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Preface

The Green’s function is one of the classic concepts in the area of differential equations.
It has been intensively explored and widely implemented for almost two centuries
since its introduction by George Green, a brilliant British mathematician and physicist
of the nineteenth century. His elegant elaborations revealed impressive properties of
this function that have been transformed into a powerful instrument for use in the
qualitative theory of ordinary as well as partial differential equations.

Yet, it would be a mistake to assert that the usability of Green’s functions is lim-
ited to purely theoretical aspects. As has been corroborated by numerous works in
applied mathematics, published in recent decades, Green’s functions also possess re-
markable computational potential. They have turned out to be extremely helpful in the
development of numerical algorithms for solving a vast number of problems involving
differential equations, that arise in engineering and in the natural sciences.

An example of the attributes of Green’s functions, that illustrate their computational
potential, is the solution of a boundary value problem for a partial differential equa-
tion. By using Green’s functions, the equation can be reduced to an integral equation.
Applying numerical techniques to solve the reduced problem will be significantly
more economical than applying them directly to the original differential equation.

We consider a number of arguments supporting this assertion: first, integral equa-
tions lend themselves to computational methods better, compared to differential equa-
tions, because the approximation to an integral is, in most cases, a well-posed prob-
lem, which is straightforward to solve. In contrast, the approximation to a differential
is not, generally speaking, a quite well-posed problem. Second, procedures based
on Green’s functions reduce the dimensionality of the boundary-value problem under
consideration, by converting it into a boundary integral equation. Thus, all the re-
quired numerical work is shifted to, the boundary of the considered region. Finally,
purely numerical methods presume an approximate treatment of the governing differ-
ential equation as well as the boundary conditions, whereas in Green’s function-based
procedures, most of these are satisfied exactly, prior to the numerical work.

Taking all of this into account, it is reasonable to expect that Green’s functions
must be included as an important component in undergraduate courses on differential
equations and numerical analysis. However, the importance of this topic is, in our
opinion, somewhat underestimated in contemporary textbooks: not all texts on dif-
ferential equations cover the topic, and even among those that do, it is hard to find
textbooks, that are primarily devoted to the construction of Green’s functions. With
standard works on numerical analysis, things are even worse; none of those texts
touches upon the development of Green’s function-based numerical methods in deal-
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ing with boundary-value problems for either ordinary or partial differential equations.
Hence, the situation requires special attention and the status quo in the field has to be
revised.

Given the computational potential of Green’s functions on the one hand, and the
omission of numerical methods based on these functions in standard textbooks on the
other hand, a question arises: what is it, that holds back widespread numerical use of
Green’s functions and causes the range of their efficient applicability to be narrowed?
We believe that there is an objective explanation for this phenomenon, namely the
unfortunate fact that only a limited number of computer-friendly representations of
Green’s functions are available in the literature. This contradiction has inspired our
strong desire to create the present work. Because it was conceived as a textbook
intended to at least partially resolve the conundrum, our book devotes itself to the
development of efficient procedures for the construction of computer-friendly Green’s
functions applicable to a wide array of partial differential equations. This makes our
work unique, original and unlike most others in the field.

As to the presentation of the material in the present book, we note that, although the
emphasis is not on theoretical aspects, we strived to make our presentation as rigorous
as possible. Whilst concentrating on formal issues that are methodologically critical
for the construction of Green’s functions, we tried not to do this at the expense of
rigor. Have we succeeded in this? Authors are not, of course, in a position to judge
the success or failure of their endeavor, which is why we look forward to hearing from
the reader.

The form in which a Green’s function is obtained is very important from the stand-
point of applications. We don’t doubt that potential users would welcome this func-
tion if and only if the form in which it is presented is suitable for immediate computer
implementation. However, it appears that only a few classical Green’s functions for
partial differential equations are obtained, in a closed and ready to use analytical form.
Most of the representations of these functions available in the literature are not suited
to direct computer use. This severely limits the sphere of their effective application.
Our objective in writing this book was to provide the user with as many compact and
computer-friendly representations of Green’s functions as the format of this textbook
permits.

The book covers only a limited number of applied partial differential equations.
These include the two-dimensional Laplace, the static Klein–Gordon, the biharmon-
ic-, the diffusion- (heat), and the Black–Scholes equations. Areas of science and
engineering where these equations are encountered, range from fluid and solid me-
chanics to financial engineering. The intention is to not only provide the reader with
a review of the classical approaches, that are traditionally used for the construction
of Green’s functions, but also to introduce our readers to several nontrivial construc-
tion techniques and invite them to a challenging research in this productive area of
applied mathematics. The authors believe that the present volume can be use as a
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principal text for elective advanced undergraduate and graduate courses, within the
field of applied mathematics and related disciplines.

It is with great pleasure that we express our sincere gratefulness to a number of our
colleagues who, made either direct or indirect contributions to this project. Among
those, the first author is especially thankful to two brilliant individuals under whose
irresistible influence and professional guidance he gained his own experience and
expertise in the area of analytical and numerical exploration of Green’s functions and
matrices. Professors V. D. Kupradze and S. P. Gavelya have been widely recognized
advocates for the use of the Green’s function method in the theory of elasticity as well
as in plate and shell theory. Their encouragement and parting words stressed our hard
but very fascinating work on this manual.

Murfreesboro/Lebanon, September 2011 Yuri A. Melnikov,
Max Y. Melnikov
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Chapter 0

Introduction

The scope of this book is, to a large extent, limited to applications of elliptic and
parabolic partial differential equations in two variables, although a few three-dimen-
sional settings are also covered in Chapters 2, 3, and 7. These chapters provide the
reader with an idea of how the described methods extend to three dimensional prob-
lems. The elliptic PDE include the Laplace equation, the static Klein–Gordon equa-
tion, and the biharmonic equation. Parabolic PDE are represented by the classical
diffusion (heat) equation and the Black–Scholes equation. The latter has emerged
as a mathematical model in financial mathematics just a few decades ago [8, 52, 55,
65, 75]. In this work, Green’s functions are constructed, for a variety of problems,
involving the above equations.

The Green’s function formalism is traditionally referred to as one of the most effi-
cient instruments in the field of differential equations [3, 5, 12, 13, 68, 18, 22, 23, 25,
28, 29, 39, 47, 53, 54, 57, 61, 66, 67]. But until recently, it was mostly employed for
exploring qualitative aspects of differential equations like the existence and unique-
ness of a solution, dependence of the latter on initial data and so on. In a series of pub-
lications from recent decades [6, 14, 17, 21, 26, 30, 31, 32, 40, 42, 47, 48, 50, 69, 70],
one can find convincing evidence for the efficiency of Green’s function-based numer-
ical methods when solving boundary-value problems for ordinary as well as partial
differential equations, arising in various areas of engineering and science.

Practicality of a Green’s-function-based numerical procedure depends, to a great
extent, on the form in which the required Green’s function is presented: identical
Green’s functions, that are constructed with different methods, may appear in differ-
ent forms. Some of those forms are compact, ready for immediate computer imple-
mentation, and simple to use. Others might not necessarily be that computer-friendly.
This book reviews various differing methods providing a variety of different forms of
Green’s functions to be applied to partial differential equations.

Regarding the two-dimensional Laplace equation,

r2u D 0

which finds numerous applications in a variety of areas of engineering and science,
we find that some of its Green’s functions, available in the current literature, can be
stated in closed form (only containing elementary functions). To name a few such
forms, we recall the classical [18, 22, 37, 39, 43, 45, 53, 57, 66, 67]

G.x; yI �; �/ D 1

4�
ln
.x � �/2 C .y C �/2

.x � �/2 C .y � �/2 (1)
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expression of the Green’s function used in the Dirichlet problem for the upper half-
plane ¹�1 < x < 1; 0 < y < 1º.

As another classical examples of a closed compact form of Green’s function, one
might recall

G.x; yI �; �/ D 1

4�
ln

cosh!.x � �/ � cos!.y C �/

cosh!.x � �/ � cos!.y � �/ ; ! D �

b
; (2)

and

G.x; yI �; �/ D 1

4�
ln

cosh!.x C �/ � cos!.y � �/
cosh!.x � �/ � cos!.y � �/

C 1

4�
ln

cosh!.x � �/ � cos!.y C �/

cosh!.x C �/ � cos!.y C �/
; ! D �

b
; (3)

representing the Green’s functions of the Dirichlet problem for the Laplace equation,
in an infinite strip ¹�1 < x < 1; 0 < y < bº and in the infinite semi-strip ¹0 <
x < 1; 0 < y < bº, respectively.

Recall also the following (see, for example, [17, 18, 22, 37, 39, 43, 45, 54, 57, 61,
66]) closed form

G.r; 'I %; / D 1

4�
ln
a4 � 2a2r% cos.' �  /C r2%2

a2
�
r2 � 2r% cos.' �  /C %2

� (4)

that represents the Green’s function for the Dirichlet problem for the Laplace equation
on a disk ¹0 < r < a; 0 < ' � 2�º of radius a.

From this brief review on the availability of Green’s functions for the Laplace equa-
tion, one might assume that the situation for the two-dimensional static Klein–Gordon
equation

r2u � k2u D 0

must be similar. Indeed, it sounds reasonable to expect that a similarity of the two
equations might support this assumption. But it appears in reality that this is not quite
true. The point is that none of Green’s functions for the static Klein–Gordon equation
can be expressed in a closed form, in the sense that was explained earlier. This is
predetermined by the form of the fundamental solution of this equation, which is not,
unlike in the case of the Laplace equation, an elementary function.

In contrast with other existing texts on partial differential equations, the current
book provides a unique and extensive list of Green’s functions, also for the static
Klein–Gordon equation. And – important especially from the point of applicability –
all of them are computer-friendly.

Another elliptic partial differential equation that finds numerous applications in
engineering and science, and whose Green’s functions are under continuous consid-
eration in this book, is the two-dimensional biharmonic equation

r2r2w D 0
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It is traditionally used to simulate phenomena and processes in mechanics of solids (in
plate and shell theory, in particular). The number of available in the literature Green’s
functions for this equation is severely limited. The only known [39, 59] closed form
is

G.r; 'I %; / D 1

16�

�
1

a2
.a2 � %2/.a2 � r2/

� �
r2 � 2r% cos.' �  /C %2

�
ln
a4 � 2a2r% cos.' �  /C r2%2

a2
�
r2 � 2r% cos.' �  /C %2

� � (5)

representing the Green’s function for the Dirichlet problem

w.a; '/ D @w.a; '/

@r
D 0

for the biharmonic equation on a disk ¹0 < r < a; 0 < ' � 2�º of radius a.
We will make a strong effort to provide the reader with an exhaustive list of com-

puter-friendly representations of Green’s functions for a number of boundary-value
problems for the biharmonic equation.

Note that from all the classical applied partial differential equations, the Green’s
function-based methods appeared to be the most widely applicable to the parabolic
equations [13, 17, 29, 37, 46, 57, 66]. A field where these methods are especially
popular is continuum mechanics (mass and heat transfer, in particular), with the clas-
sical diffusion (heat) equation

@u.x; t/

@t
D �

@2u.x; t/

@x2
(6)

representing the key mathematical instrument.
It is worth noting that the number of closed analytical forms of Green’s functions

for the heat equation is very limited too. One might recall, for example,

G.x; t I �; �/ D 1

2
p
��.t � �/

�
exp

�
� .x � �/2
4�.t � �/

�
� exp

�
� .x C �/2

4�.t � �/
��

(7)

and

G.x; t I �; �/ D 1

2
p
��.t � �/

�
exp

�
� .x � �/2
4�.t � �/

�
C exp

�
� .x C �/2

4�.t � �/
��

(8)

representing [13, 66] the Green’s functions for the first u.0; t/ D 0 and the second
@u.0; t/=@x D 0 initial-boundary value problem, respectively, for equation (6) on the
region ¹0 < x < 1; t > 0º.
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Another function

G.s; t I �/ D exp.�r.T � t //
��
p
2�.T � t / exp

�
� Œln.s=�/C .r � �2=2/.T � t /	2

2�2.T � t /
�

(9)

that is frequently [8, 36, 49, 52, 55, 58, 65, 75] used and cited in the field, is the
so-called Green’s function of the Black–Scholes equation

@u.s; t/

@t
C �2s2

2

@2u.s; t/

@s2
C rs

@u.s; t/

@s
� ru.s; t/ D 0 (10)

which represents an equation with variable coefficients, where s and t are the inde-
pendent variables, while � and r represent constant parameters.

Note that (10) represents another parabolic equation, which is widely used in fi-
nancial mathematics. We would like comment the name, commonly accepted in the
field, for the function in (9). Naming it a Green’s function is not justified, and we
can readily challenge it: a Green’s function, by definition, must be associated with a
certain problem formulated for a given differential equation. In other words, it must
satisfy some imposed uniqueness conditions (initial, boundary, or other). This is of
course not the case for the function in (9), since it represents just a special (parameter
� containing) solution of the Black–Scholes equation, and is not explicitly associated
with any uniqueness conditions.

Taking the above arguments into account, one must refer to (9) as the fundamental
solution to (10). We might, nevertheless, offer a reasonable compromise calling (9)
the Green’s function of the Black–Scholes equation for the entire feasible space ¹0 <
s < 1;�1 < t < T º of the independent variables s and t .

Later in this text, the reader will find a number of actual Green’s functions con-
structed for a few particular terminal-boundary value problems posed for the Black–
Scholes equation. Many of those have recently been reported and published in [49],
but have not yet been in a book format.

As to the representations in (1) through (9), it is hard to argue that they are compact
enough and convenient to work with in numerical applications. It is worth noting
however, that unfortunately there exist only a few such closed analytical forms of
Green’s functions in the standard textbooks on applied partial differential equations.

Some other Green’s functions available in the literature for application to partial
differential equations are expressed in a form containing elementary functions and
series components. As an example of such a form, we note the following function

G.r; 'I %; / D 1

4�

�
2

aˇ
� 4aˇ

1X
nD1

1

n.nC aˇ/

� r%
a2

	n
cosn.' �  / (11)

� ln

�
1

a3

�
r2 � 2r% cos.' �  /C %2

� �
a4 � 2a2r% cos.' �  /C r2%2

���
:
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It represents the Green’s function for the mixed boundary-value problem�
@

@r
C ˇ

�
u.a; '/ D 0; ˇ > 0;

for the Laplace equation on a disk ¹0 < r < a; 0 < ' � 2�º of radius a. This Green’s
function can be found in [43] and [45].

Another example of a series-containing form is

G.r; 'I %; / D 1

16�

²
1

a2
.a2 � %2/.a2 � r2/

�
�
3C �

1C �
� ln

�
1 � 2 r%

a2
cos.' �  /C

� r%
a2

	2�
� 2h

1X
nD1

1

n.nC h/

� r%
a2

	n
cosn.' �  /

�

� �
r2 � 2r% cos.' �  /C %2

�
ln
a4 � 2a2r% cos.' �  /C r2%2

a2
�
r2 � 2r% cos.' �  /C %2

�³ (12)

representing the Green’s function (see [45, 47]) for the boundary-value problem

w.a; '/ D 0; and

�
@2

@r2
C �

a

�
@

@r
C 1

a

@2

@'2

��
w.a; '/ D 0

for the biharmonic equation on a disk ¹0 < r < a; 0 < ' � 2�º of radius a. Here �
is a constant parameter, while h is expressed in terms of � as h D .1C �/=2.

In some other cases, Green’s functions for applied partial differential equations are
expressed series form, for example the classical [17, 22, 29, 41, 45, 48, 57] represen-
tation

G.x; yI �; �/ D 4

ab

1X
m;nD1

sin
x sin �y sin
� sin ��


2 C �2
(13)

of the Green’s function for the Dirichlet problem posed for the Laplace equation on
the rectangle ¹0 < x < a; 0 < y < bº.

Another series-only form [45, 47, 72]

G.x; yI �; �/ D � 4

ab

1X
m;nD1

sin
x sin �y sin
� sin ���

2 C �2

�2 (14)

represents the Green’s function for the boundary-problem

w.0; y/ D @2w.0; y/

@x2
D w.a; y/ D @2w.a; y/

@x2
D 0
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and

w.x; 0/ D @2w.x; 0/

@y2
D w.x; b/ D @2w.x; b/

@y2
D 0

posed for the biharmonic equation on the rectangle ¹0 < x < a; 0 < y < bº. Note
that the parameters 
 and � in (13) and (14) read as


 D m�

a
and � D n�

b

in terms of the dimensions a and b of the rectangle, and the summation indicesm and
n of the series.

The series form

G.x; t I �; �/ D 1

2
p
��.t � �/ (15)

�
1X

nD�1

�
exp

�
�.x � � C 2na/2

4�.t � �/
�

� exp

�
�.x C � C 2na/2

4�.t � �/
��

represents the Green’s function of the problem

u.0; t/ D u.a; t/ D 0

for the diffusion equation in the region ¹0 < x < a; t > 0º.
The representations in (11) through (15) are certainly not as computer-ready as

those in (1) through (9). Indeed, the convergence of their series components is a
critical issue, that must be considered before practical use. In most cases a certain
regularization is required in order to adjust a series-containing Green’s function to a
form appropriate for an immediate computer implementation.

This book is primarily intended as a graduate/undergraduate text. However, it also
aims at researchers working in fields of engineering and science involving a practical
solution of partial differential equations. To make this textbook attractive for practi-
cal needs, it must contain easily computable or computer-friendly representations of
Green’s functions. With this in mind, our objective in this book is threefold. First,
we want to include herein as many Green’s functions, that are already available in
the standard textbooks and handbooks, as possible. Second, our goal is to maximally
extend that list of available Green’s functions with as many nontrivial ones as pos-
sible. Third, we aim at providing the reader with some traditional and innovative
approaches, that might help in constructing new Green’s functions that are not yet
available.

We believe that with all the objectives attained, our book will be of use to the
indicated groups of audience. As authors, we are committed to providing the reader
with the most informative and complete source of reference material required for the
construction of Green’s functions.
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To guide the reader through the book, we briefly will review its organization.
Chapter 1 is preparatory in nature and deals with classical procedures traditionally
employed in the construction of Green’s functions for boundary-value problems for
higher order linear ordinary differential equations. The chapter lays out a method-
ological background for a significant part of our further work on partial differential
equations. A construction procedure based on the defining properties of Green’s func-
tions is analyzed in detail in Section 1.1. A special symmetry feature of Green’s func-
tions and its role in this volume is discussed in Section 1.2. An alternative procedure
for the construction of Green’s functions is described in Section 1.3. It is based on a
corollary of the second Green’s formula and the method of variation of parameters.

Chapter 2 is devoted to the Laplace equation. The first two sections review triv-
ial methods, that are traditionally used for the construction of Green’s functions for
this equation in two dimensions. These are the methods of images and conformal
mapping. A number of classical Green’s functions are derived with the aid of these
methods. In Section 2.3, our focus is switched to another method that is traditional
in the field, namely the eigenfunction expansion, producing a variety of computer-
friendly representations of Green’s functions for boundary-value problems formulated
in Cartesian and polar coordinates, and in geographical coordinates on surfaces of rev-
olution. It is noted that the first two methods covered in this chapter are of no use in
most of the problems considered in Section 2.3. Section 2.4 deals with a number of
three-dimensional problems for the Laplace equation.

The static Klein–Gordon equation is a topic that is dealt with in Chapter 3. Note
that this equation is rarely included in standard textbooks. Initially, we define the
Green’s function for this equation and focus the reader’s attention on the type of sin-
gularity that this function possesses. Section 3.2 then, analyzes those boundary-value
problems for the Klein–Gordon equation, for which the method of images appears
efficient, while in Section 3.3 the focus is on the method of eigenfunction expansion.
Many of the Green’s functions obtained in this chapter have so far never been exposed
in book format. In Section 3.4, a few three-dimensional problems are considered, with
their Green’s functions obtained in a computer-friendly form.

Higher order two-dimensional elliptic partial differential equations, which find their
application in structural mechanics, are the topic of Chapter 4. After introducing the
notion of Green’s functions for such equations, our focus is, in Sections 4.2 and 4.3,
on problem settings for the biharmonic equation in Cartesian and polar coordinates.
Section 4.4 is devoted to the biharmonic type fourth-order equation

r2r2w C �4w D 0

which is commonly used in structural mechanics [47, 72] to simulate the stress-strain
state of thin plates resting on an elastic foundation. In Section 4.5, an algorithm is
sketched for the construction of Green’s matrices for several elliptic systems, that
simulate different problem settings in the thin shells theory [72].
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In Chapter 5 we return to linear ordinary differential equations. However, we turn
our focus from the classical material covered in Chapter 1 on the extension of the
Green’s function formalism to special sets of ordinary differential equations with dis-
continuous coefficients. This will lead us to the notion of matrices of Green’s type
in Section 5.1, as a consequence of that extension, and we will construct a number
of such matrices. In Section 5.2, we will illustrate the practical application of the ex-
tended formalism, by applying it to the analysis of the stress-strain state of multi-span
beams. In Section 5.3, the Green’s matrix formalism is further extended to sets of
ordinary differential equations on graphs.

The matrix of Green’s type notion, introduced in Chapter 5, is further extended
in Chapter 6, where it is employed to treat special sets of two-dimensional elliptic
partial differential equations. After a brief introduction in Section 6.1, we describe the
construction of Green’s matrices for such sets in detail in Section 6.2. Section 6.3 is
devoted to a specific application, where fields of potential generated by point sources
are analyzed on surface structures consisting of cylindrical, spherical and toroidal
fragments.

In Chapter 7, a classical parabolic partial differential equation is brought forward.
Green’s functions and matrices of Green’s type are constructed for a variety of initial-
boundary-value problems for the diffusion (heat) equation. The construction proce-
dure is based on a combination of the integral Laplace transform with the techniques
described in detail in Chapters 2 through 6 for elliptic partial differential equations and
their systems. To aid ease-of reading and comprehension of the material in Chapter 7
we present a brief review of the basics of the Laplace transform, in Section 7.1. In
Section 7.2, the required Green’s functions are defined and constructed. Construction
of matrices of Green’s type for compound regions is described in Section 7.3.

Chapter 8 deals with another parabolic partial differential equation, namely the
Black–Scholes equation which was mentioned before in (10) of this introductory sec-
tion. In Section 8.1 we focus on the fundamental solution of this equation, which is
generally referred to in literature as the Green’s function for the Black–Scholes equa-
tion, and offer some terminological comments in this regard. In Section 8.2, we con-
struct a number of Green’s functions for a variety of terminal-boundary-value prob-
lems.We discuss a specific methodological issue in Section 8.3, whilst Section 8.4
illustrates some computational features of Green’s functions of the Black–Scholes
equation.

Since one of the most important features of this book is its practical value, a great
deal of effort was made to enhance it. To increase both its readability and its com-
prehensibility for a broader audience, each book’s section is accompanied by relevant
examples, illustrating the text. In addition, a carefully designed set of review exercises
accompanies every chapter. Answers and helpful hints to most of the review exercises
can be found in the Appendix.



Chapter 1

Green’s Functions for ODE

The primary interest of this textbook are applications of linear partial differential
equations. We will consider a variety of elliptic and parabolic equations. However,
the present chapter steers clear of, the book’s main topic, and deals with ordinary dif-
ferential equations. The focus is on Green’s functions of boundary-value-problems
for higher-order linear equations. We opted for this, for various reasons. First of all,
these functions represent an important instrument in the qualitative as well as quanti-
tative analysis of ODE. Second, standard textbooks within the field generally do not
cover the topic in sufficient detail. This is especially true for the construction Green’s
functions. Finally, Green’s functions for ODE play a significant role in some of the
procedures that we later offer for PDE.

We discuss two alternative techniques, traditionally applied to the construction of
Green’s functions for linear ODE. One of these techniques, which is our focus in
Section 1.1, follows from a proof of the existence and uniqueness theorem for the
Green’s function. The proof is constructive in nature and uses the defining properties
of the Green’s function. We discuss the second technique in Sections 1.2 and 1.3. This
technique based on the fact that the solution of an inhomogeneous equation can be
written in terms of the Green’s function for the corresponding homogeneous equation.
The intricacies of both techniques, when applied to various types of problem settings,
are illustrated by numerous examples.

1.1 Standard Procedure for Construction

In this section, we introduce the notion of Green’s function by means of a boundary-
value-problem for an ordinary nth order linear differential equation. We then provide a
detailed description of the classical method for the construction of Green’s functions,
based on their defining properties. A number of examples in this section illustrate
different aspects of the construction procedure.

Our discussion is concerned with the linear homogeneous boundary-value problem

LŒy.x/	 � p0.x/
dny

dxn
C p1.x/

dn�1y
dxn�1 C � � � C pn.x/y D 0; (1.1)

Mi .y.a/; y.b// �
n�1X
kD0

 
˛ik
dky.a/

dxk
C ˇik

dky.b/

dxk

!
D 0; i D 1; n; (1.2)
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which is assumed well-posed on the interval .a; b/. The coefficients of the equation
pi .x/, i D 0; n, are continuous functions on .a; b/, where the leading coefficient
p0.x/ must be non-zero in all points in .a; b/.

A special explanation is appropriate with respect to the abbreviated form of the
boundary conditions in (1.2). Mi , i D 1; n, with constant coefficients ˛i

k
and ˇi

k
,

are presumed to be linearly independent. This restricts the total number of boundary
conditions to n, ensuring that y � 0 is the only solution for the problem in (1.1)
and (1.2). Note that the superscript i on the coefficients ˛i

k
and ˇi

k
is the boundary

condition number and not an exponent.
The relations in (1.2) are written in a two-point form. This means that some of

them may include both the endpoints a and b of the interval. However, if a certain
boundary condition in the setting is given in a single-point form – i.e. it is imposed
for say, a only – then all the coefficients ˇi

k
in (1.2) are zero, whereas at least one of

the coefficients ˛i
k

is not. Similarly, if a certain condition is imposed for b only, then
all the coefficients ˛i

k
are zero, while at least one of the coefficients ˇi

k
is not.

At this point, we introduce the classical [20, 22, 29, 37, 57, 66] definition of the
Green’s function for the homogeneous boundary-value-problem that appears in (1.1)
and (1.2). Theorems about its existence and uniqueness will be formulated and proven
later, providing a method for its construction.

Definition. The function g.x; s/ is said to be the Green’s function for the boundary-
value problem in (1.1) and (1.2), if, as a function of its first variable x, it meets the
following defining criteria, for any s 2 .a; b/:

1. On both intervals Œa; s/ and .s; b	, g.x; s/ is a continuous function having con-
tinuous derivatives up to nth order, and satisfies the governing equation in (1.1)
on .a; s/ and .s; b/, i.e.:

LŒg.x; s/	 D 0; x 2 .a; s/I LŒg.x; s/	 D 0; x 2 .s; b/:
2. For x D s, g.x; s/ and all its derivatives up to .n � 2/ are continuous

lim
x!sC

@kg.x; s/

@xk
� lim
x!s�

@kg.x; s/

@xk
D 0; k D 0; n � 2:

3. The .n � 1/th derivative of g.x; s/ is discontinuous when x D s, providing

lim
x!sC

@n�1g.x; s/
@xn�1 � lim

x!s�
@n�1g.x; s/
@xn�1 D � 1

p0.s/

with p0.s/ the leading coefficient in (1.1).

4. g.x; s/ satisfies the boundary conditions in (1.2), i.e.:

Mi .g.a; s/; g.b; s// D 0; i D 1; n:
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The arguments x and s in the Green’s function are conventionally referred to as the
observation (field) point and the source point, respectively. The following theorem
specifies the conditions for existence and uniqueness of the Green’s function.

Theorem 1.1 (existence and uniqueness). If the homogeneous boundary-value prob-
lem in (1.1) and (1.2) has only a trivial solution, then there exists an unique Green’s
function g.x; s/ associated with the problem.

We suggest the reader to read through the proof of this theorem carefully. The
important point is that this is a constructive proof, which implies that it delivers a
straightforward algorithm for the actual construction of Green’s functions. Through-
out the present textbook, we will frequently apply this algorithm to a variety of prob-
lems.

Proof. Let the functions yj .x/, j D 1; n, be a fundamental set of solutions for (1.1).
That is, yj .x/ are particular solutions of (1.1), linearly independent on (a; b)

In numerous practical situations, one can find the fundamental set of solutions for
(1.1) analytically. This can, be done for equations with constant coefficients in par-
ticular. If, however, the governing differential equation does not allow an analytical
solution, appropriate numerical procedures may be employed for obtaining approxi-
mate solutions. Later in this book we will discuss this point in more detail.

In compliance with property 1 of the definition, for any arbitrarily fixed value of
s 2 .a; b/, the Green’s function g.x; s/ has to be a solution of (1.1) in .a; s/ (to the
left of s), as well as in .s; b/ (to the right of s). As soon as yj .x/, j D 1; n, constitutes
a fundamental set of solutions for (1.1), any one of its solutions can be expressed as a
linear combination of the components yj .x/. Consequently, one may write g.x; s/ in
the following form

g.x; s/ D
nX

jD1

´
yj .x/Aj .s/; for a � x � s,

yj .x/Bj .s/; for s � x � b,
(1.3)

where Aj .s/ and Bj .s/ represent functions yet to be determined. Clearly, the number
of functions is 2n and the number of linear relations, which can be derived for g.x; s/
from properties 2, 3, and 4 of the definition, is also 2n. Thus, we are going to derive
a system of 2n linear equations with 2n unknowns Aj .s/ and Bj .s/. It can be shown
that .n � 1/ of those equations can be obtained from property 2, one equation from
property 3, and n equations from property 4.

Hence, the key issue to be resolved in the remaining part of this proof is whether
the 2n � 2n system in Aj .s/ and Bj .s/ is well-posed. This implies that the system is
consistent, and the solution is unique.

By virtue of property 2, which states the continuity of g.x; s/ itself and its partial
derivatives with respect to x of up to .n�2/ order, for x D s, one derives the following
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system of .n � 1/ linear algebraic equations

nX
jD1

Cj .s/
dkyj .s/

dxk
D 0; k D 0; n � 2; (1.4)

in n unknown functions

Cj .s/ D Bj .s/ � Aj .s/; j D 1; n: (1.5)

The system in (1.4) is underdetermined, because the number of equations in it (n�
1) is less than the number of unknowns (n). This can be circumvent, however, by
applying property 3 to the expression in (1.3). This yields a single linear algebraic
equation

nX
jD1

Cj .s/
dn�1yj .s/
dxn�1 D � 1

p0.s/
(1.6)

with the same set ¹Cj .s/jj D 1; nº of unknowns. Hence, the relations (1.4) along
with that of (1.6) constitute a system of n simultaneous linear algebraic equations in
n unknowns. The determinant of the coefficient matrix in this system is non-zero,
because it represents the Wronskian for the fundamental set of solutions ¹yj .x/jj D
1; nº. Thus, the system has a unique solution. In other words, one can readily obtain
explicit expressions for Cj .s/.

Once the functions Cj .s/ are found, the relations in (1.5) form another underdeter-
mined system of n linear algebraic equations in the 2n functions Aj .s/ and Bj .s/. To
eliminate the underdeterminedness of the system, we take advantage of the defining
property 4. In doing so, we first break down the forms Mi .y.a/; y.b// in (1.2) into
two additive parts as

Mi .y.a/; y.b// D Pi .y.a//CQi .y.b//; i D 1; n;

with Pi .a/ and Qi .b/ being defined as

Pi .y.a// D
n�1X
kD0

˛iky
.k/.a/; Qi .y.b// D

n�1X
kD0

ˇiky
.k/.b/:

Using property 4, we now substitute the expression for g.x; s/ from (1.3) into (1.2)

Mi .g.a; s/; g.b; s// � Pi .g.a; s//CQi .g.b; s// D 0; i D 1; n: (1.7)

Since the values of g.a; s/ and its derivatives at the left endpoint x D a of the
interval Œa; b	 are determined by the operator Pi in (1.7), while Qi governs those at
the right endpoint x D b, the branch of g.x; s/ for a � x � s from (1.3) goes to
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Pi .g.a; s//, while the branch for s � x � b must be substituted into Qi .g.b; s//.
This yields

Mi .g.a; s/; g.b; s// �
nX

jD1
ŒPi .g.a; s//Aj .s/CQi .g.b; s//Bj .s/	 D 0; i D 1; n:

Replacing the values of Aj .s/ in accordance with (1.5), we can rewrite the above
equation in the form

nX
jD1

ŒPi .g.a; s//.Bj .s/ � Cj .s//CQj .g.b; s//Bj .s/	 D 0; i D 1; n:

Combining the terms with Bj .s/ and taking the term with Cj .s/ on the right-hand
side, one obtains

nX
jD1

ŒPi .g.a; s//CQi .g.b; s//	Bj .s/ D
nX

jD1
Pi .g.a; s//Cj .s/; i D 1; n:

Recalling the relations from (1.7), the above equations can finally be rewritten in
the form

nX
jD1

Mi .g.a; s/; g.b; s//Bj .s/ D
nX

jD1
Pi .g.a; s//Cj .s/; i D 1; n: (1.8)

It is evident that the above relations form a system of n linear algebraic equations in
n unknown functionsBj .s/. The coefficient matrix of this system is not singular, since
the forms Mi are assumed to be linearly independent. The right-hand side vector in
(1.8) is defined in terms of the functions Cj .s/ which have already been determined.
Thus, in compliance with the fundamental theorem of linear algebra [37, 76], the
system has a unique solution. Once the functions Bj .s/ are obtained, the functions
Aj .s/ can be readily found from (1.5) in terms of Bj .s/ and Cj .s/.

Hence, we have provided a constructive proof for the theorem, implying that the
proof is an algorithm for obtaining an explicit expression for the Green’s function
g.x; s/.

As we mentioned before, the proof suggests a consistent and practical way to con-
struct the Green’s function. Below, we will support this statement with a series of
particular examples, in each of which we present and analyze the various intricacies
of statements of boundary-value problems, which may occur while considering prac-
tical situations in applied sciences.
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Example 1.1. We begin with probably the most trivial case by considering the fol-
lowing differential equation

d2y.x/

dx2
D 0; x 2 .0; a/; (1.9)

subject to the boundary conditions

y.0/ D y.a/ D 0: (1.10)

To make sure that a Green’s function exists for the above problem, let us find out if
the setting in (1.9) and (1.10) has only the trivial solution. The most elementary set of
functions constituting a fundamental set of solutions for (1.9) is represented by

y1.x/ � 1; y2.x/ � x:

This yields the general solution yg.x/ for equation (1.9) written as

yg.x/ D D1 CD2x;

where D1 and D2 represent arbitrary constants.
A substitution of this function into the boundary conditions in (1.10) yields the

homogeneous system of linear algebraic equations in D1 and D2, with a well-posed
coefficient matrix �

1 0

1 a

�
:

Hence, the problem in (1.9) and (1.10) has only the trivial solution. Thus, there exists
a unique Green’s function for this problem. According to the procedure described in
the proof of Theorem 1.1, it can be found to be of the form

g.x; s/ D
´
A1.s/C xA2.s/; for 0 � x � s,

B1.s/C xB2.s/; for s � x � a.
(1.11)

Introducing then the functions C1.s/ and C2.s/, as suggested in (1.5), we form a
system of linear algebraic equations in these functions (see the system in (1.4) and
(1.6)) written as ´

C1.s/C sC2.s/ D 0;

C2.s/ D �1: (1.12)

The obvious solution is C1.s/ D s and C2.s/ D �1.
A1.s/ D 0 follows from the first boundary condition y.0/ D 0 in (1.10), satisfied

by the upper branch of g.x; s/. The upper branch is chosen because x D 0 belongs to
the interval 0 � x � s. Since B1.s/ D C1.s/C A1.s/, we conclude that B1.s/ D s.
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The second boundary condition y.a/ D 0 in (1.10), being satisfied by the lower
branch of g.x; s/, yields B1.s/C aB2.s/ D 0. Hence, B2.s/ D �s=a. Finally, since
A2.s/ D B2.s/�C2.s/, we find that A2.s/ D 1� s=a. Substituting these values into
(1.11), we ultimately obtain the sought-after Green’s function of the form

g.x; s/ D
´
a�1x.a � s/; for 0 � x � s,

a�1s.a � x/; for s � x � a.

Example 1.2. We formulate another boundary-value problem

dy.0/

dx
D 0;

dy.a/

dx
D 0 (1.13)

for (1.9) on the same interval .0; a/.
It is evident that this problem does not have a unique solution. Indeed, one can

clearly see that any constant function y.x/ �const satisfies the both the equation and
the boundary conditions in (1.13). Hence, the condition of existence and uniqueness
for Green’s function does not hold. Therefore, a Green’s function does not exist.

Example 1.3. Consider another boundary-value problem

dy.0/

dx
D 0;

dy.a/

dx
C hy.a/ D 0 (1.14)

for equation in (1.9) on .0; a/, with h a nonzero constant.
It can readily be shown that the problem in (1.9) and (1.14) only has the trivial

solution. Consequently, there exists a unique Green’s function for this problem.
The first part of the construction process mirrors that of the problem in Example

1.1. The Green’s function is again expressed by (1.11), and the coefficients C1.s/ and
C2.s/ satisfy the system in (1.12), resulting in C1.s/ D s and C2.s/ D �1.

The first boundary condition in (1.14), being satisfied by the upper branch in (1.11),
yields A2.s/ D 0. This immediately results in B2.s/ D �1. The second condition in
(1.14), being satisfied by the lower branch of (1.11), yields the following equation

B2.s/C hŒB1.s/C aB2.s/	 D 0

in B1.s/ and B2.s/. Based on the known B2.s/, one obtains the function B1.s/ D
.1C ha/=h. This in turn yields A1.s/ D Œ1C h.a � s/	=h.

Substituting the values we obtained for Aj .s/ and Bj .s/ into (1.11), we get the
Green’s function for the boundary-value problem in (1.9) and (1.14) of the form

g.x; s/ D
´
.a � s/C h�1; for 0 � x � s;

.a � x/C h�1; for s � x � a:
(1.15)
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Notice that if h goes to infinity, the second term h�1 in (1.15) vanishes yielding the
Green’s function

g.x; s/ D
´
a � s; for 0 � x � s;

a � x; for s � x � a;

for equation (1.9) subject to the following boundary conditions

dy.0/

dx
D 0; y.a/ D 0:

In the applied sciences, it is frequently required to formulate research projects to
study phenomena occurring in infinite media. The Green’s function formalism can
successfully be extended to the associated boundary-value problems formulated over
infinite intervals. In our next example, we construct the Green’s function for such a
problem.

Example 1.4. Consider the following differential equation

d2y.x/

dx2
� k2y.x/ D 0; x 2 .0;1/; (1.16)

subject to boundary conditions

y.0/ D 0; lim
x!1 jy.x/j < 1: (1.17)

It can be shown that the conditions for existence and uniqueness for Green’s func-
tion are met, assuring a unique Green’s function for this problem.

Since the roots of the characteristic (auxiliary) equation for (1.16) are k and �k,
the following two exponential functions

y1.x/ � exp .kx/; y2.x/ � exp .�kx/
represent a fundamental set of solutions for (1.16). Hence, the Green’s function for
the boundary-value problem in (1.16) and (1.17) is of the form

g.x; s/ D
´
A1.s/ exp .kx/C A2.s/ exp .�kx/; for x � s,

B1.s/ exp .kx/C B2.s/ exp .�kx/; for s � x.
(1.18)

Denoting Ci .s/ D Bi .s/�Ai .s/, i D 1; 2, we obtain the following system of linear
algebraic equations´

exp .ks/C1.s/C exp .�ks/C2.s/ D 0;

k exp .ks/C1.s/ � k exp .�ks/C2.s/ D �1;
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in C1.s/ and C2.s/. The solution of this system is

C1.s/ D � 1

2k
exp.�ks/; C2.s/ D 1

2k
exp.ks/: (1.19)

The first condition in (1.17) implies

A1.s/C A2.s/ D 0 (1.20)

while the second condition leads to B1.s/ D 0, because the exponential function
exp .kx/ is unbounded as x approaches infinity, and the only way to satisfy the second
condition in (1.17) is to set B1.s/ to zero. This immediately yields

A1.s/ D 1

2k
exp .�ks/:

The relation in (1.20) consequently provides

A2.s/ D � 1

2k
exp .�ks/:

Hence, based on the known functions C2.s/ and A2.s/, we obtain

B2.s/ D 1

2k
Œexp .ks/ � exp .�ks/	:

Upon substitution of the coefficientsAj .s/ andBj .s/ into (1.18), we finally obtains
the Green’s function for the problem (1.16) and (1.17) in the form

g.x; s/ D 1

2k

´
exp.k.x � s// � exp.�k.x C s//; for x � s,

exp.k.s � x// � exp.�k.s C x//; for s � x,

which can be rewritten in a more compact form as

g.x; s/ D 1

2k
.exp.�kjx � sj/ � exp.�k.x C s/// (1.21)

in terms of the absolute value function.

Example 1.5. Consider a boundary-value problem for the same equation as in Exam-
ple 1.4, now formulated on a different domain

d2y.x/

dx2
� k2y.x/ D 0; x 2 .0; a/; (1.22)

and subject to a specific set of boundary conditions

y.0/ D y.a/;
dy.0/

dx
D dy.a/

dx
: (1.23)
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This boundary-value problem represents an important type of problem in applied
sciences. The relations (1.23) specify conditions of the a-periodicity of the solution.

We leave it as an exercise to the reader, to show that this boundary-value prob-
lem has only the trivial solution, proving the existence of a unique Green’s function
associated with it.

Since (1.22) and (1.23) are the same differential equation as in Example 1.4, the
beginning stage of the construction procedure for the Green’s function resembles that
from the previous problem. We again express the Green’s function by (1.18), and the
coefficients C1.s/ and C2.s/ are found as in (1.19).

It is important to notice that to satisfy the boundary conditions in this case, we need
both branches of (1.18). That is, satisfying the first condition in (1.23), we utilize the
upper branch in (1.18) in order to calculate the value of y.0/, while its lower branch
is used for computing the value of y.a/. This results in

A1.s/C A2.s/ D B1.s/ exp .ka/C B2.s/ exp.�ka/: (1.24)

Using the second condition in (1.23), we calculate the derivative of y.x/ at x D 0

by using the upper branch in (1.18), while the value of the derivative of y.x/ at x D a

is calculated by using the lower branch of (1.18). This yields

A1.s/ � A2.s/ D B1.s/ exp .ka/ � B2.s/ exp.�ka/ (1.25)

implying that the relations in (1.24) and (1.25) along with those in (1.19) form a well-
posed system of four linear algebraic equations in A1.s/; A2.s/; B1.s/, and B2.s/. To
find A1.s/ and B1.s/, we add up equations (1.24) and (1.25). This leads to

A1.s/ � B1.s/ exp.ka/ D 0: (1.26)

Now, the first relation in (1.19) can be rewritten in the form

�A1.s/C B1.s/ D � 1

2k
exp.�ks/: (1.27)

Solving (1.26) and (1.27) simultaneously, we obtain

A1.s/ D exp .k.a � s//
2kŒexp.ka/ � 1	 ; B1.s/ D exp .�ks/

2kŒexp.ka/ � 1	 :

To find the functions A2.s/ and B2.s/, we subtract (1.25) from (1.24), leading to

A2.s/ � B2.s/ exp.�ka/ D 0: (1.28)

Rewriting then the second relation in (1.19) as

�A2.s/C B2.s/ D 1

2k
exp.ks/ (1.29)
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we have to solve (1.28) and (1.29) simultaneously. This yields

A2.s/ D exp .ks/

2kŒexp.ka/ � 1	 ; B2.s/ D exp .k.s C a//

2kŒexp.ka/ � 1	 :

Substituting A1.s/; A2.s/; B1.s/, and B2.s/ into (1.18), we finally obtain the Green’s
function for the boundary-value problem in (1.22) and (1.23):

g.x; s/ D K0

´
exp.k.x � s C a//C exp.k.s � x//; for x � s,

exp.k.s � x C a//C exp.k.x � s//; for s � x,
(1.30)

where the constant factor K0 D ¹2kŒexp.ka/ � 1	º�1.

In all the particular problems that we have dealt with so far, the governing differ-
ential equations had constant coefficients. In this case finding a fundamental set of
solution is a routine procedure. It is worth noting that variable coefficients do not de-
cisively restrict the described algorithm, if a fundamental set of solutions is obtained
in terms of either elementary or well-tabulated special functions. In other words, if the
governing equation allows for an exact solution, one can readily construct a Green’s
function by means of this algorithm. The following example illustrates this point.

Example 1.6. Consider the equation with variable coefficients

d

dx

�
.mx C b/

dy

dx

�
D 0; x 2 .0; a/: (1.31)

To ensure the fact that the above equation is not degenerate in any single point in
.0; a/, it is important to impose certain limitations on the constant parameters m and
b. With this in mind, we assume m > 0 and b > 0, which clearly implies that the
function mx C b does not become zero anywhere on Œ0; a	.

It can be readily shown that, if boundary conditions are imposed for (1.31) as

dy.0/

dx
D 0; y.a/ D 0; (1.32)

then the problem in (1.31) and (1.32) is well-posed, which allows only the trivial
solution.

The fundamental set of solutions for (1.31)

y1.x/ � 1; y2.x/ � ln .mx C b/

can be obtained by two successive integrations. Indeed, the first integration yields

.mx C b/
dy

dx
D C1
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while, dividing the above equation bymxCb and multiplying by dx, we can separate
the variables

dy D C1
dx

mx C b

and, after the second integration, we finally obtain

y.x/ D C1

m
ln.mx C b/C C2:

Since the boundary-value problem in (1.31) and (1.32) has only the trivial solution,
there exists a unique Green’s function associated with it, which can be written as

g.x; s/ D
´
A1.s/C ln .mx C b/A2.s/; for 0 � x � s,

B1.s/C ln .mx C b/B2.s/; for s � x � a.
(1.33)

Following our now customary procedure, we obtain the system of linear algebraic
equations ´

C1.s/C ln .ms C b/C2.s/ D 0;

m.ms C b/�1C2.s/ D �.ms C b/�1

in Cj .s/ D Bj .s/ � Aj .s/; .j D 1; 2/. Its solution is

C1.s/ D 1

m
ln .ms C b/; C2.s/ D � 1

m
:

The first boundary condition in (1.32) yields A2.s/ D 0. Consequently, B2.s/ D
�1=m. The second condition leads to

B1.s/C ln .maC p/B2.s/ D 0

resulting in B1.s/ D Œln.maC b/	=m, which gives us

A1.s/ D 1

m
ln
maC b

ms C b
:

Substituting the values of Aj .s/ and Bj .s/ into (1.33), we obtains the sought-after
Green’s function of the form

g.x; s/ D 1

m

´
lnŒ.maC b/.ms C b/�1	; for 0 � x � s,

lnŒ.maC b/.mx C b/�1	; for s � x � a.
(1.34)

Sometimes in applied sciences, boundary-value problems on finite intervals arise,
where one of the endpoints is a singularity of the governing differential equation. The
algorithm in this section can also be used to construct Green’s functions in these cases.
To illustrate this point, we provide the following example.
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Example 1.7. Consider a boundary value problem for the following differential equa-
tion

d

dx

�
x
dy.x/

dx

�
D 0; x 2 .0; a/; (1.35)

subject to boundary conditions

lim
x!0

jy.x/j < 1;
dy.a/

dx
C hy.a/ D 0: (1.36)

Clearly, the left endpoint x D 0 of the domain is a singular point of the equation
(1.35). Therefore, instead of a traditional boundary condition at this point, we require
in equation (1.36) for y.x/ to be bounded as x approaches zero.

Integrating the equation (1.35) successively two times, we obtains, similarly to the
case in Example 1.6, its fundamental set of solutions

y1.x/ � 1; y2.x/ � ln x:

The problem in (1.35) and (1.36) has only the trivial solution, allowing us to look
for its unique Green’s function of the form

g.x; s/ D
´
A1.s/C ln xA2.s/; for 0 � x � s,

B1.s/C ln xB2.s/; for s � x � a.

Following our customary procedure, we now form the system of linear algebraic
equations ´

C1.s/C ln sC2.s/ D 0;

s�1C2.s/ D �s�1

in C1.s/ and C2.s/, with the solution C1.s/ D ln s and C2.s/ D �1.
The boundedness of the Green’s function at x D 0 implies A2.s/ D 0. Conse-

quently, we find B2.s/ D �1. The second condition in (1.36) yields

B2.s/=aC hŒB1.s/C ln aB2.s/	 D 0

resulting in B1.s/ D 1=ahC ln a, and ultimately, A1.s/ D 1=ah� ln s=a. Hence, we
finally obtain

g.x; s/ D
´
.ah/�1 � lnŒ.a/�1s	; for 0 � x � s,

.ah/�1 � lnŒ.a/�1x	; for s � x � a.
(1.37)
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Notice that as the value of h goes to infinity, the first term .ah/�1 in (1.37) vanishes,
yielding the Green’s function

g.x; s/ D
´

� lnŒ.a/�1s	; for 0 � x � s,

� lnŒ.a/�1x	; for s � x � a,
(1.38)

for equation (1.35), subject to the boundary conditions

lim
x!0

jy.x/j < 1; y.a/ D 0:

Example 1.8. For the following example, we present a boundary-value problem for
the simplest fourth order linear equation

d4y.x/

dx4
D 0; x 2 .0; 1/; (1.39)

with boundary conditions written

y.0/ D dy.0/

dx
D 0; y.1/ D d2y.1/

dx2
D 0: (1.40)

As is known from applied mechanics [7, 19, 28, 45, 56, 71], this setting simulates
bending of an elastic beam of unit length, with the left edge clamped and the right
edge resting on a support.

Clearly, the following set of functions

y1.x/ � 1; y2.x/ � x; y3.x/ � x2; y4.x/ � x3 (1.41)

is the simplest fundamental set of solutions for (1.39). Hence, the general solution is

yg.x/ D D1 CD2x CD3x
2 CD4x

3:

Applying the first two boundary conditions in (1.40), we obtain D1 D D2 D 0.
At x D 1 this leads to D3 D D4 D 0. Hence, the boundary-value problem in (1.39)
and (1.40) has only the trivial solution. There exists, consequently, a unique Green’s
function.

Based on the fundamental set of solutions in (1.41), the Green’s function can be
written as

g.x; s/ D
´
A1.s/C A2.s/x C A3.s/x

2 C A4.s/x
3; for x � s,

B1.s/C B2.s/x C B3.s/x
2 C B4.s/x

3; for s � x.
(1.42)

From properties 2 and 3 of the definition of the Green’s function, we derive the
following system of linear equations in Ci .s/ D Bi .s/ � Ai .s/, written in matrix
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form as 0BB@
1 s s2 s3

0 1 2s 3s2

0 0 2 6s

0 0 0 6

1CCA �

0BB@
C1.s/

C2.s/

C3.s/

C4.s/

1CCA D

0BB@
0

0

0

�1

1CCA (1.43)

the solution of which

C1 D 1

6
s3; C2 D �1

2
s2; C3 D 1

2
s; C4 D �1

6
(1.44)

is obtained immediately, because of the upper triangular form of the coefficient matrix.
By virtue of property 4 of the definition, the boundary conditions in (1.40) provide

A1 D 0; A2 D 0; B1 C B2 C B3 C B4 D 0; 2B3 C 6B4 D 0

while the rest of the coefficients for g.x; s/

A3 D �1
4
s3 C 3

4
s2 � 1

2
s; A4 D 1

12
s3 � 1

4
s2 C 1

6
;

B1 D 1

6
s3; B2 D �1

2
s2 and

B3 D �1
4
s3 C 3

4
s2; B4 D 1

12
s3 � 1

4
s2

are calculated with the help of functions Cj .s/ in (1.44).
Substituting the coefficients Aj .s/ and Bj .s/ into (1.42), we obtain the Green’s

function g.x; s/ for the boundary-value problem posed by (1.39) and (1.40). For
x � s, it is written as

g.x; s/ D
�
1

12
s3 � 1

4
s2 C 1

6

�
x3 �

�
1

4
s3 � 3

4
s2 C 1

2
s

�
x2 (1.45)

while for x � s, we get

g.x; s/ D
�
1

12
x3 � 1

4
x2 C 1

6

�
s3 �

�
1

4
x3 � 3

4
x2 C 1

2
x

�
s2: (1.46)

This example shows that even for higher-order equations, the procedure for the con-
struction of Green’s functions utilized in this section is compact enough and requires
only limited amount of work.

If we examine the form of the Green’s functions we constructed so far in this sec-
tion, we may notice a common property: they are symmetric in a certain sense. That
is, the interchange of x with s in a Green’s function valid for x � s yields one valid
for x � s and vice versa. In the next section, we will discuss this point in more detail.
Certain conditions will be found, under which the symmetry occurs. In the mean time,
however, we will consider a problem whose Green’s function appears, in contrast to
all the previous settings, to be in a asymmetric form.
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Example 1.9. We present a boundary-value problem for the following second order
linear equation

d2y.x/

dx2
C dy.x/

dx
� 2y.x/ D 0; x 2 .0;1/; (1.47)

subject to boundary conditions

y.0/ D 0; lim
x!1 jy.x/j < 1: (1.48)

Direct analysis shows that the above problem has only the trivial solution, allow-
ing, subsequently, a unique Green’s function. Since y1.x/ D exp.x/ and y2.x/ D
exp.�2x/ constitute a fundamental set of solutions to (1.47), we write the Green’s
function to this problem

g.x; s/ D
´
A1.s/ exp.x/C A2.s/ exp.�2x/; for x � s,

B1.s/ exp.x/C B2.s/ exp.�2x/; for s � x.
(1.49)

This leads to the system of linear equations in Cj .s/ D Bj .s/ � Aj .s/�
exp.s/ exp.�2s/
exp.s/ �2 exp.�2s/

�
�
�
C1.s/

C2.s/

�
D
�
0

�1
�

the solution of which is

C1.s/ D �1
3

exp.�s/; C2.s/ D 1

3
exp.2s/:

The first condition in (1.48) givesA1.s/CA2.s/ D 0. The second condition implies
B1.s/ D 0. Therefore A1.s/ D 1=3 exp.�s/, resulting in A2.s/ D �1=3 exp.�s/,
and, finally, B2.s/ D 1=3Œexp.2s/ � exp.�s/	. Substituting these into (1.49), we
obtain the Green’s function for (1.47) and (1.48) as

g.x; s/ D 1

3

´
exp.�s/Œexp.x/ � exp.�2x/	; for x � s,

exp.�2x/Œexp.2s/ � exp.�s/	; for s � x.
(1.50)

It is evident that the Green’s function in (1.50) is not symmetric. The question that
arises with regard to this fact as to why this is so? What makes the statement of the
boundary-value problem in (1.47) and (1.48) different from all the others considered
earlier in this section? The reader will find the reasoning behind this fact in the next
section.
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1.2 Symmetry of Green’s Functions

In order to address the issue of symmetry for Green’s functions with respect to the
observation and the source point, we have to carry out some preparatory work, which
we will do in this section.

Let us write down the linear nth order homogeneous differential equation

LŒy.x/	 � p0
dny

dxn
C p1

dn�1y
dxn�1 C � � � C pny D 0

in y D y.x/; with variable coefficients pi D pi .x/; i D 0; n.
From the qualitative theory of linear equations (see, for example, [18, 20, 29, 37,

54, 66]), we learn that the equation

LaŒy.x/	 � .�1/nd
n.p0y/

dxn
C .�1/n�1dn�1.p1y/

dxn�1 C � � � C pny D 0

is called the adjoint of LŒy.x/	 D 0. If La is the adjoint of L, and L � La, then L is
said to be a self-adjoint operator and the equation LŒy.x/	 D 0 is called self-adjoint.

For the sake of simplicity, the discussion in this section is limited to the second
order equation

LŒy.x/	 � p0
d2y

dx2
C p1

dy

dx
C p2y D 0; x 2 .a; b/: (1.51)

We can make this limitation without loss of generality, but it markedly condenses
it and makes it easier to comprehend.

The leading coefficient p0.x/ in (1.51) must be non-zero in all single points of
.a; b/ with the possible exception of one of the endpoints. Additionally, we require
the coefficient p0.x/ to be twice differentiable and p1.x/ just differentiable on .a; b/.

According to the terminology introduced above, the equation

LaŒy.x/	 � d2.p0y/

dx2
� d.p1y/

dx
C p2y D 0 (1.52)

is the adjoint of (1.51).
We will briefly review here the self-adjointness of differential equations and other

relevant issues important to the analysis of symmetry of Green’s functions. A more
complete discussion on self-adjointness can be found in standard textbooks on ODE.

