex number D-3
contents pane in Simulink B-7
Continuous method in

SimPowerSystems C-2
Controlled Voltage Source in

SimPowerSystems C-6
conv(a,b) in MATLAB A-6
convolution

in the complex frequency domain 4-11

in the time domain 4-11
copper losses in transformer 9-42
corner frequency - see frequency
Cramer’s rule E-17
critically damped natural response 1-3
Current Measurement block in

SimPowerSystems C-3
cutoff frequency 8-3

D

damped natural frequency 1-3, 1-16
damping coefficient 1-3, 1-16, 8-14
data points in MATLAB A-14

dB - see decibel

DC isolation in transformers 9-19
DC Voltage Source block C-3
decade 8-4

decibel 8-1, A-13

deconv in MATLAB A-6
default color in MATLAB A-15
default line in MATLAB A-15
default marker in MATLAB A-15
degree of differential equation H-3
delta function 3-8
sampling property 3-12
sifting property 3-13
Delta to Wye conversion 11-11
Delta-Wye transformation 12-7
demo in MATLAB A-2
detector circuit 2-19
determinant E-10
diagonal of a matrix E-6
diagonal elements of a matrix. E-2j
differential equations
auxiliary equation H-8
characteristic equation H-8
classification H-3
degree H-3
most general solution H-6
solution by the
method of undetermined
coefficients H-10
method of variation
of parameters H-20
differentiation
in time domain 4-4
in complex frequency domain 4-5
Dirac(t) in MATLAB 3-18
direct term in MATLAB 5-4
discontinuous function 3-1
Discrete method in SimPowerSystems C-2
Display block in Simulink B-18
display formats in MATLAB A-31
distinct poles 5-2
distinct roots of characteristic equation H-9
division of complex numbers D-4
dot convention in transformers 9-8
dot multiplication, division, and
exponentiation in MATLAB A-20
doublet function 3-13
driving-point admittance 10-4

E

eddy current 9-37, 9-42, 9-61, 9-64
editor window in MATLAB A-1
editor/debugger in MATLAB A-1
eig(x) MATLAB function 7-17
eigenvalues 7-10

eigenvector 7-18

electrokinetic momentum 9-1
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element-by-element division and
exponentiation in MATLAB A-21
element-by-element multiplication
in MATLAB A-18, A-20
Elements library in
SimPowerSystems C-3
elements of the matrix E-1
energy efficiencyin transformers 9-45
Environmental block C-2
eps in MATLAB A-22, A-27
equivalent circuit 9-34
Equivalent Delta and
Y-connected loads 11-10
Euler's identities D-5
exit in MATLAB A-2
expand(s) MATLAB function 5-10
exponential and polar forms
of complex numbers D-4
exponential order function 4-2
eye(n) in MATLAB E-7

factor(s) MATLAB function 5-4
Faraday’s law of

electromagnetic induction 9-2
feedback path 8-3

negative 8-4

path 8-3

positive 8-4
figure window in MATLAB A-13
filter

low-pass

multiple feed back 1-30

final value theorem 4-10
first-order circuit 7-1
first-order simultaneous

differential equations 7-1
Flip block command in Simulink B-11
flux linkage 9-2
fmin in MATLAB A-27
forced response H-7
format in MATLAB A-31
four-wire, three-phase system

11-12,11-3
fplot in MATLAB A-27
frequency

corner 8-9

cutoff 8-3

half-power 2-13

natural

damped 1-3, 1-15, 7-14

resonant 1-3, 2-2, 2-8

response A-12

scaling F-1

selectivity 2-5
frequency response A-12
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frequency scaling F-1
frequency selectivity 2-5
frequency shifting property 4-3
full rectification waveform 4-31
function block parameters

in Simulink B-10
function file in MATLAB A-26
fzero in MARLAB A-26, A-28

G

g parameters 10-26

Gain block in Simulink B-18

gamma function 4-14

Gaussian elimination method E-19

generalized factorial function 4-14

geometric mean 2-14

grid in MATLAB A-12

Ground block in
SimPowerSystems C-3

gtext in MATLAB A-13

h parameters 10-22

half-power bandwidth 2-12
half-power frequencies 2-11, 2-12
half-power point 2-12, 8-3
half-rectified sine wave 4-25
Heavyside(t) in MATLAB 3-18
Hermitian matrix E-9

higher order delta functions 3-13
homogeneous differential equation 1-1
hybrid parameters 10-22
hysteresis 9-37, 9-42, 9-61, 9-64

ideal transformer 9-27
identity matrix E-7
IF amplifier 2-19
ilaplace MATLAB function 5-4
imag(z) in MATLAB A-23
image-frequency interference 2-18
imaginary axis D-2
imaginary number D-2
impedance matching 9-30
impedance Z(s) 6-11
impractical connections 12-8
improper integral 4-15
improper rational function 5-1
increments between points

in MATLAB A-14
inductive network transformation 6-1
initial value theorem 4-9
instantaneous power in