Using the product rule, the operator La in (1.52) can be rewritten as

LaŒy.x/	 � d

dx

�
y
dp0

dx
C p0

dy

dx

�
�
�
y
dp1

dx
C p1

dy

dx

�
C p2y:

Differentiating further and combining like terms, we obtain

LaŒy.x/	 � p0
d2y

dx2
C
�
2
dp0

dx
� p1

�
dy

dx
C
�
d2p0

dx2
� dp1

dx
C p2

�
y: (1.53)
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Suppose (1.51) is self-adjoint, that is LŒy.x/	 � LaŒy.x/	. Then, from comparing
the coefficients of dy=dx in LŒy.x/	 and LaŒy.x/	 in (1.51) and (1.53), we obtain the
following relation for the coefficients p0.x/ and p1.x/

2
dp0.x/

dx
� p1.x/ D p1.x/

which must hold for (1.51) to be self-adjoint. This implies

p1.x/ D dp0.x/

dx
: (1.54)

From differentiating the above relation, we find that the sum of the first two terms
in the coefficient

d2p0.x/

dx2
� dp1.x/

dx
C p2.x/

of y.x/ in (1.53) equals zero. This means that self-adjointness of (1.51) implies the re-
lation between the coefficients p0.x/ and p1.x/ and does not constrain the coefficient
p2.x/. In other words, if (1.51) is self-adjoint, it can be written as

p0.x/
d2y.x/

dx2
C dp0.x/

dx

dy.x/

dx
C p2.x/y.x/ D 0

which gives, shortened,

d

dx

�
p0.x/

dy.x/

dx

�
C p2.x/y.x/ D 0: (1.55)

The above is usually referred to as the standard form of a second order self-adjoint
equation.

Thus, if the coefficients p0.x/ and p1.x/ in (1.51) satisfy the relation in (1.54),
then (1.51) is in self-adjoint form. The fact that (1.54) does not involve the coeffi-
cient p2.x/ prompts a simple method for reducing a linear second order differential
equation to self-adjoint form.

Indeed, multiplying (1.51) by a certain nonzero function (we call it the integrating
factor) and applying the relation (1.54) to the coefficients of d2y=dx2 and dy=dx of
the resultant equation, we can readily formulate a relation from which the integrating
factor can be determined. The procedure of finding the integrating factor is quite
straightforward. In the series of examples that follow, we consider particular equations
and discuss their self-adjointness in detail.

Example 1.10. Find out if the equation

ex
d2y.x/

dx2
C .2 � cos x/y.x/ D 0 (1.56)

is in self-adjoint form and if not, reduce it to such.
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It is clear that this equation is not in self-adjoint form, since p0.x/ is ex , whilst
p1.x/ equals zero and the condition in (1.54) is not met. The integrating factor e�x is
also evident, in this case, because if the equation in (1.56) is multiplied by e�x , then
it reduces to the self-adjoint equation

d2y.x/

dx2
C e�x.2 � cos x/y.x/ D 0

which meets the condition in (1.54).

Example 1.11. Consider the equation

x3
d2y.x/

dx2
C 3x2

dy.x/

dx
� y.x/ D 0 (1.57)

which is in self-adjoint form; it is evident that the condition in (1.54) is met, because
the derivative of x3 is 3x2. Let us change the statement in (1.57) slightly, and consider
the equation

x3
d2y.x/

dx2
C x2

dy.x/

dx
� y.x/ D 0 (1.58)

instead, which is not self-adjoint. However, finding an integrating factor for (1.58) is
unproblematic; after multiplying (1.58) with x�2 we convert the equation to

x
d2y.x/

dx2
C dy.x/

dx
� x�2y.x/ D 0

which meets condition (1.54).

It is worth noting that in applied sciences, in most cases, when the self-adjointness
is an issue and an equation under consideration is not in such a form, we have to
follow a routine procedure to finding an integrating factor. The following example
illustrates this point.

Example 1.12. The condition in (1.54) is evidently not met for the equation

d 2y.x/

dx2
C 4x

dy.x/

dx
� 2y.x/ D 0; (1.59)

so it is not in self-adjoint form; also, there is no obvious guess for the integrating
factor. However, following the procedure outlined before, we multiply this equation
by an integrating factor 
.x/


.x/
d2y.x/

dx2
C 4x
.x/

dy.x/

dx
� 2
.x/y.x/ D 0: (1.60)
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The leading coefficient p0.x/ of this equation is 
.x/, while the coefficient p1.x/
equals 4x
.x/. Thus, equation (1.60) would be self-adjoint if (according to condition
(1.54))

d
.x/

dx
D 4x
.x/

which is a separable first order differential equation in 
.x/. Multiplying it by dx and
dividing by 
.x/, we separate variables

d
.x/


.x/
D 4xdx

and then integrate both sides

ln j
.x/j D 2x2 C C:

Solving this equation for 
.x/, we obtain


.x/ D e2x
2CC

Any function in this family can be considered an integrating factor for equation
(1.59). In other words, the constant C can be arbitrarily fixed and upon assumption
of, say, C D 0, we obtain


.x/ D e2x
2

: (1.61)

Finally, on substituting (1.61) into (1.60), we can reduce (1.59) to the self-adjoint
form

e2x
2 d2y.x/

dx2
C 4xe2x

2 dy.x/

dx
� 2e2x

2

y.x/ D 0:

At this point in our presentation we assume L to be a self-adjoint operator of the
second order. That is:

L � d

dx

�
p0.x/

d

dx

�
C p2.x/:

Consider two functions u.x/ and v.x/; and assume that each of them is twice con-
tinuously differentiable on .a; b/. We form the bilinear combination

u.x/LŒv.x/	 � v.x/LŒu.x/	
which can be rewritten explicitly as

u

�
d

dx

�
p0.x/

dv

dx

�
C p2.x/v

�
� v

�
d

dx

�
p0.x/

du

dx

�
C p2.x/u

�
: (1.62)
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Removing the outer parentheses in both the components, the above transforms to

uL.v/ � vL.u/ D u
d

dx

�
p0.x/

dv

dx

�
� v d

dx

�
p0.x/

du

dx

�
:

After applying the product rule and rearranging terms, the above expression sim-
plifies to

u
d

dx

�
p0.x/

dv

dx

�
� v d

dx

�
p0.x/

du

dx

�
D u

�
dp0.x/

dx

dv

dx
C p0.x/

d2v

dx2

�
� v

�
dp0.x/

dx

du

dx
C p0.x/

d2u

dx2

�
D u

dp0.x/

dx

dv

dx
� vdp0.x/

dx

du

dx
C p0.x/u

d2v

dx2
� p0.x/vd

2u

dx2

D dp0.x/

dx

�
u
dv

dx
� vdu

dx

�
C p0.x/

d

dx

�
u
dv

dx
� vdu

dx

�
D d

dx

�
p0.x/

�
u
dv

dx
� vdu

dx

��
:

Hence, the bilinear combination in (1.62) reduces to

uL.v/ � vL.u/ D d

dx

�
p0.x/

�
u
dv

dx
� vdu

dx

��
: (1.63)

Integrating both sides of (1.63) from a to b, we obtains the following relationZ b

a

ŒuL.v/ � vL.u/	dx D p0.x/

�
u
dv

dx
� vdu

dx

�ˇ̌̌̌b
a

(1.64)

which is usually referred to as Green’s formula for a self-adjoint operator. This all
leads us to conclude that Green’s formula holds for a self-adjoint operator L and two
functions u.x/ and v.x/, continuously differentiable on .a; b/.

If, in addition to being twice continuously differentiable on .a; b/, u.x/ and v.x/
are functions for which the right-hand side in (1.64) vanishes, we can reduce Green’s
formula to a compact form. That is, if

p0.x/

�
u
dv

dx
� vdu

dx

�ˇ̌̌̌b
a

D 0 (1.65)

we get Z b

a

ŒuL.v/ � vL.u/	dx D 0: (1.66)
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So, the Green’s formula in (1.66) is valid for a self-adjoint operator L, with u.x/
and v.x/ twice continuously differentiable on .a; b/ and satisfying the relation in
(1.65). This relation is, however, implicit in nature, which makes it too cumbersome
to deal with in real-life calculations. Therefore, it is important to find several of its
explicit equivalents which are more convenient for practical use.

In doing so, we rewrite the relation in (1.65) in the extended form

p0.b/

�
u.b/

dv.b/

dx
� v.b/du.b/

dx

�
� p0.a/

�
u.a/

dv.a/

dx
� v.a/du.a/

dx

�
D 0

(1.67)

Since this equation contains u.x/ and v.x/, as well as their derivatives at the end-
points of the interval Œa; b	, it is immediately clear that the relation in (1.67) holds if
both u.x/ and v.x/ satisfy one of the following types of boundary condition in x D a

and x D b:

(1) y.a/ D 0; y.b/ D 0;

(2) y.a/ D 0; y0.b/ D 0;

(3) y0.a/ D 0; y0.b/ D 0.

We can also see immediately that condition (1.67) is satisfied in the so-called sin-
gular case, when the leading coefficient p0.x/ in (1.55) equals zero at one of the
endpoints of Œa; b	. In such a case we usually require y.x/ to be bounded at that
endpoint, with a value of either y.x/ or y0.x/ being zero at the other endpoint, that is:

(4) limx!a jy.x/j < 1; y.b/ D 0;

(5) limx!a jy.x/j < 1; y0.b/ D 0.

In addition, on a close analysis it follows that condition (1.67) also holds for both
u.x/ and v.x/, satisfying one of the following sets of boundary conditions:

(6) y.a/ D 0; y0.b/C hy.b/ D 0;

(7) y 0.a/ D 0; y0.b/C hy.b/ D 0;

(8) y0.a/C h1y.a/ D 0; y0.b/C h2y.b/ D 0;

(9) y.a/ D y.b/; p0.a/y
0.a/ D p0.b/y

0.b/;
(10) limx!a jy.x/j < 1; y0.b/C hy.b/ D 0.

This last set of conditions presupposes (similar to (4) and (5)) that the leading co-
efficient p0.x/ of (1.55) equals zero at x D a.

Note that the endpoints a and b, in all boundary conditions (1)–(10), are inter-
changeable. That is, the set of conditions

y.b/ D 0; y0.a/C hy.a/ D 0

substitutes (6). This is also true for the boundary conditions (4), (5), (7) and (10).
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We can now introduce another important terminological issue. A boundary-value
problem for (1.55), subject to either one of the types of boundary conditions listed
above, belongs to the class of so-called self-adjoint boundary-value problems.

We are now ready to turn our attention to one of the basic questions posed in this
section: what makes a Green’s function symmetric in the sense mentioned in Sec-
tion 1.1? Theorem 1.2 below specifies the conditions which a boundary-value prob-
lem should satisfy for its Green’s function to be symmetric.

Theorem 1.2. If a well-posed boundary-value problem

d

dx

�
p0.x/

dy.x/

dx

�
C p2.x/y.x/ D 0; (1.68)

M1Œy.a/; y.b/	 D 0; M2Œy.a/; y.b/	 D 0 (1.69)

is self-adjoint, then its Green’s function g.x; s/ is symmetric, provided that we can
obtain its value for x � s from that valid for x � s by interchanging x and s.

Proof. This proof is based on a slight modification of the procedure we used in the
proof of Theorem 1.1. Again, we choose two linearly independent particular solutions
y1.x/ and y2.x/ of the governing equation (1.68). But contrary to Theorem 1.1,
additional constraints are supposed to be put on y1.x/ and y2.x/, for which we will
make specific choices:

let y1.x/ and y2.x/ be two nonzero linearly independent particular solutions of
(1.68). Additionally, let y1.x/ satisfy the first boundary condition in (1.69) and y2.x/
satisfy the second condition in (1.69). Clearly, neither y1.x/ nor y2.x/ can satisfy
both boundary conditions in (1.69). In fact, such an assumption conflicts with the
well-posedness of (1.68) and (1.69), which implies that the trivial solution is the only
solution of the problem in (1.68) and (1.69).

We now form the bilinear combination from y1.x/ and y2.x/

y1.x/LŒy2.x/	 � y2.x/LŒy1.x/	;
which is exactly zero in all points of .a; b/, since LŒy1.x/	 � 0 and LŒy2.x/	 � 0

for x 2 .a; b/.
Recalling (1.63) and rewriting it in terms of y1.x/ and y2.x/ yields

y1L.y2/ � y2L.y1/ D d

dx

�
p0.x/

�
y1
dy2

dx
� y2dy1

dx

��
:

Since the left-hand side of the relation is zero, the right-hand side is as well. That
is

d

dx

�
p0.x/

�
y1
dy2

dx
� y2dy1

dx

��
D 0;
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which implies

p0.x/

�
y1
dy2

dx
� y2dy1

dx

�
D C (1.70)

with C a constant.
Note that y1.x/ and y2.x/ are determined up to a constant factor. If y1.x/, for

example, satisfies both the governing equation (1.68) and the first boundary condition
in (1.69), then, for any nonzero constant ˛, the product ˛y1.x/ also satisfies both
these relations. This is equally true for y2.x/, which allows us to arbitrarily fix the
constant C in (1.70). Hence, without loss of generality, we can read (1.70) as

p0.x/

�
y1
dy2

dx
� y2dy1

dx

�
D �1: (1.71)

Hence, we can assume that, if the particular solutions to (1.68), y1.x/ and y2.x/,
are chosen in the manner specified, these solutions meet condition (1.71) on all of
.a; b/. This implies that for any point s 2 .a; b/ we can write Green’s function
g.x; s/ for the problem in (1.68) and (1.69) in the form

g.x; s/ D
´
c1.s/y1.x/; for a � x � s,

c2.s/y2.x/; for s � x � b.
(1.72)

This function satisfies the boundary conditions in (1.69) regardless of c1.s/ and
c2.s/, because y1.x/ and y2.x/ satisfy the first and the second of those boundary
conditions, respectively. Hence, g.x; s/ as in (1.72) already meets properties 1 and 4
of the definition of Green’s function.

Making use of properties 2 and 3 of the definition, we obtain the following system
of linear algebraic equations�

y2.s/ �y1.s/
y 0
2.s/ �y0

1.s/

�
�
�
c2.s/

c1.s/

�
D
�

0

�p�1
0 .s/

�
(1.73)

in c1.s/ and c2.s/. Clearly, the coefficient matrix of this system is not singular, be-
cause its determinant

W.s/ � y1.s/y
0
2.s/ � y2.s/y 0

1.s/

is the Wronskian of the two linearly independent functions y1.s/ and y2.s/. Hence,
system (1.73) has a unique solution of the form

c1.s/ D � y2.s/

p0.s/W.s/
; c2.s/ D � y1.s/

p0.s/W.s/
:
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Substituting these expressions for c1.s/ and c2.s/ into (1.72), we obtain, for the
branch of the Green’s function with x � s as

g.x; s/ D �y1.x/y2.s/
p0.s/W.s/

; x � s; (1.74)

while for the other branch, we have

g.x; s/ D �y2.x/y1.s/
p0.s/W.s/

; s � x: (1.75)

According relation (1.71), the denominator in (1.73) and (1.74) satisfies the condi-
tion

p0.s/W.s/ � p0.s/
�
y1.s/y

0
2.s/ � y2.s/y0

1.s/
� � �1:

This allows us to write the Green’s function g.x; s/ for the boundary-value problem
in (1.68) and (1.69) in the following “symmetric” form

g.x; s/ D
´
y2.s/y1.x/; for a � x � s,

y1.s/y2.x/; for s � x � b.
(1.76)

Hence, the theorem has been proven. Indeed, from the above representation, it
follows that the Green’s function g.x; s/ of a self-adjoint boundary-value problem
is invariant under exchange of the observation point x and the source point s. In
other words, the Green’s function is symmetric in the sense that whenever x and s are
exchanged on one of the branches of g.x; s/, we obtain the other branch.

The symmetry of Green’s functions, the analysis of which we completed, has im-
portant applications in various applied sciences. It is related to the so called Maxwell’s
reciprocity [29, 37, 66] asserting that the response of a field at an observation point x
due to a source at s is the same as the response at s due to a point source at x.

In the next section, we will revisit the basic issue of this chapter, which is the
construction of Green’s functions for ODE, and we will present another standard con-
struction procedure in detail.

1.3 Alternative Construction Procedure

As can be found in classical textbooks on differential equations, the notion of a
Green’s function is introduced for a boundary-value problem where both the govern-
ing differential equation and the boundary conditions are homogeneous. Such settings
are referred to as homogeneous boundary-value problems. In this section, we will turn
our attention to inhomogeneous linear differential equations subject to homogeneous
boundary conditions.
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In this section, we will state an prove an important theorem. It builds up a theo-
retical background for the utilization of Green’s functions in solving boundary-value
problems for inhomogeneous linear equations. After that, we will review the classical
[3, 45, 53, 66] procedure for the construction of Green’s functions, which is based
on the aforementioned theorem and the Lagrange method of variation of parameters,
which is traditionally used in ODE to solve inhomogeneous linear differential equa-
tions analytically, if the fundamental set of solutions is available for the corresponding
homogeneous equation.

Consider the linear inhomogeneous equation

LŒy.x/	 � p0.x/
dny

dxn
C p1.x/

dn�1y
dxn�1 C � � � C pn.x/y D � f .x/ (1.77)

subject to the homogeneous boundary conditions

Mi .y.a/; y.b// �
n�1X
kD0

Œ˛ik
dky.a/

dxk
C ˇik

dky.b/

dxk
	 D 0; i D 1; n; (1.78)

where the coefficients pj .x/ and the right-hand side term f .x/ in the governing equa-
tion are continuous functions, with p0.x/ ¤ 0 on .a; b/; and Mi represent linearly
independent forms with constant coefficients.

We will establish the link between the uniqueness of the solution of (1.77) and
(1.78) and the corresponding homogeneous problem. For this reason, we focus on a
theorem that makes things ready for the use of a Green’s function, constructed for a
homogeneous problem, in solving corresponding inhomogeneous equations.

Theorem 1.3. If the homogeneous boundary-value problem corresponding to (1.77)
and (1.78) has only the trivial solution, then the problem in (1.77) and (1.78) has a
unique solution.

Proof. The theorem follows from the linearity of the setting: let Y1.x/ and Y2.x/
represent two distinct solutions of (1.77) and (1.78). This means that each of these
solutions is supposed to make equation (1.77) hold. That is,

p0.x/
dnY1

dxn
C p1.x/

dn�1Y1
dxn�1 C � � � C pn.x/Y1 D �f .x/

and

p0.x/
dnY2

dxn
C p1.x/

dn�1Y2
dxn�1 C � � � C pn.x/Y2 D �f .x/:

Subtracting these term-by-term, we obtain

p0.x/
dn.Y1 � Y2/

dxn
C p1.x/

dn�1.Y1 � Y2/
dxn�1 C � � � C pn.x/.Y1 � Y2/ D 0:
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Thus, if Y1.x/ and Y2.x/ represent two distinct solutions of (1.77), then their dif-
ference Y12.x/ D Y1.x/ � Y2.x/ is a solution of the corresponding homogeneous
equation. In the same fashion, taking advantage of the linearity of the forms Mi , we
can show that Y12.x/ should satisfy the homogeneous boundary conditions in (1.78).
In other words, Y12.x/ is a solution of the homogeneous boundary-value problem cor-
responding to (1.77) and (1.78). But, according to the statement in this theorem, the
corresponding homogeneous problem has only the trivial solution, which implies that
the difference Y1.x/ � Y2.x/ should be identical to zero for all x.

So, our assumption about the existence of two distinct solutions of the original
equations (1.77) and (1.78) is wrong. Therefore, there exists a unique solution, if the
corresponding homogeneous problem only has the trivial solution.

The following theorem establishes a direct way for expressing the solution of (1.77)
and (1.78) in terms of the Green’s function, constructed for the corresponding homo-
geneous boundary value problem.

Theorem 1.4. If the boundary-value problem stated by the inhomogeneous equa-
tion in (1.77) subject to the homogeneous conditions in (1.78) is well-posed, then
the unique solution for (1.77) and (1.78) can be expressed by the integral

y.x/ D
Z b

a

g.x; s/f .s/ds (1.79)

whose kernel g.x; s/ is the Green’s function of the corresponding homogeneous prob-
lem.

Proof. The theorem requires that we prove two independent statements. First, that
the integral in (1.79) satisfies the equation in (1.77), and second, that it satisfies the
boundary conditions of (1.78).

Since the Green’s function g.x; s/ consists of two segments, we break down the
integral in (1.79) into two integrals as shown

y.x/ D
Z x

a

g�.x; s/f .s/ds C
Z b

x

gC.x; s/f .s/ds; (1.80)

where by gC.x; s/ and g�.x; s/ we denote the branches of g.x; s/ where x � s and
x � s, respectively.

As complying with the governing equation (1.77), we take into account a specific
instance of y.x/ in (1.80); it is defined in terms of two definite integrals (with s
representing the integration variable), which contain a parameter x and have variable
limits depending on x. Therefore, one has to recall from the fundamental theorem of
integral calculus [37, 66] that, if a function ˆ.x/ is defined in integral form

ˆ.x/ D
Z ˇ.x/

˛.x/

F.x; s/ds;
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then its derivative (with respect to x) is written as

dˆ.x/

dx
D
Z ˇ.x/

˛.x/

@F.x; s/

@x
ds

D F.x; ˇ.x//ˇ0.x/ � F.x; ˛.x//˛0.x/: (1.81)

This implies that, since both integrals in (1.80) contain x as a parameter and their
limits depend upon x, the derivative of y.x/ can formally be written as

dy.x/

dx
D
Z x

a

@g�.x; s/
@x

f .s/ds C g�.x; x/f .x/

C
Z b

x

@gC.x; s/
@x

f .s/ds � gC.x; x/f .x/:

Combining these integrals and realizing that non-integral terms are eliminated due
to the continuity of the Green’s function for x D s, we obtain

dy.x/

dx
D
Z b

a

@g.x; s/

@x
f .s/ds:

Thus, the derivative of (1.79) can be taken by direct differentiation of its kernel.
Taking into account the continuity of the derivatives of the Green’s function, up to
.n�2/nd order, as x D s (see property 2 of the definition), the higher-order derivatives
of the integrals in (1.80), up to .n � 1/st order, can be calculated analogously to the
first derivative:

dky.x/

dxk
D
Z b

a

@kg.x; s/

@xk
f .s/ds; k D 1; n � 1: (1.82)

Since the boundary conditions in (1.78) involve only the derivatives of y.x/ up to
.n�1/st order, all the derivatives inMi .y.a/; y.b// can be calculated formally within
the integral. This yields

Mi .y.a/; y.b// �
n�1X
kD0

"
˛ik

Z b

a

@kg.a; s/

@xk
f .s/ds C ˇik

Z b

a

@kg.b; s/

@xk
f .s/ds

#

D
Z b

a

n�1X
kD0

"
˛ik
@kg.a; s/

@xk
C ˇik

@kg.b; s/

@xk

#
f .s/ds D 0; i D 1; n;

because the expressions in the brackets equals zero due to property 4 in the definition
of the Green’s function. Hence, the boundary conditions in (1.78) are indeed satisfied
by the formula in (1.79).
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To complete the part of the theorem related to complying with the governing equa-
tion in (1.77), we calculate the nth derivative of y.x/ by differentiating (1.82), with
k D n � 1 fixed. This yields

dny.x/

dxn
D
Z b

a

@ng.x; s/

@xn
f .s/ds C

�
@n�1g�.x; x/

@xn�1 � @n�1gC.x; x/
@xn�1

�
f .x/

which, in compliance with property 3 of the definition, transforms to

dny.x/

dxn
D
Z b

a

@ng.x; s/

@xn
f .s/ds � f .x/p�1

0 .x/:

After substituting y.x/ and its derivatives found earlier into (1.77) and combining
all the integral terms into a single term, we finally obtainZ b

a

LŒg.x; s/	f .s/ds � f .x/ D �f .x/:

The above equality is an identity, since LŒg.x; s/	 D 0 on .a; b/. With this, we
have proven the theorem.

In Section 1.1, we obtained Green’s functions for a number of boundary-value prob-
lems, which were constructed using a technique based on the defining properties of the
Green’s function. In the following, we will present an alternative approach, utilizing
the theorem just proven, which can also be used to construct Green’s functions. The
idea behind this approach is to employ Lagrange’s method of variation of parameters,
which is traditionally used in solving inhomogeneous linear differential equations.

For the sake of simplicity, we limit ourselves to the second order equation

p0.x/
d2y.x/

dx2
C p1.x/

dy.x/

dx
C p2.x/y.x/ D �f .x/ (1.83)

on the interval .a; b/ and subject to the simplest set of boundary conditions

y.a/ D 0; y.b/ D 0; (1.84)

Assuming that the above boundary-value problem has a unique solution, we know
that the corresponding homogeneous problem has only the trivial solution. Let y1.x/
and y2.x/ be linearly independent particular solutions of the associated homogeneous
equation (1.83) forming, in other words, its fundamental set of solutions. Following
this, express the general solution of (1.83), following the Lagrangian method of vari-
ation of parameters [66], as

y.x/ D C1.x/y1.x/C C2.x/y2.x/ (1.85)
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with C1.x/ and C2.x/ differentiable functions on .a; b/, to be found in what follows.
Our first impression is that the idea of a solution of (1.83) of the form of (1.85)

might not be useful for determining the two functions C1.x/ and C2.x/. This is
correct, unless a second relation, in addition to (1.83), is established to find a unique
C1.x/ and C2.x/. Lagrange’s method provides an effective and elegant choice for
such a relation.

It is obvious that direct substitution of y.x/ obtained from (1.85) into (1.83) would
result in a single second order differential equation in two unknown functions C1.x/
and C2.x/, which is cumbersome. In order to avoid such a complication, Lagrangian
method suggests the following: First, we differentiate y.x/ in (1.85)

y0.x/ D C 0
1.x/y1.x/C C1.x/y

0
1.x/C C 0

2.x/y2.x/C C2.x/y
0
2.x/

and then, to simplify matters, we assume that

C 0
1.x/y1.x/C C 0

2.x/y2.x/ D 0: (1.86)

This yields

y0.x/ D C1.x/y
0
1.x/C C2.x/y

0
2.x/ (1.87)

resulting in the second derivative of y.x/ expressed as follows:

y00.x/ D C 0
1.x/y

0
1.x/C C1.x/y

00
1 .x/C C 0

2.x/y
0
2.x/C C2.x/y

00
2 .x/: (1.88)

Now, we substitute y.x/, y0.x/, and y00.x/ from (1.85), (1.87), and (1.88) into
(1.83)

p0.C
0
1y

0
1 C C1y

00
1 C C 0

2y
0
2 C C2y

00
2 /C p1.C1y

0
1 C C2y

0
2/

C p2.C1y1 C C2y2/ D �f .x/:
Rearranging the order of terms, we rewrite this as

C1.p0y
00
1 C p1y

0
1 C p2y1/C C2.p0y

00
2 C p1y

0
2 C p2y2/

C p0.C
0
1y

0
1 C C 0

2y
0
2/ D �f .x/:

Since y1.x/ and y2.x/ represent particular solutions of the homogeneous equation
in (1.83), the coefficients of C1.x/ and C2.x/ are zero. This yields

C 0
1.x/y

0
1.x/C C 0

2.x/y
0
2.x/ D �f .x/p�1

0 .x/: (1.89)

The relations (1.86) and (1.89) constitute a well-posed linear system in C 0
1.x/ and

C 0
2.x/. This assertion is based on the fact that the determinant of the coefficient matrix

of the system is the Wronskian

W.x/ D y1.x/y
0
2.x/ � y2.x/y0

1.x/
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for the two linearly independent functions y1.x/ and y2.x/, and therefore must be
nonzero. Upon solving the system, we obtain

C 0
1.x/ D � y2.x/f .x/

p0.x/W.x/
; C 0

2.x/ D y1.x/f .x/

p0.x/W.x/
:

Straightforward integration of the derivatives C 0
1.x/ and C 0

2.x/ yields

C1.x/ D �
Z x

a

y2.s/f .s/

p0.s/W.s/
ds CH1

and

C2.x/ D
Z x

a

y1.s/f .x/

p0.s/W.s/
ds CH2:

Substitution in (1.85) gives

y.x/ D H1y1.x/CH2y2.x/

C y2.x/

Z x

a

y1.s/f .x/

p0.s/W.s/
ds � y1.x/

Z x

a

y2.s/f .x/

p0.s/W.s/
ds:

Taking the factors y1.x/ and y2.x/ inside the integral (which is a formal operation
since the variable of integration is s but not x) and combining the two integrals in one,
we find

y.x/ D
Z x

a

y1.s/y2.x/ � y1.x/y2.s/
p0.s/W.s/

ds CH1y1.x/CH2y2.x/: (1.90)

In order to satisfy the boundary conditions in (1.84), with y.x/ as expressed above,
we obtain the following linear system�

y1.a/ y2.a/

y1.b/ y2.b/

�
�
�
H1
H2

�
D
�

0

P.a; b/

�
(1.91)

in H1 and H2, with P.a; b/ defined as

P.a; b/ D
Z b

a

R.b; s/

p0.s/W.s/
f .s/ds;

where

R.b; s/ D y1.b/y2.s/ � y1.s/y2.b/:
We now arrive at the solution to the system (1.91)

H1 D �
Z b

a

y2.a/R.b; s/f .s/

p0.s/R.a; b/W.s/
ds
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and

H2 D
Z b

a

y1.a/R.b; s/f .s/

p0.s/R.a; b/W.s/
ds:

Upon substituting these expressions into (1.90), we obtain the solution of the bound-
ary-value problem (1.83) and (1.84):

y.x/ D �
Z x

a

R.x; s/f .s/

p0.s/W.s/
ds C

Z b

a

R.a; x/R.b; s/f .s/

p0.s/R.a; b/W.s/
ds

which can be rewritten as a single integral

y.x/ D
Z b

a

g.x; s/f .s/ds; (1.92)

with the kernel g.x; s/ consisting of two segments, one of which is

g.x; s/ D R.a; x/R.b; s/

p0.s/R.a; b/W.s/
; x � s; (1.93)

while for x � s, we obtain immediately

g.x; s/ D R.a; x/R.b; s/ �R.x; s/R.a; b/
p0.s/R.a; b/W.s/

; x � s:

After a trivial but quite cumbersome transformation, the above expression simpli-
fies to

g.x; s/ D R.a; s/R.b; x/

p0.s/R.a; b/W.s/
; x � s: (1.94)

Note that, since the solution to (1.83) and (1.84) is found to be the integral (1.92),
we conclude, by virtue of Theorem 1.4, that its kernel g.x; s/ does in fact represent
the Green’s function for the homogeneous boundary-value problem corresponding to
(1.83) and (1.84).

From the closing part of Section 1.2, recall that, if the setting in (1.83) and (1.84)
is self-adjoint, then the product p0.s/W.s/ is a constant (see the relation in (1.71)).
This obviously makes (1.93) and (1.94) symmetric in the sense discussed in Sections
1.1 and 1.2.

Hence, the approach based on the method of variation of parameters can be used
successfully to construct Green’s functions; once the solution to an inhomogeneous
linear differential equation, subject to homogeneous boundary conditions, is expressed
in integral form (1.92), the kernel of the latter is the Green’s function to the corre-
sponding homogeneous boundary-value problem.

This approach is an alternative to the method based on the defining properties as de-
scribed in Section 1.1. In the following, we present a number of examples, illustrating
several of the intricacies of its application.
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Example 1.13. In order to apply the procedure based on the method of variation of
parameters to the construction of the Green’s function, we consider the inhomoge-
neous equation

d2y.x/

dx2
C k2y.x/ D � f .x/; x 2 .0; a/; (1.95)

subject to homogeneous boundary conditions imposed as

y0.0/ D 0; y0.a/ D 0: (1.96)

We assume that the right-hand side function f .x/ in (1.95) is continuous on .0; a/.
It can be easily shown that the corresponding homogeneous boundary-value prob-

lem has only the trivial solution. This implies that the conditions for existence and
uniqueness of its Green’s function are satisfied.

Since the functions y1.x/ � sin kx and y2.x/ � cos kx constitute a fundamental
set of solutions for the homogeneous equation corresponding to (1.95), the general
solution to (1.95) itself becomes

y.x/ D C1.x/ sin kx C C2.x/ cos kx: (1.97)

The system of linear algebraic equations in C 0
1.x/ and C 0

2.x/ (which has been de-
rived for (1.83) and (1.84) in (1.86) and (1.89)) appears, in this case, as�

sin kx cos kx
k cos kx �k sin kx

�
�
�
C 0
1.x/

C 0
2.x/

�
D
�

0

�f .x/
�

providing us with the following solution:

C 0
1.x/ D 1

k
cos kxf .x/; C 0

2.x/ D � 1
k

sin kxf .x/:

After integration, we obtain

C1.x/ D
Z x

0

1

k
cos ksf .s/ds CH1

and

C2.x/ D �
Z x

0

1

k
sin ksf .s/ds CH2:

From substitution into (1.97) and carrying out an obvious transformation, we get

y.x/ D
Z x

0

1

k
sin k.x � s/f .s/ds CH1 sin kx CH2 cos kx: (1.98)
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To determine H1 and H2, we differentiate y.x/

y0.x/ D
Z x

0

cos k.x � s/f .s/ds CH1k cos kx �H2k sin kx:

Note that in performing this differentiation, it turns out that, due to the specific
form of the integrand sin k.x � s/f .s/ in (1.98) – which vanishes for x D s – the
non-integral terms (see (1.81)) do not show up in this case.

From the first condition in (1.96), it follows that H1 D 0, while the second condi-
tion yields Z a

0

cos k.a � s/f .s/ds �H2k sin ka D 0

from which we obtain immediately

H2 D
Z a

0

cos k.a � s/
k sin ka

f .s/ds:

Upon substituting H1 and H2 in (1.98), we obtain the solution of (1.95) and (1.96)
as

y.x/ D
Z x

0

sin k.x � s/
k

f .s/ds C
Z a

0

cos.kx/
cos k.a � s/
k sin ka

f .s/ds: (1.99)

This formula transforms into a single integral with its kernel expressed in two
pieces. To ease the reader through such a transformation, we leave the first integral in
(1.99) in its current form and decompose the second integral intoZ a

0

cos kx
cos k.a � s/
k sin ka

f .s/ds D
Z x

0

cos kx
cos k.a � s/
k sin ka

f .s/ds

C
Z a

x

cos kx
cos k.a � s/
k sin ka

f .s/ds:

With this, equation (1.99) becomes

y.x/ D
Z x

0

sin k.x � s/
k

f .s/ds C
Z x

0

cos kx
cos k.a � s/
k sin ka

f .s/ds

C
Z a

x

cos kx
cos k.a � s/
k sin ka

f .s/ds:

Combining the first two integrals, we rewrite the above as

y.x/ D
Z x

0

�
sin k.x � s/

k
C cos kx

cos k.a � s/
k sin ka

�
f .s/ds

C
Z a

x

cos kx
cos k.a � s/
k sin ka

f .s/ds

D
Z x

0

cos ks
cos k.a � x/
k sin ka

f .s/ds C
Z a

x

cos kx
cos k.a � s/
k sin ka

f .s/ds:
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Note that the kernel in the first of the above two integrals is valid for x � s, because
x represents its upper limit of integration, whereas the kernel in the second integral,
by similar reasoning, is valid for x � s. With this in mind, y.x/ can indeed be viewed
as a single integral

y.x/ D
Z a

0

g.x; s/f .s/ds (1.100)

with a kernel g.x; s/ consisting of two segments

g.x; s/ D 1

k sin ka

´
cos kx cos k.a � s/; for x � s,

cos ks cos k.a � x/; for s � x.
(1.101)

Hence, as long as the solution to the boundary-value problem in (1.95) and (1.96)
has the form of a single integral similar to (1.100), its kernel g.x; s/ is, in compli-
ance with Theorem 1.4, the Green’s function for the corresponding homogeneous
boundary-value problem.

Example 1.14. Consider the inhomogeneous equation

d 2y.x/

dx2
� k2y.x/ D �f .x/ (1.102)

subject to the homogeneous boundary conditions

y0.0/ D 0; y.a/ D 0: (1.103)

We leave it as an exercise to the reader to prove that the homogeneous boundary-
value problem in (1.102) and (1.103) has only the trivial solution, hence justifying the
existence and uniqueness of the Green’s function.

The following set of functions

y1.x/ � exp.kx/; y2.x/ � exp.�kx/

constitutes a fundamental set of solutions for the homogeneous equation correspond-
ing to that in (1.102). Hence, the general solution of the latter can be represented
by

y.x/ D C1.x/ exp.kx/C C2.x/ exp.�kx/: (1.104)

Following Lagrange’s method, we obtain the expressions

C1.x/ D �
Z x

0

1

2k
exp.�ks/f .s/ds CH1
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and

C2.x/ D
Z x

0

1

2k
exp.ks/f .s/ds CH2

for the coefficients C1.x/ and C2.x/ in (1.104). After substituting these into (1.102)
we get

y.x/ D �
Z x

0

1

k
sinh k.x � s/f .s/ds CH1 exp.kx/CH2 exp.�kx/: (1.105)

The first boundary condition y0.0/ D 0 in (1.103) implies H1 D H2, while the
second condition y.a/ D 0 yields

H1 D H2 D
Z a

0

sinh k.a � s/
2k cosh ka

f .s/ds:

Substituting into (1.105), it transforms to

y.x/ D
Z a

0

cosh kx sinh k.a � s/
k cosh ka

f .s/ds �
Z x

0

1

k
sinh k.x � s/f .s/ds:

Hence, again following the procedure described in Example 1.13, we convert the
above expression for y.x/ to a single integral form whose kernel

g.x; s/ D 1

k cosh ka

´
cosh kx sinh k.a � s/; for x � s,

cosh ks sinh k.a � x/; for s � x,
(1.106)

represents the Green’s function for the homogeneous boundary-value problem, corre-
sponding to that in (1.102) and (1.103).

Example 1.15. Let us consider equation (1.102) again, but now impose a different
set of boundary conditions, namely

y0.0/ � hy.0/ D 0; lim
x!1 jy.x/j < 1: (1.107)

This example is designed to show how we deal with imposed boundedness, as in
(1.107), when applying Lagrange’s method.

It can be easily shown that there exists a unique Green’s function for the homoge-
neous boundary-value problem, corresponding to (1.102) and (1.107).

Recall that the general solution of (1.102) was already derived in (1.105). In this
case, however, it is preferable to express it in terms of the exponential functions

y.x/ D H1 exp.kx/CH2 exp.�kx/

C
Z x

0

1

2k
Œexp.k.s � x// � exp.k.x � s//	f .s/ds; (1.108)
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in contrast to the mixed hyperbolic-exponential function form of (1.105); the formula
in (1.108) is more practical regarding the necessity of taking into account that we im-
pose boundedness with (1.107): splitting off the exponential terms under the integral
sign, taking out the exponential functions of x, and grouping the terms containing
exp.kx/ and the terms containing exp.�kx/, we can rewrite (1.108) as

y.x/ D
�
H1 �

Z x

0

exp.�ks/
2k

f .s/ds

�
exp.kx/

C
�
H2 C

Z x

0

exp.ks/

2k
f .s/ds

�
exp.�kx/: (1.109)

It is evident that the imposing boundedness requires the coefficient of the positive
exponential term exp.kx/ in (1.109) to be zero as x approaches infinity. This yields

H1 D
Z 1

0

1

2k
exp.�ks/f .s/ds;

whilst the first condition in (1.107) yields

H2 D k � h
k C h

H1 D
Z 1

0

k � h
2k.k C h/

exp.�ks/f .s/ds:

After substituting H1 and H2 into (1.108) and rewriting its first term in a more
compact hyperbolic form, we obtain

y.x/ D �
Z x

0

1

k
sinh k.x � s/f .s/ds

C
Z 1

0

1

2k
exp.�ks/ �exp.kx/C h� exp.�kx/�f .s/ds;

where h� D .k � h/=.k C h/. From this we obtain the Green’s function g.x; s/ for
equation (1.102) and for (1.107)

g.x; s/ D 1

2k

´
exp.�ks/ .exp.kx/C h� exp.�kx// ; for x � s,

exp.�kx/ .exp.ks/C h� exp.�ks// ; for s � x,

which can be rewritten in a single expression as

g.x; s/ D 1

2k

�
exp.�kjx � sj/C h� exp.�k.x C s//

�
: (1.110)

Example 1.16. Consider a boundary-value problem for the equation with variable
coefficients

d

dx

�
.x2 C 1/

dy.x/

dx

�
D f .x/; x 2 .0; a/; (1.111)
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with boundary conditions

y.0/ D 0; y.a/ D 0; (1.112)

and briefly describe the construction procedure for the Green’s function of the corre-
sponding homogeneous problem.

The form of the homogeneous equation corresponding to that in (1.111) suggests

.x2 C 1/
dy.x/

dx
D C;

where C is an arbitrary constant. Separating the variables in the above equation

dy D Cdx

x2 C 1

and integrating, we get

y.x/ D C arctan x CD:

Hence, a fundamental set of solutions for the homogeneous equation corresponding
to (1.111) can be formed from the functions y1.x/ � 1 and y2.x/ � arctan x, which
yields the general solution to (1.111)

y.x/ D
Z x

0

.arctan s � arctan x/ f .s/ds CD1 CD2 arctan x: (1.113)

From the boundary conditions, we find D1 and D2 to be

D1 D 0; D2 D
Z a

0

! � arctan s

!
f .s/ds;

where ! D arctan a:
Substituting these into the above expression for the general solution and rearranging

the integral terms, we obtain the solution to the original boundary-value problem as
the single integral

y.x/ D
Z a

0

g.x; s/f .s/ds

the kernel of which

g.x; s/ D 1

!

´
arctan x.! � arctan s/; for 0 � x � s,

arctan s.! � arctan x/; for x � s � a,

represents the sought-after Green’s function.
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Example 1.17. Construct Green’s function for the homogeneous boundary-value
problem for the equation

d4y.x/

dx4
� 2k2d

2y.x/

dx2
C k4y.x/ D �f .x/ (1.114)

defined on x 2 .0;1/ and subject to the boundary conditions

y.0/ D 0; y0.0/ D 0; (1.115)

as well as the boundedness conditions

lim
x!1 jy.x/j < 1; lim

x!1 jy0.x/j < 1: (1.116)

In structural mechanics, this setting is associated with a semi-infinite elastic beam
resting on a specific elastic foundation [7, 45]. The beam’s edge x D 0 is assumed to
be clamped, in order to satisfy (1.115).

Existence and uniqueness of the Green’s function for the above problem can be
easily established. In order to construct it, we first obtain the general solution to
(1.114). In doing so, write down the characteristic (auxiliary) equation

m4 � 2k2m2 C k4 D 0

of the homogeneous equation corresponding to (1.114). It has two pairs of repeated
real roots: m1;2 D k and m3;4 D �k, which implies that the general solution of
(1.114) can be expressed as

y.x/ D C1.x/e
kx C C2.x/e

�kx C C3.x/xekx C C4.x/xe�kx : (1.117)

We can obtain the coefficient matrix for the system of linear algebraic equations in
the derivatives of Ci .x/, i D 1; 2; 3; 4, as0BBB@

ekx e�kx xekx xe�kx
kekx �ke�kx .1C kx/ekx .1 � kx/e�kx
k2ekx k2e�kx k.2C kx/ekx �k.2 � kx/e�kx
k3ekx �k3e�kx k2.3C kx/ekx k2.3 � kx/e�kx

1CCCA ;
where the right-hand side vector of the system is .0; 0; 0;�f .x//T . Clearly, the above
matrix is non-singular, because its determinant represents the Wronskian of the fun-
damental set of solutions in (1.117). Therefore, we immediately obtain

C 0
1.x/ D 1C kx

4k3
e�kxf .x/; C 0

2.x/ D �1 � kx
4k3

ekxf .x/;

C 0
3.x/ D � 1

4k2
e�kxf .x/; C 0

4.x/ D � 1

4k2
ekxf .x/:
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Upon integration, we find Ci .x/ to be

C1.x/ D
Z x

0

1C ks

4k3
e�ksf .s/ds CH1; C2.x/ D �

Z x

0

1 � ks
4k3

eksf .s/ds CH2;

C3.x/ D �
Z x

0

1

4k2
e�ksf .s/ds CH3; C4.x/ D �

Z x

0

1

4k2
eksf .s/ds CH4:

Hence, the function y.x/ in (1.117), together with Ci .x/, is the general solution
to (1.114). The constants Hi have to be calculated by applying the boundary and
the boundedness conditions in (1.115) and (1.116). Before going any further, to aid
clarity of the following derivation, we first differentiate y.x/ in (1.117) by using the
product rule

y 0.x/ D kekxC1.x/C ekx
�
1C kx

4k3
e�kxf .x/

�
� ke�kxC2.x/C e�kx

�
�1 � kx

4k3
ekxf .x/

�
C .1C kx/ekxC3.x/C xekx

�
� 1

4k2
e�kxf .x/

�
C .1 � kx/e�kxC4.x/C xe�kx

�
� 1

4k2
ekxf .x/

�
:

Note that the sum of the underlined terms is zero. Substituting the values of Ci .x/
into the part of y 0.x/ that remains, we obtain

y0.x/ D kekx
�Z x

0

1C ks

4k3
e�ksf .s/ds CH1

�
� ke�kx

�
�
Z x

0

1 � ks
4k3

eksf .s/ds CH2

�
C .1C kx/ekx

�
�
Z x

0

1

4k2
e�ksf .s/ds CH3

�
C .1 � kx/e�kx

�
�
Z x

0

1

4k2
eksf .s/ds CH4

�
:

Now recall the boundary conditions imposed by (1.115). The first one y.0/ D 0

yields

H1 CH2 D 0

whilst the second y 0.0/ D 0 results in

kH1 CH3 � kH2 CH4 D 0:
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The boundedness conditions (1.116) lead us to

H1 D �
Z 1

0

1C ks

4k3
e�ksf .s/ds; H3 D

Z 1

0

1

4k2
e�ksf .s/ds

which subsequently leads to

H2 D
Z 1

0

1C ks

4k3
e�ksf .s/ds; H4 D

Z 1

0

1C 2ks

4k2
e�ksf .s/ds:

After substituting H1;H2;H3, and H4 into (1.117) and combining like integrals,
we finally obtain

y.x/ D
Z x

0

�
1 � k.x � s/

4k3
ek.x�s/ � 1C k.x � s/

4k3
e�k.x�s/

�
f .s/ds

C
Z 1

0

�
1C k.x C s/C 2k2xs

4k3
e�k.xCs/ � 1 � k.x � s/

4k3
ek.x�s/

�
f .s/ds:

Similarly to earlier examples, y.x/ can be rewritten as a single integral

y.x/ D
Z 1

0

g.x; s/f .s/ds

the kernel of which g.x; s/ consists of two segments. The branch for x � s is found
to be

g.x; s/ D 1

4k3
Œ.1C k.x C s/C 2k2xs/e�k.xCs/ � .1 � k.x � s//ek.x�s/	

(1.118)

whereas the branch for s � x can be obtained by exchanging x and s. Hence, by
virtue of Theorem 1.4, g.x; s/ represents the Green’s function for the homogeneous
boundary-value problem corresponding to equations (1.114)–(1.116).

The following example shows how a Green’s function can be used practically to cal-
culate the solution for an inhomogeneous equation subject to homogeneous boundary
conditions.

Example 1.18. Using a corresponding Green’s function and applying Theorem 1.4,
find the solution of the inhomogeneous equation

d4y.x/

dx4
D �P0 sin�x; P0 D const (1.119)

subject to the homogeneous boundary conditions

y.0/ D dy.0/

dx
D 0; y.1/ D d2y.1/

dx2
D 0: (1.120)
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In structural mechanics, to name an example, this setting models deflection y.x/ of
an elastic beam of a unit length with the left edge clamped and the right edge resting
on a support [7, 47]. A transverse load given as f .x/ D P0 sin�x is applied to the
beam.

The Green’s function for the homogeneous problem associated with (1.119) and
(1.120) was derived in Section 1.1 (see (1.45)). The branch for x � s is

gC.x; s/ D �
�
s3

4
� 3s2

4
C s

2

�
x2 C

�
s3

12
� s2

4
C 1

6

�
x3:

Due to the self-adjointness of the original statement, the branch g�.x; s/ of the
Green’s function for x � s, can be obtained from the above by exchanging x and s.

It follows from Theorem 1.4, that the solution of the problem in (1.119) and (1.120)
can be found by straightforward integration

y.x/ D P0

Z 1

0

g.x; s/.sin�s/ds: (1.121)

In order to evaluate this integral, we recall that g.x; s/ is defined in two pieces, and
decompose the integral into

y.x/ D P0

�Z x

0

g�.x; s/.sin�s/ds C
Z 1

x

gC.x; s/.sin�s/ds

�
(1.122)

D P0

�Z x

0

��
x3

12
� x2

4
C 1

6

�
s3 �

�
x3

4
� 3x2

4
C x

2

�
s2
�
.sin�s/ds

C
Z 1

x

��
s3

12
� s2

4
C 1

6

�
x3 �

�
s3

4
� 3s2

4
C s

2

�
x2
�
.sin�s/ds

�
:

The calculation of the integrals in (1.122) is a routine procedure, which leads to

y.x/ D P0

2�4
Œ�x.x � 1/.x � 2/ � 2 sin�x	:

It is important to note that the Green’s function-based approach to the boundary-
value problem in (1.119) and (1.120) is especially effective if we are required to calcu-
late a number of solutions for different right-hand side functions. In such a situation,
the direct use of Theorem 1.4 markedly simplifies the calculations.

To illustrate this, let us assume that we are required to find a solution to (1.119) and
(1.120), where the right hand side in (1.119) is another function – say, the first-order
polynomial f .x/ D mx C b. We can then replace P0 sin�s in (1.121) with ms C b

and, after an elementary transformation, obtain

y.x/ D x2.x � 1/
240

Œ2mx2 C 2.5b Cm/x � .15b C 7m/	:
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In this chapter, we considered classical boundary-value problems for linear ordinary
differential equations. The Green’s function method for this class of problems is
well-developed and its implementation is, as the latter example illustrates, a quite
straightforward procedure.

In Chapter 5 we will further extend the Green’s function formalism. We will treat a
nontrivial sphere of possible applications where, until recently, this formalism has
not been used [45, 47, 50, 51]. A specific class of problems will be considered,
which occur in various areas of the applied sciences. The so-called multi point-posed
boundary-value problems for special systems of linear ordinary differential equations
will be treated by means of the Green’s function method.

1.4 Chapter Exercises

1. Determine whether the following boundary-value problem has only the trivial
solution:

(a) y00.x/ D 0, with y0.0/ D 0 and y0.a/Cmy.a/ D 0;

(b) y00.x/ � k2y.x/ D 0, with y.0/ D 0 and limx!1 jy.x/j < 1;

(c) y00.x/ � k2y.x/ D 0, with y.0/ D y.a/ and y0.0/ D y0.a/;
(d) ..mx C p/y0.x//0 D 0, with y0.0/ D 0 and y.a/ D 0;

(e) .xy0.x//0 D 0, with limx!1 jy.x/j < 1 and y0.a/C hy.a/ D 0, h > 0;

(f) y 00.x/C y0.x/ � 2y.x/ D 0, with y.0/ D 0 and limx!1 jy.x/j < 1;

(g) y 00.x/C y0.x/ D 0, with y0.0/ D 0 and y0.a/ D 0;

(h) yIV.x/ D 0, with y.0/ D y00.0/ D 0 and y00.a/ D y000.a/;
(i) yIV.x/ D 0, with y.0/ D y0.0/ D 0 and y0.a/ D y000.a/ D 0;

(j) y IV.x/ D 0, with y.0/ D y0.0/ D 0 and y00.a/ � ky0.a/ D y000.a/ D 0,
k > 0;

(k) yIV.x/ D 0, with y0.0/ D y00.0/ D 0 and y0.a/ D y000.a/ � ky.a/ D 0,
k > 0;

(l) yIV.x/ D 0, with y00.0/ D y000.0/ D 0 and y00.a/ D y000.a/ D 0.

2. Construct the Green’s functions for the following boundary-value problems on
the indicated intervals:

(a) y 00.x/ D 0, with y.0/ D 0 and y0.a/ D 0;

(b) y 00.x/ D 0, with y.0/ D 0 and y0.a/ C hy.a/ D 0, h � 0. Show that
if h D 0, the Green’s function for this problem reduces to that in Exer-
cise 2 (a);
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(c) y00.x/ D 0, with y0.0/ � h1y.0/ D 0 and y0.a/ C h2y.a/ D 0, when h1
and h2 are non-zero at the same time. Show that if h1 D 0, the Green’s
function reduces to that of Example 1.3 in Section 1.1;

(d) ..mx C p/y0.x//0 D 0, with y.0/ D 0 and y.a/ D 0, when m > 0 and
p > 0;

(e) .exp.ˇx/y0.x//0 D 0, with y.0/ D 0 and y.a/ D 0;

(f) .exp.ˇx/y 0.x//0 D 0, with y.0/ D 0 and y0.a/ D 0;

(g) y00.x/C k2y.x/ D 0, with y.0/ D 0 and y.a/ D 0;

(h) yIV.x/ D 0, with y.0/ D y0.0/ D 0 and y00.a/ D y000.a/ � ky.a/ D 0,
k > 0;

(i) yIV.x/ D 0, with y.0/ D y0.0/ D 0 and y0.a/ D y000.a/ D 0;

(j) y IV.x/ D 0, with y.0/ D y0.0/ D 0 and y00.a/ C ky0.a/ D y000.a/ D 0,
k > 0;

(k) yIV.x/ D 0, with y0.0/ D y000.0/ C ky.0/ D 0 and y0.a/ D y000.a/ D 0,
k > 0;

(l) y IV.x/ D 0, with y.0/ D y0.0/ D 0 and y.a/ D y0.a/ D 0.

3. Determine whether the following equations are self-adjoint:

(a) y 00.x/C k2y.x/ D 0;

(b) x2y00.x/C 2xy0.x/ � .x2 � 1/y.x/ D 0;

(c) x2y00.x/ � 2xy0.x/C y.x/ D 0;

(d) y 00.x/C 3y0.x/C 9y.x/ D 0;

(e) sin 2.x/y00.x/C sin.2x/y0.x/ � y.x/ D 0.

4. Reduce the following differential equations to self-adjoint form by introducing
integrating factors:

(a) y 00.x/ � 2y0.x/C 4y.x/ D 0;

(b) y00.x/C xy0.x/ � x2y.x/ D 0;

(c) x2y00.x/ � xy0.x/C y.x/ D 0;

(d) x2y00.x/C xy0.x/ � y.x/ D 0.

5. Determine whether the following boundary-value problems are self-adjoint:

(a) y00.x/C y.x/ D 0, with y.a/ D 0 and y0.b/C hy.b/ D 0, h � 0;

(b) y 00.x/ � y.x/ D 0, with y0.a/ D 0 and y0.b/C hy.b/ D 0, h > 0;
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(c) xy00.x/ C y0.x/ � y.x/ D 0; y0.a/ C h1y.a/ D 0; y0.b/ C h2y.b/ D 0,
when both h1and h2 are not zero at the same time;

(d) xy00.x/C y0.x/ D 0, with y.a/ D y.b/ and ay0.a/ D by0.b/;
(e) .x � a/y00.x/C y0.x/ � y.x/ D 0; with jy.a/j < 1 limx!a jy.x/j < 1

and y0.b/C hy.b/ D 0, h > 0;

(f) y00.x/ C y.x/ D 0, with y0.0/ C y.0/ C y.a/ D 0 and y0.0/ � y.0/ C
y 0.a/ D 0.

6. Construct the Green’s function for the following problem:

y 00.x/C 3y0.x/ � 10y.x/ D 0; y.0/ D 0; lim
x!1 jy.x/j < 1:

Now reduce the problem to self-adjoint form and construct its Green’s function.
Observe how this affects the symmetry of the Green’s function.

7. Construct the Green’s function for the problem

y00.x/C k2y.x/ D 0; y.0/ D 0; y0.1/ D 0;

using the approach discussed in the proof of Theorem 1.1. Compare this with
the method used in Theorem 1.4.

8. Use Lagrange’s method to construct the Green’s functions for the following
boundary-value problems:

(a) .xy0.x//0 D 0, with limx!0 jy.x/j < 1, y.a/ D 0;

(b) y00.x/ � k2y.x/ D 0, with y0.0/ � hy.0/ D 0, y.a/ D 0, h > 0;

(c) yIV.x/ D 0, with y.0/ D y0.0/ D 0 and y.a/ D y0.a/ D 0;

(d) yIV.x/ D 0, with y.0/ D y00.0/�ky0.0/ D 0, k > 0 and y0.a/ D y000.a/ D
0;

(e) yIV.x/ D 0, with y00.0/ D y000.0/ D 0 and y.a/ D y0.a/ D 0;

(f) yIV.x/ D 0, with y.0/ D y00.0/ D 0 and y00.a/ D y000.a/ � ky.a/ D 0,
k > 0;

(g) yIV.x/ D 0, with y0.0/ D y000.0/ C ky.0/ D 0, k > 0 and y0.a/ D
y 000.a/ D 0;

(h) yIV.x/ D 0, with y0.0/ D y00.0/ D 0 and y00.a/C ky 0.a/ D y000.a/ D 0,
k > 0.

9. Based on Theorem 1.4, calculate solutions for the following boundary-value
problems by utilizing the corresponding Green’s functions:

(a) y 00.x/C y.x/ D 5 exp.2x/, with y.0/ D 0, y0.a/ � 2y.a/ D 0;

(b) y00.x/ � y.x/ D 2x2 � 1, with y0.0/ D 0, y0.a/ � y.a/ D 0;
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(c) y00.x/C 2y0.x/C y.x/ D 2 sin x, y0.0/ D 0, y0.a/ D 0;

(d) yIV.x/ D 3x2, with y.0/ D y0.0/ D 0, y.a/ D y0.a/ D 0;

(e) yIV.x/ D 720x, with y.0/ D y00.0/ D 0, y.a/ D y00.a/C 3y0.a/ D 0;

(f) yIV.x/ D .�4=16a4/ cos.�x=2a/, with y.0/ D y00.0/ D 0, y0.a/ D
y 000.a/ D 0;

(g) yIV.x/ � 2y00.x/ C y.x/ D 12x exp.�x/, with y0.0/ D y00.0/ D 0,
limx!1 jy.x/j < 1, limx!1 jy0.x/j < 1.



Chapter 2

The Laplace Equation

The material in constitutes a necessary background for the present chapter, where we
present a detailed discussion on procedures for the construction of Green’s functions
for partial differential equations. The focus will be on a comprehensive review of
three standard methods that can potentially be (and actually are) used for this purpose
in the case of different boundary-value problems for the two- and three-dimensional
Laplace equation. The first two of them are the method of images, which is reviewed
in Section 2.1, and the method of conformal mapping covered in Section 2.2. The
area for productive application of these methods is small and the number of closed
analytical formulas for Green’s functions, which we can obtain, is strictly limited.

The method of eigenfunction expansion, the detailed review of which is included
in Section 2.3, represents the last of the three standard methods that are usually rec-
ommended within the field. Applying this method, we obtain Green’s functions in a
series form unsuitable to a direct computer implementation. This drawback has been
generally recognized and considered indisputable.

This pessimistic opinion regarding the computational potential of the method of
eigenfunction expansion is widespread and might look well-founded for applied math-
ematical physics. Indeed, it is evident that, for the two-dimensional Laplace equation,
the logarithmic singularity of a Green’s function makes its series representations non-
uniformly convergent, which constrains direct computer implementations. Nowadays
however, this pessimistic opinion must be revised. Outcomes of intensive research on
this method undertaken in recent decades [21, 26, 42, 43, 45, 47, 48, 50, 51] signif-
icantly reinforced its potential power. In Section 2.3, we familiarize the reader with
the details of these developments.

In Section 2.4 we review an unusual class of problems: we analyze potential fields
as generated by point sources on surfaces of revolution. We consider several bound-
ary-value problems on different fragments of spherical and toroidal surfaces. It will
be shown that, for several such problems, our version of the method of eigenfunction
expansion is efficient, providing us with closed analytical representations of Green’s
functions.

2.1 Method of Images

We begin with a review of the method of images. It is treated in nearly every textbook
on partial differential equations. The idea behind the method is quite transparent, its
algorithm is pretty much straightforward, but the range of its efficient applicability is
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very restricted. Only a few closed form Green’s functions, as expressed in terms of
elementary functions, can be obtained by the method of images. The objective of the
method is to build up a regular component R.P;Q/ of the Green’s function

G.P;Q/ D � 1

2�
ln jP �Qj CR.P;Q/; P;Q 2 �; (2.1)

of the well-posed boundary-value problem

r2u.P / D 0; P 2 �; (2.2)

T Œu.P /	 D 0; P 2 L; (2.3)

for the Laplace equation on a simply-connected region �, bounded by a piecewise
smooth contour L.

In the present book, we apply conventional terminology [18, 29, 37, 57, 67, 77] to
the problem setting in (2.2) and (2.3). That is, the latter is said to be the Dirichlet
problem if T represents the identity operator, T � I . The Neumann problem corre-
sponds to T � @=@n, where n is the normal direction to the boundary L. The case of
T � @=@n � ˇ, where ˇ is a function of the coordinates of P , is usually referred to
as the Robin problem which some sources call the mixed problem.

Recall that the singular component � 1
2�

ln jP � Qj of G.P;Q/ is interpreted, in
applied sciences, as the response at a field (observation) point P to a unit source
placed in an arbitrary pointQ. With this in mind, in the method of images, we proceed
to express the regular component R.P;Q/ of G.P;Q/ as a sum of a finite number
of unit sources and sinks placed in points Q�

1 ;Q
�
2 ; : : : ;Q

�
moutside the considered

region �: None of those sources and sinks can, according to the definition of the
Green’s function, be located inside �. This makes the regular component

R.P;Q/ D
mX
jD1

˙ 1

2�
ln jP �Q�

j j (2.4)

a harmonic function at any pointP in� (since all the source pointsQ�
j are outside�).

The plus sign in (2.4) corresponds to a sink whilst the minus sign represents a source.
Clearly,G.P;Q/with this regular componentR.P;Q/, is a harmonic function at any
point P 2 �, with the exception of P D Q. Additionally, the boundary condition
in (2.3) can be satisfied by choosing appropriate locations for Q�

1 ;Q
�
2 ; : : : ;Q

�
m: the

trace of the function �T Œ 1
2�

ln jP �Qj	 on the boundary line L will be canceled out
by T ŒR.P;Q/	.

We will explore the algorithm of the method of images in detail, with the following
series of illustrative examples.

Example 2.1. Consider the classical case of the Dirichlet problem on the upper half-
plane �.x; y/ D ¹�1 < x < 1; y > 0º. and construct its Green’s function.
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The field generated by the unit source at a point Q.�; �/ represents the singular
component

� 1

4�
ln
�
.x � �/2 C .y � �/2�

of the Green’s function. It can be canceled out, on the boundary, by a single unit sink
placed in the point Q�.�;��/ located at the lower half-plane and symmetric with
respect to Q.�; �/ about the boundary y D 0. With the field generated by this sink
given as

1

4�
ln
�
.x � �/2 C .y C �/2

�
;

we find the Green’s function of the Dirichlet problem for the upper half-plane as

G.x; yI �; �/ D 1

4�
ln
.x � �/2 C .y C �/2

.x � �/2 C .y � �/2 : (2.5)

Example 2.2. As our next example, we consider another classical case of the Dirich-
let problem for the quarter-plane �.r; '/ D ¹0 < r < 1; 0 < ' < �=2º. We refer to
this region as the infinite circular sector with angle �=2.

Since in polar coordinates, the distance between two points .r1; '1/ and .r2; '2/ is
defined as q

r21 � 2r1r2 cos.'1 � '2/C r22

the singular component of the Green’s function G.r; 'I %; / we are looking for, be-
comes

� 1

4�
ln
�
r2 � 2r% cos.' �  /C %2

�
(2.6)

which represents the generated field of the unit source acting at .%;  / in observa-
tion point M.r; '/ 2 �. This is depicted in Figure 2.1 with the plus sign placed in
A.%; / 2 �.

In order to cancel out the trace of the function in (2.6) (or, in other words, to satisfy
the Dirichlet condition) on the boundary y D 0, we place the unit sink (labeled with
the minus sign in Figure 2.1) at D.%; 2� �  /. The field generated by this sink is
given by

1

4�
ln.r2 � 2r% cos.' � .2� �  //C %2/: (2.7)

Similarly, with the unit sink at B.%; � �  /, whose generated field is defined as

1

4�
ln.r2 � 2r% cos.' � .� �  //C %2/; (2.8)
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Figure 2.1. Derivation of the Green’s function for the quarter-plane.

we cancel out the trace of (2.6) on the boundary x D 0, whereas to cancel the traces
of the functions in (2.7) and (2.8) on x D 0 and y D 0, respectively, the unit source
is required at C.%; � C  /, which generates the field

� 1

4�
ln.r2 � 2r% cos.' � .� C  //C %2/: (2.9)

Hence, the Green’s function of the Dirichlet problem stated on the infinite circular
sector ¹0 < r < 1; 0 < ' < �=2º represents the sum of the components in (2.6),
(2.7), (2.8), and (2.9). That is

G.r; 'I %; / D 1

4�
ln

2Y
nD1

r2 � 2r% cos.' � .n� �  //C %2

r2 � 2r% cos.' � ..n � 1/� C  //C %2

which reduces, after a trivial transformation, to a compact finite product-free form

G.r; 'I %; / D 1

4�
ln
.r2 C %2/2 � 4r2%2 cos2.' C  /

.r2 C %2/2 � 4r2%2 cos2.' �  / : (2.10)

Example 2.3. Note that, for the infinite circular sector �.r; '/ D ¹0 < r < 1; 0 <

' < �=2º, if compensatory sources and sinks are placed, differently from the one just
described in Example 2.2, the method of images enables us to construct the Green’s
function for a specific mixed boundary-value problem.
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Figure 2.2. Dirichlet–Neumann problem for quarter-plane.

Proceeding now, in compliance with the scheme depicted in Figure 2.2, we obtain
the Green’s function

G.r; 'I %; / D 1

4�
ln
r2 � 2r% cos.' � .2� �  //C %2

r2 � 2r% cos.' �  /C %2

� r2 � 2r% cos.' � .� C  //C %2

r2 � 2r% cos.' � .� �  //C %2

of the Dirichlet–Neumann boundary-value problem for the infinite circular sector of
�=2, with Dirichlet and Neumann boundary conditions imposed on the boundary seg-
ments y D 0 and x D 0, respectively. The above expression transforms to

G.r; 'I %; / D 1

4�
ln
r2 � 2r% cos.' C  /C %2

r2 � 2r% cos.' �  /C %2

� r2 C 2r% cos.' �  /C %2

r2 C 2r% cos.' C  /C %2
: (2.11)

Although the method of images turns out to be productive for several boundary-
value problems on infinite circular sectors, it is not, however, supposed to be produc-
tive for several others. In a series of examples that follow, one can find both successful
and unsuccessful applications of the method.

Example 2.4. Consider the Dirichlet problem on the infinite circular sector with angle
�=3, that is�.r; '/ D ¹0 < r < 1; 0 < ' < �=3º. To construct its Green’s function,
we encourage the reader to consult the scheme depicted in Figure 2.3.

In order to cancel out the field generated by the singular component

� 1

4�
ln
�
r2 � 2r% cos.' �  /C %2

�
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Figure 2.3. Dirichlet problem for an infinite circular sector with angle �=3.

of the Green’s function on the boundary fragment ' D 0, we place a compensatory
unit sink at F.%; 2� �  /, while another unit sink is required at B.%; 2�=3 �  / in
order to satisfy the Dirichlet condition on ' D �=3. To compensate the trace of the
latter sink on the boundary fragment ' D 0, a unit source is required at E.%; 4�=3C
 /. The trace of the latter source is compensated on ' D �=3 with the unit sink at
D.%; 4�=3 �  /, while the trace of this sink is compensated on ' D 0 with the unit
source placed in C.%; 2�=3C  /.

Thus, the regular component R.r; 'I %; / of the Green’s function of the Dirichlet
problem for the circular sector of �=3 can be formed as the aggregate of five compen-
satory sources and sinks located outside �, as illustrated in Figure 2.3.

This implies that the Green’s function itself can ultimately be obtained by adding
the singular component to R.r; 'I %; /. That is,

G.r; 'I %; / D 1

4�
ln

3Y
nD1

r2 � 2r% cos.' � .2n�
3

�  //C %2

r2 � 2r% cos.' � .2.n�1/�
3 C  //C %2

: (2.12)

Contrary to the case of the mixed problem that we covered in Example 2.3, where
the Green’s function was successfully constructed for the infinite sector of �=2, the
method of images fails in the case of a mixed problem on the infinite sector of �=3.
We refer the reader to the next example, for proof of this assertion.
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Example 2.5. We note the failure of the method of images, when applying it to case
of the Green’s function for the Dirichlet–Neumann problem on the infinite sector with
angle �=3. The outline of our procedure is depicted in Figure 2.4.

Figure 2.4. Failure of the method of images for a mixed problem.

Clearly, the Dirichlet condition on ' D 0 is satisfied by placing a unit sink in
F.%; 2� �  /. To allow this sink to satisfy the Neumann condition on ' D �=3, we
also require one at C.%; 2�=3C  /. As to the Neumann condition on ' D �=3, the
unit source in A.%; / must be augmented with the unit source at B.%; 2�=3 �  /,
which, in turn, should be paired with a unit sink placed in E.%; 4�=3C /. The latter
sink must be paired with the unit sink at D.%; 4�=3 �  / for the Neumann condition
to be satisfied on ' D �=3. If we now take a look at the two sinks in C.%; 2�=3C /

and D.%; 4�=3 �  /, we find that they don’t support the Dirichlet condition on the
boundary fragment ' D 0. This indicates the method’s failure for this mixed problem.

We will discuss further examples, extending the range of possible problems, on an
infinite circular sector, for which the method of images turns out to be efficient.

Example 2.6. Consider the case of a Dirichlet problem on the infinite circular sector
with angle �=4, �.r; '/ D ¹0 < r < 1; 0 < ' < �=4º.

The scheme depicted in Figure 2.5, along with the experience gained from the
previous examples, allows the reader to follow the procedure in detail and helps us
obtain the Green’s function for the Dirichlet problem on the circular sector �.r; '/ D
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Figure 2.5. Dirichlet problem on the infinite circular sector �=4.

¹0 < r < 1; 0 < ' < �=4º. We can write it as

G.r; 'I %; / D 1

4�
ln

4Y
nD1

r2 � 2r% cos.' � .n�
2

�  //C %2

r2 � 2r% cos.' � . .n�1/�
2

C  //C %2
: (2.13)

Example 2.7. The Green’s function for the mixed problem on the infinite sector with
angle �=4 can also be obtained using the method of images. To justify this asser-
tion, consider the statement with Dirichlet and Neumann conditions imposed on the
boundary segments ' D 0 and ' D �=4, respectively.

In order to outline the procedure for the method of images, we examine the scheme
shown in Figure 2.6. Combining the field generated by eight sources and sinks in
total, that this problem results in, we find the Green’s function that we are looking for
in the compact form

G.r; 'I %; / D 1

4�
ln

2Y
nD1

r2 � 2r% cos.' � . .2n�1/�
2

C  //C %2

r2 � 2r% cos.' � . .2n�1/�
2

�  //C %2

� r2 � 2r% cos.' � .n� �  //C %2

r2 � 2r% cos.' � ..n � 1/� C  //C %2
: (2.14)

Example 2.8. In the Dirichlet problem on the infinite sector with angle �=6, the
method of images results in twelve unit sources and sinks, the aggregate of which
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Figure 2.6. Dirichlet–Neumann problem on the infinite circular sector �=4.

represents the Green’s function of our interest, in the form

G.r; 'I %; / D 1

4�
ln

6Y
nD1

r2 � 2r% cos.' � .n�
3

�  //C %2

r2 � 2r% cos.' � . .n�1/�
3

C  //C %2
: (2.15)

After analyzing the boundary-value problems, discussed so far for an infinite cir-
cular sector, we can come to a certain generalization. The following two examples,
introduce the reader to details.

Example 2.9. Keeping in mind the Green’s function of the Dirichlet problem we
derived earlier, on the infinite sector with angle �=2, presented in (2.10), along with
the one we obtained for the circular sector with angle �=4 (see (2.13)), we make the
following generalization

G.r; 'I %; / D 1

4�
ln

2kY
nD1

r2 � 2r% cos.' � . n�
2k�1 �  //C %2

r2 � 2r% cos.' � . .n�1/�
2k�1 C  //C %2

(2.16)

representing the Green’s function of the Dirichlet problem for the infinite sector with
angle �=2k , where k D 0; 1; 2; : : : .
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It is worth noting that in the case of k D 0, corresponding to the circular sector
with angle � or, in other words, to the upper half-plane y > 0, we get from (2.16)

G.r; 'I %; / D 1

4�
ln
r2 � 2r% cos.' C  /C %2

r2 � 2r% cos.' �  /C %2

which represents Green’s function we derived earlier (see (2.5)), here expressed in
polar coordinates.

Example 2.10. Analysis of (2.12) and (2.15), obtained for the infinite sectors with
the angle of �=3 and �=6, we can find the Green’s function of the Dirichlet problem
for the sector with angle �=.3 � 2k/

G.r; 'I %; / D 1

4�
ln
3�2kY
nD1

r2 � 2r% cos.' � .2n�
3�2k �  //C %2

r2 � 2r% cos.' � .2.n�1/�
3�2k C  //C %2

; (2.17)

where k D 0; 1; 2; : : : . Observe that k D 0 represents the infinite sector with the
angle of �=3, while k D 1 represents the circular sector of �=6, and so on.

Earlier in this section, we gave an example of a problem for which the method of
images may fail when applied to a mixed (Dirichlet–Neumann) boundary-value prob-
lem stated on an infinite sector. Note that the method is not necessarily effective even
for the Dirichlet problem on a circular sector. We illustrate this with the following
example.

Example 2.11. Consider the Dirichlet problem for the infinite circular sector
�.r; '/ D ¹0 < r < 1; 0 < ' < 2�=3º and attempt to construct its Green’s
function.

To show the failure of the method of images in this problem, we refer to the scheme
shown in Figure 2.7. Let the unit source (which produces the singular component
of the Green’s function) be located at A.%; / 2 �. To compensate its trace on the
fragment ' D 0 of the boundary�, place the compensating sink atD.%; 2�� / … �.
The trace of the latter on the boundary fragment ' D 2�=3 is, in turn, cancelled out
by a unit source at C.%; 4�=3C / … �, whose trace on ' D 0 has to be compensated
with a unit sink at B.%; 2�=3 �  /, which is, located inside �. This is what leads to
the failure of the method: compensatory sources and sinks cannot, according to the
definition of the Green’s function, be located inside �.

As we can see from this example the method of images can potentially fail when
attempting to construct the Green’s function for the Dirichlet problem on a circular
sector, allowing cyclic symmetry. To study various other cases where the method fails,
we refer the reader to the Chapter Exercises and encourage to apply the method pro-
cedure to other circular sectors (with for example angles 2�=5 or 2�=7) also allowing
the cyclic symmetry.
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Figure 2.7. Failure of the method of images for a Dirichlet problem.

Based on the experience gained so far, it seems reasonable to suggest that the
method of images turns out to be workable for Dirichlet problems on circular sectors
with the angle of �=k, with k an integer. However, a word of caution is appropri-
ate: what we presented so far, is merely to give a taste of the problem. The reader is
strongly encouraged to find a way to prove it rigorously.

Example 2.12. In the next example of effective application of the method of im-
ages, we turn to the construction of Green’s function for another classical case of the
Dirichlet problem, on the disk with radius a.

We base our strategy for tackling the current problem using the method of images
on an obvious fact, concerning the shape of equipotential lines in the two-dimensional
field generated by a point source or a sink. Since these lines represent concentric
circles centered at the generating point, we can reasonably state the following: for
every location A of the unit source inside the disk, there exists a proper location B of
the compensatory unit sink outside the disk so that the circumference of the disk is an
equipotential line for the field generated by both the source and the sink.

Following the strategy just described, let the disk be centered at the origin of the
polar coordinate system, and let the unit source generating the singular component

� 1

4�
ln
�
r2 � 2r% cos.' �  /C %2

�
(2.18)

of the Green’s function at M.r; '/ be located at A.%; / (see Figure 2.8). Let also
C.a; '/ be an arbitrary point on the circumference of the disk. It is evident that the
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Figure 2.8. To the derivation of the Green’s function for a disk.

point B.e%; /, where the compensatory unit sink

1

4�
ln
�
r2 � 2re% cos.' �  /Ce%2� (2.19)

is located, must be on the extension of the radial line A. In other words, the angular
component of B ,  must be the same as of A. The radial component of B , e% can
be determined from the condition that, when M approaches C (r D a), the sum of
(2.18) and (2.19) becomes a constant, say �. For the sake of convenience, we express
� as

� D � 1

4�
ln
: (2.20)

This yields

1

4�
ln
a2 � 2ae% cos.' �  /Ce%2
a2 � 2a% cos.' �  /C %2

D � 1

4�
ln


or

a2 � 2a% cos.' �  /C %2 D 

�
a2 � 2ae% cos.' �  /Ce%2� :

Making the substitution

e% D !% (2.21)
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we transform the above equation into

a2 � 2a% cos.' �  /C %2 D 

�
a2 � 2a!% cos.' �  /C !2%2

�
: (2.22)

Clearly, equation (2.22) must hold for all values of '� , so, assuming for instance,
' �  D �=2 (which implies cos.' �  / D 0) we can reduce (2.22) to

a2 C %2 D 

�
a2 C !2%2

�
: (2.23)

Subtracting (2.23) from (2.22), we now have

2a% cos.' �  / D 2
a!% cos.' �  /:
This means that 
! D 1. That is, the 
 and ! each others’ reciprocal. Substituting

 D 1=! into (2.23) yields

a2 C %2 D 1

!
a2 C !%2;

which can be rewritten as

a2.! � 1/ D %2!.! � 1/: (2.24)

Hence, ! D 1 is one of the roots of the quadratic equation (2.24). It is evident
that this root is meaningless, because the relation in (2.21) suggests, in this case, that
compensatory point B (see Figure 2.8) is the same as A. The second root ! D a2=%2

of (2.24) implies

e% D a2=% and 
 D %2=a2:

Thus, we found the location where the point B.a2=%;  / should be placed. Such a
point is usually referred to as the image of A about the circumference of the disk. We
also found the value of � in (2.20)

� D � 1

4�
ln
%2

a2
:

To complete the construction of the Green’s function, observe that the unit sink at
B generates the potential field

1

4�
ln

�
a4

%2
� 2r a

2

%
cos.' �  /C r2

�
at a point M.r; '/ inside the disk. Hence, the potential field generated at M.r; '/ by
the unit source at A and the compensatory unit sink at B together, becomes

1

4�
ln
a4 � 2r%a2 cos.' �  /C r2%2

%2
�
r2 � 2r% cos.' �  /C %2

� : (2.25)
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In other words, equation (2.25) presents a function that is harmonic everywhere in-
side the disk with the exception of the source point .%;  /. Additionally, the function
in (2.25) takes on a constant value of � 1

4�
ln.%2=a2/ on the boundary of the disk.

Thus, compensating the (2.25) with the opposite value of � 1
4�

ln.a2=%2/, we ulti-
mately obtain the Green’s function of the Dirichlet problem for the disk of radius a
as

G.r; 'I %; / D 1

4�
ln
a4 � 2r%a2 cos.' �  /C r2%2

%2
�
r2 � 2r% cos.' �  /C %2

� � 1

4�
ln
a2

%2

which evidently reduces to

G.r; 'I %; / D 1

4�
ln
a4 � 2r%a2 cos.' �  /C r2%2

a2
�
r2 � 2r% cos.' �  /C %2

� (2.26)

and can be rewritten as

G.r; 'I %; / D 1

2�
ln

jz
 � a2j
ajz � 
j ;

where we use complex variable notation z D r.cos' C i sin'/ and 
 D %.cos C
i sin / for the observation and the source point.

Note that all the Green’s functions we have constructed so far, are expressed in a
closed analytical form. In a series of examples that follow, we focus on a several
other problems, for which the method of images allows us to obtain Green’s functions
expressed in terms of infinite products.

Example 2.13. We start with one of the classical settings, namely the Dirichlet prob-
lem on the infinite strip �.x; y/ D ¹�1 < x < 1; 0 < y < bº.

The closed analytical form of the Green’s functions for this problem found in (2.63)
and (2.64) of Section 2.3, is well known and available in every standard textbook
[3, 17, 18, 22, 29, 45, 57] on partial differential equations. Later in this chapter, the
reader will learn how it can be constructed by the methods of conformal mapping and
eigenfunction expansion.

In what follows, we will show an alternative to the classical form of this Green’s
function by applying the method of images. To aid in understanding our procedure,
we refer the reader to the scheme depicted in Figure 2.9, where we place a unit source
SC
0 in an arbitrary point A.�; �/ inside �. The field generated by the component SC

0

in a point M.x; y/ represents the fundamental solution

GC
0 .x; yI �; �/ D � 1

2�
ln
q
.x � �/2 C .y � �/2

of the Laplace equation.
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Figure 2.9. Derivation of the Green’s function for the Dirichlet problem.

Clearly, the functionGC
0 .x;yI �;�/ conflicts with the Dirichlet conditions on bound-

ary fragments y D 0 and y D b (it does not vanish). To compensate the traces of
GC
0 .x; yI �; �/ on y D 0 and y D b, we place two unit sinks S�

1;0 and S�
1;b

in the
points B.�;��/ and C.�; 2b��/, which represent the images of .�; �/ about the lines
y D 0 and y D b, respectively. The fields generated by these sinks in .x; y/ evidently
are

G�
1;0.x; yI �;��/ D 1

2�
ln
q
.x � �/2 C .y C �/2

and

G�
1;b.x; yI �; 2b � �/ D 1

2�
ln
q
.x � �/2 C .y � .2b � �//2:

Traces of the functionsG�
1;0.x; yI �;��/ andG�

1;b
.x; yI �; 2b��/ on the boundary

lines y D 0 and y D b can, in turn, be compensated with the unit sources SC
2;0 and

SC
2;b

which are located at D.�;�2b C �/ and E.�; 2b C �/. The combined fields
generated at .x; y/ are given as

GC
2;0.x; yI �;�2b C �/ D � 1

2�
ln
q
.x � �/2 C .y � .�2b C �//2

and

GC
2;b
.x; yI �; 2b C �/ D � 1

2�
ln
q
.x � �/2 C .y � .2b C �//2:

Traces of the functions GC
2;0.x; yI �;�2bC �/ and GC

2;b
.x; yI �; 2bC �/ on y D 0

and y D b can then be cancelled out with unit sinks S�
3;0 and S�

3;b
located at

F.�;�2b � �/ and H.�; 4b � �/, respectively.



70 Chapter 2 The Laplace Equation

Following the described procedure of properly placing compensatory unit sources
alternating with unit sinks, the Green’s function G D G.x; yI �; �/ of interest is ob-
tained in infinite series form

G D GC
0 C

1X
iD1

.G�
2i�1;0 CG�

2i�1;b/C
1X
iD1

.GC
2i;0 CGC

2i;b
/:

Since the terms of this series represent logarithmic functions, the N th partial sum

SN .x; yI �; �/ D GC
0 C

NX
iD1

.G�
2i�1;0 CG�

2i�1;b/C
NX
iD1

.GC
2i;0 CGC

2i;b
/

can be written as the single logarithm

SN .x; yI �; �/ D 1

2�
ln

NY
nD�N

s
.x � �/2 C .y C � � 2nb/2
.x � �/2 C .y � �C 2nb/2

:

After taking a limit as N approaches infinity, in the above expression

G.x; yI �; �/ D 1

2�
ln

1Y
nD�1

s
.x � �/2 C .y C � � 2nb/2
.x � �/2 C .y � �C 2nb/2

(2.27)

we finally obtain the infinite product representation of the Green’s function for the
Dirichlet problem on an infinite strip of width b.

Example 2.14. We now turn to another classical case, namely a mixed problem for
the Laplace equation on the infinite strip � D ¹�1 < x < 1; 0 < y < bº, with
the Dirichlet condition imposed on y D 0 and the Neumann condition imposed on
y D b. Later in the Chapter Exercises, the reader ist advised to construct a closed
analytical expression for this Green’s function.

Figure 2.10 illustrates the procedure of the methods of images, applied in a way
similar to the one described earlier for the Dirichlet problem.

An alternative formula for the Green’s function for the Dirichlet–Neumann problem
(2.11) can be obtained as the aggregate field generated by an infinite sum of properly
spaced unit sources and sinks. Their locations are chosen in accordance with the
following pattern.

To compensate the trace of the fundamental solution GC
0 .x; yI �; �/ on the bound-

ary line y D 0, a unit sink S�
1;0 is placed in the point B.�;��/, which generates a

field at M.x; y/ given by

G�
1;0.x; yI �;��/ D 1

2�
ln
q
.x � �/2 C .y C �/2
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Figure 2.10. Derivation of the Green’s function for the mixed problem.

The Neumann condition on y D b, can be satisfied by placing a unit source SC
1;b

in
point C.�; 2b � �/: This yields

GC
1;b
.x; yI �; 2b � �/ D � 1

2�
ln
q
.x � �/2 C .y � .2b � �//2:

The trace of the function GC
1;b
.x; yI �; 2b � �/ on the boundary line y D 0 can, in

turn, be compensated by a unit sink S�
2;0 placed in D.�;�2b C �/, which generates a

field at .x; y/

G�
2;0.x; yI �;�2b C �/ D 1

2�
ln
q
.x � �/2 C .y � .�2b C �//2

while the Neumann condition on y D b can be satisfied by a unit sink S�
2;b

located at
E.�; 2b C �/, which at .x; y/ generates the field

G�
2;b.x; yI �; 2b C �/ D 1

2�
ln
q
.x � �/2 C .y � .2b C �//2:

The trace of the function G�
2;b
.x; yI �; 2b C �/ on y D 0 can, in turn, be compen-

sated by a unit source SC
3;0 placed in F.�;�2b � �/, which generates the field

GC
3;0.x; yI �;�2b � �/ D � 1

2�
ln
q
.x � �/2 C .y C .2b C �//2

while the Neumann condition on y D b can be satisfied by placing a unit sink S�
3;b

in
H.�; 4b � �/, which at .x; y/ generates the field

G�
3;b.x; yI �; 4b � �/ D 1

2�
ln
q
.x � �/2 C .y � .4b � �//2:
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Continuing this process and following the approach described in Example 2.13, the
sought-after Green’s function is finally obtained in the following infinite product form

G.x; yI �; �/ D 1

2�
ln

1Y
nD�1

s
.x � �/2 C .y C �C 4nb/2

.x � �/2 C .y � �C 4nb/2

�
s
.x � �/2 C Œy � �C 2.2nC 1/b	2

.x � �/2 C Œy C �C 2.2nC 1/b	2
(2.28)

which is an alternative to the classical analytical form exhibited earlier in (2.11).

We will now apply the technique based on the method of images to obtain infinite
product representations of the Green’s functions of other classical boundary-value
problems.

Example 2.15. Consider the Dirichlet problem on the semi-infinite strip� D ¹.x; y/j
0 < x < 1; 0 < y < bº. A closed analytical form of its Green’s function (see (2.67)
and (2.68) in Section 2.3) can be found in most canonical sources. For example, in
[45], it was obtained with a modified version of the method of eigenfunction expan-
sion.

In the following, we will derive an alternative infinite product form of the Green’s
function for our current problem with the aid of the method of images. To sketch its
procedure in a way similar to that described earlier in detail in Examples 2.13 and
2.14, we refer the reader to follow the scheme depicted in Figure 2.11.

The potential field generated by a unit source acting at an arbitrary point A.�; �/ in
� can be compensated on the edges y D 0 and y D b with unit sources and sinks

Figure 2.11. Derivation of an alternative form of the Green’s function.
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placed in the regular set of pointsB.�;��/, C.�; 2b��/,D.�;�2bC�/,E.�; 2bC�/,
F.�;�2b � �/, H.�; 4b � �/ etc., located outside of�. In other words, these sources
and sinks allow us to satisfy the homogeneous Dirichlet boundary conditions imposed
on the edges y D 0 and y D bof �.

As to the boundary condition imposed on x D 0, the influence of the sources and
sinks acting atA;B;C;D;E; F;H etc. can, in turn, be compensated on that boundary
line with unit sources and sinks, if we place them in another set of points K.��; �/,
L.��;��/, N.��; 2b � �/, P.��;�2b C �/, R.��; 2b C �/, S.��;�2b � �/,
T .��; 4b � �/ etc., located outside of �. It is evident that the latter sources and
sinks do not conflict with the boundary conditions on y D 0 and y D b.

Thus, upon combining the influence of all canceling sources and sinks shown in
Figure 2.11, one arrives at a form of the Green’s function of the Dirichlet problem for
the semi-infinite strip � D ¹.x; y/j0 < x < 1; 0 < y < bº, alternative to (2.68),
expressed in the infinite product representation

G.x; yI �; �/ D 1

2�
ln

1Y
nD�1

s
.x � �/2 C .y C � � 2nb/2
.x � �/2 C .y � �C 2nb/2

�
s
.x C �/2 C .y � �C 2nb/2

.x C �/2 C .y C � � 2nb/2 : (2.29)

Example 2.16. As another example for the semi-infinite strip� D ¹0 < x < 1; 0 <

y < bº, we consider a mixed boundary value problem: let Dirichlet conditions be
imposed on the boundary fragments y D 0 and y D b, whilst the Neumann condition
is imposed on x D 0.

The compact formula

G.x; yI �; �/ D 1

2�
ln

s
1 � 2e!.xC�/ cos!.y C �/C e2!.xC�/
1 � 2e!.x��/ cos!.y � �/C e2!.x��/ (2.30)

�
s
1 � 2e!.x��/ cos!.y C �/C e2!.x��/
1 � 2e!.xC�/ cos!.y � �/C e2!.xC�/ ; ! D �

b
;

of the Green’s function for our problem is described in [45], for example. An al-
ternative formula to (2.30) can be derived with the aid of the procedure outlined in
Figure 2.12.

As the previous example suggests, the traces of the fundamental solution (the field
generated by the unit source acting at an arbitrary point A.�; �/ in �) on the edges
y D 0 and y D b are compensated with unit sources and sinks, placed in B.�;��/,
C.�; 2b � �/, D.�;�2b C �/, E.�; 2b C �/, F.�;�2b � �/, H.�; 4b � �/, etc., the
set of points exterior to �.

To satisfy the Neumann condition for x D 0, the influence of the sources and sinks
in A;B;C;D;E; F;H etc. can be compensated for, similar to the Dirichlet problem,
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Figure 2.12. Derivation of an alternative formula for (2.30).

with unit sources and sinks atK.��; �/, L.��;��/,N.��; 2b��/, P.��;�2bC�/,
R.��; 2b C �/, S.��;�2b � �/, T .��; 4b � �/, etc., the set of points exterior to �.
The order of sources and sinks is, however, different from the one suggested earlier
for the Dirichlet problem.

Following the method of images, we arrives at the infinite-product-containing for-
mula

G.x; yI �; �/ D 1

2�
ln

1Y
nD�1

s
.x � �/2 C .y C � � 2nb/2
.x � �/2 C .y � �C 2nb/2

�
s
.x C �/2 C .y C � � 2nb/2
.x C �/2 C .y � �C 2nb/2

(2.31)

of the Green’s function for this mixed problem.

2.2 Conformal Mapping

Another method which has traditionally been employed for the construction of Green’s
functions for the two-dimensional Laplace equation, is the method of conformal map-
ping [15, 37, 66]. It is rooted into the classical topic of complex analysis. To gain
an insight into its background, let w.z; 
/ represent a function of a complex variable
mapping conformally a simply-connected region �, bounded by L, on the interior of
a unit disk jwj � 1, while the point z D 
 maps onto the center w D 0 of the disk,
that is w.
; 
/ D 0.

It is worth noting that conformal mapping of a simply-connected region onto a disk
is not unique. Indeed, it is defined up to an arbitrary rotation around the disk’s center.
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As can be learned from complex analysis [15, 37], the Green’s function to the
Dirichlet problem

r2u.P / D 0; P 2 �; (2.32)

u.P / D 0; P 2 L; (2.33)

can be expressed in terms of the mapping function w.z; 
/ as

G.P;Q/ D � 1

2�
ln jw.z; 
/j (2.34)

with z D x C iy the observation point P , whilst 
 D � C i� is the source point Q.
This statement can be readily justified: we observe that since the function w D

w.z; 
/ performs conformal mapping of �, it is an analytic function of z of � and
w.z; 
/ ¤ 0 if z ¤ 
, whilst dw

dz
¤ 0 uniformly on �, with z D 
 included.

Consequently, z D 
 is a simple pole for w.z; 
/. Hence, we can express the latter in
the formula

w.z; 
/ D .z � 
/ˆ.z; 
/ (2.35)

with ˆ.z; 
/ representing an analytic function of z of �, which is nonzero as z D 
,
that is ˆ.
; 
/ ¤ 0.

Since an analytic function of an analytic function is also analytic, we can state that
the function

lnˆ.z; 
/ D ln jˆ.z; 
/j C i argˆ.z; 
/ (2.36)

is an analytic function of �. Hence, the real component ln jˆ.z; 
/j in (2.36) repre-
sents a harmonic function of � and so, obviously, is

� 1

2�
ln jˆ.z; 
/j:

Hence, in light of the relation in (2.35), the function in (2.34) becomes

� 1

2�
ln jw.z; 
/j D � 1

2�
ln jz � 
j � 1

2�
ln jˆ.z; 
/j

which can be rewritten in the formula

� 1

2�
ln jw.z; 
/j D � 1

2�
ln
q
.x � �/2 C .y � �/2 � 1

2�
ln jˆ.z; 
/j:

We leave it as an easy exercise to the reader to show that the component

� 1

2�
ln
q
.x � �/2 C .y � �/2
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is a harmonic function of x and y almost everywhere on �. More specific, it is
harmonic at every point .x; y/ 2 �, except at .x; y/ D .�; �/. This implies that the
function in (2.34), as a function of x and y, is also harmonic everywhere in�, except
at .x; y/ D .�; �/.

We have shown that the function in (2.34) meets two of the three defining properties
of a Green’s function: it is harmonic everywhere in � , except at .x; y/ D .�; �/

and contains a logarithmic singularity for .x; y/ ! .�; �/. But what about the third
defining property? Does the function in (2.34) vanish on the boundary L of �? The
answer is yes, because from the fact that w.z; 
/ maps L onto the circumference of
the unit disk, it follows that

jw.z; 
/j D 1 for z 2 L;

which leads us to

� 1

2�
ln jw.z; 
/j D 0 for z 2 L:

Thus, equation (2.34) does indeed represent the Green’s function to the Dirichlet
problem described by (2.32) and (2.33).

In the following, the reader will finds several examples of the construction of
Green’s functions by the method of conformal mapping.

Example 2.17. Let us apply the method to the Dirichlet problem defined on the unit
disk jzj � 1.

The family of functionsw.z; 
/ that maps the unit disk onto itself conformally, with
the point z D 
 being mapped onto the disk’s center, is defined [15, 37] as

w.z; 
/ D eiˇ � z � 

z
 � 1;

where ˇ is a real parameter characterizing the rotation of the disk around its center.
For the sake of uniqueness, we neglect the rotation by assuming ˇ D 0.

In compliance with (2.34), we arrive at the following expression

G.z; 
/ D � 1

2�
ln

ˇ̌̌̌
z � 

z
 � 1

ˇ̌̌̌
D 1

2�
ln

ˇ̌̌̌
ˇz
 � 1
z � 


ˇ̌̌̌
ˇ (2.37)

for our Green’s function.
Expressing the observation point z, and the source point 
 in polar coordinates

z D r.cos' C i sin'/ and 
 D %.cos C i sin /
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we can transform the numerator in the argument of the logarithm in (2.37) to

z
 � 1 D r.cos' C i sin'/%.cos � i sin / � 1
D r%Œ.cos' cos C sin' sin /C i.cos' cos C sin' sin /	 � 1
D Œr% cos.' �  / � 1	C ir% sin.' �  /;

the modulus of which is

jz
 � 1j D
q
.r% cos.' �  / � 1/2 C .r% sin.' �  //2

D
q
r2%2 � 2r% cos.' �  /C 1: (2.38)

The denominator in the argument of the logarithm in (2.37) represents the distance
between z and 
, which is

jz � 
j D
q
r2 � 2r% cos.' �  /C %2: (2.39)

Finally, after substituting (2.38) and (2.39) into (2.37), we obtain the Green’s func-
tion for the Dirichlet problem on the unit disk

G.r; 'I %; / D 1

4�
ln
r2%2 � 2r% cos.' �  /C 1

r2 � 2r% cos.' �  /C %2
: (2.40)

This may be compared to the one derived earlier, in Section 2.1 (see equation (2.26),
with the radius a set to unity).

Example 2.18. We revisit one of the classical problems and will use the conformal
mapping method to construct the Green’s function of the Dirichlet problem on the
infinite strip � D ¹�1 < x < 1; 0 � y � �º.

From complex variable theory [15, 37], we learn that the family of functions

w.z; 
/ D eiˇ
ez � e�

ez � e�
(2.41)

maps the infinite strip � onto the unit disk conformally jwj � 1, whilst the point
z D 
 is mapped onto the disk’s center w D 0. For the sake of uniqueness, assume
the rotation parameter to be ˇ D 0:

Before substituting this mapping function into (2.34), express the observation point
and the source point in Cartesian coordinates

z D x C iy and 
 D � C i�

and transform the modulus of the numerator in (2.41) by means of the classical Euler
formula

jez � e� j D
q

Re2.ez � e� /C Im2.ez � e� /;
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where

Re.ez � e� / D ex cos y � e� cos �

and

Im.ez � e� / D ex siny � e� sin �:

After some trivial steps of complex algebra we obtain

jez � e� j D
q

e2x C e2� � 2e.xC�/ cos.y � �/

D e� �
q
1 � 2e.x��/ cos.y � �/C e2.x��/:

The modulus of the denominator in (2.41) similarly transforms to

jez � e� j D e� �
q
1 � 2e.x��/ cos.y C �/C e2.x��/:

This yields the Green’s function for our problem, namely

G.x; yI �; �/ D 1

4�
ln
1 � 2e.x��/ cos.y C �/C e2.x��/

1 � 2e.x��/ cos.y � �/C e2.x��/ : (2.42)

An equivalent but more compact form of this Green’s function can be obtained by
multiplying both the numerator and the denominator in (2.42) with e.��x/ yielding

G.x; yI �; �/ D 1

4�
ln

e.x��/ C e.��x/ � 2 cos.y C �/

e.x��/ C e.��x/ � 2 cos.y � �/
which, after dividing both the numerator and the denominator of the argument of the
logarithm by 2, transforms to

G.x; yI �; �/ D 1

4�
ln

cosh.x � �/ � cos.y C �/

cosh.x � �/ � cos.y � �/ : (2.43)

Example 2.19. The half-plane � D ¹�1 < x < 1; y � 0º is mapped conformally
onto the unit disk (with point z D 
 mapped onto the disk’s center, w D 0) by a
family of functions, one of which is [15, 37]

w.z; 
/ D z � 

z � 
 :

Thus, the Green’s function for the Dirichlet problem for the Laplace equation on
the half-plane is given by

G.z; 
/ D 1

2�
ln

ˇ̌̌̌
z � 

z � 


ˇ̌̌̌



Section 2.2 Conformal Mapping 79

which, in Cartesian coordinates, is

G.x; yI �; �/ D 1

4�
ln
.x � �/2 C .y C �/2

.x � �/2 C .y � �/2 (2.44)

whereas in polar coordinates it is

G.r; 'I %; / D 1

4�
ln
r2 � 2r% cos.' C  /C %2

r2 � 2r% cos.' �  /C %2
: (2.45)

Note that, in the previous section, we obtained the two above representations by the
method of images.

Furthermore, note that in the examples considered so far in this section, conformal
mapping of a given region onto the interior of a unit disk is performed by an elemen-
tary function. The next example is different; we aim to find the Green’s function of
the Dirichlet problem for a rectangle. However, conformal mapping of a rectangle
onto a unit disk cannot be accomplished with an elementary function [15, 37, 66].

Example 2.20. As can be read in [66], the rectangle � D ¹0 � x � a; 0 � y � bº
maps conformally onto the unit disk (with a point z D 
 mapped onto the disk’s center
w D 0) by the function

w.z; 
/ D W.z � 
I!1; !2/ �W.z C 
I!1; !2/
W.z � 
I!1; !2/ �W.z C 
I!1; !2/

defined in terms of a special function W.t I!1; !2/ which is referred to [66] as the
Weierstrass elliptic function. The parameters !1 and !2 in W.t I!1; !2/ are deter-
mined from the dimensions of the rectangle as !1 D 2a and !2 D 2ib. Standard
subroutines aiming at computing the Weierstrass function are not available in con-
temporary software, although this drawback can potentially be eliminated upon using,
say, its series representation [66]

W.t I!1; !2/ D 1

t2
C

1X
m;nD0

�
1

.t � 2m!1 � 2n!2/2 � 1

.2m!1 C 2n!2/2

�
;

where the summation indices m and n are not allowed to take simultaneous zero val-
ues.

Thus, the Green’s function for the Dirichlet problem on the rectangle� is expressed
in terms of the Weierstrass function as

G.z; 
/ D 1

2�
ln

ˇ̌̌̌
W.z � 
I 2a; 2ib/ �W.z C 
I 2a; 2ib/
W.z � 
I 2a; 2ib/ �W.z C 
I 2a; 2ib/

ˇ̌̌̌
: (2.46)
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In the next section, we will employ a method for the construction of Green’s func-
tions for the Laplace equation different from the two covered so far. We will consider
an extensive list of boundary-value problems for a number of regions. Among others,
we will revisit the Dirichlet problem on a rectangle. The reason for this is that the ex-
pression for G.z; 
/ in (2.46) is inconvenient for computer implementations, because
subroutines for calculating the Weierstrass function are not included in standard com-
puter software. Hence, in the following, we will derive a few more easily computable
alternatives to (2.46) by using the method of eigenfunction expansion.

2.3 Method of Eigenfunction Expansion

In the remaining part of this chapter, we concentrate on giving the reader a compre-
hensive review of another method, which turns out to be extremely productive in the
construction of Green’s functions for boundary-value problems for many partial dif-
ferential equations, namely the method of eigenfunction expansion, representing one
of the most efficient and generally recommended methods in the field.

In particular, our review of the method of eigenfunction expansion aims at pro-
moting constructive research in the derivation of different representations of Green’s
functions for applied partial differential equations.

2.3.1 Corollary of Green’s Formula

Earlier in Chapter 2, the reader was familiarized with two standard methods, tradi-
tionally employed to construct of Green’s functions for the two-dimensional Laplace
equation. These are the method of images and the conformal mapping method. Chap-
ter 1 dealt with ordinary differential equations and gave a background for the cur-
rent chapter, where again the focus will be on partial differential equations. Another
standard approach to the construction of Green’s functions for the two-dimensional
Laplace equation will be discussed herein. The method of eigenfunction expansion
[29, 66] turns out to be workable for a quite broad class of problem settings.

The approach is based on a corollary of Green’s second formula [3, 66], according
to which the solution u.P / of the well-posed boundary-value problem

r2u.P / D �f .P /; P 2 �; (2.47)

BŒu.P /	 D 0; P 2 L; (2.48)

for the (inhomogeneous) Poisson equation can be expressed in terms of the Green’s
function G.P;Q/ for the corresponding homogeneous problem (the Laplace equa-
tion) as

u.P / D
“
�

G.P;Q/f .Q/d�.Q/: (2.49)
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Hence, we aim at finding a solution to the problem, stated in equations (2.47) and
(2.48). An important feature of this approach is that our major concern is not to
simply obtain the solution by any means and in any form. Rather, we are required to
be more specific in the selection of a way to tackle the problem. That is, the objective
of our approach is to express the solution in the integral form of (2.49), the kernel
of which does in fact represent the Green’s function of the homogeneous boundary-
value problem corresponding to (2.47) and (2.48). An algorithm for the method of
eigenfunction expansion turns out to be effective in achieving the objective.

2.3.2 Cartesian Coordinates

In the following, details of the approach based on the method of eigenfunction ex-
pansion, as well es its specific features are clarified and explained whilst passing
through a series of illustrating examples, where we tackle problems stated in Carte-
sian coordinates. Later in this chapter we will also consider a number of problem
settings stated in polar coordinates. Later in this section, we will focus on the con-
struction of Green’s functions for several “exotic” boundary-value problems for the
two-dimensional Laplace equation on surfaces of revolution.

Example 2.21. Recollect the construction of the Green’s function of the Dirichlet
problem for the Laplace equation on the infinite strip � D ¹�1 < x < 1;

0 < y < bº, as treated earlier in this chapter.
In equations (2.27) and (2.43), we find two different formulas for this Green’s func-

tion, which have been obtained by the method of images and by conformal mapping.
The current example presents an alternative derivation using the method of eigenfunc-
tion expansion.

To lay the basis for our approach to the construction of Green’s functions, we con-
sider the boundary-value problem

@2u.x; y/

@x2
C @2u.x; y/

@y2
D �f .x; y/; .x; y/ 2 �; (2.50)

u.x; 0/ D u.x; b/ D 0; (2.51)

where u.x; y/ is required to be bounded as x approaches negative and positive infinity,
whilst f .x; y/ is supposed to be integrable on �, implying, in other words, that the
improper integral “

�

f .x; y/d�.x; y/

is convergent.
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We represent the solution u.x; y/ of the problem described by (2.50) and (2.51) as
a Fourier sine-series

u.x; y/ D
1X
nD1

un.x/ sin �y; (2.52)

where � D n�=b, with n D 1; 2; 3; : : : . We now expand the right-hand side function
f .x; y/ in (2.50) into a Fourier sine-series

f .x; y/ D
1X
nD1

fn.x/ sin �y: (2.53)

Once we substitute the expansions (2.52) and (2.53) into (2.50), we obtain

1X
nD1

�
d2un.x/

dx2
� �2un.x/

�
sin �y D �

1X
nD1

fn.x/ sin �y:

Equating the coefficients of the two series in the above relation yields the ordinary
differential equation

d 2un.x/

dx2
� �2un.x/ D �fn.x/; �1 < x < 1; (2.54)

for the coefficients un.x/ of the series in (2.52). Clearly, the boundedness conditions

lim
x!�1 jun.x/j < 1; lim

x!1 jun.x/j < 1 (2.55)

must be imposed on un.x/ to make the problem described by (2.54) and (2.55) well-
posed.

To construct the Green’s function of the above boundary-value problem, we may
choose either the approach employing its defining properties, or the one based on the
method of variation of parameters. We take the latter procedure, which was described
in detail in Chapter 1. That is, we express the general solution to (2.54) as

un.x/ D C1.x/e�x C C2.x/e��x (2.56)

which yields the well-posed system of linear algebraic equations�
e�x e��x
�e�x ��e��x

��
C 0
1.x/

C 0
2.x/

�
D
�

0

�f .x/
�

in C 0
1.x/ and C 0

2.x/. The solution to this system is

C 0
1.x/ D � 1

2�
e��xfn.x/; C 0

2.x/ D 1

2�
e�xfn.x/:
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We find expressions for C1.x/ and C2.x/

C1.x/ D � 1

2�

Z x

�1
e���fn.�/d� CD1

and

C2.x/ D 1

2�

Z x

�1
e��fn.�/d� CD2

after performing integration. Substituting these into (2.56) we obtain

un.x/ D e��x
�
1

2�

Z x

�1
e��fn.�/d� CD2

�
� e�x

�
1

2�

Z x

�1
e���fn.�/d� CD1

�
: (2.57)

The first boundedness condition in (2.55) requires the factor of e��x in (2.57) to be
zero as x approaches negative infinity, which yields D2 D 0: The second condition
in (2.55), in turn, implies that the factor of e�x must be zero as x approaches infinity.
This yields

D1 D � 1

2�

Z 1

�1
e���fn.�/d�:

After substitution of D1 and D2 into (2.57), the solution of the boundary-value
problem described by (2.54) and (2.55) appears as

un.x/ D
Z 1

�1
1

2�
e�.x��/fn.�/d� C

Z x

�1
1

2�
Œe�.��x/ � e�.x��/	fn.�/d�

which reads as a single integral

un.x/ D
Z 1

�1
gn.x; �/fn.�/d� (2.58)

with a kernel written

gn.x; �/ D 1

2�
e��jx��j; �1 < x; � < 1:

Hence, the above represents the Green’s function of the homogeneous boundary-value
problem corresponding to that in (2.54) and (2.55).

With the aid of the Euler–Fourier formula, the coefficient fn.�/ in the series of
(2.53) is expressed through the right-hand side function of the equation in (2.50) as

fn.�/ D 2

b

Z b

0

f .�; �/ sin ��d�:
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After substituting this into (2.58) and subsequent substitution of un.x/ in (2.52),
we obtain the solution of the problem described by (2.50) and (2.51):

u.x; y/ D
Z b

0

Z 1

�1
1

�

1X
nD1

e��jx��j
n

sin �y sin ��f .�; �/d�d� (2.59)

which suggests that, in view of (2.49), the kernel

G.x; yI �; �/ D 1

�

1X
nD1

e��jx��j
n

sin �y sin �� (2.60)

of the integral representation from (2.59) represents the Green’s function for the ho-
mogeneous boundary-value problem described by (2.50) and (2.51).

The series in (2.60) is non-uniformly convergent. In fact, due to the logarithmic
singularity, it diverges when the observation point .x; y/ coincides with the source
point .�; �/. This makes the above series form of the Green’s function somewhat
inconvenient for numerical implementation. However, we can radically improve the
situation, because the series is in fact summable. To sum it up, we transform (2.60)
into

G.x; yI �; �/ D 1

2�

1X
nD1

e��jx��j
n

Œcos �.y � �/ � cos �.y C �/	 (2.61)

D 1

2�

" 1X
nD1

e��jx��j
n

cos �.y � �/ �
1X
nD1

e��jx��j
n

cos �.y C �/

#
and recall the classical [1, 27, 37, 66] summation formula

1X
nD1

rn

n
cosn# D �1

2
ln.1 � 2r cos# C r2/ (2.62)

that holds for r < 1 and 0 � # < 2� .
It is evident that the series in (2.61) are isomorphic to that in (2.62), and the con-

straints on p and # are met. Indeed, it is clear that

e��jx��j < 1

and

0 � !.y � �/ < 2� and 0 � !.y C �/ < 2�:

Hence, the series in (2.61) are entirely summable, which yields the analytical rep-
resentation

G.x; yI �; �/ D 1

4�
ln
1 � 2e!.x��/ cos!.y C �/C e2!.x��/

1 � 2e!.x��/ cos!.y � �/C e2!.x��/ (2.63)
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for the Green’s function to the homogeneous boundary-value problem corresponding
to (2.50) and (2.51). Here ! D �=b.

Here, we refer the reader back to equation (2.42), which was obtained (by the
method of conformal mapping) as the Green’s function for the Dirichlet problem on
the infinite strip� D ¹�1 < x < 1; 0 < y < �º of width � . Clearly, if we assume
b D � (implying ! D 1), then the expression in (2.63) reduces to that of (2.42).

Note that, similar to the conversion (2.42) into (2.43) that we made in Section 2.2,
the expression in (2.63) converts to the more compact formula

G.x; yI �; �/ D 1

4�
ln

cosh!.x � �/ � cos!.y C �/

cosh!.x � �/ � cos!.y � �/ : (2.64)

The equivalence of (2.63) and (2.64) can be verified by multiplying both the numerator
and denominator in (2.63) by e!.��x/, and subsequent use of the Euler formula for
the hyperbolic cosine function.

We can find another compact version of the Green’s function shown in (2.63): upon
introducing complex variable notation

z D x C iy and 
 D � C i�

for the observation point .x; y/ and the source point .�; �/, and recalling the Euler
formula

ez D ex.cos y C i siny/

for the complex exponent, equation (2.63) coverts to the following compact formula

G.x; yI �; �/ D 1

2�
ln

j1 � e!.z��/j
j1 � e!.z��/j ; (2.65)

where the bar on 
 means the complex conjugate.

Example 2.22. Let us turn to another classical setting and construct the Green’s func-
tion for the Dirichlet problem

u.x; 0/ D u.x; b/ D u.0; y/ D 0 (2.66)

for the Laplace equation on the semi-infinite strip � D ¹0 < x < 1; 0 < y < bº:
Following through with our technique, we will consider the boundary-value prob-

lem described by (2.50) and (2.66) on�, with the additional requirement that u.x; y/
stays bounded as x approaches infinity. The right-hand side function f .x; y/ in (2.50)
is presumed to be integrable on �:
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Similarly to the development in Example 2.21, we expand u.x; y/ and f .x; y/ in
Fourier series of (2.52) and (2.53). This yields the boundary-value problem

d2un.x/

dx2
� �2un.x/ D �fn.x/; 0 < x < 1; � D n�=b;

un.0/ D 0; lim
x!1 jun.x/j < 1

for the coefficients un.x/ of the series in (2.52).
The Green’s function gn.x; �/ for the above problem can be obtained by following

the recommendations in Chapter 1. Using our current notation, we write it down as

gn.x; �/ D 1

2�
Œe��jx��j � e��.xC�/	; for 0 � x; � � 1:

Analogous to Example 2.21, we finally obtain a series expansion of the Green’s
function for the homogeneous boundary-value problem corresponding to that in (2.50)
and (2.66)

G.x; yI �; �/ D 2

b

1X
nD1

gn.x; �/ sin �y sin ��;

and after employing the summation formula from (2.62), the above representation
transforms into closed analytical form

G.x; yI �; �/ D 1

2�
ln

j1 � e!.z��/jj1 � e!.zC�/j
j1 � e!.z��/jj1 � e!.zC�/j (2.67)

with ! D �=b. It can be easily verified that the above expression is equivalent with

G.x; yI �; �/ D 1

4�
ln

�
cosh!.x C �/ � cos!.y � �/
cosh!.x � �/ � cos!.y � �/
� cosh!.x � �/ � cos!.y C �/

cosh!.x C �/ � cos!.y C �/

�
; (2.68)

which is generally presented in the literature [57] as the Green’s function of the
Dirichlet problem on the semi-infinite strip.