three-phase systems 11-22, 11-23

integration in
complex frequency domain 4-7
time domain 4-6
inverse hybrid parameters 10-27
inverse Laplace transform 4-1
inverse Laplace transform integral 5-1
inverse matrix method of solution E-24
inverse of a matrix E-22

j operator D-1

L'Hépital's rule 1-22, 4-15
laplace MATLAB function 4-26
Laplace transform of
common functions 4-12
Laplace transform of
several waveforms 4-21
Laplace transformation 4-1
leakage flux 9-37
left-hand rule 9-2
Leibnitz's rule 4-6
Lenz's law 9-3
lims =in MATLAB A-27
line currents 11-5
linear inductor 9-2
linear transformer 9-4, 9-19
linearity property 4-2, 5-2
line-to-line voltages 11-6
linkage flux 9-4, 9-6
linspace in MATLAB A-14
In A-13
log A-13
log(x) in MATLAB A-13
log10(x) in MATLAB A-13
log2(x) in MATLAB A-13
loglog(x,y) in MATLAB A-13
loose-coupled transformer 9-18
lower triangular matrix E-6

M

magnetic flux 9-2
magnitude scaling F-1
Math operations in Simulink B-11
MATLAB demos A-2
MATLAB's editor/debugger A-1
matrix, matrices
adjoint of E-20
cofactor of E-12
conformable for addition E-2
conformable for multiplication E-4
congugate of E-8
defined E-1



diagonal of E-1, E-2, E-6
Hermitian E-9
identity E-6
inverse of E-21
left division in MATLAB E-25
lower triangular E-6
minor of E-12
multiplication using MATLAB A-18
non-singular E-21
singular E-21
scalar E-6
skew-Hermitian E-9
skew-symmetric E-9
square E-1
symmetric E-8
trace of E-2
transpose E-7
upper triangular E-5
zero E-2
matrix power series 7-9
maximum power transfer 9-30
Measurements library C-3
mesh(x,y,z) in MATLAB A-17
meshgrid(x,y) in MATLAB A-17
method of clearing the fractions 5-14
method of undetermined coefficients
in differential equations H-10
method of variation of parameters
in differential equations H-20
m-file in MATLAB A-1, A-26
MINVERSE in Excel E-27
MMULT in Excel E-27
most general solution H-6
Multiple Feed Back (MFB)
low-pass filter 1-30
multiple poles 5-8
multiplication of complex numbers D-3
mutual inductance 9-5, 9-6
mutual voltages 9-7

N

NaN in MATLAB A-26
natural response H-7
critically damped 1-3
overdamped 1-3
underdamped 1-3
negative feedback 8-4
negative phase sequence 12-10
network
bridged 10-31
pie 10-31
no-load test 9-38, 9-60
non-homogeneous ordinary
differential equation H-6
non-singular matrix E-21
nth-order delta function 3-13
nth-order differential equation 7-1
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(0]

octave 8-4
ODE - see ordinary differential equation
one-dimensional wave equation H-3
one-port network 10-1
one-sided Laplace transform 4-1
open circuit impedance

parameters 10-17
open circuit input impedance 10-18
open circuit output impedance 10-19
open circuit test 9-38, 9-39
open circuit transfer

impedance 10-18, 10-19
open Delta configuration 11-29
order of differential equation H-3
ordinary differential equation H-3
orthogonal vectors 7-19
orthonormal basis 7-19
oscillatory natural response 1-3
overdamped natural response 1-3

parallel resonance 2-6

parallel RLC circuit 1-15

parallel RLC circuit with AC excitation 1-26

parallel RLC circuit with DC excitation 1-17

partial differential equation H-3

partial fraction expansion 5-2

PDE - see partial differential equation

per unit system G-1

phase currents 11-5

phase voltages 11-6

phase-sequence indicator 12-5

Phasors method in SimPowerSystems C-2

pie network 10-31

plotin MATLAB A-10

plot3 in MATLAB A-15

polar form D-6

polar plot A-24

polar(theta,r) MATLAB function A-23

polarity marking in transformersw 9-11

poles 5-1, 5-2, 8-6

poly(r) in MATLAB A-4

polyder(p) in MATLAB A-6

polynomial construction from known
roots using MATLAB A-4

polyval in MATLAB A-6

port 10-1

positive feedback 8-4

positive phase sequence 11-6, 12-10

possible transformer connections 11-28

power factor 11-20

powerlib in SimPowerSystems C-1

practical transformer connections 12-8

preselector 2-19

primary winding 9-4

proper rational function 5-1
properties of the Laplace transform 4-2
pu (per unit system) G-1

Q

quality factor at parallel resonance 2-9
quality factor at series resonance 2-4
quit in MATLAB A-2