Up to this point in our development, we used the method of eigenfunction expan-
sion as an alternative approach to the construction of those Green’s functions which
could also be obtained with other methods. In the example that follows we will instead
consider a mixed boundary-value problem, for which the method of eigenfunction ex-
pansion probably represents the only way to obtain its Green’s function.
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Example 2.23. Construct the Green’s function for the boundary-value problem

@u.0; y/

@x
� ˇu.0; y/ D 0; u.x; 0/ D u.x; b/ D 0; ˇ � 0; (2.69)

for the Laplace equation on the semi-infinite strip � D ¹0 < x < 1; 0 < y < bº.
To do so we consider, following our approach, the Poisson equation

@2u.x; y/

@x2
C @2u.x; y/

@y2
D �f .x; y/; .x; y/ 2 �; (2.70)

subject to the conditions in (2.69).
By virtue of the Fourier sine-series expansions

u.x; y/ D
1X
nD1

un.x/ sin �y; � D n�

b
;

and

f .x; y/ D
1X
nD1

fn.x/ sin �y

we obtain the boundary-value problem

d2un.x/

dx2
� �2un.x/ D �fn.x/; 0 < x < 1;

dun.0/

dx
� ˇun.0/ D 0; lim

x!1;
jun.x/j < 1

for the coefficients un.x/ of the above series expansion of u.x; y/.
Following the procedure of the method of variation of parameters (as described

earlier in Chapter 1), the Green’s function gn.x; �/ for the above problem is

gn.x; �/ D 1

2�
Œe��jx��j C ˇ�e��.xC�/	; for 0 � x; � � 1; (2.71)

where the parameter ˇ� is defined as .� � ˇ/=.� C ˇ/.
The solution of the mixed boundary-value problem described by (2.69) and (2.70)

is obtained from (2.71), in terms of gn.x; �/ as

u.x; y/ D
Z b

0

Z 1

0

2

b

1X
nD1

gn.x; �/ sin �y sin ��f .�; �/d�d�: (2.72)

This implies that the kernel of the integral in (2.72)

G.x; yI �; �/ D 2

b

1X
nD1

gn.x; �/ sin �y sin �� (2.73)
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represents the Green’s function of the mixed boundary-value problem described by
(2.70) for the Laplace equation.

Hence, the problem stated in this example is formally solved; we obtained the
sought-after Green’s function. However, a question about the computability of (2.73)
remains open: is it conducive to direct computer evaluation? The answer to this ques-
tion is negative. In contrast to closed analytical forms, like those obtained earlier in
Examples 2.21 and 2.22, equation (2.73) is not suitable for immediate computer im-
plementation, because the series in equation (2.73) does not (and cannot) converge
uniformly. We have already touched upon this phenomenon earlier in this book:
any series-only representation of a Green’s function for the two-dimensional Laplace
equation cannot uniformly converge due to the presence of the logarithmic singularity
in the Green’s function.

To give the reader a sense of the level of accuracy attainable by the series expansion
of the Green’s function in (2.73), Figure 2.13 exhibits profiles of G.x; yI �; �/ for dif-
ferent (10th, 25th and 100th) partial sums of the series, using parameter values b D 1,
ˇ D 0:5 The source point was fixed at (0:1; 0:5) and the profile of G.x; 0:3I 0:1; 0:5/
was depicted in the vicinity of the source point [0; 0:4].

From Figure 2.13, we might conclude that, although increasing order of the partial
sum provides a reasonable improvement, the approximation in the immediate vicinity
of the source point still remains quite bad. In other words, any attempt to approximate
the Green’s function with a partial sum of (2.73) is ineffective, at least in the vicinity
of the source point .�; �/.

With the enhancement of the practicality of equation (2.73) in mind, we turn back
to the cases that we covered earlier in Examples 2.21 and 2.22, where we managed to
successfully sum series expansions of Green’s functions (observe, for example, how

100
1.2

1

0.8

0.6G

x

0.4

0.2

0.1 0.2 0.3 0.40

25

10

Figure 2.13. Profiles of different partial sums of the series in (2.73).
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the series in (2.60) converges to the closed analytical form in (2.63)). Contrary to
those cases, the series in (2.73) cannot be summed.

Hence, since truncation of the series does not work, we require extra effort to find
a way to enhance its computability or, in other words, to improve its convergence.
One possible way of doing this was proposed in [43]. The idea behind it is to split
the expression for gn.x; �/ in (2.71) into two parts, one of which contains the com-
ponents responsible for the singularity and allows a complete summation of the series
in (2.73), whilst the other part leads to a uniformly convergent series. In doing so, we
recall the coefficient gn.x; �/ from (2.71)

gn.x; �/ D 1

2�

�
e��jx��j C � � ˇ

� C ˇ
e��.xC�/

�
for 0 < x; � < 1

and write the factor .� � ˇ/=.� C ˇ/ of the exponential function e��.xC�/ as

� � ˇ
� C ˇ

D 1 � 2ˇ

� C ˇ
;

which yields

gn.x; �/ D 1

2�

�
e��jx��j C e��.xC�/ � 2ˇ

� C ˇ
e��.xC�/

�
:

Upon substitution into (2.73), we can rewrite it as

G.x; yI �; �/ D 1

b

1X
nD1

1

�
Œe��jx��j C e��.xC�/	 sin �y sin ��

� 2ˇ

b

1X
nD1

e��.xC�/
�.� C ˇ/

sin �y sin ��; � D n�

b
:

The first of the above two series is summable, which can be accomplished in exactly
same way as in Examples 2.21 and 2.22. The second series does not allow summa-
tion. However, it is uniformly convergent and, since it converges at the relatively high
rate of 1=n2; we may leave it in its current form without significantly impeding the
computability of the whole expression.

Thus, a computer-friendly formula for the Green’s function to the mixed boundary-
value problem described by (2.70) for the Laplace equation on the semi-infinite strip
� D ¹0 < x < 1; 0 < y < bº becomes

G.x; yI �; �/ D 1

2�
ln

j1 � e!.zC�/j j1 � e!.z��/j
j1 � e!.z��/j j1 � e!.zC�/j

� 2ˇ

b

1X
nD1

e��.xC�/
�.� C ˇ/

sin �y sin ��; ! D �

b
: (2.74)
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Notice that if ˇ D 0, then the above expression reduces to a closed analytical form
for the Green’s function

G.x; yI �; �/ D 1

2�
ln

j1 � e!.zC�/j j1 � e!.z��/j
j1 � e!.z��/j j1 � e!.zC�/j

(2.75)

for the boundary-value problem

@u.0; y/

@x
D 0; u.x; 0/ D u.x; b/ D 0

stated for the Laplace equation on the semi-infinite strip � D ¹0 < x < 1;

0 < y < bº.
We turn again to the expression of the Green’s function shown in (2.74). As we

already pointed out, its series component converges at a high rate. To be more specific,
we might estimate its N th remainder as

RN .x; yI �; �/ D
1X

nDNC1

e��.xC�/
�.� C ˇ/

sin �y sin ��: (2.76)

First observe that the exponential and trigonometric factors of the general term in
this series never exceed unity. Furthermore, taking into account that the parameter
ˇ is non-negative (see the constraint in equation (2.70)), we arrive at the following
estimate for the absolute value of RN

jRN .x; yI �; �/j �
1X

nDNC1

1

�.� C ˇ/

�
1X

nDNC1

1

�2
D b2

�2

1X
nDNC1

1

n2
D b2

�2

 1X
nD1

1

n2
�

NX
nD1

1

n2

!
:

We can sum the infinite series in parentheses [3, 27, 37] yielding

jRN .x; yI �; �/j � b2

�2

 
�2

6
�

NX
nD1

1

n2

!
: (2.77)

Three issues might be highlighted with regard to the above inequality. First, it
is quite compact and very simple to use. Second, it brings a uniform estimate and
is, therefore, valid at any point on �. Finally, it follows from the way the above
inequality was derived, that it provides a relatively coarse estimate. The latter issue
makes it advisable to revisit the analysis of the remainder in (2.76). In doing so, let
us set its trigonometric factors to unity and express the parameter � in terms of the
summation index n. This yields

jRN .x; yI �; �/j �
1X

nDNC1

e��.xC�/
�.� C ˇ/

D b2

�2

1X
nDNC1

e��.xC�/
n.nC ˇ0/

;
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where ˇ0 D ˇb=� . In the case of ˇ0 � 1, the above might be improved upon. That
is

jRN .x; yI �; �/j � b2

�2

1X
nDNC1

e��.xC�/
n.nC 1/

D b2

�2

" 1X
nD1

e��.xC�/
n.nC 1/

�
NX
nD1

e��.xC�/
n.nC 1/

#
:

Note that the infinite series in the brackets is summable. Thus, using the standard
summation formula [3, 27, 37]

1X
nD1

pn

n.nC 1/
D 1 � 1 � p

p
ln

1

1 � p ; p2 < 1;

where p D e��.xC�/ and ! D �=b, we arrive at the following estimate for the
remainder in (2.76)

jRN .x; yI �; �/j � b2

�2

"
1C .e!.xC�/ � 1/ ln.1 � e�!.xC�// �

NX
nD1

e��.xC�/
n.nC 1/

#
:

(2.78)

Contrary to (2.77), the estimate in (2.78) is nonuniform: its right-hand side depends
upon the observation and the source point to which the estimate is applied. This makes
it more flexible for practical computation; it allows the user to vary the truncation of
the series in (2.74) in different zones of � in order to keep a certain desired accuracy
level for the entire region.

The improvement that has been made by this transformation of the series-only form
of the Green’s function in (2.73) turns out to be very remarkable. It can be especially

1.2

1

0.8

0.6G

x

0.4

0.2

0.1 0.2 0.3 0.40

Figure 2.14. Convergence of equation (2.74).
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appreciated after comparing the profile depicted in Figure 2.14 with those shown ear-
lier in Figure 2.13. The representation in (2.74), with only the 10th partial sum of its
series component is accounted for.

Example 2.24. We will now use the method of eigenfunction expansion to construct
the Green’s function of the Dirichlet problem for the Laplace equation on a rectangle.

We already encountered this problem earlier in this chapter, when we obtained a
representation (see equation (2.46)) of its Green’s function by the method of confor-
mal mapping. Equation (2.46) is expressed in terms of a special (Weierstrass) function
which is not yet tabulated, making it inconvenient for computer implementation.

The objective of the current example is to derive an alternative formula for the
Green’s function for the Laplace equation on a rectangle. In other words, we aim at
finding its most easily computable form. In doing so, consider the boundary-value
problem

@2u.x; y/

@x2
C @2u.x; y/

@y2
D �f .x; y/; .x; y/ 2 �; (2.79)

u.x; 0/ D u.x; b/ D u.0; y/ D u.a; y/ D 0 (2.80)

on the rectangle � D ¹0 < x < a; 0 < y < bº, where f .x; y/ is presumed to be
integrable (continuous) on the closure of �.

We assume the reader is familiar with the fact, shown in courses on differential
equations (see, for example, [3, 16, 18, 29, 57, 66, 77]), that components in the set of
functions

Um;n.x; y/ D sin
x sin �y

with 
 D m�=a and � D n�=b, with m; n D 1; 2; 3; : : : , represent eigenfunctions
of the Dirichlet problem for the Laplace operator on the rectangle �. Indeed, one
can directly check out that every component of the set Um;n.x; y/ satisfies conditions
(2.80) and, if the parameter � is defined in terms of indicesm and n as �2 D 
2C�2,
is also a solution of the Helmholtz equation

@2Um;n.x; y/

@x2
C @2Um;n.x; y/

@y2
C �2Um;n.x; y/ D 0; .x; y/ 2 �:

This motivates our strategy for solving the problem described by (2.79) and (2.80),
where we write its solution u.x; y/ in the eigenfunction expansion (double Fourier
sine-series) form

u.x; y/ D
1X

m;nD1
um;n sin
x sin �y (2.81)
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and expand the right-hand side function f .x; y/ in (2.79) into the double Fourier
sine-series

f .x; y/ D
1X

m;nD1
fm;n sin
x sin �y: (2.82)

Once the expansions (2.81) and (2.82) are substituted into (2.79), we have

�
1X

m;nD1

�

2 C �2

�
um;n sin
x sin �y D �

1X
m;nD1

fm;n sin
x sin �y:

Equating the left-hand and right-hand side coefficients of the series in the above
relation yields

um;n D fm;n


2 C �2
:

With the aid of the Euler–Fourier formula, the coefficients fm;n of the series (2.82)
are expressed as

fm;n D 4

ab

Z b

0

Z a

0

f .�; �/ sin
� sin ��d�d�:

After substituting fm;n into the above formula for the coefficients um;n and then
substituting um;n in (2.81), we obtain the solution of the problem described by (2.79)
and (2.80) in the form

u.x; y/ D
Z b

0

Z a

0

4

ab

1X
m;nD1

sin
x sin �y sin
� sin ��


2 C �2
f .�; �/d�d�:

Since the solution to the problem described by (2.79) and (2.80) is expressed in the
integral form of (2.49), its kernel

G.x; yI �; �/ D 4

ab

1X
m;nD1

sin
x sin �y sin
� sin ��


2 C �2
(2.83)

represents the Green’s function of the Dirichlet problem on the rectangle � D ¹0 <
x < a; 0 < y < bº.

It is evident that critical issue for the double-series in (2.83) is its computability.
We address this issue in the following analysis: we assume, for the sake of simplicity,
a D � and b D � , which transforms (2.83) into

G.x; yI �; �/ D 4

�2

1X
m;nD1

sinmx sinny sinm� sinn�

m2 C n2
(2.84)

the Green’s function for the square � D ¹0 < x < �; 0 < y < �º.
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To examine the rate of convergence for the series in (2.84), we depict in Figure 2.15,
profiles of its M;N th partial sum for various values of the truncation parameters M
andN . The x coordinate of the field point is fixed at x D �=2, whilst the source point
.�; �/ is chosen as .�=2; 2/.

Two important observations can be drawn from Figure 2.15. Both of them indi-
cate a low computational potential for the expression in (2.84). First, the logarithmic
singularity is poorly approximated when we truncate the series. Second, there is a
high-frequency oscillation which dramatically reduces its practicality.

1

0.8

0.6

0.4
G

y

0.2

0.5 1 1.5 2 2.5 30

M, N = 100

M, N = 20
M, N = 10

Figure 2.15. Convergence of the series in (2.84).

Note that the oscillation cannot be eliminated entirely, even in the case ofM D 100

and N D 100: This implies, in particular, that the accuracy in computing derivatives
of the Green’s function (which are frequently required in applications) must be even
much lower compared to that of the function itself.

Hence, We need to take steps to further enhance the computational potential of
equation (2.84). In [45, 48], for example, it was proposed to rearrange the double-
summation:

4

�2

1X
nD1

 1X
mD1

sinmx sinm�

m2 C n2

!
sinny sinn�

D 4

�2

1X
nD1

 
1

2

1X
mD1

cosm.x � �/ � cosm.x C �/

m2 C n2

!
sinny sinn�:

Splitting the m-series into two parts, the above transforms to

2

�2

1X
nD1

 1X
mD1

cosm.x � �/
m2 C n2

� cosm.x C �/

m2 C n2

!
sinny sinn�: (2.85)
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In compliance with the standard summation formula [1, 27, 37]

1X
mD1

cosmˇ

m2 C ˛2
D �

2˛

cosh˛.� � ˇ/
sinh˛�

� 1

2˛2
;

where ˇ is supposed to be bounded as 0 < ˇ < 2� , each of the m-series in (2.85) is
analytically summable. After performing the summation, we reduce the double-series
in (2.84) to

1

�

1X
nD1

coshn.� � jx � �j/ � coshn.� � .x C �//

n sinhn�
sinny sinn�

D 2

�

1X
nD1

Tn.x; �/ sinny sinn� (2.86)

with the coefficient Tn.x; �/ defined as

Tn.x; �/ D 1

n sinhn�

´
sinhn.� � x/ sinhn�; x � �;

sinhn.� � �/ sinhnx; x � �:

To analyze the convergence of the single-series formula of the Green’s function in
(2.86) we depict, in Figure 2.16, profiles of its N th partial sum in a manner similar to
that of Figure 2.15. Comparison of the data presented in Figures 2.15 and 2.16 clearly
indicates that the single-series expression of the Green’s function works slightly better
in the approximation of the basic logarithmic singularity. On the other hand, a high-
frequency oscillation is still there and does not show significant improvement. This
becomes even more notable for the single-series formula. Hence, none of the two
series formulas for the Green’s function in (2.84) and in (2.86) is computationally
efficient, leaving room for further improvement.

A significant step in that direction can be provided by accelerating convergence of
the series in (2.86). This can be done by operating on either branch of the coefficient
Tn.x; �/. To check this, we choose the one valid for x � � , and transform the series
as

2

�

1X
nD1

sinhn� coshnx � sinhnx coshn�

n sinhn�
sinhn� sinny sinn�

D 2

�

1X
nD1

coshnx � sinhnx coth n�

n
sinhn� sinny sinn�:

Adding and subtracting the sinhnx in the numerator, we rewrite the above as

2

�

1X
nD1

1

n
Œcoshnx � sinhnx C sinhnx.1 � coth n�/	 sinhn� sinny sinn�
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Figure 2.16. Convergence of the series in (2.86).

from which, after removing the brackets, we get

2

�

1X
nD1

1

n
.coshnx � sinhnx/ sinhn� sinny sinn�

C 2

�

1X
nD1

1

n
sinhnx.1 � coth n�/ sinhn� sinny sinn�:

It can be readily shown that the first of the above two series turns out to be analytically
summable. To proceed with the summation, we convert its hyperbolic functions into
exponential form, which yields

2

�

1X
nD1

1

n
e�nx en� � e�n�

2
sinny sinn�

C 2

�

1X
nD1

1

n
.1 � coth n�/ sinhnx sinhn� sinny sinn�

transforming, after some elementary algebra, to

1

2�

1X
nD1

1

n
Œe�n.x��/ � e�n.xC�/	Œcosn.y � �/ � cosn.y C �/	

� 2

�

1X
nD1

sinhnx sinhn�

nen� sinhn�
sinny sinn�:

When we remove the brackets from the first of the above two series, it breaks up
into four pieces, each of which allows analytical summation in compliance with the
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standard summation formula in (2.62). This then converts the Green’s function in
(2.86) to

G.x; yI �; �/ D 1

2�
ln

s
1 � 2e�.x��/ cos.y C �/C e�2.x��/
1 � 2e�.x��/ cos.y � �/C e�2.x��/

C 1

2�
ln

s
1 � 2e�.xC�/ cos.y � �/C e�2.xC�/
1 � 2e�.xC�/ cos.y C �/C e�2.xC�/

� 2

�

1X
nD1

sinhnx sinhn�

nen� sinhn�
sinny sinn�:

After some elementary transformations, the logarithmic terms reduce to a more
compact form

G.x; yI �; �/ D 1

2�
ln

j1 � e.z��/j j1 � e.zC�/j
j1 � e.z��/j j1 � e.zC�/j

� 2

�

1X
nD1

sinhnx sinhn�

nen� sinhn�
sinny sinn�; (2.87)

where complex variable notation

z D x C iy and 
 D � C i�

as introduced earlier, is used for the field point .x; y/ and the source point .�; �/.
The computational superiority (2.87) over equations (2.84) and (2.86) cannot be

disputed, mainly because in (2.87), the basic logarithmic singularity of the Green’s
function is analytically expressed and contained in the term

1

2�
ln

1

j1 � e.z��/j : (2.88)

To verify this, we expand the exponent e.z��/ in a Taylor series and substitute it
into (2.88). This yields

1

2�
ln

1

j1 � e.z��/j D � 1

2�
ln
ˇ̌̌
.z � 
/C 1

2Š
.z � 
/2 C 1

3Š
.z � 
/3 C � � �

ˇ̌̌
D � 1

2�
ln
�
jz � 
j

ˇ̌̌
1C 1

2Š
.z � 
/C 1

3Š
.z � 
/2 C � � �

ˇ̌̌	
D 1

2�
ln

1

z � 
 � 1

2�
ln
ˇ̌̌
1C 1

2Š
.z � 
/C 1

3Š
.z � 
/2 C � � �

ˇ̌̌
with the first logarithmic term giving the fundamental solution of the Laplace equa-
tion, whereas the second logarithm is a regular function which vanishes for z D 
.

It is worth noting that, although in (2.87) the basic logarithmic singularity is ex-
plicit, the representation as a whole has a notable computational drawback: its rate
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Field Truncation parameter, N

point, x=� 10 20 50 100 200

0.185 0.0299291 0.0299291 0.0299291 0.0299291 0.0299291

0.385 0.0767002 0.0767002 0.0767002 0.0767002 0.0767002

0.585 0.1752671 0.1752671 0.1752671 0.1752671 0.1752671

0.785 0.3851038 0.3851034 0.3851033 0.3851033 0.3851033

0.985 0.0171972 0.0171947 0.0171937 0.0171936 0.0171936

Table 2.1. Convergence of (2.87) for the source point (3�=4; �=2).

Field Truncation parameter, N

point, x=� 10 20 50 100 200

0.185 0.0010733 0.0010733 0.0010733 0.0010733 0.0010733

0.385 0.0027066 0.0027066 0.0027066 0.0027066 0.0027066

0.585 0.0057374 0.0057367 0.0057363 0.0057363 0.0057363

0.785 0.0137082 0.0136948 0.0136931 0.0136928 0.0136928

0.985 0.3066126 0.2703686 0.2567230 0.2560739 0.2560668

Table 2.2. Convergence of (2.87) for the source point (0.99�; �=2).

of convergence varies with the location of the field and the source points. In other
words, the series in (2.87) converges non-uniformly. Indeed, the series converges at
a high rate unless both .x; y/ and .�; �/ are in the immediate vicinity of the bound-
ary segment x D � . This feature of the series expansion of Green’s functions could
be referred to as the near-boundary singularity. The data in Tables 2.1 and 2.2 are
presented to illustrate the near-boundary singularity of (2.87).

The data in Table 2.1 are obtained for a source point located far away from the
boundary segment x D � , whereas in Table 2.2, it is in the immediate vicinity of the
boundary. The data in Table 2.1 are nearly independent of the truncation parameter,
indicating high convergence of the series. The data in Table 2.2 are, in contrast,
significantly affected by N revealing a poor convergence when both the field point
and the source point approach the boundary.

Convergence of the series in (2.87) can be further improved when we apply ele-
mentary transformation, reducing it to a uniformly convergent series:

G.x; yI �; �/ D 1

2�
ln

j1� e.z��/j j1� e.zC�/j
j1� e.z��/j j1� e.zC�/j C 1

4�
ln

j1� e.z1C�1/j j1� e.z2C�2/j
j1� e.z1C�1/j j1� e.z2C�2/j

C 1

�

1X
nD1

en� coshn.x � �/ � coshn� coshn.x C �/

ne2n� sinhn�
sinny sinn�;

(2.89)
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where

z1 D .x C �/C iy; 
1 D .� C �/C i�;

z2 D .x � �/C iy; 
2 D .� � �/C i�:

To ensure accurate computation for (2.89), we estimate its series remainder as

jRN .x; yI �; �/j D
ˇ̌̌̌ 1X
nDNC1

en� coshn.x � �/� coshn� coshn.xC �/

ne2n� sinhn�
sinny sinn�

ˇ̌̌̌

�
ˇ̌̌̌ 1X
nDNC1

en� coshn.x � �/� coshn� coshn.xC �/

ne2n� sinhn�

ˇ̌̌̌
:

Since the second additive term in the numerator is never negative, we have

jRN .x; yI �; �/j �
ˇ̌̌̌ 1X
nDNC1

en� coshn.x � �/
ne2n� sinhn�

ˇ̌̌̌
�

1X
nDNC1

e�n� coshnx

n sinhn�

�
1X

nDNC1

e�n�
n

D
1X
nD1

e�n�
n

�
NX
nD1

e�n�
n

:

It appears that the infinite series in the above is analytically summable [3, 27, 37],
which leads us to

jRN .x; yI �; �/j � ln
1

1 � e�� �
NX
nD1

e�n�
n

1
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Figure 2.17. Convergence of the series in (2.89).
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indicating an extremely high convergence rate of the series in (2.89), with an attain-
able error level of the order of, say, 10�8, for any location of the field and the source
point, with a truncation parameter as low as N D 5. We illustrate the superiority of
(2.89) compared to all the others in Figure 2.17, with G.�=2; yI�=2; 2/ analogous to
Figure 2.15 and Figure 2.16.

We find that the form for the Green’s function of the Dirichlet problem for the
Laplace equation, as given by (2.89), turns out to be far more computer-friendly than
those of (2.84), (2.86) and (2.87). Two features of (2.89) justify this assertion: (i) the
analytical form of the basic logarithmic singularity and (ii) the uniform convergence of
the series term. The latter feature allows complete elimination of the high-frequency
oscillation, by truncating the series to its lower partial sums. The fifth partial sum is
depicted in Figure 2.17.

2.3.3 Polar Coordinates

We start this subsection with a problem that we have already encountered twice in the
present monograph. Earlier in this chapter, we constructed the classical expression of
the Green’s function

G.r; 'I %; / D 1

4�
ln
a4 � 2r%a2 cos.' �  /C r2%2

a2
�
r2 � 2r% cos.' �  /C %2

� (2.90)

for the Dirichlet problem on a disk of radius a, using the methods of images and con-
formal mapping (see equations (2.26) and (2.40)). We will now use the eigenfunction
expansion method for the derivation of (2.90). Notice, however, that the range of suc-
cessful implementation of this method is not limited to this setting, but much wider.
We will apply it later to the construction of Green’s functions for other problems, for
which both the methods of images and conformal mapping fail.

Example 2.25. Consider the Poisson equation written in polar coordinates

1

r

@

@r

�
r
@u.r; '/

@r

�
C 1

r2
@2u.r; '/

@'2
D �f .r; '/; .r; '/ 2 �; (2.91)

on a disk � D ¹0 < r < a; 0 � ' < 2�º with radius a subject to the boundary
conditions

lim
r!0

ju.r; '/j < 1 and u.a; '/ D 0: (2.92)

We require the solution to be bounded as r approaches zero, due to the appearance
of the equation in (2.91): r D 0 represents its singular point and therefore a standard
boundary condition cannot be imposed.
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As we have already seen, our objective in the method of eigenfunction expansion is
to express the solution of the problem described by (2.91) and (2.92) in integral form,
which in this case reads

u.r; '/ D
Z 2�

0

Z a

0

G.r; 'I %; /f .%;  /%d%d ; (2.93)

delivering the Green’s function G.r; 'I %; / we are interested in.
Taking into account the 2�-periodicity with respect to the variable ' of the solution

of the problem described by (2.91) and (2.92), we expand the u.r; '/ in the following
trigonometric Fourier series

u.r; '/ D 1

2
u0.r/C

1X
nD1

�
ucn.r/ cosn' C usn.r/ sinn'

�
: (2.94)

We can also represent f .r; '/ in the right-hand side of (2.91) by the Fourier series

f .r; '/ D 1

2
f0.r/C

1X
nD1

�
f cn .r/ cosn' C f sn .r/ sinn'

�
: (2.95)

Upon substitution of the expansions from (2.94) and (2.95) into (2.91) and equating
the corresponding coefficients of the series on both sides, we derive the following
linear ordinary differential equation

d

dr

�
r
dun.r/

dr

�
� n2

r2
un.r/ D �rfn.r/; n D 0; 1; 2; : : : ; (2.96)

for coefficients un.r/ of the expansion in (2.94). At this point in our development, we
conveniently omit the superscripts in un.r/ and fn.r/, which will be recalled later on.

The equations (2.92) imply that the solution un.r/ of (2.96) must be subject to the
boundary conditions

lim
r!0

jun.r/j < 1 and un.a/ D 0: (2.97)

It is worth noting that the fundamental set of solutions of the homogeneous equation
corresponding to (2.96) for the case of n D 0 differs of that for the case of n � 1. This
means that while constructing the Green’s function to the boundary-value problem
described by (2.96) and (2.97), these two cases must be considered separately.

In the case that n D 0, the boundary-value problem described by (2.96) and (2.97)
simplifies to

d

dr

�
r
du0.r/

dr

�
D �rf0.r/; (2.98)

lim
r!0

ju0.r/j < 1 and u0.a/ D 0 (2.99)
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with u.r/ D ln r and u.r/ D 1 representing the fundamental set of solutions for
the homogeneous equation corresponding to (2.98). Hence, we can write the general
solution for (2.98)

u0.r/ D C1.r/ ln r C C2.r/: (2.100)

Substituting this into (2.98) and following the method of variation of parameters,
we obtain

C 0
1.r/ D �rf0.r/ and C 0

2.r/ D r ln rf0.r/;

with the integration resulting in

C1.r/ D �
Z r

0

%f0.%/d%CD1; C1.r/ D
Z r

0

% ln %f0.%/d%CD2:

Once we substitute the above expressions into (2.100) and combine the integral
terms, we find the general solution to (2.98)

u0.r/ D
Z r

0

ln
�%
r

	
f0.%/%d%CD1 ln r CD2:

The constants

D1 D 0 and D2 D �
Z a

0

ln
�%
a

	
f0.%/%d%

are obtained by taking the boundary conditions in (2.99) into account. Upon substitut-
ing the constants into the above equation for u0.r/, the solution of the boundary-value
problem described by (2.98) and (2.99) becomes

u0.r/ D
Z r

0

ln
�%
r

	
f0.%/%d% �

Z a

0

ln
�%
a

	
f0.%/%d%;

which can be rewritten in as a single integral

u0.r/ D
Z a

0

g0.r; %/f0.%/%d%; (2.101)

with the kernel

g0.r; %/ D �
´

ln.%=a/; for r � %;

ln.r=a/; for r � %;
(2.102)

representing the Green’s function of the homogeneous problem corresponding to
(2.98) and (2.99).
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We now turn our attention to the case of n � 1 in (2.96), i.e. we consider the
boundary-value problem described by (2.96) and (2.97) as it is. Since the governing
equation is of the Cauchy–Euler type [20, 37, 66], we can form its fundamental set
of solutions using the functions u.r/ D rn and u.r/ D r�n. This yields the general
solution for (2.96)

un.r/ D C1.r/r
n C C2.r/r

�n:

After proceeding with the method of the variation of parameters routine, this reduces
to

un.r/ D
Z r

0

1

2n

��%
r

	n �
�
r

%

�n�
fn.%/%d%CD1r

n CD2r
�n: (2.103)

The boundary conditions in (2.97) now yield

D2 D 0 and D1 D
Z a

0

1

2n

��
1

%

�n
�
� %
a2

	n�
fn.%/%d%:

Upon substituting these into (2.96), we obtain

un.r/ D
Z r

0

1

2n

��
%

r

�n
�
�
r

%

�n�
fn.%/%d%C

Z a

0

1

2n

��
r

%

�n
�
�
r%

a2

�n�
fn.%/%d%;

or using a more compact notation,

un.r/ D
Z a

0

gn.r; %/fn.%/%d% (2.104)

with the kernel gn.r; %/ defined in two segments. For r � %, it is

gn.r; %/ D 1

2n

��
r

%

�n
�
� r%
a2

	n�
whilst for r � %, we find

gn.r; %/ D 1

2n

h�%
r

	n �
� r%
a2

	ni
:

We will now address the coefficients ucn.r/ and usn.r/ of the expansion in (2.94).
The expression in (2.104) suggests that the cosine-coefficients and the sine-coefficients
of the Fourier series in (2.94) can be written in terms of the Green’s functions gn.r; %/
and g0.r; %/ which we found to be

ucn.r/ D
Z a

0

gn.r; %/f
c
n .%/%d%; n D 0; 1; 2; : : : ; (2.105)
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and

usn.r/ D
Z a

0

gn.r; %/f
s
n .%/%d%; n D 1; 2; 3; : : : ; (2.106)

where, in compliance with the Euler–Fourier formulas

f cn .%/ D 1

�

Z 2�

0

f .%;  / cosn d ; n D 0; 1; 2; : : : ; (2.107)

and

f sn .r/ D 1

�

Z 2�

0

f .%;  / sinn d ; n D 1; 2; 3; : : : : (2.108)

Upon substituting the f cn .%/ and f sn .%/ from (2.107) and (2.108) into (2.101),
(2.105), and (2.106), followed by substitution of u0.r/, ucn.r/, and usn.r/ into (2.94),
we obtain the solution of the boundary-value problem stated by (2.91) and (2.92):

u.r; '/ D
Z 2�

0

Z a

0

²
1

�

�
g0.r; %/

2
C

1X
nD1

gn.r; %/ cosn' cosn 

C
1X
nD1

gn.r; %/ sinn' sinn 

�³
f .%;  /%d%d ;

which can be written in compact form after combining the two trigonometric series to
obtain

u.r; '/ D
Z 2�

0

Z a

0

²
1

�

�
g0.r; %/

2
C

1X
nD1

gn.r; %/ cosn.' �  /
�³
f .%;  /%d%d :

(2.109)

Because the expression %d%d represents an element of area in polar coordinates,
we observe that the solution of the boundary-value problem described by (2.91) and
(2.92) is indeed obtained in the form of (2.93): the integration in (2.109) is over the
entire disk �, which allows us to conclude that the kernel in the above integral

G.r; 'I %; / D 1

2�

"
g0.r; %/C 2

1X
nD1

gn.r; %/ cosn.' �  /
#

(2.110)

represents the Green’s function of the Dirichlet problem for the Laplace equation on
a disk of radius a.

Proceeding with the summation of the series term in G.r; 'I %; /, we note that
either branches of g0.r; %/ and gn.r; %/ can be used. Taking, for example the branches
valid for r � % and substituting them into (2.110), we have

G.r; 'I %; / D 1

2�

´
� ln

�%
a

	
C

1X
nD1

1

n

��
r

%

�n
�
� r%
a2

	n�
cosn.' �  /

μ
:
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Recalling the summation formula from (2.62), we arrive at

G.r; 'I %; / D 1

2�

²
� ln

�%
a

	
� 1

2
ln

�
1 � 2

�
r

%

�
cos.' �  /C

�
r

%

�2�
C 1

2
ln

�
1 � 2

� r%
a2

	
cos.' �  /C

� r%
a2

	2�³
which, after combining all the logarithmic terms into one, reads as a familiar formula

G.r; 'I %; / D 1

4�
ln
a4 � 2r%a2 cos.' �  /C r2%2

a2
�
r2 � 2r% cos.' �  /C %2

�
of the Green’s function for the Dirichlet problem on the disk of radius a.

In the following example, we will focus on another boundary-value problem on
a disk. We will present the reader with a derivation yielding a computer-friendly
formula for a Green’s function, as an alternative to its classical formula, the computer
implementation of which does not look very promising.

Example 2.26. We turn our attention to the mixed (Robin) boundary-value problem

@u.a; '/

@r
C ˇu.a; '/ D 0; ˇ > 0; (2.111)

on the disk � D ¹0 < r < a; 0 � ' < 2�º. Recall that, due to the singularity of the
Laplace operator at the point r D 0, the boundedness condition

lim
r!0

ju.r; '/j < 1

also applies, making the problem well-posed.
We find the following classical expression

G.r; 'I %; / D 1

2�

�
1

ˇ
C 1

2
ln
1 � 2r% cos.' �  /C r2%2

r2 � 2r% cos.' �  /C %2

�

C 1

�
Re

 
.r%ei.'� //�ˇ

Z r%ei.'� /

0


ˇ�1d

1 � 


!
(2.112)

for the Green’s function of the Robin problem stated in (2.111), for a unit circle in
[66]. It can be clearly seen that computer implementations of the expression in (2.112)
are complicated by the integral component of the regular part; the formula in (2.112)
is not computer-friendly. Hence, we aim, in the present example, to obtain a different,
readily computable form of this Green’s function.

Following again the method of eigenfunction expansion, we expand the solution
u.r; '/ of (2.91) and (2.111), and the right-hand side function f .r; '/ of (2.91) in
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the Fourier series of (2.94) and (2.95), respectively. In our context, this yields the
boundary-value problem

d

dr

�
r
dun.r/

dr

�
� n2

r2
un.r/ D �rfn.r/; n D 0; 1; 2; : : : ; (2.113)

lim
r!0

jun.r/j < 1 and
dun.a/

dr
C ˇun.a/ D 0 (2.114)

for the coefficients un.r/ of the expansion (2.94).
Similarly to the treatment of Example 2.25, we deal with the cases of n D 0 and

n � 1 separately. For n D 0, the Green’s function of the homogeneous boundary-
value problem corresponding to that in (2.113) and (2.114) is

g0.x; s/ D 1

aˇ
� ln

�%
a

	
; r � %;

whilst n � 1 yields

gn.r; %/ D 1

2n

��
r

%

�n
C
� r%
a2

	n� � aˇ

n.nC aˇ/

� r%
a2

	n
for r � %:

Note that the branches of g0.r; %/ and gn.r; %/ valid for % � r can be obtained by
interchanging r with %.

This leads to the Green’s function for the homogeneous version of (2.91) and
(2.111), which has the form

G.r; 'I %; / D 1

2�

²
1

aˇ
� ln

�%
a

	
C

1X
nD1

1

n

��
r

%

�n
C
� r%
a2

	n � 2aˇ

.nC aˇ/

� r%
a2

	n�
cosn.' �  /

³

Using the standard summation formula in (2.62), we can partially sum the series,
converting the above formula to

G.r; 'I %; / D 1

2�

�
1

aˇ
� ln

�%
a

	
� 1

2
ln

�
1 � 2

�
r

%

�
cos.' �  /C

�
r

%

�2�
� 1

2
ln

�
1 � 2

� r%
a2

	
cos.' �  /C

� r%
a2

	2�
�

1X
nD1

2aˇ

n.nC aˇ/

� r%
a2

	n
cosn.' �  /

�
:
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After some trivial algebra, we can reduce this to a more compact expression

G.r; 'I %; / D 1

2�

�
1

aˇ
C ln

a3

jz � 
j jz
 � a2j

�
1X
nD1

2aˇ

n.nC aˇ/

� r%
a2

	n
cosn.' �  /

�
: (2.115)

Clearly, the series in (2.115) converges at the rate of 1=n2 making this formula
convenient for computer implementation.

It is worth noting that the boundary condition in (2.111) reduces to the Dirichlet
type if ˇ goes to infinity. In compliance with this, the limit of (2.115) for ˇ going
to infinity must represent the Green’s function for the Dirichlet problem on a disk of
radius a: by taking the limit in (2.115), we arrive at

G.r; 'I %; / D 1

2�

�
ln

a3

jz � 
j jz
 � a2j �
1X
nD1

2

n

� r%
a2

	n
cosn.' �  /

�
; (2.116)

where the series sums to

1X
nD1

2

n

� r%
a2

	n
cosn.' �  / D �2 ln

jz
 � a2j
a2

;

transforming (2.116) to the familiar formula

G.r; 'I %; / D 1

2�
ln

jz
 � a2j
ajz � 
j

of the Green’s function for the Dirichlet problem on a disk of radius a.

There are boundary-value problems for the Laplace equation, for which Green’s
functions are hard to find in existing literature on partial differential equations. Even
if the required Green’s function, is given, it is most likely not presented in a computer-
friendly formula. In the following examples, we turn our attention to several problems
defined an annular region. Analysis of the literature suggests that computer-friendly
formulas for Green’s functions for those problems are not available at all.

Example 2.27. We aim at an easily computable form of the Green’s function for the
Dirichlet problem on the annular region � D ¹a < r < b; 0 � ' < 2�º. We start out
by imposing the boundary conditions

u.a; '/ D 0; u.b; '/ D 0 (2.117)

on the boundary of �.
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We now expand u.r; '/ and f .r; '/ in (2.91) in the Fourier series shown in (2.94)
and (2.95). This yields the boundary-value problem

un.a/ D 0 and un.b/ D 0 (2.118)

for equation (2.96).
For n D 0, the problem described by (2.96) and (2.118) transforms to

d

dr

�
r
du0.r/

dr

�
D �rf0.r/; (2.119)

u0.a/ D 0 and u0.b/ D 0 (2.120)

and we find the solution of the above problem described in the integral form as

u0.r/ D
Z b

a

g0.r; %/f0.%/%d% (2.121)

with the kernel

g0.r; %/ D 1

ln.b=a/

´
ln.r=a/ ln.b=%/; for r � %;

ln.%=a/ ln.b=r/; for r � %;
(2.122)

representing the Green’s function of the homogeneous problem corresponding to
(2.119) and (2.120).

Now, for n � 1 in (2.96) and (2.118), we arrive at

un.r/ D
Z b

a

gn.r; %/fn.%/%d% (2.123)

with the kernel

gn.r; %/ D r�n%�n
2n.b2n � a2n/

´
.b2n � %2n/.r2n � a2n/; for r � %;

.b2n � r2n/.%2n � a2n/; for r � %;
(2.124)

representing the Green’s function of the homogeneous problem corresponding to
(2.96) and (2.118).

Upon substituting from (2.121) and (2.123) into the expansion (2.94), the solution
to the boundary-value problem described by (2.91) and (2.117) reduces to the double
integral

u.r; '/ D
Z 2�

0

Z b

a

1

�

�
g0.r; %/

2
C

1X
nD1

gn.r; %/ cosn' cosn 

C
1X
nD1

gn.r; %/ sinn' sinn 

�
f .%;  /%d%d 
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which can be rewritten as

u.r; '/ D
Z 2�

0

Z b

a

1

�

"
g0.r; %/

2
C

1X
nD1

gn.r; %/ cosn.' �  /
#
f .%;  /%d%d :

(2.125)

As soon as the solution of (2.91) and (2.117) appears in the integral form of (2.49),
we can assert that the kernel

G.r; 'I %; / D 1

2�

"
g0.r; %/C 2

1X
nD1

gn.r; %/ cosn.' �  /
#

(2.126)

in (2.125) represents the Green’s function for the Dirichlet problem for the Laplace
equation on the annular region � D ¹a < r < b; 0 � ' < 2�º.

Close analysis reveals that the current form of equation (2.126) does not guarantee
a high accuracy when computing the Green’s function, due to the appearance of the
coefficient gn.r; %/. This drawback is caused by two different types of singularity
occuring in the series in (2.126): (i) the principal logarithmic singularity, which ap-
pears whenever the field point .r; '/ approaches the source point .%;  / and (ii) the
near-boundary singularity appearing whenever both field and source point approach
either the inner r D a or the outer r D b segment of the boundary.

In Figure 2.18, we depict the accuracy level attainable in a direct assessment of the
expansion in. It shows the profile G.r; 'I 2:0; 4�=9/ of the Green’s function for the
annular region with a D 1:0 and b D 3:0: The series in (2.126) is truncated to its tenth
partial sum, which is clearly not sufficient for getting a reasonable approximation.

0 1

1

2

2

r

φ

3–3 –2 –1

*

Figure 2.18. Profile of equation (2.126), with N D 10.
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0 1

1

2

2 *

r
3–3 –2 –1

Figure 2.19. Profile of equation (2.126), with N D 100.

To find out if the order of the partial sum affects the accuracy level that can be at-
tained by the expansion in (2.126), we refer to Figure 2.19. Analogous to Figure 2.18,
the profile G.r; 'I 2:0; 4�=9/ of the Green’s function is depicted, this time up to the
100th partial sum of the series in (2.126). Clearly, such a radical increase in the order
of the partial sum somewhat improves the overall accuracy level, but it still remains
low in the immediate vicinity of the angular coordinate  of the source point.

Based on the data in Figure 2.18 and Figure 2.19 we reach a convincing conclusion
with regard to application of the series in (2.126): we can hardly consider the costly
way of including higher partial sums in computing the non-uniformly convergent se-
ries in (2.126) productive.

Hence, we have to develop an alternative strategy, which can resolve the issue. It
turns out that we could choose an effective method to improve convergence of the
series prior, to its computer implementation. This can be achieved through analyzing
the coefficient gn.r; %/ in (2.124). We can select either of its branches. Taking the
one, for r � %, we subtract and add the term 1=b2n to its factor of 1=.b2n � a2n/ and
group the terms in the brackets as shown

gn.r; %/ D 1

2n.r%/n

��
1

b2n � a2n � 1

b2n

�
C 1

b2n

�
.b2n � %2n/.r2n � a2n/

D 1

2n.r%/n

�
a2n

b2n.b2n � a2n/ C 1

b2n

�
.b2n � %2n/.r2n � a2n/:

With this alternative form of the coefficient gn.r; %/, the series in (2.126) splits into
two series with different rate of convergence. The first series, the one associated with
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the term

a2n

b2n.b2n � a2n/ ;

converges uniformly, whilst the other series, the one associated with the term 1=b2n,
allows complete summation, despite converging non-uniformly. This can be accom-
plished with the use of the standard summation formula displayed earlier in (2.62).
The summation yields a computer-friendly form of the Green’s function

G.r; 'I %; / D 1

2�

"
g0.r; %/C 2

1X
nD1

g�
n.r; %/ cosn.' �  /

#

C 1

4�
ln
a4 � 2a2r% cos.' �  /C r2%2

r2 � 2r% cos.' �  /C %2

C 1

4�
ln

b4 � 2b2r% cos.' �  /C r2%2

b4r2 � 2a2b2r% cos.' �  /C a4%2
(2.127)

with g�
n.r; %/

g�
n.r; %/ D a2n.b2n � %2n/.r2n � a2n/

2n.b2r%/n.b2n � a2n/ : (2.128)

Note that the expression for G.r; 'I %; / in (2.127) is valid for r � % and cannot
be used directly for r � %. The following transformations must be made to convert the
expression in (2.127) to a formula valid for r � %: (i) select the corresponding branch
of g0.r; %/, valid for r � %. (ii) Interchange the variables r and % in the g�

n.r; %/ in
(2.128). (iii) Replace the denominator of the second logarithmic term in (2.127) with

b4%2 � 2a2b2r% cos.' �  /C a4r2:

Finally, we now use complex variable notation for the arguments of the logarithmic
terms in (2.127) to rewrite the Green’s function of the Dirichlet problem on an annular
region with radii a and b as

G.r; 'I %; / D 1

2�

"
g0.r; %/C 2

1X
nD1

g�
n.r; %/ cosn.' �  /

#

C 1

2�
ln

ja2 � z
j jb2 � z
j
jz � 
j jb2z � a2
j ; (2.129)

where the factor jb2z � a2
j in the denominator holds for r � %, while for r � % it
should be replaced with jb2
 � a2zj.

It can be easily shown that the (2.129) must be notably more efficient compared
with (2.127). Two features back up this assertion. First, the principal singularity is



112 Chapter 2 The Laplace Equation

0 1

1

2

2 *

r
3–3 –2 –1

Figure 2.20. Profile of equation (2.129), with N D 10.

expressed analytically. Second, the series in (2.129) converges uniformly allowing
an accurate assessment at relatively low computational cost. The smooth graph in
Figure 2.20 supports the efficient computability of the above formula for the Green’s
function.

In Figure 2.20, we depict the profile G.r; 'I 2:0; 4�=9/ of the Green’s function for
the annular region with radii a D 1:0 and b D 3:0, with the series in (2.129) truncated
to its tenth partial sum.

Example 2.28. We now turn to a mixed boundary-value problem, and will consider
the “Dirichlet–Neumann” setting

u.a; '/ D 0;
@u.b; '/

@r
D 0 (2.130)

for the Laplace equation on the annular region � D ¹a < r < b; 0 � ' < 2�º.
Following the method of eigenfunction expansion for the problem described by

(2.96) and (2.130), we arrive at (2.126), the series representation for the Green’s
function to the corresponding homogeneous boundary-value problem. We can find
expressions for g0.r; %/ and gn.r; %/ of the series in (2.126), valid for r � % to be

g0.r; %/ D ln
r

a
and gn.r; %/ D .b2n C %2n/.r2n � a2n/

2n.r%/n.b2n C a2n/
;

and their formulas valid for r � % can be obtained from those above by interchanging
the variables r and %.
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Upon substituting g0.r; %/ and gn.r; %/ into (2.126) and some algebra, we obtain
the computer-friendly formula

G.r; 'I %; / D 1

2�

´
ln

jb2z � a2
j ja2 � z
j
ajzj jz � 
j jb2 � z
j C

1X
nD1

g�
n.r; %/ cosn.' �  /

μ
(2.131)

of the Green’s function to the “Dirichlet–Neumann” problem for the annular region
with radii a and b: The r � % branch for g�

n.r; %/ is

g�
n.r; %/ D a2n.b2n C %2n/.a2n � r2n/

n.b2r%/n.b2n C a2n/

whilst to find its r � % branch, the variables r and % must be exchanged. Note also
that the factors jzj and jb2z � a2
j in the argument of the logarithmic term in (2.131)
are valid for r � %, while for r � % they should be replaced with j
j and jb2
 � a2zj,
respectively.

The series (2.131) converges uniformly, which allows accurate and immediate as-
sessment of the Green’s function by truncating the series to the N th partial sum. We
leave it as an exercise to the reader to verify this assertion by examining the coefficient
g�
n.r; %/ and to obtain graphical confirmation of the uniform convergence by depicting

a few profiles of equation (2.131) for different values of the truncation parameter N .

Example 2.29. We consider another mixed boundary-value problem for the Laplace
equation, namely the “Neumann–Dirichlet”

@u.b; '/

@r
D 0; u.a; '/ D 0 (2.132)

problem on the annular region � D ¹a < r < b; 0 � ' < 2�º.
We construct the Green’s function to the homogeneous boundary-value problem for

(2.96) and (2.132), by following the eigenfunction expansion method-based procedure
and arrive again at the series representation in (2.126). Expressions for the series
coefficients g0.r; %/ and gn.r; %/ valid for r � %, are found as

g0.r; %/ D ln
b

%
and gn.r; %/ D .%2n � b2n/.r2n C a2n/

2n.r%/n.b2n C a2n/
;

whilst for r � % the variables r and % must be interchanged.
Analogous to the derivation in the previous example, we now substitute the expres-

sions for the components g0.r; %/ and gn.r; %/ into (2.126). After some algebra, we
obtain the sought-after branch r � % of the Green’s function in the computer-friendly
formula

G.r; 'I %; / D 1

2�

´
ln

j
j jb2z � a2
j jb2 � z
j
b3jz � 
j ja2 � z
j C

1X
nD1

g�
n.r; %/ cosn.' �  /

μ
(2.133)



114 Chapter 2 The Laplace Equation

with

g�
n.r; %/ D a2n.%2n � b2n/.a2n C r2n/

n.b2r%/n.b2n C a2n/
: (2.134)

Note that to obtain the branch of G.r; 'I %; / for r � %, we must exchange r and
% in (2.134), whilst j
j and jb2z � a2
j in the argument of the logarithmic term in
(2.133) must be replaced with jzj and jb2
 � a2zj, respectively.

Uniform convergence of (2.133) can again be justified by analysis of its coefficient
g�
n.r; %/. We again recommend the reader to plot several profiles of the Green’s func-

tion when experimenting with different values of the truncation parameter N .

2.3.4 Surfaces of Revolution

In this chapter, we have by now analyzed a vast number of boundary-value problems
for the two-dimensional Laplace equation. All the problems we considered have been
defined, rather conventionally, in either Cartesian or polar coordinates. To our mind,
this allows for a reasonably systematic presentation of the suggested techniques for
constructing Green’s functions. Generally, most if not all problems, where Green’s
functions are provided in the literature, are defined in these two coordinate systems.

In the current subsection we go beyond these conventions. It extends the range
of successful implementations of the method of eigenfunction expansion to the con-
struction of Green’s functions for potential problems defined on surfaces of revolution.
This class of problems may look exotic, but it is not. In fact, it is of great importance
in engineering and science to determine various physical potential fields occurring in
thin shell structures, where the energy flow normal to their surface is small and can
therefore be neglected.

In the following, we present a few problems for regions on spherical and toroidal
surfaces. However, this by no means indicates a narrow applicability of this technique.
Within the scope of the suggested technique, conical, paraboloidal, hyperboloidal, and
other surfaces of revolution can also be considered by the suggested technique.

We assume a spherical surface of radius a to be determined by the following para-
metric equations

x D a sin' cos#; y D a sin' sin#; z D a cos': (2.135)

These relations uniquely define a point .x; y; z/ on the surface in terms of the ge-
ographical coordinates ' and # that represent the latitude and the longitude, respec-
tively.

Going through the change of the independent variables determined by (2.135), the
Cartesian three-dimensional Laplace operator

�.x; y; z/ � @2

@x2
C @2

@y2
C @2

@z2
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transforms into the two-dimensional differential form written as

�.'; #/ � 1

sin'

@

@'

�
sin'

@

@'

�
C 1

sin2'

@2

@#2
:

It is evident that the above formula can also be obtained from the three-dimensional
Laplace operator

1

r2
@

@r

�
r2
@

@r

�
C 1

r2 sin'

@

@'

�
sin'

@

@'

�
C 1

r2 sin2'

@2

@#2
;

written in spherical coordinates r; ' and # , if we let the variable r be a constant so
that we can neglect derivatives with respect to this variable.

Example 2.30. For our first example of a spherical surface, we display the following
mixed boundary-value problem:

1

sin'

@

@'

�
sin'

@u.'; #/

@'

�
C 1

sin2'

@2u.'; #/

@#2
D �f .'; #/; .'; #/ 2 �;

(2.136)

juj'D0 < 1;
@u

@'

ˇ̌̌̌
'D˛

D 0; uj#D0;ˇ D 0 (2.137)

on the spherical triangle � D ¹.'; #/ W 0 < ' < ˛; 0 < # < ˇº, with parameters ˛
and ˇ constrained to ˛ < � and ˇ < 2� .

To construct the required Green’s function, we expand the solution u.'; #/ of
(2.136) and (2.137) in the Fourier sine-series

u.'; #/ D
1X
nD1

un.'/ sin �#; � D n�

ˇ
; (2.138)

whilst the right-hand side in (2.136) is expanded in the series

f .'; #/ D
1X
nD1

fn.'/ sin �#:

Substituting the expansions of u.'; #/ and f .'; #/ into the (2.136) and (2.137) and
equating the corresponding coefficients of the Fourier series on both sides of (2.136),
we obtain the following linear ordinary differential equation

1

sin'

d

d'

�
sin'

dun.'/

d'

�
� �2

sin2'
un.'/ D �fn.'/
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for the coefficients un.'/ of the series in (2.138). After introducing the integrating
factor of sin', the equation reduces to the self-adjoint form

d

d'

�
sin'

dun.'/

d'

�
� �2

sin'
un.'/ D �fn.'/ sin' (2.139)

which, according to (2.137), must be subject to the boundary conditions

jun.0/j < 1;
dun.˛/

d'
D 0; n D 1; 2; 3; : : : : (2.140)

We can indirectly obtain a fundamental set of solutions to the homogeneous equa-
tion corresponding to that in (2.139) by changing the independent variable ' in (2.139)
and introducing a new one

! D ln
�

tan
'

2

	
: (2.141)

This yields

d!

d'
D 1

2

sec2 '=2

tan'=2
D 1

2 sin'=2 cos'=2
D 1

sin'

and

d

d'
D d

d!

d!

d'
D 1

sin'

d

d!

or

sin'
d

d'
D d

d!
:

We now have

d

d'

�
sin'

d

d'

�
D d2

d!2
d!

d'
D 1

sin'

d2

d!2
:

With this in mind, we convert the differential operator of equation (2.139) to

d

d'

�
sin'

d

d'

�
� �2

sin'
� 1

sin'

�
d2

d!2
� �2

�
:

This suggests that the fundamental set of solutions for (2.139) can be represented
by the exponential functions

exp.�!/ and exp.��!/:
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Substituting this back, in compliance with (2.141), the fundamental set of solutions
for the homogeneous equation corresponding to (2.139) reduces to

tan�
'

2
and cot�

'

2
: (2.142)

With the fundamental set of solutions just derived in hand, we are now in a position
to follow the procedure and construct the Green’s function gn.';  / for the homo-
geneous problem corresponding to (2.139) and (2.140). In doing so, we obtain the
branch of gn.';  / for ' �  as

gn.';  / D 1

2�

²�
tan

'

2
tan

 

2
cot2

˛

2

��
C
�

tan
'

2
cot

 

2

��³
: (2.143)

The fact that boundary-value problem described by (2.139) and (2.140) is self-
adjoint suggests that the other branch of gn.';  / valid for ' �  can be obtained
from that in (2.143) by exchanging ' and  .

Proceeding with our routine, as employed in the preceding sections, we write the
Green’s function of the homogeneous boundary-value problem corresponding to
(2.136) and (2.137) as

G.'; # I ; �/ D 1

ˇ

1X
nD1

gn.';  /Œcos �.# C �/ � cos �.# � �/	: (2.144)

The above trigonometric series is summable. To carry out the summation, we
rewrite (2.144) as

G.'; # I ; �/ D 1

2�

² 1X
nD1

1

n

��
ˆ

‰

�n
C
�
ˆ‰

A2

�n�
cosn�

�
1X
nD1

1

n

��
ˆ

‰

�n
�
�
ˆ‰

A2

�n�
cosnı

³
; (2.145)

where, for compactness, we have introduced

ˆ D tan�=ˇ
'

2
; ‰ D tan�=ˇ

 

2
; A D tan�=ˇ

˛

2

and

� D �

ˇ
.# � �/; ı D �

ˇ
.# C �/:

Notice that ' and  in (2.145) satisfy the relation ' �  . From this, it follows that
the series in (2.145) meet the conditions necessary to apply the standard summation
formula from (2.62) which, in turn, justifies the summability of the series.
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After carrying out the summation and doing some elementary algebra, we finally
obtain the Green’s function for the homogeneous problem corresponding to (2.136)
and (2.137) in the following closed form

G.'; # I ; �/ D 1

2�

�
ln

s
ˆ2 � 2ˆ‰ cos ı C‰2

ˆ2 � 2ˆ‰ cos � C‰2

C ln

s
A4 � 2A2ˆ‰ cos ı Cˆ2‰2

A4 � 2A2ˆ‰ cos � Cˆ2‰2

�
: (2.146)

It is evident that (2.146) is compact enough and its immediate computer implemen-
tation presents no problems whatsoever.

The example that we just provided lends us confidence in the productivity of the
suggested technique for the construction of Green’s functions for a variety of bound-
ary value problems for potential functions, on surfaces of revolution.

In the following example, we present the reader with another problem on a spherical
surface.

Example 2.31. We here present a brief description of the procedure for constructing
the Green’s function for a Dirichlet problem corresponding to the Laplace equation
on the spherical segment � D ¹.'; #/ W 0 < ' < ˛; 0 � # < 2�º, with ˛ being
limited to ˛ < � .

To construct the required Green’s function by following our approach, we formulate
a corresponding boundary-value problem for the Poisson equation in (2.136) on the
segment �. The solution u.'; #/ of that problem must be a 2�-periodic function of
the # variable subject to the boundary conditions

ju.'; #/j'D0 < 1; u.˛; #/ D 0: (2.147)

Due to the 2�-periodicity in (2.136) and (2.147), the functions u.'; #/ and f .'; #/
can be expanded in the general Fourier series

u.'; #/ D 1

2
u0.'/C

1X
nD1

.ucn.'/ cosn# C usn.'/ sinn#/ (2.148)

and

f .'; #/ D 1

2
f0.'/C

1X
nD1

.f cn .'/ cosn# C f sn .'/ sinn#/:

Following the algorithm described in Example 2.30, we substitute the above ex-
pansions into the original formulation. This yields the following set of self-adjoint
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boundary value problems

d

d'

�
sin'

dun.'/

d'

�
� n2

sin'
un.'/ D �fn.'/ sin'; (2.149)

jun.0/j < 1; un.˛/ D 0; n D 0; 1; 2; : : : ; (2.150)

for the coefficients un.'/ of the series in (2.148). The sought-after Green’s function,
is finally expressed as the series

G.'; # I ; �/ D 1

2�

"
g0.';  /C 2

1X
nD1

gn.';  / cosn.# � �/
#

(2.151)

with coefficients g0.';  / and gn.';  / representing the Green’s functions for the
boundary value problems in (2.149) and (2.150). As we have already learned, in
constructing these Green’s functions, the case of n D 0 should be treated individually,
because its fundamental set of solutions (see [33])

ln
�

tan
'

2

	
and 1

is different from that of the general case of n � 1 derived earlier in Example 2.30 and
displayed in (2.142).

Hence, obtaining the Green’s functions g0.';  / and gn.';  / is not a problem.
And once they are constructed, we can sum the series in (2.151) completely, ultimately
yielding the Green’s function for the Dirichlet problem for the spherical segment in
closed form

G.'; # I ; �/ D 1

2�
ln

 
A0

q
ˆ20 � 2ˆ0‰0 cos.# � �/C‰20q

A40 � 2A20ˆ0‰0 cos.# � �/Cˆ20‰
2
0

!
; (2.152)

where the following notations

A0 D tan
˛

2
; ˆ0 D tan

'

2
; ‰0 D tan

 

2

were introduced for compactness.

To further illustrate the efficiency of our version of the method of eigenfunction
expansion for the construction of Green’s functions for problems involving potentials
on surfaces of revolution, we will now consider a boundary-value problem on a region
of a toroidal surface.

Let a and R represent the radius of the meridian cross-section of the circular
toroidal surface and the distance between the center of the meridian cross-section
and the axis of revolution, respectively, with a < R (see Figure 2.21).
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a

ϑ

ϕ

R

Figure 2.21. Geometry of a toroidal shell.

In the following, we assume a point .x; y; z/ on the toroidal surface is to be de-
termined by the geographical coordinates ' (the latitude) and # (the longitude) in
accordance with the parameterization

x D D.'/ cos#; y D D.'/ sin#; z D a cos'; (2.153)

where D.'/ D RC a sin'.
The change of variables due to the parametrization in (2.153) transforms the three-

dimensional Cartesian Laplace operator to the following two-dimensional form

�.'; #/ � 1

D.'/

@

@'

�
D.'/

@

@'

�
C a2

D2.'/

@2

@#2
;

representing a two-dimensional Laplace operator written in toroidal coordinates '
and # .

Example 2.32. Consider a toroidal sector � which is closed in the direction of ' but
open in the direction of # . That is, � D ¹.'; #/ W 0 < ' � 2�; 0 < # < ˇº, with the
ˇ constrained to ˇ < 2� . We define the Dirichlet problem

@

@'

�
D.'/

@u.'; #/

@'

�
C a2

D.'/

@2u.'; #/

@#2
D �f .'; #/D.'/; (2.154)

uj#D0 D 0; uj#Dˇ D 0 (2.155)

on �. Due to the � being closed in the direction of ', the above formulation is
augmented with the relations

uj'D0 D uj'D2� ;
@u

@'

ˇ̌̌̌
'D0

D @u

@'

ˇ̌̌̌
'D2�

: (2.156)

The above relations represent conditions for the 2�-periodicity of the solution in
the direction of '.
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The solution u.'; #/ of (2.154)–(2.156) is written as the following trigonometric
expansion

u.'; #/ D
1X
nD1

un.'/ sin �#; � D n�

ˇ
;

which allows for u.'; #/ to satisfy the boundary conditions in (2.155).
Now, expand the right-hand side of (2.154), f .'; #/, into

f .'; #/ D
1X
nD1

fn.'/ sin �#:

This yields the self-adjoint boundary value problem

d

d'

�
D.'/

dun.'/

d'

�
� a2�2

D.'/
un.'/ D �D.'/fn.'/; (2.157)

un.0/ D un.2�/;
dun.0/

d'
D dun.2�/

d'
; n D 1; 2; 3; : : : ; (2.158)

for the coefficients un.'/ of the above series for u.'; #/.
A fundamental set of solutions, required for the construction of the Green’s function

gn.';  / for the homogeneous boundary value problem corresponding to (2.157) and
(2.158), is represented by the exponential functions (see [33])

u.1/n .'/ D exp

�
2a�p
R2 � a2 arctan

�
aCR tan.'=2/p

R2 � a2
��

and

u.2/n .'/ D exp

�
� 2a�p

R2 � a2 arctan

�
aCR tan.'=2/p

R2 � a2
��

:

Constructing gn.';  /, based on u.1/n .'/ and u.2/n .'/ is a routine procedure. Once
obtained, the series representation

G.'; # I ; �/ D 2

ˇ

1X
nD1

gn.';  / sin �# sin ��

of the Green’s function G.'; # I ; �/ for the Dirichlet problem for the potential equa-
tion on the toroidal sector is derived within the scope of our approach. The above
series is entirely summable with the aid of the summation formula in (2.62). Omitting
the details, we arrive at the following closed form of G.'; # I ; �/

G.'; # I ; �/ D 1

2�
ln

s
ˆ21.'/ � 2ˆ1.'/ˆ1. / cos ı Cˆ21. /

ˆ21.'/ � 2ˆ1.'/ˆ1. / cos � Cˆ21. /
; (2.159)
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where

ˆ1.t/ D exp

 
2�a

ˇ
p
R2 � a2 arctan

�
aCR tan.t=2/p

R2 � a2
�!

with � and ı defined as

� D �

ˇ
.# � �/; ı D �

ˇ
.# C �/:

Our main achievement in the current section is the development of a method, based
on eigenfunction expansion, for constructing Green’s functions for boundary-value
problems for the two-dimensional Laplace equation written in geographical coordi-
nates, defining a point on a surface of revolution.

Later in this book, when dealing with potential fields on joined surfaces of revolu-
tion (see Chapter 6), we will take advantage of the experience we gained in the current
section and will revisit this class of problems. The Green’s function formalism, which
we have been dealing with in this chapter, will be extended to special systems of par-
tial differential equations. This extension will be carried out in a manner similar to the
one implemented in Chapter 1 for special systems of ordinary differential equations.
In doing so, the notion of Green’s function, as introduced in the current chapter, will
be adapted to special PDE systems.

2.4 Three-Dimensional Problems

The primary intention of this book is to deal with a variety of two-dimensional partial
differential equations. In a few places in the book we turn to higher-dimensional
problems. The current section in particular, is designed to show the reader how several
of the conventional methods, which turn out to be efficient in the construction of two-
dimensional Green’s functions, can also be applied successfully to three-dimensional
problems.

Of the three conventional methods that we used in this chapter to treat the two-
dimensional Laplace, only two are workable for treatment of three-dimensional prob-
lems. Clearly, the method of conformal mapping cannot be considered, but the method
of images and the eigenfunction expansion approach show considerable potential.

Let the boundary-value problem

r2u.P / D 0; P 2 D; (2.160)

T Œu.P /	 D 0; P 2 S; (2.161)

for the three-dimensional Laplace equation be well-posed within a simply-connected
region D bounded with a piecewise smooth surface S .
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In introducing the Green’s function for the above problem, we denote the obser-
vation (field) and the source point with P and Q, respectively. It is well known
[3, 37, 53, 66] that the fundamental solution of the three-dimensional Laplace equa-
tion is different than the two-dimensional case. For example, in Cartesian coordinates,
it is expressed in terms of the distance jP �Qj between P.x; y; z/ and Q.�; �; 
/ as

1

4�
p
.x � �/2 C .y � �/2 C .z � 
/2 (2.162)

and represents a harmonic function at every point .x; y; z/ ¤ .�; �; 
/.
The Green’s function for (2.160) and (2.161) can consequently be written as

G.P;Q/ D 1

4�jP �Qj CR.P;Q/; P;Q 2 D; (2.163)

with R.P;Q/ representing the regular component of G.P;Q/.
In order to get a three-dimensional Green’s function we need to find its regular

component R.P;Q/, similar to the two-dimensional situation. A number of 3-D
Green’s functions can be found with the aid of the method of images. Examples
that follow illustrate this assertion. We start with the simplest of them.

Example 2.33. Construct the Green’s function for the Dirichlet problem for the
Laplace equation in the half-space D D ¹z > 0º.

After placing a unit source, which generates a field defined by (2.162), at an arbi-
trary point Q.�; �; 
/ belonging to D, we compensate its trace on the boundary plane
z D 0 with the unit sink

� 1

4�
p
.x � �/2 C .y � �/2 C .z C 
/2

(2.164)

located at Q�.�; �;�
/, symmetric with Q.�; �; 
/ with respect to the plane z D 0.
Clearly, (2.164) is harmonic everywhere in D, and the sum of (2.162) and (2.164)

G.x; y; zI �; �; 
/ D 1

4�

�
1p

.x � �/2 C .y � �/2 C .z � 
/2

� 1p
.x � �/2 C .y � �/2 C .z C 
/2

�
(2.165)

is a harmonic function of the coordinates of the field point P everywhere inD, except
for .x; y; z/ D .�; �; 
/. Thus, it contains the singularity of the fundamental solution,
and vanishes on the boundary of D. In other words, it does, indeed, represent the
sought-after Green’s function.
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Example 2.34. Construct the Green’s function for the Dirichlet problem for the three-
dimensional Laplace equation in a sphere with radius a.

Analogous to the approach for the Dirichlet problem in a disk, described in Sec-
tion 2.1, we exploit the fact that the shape of an equipotential surface in the three-
dimensional field generated by a point source or a point sink is a concentric sphere
centered at the generating point. That is, for any location of the source inside the
sphere, there exists a proper location for a compensatory sink outside the sphere so
that the face of the sphere is a surface of zero potential for the field generated by both
the source and the sink.

In order to tackle this problem, it is convenient to introduce spherical coordinates.
With the field point P.r; #; '/ and the source point Q.�; �;  /, we find the following
expression for the Green’s function of the Dirichlet problem on a sphere of radius a

G.P;Q/ D 1

4�

�
1

jP �Qj � 1

jP �Q�j
�

(2.166)

with the distance jP �Qj defined asq
r2 � 2r� cos � C �2

whilst the expression

1

a

q
r2�2 � 2a2r� cos � C a4

defines the distance jP � Q�j between the field point P and the compensatory sink
point Q�, located outside of the sphere. Note that � represents the angle formed by

vectors
�!
P and

�!
Q, and cos � is defined in terms of the spherical angle coordinates of

P and Q as

sin# sin� cos.' �  /C cos# cos�:

Example 2.35. Construct the Green’s function of the Dirichlet problem in the infinite
layer D D ¹0 < z < hº of width h.

A closed analytical formula for this Green’s function is not available. However, the
method of images allows us to devise a series expression. The approach described
earlier in Example 2.13 turns out to be helpful here as well. That is, if we place the
unit source

G0.x; y; zI �; �; 
/ D 1

4�
p
.x � �/2 C .y � �/2 C .z � 
/2 (2.167)

at an arbitrary point .�; �; 
/ inside D, then traces of (2.167) on the boundary planes
z D 0 and z D h can be compensated by the unit sinks

G0.x; y; zI �; �;�
/ D � 1

4�
p
.x � �/2 C .y � �/2 C .z C 
/2
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and

G0.x; y; zI �; �; 2h � 
/ D � 1

4�
p
.x � �/2 C .y � �/2 C .z C 
 � 2h/2

placed in the points .�; �;�
/ and .�; �; 2h � 
/, respectively.
Clearly, G0.x; y; zI �; �;�
/ and G0.x; y; zI �; �; 2h � 
/ leave nonzero traces on

the boundary planes z D 0 and z D h. To cancel those, we place the unit sources

G0.x; y; zI �; �;�2hC 
/ D 1

4�
p
.x � �/2 C .y � �/2 C .z � 
 C 2h/2

and

G0.x; y; zI �; �; 2hC 
/ D 1

4�
p
.x � �/2 C .y � �/2 C .z � 
 � 2h/2

at .�; �;�2hC 
/ and .�; �; 2hC 
/, respectively.
Traces of G0.x; y; zI �; �;�2hC 
/ and G0.x; y; zI �; �; 2hC 
/ on the boundary

planes can now be canceled out with the unit sinks

G0.x; y; zI �; �;�2h � 
/ D � 1

4�
p
.x � �/2 C .y � �/2 C .z C 
 C 2h/2

and

G0.x; y; zI �; �; 4h � 
/ D � 1

4�
p
.x � �/2 C .y � �/2 C .z C 
 � 4h/2 ;

placed in .�; �;�2h � 
/ and .�; �; 4h � 
/, respectively.
Following familiar pattern, we place appropriate pairs of compensatory sources and

sinks N times, and sum up their influence as shown

1

4�

NX
nD�N

ŒG0.x; y; zI �; �; 
 � 2nh/ �G0.x; y; zI �; �; 2nh � 
/	 :

After taking the limit for N approaching infinity, we obtain the infinite series

G.x; y; zI �; �; 
/ D 1

4�

1X
nD�1

�
1p

.x � �/2 C .y � �/2 C .z � 
 C 2nh/2

� 1p
.x � �/2 C .y � �/2 C .z C 
 � 2nh/2

�
(2.168)

which represents the sought-after Green’s function.
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It is evident that the first additive component

1p
.x � �/2 C .y � �/2 C .z � 
/2

in the n D 0 term of (2.168) represents the fundamental solution to the three-dimen-
sional Laplace equation. This implies that if the n D 0 term is omitted then the series
in (2.168) should be uniformly convergent in D.

To complete the discussion in this section, we turn our attention to the method of
eigenfunction expansion, and present an appetizer for its application in constructing
Green’s functions for the three-dimensional Laplace equation.

Example 2.36. Construct the Green’s function for the homogeneous Dirichlet prob-
lem

@2u

@x2
C @2u

@y2
C @2u

@z2
D �f .x; y; z/; .x; y; z/ 2 D; (2.169)

u.x; y; 0/ D u.x; y; h/ D u.x; 0; z/ D u.x; b; z/ D 0; (2.170)

u.0; y; z/ D 0; lim
x!1 ju.x; y; z/j < 1 (2.171)

in the semi-infinite bar D D ¹0 < x < 1; 0 < y < b; 0 < z < hº with rectangular
cross-section.

Note that if we find a solution of (2.169)-(2.171) of the form

u.x; y; z/ D
Z h

0

Z b

0

Z 1

0

K.x; y; zI �; �; 
/f .�; �; 
/dD.�; �; 
/; (2.172)

then the kernelK.x; y; zI �; �; 
/ in the above integral represents the Green’s function
for the corresponding homogeneous problem.

Taking into account the boundary conditions of (2.170), we expand the functions
u D u.x; y; z/ and f .x; y; z/ in the double Fourier series

u.x; y; z/ D
1X

m;nD1
umn.x/ sin
y sin �z (2.173)

and

f .x; y; z/ D
1X

m;nD1
fmn.x/ sin
y sin �z (2.174)

with 
 and � defined in terms of the summation indices of the above series as 
 D
m�=b and � D n�=h.
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The completing steps of our derivation are analogous to the two-dimensional case.
developed in detail earlier in this chapter: upon substituting the expansions (2.173)
and (2.174) into (2.169), we arrive at the boundary-value problem

d2umn.x/

dx2
� �2umn.x/ D �fmn.x/; �2 D 
2 C �2; (2.175)

umn.0/ D 0; lim
x!1 jumn.x/j < 1 (2.176)

for the coefficients umn.x/ of the series in (2.173).
If gmn.x; �/ represents the Green’s function for the homogeneous problem corre-

sponding to (2.175) and (2.176), then the solution to the problem itself can be written
as

umn.x/ D
Z 1

0

gmn.x; �/fmn.�/d�: (2.177)

From Chapter 1 (see Example 1.4) we learn that, using our current notation, gmn.x; �/
reads

gmn.x; �/ D 1

2�
.e��jx��j � e��.xC�//:

We substitute the series coefficients fmn.x/ into (2.174), which are expressed in
terms of f .x; y; z/ as

fmn.x/ D 4

bh

Z h

0

Z b

0

f .x; �; 
/ sin
� sin �
d�d


in (2.177), and then substitute umn.x/ into (2.173). This reduces the solution of the
boundary-value problem described by (2.169)-(2.171) to

u.x; y; z/ D
Z h

0

Z b

0

Z 1

0

2

bh

1X
m;nD1

1

�
.e��jx��j � e��.xC�//

� sin
y sin
� sin �z sin �
f .�; �; 
/dD.�; �; 
/: (2.178)

Hence, in light of (2.172), we conclude that the kernel of the integral in (2.178)

G.x; y; zI �; �; 
/ D 2

bh

1X
m;nD1

1

�

�
e��jx��j � e��.xC�/	 sin
y sin
� sin �z sin �


(2.179)

represents the Green’s function for the homogeneous boundary-value problem corre-
sponding to (2.169)–(2.171).
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2.5 Chapter Exercises

1. Derive the Green’s function shown in (2.13) for the Dirichlet problem for the
Laplace equation on the infinite circular sector of �=2:

2. Derive the Green’s function shown in (2.14) for the Dirichlet problem corre-
sponding to the Laplace equation on the infinite circular sector of �=6:

3. Show that the method of images fails in the construction of the Green’s function
for the Dirichlet problem on the infinite circular sector of 2�=5:

4. Show that the method of images fails in the construction of the Green’s function
for the Dirichlet problem on the infinite circular sector of 2�=7:

5. Prove that the method of images is effective for the construction of the Green’s
function of the Dirichlet problem on the infinite circular sector of �=k, where
k is an integer.

6. Use the method of eigenfunction expansion to construct the Green’s function
for the Laplace equation for the boundary-value problem

u.x; 0/ D @u.x; b/

@y
D 0

on the infinite strip � D ¹�1 < x < 1; 0 < y < bº.

7. Construct the Green’s function for the Laplace equation for the boundary-value
problem

u.0; y/ D u.x; 0/ D @u.x; b/

@y
D 0

on the semi-infinite strip � D ¹0 < x < 1; 0 < y < bº.

8. Construct the Green’s function for the Laplace equation for the boundary-value
problem

@u.0; y/

@x
D u.x; 0/ D @u.x; b/

@y
D 0

on the semi-infinite strip � D ¹0 < x < 1; 0 < y < bº.

9. Use the method of eigenfunction expansion to construct the Green’s function
for the Laplace equation for the mixed boundary-value problem

u.0; y/ D u.x; 0/ D u.x; b/ D @u.a; y/

@x
C ˇu.a; y/ D 0;

where ˇ � 0, on the rectangle � D ¹0 < x < a; 0 < y < bº.
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10. Construct the Green’s function for the Laplace equation for the “Dirichlet-
Mixed” problem

u.a; '/ D 0;
@u.b; '/

@r
C ˇu.b; '/ D 0; ˇ � 0;

on the annular region � D ¹a < r < b; 0 � ' < 2�º.

11. Construct the Green’s function for the Laplace equation for the “Mixed-Diri-
chlet” problem

u.b; '/ D 0;
@u.a; '/

@r
� ˇu.a; '/ D 0; ˇ � 0;

on the annular region � D ¹a < r < b; 0 � ' < 2�º.

12. Use the method of eigenfunction expansion to construct the Green’s function
for the Laplace equation for the “Neumann-Mixed” problem

@u.a; '/

@r
D 0;

@u.b; '/

@r
C ˇu.b; '/ D 0; ˇ > 0;

on the annular region � D ¹a < r < b; 0 � ' < 2�º. Explain why for ˇ D 0

the problem is ill-posed.

13. Use the method of eigenfunction expansion to construct the Green’s function
for the Laplace equation for the mixed boundary-value problem

@u.a; '/

@r
� ˇu.a; '/ D 0;

@u.b; '/

@r
D 0

on the annular region � D ¹a < r < b; 0 � ' < 2�º.

14. Use the method of eigenfunction expansion to construct the Green’s function
for the Laplace equation for the mixed boundary-value problem

@u.a; '/

@r
� ˇ1u.a; '/ D 0;

@u.b; '/

@r
C ˇ2u.b; '/ D 0; ˇ1; ˇ2 > 0;

on the annular region � D ¹a < r < b; 0 � ' < 2�º. Show why the problem
is ill-posed when both ˇ1 and ˇ2 are equal to zero.

15. Use the method of images to construct the Green’s function for the three-dimen-
sional Laplace equation for the mixed boundary-value problem

u.x; y; 0/ D 0;
@u.x; y; h/

@z
D 0

in the infinite layer D D ¹0 < z < hº of width h.

16. Use the method of eigenfunction expansion to construct the Green’s function
for the three-dimensional Laplace equation for the Dirichlet problem stated on
the parallelepiped D D ¹0 < x < a; 0 < y < b; 0 < z < hº.



Chapter 3

The Static Klein–Gordon Equation

We will now apply the techniques to construct Green’s functions, that have success-
fully been used earlier in this book, to a number of boundary-value problems stated
for the Klein–Gordon equation in two and three dimensions. This is another elliptic
type partial differential equation which represents a natural domain for the extension
of several of the approaches that appear productive in the case of Laplace equation. It
is evident that the direct implementation of the conformal mapping method is prob-
lematic for the Klein–Gordon equation. On the other hand, the perspective of the
other two standard methods (images and eigenfunction expansion) looks attractive
and promising.

In our earlier book [45] and in a recent paper [51], several problem settings for the
static Klein–Gordon equation have been reviewed and their Green’s functions con-
structed. In this chapter, we summarize the experience gained in working with the
Laplace equation. This will allow us to obtain Green’s functions for an extensive
list of boundary-value problems for the Klein–Gordon equation. The computability
of their formulas is a critical issue, for example for potential users of the boundary
element method. Hence, we deal with this topic in detail in this chapter.

The material in this chapter is organized in such a way that the definition of the
Green’s function for the two-dimensional Klein–Gordon equation is introduced in
Section 3.1 in a fashion similar to that used in Chapter 2 for the Laplace equation. We
then focus on the image method which, is covered in Section 3.2, whilst the method
of eigenfunction expansion is discussed in detail in Section 3.3. Finally, Section 3.4
deals with several three-dimensional problems.

3.1 Definition of Green’s Function

A variety of boundary-value problems will be considered in this chapter for the elliptic
type equation:

r2u.P / � k2u.P / D 0 (3.1)

with r2, the two-dimensional Laplace operator written in the coordinates of the point
P , and the parameter k is a real constant.

Note that, in customary terminology, equation (3.1) is called the static Klein–
Gordon equation. For brevity, we will simply call it the Klein–Gordon equation within
the scope of the present book.
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The Klein–Gordon and Laplace equations are similar in nature, and share many
common properties: setting k D 0, reduces (3.1) to the Laplace formula. In fact, later
in this chapter, the reader will find that once a Green’s function for the Klein–Gordon
equation is constructed, setting k D 0 reduces it the corresponding Green’s function
for the Laplace equation.

For more evidence of the likeness of the two equations, we turn to their applications
in physics. Both the two-dimensional Laplace and Klein–Gordon equation can be
used [13] to simulate the steady-state heat conduction process in a thin plate, made of
homogeneous isotropic conductive material. The only difference we have to take into
account is that the lateral surfaces of the plate are assumed to be insulated in the case
of Laplace equation, whereas in the case of the Klein–Gordon equation, the lateral
surfaces are not assumed to be perfectly insulated, but allow some heat flow through,
with the flow intensity directly proportional to the parameter k.

Using the methodology developed and tested in Chapter 2, we will introduce the
Green’s function G.P;Q/ for the Klein–Gordon equation by setting up the homoge-
neous boundary-value problem

Miu.P / � ˛i .P /
@u.P /

@ni
C ˇi .P /u.P / D 0; P 2 �i ; (3.2)

for the inhomogeneous Klein–Gordon equation

r2u.P / � k2u.P / D �f .P /; P 2 �; (3.3)

where � represents a simply connected region in two-dimensional Euclidean space,
� D Sm

iD1 �i denotes a piecewise smooth contour of�;with ˛i .P / and ˇi .P / given
functions defined on � such that at least one of them is nonzero for every piece �i of
� , and ni the direction normal to �i at point P . Note that, within our approach, we
can also consider multiply-connected regions. The right-hand side function f .P / in
(3.3) is assumed to be integrable on �.

Assume that the boundary-value problem described by (3.2) and (3.3) is well-posed.
This means that it has a unique solution or, in other words, the corresponding homo-
geneous problem, with f .P / � 0, has only the trivial u.P / � 0 solution. With this
in mind, we will now define the Green’s function for the Klein–Gordon equation in
the fashion used in Chapter 2 for the Laplace equation.

If for any right-hand side term f .P / described by (3.3), integrable on �, the solu-
tion of the boundary-value problem described by (3.2) and (3.3) is found in the form

u.P / D
“
�

G.P;Q/f .Q/d�.Q/; (3.4)

then the kernel G.P;Q/ of the above formula is said to be the Green’s function for
the homogeneous problem corresponding to (3.2) and (3.3).
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We will apply terminology similar to the case of Laplace equation, according to
which P and Q in (3.4) will be referred to as the field (observation) point and the
source point, respectively.

For any location of the source point Q 2 �, the Green’s function G.P;Q/, as a
function of the coordinates of the observation point P , has the following properties
(being referred to as the defining properties):

1. At any point P 2 �, with the exception of P D Q, G.P;Q/ satisfies the
homogeneous Klein–Gordon equation, that is

.r2 � k2/G.P;Q/ D 0; P ¤ Q:

2. For P ! Q, G.P;Q/ approaches infinity like the modified cylindrical Bessel
(or Macdonald) function K0.kjP �Qj/ of the second kind of order zero.

3. G.P;Q/ satisfies the boundary conditions in (3.2), that is

MiG.P;Q/ D 0; P 2 �i ; i D 1;m:

Due to the properties of the Macdonald function (see, for example, [1, 27, 37]),
the Green’s function G.P;Q/ of the Klein–Gordon equation contains the same type
of logarithmic singularity as the Green’s function of the Laplace equation. To aid in
comprehending the nature of the Macdonald functionK0.x/ and to deliver a practical
tool for its computation, we present its standard series expansion (see [73, 74], for
example)

K0.x/ D �
�
C C ln

x

2

	 1X
jD0

x2j

22j .j Š/2
C

1X
mD1

x2m

22m.mŠ/2

 
mX
nD1

1

n

!
(3.5)

with C � 0:5772157 known as the Euler’s constant. There are several formulas for
C , one of which [37] is

C D lim
m!1

 
mX
kD1

1

k
� lnm

!
:

The expansion in (3.5) might raise several concerns about its computability: its
appearance might be considered somewhat cumbersome. However, upon closer anal-
ysis it is revealed, that the opposite is the case. The formula in (3.5) turns out to be
computer-friendly, with two points supporting this assertion. First, the infinite series
components in (3.5) converge uniformly for any value of x; and, second, their rate of
convergence is fairly high.

From the definition we just introduced, it follows that the Green’s function of the
homogeneous boundary-value problem corresponding to (3.2) and (3.3) can be ex-
pressed as

G.P;Q/ D 1

2�
K0.kjP �Qj/CR.P;Q/; (3.6)
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where R.P;Q/, as a function of P , satisfies the homogeneous Klein–Gordon equa-
tion everywhere on �; regardless of the locations of P and Q.

The formula in (3.6) merits a special comment, as to the use of the terms regular
component and singular component of a Green’s function: upon explicitly expressing
the first additive term in (3.5) as

� ln
x

2

1X
jD0

x2j

22j .j Š/2
D � ln

x

2

�
1C x2

4
C x4

64
C � � �

�
we realize that the singularity in (3.6) only applies to the j D 0 term of the above
series component in K0.x/; the terms directly proportional to x2 ln x; x4 ln x and so
on, as well as the second series term in (3.5), being regular as x approaches zero, add
no singularity to G.P;Q/.

Keeping in mind the above comment and following the pattern treated in Chapter 2,
we will by convention refer to the additive terms 1

2�
K0.kjP � Qj/ and R.P;Q/ of

G.P;Q/ in (3.6) as the singular component and regular component, respectively.
This should aid proceeding through the presentation that follows.

3.2 Method of Images

We turn our attention to the construction of Green’s functions for the Klein–Gordon
equation in two dimensions. In this section, the technique based on the method of
images is directly applied to a variety of boundary-value problems.

The singular component 1
2�
K0.kjP � Qj/ of G.P;Q/ is, similar to the case of

Laplace equation, interpreted as the field generated at a field (observation) point P by
a unit source placed at an arbitrary point Q. With this in mind, the method of images
intends to express the regular component R.P;Q/ of G.P;Q/ as a sum of a number
of unit sources and sinks placed at points Q�

1 ;Q
�
2 ; : : : ;Q

�
m outside of �, the region

under consideration. Hence, the regular component of G.P;Q/ becomes

R.P;Q/ D
mX
jD1

˙ 1

2�
K0.kjP �Q�

j j/;

a function satisfying the homogeneous Klein–Gordon equation at any point P in �
(since all the source points Q�

j are outside �).
In the following, we will explore the algorithm for the method of images in detail

through a series of examples. The experience we gained in dealing with this method,
earlier in Chapter 2 will be especially helpful to us.

Example 3.1. We consider the trivial case of the Dirichlet problem for the Klein–
Gordon equation on the upper half-plane �.x; y/ D ¹�1 < x < 1; y > 0º, and
will construct its Green’s function.
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The field generated by a unit source at a point Q.�; �/ 2 � represents the singular
component of the Green’s function

1

2�
K0.k

q
.x � �/2 C .y � �/2/

The above can be canceled out by a single unit sink placed atQ�.�;��/ located at the
lower half-plane and symmetric with respect to Q.�; �/ about the boundary y D 0.
With the field generated by this sink

� 1

2�
K0.k

q
.x � �/2 C .y C �/2/;

the Green’s function for the Dirichlet problem on the upper half-plane is found to be

G.x; yI �; �/ D 1

2�
ŒK0.kjz � 
j/ �K0.kjz � 
j/	; (3.7)

where the complex variable notation

z D x C iy and 
 D � C i�

is used for compactness, to denote the observation and the source point, respectively.

Note that we will refer to the relevant illustrations from Chapter 2 in the derivation
of Green’s functions in this section.

Example 3.2. For the next example, we consider another trivial case of the Dirich-
let problem for the Klein–Gordon equation on the infinite circular sector �.r; '/ D
¹.r; '/j0 < r < 1; 0 < ' < �=2º with the angle �=2, which represents the quarter-
plane.

Since the distance between two points .r1; '1/ and .r2; '2/ is defined in polar co-
ordinates as q

r21 � 2r1r2 cos.'1 � '2/C r22

the singular component of the sought-after Green’s function G.r; 'I %; / reads

1

2�
K0.k

q
r2 � 2r% cos.' �  /C %2/ (3.8)

representing the field strength at an observation point M.r; '/ 2 � generated by the
unit source acting at .%;  /. The latter is depicted in Figure 2.1 of Chapter 2 with the
plus sign symbol.

In order to compensate the trace of the function in (3.8) (in other words, to satisfy
the Dirichlet condition) on the boundary segment y D 0, we place the unit sink
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(labeled with the minus sign in Figure 2.1) at D.%; 2� �  /. The field generated by
this sink is given by

� 1

2�
K0.k

q
r2 � 2r% cos.' � .2� �  //C %2/: (3.9)

Similarly, we compensate the trace of (3.8) on the boundary segment x D 0 with the
unit sink at B.%; � �  /, which generates the field

� 1

2�
K0.k

q
r2 � 2r% cos.' � .� �  //C %2/; (3.10)

whilst to compensate the traces of the functions in (3.9) and (3.10) on x D 0 and
y D 0, respectively, we require a unit source at C.%; � C  /, with the field

1

2�
K0.k

q
r2 � 2r% cos.' � .� C  //C %2/: (3.11)

Hence, the Green’s function for the Dirichlet problem on the infinite circular sector
with angle �=2 represents the sum of the components shown in (3.8), (3.9), (3.10),
and (3.11), which converts, after a trivial transformation, to the compact formula

G.r; 'I %; / D 1

2�

2X
nD1

ŒK0.k

q
r2 � 2r% cos.' � ..n � 1/� C  //C %2/

�K0.k
q
r2 � 2r% cos.' � .n� �  //C %2/	: (3.12)

The method of images enables us to construct the Green’s function for a mixed
boundary-value problem on the infinite circular sector �.r; '/ D ¹.r; '/j0 < r < 1;

0 < ' < �=2º. We refer the reader to the following example for more details.

Example 3.3. Consider a mixed boundary-value problem for the infinite circular sec-
tor with angle �=2, with Dirichlet and Neumann boundary conditions imposed on the
boundary segments y D 0 and x D 0, respectively.

The boundary conditions can be satisfied by placing an appropriate set of sources
and sinks to compensate traces of the fundamental solution

1

2�
K0.k

q
r2 � 2r% cos.' �  /C %2/ (3.13)

of the Klein–Gordon equation. We now follow the scheme shown in Figure 2.2 of
Chapter 2: in order to support the Dirichlet condition on the boundary segment y D 0,
we compensate the trace of the function in (3.13) with the unit sink (labeled with the
minus sign in Figure 2.2) at D.%; 2� �  /. The field generated by this sink is given
by

� 1

2�
K0.k

q
r2 � 2r% cos.' � .2� �  //C %2/: (3.14)
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The Neumann condition on the boundary segment x D 0 will be satisfied if the unit
source is placed at B.%; � �  /, generating a field defined as

1

2�
K0.k

q
r2 � 2r% cos.' � .� �  //C %2/; (3.15)

whilst to satisfy both of the boundary conditions imposed on x D 0 and y D 0, a unit
sink is required at C.%; � C  /, generating the field

� 1

2�
K0.k

q
r2 � 2r% cos.' � .� C  //C %2/: (3.16)

After summing the components in (3.13) through (3.16), we obtain the Green’s
function for the mixed problem under consideration, on the infinite circular sector
¹0 < r < 1; 0 < ' < �=2º. After a trivial transformation, this converts to a
compact formula as

G.r; 'I %; / D 1

2�

2X
nD1

Œ.�1/nK0.k
q
r2 � 2r% cos.' � .n� �  //C %2/

C .�1/nK0.k
q
r2 � 2r% cos.' � ..n � 1/� C  //C %2/	: (3.17)

Analogous to the Laplace equation, the method of images turns out to be produc-
tive for several boundary-value problems for the Klein–Gordon equation on infinite
circular sectors. For several others, it is, however, not productive. In a series of ex-
amples that follow, we will find both successful as well as not so successful cases of
application of the method.

Example 3.4. Consider the Dirichlet problem for the Klein–Gordon equation on the
infinite circular sector �.r; '/ D ¹.r; '/j0 < r < 1; 0 < ' < �=3º with angle �=3.

To construct the Green’s function, we refer the reader to follow our procedure by
studying and utilizing the scheme depicted in Figure 2.3 of Chapter 2. In order to
cancel out the influence of the singular component of the Green’s function

1

2�
K0.k

q
r2 � 2r% cos.' �  /C %2/

on the boundary fragment ' D 0, we place a compensatory unit sink at F.%; 2�� /,
whilst another unit sink is required atB.%; 2�=3� / to satisfy the Dirichlet condition
on ' D �=3. To compensate the trace of the latter sink on the boundary fragment
' D 0, a unit source is required at E.%; 4�=3C  /. The trace of the latter source is
compensated on ' D �=3 with a unit sink at D.%; 4�=3 �  /, while the trace of this
sink is compensated on ' D 0 with a unit source placed at C.%; 2�=3C  /.
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Thus, the regular component R.r; 'I %; / of the sought-after Green’s function can
be formed as the aggregate of the five compensatory sources and sinks located out-
side �, in the manner exposed in Figure 2.3. This implies that the Green’s function
G.r; 'I %; / itself is obtained by adding the singular component to R.r; 'I %; /,
which yields

G.r; 'I %; / D 1

2�

3X
nD1

�
K0

�
k

r
r2 � 2r% cos

�
' �

�
2.n � 1/�

3
C  

		
C %2

�

�K0
�
k

r
r2 � 2r% cos

�
' �

�
2n
�

3
�  

		
C %2

��
:

(3.18)

Recall Example 3.3, where we successfully constructed the Green’s function for the
mixed (Dirichlet–Neumann) boundary-value problem on the infinite circular sector
with angle �=2. in contrast to that problem, the method of images fails for the same
type of mixed problem on another infinite circular sector. We will justify this assertion
in the next example.

Example 3.5. When trying to apply the method of images, we surprisingly find it
fails in the case of the Dirichlet–Neumann problem for the infinite circular sector
with angle �=3. To follow our procedure in detail, we refer the reader to the scheme
depicted in Figure 2.4.

Clearly, the Dirichlet condition on ' D 0 is satisfied by a unit sink placed at
F.%; 2�� /. To allow this sink to satisfy the Neumann condition on ' D �=3, a unit
sink is also required at C.%; 2�=3C  /. As to the Neumann condition on ' D �=3,
the unit source at A.%; / must be augmented by the unit source at B.%; 2�=3 �  /,
which, in turn, must be augmented by the unit sink placed at E.%; 4�=3 C  /. The
latter sink has to be paired with the unit sink at D.%; 4�=3 �  / to satisfy the Neu-
mann condition on ' D �=3. Inspecting the two sinks in C.%; 2�=3 C  / and
D.%; 4�=3� /, we note that they don’t support the Dirichlet condition on the bound-
ary fragment ' D 0. This is what indicates the method’s failure for the mixed problem
under consideration.

Although, as Example 3.5 illustrates, the method of images fails for several problem
settings on an infinite circular sector, the range of problems for which the method
proves to be efficient is not limited to the ones we have considered so far. To support
this point, we provide the following examples.

Example 3.6. Consider the Dirichlet problem on the infinite circular sector�.r; '/ D
¹.r; '/j0 < r < 1; 0 < ' < �=4º with angle �=4.

Our experience from the previous examples enables the reader to obtain the Green’s
function for our problem, by following the procedure in detail. With the aid of the



138 Chapter 3 The Static Klein–Gordon Equation

scheme depicted in Figure 2.5 of Chapter 2, we can express G.r; 'I %; / as

G.r; 'I %; / D 1

2�

4X
nD1

�
K0

�
k

r
r2 � 2r% cos

�
' �

�
.n � 1/�

2
C  

		
C %2

�

�K0
�
k

r
r2 � 2r% cos

�
' �

�
n
�

2
�  

		
C %2

��
:

(3.19)

Green’s functions for other mixed boundary-values problem can also be constructed
within the scope of the method of images.

Example 3.7. Consider the Dirichlet–Neumann problem for the infinite circular sec-
tor with angle �=4, with the Dirichlet and Neumann conditions imposed on the bound-
ary segments ' D 0 and ' D �=4, respectively.

In order to outline the application of the method of images, we examine the scheme
depicted in Figure 2.6. Combining the field generated by a total number of eight
sources and sinks, we come up with the sought-after Green’s function, expressed in
the compact form

G.r; 'I %; / D 1

2�

2X
nD1

�
K0.k

q
r2 � 2r% cos.' � ..n � 1/� C  //C %2/

CK0

�
k

r
r2 � 2r% cos

�
' �

�
.2n � 1/�

2
�  

		
C %2

�
�K0

�
k

r
r2 � 2r% cos

�
' �

�
.2n � 1/�

2
C  

		
C %2

�
�K0.k

q
r2 � 2r% cos.' � .n� �  //C %2/

�
: (3.20)

Example 3.8. As to the Dirichlet problem on the infinite circular sector with angle
�=6, we proceed, following the method of images, and obtain the Green’s function as
an aggregate of the total number of twelve appropriately placed unit sources and unit
sinks. Omitting the details, we present the ultimate form of the Green’s function

G.r; 'I %; / D 1

2�

6X
nD1

�
K0

�
k

r
r2 � 2r% cos

�
' �

�
.n � 1/�

3
C  

		
C %2

�

�K0
�
k

r
r2 � 2r% cos

�
' �

�
n
�

3
�  

		
C %2

��
:

(3.21)
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We can make a generalization from the analysis of the forms of the Green’s func-
tions for the boundary-value problems on an infinite circular sector, derived thus far.
The following two examples present compact expressions of Green’s functions for
Dirichlet problems on sets of infinite circular sectors.

Example 3.9. Observing the expression derived earlier for the Green’s function of
the Dirichlet problem on the half-plane, on a circular sector with angle �=4, and
the one obtained for the circular sector with angle �=2, we arrive at the following
generalization

G.r; 'I %; / D 1

2�

2mX
nD1

�
K0

�
k

r
r2 � 2r% cos

�
' �

�
2.n � 1/ �

2m
C  

		
C %2

�
�K0

�
k

r
r2 � 2r% cos

�
' �

�
2n

�

2m
�  

		
C %2

��
(3.22)

which represents the Green’s function of the Dirichlet problem on the set of infinite
circular sectors with angle �=2m, where m D 0; 1; 2; : : : .

Note that for m D 0, corresponding to the circular sector with angle � , in other
words, the upper half-plane y > 0, we read from (3.22)

G.r; 'I %; / D 1

2�
ŒK0.k

q
r2 � 2r% cos.' �  /C %2/

�K0.k
q
r2 � 2r% cos.' C  /C %2/	 (3.23)

representing the Green’s function derived in (3.7) and expressed here in polar coor-
dinates. Clearly, the cases of the circular sectors with angle �=2, exhibited in (3.12)
and with angle �=4 (see (3.19)) also follow from (3.22).

Example 3.10. We can make another significant generalization from the examples
treated so far: upon analyzing the expressions in (3.18) and (3.21), representing the
Klein–Gordon equation’s Green’s functions for Dirichlet problems on infinite circular
sectors with angles �=3 and �=6, we derive the Green’s function for the Dirichlet
problem on the set of circular sectors with angle �=.3 � 2m/, where m D 0; 1; 2; : : : ,
in the form

G.r; 'I %; / D 1

2�

3�2mX
nD1

�
K0

�
k

r
r2 � 2r% cos

�
' �

�
2.n � 1/ �

3 � 2m C  
		

C %2
�

�K0
�
k

r
r2 � 2r% cos

�
' �

� 2n�
3 � 2m �  

		
C %2

��
;

(3.24)

where m D 0 represents the sector with angle �=3, while the m D 1 represents the
sector with angle �=6.
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In discussing the success or failure of the method of images in constructing Green’s
functions for the Klein–Gordon equation on infinite circular sectors, recall that earlier
in Example 3.5 we have shown that the method fails for a mixed (Dirichlet–Neumann)
boundary-value problem on a sector with angle �=3. However, it is worth noting that
the method is not necessarily successful for Dirichlet problems either and could fail
for some of them. We illustrate this point in the following example.

Example 3.11. Consider the Dirichlet problem on the infinite circular sector
�.r; '/ D ¹.r; '/j0 < r < 1; 0 < ' < 2�=3º and attempt to construct its Green’s
function.

Analogously to the same problem for the Laplace equation, the failure of the meth-
od can be understood with the aid of the scheme shown in Figure 2.7 of Chapter 2.
Let the unit source (producing the singular component of the Green’s function) be
located at A.%; / 2 �. To compensate its trace on the segment ' D 0 of the
boundary �, we place the compensatory sink at D.%; 2� �  / … �. The trace of the
latter on the boundary segment ' D 2�=3 is in turn compensated by a unit source at
C.%; 4�=3 C  / … �, the trace of which on ' D 0 must be compensated by a unit
sink at B.%; 2�=3� /, which is located inside�. This is what leads to the failure of
the method.

We have just illustrated the fact that the method of images could potentially fail
in constructing the Green’s function for the Dirichlet problem on an infinite circular
sector allowing use of cyclic symmetry. To examine other cases of the failure of
the method, the reader is recommended to refer to the Chapter Exercises, and apply
the method to Dirichlet problems stated on other infinite circular sectors (of 2�=5 or
2�=7, for example) also allowing the cyclic symmetry.

Note that all the Green’s functions of the Klein–Gordon equation, constructed in
this section so far, are expressed in terms of a finite sum of the Macdonald functions.
In the following examples, we focus on several other problem settings for which the
method of images is applicable, but where we obtain Green’s functions expressed in
terms of infinite series of the Macdonald functions.

Example 3.12. We begin with one of the classical settings, namely, the Dirichlet
problem for the Klein–Gordon equation on the infinite strip�.x; y/ D ¹.x; y/j�1 <

x < 1; 0 < y < bº.
We illustrate the application of the method of images with the aid of the scheme

depicted in Figure 2.9, where we place a unit source �C
0 at an arbitrary point A.�; �/

inside �. The value of the field generated by �C
0 at an observation point M.x; y/

represents the fundamental solution

GC
0 .x; yI �; �/ D 1

2�
K0.

q
.x � �/2 C .y � �/2/

of the Klein–Gordon equation.
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It is evident that GC
0 .x; yI �; �/ does not satisfy the Dirichlet conditions on the

boundary fragments y D 0 and y D b (it does not vanish on those lines). To compen-
sate the traces of GC

0 .x; yI �; �/ on y D 0 and y D b, we place two unit sinks ��
1;0

and ��
1;b

at the points B.�;��/ and C.�; 2b � �/, representing the images of .�; �/
about the lines y D 0 and y D b, respectively. The field strengths of these sinks, in
.x; y/ evidently are

G�
1;0.x; yI �;��/ D � 1

2�
K0.

q
.x � �/2 C .y C �/2/

and

G�
1;b.x; yI �; 2b � �/ D � 1

2�
K0.

q
.x � �/2 C .y � .2b � �//2/:

The functions G�
1;0.x; yI �;��/ and G�

1;b
.x; yI �; 2b � �/ do not vanish on the

boundary lines y D 0 and y D b; and their traces can, in turn, be compensated
with the unit sources �C

2;0 and �C
2;b

located in D.�;�2bC �/ and E.�; 2bC �/. Their
field strengths at .x; y/ are given as

GC
2;0.x; yI �;�2b C �/ D 1

2�
K0.

q
.x � �/2 C .y � .�2b C �//2/

and

GC
2;b
.x; yI �; 2b C �/ D 1

2�
K0.

q
.x � �/2 C .y � .2b C �//2/:

To properly compensate the traces of the functions GC
2;0.x; yI �;�2b C �/ and

GC
2;b
.x; yI �; 2b C �/ on y D 0 and y D b, we place unit sinks ��

3;0 and ��
3;b

at
F.�;�2b � �/ and H.�; 4b � �/, respectively.

Upon following the described procedure of placing appropriate compensatory unit
sources alternating with compensatory unit sinks, we express the sought-after Green’s
function G D G.x; yI �; �/ in the formula

G D GC
0 C

1X
iD1

.G�
2i�1;0 CG�

2i�1;b/C
1X
iD1

.GC
2i;0 CGC

2i;b
/

which transforms ultimately into the single infinite series of the Macdonald functions

G.x; yI �; �/ D 1

2�

1X
nD�1

ŒK0.

q
.x � �/2 C .y � �C 2nb/2/

�K0.
q
.x � �/2 C .y C � � 2nb/2/	: (3.25)
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Since this Green’s function is obtained in series form, the convergence of the latter
has to be specifically addressed, in order to ensure its applicability for practical com-
putations. First, note that the singularity of G.x; yI �; �/ in (3.25) is provided by the
component K0.

p
.x � �/2 C .y � �/2/, which is part of a single term (n D 0), and

cannot, in any way, affect the convergence of the series.
From close analysis we learn that the series representation in (3.25) converges at

a high rate and is therefore suitable for immediate computer implementations. This
assertion can be supported by noting that

lim
n!1

p
.x � �/2 C .y ˙ �˙ 2nb/2

2nb
D 1

which allows us to assert that the arguments of the Macdonald functions in (3.25) are
asymptotically close to 2nb. This implies that, when n increases, the terms of the
series in (3.25) converge to zero at the same rate as terms of the sequence ¹K0.2nb/º.
It is well known [1, 27, 37] that the Macdonald functionK0.x/ is continuous, positive,
decreasing (at a very high rate) and bounded by zero. For a strip of unit width (b D 1),
for example, approximate values of the first few terms of the sequence ¹K0.2nb/º are

K0.2/ D 0:11389; K0.4/ D 0:01116; K0.6/ D 0:00124; K0.8/ D 0:00015

which approaches zero at a rate close to that of a geometric sequence with a ratio of
the order of 10�1 and which therefore rapidly converges to zero.

One might call into question the rigor of the brief analysis that we just completed.
However, it is hard to deny that our conclusions are sufficient to assert that the series
in (3.25) converges at a high rate. With this, it is safe to use this formula for computer
implementations.

Example 3.13. We now consider a mixed problem for the Klein–Gordon equation
on the infinite strip � D ¹.x; y/j � 1 < x < 1; 0 < y < bº, with the Dirichlet
condition imposed on y D 0 and the Neumann condition imposed on y D b.

Similar to the treatment of the problem for the Laplace equation, considered in
Chapter 2, the scheme depicted in Figure 2.10 helps us to grasp the procedure of the
method of images when applied to the present problem.

The trace of the fundamental solution GC
0 .x; yI �; �/ on the boundary line y D 0,

can be compensated with a unit sink ��
1;0 placed at B.�;��/, with at M.x; y/ gener-

ates a field given by

G�
1;0.x; yI �;��/ D � 1

2�
K0.

q
.x � �/2 C .y C �/2/:

The Neumann condition imposed on y D b, can be satisfied by placing a unit
source �C

1;b
at the point C.�; 2b � �/, yielding

GC
1;b
.x; yI �; 2b � �/ D 1

2�
K0.

q
.x � �/2 C .y � .2b � �//2/:
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To cancel out the trace of the function GC
1;b
.x; yI �; 2b � �/ on the boundary line

y D 0 a unit sink ��
2;0 is placed at D.�;�2b C �/, which, in .x; y/

G�
2;0.x; yI �;�2b C �/ D � 1

2�
K0.

q
.x � �/2 C .y C .2b � �//2/

whilst the Neumann condition on y D b can be satisfied by placing a unit sink ��
2;b

at
E.�; 2b C �/, which at .x; y/ generates

G�
2;b.x; yI �; 2b C �/ D � 1

2�
K0.

q
.x � �/2 C .y � .2b C �//2/:

In turn, the trace of the functionG�
2;b
.x; yI �; 2bC�/ on y D 0 can be compensated

by a unit source �C
3;0 placed at F.�;�2b � �/, which generates the field

GC
3;0.x; yI �;�2b � �/ D 1

2�
K0.

q
.x � �/2 C .y C .2b C �//2/

whilst the Neumann condition on y D b can be satisfied by placing a unit sink ��
3;b

at
H.�; 4b � �/, with field strength at .x; y/ given as

G�
3;b.x; yI �; 4b � �/ D � 1

2�
K0.

q
.x � �/2 C .y � .4b � �//2/:

Further following the approach described in Example 3.12, the sought-after Green’s
function is obtained in the following series form

G.x; yI �; �/ D 1

2�

1X
nD�1



K0.

q
.x � �/2 C .y � �C 4nb/2/

�K0.
q
.x � �/2 C .y C �C 4nb/2/

CK0.

q
.x � �/2 C .y C �C 2.2nC 1/b/2/

�K0.
q
.x � �/2 C .y � �C 2.2nC 1/b/2/

�
(3.26)

which has a high rate of convergence, comparable to that of the series in (3.25). This
makes equation (3.26) suitable for immediate computer implementations.

We now turn to several other boundary-value problems for the Klein–Gordon equa-
tion and apply the the method of images to obtain their Green’s functions.

Example 3.14. Consider first the Dirichlet problem on the semi-infinite strip � D
¹.x; y/j0 < x < 1; 0 < y < bº.

We here follow the derivation scheme depicted in Figure 2.11 of Chapter 2 in
sketching our procedure, similar to the one described earlier in detail in Examples
3.12 and 3.13.
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The fundamental solution of the Klein–Gordon equation, which represents the field
generated by the unit source acting at an arbitrary point A.�; �/ in �, can be com-
pensated on the edges y D 0 and y D b by a set of unit sources and sinks placed
at the regular set of points B.�;��/, C.�; 2b � �/, D.�;�2b C �/, E.�; 2b C �/,
F.�;�2b � �/, H.�; 4b � �/; : : : located outside of �. In other words, these sources
and sinks allow us to satisfy the homogeneous Dirichlet boundary conditions imposed
on the edges y D 0 and y D b of �.

To satisfy the boundary condition imposed on the edge x D 0, the field generated
by the sources and sinks acting at A;B;C;D;E; F;H; : : : can, in turn, be compen-
sated with unit sources and sinks on the boundary line, placed in another regular set
of points K.��; �/, L.��;��/, N.��; 2b � �/, P.��;�2b C �/, R.��; 2b C �/,
S.��;�2b � �/, T .��; 4b � �/; : : : located out of �. It is evident that the latter
sources and sinks do not conflict with the boundary conditions on y D 0 and y D b.

Upon combining the field strength of all the compensatory sources and sinks in the
scheme shown in Figure 2.11, we arrive at the series form

G.x; yI �; �/ D 1

2�

1X
nD�1



K0.

q
.x � �/2 C .y � �C 2nb/2/

�K0.
q
.x � �/2 C .y C � � 2nb/2/

CK0.

q
.x C �/2 C .y C � � 2nb/2/

�K0.
q
.x C �/2 C .y � �C 2nb/2/

�
(3.27)

of the Green’s function for the Dirichlet problem for the Klein–Gordon equation on
the semi-infinite strip � D ¹.x; y/j0 < x < 1; 0 < y < bº. It is evident that the
rate of convergence of the series in the above representation is comparable with that
the formulas in (3.25) and (3.26).

Example 3.15. In another example on the semi-infinite strip�D ¹.x; y/j0< x <1;

0 < y < bº, we consider a mixed boundary-value problem, namely, that of Dirichlet
conditions imposed on the boundary fragments y D 0 and y D b, and the Neumann
condition imposed on x D 0.

The Green’s function for this problem can be derived with the aid of the scheme
depicted in Figure 2.12 of Chapter 2.

Similarly to the Dirichlet problem that we considered in the previous example, the
traces of the fundamental solution of the Klein–Gordon equation (the field generated
by the unit source acting at an arbitrary point A.�; �/ in �) on the edges y D 0

and y D b are compensated with unit sources and sinks placed at the set of points
B.�;��/, C.�; 2b��/,D.�;�2bC�/,E.�; 2bC�/, F.�;�2b��/,H.�; 4b��/; : : : ,
exterior to �.
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The Neumann condition that is imposed on the boundary fragment x D 0 can be
satisfied with the aggregate influence of the sources and sinks acting at A;B;C;D;E;
F;H; : : : . The latter can be compensated, similar to the Dirichlet problem, with unit
sources and sinks placed at the set of points K.��; �/, L.��;��/, N.��; 2b � �/,
P.��;�2bC �/, R.��; 2bC �/, S.��;�2b � �/, T .��; 4b � �/; : : : , exterior to�.
However, in this case the order of sources and sinks is different from the one suggested
earlier for the Dirichlet problem.

Continuing our procedure, after combining the field strength of all sources and
sinks, we arrive at the rapidly converging series

G.x; yI �; �/ D 1

2�

1X
nD�1



K0.

q
.x � �/2 C .y � �C 2nb/2/

�K0.
q
.x � �/2 C .y C � � 2nb/2/

CK0.

q
.x C �/2 C .y � �C 2nb/2/

�K0.
q
.x C �/2 C .y C � � 2nb/2/� (3.28)

for the Green’s function for this mixed problem.

3.3 Method of Eigenfunction Expansion

Reviewing the boundary-value problems discussed in the previous section, the reader
might notice that the method of images turns out to only be successful for settings
with the Dirichlet and Neumann conditions imposed. With this in mind, we now turn
our attention to another standard method which, similar to the Laplace equation, also
turns out to be productive for the static Klein–Gordon equation in two dimensions, and
whose application range is wider than that for the method of images. In this section,
we will construct a number of Green’s using the method of eigenfunction expansion.