R

radio frequency amplifier 2-18

radio receiver 2-18

ramp function 3-8

rationalization of the quotient D-4

real axis D-2

real inductor 2-16

real number D-2

real(z) in MATLAB A-23

reciprocal two-port networks 10-31

reciprocity theorem 10-15

rectangular form D-5

rectangular pulse 3-3

reflected impedance 9-25

relationship between state equations
and laplace transform 7-29

repeated poles 5-8

repeated roots of characteristic
equation H-9

residue 5-2, 5-3

resistive network transformation 6-1

resonant frequency 1-3, 2-1, 2-7

right-hand rule 9-2

roots of polynomials A-3

roots(p) MATLAB function 5-6, A-3

round(n) in MATLAB A-24

row vector in MATLAB A-3

running Simulink B-7

S

sampling property of the delta function 3-11
sawtooth waveform 4-31

scalar matrix E-7

scaling property 4-4

Scope block in Simulink B-12
script file A-26

secondary winding 9-4
secord-order circuit 1-1
secord-order circuit 7-1
selectivity 2-5

self-induced voltages 9-7
self-inductance 9-1, 9-4, 9-5
semicolons in MATLAB A-8
semilog paper with Excel I-1
semilog paper with MATLAB [-4
semilogx in MATLAB A-12



semilogy in MATLAB A-12

series resonance 2-1

Series RLC Branch block C-3

series RLC circuit 1-15

series RLC circuit with AC excitation 1-11

series RLC circuit with DC excitation 1-2

settling time 1-20

short circuit input admittance 10-11

short circuit output admittance 10-12

short circuit transfer admittance 10-12

short-circuit test 9-39

sifting property of the delta function 3-12

signal-to-noise (S/N) ratio 2-18

simout To Workspace block B-13

simple differential equations H-1

SimPowerSystems C-1

SimPowerSystems connection lines C-4

SimPowerSystems electrical ports C-4

Simulation drop menu in Simulink B-12

simulation start icon in Simulink B-12

Simulink icon B-7

Simulink Library Browser B-8

single-phase systems 11-1

single-phase three-wire system 11-5

singular matrix E-21

Sinks library in Simulink B-18

size of a matrix E-7

skew-Hermitian matrix E-9

skew-symmetric matrix E-9

solution of the homogeneous ode H-8

solutions of ordinary differential
equations H-6

solve(equ) MATLAB function 8-23

space equations 7-1

square matrix E-1

ss2tf MATLAB function 7-32

start simulation in Simulink B-12

state equations 7-1

state transition matrix 7-8

state variables 7-1

State-Space block in Simulink B-12

step-down transformer 9-14

step-up transformer 9-14

string in MATLAB A-16

subplot(m,n,p) in MATLAB A-18

sum of unit step functions 3-7

summing point 8-4

symmetric matrix E-8

symmetric network 10-16, 10-31

symmetric rectangular pulse 3-5

symmetric triangular waveform 3-6

symmetrical components 12-10

T

tee network 10-31
text in MATLAB A-14

tf2ss MATLAB function 7-33
theorems of the Laplace transform 4-2
Thevenin equivalent circuit 9-32
three-phase systems 11-1
balanced currents 11-2
computation by reduction
to single phase 11-19
Delta to Y conversion 11-11
four-wire system 11-2, 11-13
equivalent Delta and
Y-connected loads 11-10
instantaneous power 11-22, 11-23
line currents 11-5
line-to-line voltages 11-6
phase currents 11-5
phase voltages 11-6
positive phase sequence 11-6, 12-10
power 11-20
power factor 11-20
three-wire Y-system 11-3
three-wire Delta system 11-4
two wattmeter method of
reading 3-phase power 11-28
unbalanced 12-1
three-phase transformer modeling in
SimPowerSystems 11-31
three-wire three-phase Y-system 11-3
Three-wire, three-phase
Delta load system 11-4
time periodicity property 4-8
time shifting property 4-3
title(‘string’) in MATLAB A-12
trace of a matrix E-2
transfer admittance 10-4
transfer function 6-16, 8-4
transformer
coefficient of coupling 9-18
DC isolation 9-19
dot convention 9-8
equivalent circuit 9-31, 9-34
ideal 9-27
linear 9-4, 9-19
mutual inductance 9-5, 9-6
mutual voltages 9-7
polarity markings 9-11
self-induced voltages 9-7
self-inductance 9-1, 9-4, 9-5
step-down 9-14
step-up 9-14
windings
close-coupled 9-18
loose-coupled 9-18
transpose of a matrix E-8
tree pane in Simulink B-7
triplet function 3-13
turns ratio in transformer 27
TV receiver 2-18

two wattmeter method of reading
three-phase power 11-28
two-port network 10-11
two-sided Laplace transform 4-1
types of differential equation H-3

U

unbalanced three-phase
power systems 12-1
underdamped (oscillatory)
natural response 1-3
unilateral Laplace transform 4-1
unit eigenvectors 7-19
unit impulse function 3-8
unit ramp function 3-8, 3-9
unit step function 3-2
upper triangular matrix E-6

Using the Simulink Transfer Fcn Block 6-20

\

variac 9-36

Voltage Measurement block
in SimPowerSystems C-3

voltage regulation 9-46

w

wattmeter 11-25

weber 9-2

Wronskian determinant H-10
X

xlabel in MATLAB A-12

Y

y parameters 10-4, 10-11

Y to Delta conversion 11-11
ylabel in MATLAB A-12

z parameters 10-17

zero matrix E-2

zero phase sequence 12-10
zeros 5-1, 5-2, 8-6
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