Example 3.16. We start with one of the trivial problems already reviewed in Sec-
tion 3.2, and will obtain an alternative formula for the Green’s function for the Dirich-
let problem

.r2 � k2/u.x; y/ D �f .x; y/; .x; y/ 2 �; (3.29)

u.x; 0/ D u.x; b/ D 0 (3.30)

on the infinite strip � D ¹.x; y/j � 1 < x < 1; 0 < y < bº with width b.
In addition, we require the solution of the problem defined by (3.29) and (3.30), to
remain bounded as x ! ˙1. Further, assume the right-hand side term f .x; y/ in
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(3.29) to be a sufficiently well-behaved function over � in the sense thatˇ̌̌̌“
�

f .x; y/d�.x; y/

ˇ̌̌̌
< 1:

Expand the solution u.x; y/ of the problem in (3.29) and (3.30), and the right-hand
side function f .x; y/ of (3.29) into the following Fourier sine-series

u.x; y/ D
1X
nD1

un.x/ sin �y; � D n�

b
; (3.31)

and

f .x; y/ D
1X
nD1

fn.x/ sin �y: (3.32)

This yields the set of self-adjoint boundary-value problems

d2un.x/

dx2
� .�2 C k2/un.x/ D �fn.x/; n D 1; 2; 3; : : : ; (3.33)

jun.�1/j < 1; jun.1/j < 1 (3.34)

for the coefficients un.x/ of the series in (3.31).
Clearly, a fundamental set of solutions of (3.33) can be represented by the functions

exp.
p
�2 C k2x/ and exp.�

p
�2 C k2x/

and the Green’s function gn.x; �/ of the homogeneous problem corresponding to
(3.33) and (3.34) can be constructed by using either the method based on its defining
properties (see Section 1.1) or the method of variation of parameters (see Section 1.3).
This yields

gn.x; �/ D 1

2
p
�2 C k2

´
exp.

p
�2 C k2.x � �//; for x � � ,

exp.
p
�2 C k2.� � x//; for � � x,

(3.35)

and the series representation

G.x; yI �; �/ D 2

b

1X
nD1

gn.x; �/ sin �y sin �� (3.36)

of the Green’s function to the homogeneous boundary-value problem corresponding
to (3.29) and (3.30) can be obtained by following the scheme developed in Chapter 2
for the Laplace equation.
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It is evident that the non-uniform convergence of the series in (3.36) is precon-
ditioned by the logarithmic singularity of the Green’s function. This significantly
constrains the effectiveness of direct computational implementations of (3.36). How-
ever, the situation can be radically improved by rewriting the branch of the function
gn.x; �/, valid for x � � (the other branch can also be used instead), in the form

gn.x; �/ D
�

exp.h.x � �//
2h

� exp.�.x � �//
2�

�
C exp.�.x � �//

2�
;

where we introduced h D p
�2 C k2 for compactness. With this, the expression in

(3.36) transforms into

G.x; yI �; �/ D 1

b

1X
nD1

�
exp.h.x � �//

h
� exp.�.x � �//

�

�
sin �y sin ��

C 1

b

1X
nD1

exp.�.x � �//
�

sin �y sin �� (3.37)

with the first series uniformly convergent and its numerical implementations posing
no problems. The second series in (3.37) does not converge uniformly and is, in
fact, responsible for the logarithmic singularity of the Green’s function. The good
news is that it allows us a complete summation, possible with the aid of the standard
summation formula which can be found in (2.62) of Chapter 2. After some elementary
algebra, we get

G.x; yI �; �/ D 1

2�
ln
E.z � 
/

E.z � 
/ � 1

b

1X
nD1

Hn.x; �/ sin �y sin �� (3.38)

with z and 
 being the observation and the source point, respectively; the real-valued
function E.w/ of a complex variable w is introduced as

E.w/ D
ˇ̌̌
1 � exp

��
b
w
	ˇ̌̌

with Hn.x; �/ in (3.38) given by

Hn.x; �/ D 1

�h
Œh exp.�.x � �// � � exp.h.x � �//	 for x � � .

Note that the expression for Hn.x; �/ for x � � can be obtained from the above by
exchanging x and � . Also note, that Hn.x; �/ vanishes for k D 0 and (3.38) reduces
to the well-known closed form

G.x; yI �; �/ D 1

2�
ln
E.z � 
/
E.z � 
/

of the Green’s function for the Dirichlet problem for the Laplace equation on the
infinite strip (see, for example, [45, 64]).
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We now turn to the trigonometric series in (3.38). To explore its convergence, we
analyze the modulus of its remainder RN .x; yI �; �/ˇ̌̌ 1X

nDNC1

1

�h
Œh exp.�.x � �// � � exp.h.x � �//	 sin.�y/ sin.��/

ˇ̌̌
:

Upon ignoring the trigonometric factors, we obtain

jRN .x; yI �; �/j �
1X

nDNC1

ˇ̌̌̌
1

�h
Œh exp.�.x � �// � � exp.h.x � �//	

ˇ̌̌̌
:

Clearly, since k2 > 0 and x � � , the parameter h exceeds � and, consequently, the
first term in the brackets always exceeds the second, which is why we can omit the
modulus sign on the right-hand side of the above inequality, yielding

jRN .x; yI �; �/j �
1X

nDNC1

1

�h
Œh exp.�.x � �// � � exp.h.x � �//	:

Taking into account that � < h, from the above estimate follows:

jRN .x; yI �; �/j <
1X

nDNC1

1

�2
Œh exp.�.x � �// � � exp.h.x � �//	: (3.39)

We can develop this further by using the relation

h D
p
�2 C k2 < � C k

which may be regarded as the triangle inequality for h; �; and k. With this, we enforce
the inequality in (3.39) by increasing the first term in the brackets (based on the fact
that � C k > h) while decreasing the second term (because x � � and � C k > h).
That is

jRN .x; yI �; �/j <
1X

nDNC1

1

�2
Œ.� C k/ exp.�.x � �// � � exp..� C k/.x � �//	:

Some elementary algebra yields

jRN .x; yI �; �/j

<

1X
nDNC1

1

�2
¹Œ1 � exp.k.x � �//	� exp.�.x � �//C k exp.�.x � �//º

D Œ1 � exp.k.x � �//	
1X

nDNC1

1

�
exp.�.x � �//C k

1X
nDNC1

1

�2
exp.�.x � �//

� Œ1 � exp.k.x � �//	
1X

nDNC1

1

�
exp.�.x � �//C k

1X
nDNC1

1

�2
:
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Now, after recalling the value of � expressed in terms of n and rewriting the re-
mainders of the above two series in an explicit form, the above inequality transforms
as

jRN .x; yI �; �/j < b

�
Œ1 � exp.k.x � �//	

�
" 1X
nD1

1

n
exp

�n�
b
.x � �/

	
�

NX
nD1

1

n
exp

�n�
b
.x � �/

	#

C k
b2

�2

" 1X
nD1

1

n2
�

NX
nD1

1

n2

#
: (3.40)

With regard to the two infinite series in (3.40), we note that the second one repre-
sents the p-series the sum of which is [1, 27, 37]

1X
nD1

1

n2
D �2

6
:

The sum of the first series in (3.40) can be found by taking a convergent geometric
series and integrate it term-by-term: consider the series

1X
nD1

expnp D expp

1 � expp
; p < 0;

and integrate it, along with its sum, yielding

1X
nD1

1

n
expnp D � ln .1 � expp/

which translates, in our terms, into

1X
nD1

1

n
expn

��
b
.x � �/

	
D � ln

�
1 � exp

��
b
.x � �/

		
:

This finally yields

jRN .x; yI �; �/j < b

�

²
Œ1 � exp.k.x � �//	

�
ln

�
1 � exp

�
�

b
.x � �/

��

�
NX
nD1

1

n
exp

�
n�

b
.x � �/

��
C k

b

�

�
�2

6
�

NX
nD1

1

n2

�³
(3.41)

for the estimate in (3.40).
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Hence, the series in (3.38) converges uniformly and we can accomplish an accurate
assessment by direct truncation. Based on the estimate derived in (3.41), we can
compute the value of the truncating parameter N required to attain the desired level
of accuracy.

Example 3.17. We now set up the mixed boundary-value problem

u.x; 0/ D @u.x; b/

@y
D 0 (3.42)

for the inhomogeneous Klein–Gordon equation in (3.29) on the infinite strip � D
¹.x; y/j � 1 < x < 1; 0 < y < bº.

In this case, the solution u.x; y/ as well as the right-hand side f .x; y/ in (3.29)
must be expressed by the following Fourier sine-series

u.x; y/ D
1X
nD1

un.x/ sin �y; � D .2n � 1/�
2b

(3.43)

and

f .x; y/ D
1X
nD1

fn.x/ sin �y:

It is evident that such a formula for u.x; y/ satisfies the boundary conditions in (3.42).
Continuing with the algorithm used in the previous example, we now arrive at the

boundary-value problem in (3.33) and (3.34) for the coefficient un.x/ of the series
in (3.43), whose Green’s function was presented earlier, in (3.35). This leads to the
Green’s function for (3.29) and (3.42), also obtained in series form in (3.36), which
in the current setting converts into the quite compact and computer-friendly form

G.x; yI �; �/ D 1

2�
ln
E1.z � 
/E2.z � 
/
E2.z � 
/E1.z � 
/

� 1

b

1X
nD1

�
exp.�.x � �//

�
� exp.h.x � �//

h

�
sin �y sin ��; (3.44)

where the real-valued functions E1.w/ and E2.w/ of a complex variable w are de-
fined as

E1.w/ D
ˇ̌̌
exp

��w
2b

	
C 1

ˇ̌̌
; E2.w/ D

ˇ̌̌
exp

��w
2b

	
� 1

ˇ̌̌
:

Note that the coefficient

exp.�.x � �//
�

� exp.h.x � �//
h
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of the series in (3.44) is valid for x � � , whereas its expression for x � � can be
obtained from the above by exchanging x and � .

The series in (3.44) converges uniformly on �. This can be verified in the exact
same fashion as for the Dirichlet problem that we discussed earlier, and the estimate
of the series remainder can be readily obtained.

In following examples, we consider two different boundary-value problems for the
Klein–Gordon equation on a semi-infinite strip.

Example 3.18. Omitting the details of the lengthy but straightforward procedure we
present, in this example, an expression for the Green’s function of the Dirichlet prob-
lem

u.0; y/ D u.x; 0/ D u.x; b/ D 0

on the semi-infinite strip � D ¹.x; y/j0 < x < 1; 0 < y < bº, found to be

G.x; yI �; �/ D 1

2�
ln
E.z � 
/E.z C 
/

E.z � 
/E.z C 
/

� 2

b

1X
nD1

�
sinh �x

� exp ��
� sinh hx

h exph�

�
sin �y sin ��: (3.45)

The coefficient of the above series is valid for x � � , whereas its expression for
x � � can be obtained from the above by exchanging x and � . The series has a high
rate of uniform convergence, and its remainder can be readily estimated.

Example 3.19. For our second example for the semi-infinite strip � D ¹.x; y/j0 <
x < 1; 0 < y < bº, we set up the mixed boundary-value problem

u.x; 0/ D @u.x; b/

@y
D @u.0; y/

@x
� ˇu.0; y/ D 0; ˇ � 0: (3.46)

The remarkable feature is that three different kinds of boundary conditions are im-
posed on different fragments of the contour of �.

Following along with our approach, the Green’s function for (3.46) is ultimately
obtained in the form

G.x; yI �; �/ D 1

2�
ln
E1.z � 
/E2.z C 
/E1.z C 
/E2.z � 
/
E1.z C 
/E2.z � 
/E1.z � 
/E2.z C 
/

� 2

b

1X
nD1

�
cosh �x

� exp ��
� cosh hx

h exph�

�
sin �y sin ��

� 2ˇ

b

1X
nD1

exp.�h.x C �//

h.hC ˇ/
sin �y sin ��; x � �; (3.47)
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where

h D
p
�2 C k2; � D .2n � 1/ �

2b
: (3.48)

The coefficient of the first of the two series in (3.47) is valid for x � � , while for
x � � it can be obtained by exchanging x and � . Clearly, the coefficient of the second
series in (3.47) is invariant under exchanging the variables.

Notice that both series in (3.47) are uniformly convergent, and one can readily
estimate the remainder of the first one by using the approach already implemented
when we analyzed the series (3.38). To estimate the remainder of the second series in
(3.47), RN .x; yI �; �/, we proceed as follows

jRN .x; yI �; �/j D
ˇ̌̌ 1X
nDNC1

exp.�h.x C �//

h.hC ˇ/
sin �y sin ��

ˇ̌̌

�
1X

nDNC1

ˇ̌̌̌
exp.�h.x C �//

h.hC ˇ/

ˇ̌̌̌
D

1X
nDNC1

exp.�h.x C �//

h.hC ˇ/

<

1X
nDNC1

exp.��.x C �//

�.� C ˇ/
: (3.49)

In order to justify the last step in this estimation, note from (3.48) that h is greater
than or equal to �. Hence, by replacing h with � in (3.49), we increase the numerator
and, at the same time, decrease the denominator of the fraction. Hence, the inequality
is satisfied.

Recalling the expression for � in terms of n from (3.48), we rewrite the estimate in
(3.49) in the explicit form

jRN .x; yI �; �/j < 4b2

�2

1X
nDNC1

exp.��.2n�1/
2b

.x C �//

.2n � 1/Œ.2n � 1/C ˇ0	
;

where ˇ0 D 2bˇ=� . The above can be rewritten as

jRN .x; yI �; �/j < 4b2

�2

1X
nDNC1

Œexp.��.xC�/
2b

/	2n�1

.2n � 1/Œ.2n � 1/C ˇ0	

D 4b2

�2p

1X
nDNC1

p2n

.2n � 1/2n; (3.50)

where, for notational convenience, we introduce

p D exp
�
� �

2b
.x C �/

	
:
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Proceeding from estimate obtained in (3.50), we will derive the summation formula
for the series

1X
nD1

p2n

.2n � 1/2n
whose N th remainder appears in (3.50). In doing so, we take advantage of the stan-
dard relation [1, 27, 37]

1X
nD1

p2n�1
2n � 1 D 1

2
ln

�
1C p

1 � p
�

(3.51)

valid for p2 < 1. Since the above series converges uniformly for p 2 .0; 1/, we may
integrate it term-by-term, yieldingZ p

0

1X
nD1

�2n�1
2n � 1d� D

1X
nD1

1

2n � 1
Z p

0

�2n�1d� D
1X
nD1

p2n

.2n � 1/2n:

On the other hand, after integrating the right-hand side of the relation in (3.51), we
obtain Z p

0

1

2
ln

�
1C �

1 � �
�
d� D 1

2
Œ.1C p/ ln.1C p/C .1 � p/ ln.1 � p/	:

Hence, we arrive at the summation formula

1X
nD1

p2n

.2n � 1/2n D 1

2
Œ.1C p/ ln.1C p/C .1 � p/ ln.1 � p/	 (3.52)

which is important to the estimation we are in the process of deriving.
We now return to the inequality (3.50) and rewrite it as

jRN .x; yI �; �/j < 4b2

�2p

1X
nDNC1

p2n

.2n � 1/2n

D 4b2

�2p

 1X
nD1

p2n

.2n � 1/2n �
NX
nD1

p2n

.2n � 1/2n

!
which can be completed, in view of the relation derived in (3.52). That is,

jRN .x; yI �; �/j < 4b2

�2p

²
1

2
Œ.1C p/ ln.1C p/C .1 � p/ ln.1 � p/	

�
NX
nD1

p2n

.2n � 1/2n
³
;

where we introduced the parameter p right after the relation in (3.50).
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Thus, from the estimate we just obtained, it follows that the formula for the Green’s
function presented in (3.47), can be accurately computed by direct truncation of its
series components.

It is evident that the estimate we just derived is not uniform: it depends upon the
positions of the field and source point to which we apply the estimate. Hence, this
makes it possible to use different truncations of the series on different sub-zones of
the region � in order to keep a certain fixed level accuracy for the entire region.

The suggested technique provides a productive tool for constructing Green’s func-
tions for boundary-value problems for the Klein–Gordon equation on regions of dif-
fering configurations.

Example 3.20. We now focus on the Dirichlet problem on the rectangle� D ¹.x; y/j
0 < x < a; 0 < y < bº. Following again the technique that has been so productive
before, we obtains the series representation of the Green’s function

G.x; yI �; �/ D 2

b

1X
nD1

gn.x; �/ sin �y sin ��; � D n�

b
: (3.53)

For x � � , the coefficient gn.x; �/ appears as

gn.x; �/ D 1

4h sinh.ha/
Œ exp.h.x � � � a// � exp.h.x C � � a//

C exp.�h.x � � � a// � exp.�h.x C � � a//	;
where we again introduce the parameter h D p

�2 C k2.
After some algebra, the above expression reduces to

gn.x; �/ D � sinh hx sinh h�

h expha sinh ha
C 1

2h
Œexp.�h.x � �// � exp.�h.x C �//	:

Upon adding and subtracting the function

1

2�
Œexp.�.x C �// � exp.��.x � �//	

to the bracketed term in gn.x; �/, conducting a partial summation of the series in
(3.53), and performing some trivial algebra, we obtain the following form

G.x; yI �; �/ D 1

2�
ln
E.z � 
/E.z C 
/

E.z � 
/E.z C 
/

� 2

b

1X
nD1

�
sinh �x

� exp ��
� sinh hx

h exph�

�
sin �y sin ��

� 2

b

1X
nD1

sinh hx sinh h�

h expha sinh ha
sin �y sin ��; x � �; (3.54)
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of the Green’s function for the Dirichlet problem for the Klein–Gordon equation on
the rectangle �.

Note that G.x; yI �; �/ valid for x � � , follows from (3.54) upon exchanging the
variables x and � in just the first of the two series, since the second is invariant to this
operation.

Also note that the formula for the Green’s function for the semi-strip, which was
earlier derived in (3.45), follows immediately from the one in (3.54), if a is taken to
infinity. This assertion is supported by the following features: (i) the logarithmic term
as well as the first series in (3.54) do not depend on a, and (ii) whereas the limit of the
second series term is zero, for a going to infinity,

lim
a!1

1X
nD1

sinh hx sinh h�

h expha sinh ha
sin �y sin �� D 0:

Speaking of computational implementations based on the use of the equation (3.54),
note that, as we mentioned before, the first series in it is quite computer-friendly and
can be accurately assessed by suitable truncation.

In contrast, the second series in (3.54) is not uniformly convergent. It has a loga-
rithmic singularity, which shows up if both the observation and the source point are
approaching the edge x D a of the rectangle. This singularity can be separated from
the regular part and expressed then in a closed analytical form by following the ap-
proach we used earlier in Chapter 2, where we treated the Dirichlet problem for the
Laplace equation on a rectangle.

To further extend the list of boundary-value problems for the static Klein–Gordon
equation, for which the method of eigenfunction expansion proves to be productive,
we now turn to a several other problem settings written in polar coordinates.

Example 3.21. Consider first the Dirichlet problem

u.r; 0/ D u.r; ˛/ D 0 (3.55)

for the inhomogeneous Klein–Gordon equation

1

r

@

@r

�
r
@u.r; '/

@r

�
C 1

r2
@2u.r; '/

@'2
� k2u.r; '/ D �f .r; '/ (3.56)

on the infinite circular sector �.r; '/ D ¹.r; '/j0 < r < 1; 0 < ' < ˛º with angle ˛
constrained to be between 0 and 2� . In addition, we require that the solution u.r; '/
remains bounded when r approaches zero or infinity. Also, assume that the right-hand
side f .r; '/ in (3.56) is integrable on �, that isˇ̌̌̌“

�

f .r; '/d�.r; '/

ˇ̌̌̌
< 1:
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We have learned in Section 3.2 that the method of images fails for such a setting.
But, as the current example shows, the method of eigenfunction expansion turns out
to be efficient.

To obtain the solution to the problem in (3.55) and (3.56) in the integral form

u.r; '/ D
Z ˛

0

Z 1

0

G.r; 'I %; /f .%;  /%d%d ; (3.57)

where the kernel G.r; 'I %; / is the Green’s function that needs to be found, we
express u.r; '/ and f .r; '/ as the following Fourier sine-series

u.r; '/ D
1X
nD1

un.r/ sin �'; � D n�

˛
; (3.58)

and

f .r; '/ D
1X
nD1

fn.r/ sin �': (3.59)

This yields the set of boundary-value problems

d2un.r/

dr2
C 1

r

dun.r/

@r
�
�
k2 C �2

r2

�
un.r/ D �fn.r/; n D 1; 2; 3; : : : ; (3.60)

lim
r!0

jun.r/j < 1; lim
r!1 jun.r/j < 1 (3.61)

for the coefficients un.r/ of the series in (3.58). The equation in (3.60) is [33] a
modified Bessel equation whose fundamental set of solutions can be represented by
the modified Bessel functions of the first and the second kind, respectively, I�.kr/and
K�.kr/ of order � [37, 73, 74].

The Green’s function gn.r; %/ for the homogeneous problem corresponding to (3.60)
and (3.61) can be constructed by using either the method based on the defining prop-
erties (see Section 1.1 of Chapter 1) or the method of variation of parameters (see
Section 1.3), yielding

gn.r; %/ D
´
I�.kr/K�.k%/; for r � %,

I�.k%/K�.kr/; for % � r .
(3.62)

Omitting the details of the construction procedure, which are left to the Chapter
Exercises, we present the final series representation

G.r; 'I %; / D 2

˛

1X
nD1

gn.r; %/ sin �' sin � (3.63)

of the Green’s function for the problem in (3.55) and (3.56).
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One particular case of the expansion in (3.63) leads us to a surprising observation:
assuming ˛ D � , we find the series expansion

G.r; 'I %; / D 2

�

1X
nD1

In.kr/Kn.k%/ sinn' sinn for r � % (3.64)

of the Green’s function for the Dirichlet problem for the Klein–Gordon equation on
the half-plane � D ¹.r; '/j0 < r < 1; 0 < ' < �º. Note that, in compliance with
(3.62), the variables r and % in (3.64) must be exchanged for % � r .

At this point, it is worthwhile to recall that in Section 3.2 we have already obtained
another alternative form of the Green’s function for the Dirichlet on the half-plane, by
making use of the the method of images. This formula is shown in (3.7) as

G.r; 'I %; / D 1

2�



K0.k

q
r2 � 2r% cos.' �  /C %2/

�K0.k
q
r2 � 2r% cos.' C  /C %2/

�
; (3.65)

where the moduli of the expressions z � 
 and z � 
 are expressed, for convenience,
in polar coordinates.

And this is where the actual surprise occurs: upon equating the two equivalent
formulas of (3.64) and (3.65), one arrives at the following relation for r � %,

1X
nD1

In.kr/Kn.k%/ sinn' sinn D 1

4



K0.k

q
r2 � 2r% cos.' �  /C %2/ (3.66)

�K0.k
q
r2 � 2r% cos.' C  /C %2/

�
which is, in fact, a multi-variable identity for the modified Bessel functions.

To the authors’ best knowledge, the identity (3.66) is not available in the classical
texts on special functions (see, for example, [3, 73, 74]) and it cannot be found in the
existing handbooks like [1] or [27] either.

It is evident that several other particular cases of the expansion in (3.63) might
also generate interesting identities for the modified Bessel functions. Assuming, for
example, ˛ D �=2 yields

G.r; 'I %; / D 4

�

1X
nD1

I2n.kr/K2n.k%/ sin 2n' sin 2n for r � % (3.67)

representing the Green’s function for the Dirichlet problem for the Klein–Gordon
equation on the quarter-plane � D ¹.r; '/j0 < r < 1; 0 < ' < �=2º. Upon
equating (3.67) with its equivalent obtained earlier in Section 3.2 by the method of
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images as displayed in (3.12), we obtain another nontrivial identity

1X
nD1

I2n.kr/K2n.k%/ sin 2n' sin 2n 

D 1

8

2X
nD1



K0.k

q
r2 � 2r% cos.' � ..n � 1/� C  //C %2/

�K0.k
q
r2 � 2r% cos.' � .n� �  //C %2/

�
(3.68)

for r � %, where for % � r , on the left-hand side, the variables r and % must be
exchanged.

We encourage the reader to derive several similar identities, by working the Chapter
Exercises.

Example 3.22. Consider the Dirichlet problem

u.R; '/ D u.r; 0/ D u.r; �/ D 0

for the Klein–Gordon equation on the half-disk � D ¹.r; '/j0 < r < R; 0 < ' < �º
with radius R. In the Chapter Exercises, we present the reader with the challenge of
going through the derivation procedure in detail. Here, we just present an expression
for the Green’s function to this problem, which is obtained in the form

G.r; 'I %; / D 1

2�



K0.k

q
r2 � 2r% cos.' �  /C %2/

�K0.k
q
r2 � 2r% cos.' C  /C %2/

�
� 2

�

1X
nD1

In.kr/In.k%/Kn.kR/

In.kR/
sinn' sinn : (3.69)

Clearly, the Green’s function for the Dirichlet problem on the half-plane, displayed
in (3.65), follows from the one on the half-disk shown in (3.69), for R approaching
infinity. Indeed, the series term in (3.69) vanishes for R ! 1, because of the evident
observation [27, 37]

lim
R!1

Kn.kR/

In.kR/
D 0

which directly follows from the asymptotic behavior of the modified Bessel functions
(for R ! 1)

lim
R!1Kn.kR/ D 0 and lim

R!1 In.kR/ D 1:
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Example 3.23. For our final example, consider the following mixed boundary-value
problem

@u.R; '/

@r
C ˇu.R; '/ D u.r; 0/ D u.r; �/ D 0; ˇ � 0; (3.70)

for the Klein–Gordon equation on the half-disk � D ¹.r; '/j0 < r < R; 0 < ' < �º
with radius R. The Green’s function for this problem can also be found using our
technique. After splitting off the singular component, we express it as

G.r; 'I %; / D 1

2�



K0.k

q
r2 � 2r% cos.' �  /C %2/

�K0.k
q
r2 � 2r% cos.' C  /C %2/

�
� 2

�

1X
nD1

In.kr/In.k%/ŒK
0
n.kR/C ˇKn.kR/	

I 0
n.kR/C ˇIn.kR/

sinn' sinn :

(3.71)

The Green’s functions for two other boundary-value problems can be obtained as
particular cases of this equation. First, the formula in (3.71) reduces to the (3.69) (the
Dirichlet problem for the half-disk), if the parameter ˇ in the boundary condition of
(3.70) approaches infinity. Second, for ˇ going to zero, equation (3.71) reduces to the
Green’s function

G.r; 'I %; / D 1

2�



K0.k

q
r2 � 2r% cos.' �  /C %2/

�K0.k
q
r2 � 2r% cos.' C  /C %2/	

� 2

�

1X
nD1

In.kr/In.k%/K
0
n.kR/

I 0
n.kR/

sinn' sinn (3.72)

for another mixed boundary-value problem on the semi-circle

@u.R; '/

@r
D u.r; 0/ D u.r; �/ D 0:

The range of boundary-value problems for the static Klein–Gordon equations, for
which Green’s functions can potentially be constructed with the aid of the method of
eigenfunction expansion, is not limited to the cases considered in this section. The
reader can readily use the experience gained in this chapter to obtain compact formu-
las for other Green’s functions.
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3.4 Three-Dimensional Problems

As we have already outlined, this book is primarily intended to deal with partial dif-
ferential equations in two dimensions. However, in a number of places in this book,
we also bring forward the construction of Green’s functions for three-dimensional
problems. In the present section, we intend to provide the reader with a few sample
settings for the static Klein–Gordon equation in three dimensions. It will be shown
that the methods of images and eigenfunction expansion, which appeared efficient in
two dimensions, have potential for application to three-dimensional problems as well.

Taking into account the form

exp.�kjP �Qj/
4�jP �Qj (3.73)

of the fundamental solution of the three-dimensional static Klein–Gordon equation
[3, 37], its Green’s function for the well-posed boundary-value problem

r2u.P / � k2u.P / D 0; P 2 D; (3.74)

T Œu.P /	 D 0; P 2 S; (3.75)

in a simply-connected region D bounded with a piecewise smooth surface S can be
written as

G.P;Q/ D exp.�kjP �Qj/
4�jP �Qj CR.P;Q/; P;Q 2 D; (3.76)

with R.P;Q/ representing the regular component of G.P;Q/.
Hence, similar to two-dimensional problems, finding a three-dimensional Green’s

function for the Klein–Gordon equation is a matter of finding the regular component
R.P;Q/. A number of 3-D Green’s functions can be constructed with the aid of the
method of images. We illustrated this assertion with the following examples, starting
with the simplest of them.

Example 3.24. Construct the Green’s function for the Dirichlet problem for the
Klein–Gordon equation in the half-space D D ¹z > 0º.

Placing a unit source, generating the field defined by (3.73), at an arbitrary point
Q.�; �; 
/ in D, we compensate its trace on the boundary plane z D 0 with the unit
sink

�exp.�kp.x � �/2 C .y � �/2 C .z C 
/2/

4�
p
.x � �/2 C .y � �/2 C .z C 
/2

(3.77)

located at Q�.�; �;�
/ symmetric to Q.�; �; 
/ with respect to the plane z D 0.
Clearly, the function in (3.77) is a solution of the Klein–Gordon equation everywhere
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in D, and the sum of (3.73) and (3.77)

G.x; y; zI �; �; 
/ D 1

4�

�
exp.�kp.x � �/2 C .y � �/2 C .z � 
/2/p

.x � �/2 C .y � �/2 C .z � 
/2

� exp.�kp.x � �/2 C .y � �/2 C .z C 
/2/p
.x � �/2 C .y � �/2 C .z C 
/2

�
; (3.78)

as a function of the coordinates of the field point P , satisfies the Klein–Gordon equa-
tion everywhere in D except for .x; y; z/ D .�; �; 
/. Additionally, it contains the
fundamental solution singularity, and vanishes on the boundary z D 0 of D. In other
words, it does, indeed, represent the sought-after Green’s function.

Example 3.25. Construct the Green’s function for the Dirichlet problem for the three-
dimensional Klein–Gordon equation in a sphere of radius a.

To derive the required Green’s function, we follow procedure used in Chapter 2 for
the case of Laplace equation. Similar to that case, for any location of the source point
inside the sphere, there exists a proper location for a compensatory sink outside of the
sphere so that the face of the sphere represents a surface of zero potential for the field
generated by both the source and the sink.

The only thing different in the current case, compared to the case of Laplace equa-
tion, is the form of the fundamental solution in (3.73). Hence, with the field point
and the source point, in spherical coordinates, denoted by P.r; #; '/ and Q.�; �;  /,
respectively, the expression for the Green’s function for the Dirichlet problem for the
Klein–Gordon equation stated in a sphere of radius a is found as

G.P;Q/ D 1

4�

�
exp.�kjP �Qj/

jP �Qj � exp.�kjP �Q�j/
jP �Q�j

�
(3.79)

with the distance between P and Q defined in spherical coordinates as

jP �Qj D
q
r2 � 2r� cos � C �2

and with � representing the angle between the vectors
�!
P and

�!
Q. We define an ex-

pression for cos � in terms of the spherical angle coordinates of P and Q as

sin# sin� cos.' �  /C cos# cos�:

The term jP �Q�j in (3.79) represents the distance between the field point P and the
compensatory sink point Q�; located outside the sphere and is defined as

jP �Q�j D 1

a

q
r2�2 � 2a2r� cos � C a4:



162 Chapter 3 The Static Klein–Gordon Equation

Example 3.26. Construct the Green’s function for the Dirichlet problem for the 3-D
static Klein–Gordon equation in the infinite layer D D ¹0 < z < hº of width h.

Following the method of images as applied to the corresponding problem for the
Laplace equation, in Chapter 2, we set out to write a series representation of the
required Green’s function. That is, if we place the unit source

G0.x; y; zI �; �; 
/ D exp.�kp.x � �/2 C .y � �/2 C .z � 
/2/
4�
p
.x � �/2 C .y � �/2 C .z � 
/2 (3.80)

at an arbitrary point .�; �; 
/ insideD, then the traces of (3.80) on the boundary planes
z D 0 and z D h can be canceled out by the unit sinks

G0.x; y; zI �; �;�
/ D �exp.�kp.x � �/2 C .y � �/2 C .z C 
/2/

4�
p
.x � �/2 C .y � �/2 C .z C 
/2

and

G0.x; y; zI �; �; 2h � 
/ D �exp.�kp.x � �/2 C .y � �/2 C .z C 
 � 2h/2/
4�
p
.x � �/2 C .y � �/2 C .z C 
 � 2h/2

placed at .�; �;�
/ and .�; �; 2h � 
/, respectively.
Clearly, G0.x; y; zI �; �;�
/ and G0.x; y; zI �; �; 2h � 
/ leave non-zero traces on

the boundary planes z D 0 and z D h. To compensate those, we place the unit sources

G0.x; y; zI �; �;�2hC 
/ D exp.�kp.x � �/2 C .y � �/2 C .z � 
 C 2h/2/

4�
p
.x � �/2 C .y � �/2 C .z � 
 C 2h/2

and

G0.x; y; zI �; �; 2hC 
/ D exp.�kp.x � �/2 C .y � �/2 C .z � 
 � 2h/2/
4�
p
.x � �/2 C .y � �/2 C .z � 
 � 2h/2

at the points .�; �;�2hC 
/ and .�; �; 2hC 
/, respectively.
Traces of G0.x; y; zI �; �;�2hC 
/ and G0.x; y; zI �; �; 2hC 
/ on the boundary

planes can then be compensated with the unit sinks

G0.x; y; zI �; �;�2h � 
/ D �exp.�kp.x � �/2 C .y � �/2 C .z C 
 C 2h/2/

4�
p
.x � �/2 C .y � �/2 C .z C 
 C 2h/2

and

G0.x; y; zI �; �; 4h � 
/ D �exp.�kp.x � �/2 C .y � �/2 C .z C 
 � 4h/2/
4�
p
.x � �/2 C .y � �/2 C .z C 
 � 4h/2

placed at .�; �;�2h � 
/ and .�; �; 4h � 
/, respectively.
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Following the established pattern, we place N appropriate pairs of compensatory
sources and sinks and sum the field they generate:

1

4�

NX
nD�N

ŒG0.x; y; zI �; �; 
 � 2nh/ �G0.x; y; zI �; �; 2nh � 
/	 :

Taking the limit for N approaching infinity, we obtain the infinite series

G.x; y; zI �; �; 
/ D 1

4�

1X
nD�1

�
exp.�kp.x � �/2C .y � �/2C .z � 
C 2nh/2/p

.x � �/2 C .y � �/2 C .z � 
C 2nh/2

� exp.�kp.x � �/2 C .y � �/2 C .z C 
 � 2h/2/p
.x � �/2 C .y � �/2 C .z C 
 � 2nh/2

�
(3.81)

representing, the sought-after Green’s function.
It is evident that the first additive component in the n D 0 term of the series in

(3.81)

exp.�kp.x � �/2 C .y � �/2 C .z � 
/2/p
.x � �/2 C .y � �/2 C .z � 
/2

represents the fundamental solution to the three-dimensional static Klein–Gordon
equation. This implies that if the n D 0 term is omitted then the series in (3.81)
must converge uniformly in D.

To illustrate the potential of the eigenfunction expansion method in the construction
of Green’s functions for the three-dimensional Klein–Gordon equation, we present the
following sample problem.

Example 3.27. Construct the Green’s function for the homogeneous boundary-value
problem corresponding to

@2u

@x2
C @2u

@y2
C @2u

@z2
� k2u D �f .x; y; z/; .x; y; z/ 2 D; (3.82)

u.x; y; 0/ D u.x; y; h/ D u.x; 0; z/ D u.x; b; z/ D 0; (3.83)

@u.0; y; z/

@x
� ˇu.0; y; z/ D 0; lim

x!1 ju.x; y; z/j < 1 (3.84)

in the semi-infinite bar D D ¹0 < x < 1; 0 < y < b; 0 < z < hº with rectangular
cross-section. Note also that the parameter ˇ in (3.84) is supposed to be non-negative.

Recall that once the solution of the problem in (3.82)–(3.84) is found in the form

u.x; y; z/ D
Z h

0

Z b

0

Z 1

0

K.x; y; zI �; �; 
/f .�; �; 
/dD.�; �; 
/ (3.85)
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the kernel K.x; y; zI �; �; 
/ in the above integral is immediately recognized to be the
Green’s function to the corresponding homogeneous problem.

Taking into account the boundary conditions in (3.83), we expand the functions
u D u.x; y; z/ and f .x; y; z/ into the double Fourier series

u.x; y; z/ D
1X

m;nD1
umn.x/ sin
y sin �z (3.86)

and

f .x; y; z/ D
1X

m;nD1
fmn.x/ sin
y sin �z (3.87)

with 
 and � defined in terms of the summation indexes of the series as 
 D m�=b

and � D n�=h.
Upon substituting (3.86) and (3.87) into (3.82), we arrive at the boundary-value

problem

d2umn.x/

dx2
� �2umn.x/ D �fmn.x/; �2 D 
2 C �2 C k2; (3.88)

dumn.0/

dx
� ˇumn.0/ D 0; lim

x!1 jumn.x/j < 1 (3.89)

for the coefficients umn.x/ of the series in (3.86).
If gmn.x; �/ represents the Green’s function to the homogeneous problem corre-

sponding to (3.88) and (3.89), then the solution to the problem itself can be written
as

umn.x/ D
Z 1

0

gmn.x; �/fmn.�/d�: (3.90)

Earlier in Chapter 1, we constructed the Green’s function gmn.x; �/ (see Exam-
ple 1.15). Using our current notation, it reads as

gmn.x; �/ D 1

2�

�
e��jx��j C � � ˇ

�C ˇ
e��.xC�/

�
:

We substitute the series coefficients fmn.x/, expressed in terms of f .x; y; z/ as

fmn.x/ D 4

bh

Z h

0

Z b

0

f .x; �; 
/ sin
� sin �
d�d


into (3.87), and then substitute then umn.x/ into (3.86), reducing the solution of the
boundary-value problem in (3.82)–(3.84) to

u.x; y; z/ D
Z h

0

Z b

0

Z 1

0

2

bh

1X
m;nD1

1

�

�
e��jx��j C � � ˇ

�C ˇ
e��.xC�/

�
� sin
y sin
� sin �z sin �
f .�; �; 
/dD.�; �; 
/: (3.91)
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Hence, in light of the relation in (3.85), we conclude that the kernel of the integral
in (3.91)

G.x; y; zI �; �; 
/ D 2

bh

1X
m;nD1

1

�

�
e��jx��j C � � ˇ

�C ˇ
e��.xC�/

�
� sin
y sin
� sin �z sin �
 (3.92)

represents the Green’s function for the homogeneous boundary-value problem corre-
sponding to (3.82)–(3.84).

3.5 Chapter Exercises

1. Construct the Green’s functions for the static Klein–Gordon equation on the
semi-infinite strip � D ¹.x; y/j0 < x < 1; 0 < y < bº for the following
boundary-value problems:

(a) @u.0; y/=@x D u.x; 0/ D u.x; b/ D 0;

(b) @u.0; y/=@x � ˇu.0; y/ D u.x; 0/ D u.x; b/ D 0.

2. Construct the Green’s function for the static Klein–Gordon equation on the infi-
nite circular sector� D ¹.r; '/j0 < r < 1; 0 < ' < ˛º for the boundary-value
problem

u.r; 0/ D 0; @u.r; ˛/=@' D 0

and obtain, as a particular case (for ˛ D �), the Green’s function for the corre-
sponding mixed boundary-value problem on a half-plane.

3. Derive an expression for the Green’s function for the static Klein–Gordon equa-
tion on an infinite circular sector shown in (3.63).

4. Construct the Green’s functions for the static Klein–Gordon equation on the
half–disk � D ¹.r; '/j0 < r < R; 0 < ' < �º with radius R for the following
boundary-value problems:

(a) u.r; 0/ D @u.r; �/=@' D u.R; '/ D 0;

(b) u.r; 0/ D @u.r; �/=@' D @u.R; '/=@r D 0;

(c) u.r; 0/ D @u.r; �/=@' D @u.R; '/=@r C ˇu.R; '/ D 0, ˇ � 0.

5. Construct the Green’s functions for the static Klein–Gordon equation on the
disk � D ¹.r; '/j0 < r < R; 0 � ' < 2�º for the following boundary-value
problems:

(a) u.R; '/ D 0;

(b) @u.R; '/=@r C ˇu.R; '/ D 0, ˇ > 0.
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6. Derive an identity for the modified Bessel functions by assuming ˛ D �=3 in
(3.63).

7. Derive an identity for the modified Bessel functions by assuming ˛ D �=4 in
(3.63).

8. Construct the Green’s function shown in (3.69).

9. Construct the Green’s function shown in (3.71).

10. Construct the Green’s function shown in (3.72).

11. Use the method of images to construct the Green’s function for the mixed prob-
lem

u.x; y; 0/ D 0;
@u.x; y; h/

@z
D 0

for the three-dimensional static Klein–Gordon equation in the infinite layerD D
¹0 < z < hº of width h.

12. Use the method of eigenfunction expansion to construct the Green’s function
for the three-dimensional Klein–Gordon equation for the Dirichlet problem in
the parallelepiped D D ¹0 < x < a; 0 < y < b; 0 < z < hº.



Chapter 4

Higher Order Equations

So far in this book, we have been involved with second order elliptic equations. In
Chapters 2 and 3, we developed efficient approaches to the construction of Green’s
functions for the two-dimensional Laplace and the static Klein–Gordon equation. In
this chapter, we concentrate on applied higher order elliptic equations and systems.
We will consider particularly the biharmonic equation, which finds many important
applications in engineering and science, and its Green’s functions are very rare in the
literature. This equation is traditionally linked to a number of physical phenomena
and processes. It is associated, for example, with the plane problem in the theory of
elasticity [7, 19, 26, 31, 38, 45, 47, 71]. Another application of the biharmonic equa-
tion in mechanics is tied to the bending of thin plates made of isotropic homogeneous
elastic materials and considered within the scope of the so-called Poisson–Kirchhoff
model [32, 47, 60, 72].

This chapter strives to make our technique, as developed earlier for second order
elliptic equations, also workable for higher order equations. It is our objective to de-
velop, for example, a working methodology that aims at the construction of Green’s
functions for boundary-value problems for the biharmonic equation on regions of
standard shape. We will then extend our elaborations to other higher-order elliptic
equations and systems (also applicable to several problem settings in the Poisson–
Kirchhoff plate and shell theory), for which the technique that we developed for the
biharmonic equation, also turns out to be productive.

This chapter is organized similar to the cases of the Laplace and static Klein–
Gordon equation treated in Chapters 2 and 3. In a short opening section we plot
the course for a specific approach that was productive for second order equations, and
show how it will be used for the construction of Green’s functions for the biharmonic
equation. Our approach is based on an integral representation of the solution of a
well-posed problem for the inhomogeneous equation subject to homogeneous bound-
ary conditions.

Section 4.2 is devoted to the construction of Green’s functions for the biharmonic
equation for problems formulated in Cartesian coordinates on which we will impose
various boundary conditions. In Section 4.3, we present several results for a number of
problems in a circular region. Note that whilst formulating particular boundary-value
problems, we stay focused on specific settings that occur in mechanics. Section 4.4 di-
rects our interest to another fourth order elliptic equation, which arises in the analysis
of the stress-strain state of thin elastic plates, resting on an elastic foundation. Sec-
tion 4.5 touches upon an eighth order elliptic system modeling several shell problems.
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4.1 Definition of Green’s Function

We start this section by providing a backdrop for our involvement with the bihar-
monic equation. In doing so, we will sketch an approach to the construction of its
Green’s functions. This approach will later be applied to a number of boundary-value
problems.

Let � represent a simply connected region in two-dimensional Euclidean space,
bounded by a piecewise smooth contour L.

To introduce the basic idea of our approach, consider the well-posed boundary-
value problem

r2r2w.P / D �f .P /; P 2 �; (4.1)

B1Œw.P /	 D 0; B2Œw.P /	 D 0; P 2 L; (4.2)

where r2 represents the Laplace operator written in terms of the coordinates of the
field point P and the right-hand side function f .P / is assumed to be integrable on�.
B1 and B2 are linear differential operators specifying the boundary conditions im-
posed on L.

From the qualitative theory of partial differential equations [3, 18, 22, 25, 39, 53,
54, 57, 61, 66, 67, 77], it follows that the solution w.P / to the problem in (4.1) and
(4.2) can be expressed in compact integral form

w.P / D
“
�

G.P;Q/f .Q/d�.Q/; P 2 �; (4.3)

in terms of the Green’s function G.P;Q/ for the homogeneous (with f .P / D 0)
boundary-value problem corresponding to (4.1) and (4.2).

Hence, once a computer-friendly form of the Green’s function G.P;Q/ has been
found, the relation in (4.3) provides an explicit expression for the solution to the prob-
lem in (4.1) and (4.2), for which G.P;Q/ turns out to be a key part of the resolving
operator.

On the other hand, the relation in (4.3) provides us with a hint as to a possible
strategy for the construction of the Green’s function: instead of looking for a direct
method for obtaining G.P;Q/ by using, say, its defining properties, we might choose
an indirect path. That is, we want to develop a procedure that expresses the solution to
(4.1) and (4.2) in the integral form of (4.3). Indeed, if such a procedure is developed
and the solution w.P / is found as the integral in (4.3), then the sought-after Green’s
function G.P;Q/ appears explicitly as the kernel of that integral representation.

Before continuing our actual presentation and in order to maintain a flexible ter-
minological background for our developments, it is convenient to turn to a physical
interpretation of the notion of the Green’s function G.P;Q/ for the homogeneous
problem corresponding to (4.1) and (4.2). This can be attained by recalling a process
or phenomenon which is mathematically modeled by (4.1) and (4.2). In doing so, we
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assume that the middle plane of a thin elastic plate, undergoing a lateral load directly
proportional to the function f .P /; occupies the region �:

Within the scope of the above interpretation, the setting in (4.1) and (4.2) can be
thought of as a mathematical model for the bending of the plate, withw.P / represent-
ing the plate’s lateral deflection. In mechanics, the Green’s functionG.P;Q/ is called
the influence function of a unit concentrated force [45, 47, 72] and is interpreted as
the deflection of the middle plane of the plate at P due to a lateral unit point force
applied at Q.

Similar to the cases of Laplace and static Klein–Gordon equation, the Green’s func-
tion G.P;Q/ of the two-dimensional biharmonic equation can be split into a singular
and a regular component. The singular component of G.P;Q/ represents the funda-
mental solution

S.Q;P / D 1

8�
jP �Qj2 ln

1

jP �Qj (4.4)

of the homogeneous biharmonic equation [3, 39, 45, 47]. With S.P;Q/ available in a
closed form, the construction of G.P;Q/ focuses on its regular component R.P;Q/.
Note, however, that the procedure for obtaining Green’s functions advocated in this
book does not target the regular component alone. Instead, our procedure allows us
to at once obtain both the singular and the regular components. It is also important
to note that the word “singular” must be put in quotes because it can only condition-
ally be applied to the term in (4.4). The point is that, as can easily be justified by
L’Hôpital’s rule, the limit of S.P;Q/ sinceQ ! P exists, it is equal to zero. That is,

lim
Q!P

jP �Qj2 ln
1

jP �Qj D 0:

Hence, the component S.P;Q/ itself has no singularity, and the word “singular”
refers to the logarithmic singularity of the second order derivatives of S.P;Q/ with
respect to the coordinates of the observation point P .

In contrast to the case of the Laplace equation, only a limited number of Green’s
functions for the biharmonic equation are available in the current literature. We will
review them and propose a derivation procedure which proves efficient for a number
of boundary-value problems. The procedure is based on the method of eigenfunction
expansion [29, 66].

4.2 Rectangular-Shaped Regions

In this section, we will consider number of boundary-value problems for the bihar-
monic equation on standard rectangular-shaped regions (infinite strip, semi-infinite
strip and rectangle). These problems represent just examples, illustrating the poten-
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tial of this procedure for the construction of Green’s functions. As to the boundary
conditions imposed for all the problems considered herein, we keep in mind the plate
theory applications and try to allow for interpretation of our problems, in a physically
meaningful way in mechanics.

Example 4.1. To illustrate the basics of the method, we begin with a simple problem.
Consider the inhomogeneous biharmonic equation�

@2

@x2
C @2

@y2

��
@2w.x; y/

@x2
C @2w.x; y/

@y2

�
D �f .x; y/; .x; y/ 2 �; (4.5)

set up on the rectangular region � D ¹.x; y/j0 < x < a; 0 < y < bº. Assume
equation in (4.5) to be subject to the boundary conditions

w D @2w

@y2

ˇ̌̌̌
yD0;b

D 0; w D @2w

@x2

ˇ̌̌̌
xD0;a

D 0: (4.6)

The above is one of the classical settings in the so-called Poisson–Kirchhoff plate
theory, where w.x; y/ in (4.5) and (4.6) is interpreted as the lateral deflection of a
rectangular plate whose edges are simply supported, whilst the plate undergoes an
exterior lateral load directly proportional to the function f .x; y/.

A specific form of the boundary conditions in (4.6) makes it possible to expand
the solution w.x; y/ of the boundary-value problem in (4.5) and (4.6) into the double
Fourier sine-series

w.x; y/ D
1X

m;nD1
wmn sin
x sin �y; 
 D m�

a
; � D n�

b
: (4.7)

Clearly, the above formula is the expansion of w.x; y/ in terms of its eigenfunc-
tions, which makes it satisfy all the boundary conditions imposed in (4.6).

Continuing the method of eigenfunction expansion, we now represent the right-
hand side function f .x; y/ of the equation in (4.5) in the identical double sine-series
form

f .x; y/ D
1X

m;nD1
fmn sin
x sin �y: (4.8)

Substituting (4.7) and (4.8) into (4.5) and combining like terms in the left-hand side
yields

1X
m;nD1

�

4 C 2
2�2 C �4

�
wmn sin
x sin �y D �

1X
m;nD1

fmn sin
x sin �y
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from which, after equating the corresponding coefficients of the trigonometric series
and performing some trivial algebra, we obtain

wmn D � fmn�

2 C �2

�2 :
Now, substitution of wmn into (4.7) yields

w.x; y/ D �
1X

m;nD1

fmn�

2 C �2

�2 sin
x sin �y: (4.9)

Upon recalling the Euler–Fourier formula [16, 35] and adapting it to the double-
series situation, we express the Fourier coefficients fmn of the right-hand side func-
tion f .x; y/ as

fmn D 4

ab

Z a

0

Z b

0

f .�; �/ sin
� sin ��d�d�:

Substituting fmn into (4.9), we obtain the solution to the boundary-value problem
in (4.5) and (4.6) in the form

w.x; y/ D � 4

ab

1X
m;nD1

 Z a

0

Z b

0

f .�; �/ sin
� sin ��d�d�

!
sin
x sin �y�

2 C �2

�2
which reduces to a more compact form by exchanging the order of summation and
integration. That is,

w.x; y/ D � 4

ab

Z a

0

Z b

0

1X
m;nD1

sin
x sin
� sin �y sin ���

2 C �2

�2 f .�; �/d�d�: (4.10)

This exchange, is well justified by the uniform convergence of the double-series
involved in this problem.

Hence, once the solution to the problem in (4.5) and (4.6) is obtained in the integral
form of (4.3), the kernel

G.x; yI �; �/ D � 4

ab

1X
m;nD1

sin
x sin
� sin �y sin ���

2 C �2

�2 (4.11)

of (4.10) represents the Green’s function for the homogeneous (with f .x; y/ D 0)
problem corresponding to (4.5) and (4.6).

Note that the series in (4.11) converges at a relatively fast rate. It is also evident that
the convergence is uniform on �, implying that it is not affected by the locations of
the field point (x; y) and the force application point (�; �). These observations justify
concluding that the (4.11) is convenient for direct computer implementations.
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Example 4.2. Consider the boundary-value problem stated as�
@2

@x2
C @2

@y2

��
@2w.x; y/

@x2
C @2w.x; y/

@y2

�
D �f .x; y/; .x; y/ 2 �; (4.12)

and

w D @2w

@y2

ˇ̌̌̌
yD0;b

D 0; w D @w

@x

ˇ̌̌̌
xD0

D 0 (4.13)

on the semi-infinite strip-shaped region � D ¹.x; y/j0 < x < 1; 0 < y < bº.
In addition to the boundary conditions of (4.13), the solution of the problemw.x;y/

is required to be bounded as x approaches infinity. This requirement is important to
ensure finding a unique solution for the problem.

To obtain the solution of the boundary-value problem in (4.12) and (4.13), we ex-
press it in the Fourier sine-series form

w.x; y/ D
1X
nD1

wn.x/ sin �y; � D n�

b
; (4.14)

and expand the right-hand side function f .x; y/ of (4.12) in the identical sine-series
form

f .x; y/ D
1X
nD1

fn.x/ sin �y: (4.15)

Representation (4.14) satisfies the two conditions in (4.13), which are imposed on
the boundary fragments y D 0 and y D b of �. Similar to the development in
the previous example, we now substitute the expansions from (4.14) and (4.15) into
(4.12) and (4.13), and equate the corresponding coefficients of the two Fourier sine-
series that arise on the right-hand side and the left-hand side of (4.12). This results in
the following set (n D 1; 2; 3; : : : ) of boundary-value problems

d4wn.x/

dx4
� 2�2d

2wn.x/

dx2
C �4wn.x/ D �fn.x/; x 2 .0;1/; (4.16)

wn.0/ D dwn.0/

dx
D 0 (4.17)

and

lim
x!1 jwn.x/j < 1; lim

x!1

ˇ̌̌̌
dwn.x/

dx

ˇ̌̌̌
< 1 (4.18)

for the coefficients wn.x/ of the series in (4.14).
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The Green’s function of the homogeneous problem (fn.x/ � 0) corresponding
to (4.16), (4.17) and (4.18), gn.x; �/, has been derived earlier (see (1.118) in Exam-
ple 1.17 of Chapter 1). Using our current notation, we reproduce gn.x; �/ here as

gn.x; �/ D 1

4�3
Œ.1C �.x C �/C 2�2x�/e��.xC�/ � .1C �jx � �j/e��jx��j	:

(4.19)

Notice that this expression for gn.x; �/ is written, in contrast to (1.118), in a com-
pact single-piece formula, valid for any location of the variables x and � . This is
possible due to the symmetry of gn.x; �/, which provides gn.x; �/ D gn.�; x/, and
by using the absolute value function jx � �j.

Theorem 1.4 of Chapter 1 suggests that the solution wn.x/ to the boundary-value
problem in (4.16)–(4.18) can be written in terms of gn.x; �/ as the improper integral

wn.x/ D
Z 1

0

gn.x; �/fn.�/d�

the convergence of which is ensured by two features of its integrand: first, the Green’s
function gn.x; �/ is integrable on .0;1/ and second, the right-hand side function
fn.�/ of (4.16) is also integrable on .0;1/. Clearly, the second assertion is a direct
consequence of the integrability of f .x; y/ on �.

Using the Euler–Fourier formula

fn.�/ D 2

b

Z b

0

f .�; �/ sin ��d�

to expressing the Fourier coefficients fn.�/ of f .x; y/ on the right-hand side of (4.12),
we rewrite the wn.x/ as

wn.x/ D 2

b

Z b

0

Z 1

0

gn.x; �/ sin ��f .�; �/d�d�:

After substituting the above into (4.14) and exchanging summation and the inte-
gration, the solution of the boundary-value problem in (4.12) and (4.13) is ultimately
found to be the double-integral

w.x; y/ D
Z b

0

Z 1

0

 
2

b

1X
nD1

gn.x; �/ sin �y sin ��

!
f .�; �/d�d�

the kernel of which

G.x; yI �; �/ D 2

b

1X
nD1

gn.x; �/ sin �y sin �� (4.20)



174 Chapter 4 Higher Order Equations

is the Green’s function of the homogeneous problem corresponding to (4.12) and
(4.13), with .x; y/ and .�; �/ representing the observation and the force application
point, respectively.

Note that, because its convergence rate is too low, the series form in (4.20) is not
efficient for computer implementation. This notably restricts its practical value and
hinders its direct numerical use. We suggest the following strategy to eliminate the
deficiency of the series in (4.20): finding its slowy converging component, we isolate
it, and sum it analytically, resulting in a part analytic-part series form of the Green’s
function, where the series component converges rapidly.

To accomplish this, we substitute gn.x; �/ from (4.19) into (4.20) and split up the
first additive exponential term in gn.x; �/. This transforms G.x; yI �; �/ into

G.x; yI �; �/ D 1

b

1X
nD1

�
x�

�
e��.xC�/ Cegn.x; �/� sin �y sin ��; (4.21)

where egn.x; �/ D 1C �.x C �/

2�3
e��.xC�/ � 1 � �jx � �

2�3
e��jx��j: (4.22)

Of the two series in (4.21), the second one (with the coefficientegn.x; �/) converges
at the rate 1=n2, whereas the convergence rate of the first series in (4.21) is of the order
1=n. So, the first step in improving the practicality of (4.20) is a success. Indeed, its
slowly converging component is already isolated. To complete the job, we must sum
the first series in (4.21). In doing so, we take out the factor x� and transform it by
applying the standard trigonometric identity

sin˛ sinˇ D 1

2
Œcos.˛ � ˇ/ � cos.˛ C ˇ/	

yielding
1X
nD1

e��.xC�/
�

sin �y sin �� (4.23)

D 1

2

� 1X
nD1

e��.xC�/
�

cos �.y � �/ �
1X
nD1

e��.xC�/
�

cos �.y C �/

�

D 1

2p

� 1X
nD1

.e�p.xC�//n
n

cosnp.y � �/ �
1X
nD1

.e�p.xC�//n
n

cosnp.y C �/

�
;

where p D �=b.
The two series in (4.23) are completely summable. This can be shown with the aid

of the classical summation formula
1X
nD1

rn

n
cosn# D � ln

p
1 � 2r cos# C r2 (4.24)

which we have repeatedly referred to earlier in our book.
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The parameters r and # for the series in (4.23) are defined as

r D e�p.xC�/ and # D p.y ˙ �/

and it is evident that they meet the constraints

r2 < 1 and 0 � # < 2�

required for the summation formula in (4.24).
Hence, the series in (4.23) sums to

1

2p

� 1X
nD1

.e�p.xC�//n
n

cosnp.y � �/ �
1X
nD1

.e�p.xC�//n
n

cosnp.y C �/

�

D 1

2p

�
ln
q
1 � 2e�p.xC�/ cosp.y C �/C e�2p.xC�/

� ln
q
1 � 2e�p.xC�/ cosp.y � �/C e�2p.xC�/�

D 1

2p
ln

s
1 � 2e�p.xC�/ cosp.y C �/C e�2p.xC�/
1 � 2e�p.xC�/ cosp.y � �/C e�2p.xC�/ :

Multiplying the numerator and the denominator of the radicand by e2p.xC�/, we
can reduce the above expression to

1

2p
ln

s
1 � 2ep.xC�/ cosp.y C �/C e2p.xC�/
1 � 2ep.xC�/ cosp.y � �/C e2p.xC�/

which can be written in a more compact form by introducing the complex variables
z D x C iy and 
 D � C i� for the observation and the force application point,
respectively: it reads as the real-valued function of z and 


1

2p
ln

j1 � ep.zC�/j
j1 � ep.zC�/j

; (4.25)

where the bar on 
 denotes the complex conjugate of 
, that is 
 D � � i�.
Hence, the function in (4.25) is the sum of the first series in (4.21), so that the entire

expression for the sought-after Green’s function is ultimately found as

G.x; yI �; �/ D x�

2�
ln

j1 � ep.zC�/j
j1 � ep.zC�/j

C 1

b

1X
nD1

egn.x; �/ sin �y sin ��: (4.26)

It is evident that, compared to (4.20), this formula has greater practical merit, be-
cause the series in (4.26) converges at a faster rate 1=n2. Later in this section, we will
examine the convergence issue in detail. This makes it possible to accurately compute
values of G.x; yI �; �/ in (4.26) by truncating its series component appropriately.
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Later in this section, we will examine series similar to the one in (4.20) and ad-
dress the issue of their convergence in more detail. We will provide an analysis of
differential properties, which are of great importance in mechanics in order to obtain
the so-called stress-related components of the stress-strain state of a plate undergoing
transverse loads.

Example 4.3. The technique based on the eigenfunction expansion can be used suc-
cessfully in the construction of Green’s functions for the semi-infinite strip-shaped
region with other types of boundary conditions imposed: consider the case with the
boundary conditions

w D @2w

@y2

ˇ̌̌̌
yD0;b

D 0 (4.27)

imposed on the boundary segments y D 0 and y D b, whilst the conditions�
@2w

@x2
C �

@2w

@y2

�ˇ̌̌̌
xD0

D 0; (4.28)

@

@x

�
@2w

@x2
C .2 � �/@

2w

@y2

�ˇ̌̌̌
xD0

D 0 (4.29)

are imposed on the segment x D 0. In mechanics, the conditions in (4.28) and (4.29)
model the so-called free edge, with � representing the Poisson ratio of the isotropic
elastic material of which the plate is made.

We derive the Green’s function for the problem defined by (4.27)–(4.29) in the form
of the series expansion shown in (4.20). The coefficient of that expansion gn.x; �/
represents, in this case, the Green’s function of the homogeneous boundary-value
problem

d 4wn.x/

dx4
� 2�2d

2wn.x/

dx2
C �4wn.x/ D 0; x 2 .0;1/; (4.30)

d2w.x/

dx2
� ��2wn.0/ D d3wn.0/

dx3
� .2 � �/�2dwn.0/

dx
D 0; (4.31)

lim
x!1 jwn.x/j < 1; lim

x!1

ˇ̌̌̌
dwn.x/

dx

ˇ̌̌̌
< 1 (4.32)

with � defined as n�=b.
Leaving details of the derivation procedure as an exercise for the reader, we present

an expression for the Green’s function of the problem in (4.30)–(4.32)

gn.x; �/ D �1C �jx � �j
4�3

e��jx��j

� .4C .1C �/2/C �.1 � �/2.x C � C 2�x�/

4�3.1 � �/.3C �/
e��.xC�/:
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In this case, we can improve the convergence of the series in (4.20) in a manner
similar to what we used in Example 4.2. We recommend the reader to explore the
issue in detail, in order to gain a deeper understanding.

The Green’s function of the biharmonic equation stated on the semi-infinite strip
with boundary conditions

w D @2w

@y2

ˇ̌̌̌
yD0;b

D 0; w D @2w

@x2

ˇ̌̌̌
xD0

D 0 (4.33)

is represented by the expansion shown in equation (4.20), with the coefficient gn.x; s/

gn.x; �/ D 1C �.x C �/

4�3
e��.xC�/ � 1C �jx � �j

4�3
e��jx��j: (4.34)

Derivation of the above expression is a more or less routine procedure, given the
experience that we gained in our earlier work, and we believe that it can be left as an
exercise for the reader.

At this point in our presentation, we will revisit the rectangular region and retrace
the procedure based on the eigenfunction expansion, as applied to a problem for the
biharmonic equation with boundary conditions different from those of Example 4.1.

Example 4.4. Consider the boundary-value problem

w D @2w

@y2

ˇ̌̌̌
yD0;b

D 0; w D @2w

@x2

ˇ̌̌̌
xD0

D 0; w D @w

@x

ˇ̌̌̌
xDa

D 0 (4.35)

for the biharmonic equation on the rectangular region � D ¹.x; y/j0 < x < a; 0 <

y < bº.
The Green’s function for this problem reduces to the series in equation (4.20),

whose coefficients gn.x; �/ represent the Green’s function for the following bound-
ary-value problem

d4wn.x/

dx4
� 2�2d

2wn.x/

dx2
C �4wn.x/ D 0; x 2 .0; a/; (4.36)

wn.0/ D d2wn.0/

dx2
D 0; wn.a/ D dwn.a/

dx
D 0; (4.37)

where � D n�=b.
Following our routine but quite cumbersome procedure, we derive the Green’s func-

tion for the problem in (4.36) and (4.37) as

gn.x; �/ D 1

2�3�� ¹�x cosh �xŒ2�.� � a/ cosh �� � sinh �.� � 2a/ � sinh ��	

� sinh �xŒ�� cosh �.� � 2a/ � sinh �.� � 2a/
C �.� � 2a/ cosh �� C .2�2a.� � a/ � 1/ sinh ��	º;

x � �; (4.38)

where �� D sinh 2�a � 2�a.
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Note that due to the problem in (4.36) and (4.37) being self-adjoint, the expression
for gn.x; �/, valid for x � � , can be obtained from the above by exchanging x and � .

It follows from what we considered so far, that Green’s functions for a number of
particular problems for the biharmonic equation can be expressed in the series form of
(4.20). Hence, the convergence of that series represents a critical issue in developing
Green’s function-based computational procedures.

Going to the exploration of the convergence of the series in (4.20), we turn to plate
theory applications and focus on plates undergoing a transverse point concentrated
force, in which case the corresponding Green’s function G.x; yI �; �/ itself represents
the deflection of the plate, whereas in order to obtain the components of the stress-
strain state, caused by the point force, derivatives of the Green’s function are required.
So, differential properties of the series in (4.20) become critically important for users
of the Green’s function method.

To be more specific, we choose the problem in (4.33) as modeling the semi-infinite
strip-shaped plate with all the edges simply-supported. The Green’s function in (4.20)
in this case has the coefficient gn.x; �/ as in (4.34). For any location of the observation
point .x; y/ and the force application point .�; �/, the expansion in (4.20) converges
uniformly, and its rate of convergence is of order 1=n2. Hence, computational im-
plementations requiring just the Green’s function G.x; yI �; �/ itself can be carried
out accurately, by appropriate truncation of the series. If, however, high-order par-
tial derivatives of G.x; yI �; �/ are required (which is the case for components of the
stress-strain state), the situation becomes less trivial and needs more attention.

In the following, we will show that, as an example, the second partial derivatives of
the expansion in (4.20) represent non-uniformly convergent series that diverge loga-
rithmically when the observation point .x; y/ approaches the force application point
.�; �/. This agrees with the Poisson–Kirchhoff plate theory, which asserts that the
bending momentsMx andMy in the plate undergoing a transverse unit force concen-
trated at a point .�; �/, are expressed as

Mx.x; y/ D �D
�
@2G.x; yI �; �/

@x2
C �

@2G.x; yI �; �/
@y2

�
and

My.x; y/ D �D
�
@2G.x; yI �; �/

@y2
C �

@2G.x; yI �; �/
@x2

�
;

whereD is referred to as the plate’s flexural rigidity, defined in terms of the thickness
of the plate and the properties of the homogeneous elastic isotropic material of which
the plate is made. The parameter � is, as mentioned before in Example 4.3, the
Poisson ratio of the material.
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After substituting G.x; yI �; �/ from (4.20), with coefficients gn.x; �/ from (4.34),
into the above equations, the latter convert to

Mx.x; y/ D �D
2b

1X
nD1

²�
1C �

�
� .1 � �/jx � �j

�
e��jx��j

C
�
.1 � �/.x C �/ � 1C �

�

�
e��.xC�/

³
sin �y sin ��

and

My.x; y/ D �D
2b

1X
nD1

²�
1C �

�
C .1 � �/jx � �j

�
e��jx��j

�
�
.1 � �/.x C �/C 1C �

�

�
e��.xC�/

³
sin �y sin ��:

These series representations can be summed readily with the aid of the classical
summation formula exhibited earlier in (4.24) and another standard formula (see [1,
27], for example)

1X
nD1

rn cosn# D 1 � r cos#

1 � 2r cos# C r2
; (4.39)

where

r2 < 1 and 0 � # < 2�:

This finally yields

Mx.x; y/ D �D
4b

²
b.1C �/

�
ln
E.z � 
/E.z C 
/

E.z � 
/E.z C 
/

C .1 � �/
�
jx � �j

 
R.z � 
/
E2.z � 
/ � R.z � 
/

E2.z � 
/

!

� .x C �/

 
R.�.z C 
//

E2.�.z C 
//
� R.�.z C 
//

E2.�.z C 
//

!�³
(4.40)
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and

My.x; y/ D �D
4b

²
b.1C �/

�
ln
E.z � 
/E.z C 
/

E.z � 
/E.z C 
/

� .1 � �/
�
jx � �j

 
R.z � 
/
E2.z � 
/ � R.z � 
/

E2.z � 
/

!

� .x C �/

 
R.�.z C 
//

E2.�.z C 
//
� R.�.z C 
//

E2.�.z C 
//

!�³
(4.41)

with z D x C iy and 
 D � C i� denoting the observation and the force application
point, respectively. The real-valued functions E.s/ and R.s/ of a complex variable s
are defined as

E.s/ D
ˇ̌̌
1 � exp

��s
b

	ˇ̌̌
and

R.s/ D Re
�
1 � exp

��s
b

		
:

Thus, using the series form of the Green’s function in (4.20), the bending moments
Mx and My , caused in the plate by a force concentrated in a point, are obtained in a
closed readily computable form.

It is evident that the formulas for the bending moments we derived in (4.40) and
(4.41) contain a logarithmic singularity if the observation point z coincides with the
force application point 
. The singularity is caused only by the logarithmic term
ln.E.z�
//. There are no other singularities: due to the presence of the factor jx��j,
the non-logarithmic components containing the term E.z � 
/ in the denominators of
(4.40) and (4.41) represent a removable singularity.

4.3 Circular-Shaped Regions

The series of examples that we tackled successfully in the previous section raises con-
fidence in our approach to constructing Green’s functions for the biharmonic equation
for problems on rectangular-shaped regions. In this section, our intention is to show
that the approach also turns out to be productive when considering circular-shaped
regions with various boundary conditions. In carrying out our intention, we first turn
to a classical problem the Green’s function of which is available in the literature, and
demonstrate that we can also find it following our recommended approach.
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Example 4.5. Consider the inhomogeneous biharmonic equation�
1

r

@

@r

�
r
@

@r

�
C 1

r2
@2

@'2

�2
w.r; '/ D �f .r; '/; .r; '/ 2 �; (4.42)

on the circular region� D ¹.r; '/j0 < r < a; 0 � ' < 2�º and impose the boundary
conditions

w.a; '/ D 0;
@w.a; '/

@r
D 0 (4.43)

at the contour r D a of �. Since r D 0 is a singular point in (4.42), we complete
specifying the problem by adding the boundedness conditions

lim
r!0

jw.r; '/j < 1; lim
r!0

ˇ̌̌̌
@2w.r; '/

@r2

ˇ̌̌̌
< 1 (4.44)

to (4.42) and (4.43).
As to a possible physical interpretation of the above setting, we might consider a

case where the problem in (4.42)–(4.44) models the deflection w.r; '/ of a thin circu-
lar plate (considered within the scope of the Poisson–Kirchhoff theory), made from an
elastic isotropic homogeneous material and undergoing a transverse distributed load
proportional to f .r; '/. The plate’s edge r D a is assumed to be clamped, according
to the conditions in (4.43).

The Green’s function

G.z; 
/ D 1

8�

"
1

2a2

�
a2 � jzj2� �a2 � j
j2� � jz � 
j2 ln

ja2 � z
j
ajz � 
j

#
(4.45)

of the homogeneous problem corresponding to (4.42)–(4.44) has been known for
many decades (see, for instance, [39, 59]). For compactness, we introduce complex
variable notation in (4.45), for z D r.cos' C i sin'/ and 
 D �.cos C i sin /
denoting the observation and the force application point, respectively.

It is worth noting that (4.45) represents the only closed analytical form of Green’s
function for the biharmonic equation available in the literature. In what follows, we
show that the technique, developed earlier in this section, provides an alternative way
for deriving G.z; 
/ shown in (4.45).

Since the problem setting in (4.42)–(4.44) is 2�-periodic with respect to the vari-
able ', we assume the following trigonometric Fourier expansions for the functions
w.r; '/ and f .r; '/

w.r; '/ D 1

2
w0.r/C

1X
nD1

�
wcn.r/ cosn' C wsn.r/ sinn'

�
(4.46)
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and

f .r; '/ D 1

2
f0.r/C

1X
nD1

�
f cn .r/ cosn' C f sn .r/ sinn'

�
: (4.47)

After substituting these equations into (4.42)–(4.44), we obtain the following set
(n D 0; 1; 2; : : : ) of boundary-value problems for the coefficients wn.r/ in (4.46)�

d 4

dr4
C 2

r

d3

dr3
� 1C 2n2

r2
d2

dr2
C 1C 2n2

r3
d

dr
C n2.n2 � 4/

r4

�
wn.r/ D �fn.r/;

(4.48)

lim
r!0

jwn.r/j < 1; lim
r!0

ˇ̌̌̌
d2wn.r/

dr2

ˇ̌̌̌
< 1; wn.a/ D dwn.a/

dr
D 0; (4.49)

where we omit, for notational convenience, the superscripts onwn.r/ and fn.r/, since
both the cosine- and the sine-mode in (4.46) and (4.47) will be treated similarly until
a certain stage in the development.

It turns out that the problem in (4.48) and (4.49) is not in self-adjoint form. This
implies that if its Green’s function is constructed, it would not be symmetric. How-
ever, the property of symmetry can be restored by reducing (4.48) and (4.49) to self-
adjoint form. This can be achieved by introducing the integrating factor r2. Now, the
boundary-value problem in (4.49) for the homogeneous equation�

r2
d4

dr4
C 2r

d3

dr3
� .1C 2n2/

d2

dr2
C 1C 2n2

r

d

dr
C n2.n2 � 4/

r2

�
wn.r/ D 0

(4.50)

is in a form for which the Green’s function must be symmetric.
Before we get down to the construction of Green’s function to the boundary-value

problem in (4.49) and (4.50), we must make important comment: it is impossible
to obtain a single fundamental set of solutions (the set valid for the entire range of
the parameter n D 0; 1; 2; : : : ) for the governing equation in (4.50). Indeed, three
individual instances (n D 0, n D 1, and n � 2) of (4.50) must be distinguished and
treated separately, because their fundamental sets of solutions are different.

First, consider n D 0, for which the problem in (4.49) and (4.50) reads�
r2
d4

dr4
C 2r

d3

dr3
� d2

dr2
C 1

r

d

dr

�
w0.r/ D 0; (4.51)

lim
r!0

jw0.r/j < 1; lim
r!0

ˇ̌̌̌
d2w0.r/

dr2

ˇ̌̌̌
< 1; w0.a/ D dw0.a/

dr
D 0: (4.52)

Clearly, equation (4.51) represents the well-known type of Cauchy–Euler [20, 33,
37]. Therefore, as its solution, we can try w0.r/ D rk; where k are to be deter-
mined by substituting this formula into (4.51). This yields the fourth order algebraic
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auxiliary equation

k.k � 1/.k � 2/.k � 3/C 2k.k � 1/.k � 2/ � k.k � 1/C k D 0 (4.53)

for k. It can be readily shown that the above equation allows an analytic solution. In
order to obtain this, we rewrite its last two additive terms, thus reducing the equation
to

k.k � 1/.k � 2/.k � 3/C 2k.k � 1/.k � 2/ � k.k � 2/ D 0

Factoring out the term of k.k � 2/, we have

k.k � 2/Œ.k � 1/.k � 3/C 2.k � 1/ � 1	 D 0

finally reducing (4.53) to the compact, directly solvable form

k2.k � 2/2 D 0

implying that k D 0 and k D 2; with each representing a double-root of (4.53).
Hence, taking into account the multiplicity of roots of the auxiliary equation (see
Chapter 1), a fundamental set of solutions of (4.51),

1; ln r; r2; and r2 ln r;

can be compiled which allows us to derive the Green’s function g0.r; �/ for the
boundary-value problem in (4.51) and (4.52). For this, we can use the procedure
based on either the defining properties of the Green’s function (see Section 1.1) or on
the method of variation of parameters (see Section 1.3). We omit the details of the
derivation procedure and display only the final expression for g0.r; �/:

g0.r; �/ D 1

8

�
1

a2
.a2 � �2/.a2 C r2/C 2.r2 C �2/ ln

�

a

�
; r � �: (4.54)

In the second of our three individual cases, for n D 1, (4.49) and (4.50) read as�
r2
d4

dr4
C 2r

d3

dr3
� 3 d

2

dr2
C 3

r

d

dr
� 3

r2

�
w1.r/ D 0; (4.55)

lim
r!0

jw1.r/j < 1; lim
r!0

ˇ̌̌̌
d2w1.r/

dr2

ˇ̌̌̌
< 1; w1.a/ D dw1.a/

dr
D 0 (4.56)

which also represents a boundary-value problem for the Cauchy–Euler type equation,
the auxiliary equation of which is different from that in (4.53), appearing as

k.k � 1/.k � 2/.k � 3/C 2k.k � 1/.k � 2/ � 3k.k � 1/C 3k � 3 D 0:
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After some trivial algebra, similar to what we applied to (4.53), the left-hand side
in the above equation reduces to a product of two linear factors and a quadratic factor.
That is,

.k � 1/.k � 3/.k2 � 1/ D 0

revealing the four real roots

k D 1 (double-root); k D �1 and k D 3:

This leads us to the fundamental set of solutions of (4.55), compiled with the func-
tions

r�1; r; r3; and r ln r

bringing us to the Green’s function g1.r; �/ for (4.55) and (4.56), which, for r � �, is
found as

g1.r; �/ D r.�2 � a2/
16a4�



r2.a2 � �2/C 2a2�2

� � 1

4
r� ln

�

a
: (4.57)

Our final case, where n � 2 , is the most complex of the three. It generates an
auxiliary equation for (4.50)

k.k � 1/.k � 2/.k � 3/C 2k.k � 1/.k � 2/
� .1C 2n2/k.k � 1/C .1C 2n2/k C n2.n2 � 4/ D 0: (4.58)

Finding the roots of this equation is not as trivial as it has been in the cases of n D 0

and n D 1. It requires a specific approach, and we will describe its procedure in more
detail. In doing so, we take the first two additive terms in (4.58) and factor their sum
as shown:

k.k � 1/.k � 2/.k � 3/C 2k.k � 1/.k � 2/ D k.k � 1/2.k � 2/:
Now, the sum of the third and the fourth terms in (4.58) simplifies to

�.1C 2n2/k.k � 1/C .1C 2n2/k D �.1C 2n2/k.k � 2/
converting (4.58) to a quite compact form

k.k � 1/2.k � 2/ � .1C 2n2/k.k � 2/C n2.n2 � 4/
D k.k � 2/ 
.k � 1/2 � .1C 2n2/

�C n2.n2 � 4/ D 0

which, after the two additive terms in the brackets are reordered, reduces to

k.k � 2/ 
k.k � 2/ � 2n2/�C n2.n2 � 4/ D 0
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or, on removing the brackets

k2.k � 2/2 � 2n2k.k � 2/C n4 � 4n2 D 0: (4.59)

At this stage in the development, it is useful to note that the sum of the three un-
derlined terms in the above equation forms a complete square. With this in mind, we
transform (4.59) into 


k.k � 2/ � n2�2 � 4n2 D 0:

Interpreting the left-hand side of the above equation as a difference of squares, we
factor it as 


k.k � 2/ � n2 � 2n� 
k.k � 2/ � n2 C 2n
� D 0:

Hence, with a series of elegant transformations, we have managed to simplify the
auxiliary equation in (4.58), reducing it to two trivial quadratic equations in k:

k2 � 2k � n.nC 2/ D 0

with the roots

k D �n and k D 2C n;

and

k2 � 2k � n.n � 2/ D 0;

whose roots are

k D n and k D 2 � n:
This gives us four distinct real roots for (4.58) as

k D n; k D �n; k D nC 2; and k D 2 � n:
Hence, a fundamental set of solutions for the equation in (4.50) can be compiled

using the functions

rn; r�n; rnC2; and r2�n:

Taking this fundamental set of solutions, and using one of the standard techniques
described in Chapter 1, we derive the following expression

gn.r; �/ D �1
8

²
r�

n � 1
�� r�
a2

	n�1 �
�
r

�

�n�1�
C r2 C �2

n

��
r

�

�n
�
� r�
a2

	n�
C r�

nC 1

�� r�
a2

	nC1 �
�
r

�

�nC1�³
; r � �; (4.60)
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for the Green’s function for the problem in (4.49) and (4.50), for the general case of
n � 2.

Note that the Green’s functions that we derived in (4.54), (4.57), and (4.60) are valid
for r � �. However, due to the self-adjointness of the problem in (4.49) and (4.50),
we can immediately obtain expressions for g0.r; �/, g1.r; �/, and gn.r; �/, valid for
r � �, from the corresponding ones in (4.54), (4.57), and (4.60) by exchanging of r
and �.

The functions g0.r; �/, g1.r; �/, and gn.r; �/; can be used to get the Green’s func-
tion G.r; 'I �;  / for the homogeneous boundary-value problem, corresponding to
(4.42)–(4.44). This can be achieved by following the method of eigenfunction expan-
sion as developed earlier in Chapter 2, when we considered the Dirichlet problem for
the Laplace equation on a disk (see Section 2.3.3). In this case the Green’s function,
we are looking for, is found as

G.r; 'I �;  / D 1

2�

"
g0.r; �/C 2

1X
nD1

gn.r; �/ cosn.' �  /
#
: (4.61)

The expression in (4.60) reveals nonuniform convergence of the series in (4.61). In
the following, we will show that the series can be summed completely. Notice that
it does not matter which of the two branches of its coefficients g1.r; �/ and gn.r; �/
are taken for the summation procedure. We can use either the ones valid for r � � or
the other ones. In our procedure, we use the branches displayed in (4.54), (4.57), and
(4.60).

To sum the series in (4.61), we regroup its terms somewhat. Since the coefficient
of the first term in the series g1.r; �/ is obtained in a form different from the rest of
the coefficients gn.r; �/, obtained for n D 2; 3; : : : , we isolate the term

g1.r; �/ cos.' �  /
and rewrite (4.61) as

G.r; 'I �;  / D 1

2�

�
g0.r; �/C 2g1.r; �/ cos.' � /C 2

1X
nD2

gn.r; �/ cosn.' � /
�
:

(4.62)

After substituting g0.r; �/ and g1.r; �/ from (4.54) and (4.57) into this expansion,
the first two terms in the brackets read

g0.r; �/C 2g1.r; �/ cos.' �  /

D 1

8

�
1

a2
.a2 � �2/.a2 C r2/C 2.r2 C �2/ ln

�

a

�
�
�
r.a2 � �2/
8a4�

�
r2.a2 � �2/C 2a2�2

�C 1

2
r� ln

�

a

�
cos.' �  /:
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Combining the logarithmic terms, we rewrite it as

g0.r; �/C 2g1.r; �/ cos.' �  /
D 1

8

²
1

a2
.a2 � �2/.a2 C r2/C 2



r2 � 2r� cos.' �  /C �2

�
ln
�

a

� r.a2 � �2/
a4�



r2.a2 � �2/C 2a2�2

�
cos.' �  /

³
: (4.63)

We will revisit this expression at a later time, when the series in (4.62) is ready
for a final summation. Prior to that we examine the remaining series term in (4.62)
and write it in an explicit form, after recalling the expression for gn.r; �/ from (4.60).
This yields

2

1X
nD2

gn.r; �/ cosn.' �  /

D �1
4

²
r�

1X
nD2

1

n � 1
�� r�
a2

	n�1 �
�
r

�

�n�1�
cosn.' �  /

C .r2 C �2/

1X
nD2

1

n

��
r

�

�n
�
� r�
a2

	n�
cosn.' �  /

C r�

1X
nD2

1

nC 1

�� r�
a2

	nC1 �
�
r

�

�nC1�
cosn.' �  /

³
: (4.64)

We need an individual approach for treating each of the three series in (4.64). To
partially sum the first one, we change its summation index n by making the substitu-
tion k D n � 1. This yields

1X
nD2

1

n � 1
�� r�
a2

	n�1 �
�
r

�

�n�1�
cosn.' �  /

D
1X
kD1

1

k

�� r�
a2

	k �
�
r

�

�k�
cos.k C 1/.' �  /

D
1X
kD1

1

k

�� r�
a2

	k �
�
r

�

�k�
� Œcos k.' �  / cos.' �  / � sin k.' �  / sin.' �  /	

D cos.' �  /
1X
kD1

1

k

�� r�
a2

	k �
�
r

�

�k�
cos k.' �  /

� sin.' �  /
1X
kD1

1

k

�� r�
a2

	k �
�
r

�

�k�
sin k.' �  /: (4.65)
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Of the two above series, the cosine series can be summed by implementing the
standard summation formula

1X
kD1

pk

k
cos k# D �1

2
ln.1 � 2p cos# C p2/ (4.66)

which we repeatedly used in Chapters 2 and 3, as well as earlier in this chapter (see
(4.24)). This yields, for the entire first term in (4.64),

r�

1X
nD2

1

n � 1
�� r�
a2

	n�1 �
�
r

�

�n�1�
cosn.' �  /

D r� cos.' �  /
�
1

2
ln

 
1 � 2r

�
cos.' �  /C

�
r

�

�2!

� 1

2
ln

�
1 � 2 r�

a2
cos.' �  /C

� r�
a2

	2��
� r� sin.' �  /

1X
kD1

1

k

�� r�
a2

	k �
�
r

�

�k�
sin k.' �  /: (4.67)

The above sine-series is also summable. Its summation may be accomplished with
the aid of another standard summation formula [1, 27]

1X
kD1

pk

k
sin k# D arctan

p sin#

1 � p cos#
: (4.68)

Note that the relations in (4.66) and (4.68) apply if p and # satisfy the following
constraints

p < 1 and 0 � # < 2�:

As to the sine-series of (4.65), for the sake of our further development, we leave it
in its current form.

In order to sum the series in the second term of (4.64), we rewrite it as

.r2 C �2/

1X
nD2

1

n

��
r

�

�n
�
� r�
a2

	n�
cosn.' �  /

D .r2 C �2/

1X
nD1

1

n

��
r

�

�n
�
� r�
a2

	n�
cosn.' �  /

C .r2 C �2/

�� r�
a2

	
�
�
r

�

��
cos.' �  /
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and implement the summation formula (4.66), allowing us to obtain

.r2 C �2/

1X
nD2

1

n

��
r

�

�n
�
� r�
a2

	n�
cosn.' �  /

D �.r2 C �2/

�
1

2
ln

�
1 � 2r

�
cos.' �  /C

�
r

�

�2�

� 1

2
ln

�
1 � 2 r�

a2
cos.' �  /C

� r�
a2

	2��

C .r2 C �2/

�� r�
a2

	
�
�
r

�

��
cos.' �  /: (4.69)

For a partial summation of the series of the last term in (4.64), we change its sum-
mation index n by introducing k D nC 1, yielding

r�

1X
nD2

1

nC 1

�� r�
a2

	nC1 �
�
r

�

�nC1�
cosn.' �  /

D r�

1X
kD3

1

k

�� r�
a2

	k �
�
r

�

�k�
cos.k � 1/.' �  /

D r�

1X
kD1

1

k

�� r�
a2

	k �
�
r

�

�k�
cos.k � 1/.' �  /

� r�
�� r�
a2

	
�
�
r

�

��
� r�

2

�� r�
a2

	2 �
�
r

�

�2�
cos.' �  /

D r� cos.' �  /
1X
kD1

1

k

�� r�
a2

	k �
�
r

�

�k�
cos k.' �  /

C r� sin.' �  /
1X
kD1

1

k

�� r�
a2

	k �
�
r

�

�k�
sin k.' �  /

� r�
�� r�
a2

	
�
�
r

�

��
� r�

2

�� r�
a2

	2 �
�
r

�

�2�
cos.' �  /:



190 Chapter 4 Higher Order Equations

Summing the cosine-series in the above expression, and leaving the sine-series in
its current form, the last term in (4.64) is finally expressed as

r�

1X
nD2

1

nC 1

�� r�
a2

	nC1 �
�
r

�

�nC1�
cosn.' �  /

D r� cos.' �  /
�
1

2
ln

 
1 � 2r

�
cos.' �  /C

�
r

�

�2!

� 1

2
ln

�
1 � 2 r�

a2
cos.' �  /C

� r�
a2

	2��
C r� sin.' �  /

1X
kD1

1

k

�� r�
a2

	k �
�
r

�

�k�
sin k.' �  /

� r�
�� r�
a2

	
�
�
r

�

��
� r�

2

�� r�
a2

	2 �
�
r

�

�2�
cos.' �  /: (4.70)

At this point in our development, we substitute equations (4.67), (4.69), and (4.70)
into (4.64). Now, the two sine-series (one from (4.67) and another from (4.70)) can-
cel out. All the logarithmic terms, as well as the two double-underlined terms are
combined accordingly yielding, for the series term of equation (4.62)

2

1X
nD2

gn.r; �/ cosn.' �  /

D � 
r2 � 2r� cos.' �  /C �2
�

ln
�2


a4 � 2a2r� cos.' �  /C r2�2

�
a4


r2 � 2r� cos.' �  /C �2

�
C r�

�� r�
a2

	
�
�
r

�

��
C r.a2 � �2/

a4�



r2.a2 � �2/C 2a2�2

�
cos.' �  /:

Upon substituting this expression, along with (4.63), into (4.62), the two double-
underlined terms cancel out, while the two logarithmic and the two once-underlined
terms are combined accordingly, yielding the following representation for the Green’s
function G.r; 'I �;  / of the homogeneous problem corresponding to (4.42)–(4.44).

G.r; 'I �;  / D 1

16�

²
1

a2
.a2 � �2/.a2 � r2/

� 

r2 � 2r� cos.' �  /C �2

�
ln
a4 � 2a2r� cos.' �  /C r2�2

a2


r2 � 2r� cos.' �  /C �2

� ³: (4.71)

It is evident that (4.71) is absolutely identical to the classical formula in (4.45): the
variables r and � in (4.71) are the moduli of the observation point z and the force
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application point 
, respectively, whilst the expression

r2 � 2r� cos.' �  /C �2

represents the square of jz � 
j. For the expression

a4 � 2a2r� cos.' �  /C r2�2

in the numerator of the logarithmic function, it can easily be shown that it represents
the square of the modulus of a2 � z
.

It is worth recalling that what is shown in (4.71) represents the only closed ana-
lytical form available in the existing texts in the field for the Green’s function for the
biharmonic equation. However, the technique which we suggest for its derivation,
turns out to be effective in several other cases. In the following, we take advantage of
the experience gained from our work in Example 4.5, displaying another closed form
Green’s function.

Example 4.6. We consider the homogeneous biharmonic equation on the semi-circu-
lar region � D ¹.r; '/j0 < r < a; 0 < ' < �º,�

1

r

@

@r

�
r
@

@r

�
C 1

r2
@2

@'2

�2
w.r; '/ D 0; .r; '/ 2 �; (4.72)

subject to uniqueness conditions, which are:

(a) the boundary conditions

w.a; '/ D 0;
@w.a; '/

@r
D 0; (4.73)

w.r; 0/ D w.r; �/ D 0;
@2w.r; 0/

@'2
D @2w.r; �/

@'2
D 0: (4.74)

(b) and the conditions of boundedness

lim
r!0

jw.r; '/j < 1; lim
r!0

ˇ̌̌̌
@2w.r; '/

@r2

ˇ̌̌̌
< 1: (4.75)

Note that the conditions (4.75) are required to make the boundary-value problem
in (4.72)–(4.75) well-posed. We have discussed this issue earlier whilst considering
Example 4.5. The point is that the governing equation in (4.72) is written in polar co-
ordinates, in which case r D 0 represents singularity. Therefore, it is not appropriate
to impose a standard set of boundary conditions at r D 0.
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Omitting the details of the derivation procedure, the specifics of which can be clar-
ified by following the routine developed in Example 4.5, we display only the final
expression for the Green’s function for the problem defined by (4.72)–(4.75):

G.r; 'I �;  /D 1

16�

²
Œr2 � 2r� cos.'C /C �2	 ln

a4� 2a2r� cos.'C /C r2�2

a2Œr2 � 2r� cos.'C /C �2	

� Œr2 � 2r� cos.' �  /C �2	 ln
a4 � 2a2r� cos.' �  /C r2�2

a2Œr2 � 2r� cos.' �  /C �2	

³
:

(4.76)

Note that this closed form Green’s function is not available in classical texts but has
been published earlier in [45]. In order to better grasp our derivation procedure, we
advise the reader to follow its details when working through the exercises at the end
of this chapter.

The examples we treated so far have provided a strong confidence in the power of
the proposed technique, which turns out to be productive in a number of problems
where Green’s functions are either not available at all or their existing representa-
tions do not meet the requirements of numerical implementations. The next example
illustrates this point.

Example 4.7. Consider the problem for the biharmonic equation, the physical inter-
pretation of which is associated with the bending of a circular simply-supported plate.
An approach to the construction of the Green’s function for this problem, based on
complex variable theory, has been described in journal articles long ago (for example,
[59]). However, an explicit expression for this Green’s function has only been derived
quite recently was displayed in [45].

A boundary-value problem suitable to our case is defined on the circular region
� D ¹.r; '/j0 < r < a; 0 � ' < 2�º and appears as�

1

r

@

@r

�
r
@

@r

�
C 1

r2
@2

@'2

�2
w.r; '/ D 0; .r; '/ 2 �; (4.77)

w.a; '/ D 0;

�
@2

@r2
C �

a

�
@

@r
C 1

a

@2

@'2

��
w.a; '/ D 0; (4.78)

lim
r!0

jw.r; '/j < 1; lim
r!0

ˇ̌̌̌
@2w.r; '/

@r2

ˇ̌̌̌
< 1; (4.79)

where � represents the Poisson ratio of an elastic isotropic homogeneous material, of
which the plate is made.

A specific form of the second condition in (4.78) follows from the physical inter-
pretation of the problem, where the radial bending moment Mr.r; '/; is expressed in
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terms of the deflection function w.r; '/ as

Mr .r; '/ D
�
@2

@r2
C �

r

�
@

@r
C 1

r

@2

@'2

��
w.r; '/:

Notice that in light of the first condition in (4.78) we can rewrite the second one in a
more compact form: since w.r; '/ is supposed to be equal to zero along the boundary
r D a of �, all the derivatives of w.r; '/, with respect to the tangential variable '
must also be zero. Hence, the conditions in (4.78) reduce to

w.a; '/ D 0;
@2w.a; '/

@r2
C �

a

@w.a; '/

@r
D 0: (4.80)

Hence, what we are searching for is the Green’s function for the boundary-value
problem in (4.77), (4.79) and (4.80). Following the procedure described in detail in
Example 4.5, we obtain the Green’s function in series form as in (4.61), the coeffi-
cients of which are, in this case, found for r � �

g0.r; �/ D 1

8

²
a2 � �2
a2

�
.a2 C r2/C 1

!
.a2 � r2/

�
C 2.r2 C �2/ ln

��
a

	³
;

g1.r; �/ D 1

8

²
!

1C !



.r2 C �2/ � a2� r�

a2
� r3

2�

�
1 � 1 � !

1C !

�4

a4

�
� 2r� ln

��
a

	³
and

gn.r; �/ D �1
8

²
r�

n � 1
�� r�
a2

	n�1 �
�
r

�

�n�1�
C r�

nC 1

�� r�
a2

	nC1 �
�
r

�

�nC1�
� r2 C �2

n

�� r�
a2

	n �
�
r

�

�n�
C 1

nC !

.r2 � a2/.a2 � �2/
a2

� r�
a2

	n³
;

where, we introduced !, in terms of the Poisson ratio of the material, for compactness,
as ! D .1C �/=2.

The series in (4.61), with the coefficients shown above, cannot be summed entirely,
due to the last term in gn.r; �/, containing the parameter !. A partial summation,
though, provides a quite compact formula for the Green’s function we are dealing
with. That is

G.r; 'I �;  / (4.81)

D 1

16�

²
.a2 � �2/.a2 � r2/

a2

�
1C !

!
C 2

1X
nD1

1

nC !

� r�
a2

	n
cosn.' �  /

�

� 

r2 � 2r� cos.' �  /C �2

�
ln
a4 � 2a2r� cos.' �  /C r2�2

a2Œr2 � 2r� cos.' �  /C �2	

³
:
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This formula can be convenient for computing values of the Green’s function
G.r; 'I �;  / inside of the circle, if both the field point .r; '/ and the force appli-
cation point .�;  / are far enough from the contour of �: in this case, the term r�=a2

is significantly less than one and the series in (4.81) rapidly converges. However, no-
tice that the rate of convergence of the series depends on the proximity of r and � to
the contour of �: the convergence slows down notably if both the field and the force
application point approach the contour r D a of � (both r and � approach a).

Hence, to make the formula in (4.81) computer-friendly and free of its dependence
on the location of the points .r; '/ and .�;  / , we must improve the convergence of its
series. In the following, we will show that the practicality of (4.81) improves radically
if we split off the slowly converging series component, followed by its summation. In
doing so, the coefficient of the series in (4.81) is displayed in the formula

1

nC !
D 1

n
� !

n.nC !/

yielding for the series itself

2

1X
nD1

1

nC !

� r�
a2

	n
cosn.' �  /

D 2

1X
nD1

�
1

n
� !

n.nC !/

� � r�
a2

	n
cosn.' �  /

D 2

1X
nD1

1

n

� r�
a2

	n
cosn.' �  /

� 2!
1X
nD1

1

n.nC !/

� r�
a2

	n
cosn.' �  /:

The first of the above two series is summable with the help of the standard summa-
tion formula from (4.66), yielding

2

1X
nD1

1

nC !

� r�
a2

	n
cosn.' �  /

D � ln

�
1 � 2 r�

a2
cos.' �  /C

� r�
a2

	2�

� 2!
1X
nD1

1

n.nC !/

� r�
a2

	n
cosn.' �  /:
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In view of the previous transformation, the expression of (4.81) for the Green’s
function for the problem defined by (4.77), (4.79) and (4.80) can be rewritten as

G.r; 'I �;  / (4.82)

D 1

16�

²
.a2 � �2/.a2 � r2/

a2

�
1C !

!
� ln

�
1 � 2 r�

a2
cos.' �  /C

� r�
a2

	2�
� 2!

1X
nD1

1

n.nC !/

� r�
a2

	n
cosn.' �  /

�

�
�
r2 � 2r� cos.' �  /C �2

�
ln
a4 � 2a2r� cos.' �  /C r2�2

a2


r2 � 2r� cos.' �  /C �2

� ³:
Upon close analysis, this version of the Green’s function turns out to be superior

to that in (4.81), the point being that the above series converges at a faster rate than
the one in (4.81). It is evident that the rate of convergence of the series in (4.82) is
of order 1=n2 (in other words, the convergence is uniform, and does not depend on
the location of the points .r; '/ and .�;  /). In contrast, as we already mentioned, the
series in (4.81) converges non-uniformly, implying that for (4.82) to be used success-
fully in the practical computation of G.r; 'I �;  /, it is sufficient to truncate its series
appropriately.

To provide the reader with an instrumental approach to effective using of (4.82),
consider the N th partial sum

NX
nD1

1

n.nC !/

� r�
a2

	n
cosn.' �  /

of its series component and estimate its N th remainder. That is

jRN .r; 'I �;  /j D
ˇ̌̌̌ 1X
nDNC1

1

n.nC !/

� r�
a2

	n
cosn.' �  /

ˇ̌̌̌
�

1X
nDNC1

1

n.nC !/

�
1X

nDNC1

1

n2
D

1X
nD1

1

n2
�

NX
nD1

1

n2
D �2

6
�

NX
nD1

1

n2
:

Hence, the compact estimate of the remainder

jRN .r; 'I �;  /j � �2

6
�

NX
nD1

1

n2

that we found, provides us with an effective tool to appropriately truncate the series
in (4.82).
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The expression in (4.82) can be written in a more compact form by introducing
complex variable notation for the observation point z D r.cos' C i sin'/ and the
force application point 
 D �.cos C i sin /. After some elementary algebra, the
logarithmic terms of (4.82) can be combined and rearranged, yielding

G.r; 'I �;  / D 1

8�

²
jz � 
j2 ln

jz � 
j
a

� ja2 � z
j2
a2

ln
ja2 � z
j
a2

(4.83)

C .a2 � �2/.a2 � r2/
2a2

�
1C !

!
� 2!

1X
nD1

1

n.nC !/

� r�
a2

	n
cosn.' �  /

�³
:

Note that the first logarithmic term in the above expression contains the fundamen-
tal solution of the biharmonic equation

jz � 
j2 ln jz � 
j

This term represents the singular component of the Green’s function. We need to
clarify using the word ‘singular’, which is conditionally applied to the above term:
the term itself is not singular, because its limit is finite for z approaching 
 and is, in
fact, zero

lim
z!�

jz � 
j2 ln jz � 
j D 0:

This can be easily verified if we apply L’Hôpital’s rule to the above limit. Neverthe-
less, we use the word ‘singular’ with respect to the first logarithmic term in (4.83), to
highlight the fact that the stress-related components associated with this term (bend-
ing moments and shear forces) contain a logarithmic singularity and even higher order
singularities. This remains in agreement with the known fact that the bending mo-
ments and shear forces, generated in a Poisson–Kirchhoff plate subject to a transverse
point force, are theoretically unbounded at the force application point [72].

In the next example, we will consider another boundary-value problem for the bi-
harmonic equation on the circle. This problem allows a meaningful interpretation
within the Kirchhoff–Poisson plate theory.

Example 4.8. We formulate the problem of interest in physical terms. Let the plate’s
edge be clamped elastically such that the radial slope of the deflection functionw.r; '/
is zero at r D a, whilst the shear force Q.r; '/, written in terms of the deflection
function [72]

Q.r; '/ D D
@

@r

�
@2

@r2
C 1

r

@

@r
C 1

r2
@2

@'2

�
w.r; '/
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is directly proportional to the deflection at r D a. Hence, the statement of the problem
is formalized as

@w.a; '/

@r
D 0; D

@

@r

�
@2

@r2
C 1

r

@

@r
C 1

r2
@2

@'2

�
w.a; '/ D Cw.a; '/; (4.84)

where the constant parameter D is called the plate’s flexural rigidity, whilst the con-
stant parameter C represents the coefficient of the elastic edge support.

Treating the second boundary condition in (4.84) is quite cumbersome, but rewrit-
ing it as

@3

@r3
� 1

r2
@

@r
C 1

r

@2

@r2
� 2

r3
@2

@'2
C 1

r2
@3

@r@'2

suggests that, in compliance with the first condition in (4.84), it can be simplified,
transforming the boundary conditions in (4.84) to

@w.a; '/

@r
D 0;

�
@3

@r3
C 1

a

@2

@r2
� 2

a3
@2

@'2

�
w.a; '/ D k�w.a; '/ (4.85)

where the parameter k� is defined, in terms of the physical constants D and C , as
k� D C=D.

Hence, our aim in this example is the Green’s function G.r; 'I �;  / for the bound-
ary-value problem in (4.77), (4.79) and (4.85). Following our procedure, as described
in detail in Example 4.5, G.r; 'I �;  / can be obtained similar to the expansion in
(4.61), where the coefficients g0.r; �/, g1.r; �/ and gn.r; �/ have to be found.

The coefficient g0.r; �/, represents Green’s function for the following boundary-
value problem �

r2
d4

dr4
C 2r

d3

dr3
� d2

dr2
C 1

r

d

dr

�
w.r/ D 0;

lim
r!0

jw.r/j < 1; lim
r!0

ˇ̌̌̌
d2w.r/

dr2

ˇ̌̌̌
< 1

and

dw.a/

dr
D 0;

d3w.a/

dr3
C 1

a

d2w.a/

dr2
� k�w.a/ D 0:

Due to the above problem self-adjointness, the Green’s function g0.r; �/ must be
symmetric, implying g0.r; �/ D g0.�; r/. Hence, it suffices to display an expression
that is valid for either r � � or � � r : once we have found one of them, we can find
the other one by exchanging the variables r and �. The branch valid for r � � is
finally found to be

g0.r; �/ D 1

8

�
1

a2
.a2 C r2/.a2 � �2/C 2.r2 C �2/ ln

�

a
C 8

k�a

�
: (4.86)
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The coefficient g1.r; �/ in the expansion (4.61) represents the Green’s function to
another self-adjoint boundary-value problem�

r2
d4

dr4
C 2r

d3

dr3
� 3 d

2

dr2
C 3

r

d

dr
C 3

r2

�
w.r/ D 0;

lim
r!0

jw.r/j < 1; lim
r!0

ˇ̌̌̌
d2w.r/

dr2

ˇ̌̌̌
< 1

and

dw.a/

dr
D 0;

d3w.a/

dr3
C 1

a

d2w.a/

dr2
C 2 � k�a3

a3
w.a/ D 0:

An expression for g1.r; �/, valid for r � � is found as

g1.r; �/ D � 1

�� ¹k�a3Œr.�2 � a2/.r2.�2 � a2/ � 2a2�2/	

C 2ra2Œr2.a2 C 2�2/C 2�2.�2 � 7a2/	º � r�

4
ln
�

a
(4.87)

with �� D 16a4�.4C k�a3/.
In order to find the coefficient gn.r; �/ for (4.61), we consider the self-adjoint

boundary-value problem�
r2
d4

dr4
C 2r

d3

dr3
� .1C 2n2/

d2

dr2
C 1C 2n2

r

d

dr
C n2.n2 � 4/

r2

�
w.r/ D 0;
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jw.r/j < 1; lim
r!0

ˇ̌̌̌
d2w.r/

dr2

ˇ̌̌̌
< 1
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dw.a/

dr
D 0;

d3w.a/

dr3
C 1

a

d2w.a/

dr2
C 2n2 � k�a3

a3
w.a/ D 0

the Green’s function of which, for r � �, reads

gn.r; �/ D � 1

���

²
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n � 1


n.4.2 � n2/C k�a3/a2�2n�n

� .2n2.nC 1/C k�a3/�2�n C .n � 1/.2n2 � k�a3/a�2n�nC2�
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.nC 1/.2n2 � k�a3/a�2n�n C .2n2.nC 1/C k�a3/��n

C nk�a3a�2n�2�nC2� rnC2
nC 1

³
(4.88)

with ��� D 8nŒ2n2.nC 1/C k�a3	a2n�2.
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Upon close analysis, we see that, if the parameter k� goes to infinity, the expres-
sions for g0.r; �/, g1.r; �/, and gn.r; �/ in (4.86), (4.87) and (4.88) reduce to those
found earlier in Example 4.5 (see (4.54), (4.57) and (4.60), respectively). This does
not come as a surprise, because the setting in (4.77), (4.79) and (4.85) does in fact
reduce, in this case, to that of (4.42)–(4.44) (if f .r; '/ D 0), the coefficients of the
expansion of its Green’s function in (4.61) are given by (4.54), (4.57) and (4.60)

An interesting observation arises upon analysis of the representation for the Green’s
function of the problem in (4.77), (4.79) and (4.85), that we found in (4.61). An-
alyzing the underlined components of (4.88), we assert that the series in (4.61) is
computer-friendly, allowing for an accurate assessment after appropriate truncation
of the series: it turns out to be uniformly convergent, with the rate of convergence of
order 1=n2 for finite values of k�. If, however, k� goes to infinity, then the k� con-
taining terms in the underlined components of (4.88) and in ��� become dominant,
reducing the rate of convergence to order 1=n.

To complete our discussion in this section, we note that, by applying the essen-
tials of our approach, the reader can proceed to construct Green’s functions for other
applied boundary-value problems for the biharmonic equation. In the next section
we will implement our approach to another fourth order elliptic equation which finds
important applications in the Kirchhoff–Poisson plate theory.

4.4 The equation r 2r 2w.P/ C �4w.P/ D 0

The routine developed in Sections 4.2 and 4.3 also turns out to be helpful in the con-
struction of Green’s functions for a variety of settings for the equation that is the title
of the current section. This equation arises, in particular, in Poisson–Kirchhoff plate
theory [72], when plates resting on a simple (single parameter) elastic foundation are
considered.

Example 4.9. To set up a problem for this example, we formulate it in physical terms.
We present another – classical – statement, within the scope of the Kirchhoff–Poisson
plate theory. Consider bending a simply-supported rectangular plate, resting on an
elastic foundation. The plate, of uniform thickness, is made from a homogeneous
isotropic elastic material and is subjected to a distributed lateral load q.x; y/. Let the
plate’s middle plane occupy the region � D ¹.x; y/j0 < x < a; 0 < y < bº, and let
the coefficient of elastic foundation be denoted by �0. The boundary-value problem
corresponding to this physical setting is:�

@2

@x2
C @2

@y2

��
@2w.x; y/

@x2
C @2w.x; y/

@y2

�
C �4w.x; y/ D �f .x; y/; (4.89)

w D @2w

@y2

ˇ̌̌̌
yD0;b

D 0; w D @2w

@x2

ˇ̌̌̌
xD0;a

D 0 (4.90)
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with the coefficient in (4.89) denoted, for convenience, as �4: and defined in terms
of the elastic coefficient of the foundation �0, and the plate’s flexural rigidity D as
�4 D �0=D. The right-hand side function in (4.89) is defined in terms of the load
function q.x; y/ as f .x; y/ D q.x; y/=D:

Our approach to the construction of Green’s function for the homogeneous prob-
lem corresponding to that of (4.89) and (4.90) is similar to the cases of other elliptic
equations that we considered earlier in this book. We take advantage of the fact that
if the solution of the problem in (4.89) and (4.90) is found in integral form

w.x; y/ D
Z a

0

Z b

0

G.x; yI �; �/f .�; �/d�d�; (4.91)

then the kernel G.x; yI �; �/ in the above represents the Green’s function for the cor-
responding homogeneous problem.

To obtain w.x; y/, the solution to the problem in (4.89) and (4.90), we express it as
a double Fourier sine-series

w.x; y/ D
1X

m;nD1
wmn sin
x sin �y; 
 D m�

a
; � D n�

b
: (4.92)

It is evident that the above formula for w.x; y/ satisfies all the boundary conditions
in (4.90).

In addition, we express the right-hand side function of (4.89), f .x; y/, as the iden-
tical double sine-series

f .x; y/ D
1X

m;nD1
fmn sin
x sin �y: (4.93)

Now, substituting (4.92) and (4.93) into (4.89) and combining like terms in the
left-hand side yields the equation

1X
m;nD1

�

4 C 2
2�2 C �4 C �4

�
wmn sin
x sin �y D �

1X
m;nD1

fmn sin
x sin �y

from which, after equating the corresponding coefficients of both the series and per-
forming some trivial algebra, we obtain

wmn D � fmn

.
2 C �2/2 C �4
:

Substituting this expression into (4.92) yields

w.x; y/ D �
1X

m;nD1

fmn

.
2 C �2/2 C �4
sin
x sin �y: (4.94)
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Recalling the Euler–Fourier formula and adapting it to the Fourier double-series
context, we get for the Fourier coefficients fmn of the right-hand side term in (4.93)

fmn D 4

ab

Z a

0

Z b

0

f .�; �/ sin
� sin ��d�d�:

We now substitute fmn into (4.94) and exchange the order of the summation and
integration in it, giving us the solution to the boundary-value problem in (4.89) and
(4.90) as

w.x; y/ D � 4

ab

Z a

0

Z b

0

1X
m;nD1

sin
x sin
� sin �y sin ��

.
2 C �2/2 C �4
f .�; �/d�d�: (4.95)

Hence, in light of the relation (4.91), we conclude that the kernel in (4.95)

G.x; yI �; �/ D � 4

ab

1X
m;nD1

sin
x sin
� sin �y sin ��

.
2 C �2/2 C �4
(4.96)

represents the Green’s function for the homogeneous boundary-value problem corre-
sponding to (4.89) and (4.90).

It is clear that the above series converges at the same rate as the series in (4.11) of
Section 4.2. This implies that G.x; yI �; �/ can be accurately computed by truncating
the series in (4.96). Similar to the situation in Example 4.1 of Section 4.2, an accurate
assessment of higher order derivatives of G.x; yI �; �/ in the vicinity of the force
application point requires special attention.

Example 4.10. We now turn to the construction of the Green’s function for the bound-
ary-value problem�
@2

@x2
C @2

@y2

��
@2w.x; y/

@x2
C @2w.x; y/

@y2

�
C �4w.x; y/ D f .x; y/; .x; y/ 2 �;

(4.97)

w D @2w

@y2

ˇ̌̌̌
yD0;b

D 0; w D @2w

@x2

ˇ̌̌̌
xD0

D 0 (4.98)

on the semi-infinite strip � D ¹.x; y/j0 < x < 1; 0 < y < bº. Note that, to make
the above setting well-posed (in other words, allowing a unique solution), the function
w.x; y/ must, in addition to (4.98), be subjected to conditions of boundedness as x
goes to infinity, which we formulate them as

lim
x!1 jw.x; y/j < 1; lim

x!1

ˇ̌̌̌
@w.x; y/

@x

ˇ̌̌̌
< 1: (4.99)
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It is evident that by expressing the solution w.x; y/ to the boundary-value problem
in (4.97)–(4.99) in the Fourier sine-series

w.x; y/ D
1X
nD1

wn.x/ sin �y; � D n�

b
; (4.100)

the first two boundary conditions in (4.98) are automatically satisfied. If, in addition,
the right-hand side of the equation in (4.97) is expanded as

f .x; y/ D
1X
nD1

fn.x/ sin �y (4.101)

and (4.100) and (4.101) are substituted into (4.97)–(4.99), the following set of bound-
ary-value problems (n D 1; 2; 3; : : : ) arises for the coefficients wn.x/ in (4.100):

d4wn.x/

dx4
� 2�2d

2wn.x/

dx2
C .�4 C �4/wn.x/ D �fn.x/; x 2 .0;1/; (4.102)

wn.0/ D d2wn.0/

dx2
D 0; lim

x!1 jwn.x/j < 1; lim
x!1

ˇ̌̌̌
dwn.x/

dx

ˇ̌̌̌
< 1: (4.103)

Following again the method of variation of parameters as applied to the problem
in (4.102) and (4.103), we turn to finding a fundamental set of solutions of the ho-
mogeneous equation corresponding to (4.102). We start by writing the characteristic
equation of the latter

k4 � 2�2k2 C .�4 C �4/ D 0

whose solution set is represented by the four complex numbers

kj D ˙
p
�2 ˙ i�2; j D 1; 4 (4.104)

expressed in terms of the parameters � and �. Note that the above square roots, as
well as those in the development that follows, are understood in principal (arithmetic)
values.

Upon separating real and imaginary parts of kj , we write the expression under the
square root sign in (4.104) in trigonometric form as

�2 ˙ i�2 D
p
�4 C �4

�
cos

�
arctan

�2

�2

�
˙ i sin

�
arctan

�2

�2

��
:

This transforms the roots kj of the characteristic equation to

kj D ˙ 4
p
�4 C �4

�
cos

�
1

2
arctan

�2

�2

�
˙ i sin

�
1

2
arctan

�2

�2

��
(4.105)
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which can be rewritten after recalling the trigonometric half-angle identities

cos

�
1

2
arctan

�2

�2

�
D

p
2

2

s
1C cos

�
arctan

�2

�2

�

D
p
2

2

s
1C �2p

�4 C �4
D

p
2

2

pp
�4 C �4 C �2

4
p
�4 C �4

and

sin

�
1

2
arctan

�2

�2

�
D

p
2

2

s
1 � cos

�
arctan

�2

�2

�

D
p
2

2

s
1 � �2p

�4 C �4
D

p
2

2

pp
�4 C �4 � �2
4
p
�4 C �4

:

Hence, we express the four complex numbers in (4.105) as

kj D ˙
p
2

2

�qp
�4 C �4 C �2 ˙ i

qp
�4 C �4 � �2�

representing the solution set of the characteristic equation for the homogeneous equa-
tion corresponding to (4.102).

Hence, the following four linearly independent functions represent a fundamental
set of solutions to the homogeneous equation corresponding to (4.102):

wn;1.x/ D e˛x cosˇx; wn;2.x/ D e˛x sinˇx;

wn;3.x/ D e�˛x cosˇx; wn;4.x/ D e�˛x sinˇx;
(4.106)

where ˛ and ˇ are defined in terms of � and � as

˛ D
p
2

2

qp
�4 C �4 C �2 and ˇ D

p
2

2

qp
�4 C �4 � �2:

Based on the fundamental set of solutions in (4.106), and following the method of
variation of parameters, the general solution to the boundary-value problem in (4.102)
and (4.103) can be written as a linear combination of the components in (4.106)

wn.x/ D
4X

jD1
Cj .x/wn;j .x/: (4.107)

Further following our procedure, we obtain the following system of linear algebraic
equations0BBB@

wn;1.x/ wn;2.x/ wn;3.x/ wn;4.x/

w0
n;1.x/ w

0
n;2.x/ w

0
n;3.x/ w

0
n;4.x/

w00
n;1.x/ w

00
n;2.x/ w

00
n;3.x/ w

00
n;4.x/

w000
n;1.x/ w

000
n;2.x/ w

000
n;3.x/ w

000
n;4.x/

1CCCA
0BBB@
C 0
1.x/

C 0
2.x/

C 0
3.x/

C 0
4.x/

1CCCA D

0BBB@
0

0

0

�fn.x/

1CCCA
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for the derivatives of the parameters C1.x/; C2.x/; C3.x/, and C4.x/. The solution
of this system is found in compact form as

C 0
1.x/ D ˛ sinˇx C ˇ cosˇx

4˛ˇ.˛2 C ˇ2/e˛x
fn.x/; C 0

2.x/ D �˛ cosˇx � ˇ sinˇx

4˛ˇ.˛2 C ˇ2/e˛x
fn.x/;

C 0
3.x/ D ˛ sinˇx � ˇ cosˇx

4˛ˇ.˛2 C ˇ2/e�˛x fn.x/; C 0
4.x/ D �˛ cosˇx C ˇ sinˇx

4˛ˇ.˛2 C ˇ2/e�˛x fn.x/:

Integrating the above, the functions C1.x/; C2.x/; C3.x/;andC4.x/ themselves are
found to be

C1.x/ D
Z x

0

˛ sinˇ� C ˇ cosˇ�

4˛ˇ.˛2 C ˇ2/e˛�
fn.�/d� CM1;

C2.x/ D �
Z x

0

˛ cosˇ� � ˇ sinˇ�

4˛ˇ.˛2 C ˇ2/e˛�
fn.�/d� CM2;

C3.x/ D
Z x

0

˛ sinˇ� � ˇ cosˇ�

4˛ˇ.˛2 C ˇ2/e�˛� fn.�/d� CM3;

and

C4.x/ D �
Z x

0

˛ cosˇ� C ˇ sinˇ�

4˛ˇ.˛2 C ˇ2/e�˛� fn.�/d� CM4:

After substituting these into (4.107), we obtain wn.x/ in the form

wn.x/ D
�Z x

0

˛ sinˇ� C ˇ cosˇ�

4˛ˇ.˛2 C ˇ2/e˛�
fn.�/d� CM1

�
e˛x cosˇx

C
�
�
Z x

0

˛ cosˇ� � ˇ sinˇ�

4˛ˇ.˛2 C ˇ2/e˛�
fn.�/d� CM2

�
e˛x sinˇx

C
�Z x

0

˛ sinˇ� � ˇ cosˇ�

4˛ˇ.˛2 C ˇ2/e�˛� fn.�/d� CM3

�
e�˛x cosˇx

C
�
�
Z x

0

˛ cosˇ� C ˇ sinˇ�

4˛ˇ.˛2 C ˇ2/e�˛� fn.�/d� CM4

�
e�˛x sinˇx: (4.108)

It is evident that, since the function wn.x/ is assumed to be bounded as x goes to
infinity, the factors Z x

0

˛ sinˇ� C ˇ cosˇ�

4˛ˇ.˛2 C ˇ2/e˛�
fn.�/d� CM1

and

�
Z x

0

˛ cosˇ� � ˇ sinˇ�

4˛ˇ.˛2 C ˇ2/e˛�
fn.�/d� CM2
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of the unbounded components e˛x cosˇx and e˛x sinˇx of the fundamental set of
solutions in (4.108) must be set equal to zero when x goes to infinity. This implies

M1 D �
Z 1

0

˛ sinˇ� C ˇ cosˇ�

4˛ˇ.˛2 C ˇ2/e˛�
fn.�/d�

and

M2 D
Z 1

0

˛ cosˇ� � ˇ sinˇ�

4˛ˇ.˛2 C ˇ2/e˛�
fn.�/d�:

To obtain the constants M3 and M4, we substitute the above expressions for M1

and M2 into (4.108) and regroup it as

wn.x/ D
Z x

0

ˇ cosˇ.x � �/ sinhˇ.x � �/ � ˛ sinˇ.x � �/ coshˇ.x � �/
2˛ˇ.˛2 C ˇ2/

fn.�/d�

C
Z 1

0

˛ sinˇ.x � �/ � ˇ cosˇ.x � �/
4˛ˇ.˛2 C ˇ2/e˛.��x/ fn.�/d�

CM3e�˛x cosˇx CM4e�˛x sinˇx: (4.109)

From the first condition in (4.103) it follows that

M3 D
Z 1

0

˛ sinˇ� C ˇ cosˇ�

4˛ˇ.˛2 C ˇ2/e˛�
fn.�/d�

whilst the second condition in (4.103) implies

M4 D
Z 1

0

˛ cosˇ� � ˇ sinˇ�

4˛ˇ.˛2 C ˇ2/e˛�
fn.�/d�:

Upon substituting M3 and M4 into (4.109), the solution to the boundary-value
problem in (4.102) and (4.103) is finally found to be

wn.x/ D
Z x

0

ˇ cosˇ.x � �/ sinhˇ.x � �/ � ˛ sinˇ.x � �/ coshˇ.x � �/
2˛ˇ.˛2 C ˇ2/

fn.�/d�

C
Z 1

0

1

�
¹e�˛.xC�/Œ˛ sinˇ.x C �/C ˇ cosˇ.x C �/	

� e�˛jx��jŒ˛ sinˇjx � �j C ˇ cosˇ.x � �/	ºfn.�/d�;

where � D 4˛ˇ.˛2 C ˇ2/. We can rewrite this as a single integral

wn.x/ D
Z 1

0

gn.x; �/fn.�/d�
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with the kernel gn.x; �/

gn.x; �/ D 1

�
¹e�˛.xC�/Œ˛ sinˇ.x C �/C ˇ cosˇ.x C �/	

� e�˛jx��jŒ˛ sinˇjx � �j C ˇ cosˇ.x � �/	º:
Recall the series expansion of (4.101), where the Fourier coefficients fn.�/ of the

right-hand side term f .x; y/ in (4.97) can be written by means of the Euler–Fourier
formula as

fn.�/ D 2

b

Z b

0

f .�; �/ sin ��d�

leading to the integral representation for wn.x/

wn.x/ D 2

b

Z b

0

Z 1

0

gn.x; �/ sin ��f .�; �/d�d�:

Upon substituting this into (4.100) and changing the order of the summation and
the integration, the solution of the boundary-value problem stated by (4.97)–(4.99) is
now found as

w.x; y/ D
Z b

0

Z 1

0

 
2

b

1X
nD1

gn.x; �/ sin �y sin ��

!
f .�; �/d�d�: (4.110)

Recalling the relation displayed earlier in (4.91) and applying it to the problem in
(4.97)–(4.99), we conclude that the kernel of the above integral, namely

G.x; yI �; �/ D 2

b

1X
nD1

gn.x; �/ sin �y sin �� (4.111)

represents the Green’s function that we are looking for.

4.5 Elliptic Systems

In this section, we will consider specific elliptic systems of applied partial differential
equations. Such systems arise in structural mechanics where they model the static
equilibrium of thin elastic shells of revolution. In the following, we will generalize
the technique for constructing Green’s functions, that we developed so far, and adjust
it to the construction of Green’s matrices for the systems mentioned above.

There is an interesting historical observation to be made, with regard to the appli-
cation of the Green’s function method to problems arising in plate and shell theory.
The static equilibrium of thin elastic shells provides us with a class of boundary-value
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problems in structural mechanics. Efficient computational algorithms, based on this
method, have been developed significantly earlier for this class of problems than for
other areas of the applied sciences. Indeed, pioneering works on the application of the
Green’s function method to shell problems were published more than four decades
ago (see, for example, [26]), whereas intensive work on this method in other related
areas of science was only started at least a decade later.

4.5.1 Construction of Green’s Matrices

We consider the geometrically linear elastic equilibrium [72] of a thin shell of revolu-
tion, with its middle surface is closed in the longitudinal direction, and the meridian
being a smooth (differentiable) curve. Let x 2 .0; l/ and ' 2 .0; 2�/ represent
the meridional (latitudinal) and the circumferential (longitudinal), respectively, ge-
ographical coordinates of a point of this surface. We formulate a system of partial
differential equations modeling the equilibrium state of the shell, to be solved for the
displacements

ƒ

�
@

@x
;
@

@'
; x

�
U.x; '/ D �F.x; '/ in �.0 < x < l; 0 < ' < 2�/ (4.112)

with

U.x; '/ D
0@ u.x; '/

v.x; '/

w.x; '/

1A and F.x; '/ D
0@ X.x; '/Y.x; '/

Z.x; '/

1A
being the vector-function for the displacement of the point .x; '/ on the middle sur-
face and the vector-function for the external load, respectively. u.x; '/ and v.x; '/
in U.x; '/ represent the components of the displacement vector in the latitudinal and
longitudinal direction, respectively, whilst w.x; '/ is a component normal to the mid-
dle surface. It will be referred to later as the deflection of the shell. X.x; '/; Y.x; '/
and Z.x; '/ represent components of the load vector in the corresponding directions.
The coefficients of the elements ƒij of the matrix-operator ƒ

ƒ

�
@

@x
;
@

@'
; x

�
D
�
ƒij

�
@

@x
;
@

@'
; x

��
3�3

in (4.112) are functions of the latitudinal coordinate x.
The total order of the system in (4.112) is eight. In accordance with that, we impose

boundary conditions on the boundary segments x D 0 and x D l of � in the form

B0

�
@

@x
;
@

@'

�
U.0; '/ D 0; Bl

�
@

@x
;
@

@'

�
U.l; '/ D 0 (4.113)

with each of B0 and Bl a 4 � 3 matrix-operator. So, we impose four boundary con-
ditions on each segment of the boundary of �. We assume these conditions to be
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linearly independent and the boundary-value problem in (4.112) and (4.113) to be
well-posed allowing the existence of a unique solution U.x; '/.

In the following, we will focus on the development of an efficient procedure for
construction of the Green’s matrixG.x; 'I s;  / for the homogeneous boundary-value
problem corresponding to (4.112) and (4.113). In pursuing this goal, we will take ad-
vantage of the fact that the solution U.x; '/ of the problem in (4.112) and (4.113) it-
self can be expressed in terms of G.x; 'I s;  /and the right-hand side vector-function
F.x; '/ of (4.112) as

U.x; '/ D
“
�

G.x; 'I s;  /F.s;  /d�.s;  /: (4.114)

Note that our problem is 2�-periodic with respect to '. In developing a proce-
dure for the construction of the Green’s function, we take advantage of this feature,
and expand the vector-functions U.x; '/ and F.x; '/ into the following trigonometric
series

U.x; '/ D
1X
nD0

Qn.'/Un.x/; F.x; '/ D
1X
nD0

Qn.'/Fn.x/ (4.115)

with respect to the ' variable. For the transformation matrix Qn.'/ we choose

Qn.'/ D
0@ cosn' 0 0

0 sinn' 0

0 0 cosn'

1A :
Clearly, the expansions (4.115) conform to the 2�-periodicity of our problem, with

respect to the ' variable.
The vector-functions Un.x/ and Fn.x/ in (4.115) are written as

Un.x/ D
0@ un.x/

vn.x/

wn.x/

1A ; Fn.x/ D
0@ Xn.x/Yn.x/

Zn.x/

1A
with un.x/, vn.x/ and wn.x/ representing the corresponding Fourier coefficients of
u.x; '/, v.x; '/ and w.x; '/, respectively, and Xn.x/, Yn.x/ and Zn.x/ the Fourier
coefficients of X.x; '/, Y.x; '/ and Z.x; '/, respectively.

Upon substitution of (4.115) into (4.112), we obtain

ƒ

�
@

@x
;
@

@'
; x

�" 1X
nD0

Qn.'/Un.x/

#
D �

1X
nD0

Qn.'/Fn.x/

or
1X
nD0

Qn.'/

�
ƒn

�
d

dx
; x

�
Un.x/

�
D �

1X
nD0

Qn.'/Fn.x/:
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From this, it follows that the vector-functions Un.x/ must satisfy the following
system of ordinary differential equations

ƒn

�
d

dx
; x

�
Un.x/ D �Fn.x/; n D 0; 1; 2; : : : : (4.116)

Since the displacement vector-function U.x; '/ is expressed in terms of the series
(4.115), the boundary conditions of (4.113) transform to

1X
nD0

Qn.'/

�
B0n

�
d

dx

�
Un.0/

�
D 0;

1X
nD0

Qn.'/

�
Bln

�
d

dx

�
Un.l/

�
D 0

or

B0n

�
d

dx

�
Un.0/ D 0; Bln

�
d

dx

�
Un.l/ D 0: (4.117)

Hence, the original boundary-value problem in (4.112) and (4.113) has been re-
duced to a set of the eighth order systems of linear ordinary differential equations
(n D 0; 1; 2; : : : ).

Proceeding with the construction of the Green’s functionG.x; 'I s;  /, the solution
to the boundary-value problem in (4.116) and (4.117), Un.x/, must be expressed in
integral form.

One feature of the system (4.116) introduces a notable complication: it has (gen-
erally speaking) variable coefficients. This does not allow us to find an analytical
solution Un.x/. Hence, we can only obtain a fundamental set of solutions to the
homogeneous system corresponding to that in (4.116), as is required in our develop-
ment, using numerical methods. In order to provide a backdrop to this, we convert the
system in (4.116) to the normal form

dyi .x/

dx
D

8X
jD1

˛ij .x/yj .x/C fi .x/; i D 1; 8; (4.118)

where the unknown functions yi .x/ are defined in terms of the components of the
vector-function Un.x/ as

y1.x/ D un.x/; y2.x/ D dun.x/

dx
;

y3.x/ D vn.x/; y4.x/ D dvn.x/

dx
;

y5.x/ D wn.x/; y6.x/ D dwn.x/

dx
;
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and

y7.x/ D d2wn.x/

dx2
; y8.x/ D d3wn.x/

dx3
: (4.119)

The coefficients ˛ij .x/ of the system (4.118), and its right-hand side functions
fi .x/, are defined by the operator ƒn, and the right-hand side vector-function Fn.x/;
respectively.

We will provide the reader with a hint as to how we can express the boundary con-
ditions (4.117) in terms of the newly introduced functions yi .x/: consider a particular
case of the problem, and express, for example, the matrix-operators B0n.d=dx/ and
Bln.d=dx/ as

B0n

�
d

dx

�
�

0BB@
I 0 0

0 I 0

0 0 I

0 0 d=dx

1CCA ; Bln

�
d

dx

�
�

0BB@
I 0 0

0 I 0

0 0 I

0 0 d2=dx2

1CCA :
In physical terms, this statement models the case where the shell’s edge x D 0 is

clamped whilst the edge x D l is assumed simply-supported.
Now, in light of the relations from (4.119), we can reformulate the boundary con-

ditions imposed by (4.117) in terms of yi .x/ as

yi .0/ D 0; for i D 1; 3; 5; 6;

yi .l/ D 0; for i D 1; 3; 5; 7:
(4.120)

To obtain the Green’s matrix for the homogeneous system

dyi .x/

dx
D

8X
jD1

˛ij .x/yj .x/; i D 1; 8; (4.121)

subject to the boundary conditions of (4.120), a fundamental set of solutions for
(4.121) is required. That is, we need a set .j D 1; 2; : : : ; 8/ of its eight linearly
independent vector-solutions ¹yij .x/º. Of course, it can be computed with the aid
of standard subroutines for obtaining numerical solutions of Cauchy problems, for
systems of the type in (4.121), which are widely available in contemporary computer
software. We should, however, put high requirements on numerical methods on which
the subroutines are based: the diagonal elements ˛i i in the coefficient matrix of the
system in (4.121) are much smaller than its peripheral elements, which makes the
system rigid and numerically unstable. It is worth noting that this phenomenon is
well-known to numerical analysts working in shell theory; a number of highly effec-
tive numerical methods are already available in the field (see, for example, [2]).

Note that, for cylindrical and conical shells, fundamental sets of solutions can be
obtained analytically, since the corresponding systems of differential equations have
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constant coefficients and hence allow an analytical solution. In Section 4.5.2 the
reader will encounter several important comments with regard to possible forms of
fundamental sets of solutions that can be used for a cylindrical shell.

In compliance with the Lagrange method of variation of parameters, we can write
the general solution of the system in (4.118), in terms of a fundamental set of solutions
¹yij .x/º, as

yi .x/ D
8X

jD1
yij .x/Cj .x/; i D 1; 8; (4.122)

with Cj .x/ unknown functions whose derivatives C 0
j .x/ must satisfy the following

system of linear algebraic equations

8X
jD1

yij .x/C
0
j .x/ D fi .x/; i D 1; 8: (4.123)

Recall that the functions fi .x/ are the right-hand side terms of the system in (4.118).
We now write the solution to the system (4.123) in the form

C 0
i .x/ D

8X
jD1

y�1
ij .x/fj .x/; i D 1; 8;

with y�1
ij .x/ representing elements of the inverse of the coefficient matrix of the sys-

tem in (4.123).
Upon integration of the above expressions for C 0

i .x/, we obtain the following inte-
gral representations for Ci .x/

Ci .x/ D
Z x

0

8X
jD1

y�1
ij .s/fj .s/ds CDi ; i D 1; 8;

with Di being arbitrary constants of integration, allowing the general solution of the
system in (4.118)

yi .x/ D
Z x

0

8X
jD1

Tij .x; s/fj .s/ds C
8X

jD1
yij .x/Dj (4.124)

with

Tij .x; s/ D
8X
kD1

yik.x/y
�1
kj .s/:
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By virtue of the boundary conditions in (4.120), we obtain the following system of
linear algebraic equations

8X
jD1

rijDj D Si ; i D 1; 8; (4.125)

for the constants Di .
The elements rij of the first four rows in the 8 � 8 coefficient matrix R.rij / of the

system in (4.125) are defined as

rij D ymj .0/; i D 1; 4; m D 1; 3; 5; 6;

whilst the elements of the last four rows of that matrix are defined as

rij D ymj .l/; i D 5; 8; m D 1; 3; 5; 7:

The components Si of the right-hand side vector of the system in (4.125) are ex-
pressed as

Si D
Z l

0

8X
jD1

T �
ij .l; s/fj .s/ds; i D 1; 8; (4.126)

with T �
ij .l; s/ defined as

T �
ij .x; s/ D

´
0; i D 1; 4;

�Tij .l; s/; i D 5; 8;

where Tij .l; s/ represent the boundary-values of the functions Tij .x; s/ defined earlier
through yik.x/ and y�1

kj
.s/ in the equation that immediately follows that of (4.124).

Hence, the solution of the linear system in (4.125) can be found in terms of the
inverse of its coefficient matrix R.rij / as

Di D
8X

jD1
r�1
ij Sj ; i D 1; 8;

where r�1
ij represent the elements of the inverse R�1.rij / of R.rij /.

Substituting Sj from (4.126) into the above relation, we obtain

Di D
Z l

0

8X
jD1

Pij .l; s/fj .s/ds;
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with

Pij .l; s/ D
8X
kD1

r�1
ik T

�
kj .l; s/:

Substitution these Di into (4.124) yields, for the general solution of the system
from (4.118)

yi .x/ D
Z x

0

8X
jD1

Tij .x; s/fj .s/ds C
Z l

0

8X
jD1

Hij .x; s/fj .s/ds; (4.127)

with

Hij .x; s/ D
8X

jD1
yik.x/Pkj .l; s/:

The expression for yi .x/ in (4.127) can be written in compact integral form

yi .x/ D
Z l

0

8X
jD1

gij .x; s/fj .s/ds; i D 1; 8; (4.128)

in which

gij .x; s/ D
´
Hij .x; s/; x � s;

Hij .x; s/C Tij .x; s/; x � s:
(4.129)

Hence, the solution of the boundary-value problem stated by (4.118) and (4.120)
is found in the form of the definite integral in (4.128). Subsequently, in light of the
relations from (4.119), the vector-function

Un.x/ D
0@ un.x/

vn.x/

wn.x/

1A
representing the solution to the problem in (4.116) and (4.117) can be written as

Un.x/ D
Z l

0

Gn.x; s/Fn.s/ds

or, in an extended form0@ un.x/

vn.x/

wn.x/

1A D
Z l

0

0@ g12.x; s/ g14.x; s/ g18.x; s/g32.x; s/ g34.x; s/ g38.x; s/

g52.x; s/ g54.x; s/ g58.x; s/

1A0@ Xn.s/Yn.s/

Zn.s/

1A ds: (4.130)
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The elements gij .x; s/ (with i D 1; 3; 5 and j D 2; 4; 8) of the kernel-matrix
Gn.x; s/ in the integral representation of (4.130) can be found in the 8 � 8 kernel-
matrix from (4.128) and are shown in (4.129).

Upon substitution of the components of Un.x/ from (4.130) into the first of the
expansions in (4.115), and successively applying the Euler–Fourier formula for the
coefficients of the second of the expansions from (4.115),

Fn.s/ D "n

2�

Z 2�

0

Qn. /F.s;  /d ; "n D
´
1; n D 0;

2; n > 0;

we obtain the following integral representation for the solution U.x; '/ to the original
boundary-value problem defined by (4.112) and (4.113).

U.x; '/ D
Z l

0

Z 2�

0

G.x; 'I s;  /F.s;  /dsd : (4.131)

Observing the form of the solution U.x; '/, we conclude that, in light of the relation
in (4.114), the kernel-matrix

G.x; 'I s;  / D
1X
nD0

"n

2�
Qn.'/Gn.x; s/Qn. /

of the integral in (4.131) is what we set out to find: it represents the Green’s matrix of
the homogeneous problem corresponding to (4.112) and (4.113).

In the following subsection, we will implement the procedure that we described
above to several specific problems defined on a circular cylindrical shell.

4.5.2 Cylindrical Shells

The previous subsection touches upon shells of revolution with an arbitrarily smooth
meridian. The appearance of the system (4.112) modeling the elastic equilibrium of
a particular shell of revolution depends upon the shape of its meridian ' D const.
To find an example of a particular form of the system and to give the reader a clear
sense of the form in which the Green’s matrix might appear, we consider a circular
cylindrical shell of radius a, subject to a transverse distributed load Z D Z.x; '/.

As mentioned before, in the case of a cylindrical shell loaded with a transverse load,
the system in (4.112) has constant coefficients, and appears [72] as

@2u

@x2
C 1 � �

2a2
@2u

@'2
C 1C �

2a

@2v

@x@'
� �

a

@w

@x
D 0;

1C �

2

@2u

@x@'
C a

1 � �
2

@2v

@x2
C 1

a

@2v

@'2
� 1

a

@w

@'
D 0; (4.132)

�
@u

@x
C 1

a

@v

@'
� h2

12

�
a
@4w

@x4
C 2

a

@4w

@x2@'2
C 1

a3
@4w

@'4

�
� w

a
D �F
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with the constants E; �; and h representing the modulus of elasticity, the Poisson ratio
of the material of which the shell is made, and the shell’s thickness, respectively.
The right-hand side F D F.x; '/ is expressed in terms of the load function Z as
F D a.1 � �2/Z=.Eh/.
Example 4.11. We begin the construction of the Green’s matrix to a boundary-value
problem for the system in (4.132), modeling the static equilibrium of a section of a
cylindrical shell with its middle surface occupying the region � D ¹0 < x < l; 0 <

' < bº, in which b < � , an all edges x D 0, x D l , ' D 0 and ' D b simply-
supported.

To set up the corresponding boundary-value problem, we need to know how the
boundary conditions of a simple support can be written in terms of the components
u D u.x; '/, v D v.x; '/and w D w.x; '/ of the displacement vector-function
U.x; '/. In doing so, recall the expressions

Nx.x; '/ D Eh

1 � �2
�
@u

@x
C �

a

�
@v

@'
� w

��
;

N'.x; '/ D Eh

1 � �2
�
�
@u

@x
C 1

a

�
@v

@'
� w

��
;

Mx.x; '/ D � Eh3

12.1 � �2/
�
@2w

@x2
C �

a2
@2w

@'2

�
;

M'.x; '/ D � Eh3

12.1 � �2/
�
�
@2w

@x2
C 1

a2
@2w

@'2

�
for the normal forces Nx.x; '/ and N'.x; '/; and the bending moments Mx.x; '/

and M'.x; '/ generated in the middle surface of the shell [72].
For the edges x D 0 and x D l , their simple support implies that the deflection

function w.x; '/, the normal forceN'.x; '/ and the bending momentMx.x; '/must
vanish along these edges:

w.x; '/jxD0;l D 0; N'.x; '/jxD0;l D 0; Mx.x; '/jxD0;l D 0: (4.133)

Similarly, we impose the following boundary conditions of simple-support of the
edges ' D 0 and ' D b

w.x; '/j'D0;b D 0; Nx.x; '/j'D0;b D 0; M'.x; '/j'D0;b D 0: (4.134)

In accordance with (4.114), we state that the solution of the inhomogeneous bound-
ary-value problem in (4.132)–(4.134) can be written in the form0@ u.x; '/

v.x; '/

w.x; '/

1A D
Z b

0

Z l

0

G.x; 'I s;  /
0@ 0

0

F.s;  /

1A dsd (4.135)
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with the kernel-matrix

G.x; 'I s;  / D �
gij .x; 'I s;  /�

i;jD1;3
representing the Green’s matrix to the homogeneous boundary-value problem corre-
sponding to (4.132)–(4.134).

Since the first and the second components of the right-hand side vector in (4.135)
are zero, the components of the solution are defined completely in terms of the com-
ponents of the third column of G.x; 'I s;  /. With this in mind, the matrix form in
(4.135) transforms to the three scalar relations

u.x; '/ D
Z b

0

Z l

0

g13.x; 'I s;  /F.s;  /dsd ;

v.x; '/ D
Z b

0

Z l

0

g23.x; 'I s;  /F.s;  /dsd ; (4.136)

w.x; '/ D
Z b

0

Z l

0

g33.x; 'I s;  /F.s;  /dsd 

Now, in order to obtain the elements g13.x; 'I s;  /, g23.x; 'I s;  / and
g33.x; 'I s;  / of the Green’s matrix G.x; 'I s;  /, required for the components u D
u.x; '/; v D v.x; '/and w D w.x; '/ of the displacement vector U.x; '/, we will
require the integral form of (4.136).

Our approach to the solution of the boundary-value problem in (4.132)–(4.134) is
based on the specificity of the boundary conditions in (4.133) and (4.134). The latter
allow us to express the components of the displacement vector U.x; '/, and the right-
hand side function F.x; '/ in series-form

u.x; '/ D
1X
mD1

1X
nD1

umn cos
x sin �';

v.x; '/ D
1X
mD1

1X
nD1

vmn sin
x cos �'; (4.137)

w.x; '/ D
1X
mD1

1X
nD1

wmn sin
x sin �'

and

F.x; '/ D
1X
mD1

1X
nD1

Fmn sin
x sin �' (4.138)

with 
 and � defined as


 D m�

l
and � D n�

b
:
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Upon substitution of (4.137) and (4.138) into the system (4.132), we obtain the
system of linear algebraic equations�


2 C 1 � �
2a2

�2
�
umn C 1C �

2a

�vmn C �

a

wmn D 0;

1C �

2

�umn C

�
a
1 � �
2


2 C 1

a
�2
�
vmn C 1

a
�wmn D 0; (4.139)

�
umn C �

a
vmn �

�
1

a
C h2

12

�
a
4 C 2
2�2

a
C �4

a3

��
wmn D �Fmn

for the coefficients of the expansions in (4.137) umn; vmn;and wmn.
The system in (4.139) reduces to a more compact form after multiplying its first

equation by a2, whilst the second and the third equations are multiplied by a. This
reduces the above system to�e
2 C 1 � �

2
�2
�
umn C 1C �

2
e
�vmn C �e
wmn D 0;

1C �

2
e
�umn C

�
1 � �
2

e
2 C �2
�
vmn C �wmn D 0; (4.140)

�e
umn C �vmn C
�
1C h2

12a2

�e
2 C �2
�2�

wmn D �aFmn;

where e
 is introduced as e
 D 
a. Now, the determinant � of the coefficient matrix0B@ e
2 C 1��
2
�2 1C�

2
e
� �e


1C�
2
e
� 1��

2
e
2 C �2 �

�e
 � 1C h2

12a2

�e
2 C �2
�2
1CA

of the system in (4.140) is expressed as

� D 12e
4a2.1 � �2/C h2.e
2 C �2/4:

Based on this we might assume that, since the above determinant can be zero, the
system in (4.140), mathematically speaking, is not necessarily well-posed. However,
as we learn from the mechanics of materials [19, 56, 71], the Poisson ratio � of an
elastic material ranges from 0 to 0.5. This guarantees the determinant� to be nonzero:
the expression for � represents the sum of two non-negative terms 12e
4a2.1 � �2/

and h2.e
2 C �2/4, implying that the system in (4.140) always has a unique solution
which is ultimately found as

umn D 12e
a3
�


e
2.1C �/ � .e
2 C �2/
�
Fmn;

vmn D 12�a3

�


e
2.1C �/C .e
2 C �2/
�
Fmn
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and

wmn D �12a
3

�
.e
2 C �2/2Fmn:

Substituting umn; vmn, and wmn into (4.137), we can rewrite the components of
the displacement vector as

u.x; '/ D 12a3
1X
mD1

1X
nD1

e

�


e
2.1C �/ � .e
2 C �2/
�
Fmn cos
x sin �';

v.x; '/ D 12a3
1X
mD1

1X
nD1

�

�


e
2.1C �/C .e
2 C �2/
�
Fmn sin
x sin �' (4.141)

and

w.x; '/ D �12a3
1X
mD1

1X
nD1

.e
2 C �2/2

�
Fmn sin
x sin �':

The coefficients Fmn of the trigonometric series in (4.138) can be expressed in
terms of the right-hand side function F.x; '/ as

Fmn D 4

lb

Z b

0

Z l

0

F.s;  / sin
s sin � dsd :

With this for Fmn available, the components of the displacement vector become

u.x; '/ D
Z b

0

Z l

0

1X
mD1

1X
nD1

48e
a3
lb�


e
2.1C �/ � .e
2 C �2/
�

� cos
x sin �' sin
s sin � F.s;  /dsd ;

v.x; '/ D
Z b

0

Z l

0

1X
mD1

1X
nD1

48�a3

lb�


e
2.1C �/C .e
2 C �2/
�

� sin
x cos �' sin
s sin � F.s;  /dsd (4.142)

and

w.x; '/ D �
Z b

0

Z l

0

1X
mD1

1X
nD1

48a3

lb�
.e
2 C �2/2

� sin
x sin �' sin
s sin � F.s;  /dsd :
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Hence, it follows from (4.135) that the components of the third column in the
Green’s matrix G.x; 'I s;  / of the homogeneous boundary-value problem corre-
sponding to that in (4.132)–(4.134) are

g13.x; 'I s;  / D 48a3

lb

1X
mD1

1X
nD1

e
 
e
2.1C �/ � .e
2 C �2/
�

� cos
x sin �' sin
s sin � 

12e
4a2.1 � �2/C h2.e
2 C �2/4
;

g23.x; 'I s;  / D 48a3

lb

1X
mD1

1X
nD1

�

e
2.1C �/C .e
2 C �2/

�
� sin
x cos �' sin
s sin � 

12e
4a2.1 � �2/C h2.e
2 C �2/4
(4.143)

and

g33.x; 'I s;  / D �48a
3

lb

1X
mD1

1X
nD1

.e
2 C �2/2
sin
x sin �' sin
s sin � 

12e
4a2.1 � �2/C h2.e
2 C �2/4
:

In terms of a physical interpretation, these represent components of the displace-
ment vector of a point .x; '/ on the middle surface of the shell due to the transverse
unit point force acting at a point .s;  /.

In the following two brief examples, we will demonstrate how we can employ the
Green’s matrix, the elements of which we just obtained, to determine the components
of the displacement vector for the simply supported section � of a cylindrical shell
loaded with different distributed transverse loads.

Example 4.12. Let the simply supported cylindrical shell section ¹0 < x < l; 0 <

' < bº with radius a be loaded with a uniform transverse load Z0.
After substituting the load function Z.s;  / D Z0 into (4.132) and performing the

double integration with respect to s and  in (4.135), we obtain the components of
the displacement vector as

u.x; '/ D 48a4.1 � �2/Z0
Ehlb

1X
mD1

1X
nD1


e
2.1C �/ � .e
2 C �2/
�

� .cos
l � 1/.cos �b � 1/ cos
x sin �'

�


12e
4a2.1 � �2/C h2.e
2 C �2/4

� ;
v.x; '/ D 48a4.1 � �2/Z0

Ehlb

1X
mD1

1X
nD1


e
2.1C �/C .e
2 C �2/
�

� .cos
l � 1/.cos �b � 1/ sin
x cos �'e
 
12e
4a2.1 � �2/C h2.e
2 C �2/4
�
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and

w.x; '/ D �48a
4.1 � �2/Z0
Ehlb

1X
mD1

1X
nD1

.e
2 C �2/2

� .cos
l � 1/.cos �b � 1/ sin
x sin �'e
� 
12e
4a2.1 � �2/C h2.e
2 C �2/4
� :

Using the above expressions for the components of the displacement vector, we can
obtain the stress-related components of the stress-strain state, caused by the uniform
transverse load Z0. For example, we have, for the the bending moment Mx

Mx.x; '/ D � Eh3

12.1 � �2/
�
@2w

@x2
C �

a2
@2w

@'2

�
after the corresponding differentiation and some elementary algebra, we finally arrive
at

Mx.x; '/ D 4a2h2Z0

lb

1X
mD1

1X
nD1

.e
2 C �2/2.e
2 C ��2/

� .cos
l � 1/.cos �b � 1/ sin
x sin �'e
� 
12e
4a2.1 � �2/C h2.e
2 C �2/4
� :

Example 4.13. Consider again the section ¹0 < x < l; 0 < ' < bº of a cylindrical
shell with radius a and simply-supported edges. Let it be loaded with load Z.x; '/ D
Z0' CZ1, representing a linear function of '.

The integration with respect to s and  in (4.135), with Z.s;  / D Z0 C Z1,
yields the following expressions

u.x; '/ D �48a
4.1 � �2/
Ehlb

1X
mD1

1X
nD1


e
2.1C �/ � .e
2 C �2/
�

� 1

�2
ŒZ0.�b cos �b � sin �b/C �Z1.cos �b � 1/	

� .cos
l � 1/ cos
x sin �'

12e
4a2.1 � �2/C h2.e
2 C �2/4

� ;
v.x; '/ D �48a

4.1 � �2/
Ehlb

1X
mD1

1X
nD1


e
2.1C �/C .e
2 C �2/
�

� 1e
� ŒZ0.�b cos �b � sin �b/C �Z1.cos �b � 1/	

� .cos
l � 1/ sin
x cos �'

12e
4a2.1 � �2/C h2.e
2 C �2/4

�
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and

w.x; '/ D 48a4.1 � �2/Z0
Ehlb

1X
mD1

1X
nD1

.e
2 C �2/2

� 1e
�2 ŒZ0.�b cos �b � sin �b/C �Z1.cos �b � 1/	

� .cos
l � 1/ sin
x sin �'

12e
4a2.1 � �2/C h2.e
2 C �2/4

�
for the components of the displacement vector.

We will complete this section by emphasizing an important particular case for a
cylindrical shell, namely the so-called axially symmetric problem. We will explain
particularities of process of finding a fundamental set of solutions, required for the
construction of Green’s matrix for the governing system of differential equations. In
doing so, we consider the homogeneous system

@2u

@x2
C 1 � �

2a2
@2u

@'2
C 1C �

2a

@2v

@x@'
� �

a

@w

@x
D 0;

1C �

2

@2u

@x@'
C a

1 � �
2

@2v

@x2
C 1

a

@2v

@'2
� 1

a

@w

@'
D 0; (4.144)

�

a

@u

@x
C 1

a2
@v

@'
� h2

12

�
@4w

@x4
C 2

a2
@4w

@x2@'2
C 1

a4
@4w

@'4

�
� w

a2
D 0

corresponding to that in (4.132) and show how the axial symmetry affects its form.
First, the axial symmetry implies that the components of the displacement vector

do not depend on the circumferential variable '. Therefore, the system in (4.144)
becomes one-dimensional, with the meridional coordinate x representing a single in-
dependent variable. Another simplification stems from the fact that, in an axially
symmetric problem, a point on a meridian ' D const remains on this meridian, also
after deformation, implying that: (i) the component v of the displacement vector U is
zero, and (ii) all derivatives in (4.144) with respect to ' vanish. With all this taken
into account, the system in (4.144) transforms to

d2u.x/

dx2
� �

a

dw.x/

dx
D0;

�
du.x/

dx
� w.x/

a
� ah2

12

d4w.x/

dx4
D 0 (4.145)

which is a system of two ordinary differential equations for u.x/ and w.x/.
It is worth noting, that the total order of the above system is six. This implies

that its fundamental set of solutions must consist of six linearly independent vector-
functions. The manual derivation of such a set is highly cumbersome, but we can
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recommend computer algebra software (for example, Maple or Mathematica), in
order to facilitate the time consuming work. Omitting the details, we display only the
final result, i.e. the general solution of the system in (4.145), as:

u.x/ D C1 C C2x C C3i�e�iˇx � C4�e�ˇx � C5i�eiˇx C C6�eˇx

and

w.x/ D C2�aC C3aˇe�iˇx C C4aˇe�ˇx C C5aˇeiˇx C C6aˇeˇx

with ˇ is defined as

ˇ D
4
p
12a2h2.�2 � 1/

ah
: (4.146)

This implies that the set of vector-functions�
1

0

�
;

�
x

�a

�
;

�
i�e�iˇx
aˇe�iˇx

�
;� ��e�ˇx

aˇe�ˇx
�
;

� �i�eiˇx

aˇeiˇx

�
and

�
�eˇx

aˇeˇx

�
(4.147)

can be taken as a fundamental set of solutions to the system in (4.145).
Since the components of the vectors in (4.147) are complex-valued functions, it is

inconvenient to use them for practical construction of Green’s matrices for boundary-
value problems for the governing system in (4.145). This deficiency can be eliminated
by separating the real and imaginary parts in the components of the vector-functions
in (4.147). Upon doing this, the latter transform to�

1

0

�
;

�
x

�a

�
;

�
� sinˇx
aˇ cosˇx

�
;� �� cosˇx

aˇ sinˇx

�
;

� ��e�ˇx
aˇe�ˇx

�
and

�
�eˇx

aˇeˇx

�
: (4.148)

The above set looks more attractive as compared to (4.147) because it contains no
explicit imaginary components. However, upon close analysis we find a deficiency in
(4.148) similar to that of (4.147): as mentioned before, the Poisson ratio � of an elastic
material ranges from 0 to 0.5, which makes the factor (�2 � 1) in (4.146) negative.
This implies that the number under the square root is negative, making ˇ complex-
valued. Hence, the fundamental set of solutions in (4.148) is also impractical.

To circumvent the deficiency taking place in (4.147) and (4.148), we search for
another fundamental set of solutions to the system in (4.145). In doing so, we use the
De Moivre’s formula expressing 4

p�1 as

4
p�1 D cos

.2k C 1/�

4
C i sin

.2k C 1/�

4
; k D 0; 1; 2; 3;
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and isolate its principal (k D 0) value

4
p�1 D

p
2

2
.1C i/

transforming ˇ in (4.146) to

ˇ D .1C i/
4
p
3a2h2.1 � �2/

ah

allowing us to obtain a fundamental set of solutions to the system in (4.145) of the
form �

1

0

�
;

�
x

�a

�
;

�
�e!xS.x/

2a!e!x cos!x

�
;� ��e�!xS.x/

2a!e�!x cos!x

�
;

� ��e!xS.x/
2a!e!x sin!x

�
;

� ��e�!xS.x/
2a!e�!x cos!x

�
; (4.149)

where ! represents the real-valued parameter

! D
4
p
3a2h2.1 � �2/

ah

and S.x/ and S.x/ are defined as

S.x/ D cos!x C sin!x and S.x/ D cos!x � sin!x:

The set of vector-functions in (4.149) turns out to be helpful in the construction
of Green’s matrices for a variety of boundary-value problems modeling axially sym-
metric deformation of cylindrical shells: an efficient procedure has been described in
detail in Section 4.5.1, where we obtained the solution of the boundary-value problem
in (4.116) and (4.117) in integral form in (4.130). The kernel of the latter represents
the sought-after Green’s matrix. We encourage the reader to implement the set of
vector-functions in (4.149) as a fundamental set of solutions when solving Chapter
Exercises 11 and 12 below.

4.6 Chapter Exercises

1. Construct the Green’s function for the boundary-value problem for the bihar-
monic equation, which models the bending of a simply supported infinite strip-
shaped Poisson–Kirchhoff plate, the middle plane of which occupies the region
� D ¹.x; y/j � 1 < x < 1 , 0 < y < bº.

2. Construct the Green’s functions for the rectangular Poisson–Kirchhoff plate
with its middle plane occupying the region � D ¹.x; y/j0 < x < a, 0 <
y < bº, with the following boundary conditions imposed:
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(a) w.0; y/ D @2w.0; y/=@x2 D 0; @2w.a; y/=@x2 D @3w.a; y/=@x3 D 0

w.x; 0/ D @2w.x; 0/=@y2 D 0;w.x; b/ D @2w.x; b/=@y2 D 0

(the edges x D 0; y D 0;and y D b are simply supported, while the edge
x D a is free of tension);

(b) w.0; y/ D @w.0; y/=@x D 0;w.a; y/ D @w.a; y/=@x D 0

w.x; 0/ D @2w.x; 0/=@y2 D 0;w.x; b/ D @2w.x; b/=@y2 D 0

(two opposite edges are clamped, while the other two are simply supported);

(c) w.0; y/ D @w.0; y/=@x D 0; @2w.a; y/=@x2 D @3w.a; y/=@x3 D 0

w.x; 0/ D @2w.x; 0/=@y2 D 0;w.x; b/ D @2w.x; b/=@y2 D 0

(one edge is clamped, two other opposite edges are simply supported, whilst
the fourth is not subject to any tension).

3. Use the Green’s function constructed in Section 4.2 (see (4.11)) to determine
the deflection w.x; y/, and the bending moments Mx.x; y/ and My.x; y/ in
a simply-supported rectangular ¹.x; y/j0 < x < a; 0 < y < bº Poisson–
Kirchhoff plate, subject to a uniform transverse load of magnitude Q0 applied
to a rectangular region ¹.x; y/ja1 < x < a2, b1 < y < b2º, with a2 < a and
b2 < b.

4. Use the Green’s function in (4.11) to determine the deflection w.x; y/ of the
simply supported rectangular Poisson–Kirchhoff plate, where ¹.x; y/j0 < x <

a, 0 < y < bº, loaded with:

(a) f .x; y/ D Q0 D const applied to the region ¹.x; y/j0 < x < a, 0 < y <

b=2º;

(b) f .x; y/ D Q0xy, with Q0 D const applied to the region ¹.x; y/j0 < x <

a=2, 0 < y < bº;

(c) f .x; y/ D Q0x.a � x/y.b � y/, with Q0 D const applied to the region
¹.x; y/j0 < x < a, 0 < y < b=2º;

(d) f .x; y/ D Q0 exp.xy/, , with Q0 D const applied to the region ¹.x; y/j
0 < x < a=2, 0 < y < b=2º.

5. Use the Green’s function defined by the series in (4.20), with coefficients shown
in (4.34), to determine the deflection w.x; y/ of the semi-infinite strip-shaped
Poisson–Kirchhoff plate, where ¹.x; y/j0 < x < 1, 0 < y < bº, loaded with:

(a) f .x; y/ D Q0 D const applied to the region ¹.x; y/j0 < x < a, 0 <
y < bº;

(b) f .x; y/ D Q0xy, with Q0 D const applied to the region ¹.x; y/j0 < x <

a, 0 < y < bº;
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(c) f .x; y/ D Q0x.a � x/y.b � y/, with Q0 D const applied to the region
¹.x; y/j0 < x < a, 0 < y < b=2º;

(d) f .x; y/ D Q0 exp.xy/, , with Q0 D const applied to the region ¹.x; y/j
0 < x < a=2, 0 < y < b=2º.

6. Use the Green’s function in (4.96) to determine the deflection w.x; y/ of the
simply supported rectangular Poisson–Kirchhoff plate, with ¹.x; y/j0 < x < a,
0 < y < bº, resting on an elastic foundation (�) and loaded with:

(a) f .x; y/ D Q0, withQ0 D const applied to the region ¹.x; y/j0 < x < a=2,
0 < y < bº;

(b) f .x; y/ D Q0, withQ0 D const applied to the region ¹.x; y/j0 < x < a=2,
0 < y < b=2º;

(c) f .x; y/ D Q0xy, with Q0 D const applied to the region ¹.x; y/j0 <
x < a, 0 < y < bº.

7. Use the Green’s function in (4.71) to determine the deflection w.x; y/ of the
clamped circular plate with radius a, subject to a uniform transverse load Q0.

8. Use the Green’s function in (4.76) to determine the deflection w.x; y/ of the
semi-circular plate with radius a, subject to a uniform transverse load Q0.

9. Use the Green’s function in (4.83) to determine the deflection w.x; y/ of the
simply supported circular plate with radius a, subject to a uniform transverse
load Q0 applied to the region ¹.r; '/j0 < r < a1, 0 < ' < 2�º, where a1 < a.

10. Use the Green’s matrix whose elements are shown in (4.143) to find the com-
ponents of the displacement vector for the section � D ¹.x; '/j0 < x < l ,
0 < ' < bº of a cylindrical shell with radius a, loaded with a uniform trans-
verse load Z0, applied to the half-section ¹0 < x < l=2, 0 < ' < bº.

11. Construct the Green’s matrix for a boundary-value problem for the system in
(4.145), modeling axially symmetric deformation of a semi-infinite cylindrical
shell with a simply-supported edge x D 0.

12. Construct the Green’s matrix for a boundary-value problem for the system in
(4.145), modeling axially symmetric deformation of a semi-infinite cylindrical
shell with a clamped edge x D 0.



Chapter 5

Multi-Point-Posed Problems

The opening chapters of this book were conceived as a review of the theory of the
Green’s function in its traditional sense. We also wanted to familiarize the reader
with several applications of that theory. The review underwrites the fundamental
importance of this subject. It represents a powerful instrument in the qualitative as
well as quantitative analysis of boundary-value problems for linear ordinary and par-
tial differential equations. One of the necessary conditions for the existence of the
Green’s function, requires the coefficients of the governing differential equation to
be smooth functions. This implies that the coefficients should not only be continu-
ous functions of the independent variables, but should also be differentiable, up to a
certain order.

However, it is worth noting that the coefficients of differential equations model-
ing many physical phenomena are not necessarily smooth functions. They might, for
example, be discontinuous, in which case the Green’s function formalism is not di-
rectly applicable. This creates a situation where it is desirable to adjust the formalism
to such irregular differential equations accordingly. Earlier in [44, 45, 47, 50], we
have reported on our work and the progress made in the area. In this chapter, we will
discuss this indicated adjustment: we will introduce a novel notion of the matrix of
Green’s type for specific systems of ordinary differential equations, and will present a
number of applications. Later, in Chapter 6, the notion of the matrix of Green’s type
will be extended further, in order to make it applicable to partial differential equations.

In the first section below, we will extend the sphere of applicability of the Green’s
function to the so-called multi-point-posed boundary-value problems specified for
specific sets of linear ordinary differential equations. We will see how the notion
of the matrix of Green’s type already arises from this extension.

Section 5.2 will deal with applications of matrices of Green’s type to multi-point-
posed boundary-value problems, modeling the static stress-strain state of multi-span
Poisson–Kirchhoff beams. In Section 5.3 we will also provide a generalization of
the material in the first Section, when we will treat sets of linear ordinary differential
equations with individual domains. In contrast to the problems in Section 5.1, every
governing equation will be defined on a single edge of a finite weighted graph. The
continuity conditions and boundary conditions imposed at the vertexes and at the end-
points of the graph respectively, order our problem as a specific system of differential
equations. matrices of Green’s type for the latter will be constructed using one version
of the method proposed in Section 5.1.
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5.1 Matrix of Green’s Type

In this section, we set out to present several non-traditional implementations of the
Green’s function method. We will deal with problem statements that reduce to multi-
point-posed boundary-value problems for specific sets of linear ordinary differential
equations. Those sets do not, however, represent systems of equations in the usual
sense, where several unknown functions are assumed to have a common domain, and
at least one of the equations in the system involves more than one of the unknown
functions.

In this case, each of the involved differential equations governs a single unknown
function, each of which is defined on an individual domain that represents a subinter-
val of a certain basic interval. The equations are transformed to a system by imposing
contact conditions at the endpoints of the subintervals.

5.1.1 Definition

We introduce the matrix of Green’s type notion for a piecewise homogeneous medium
of a sandwich type. Later, in Section 5.3, we will extend this notion to problems
defined on more complex assemblies of one-dimensional elements.

We now present a typical setting of a multi-point-posed boundary-value problem of
the kind to be considered. In doing so, let a closed interval Œa0; ak 	 be partitioned by
a set of k � 1 distinct internal points ai , i D 1; k � 1, into k arbitrary subintervals
.ai�1; ai /. Consider a set of k inhomogeneous nth order linear differential equations

Li Œyi .x/	 �
nX

jD0
pij .x/

dy
.n�j /
i .x/

dxn�j D fi .x/; x 2 .ai�1; ai /; i D 1; k; (5.1)

each of which is defined on an individual subinterval. The coefficients pij .x/ of the
operators Li represent continuous functions on Œai�1; ai 	, with the leading coeffi-
cients pi0.x/ being nonzero on Œai�1; ai 	. In addition, we assume each of the right-
hand side functions fi .x/ in (5.1) to be continuous on the corresponding subinterval
.ai�1; ai /.

Clearly, the equations in (5.1) cannot be viewed as a system of differential equations
in the usual sense. They should rather be considered as a set of k separate equations.
However, since every two next-door subintervals .ai�1; ai / and .ai ; aiC1/ in Œa0; ak 	
share the end-point ai , we can treat the set in (5.1) as a system if we impose the
following set of boundary and contact conditions

Mq Œy1.a0/; y1.a1/; y2.a1/; : : : ; yk.ak/	 D 0; q D 1; n � k; (5.2)

withMq linearly independent forms, representing the conditions imposed at the points
ai ; .i D 0; k/. Of the total number of n � k relations in (5.2), only n represent
boundary conditions imposed at the end-point a0 and ak of Œa0; ak 	, whereas the
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remaining relations represent contact conditions imposed at the internal points ai ,
i D 1; k � 1.

In the following, a setting of the kind in (5.1) and (5.2) will be referred to as a
multi-point-posed boundary-value problem. Assuming that the problem in (5.1) and
(5.2) is well-posed, this implies that the corresponding homogeneous (all fi .x/ � 0)
problem only has the trivial solution.

To provide a backdrop for extending the Green’s function formalism to the setting
in (5.1) and (5.2), we introduce a vector-function Y.x/ the components of which Yi .x/
are defined in terms of the functions yi .x/ that are to be found, as follows

Yi .x/ D
´
yi .x/; for x 2 .ai�1; ai /,
0; for x 2 .a0; ak/ n .ai�1; ai /.

(5.3)

We introduce another vector-function F.x/ for the right-hand side functions fi .x/
in (5.1), whose components Fi .x/ are defined as

Fi .x/ D
´
fi .x/; for x 2 .ai�1; ai /,
0; for x 2 .a0; ak/ n .ai�1; ai /.

(5.4)

We are now in a position to formally extend the definition of Green’s function in
order to make it valid for the multi-point-posed boundary-value problem displayed in
(5.1) and (5.2).

Definition. If, for any allowable vector-function F.x/, the vector-function Y.x/ is
expressed in integral form

Y.x/ D �
Z ak

a0

G.x; �/F.�/d� (5.5)

then we can refer to the kernel matrix

G.x; �/ D �
gij .x; �/

�
i;jD1;k (5.6)

in (5.5) as the matrix of Green’s type for the homogeneous multi-point-posed bound-
ary-value problem, corresponding to (5.1) and (5.2).

Note that the first subscript i in the element gij .x; �/ ofG.x; �/matches the domain
of the variable x, x 2 Œai�1; ai 	, whilst the second subscript j matches the domain of
the variable � ,� 2 Œaj�1; aj 	.

For any fixed value of � , the components gij .x; �/ are assumed to meet the follow-
ing properties:

1. For i ¤ j (meaning that the domains of x and � never overlap), the elements
gij .x; �/ are continuous along with their derivatives with respect to x up to the
nth order.



Section 5.1 Matrix of Green’s Type 229

2. For i D j (x and � share the domain), when x ¤ � , the elements gi i .x; �/
are continuous, along with their derivatives with respect to x up to the nth or-
der. However, for x D � , the elementsgi i .x; �/ are continuous along with
their derivatives with respect to x up to the .n � 2/nd order, whereas their
.n�1/st derivatives make a discontinuous jump, the magnitude of which equals
�p�1

i0 .�/.

3. For x ¤ � , the elements gij .x; �/,as functions of x, satisfy the homogeneous
equations

Li Œgij .x; �/	 D 0; x 2 .ai�1; ai /; i D 1; k;

on the domain of x.

4. The elements gij .x; �/ satisfy both the boundary and the contact conditions in
(5.2) i.e.:

MqŒgij .a0; �/; gij .a1; �/; : : : ; gij .ak ; �/	 D 0; q D 1; n � k;

which are applicable to them.

5.1.2 Construction

Our objective in this section is to provide the reader with a straightforward guide for
constructing matrices of Green’s type. We will try to be as clear and as transparent as
possible and will not describe the construction procedure in general terms. Instead, we
consider several specific problems of the kind in (5.1) and (5.2), and show how we can
practically construct their matrices of Green’s type. We believe that this methodology
will work best.

Example 5.1. Consider the simplest three-point posed boundary-value problem

d2y1.x/

dx2
D f1.x/; x 2 .�1; 0/; (5.7)

d2y2.x/

dx2
D f2.x/; x 2 .0; 1/; (5.8)

y1.�1/ D 0; y2.1/ D 0; (5.9)

y1.0/ D y2.0/;
dy1.0/

dx
D �

dy2.0/

dx
: (5.10)

This problem may be interpreted as a model for the steady-state heat conduction
in a compound bar consisting of two segments of unit length, each made out of a
physically homogeneous material. The parameter � represents the ratio �2=�1 of the
heat conductivities of the materials out of which the bars are made.
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It can be easily shown, that the homogeneous problem corresponding to (5.7)–
(5.10) has only the trivial solution. In Chapter Exercise 1(a), we invite the reader to
verify this.

Following the method of variation of parameters procedure, we now represent the
general solution of (5.7) as

y1.x/ D C1.x/C xC2.x/ (5.11)

yielding the following system of linear algebraic equations�
1 x

0 1

�
�
�
C 0
1.x/

C 0
2.x/

�
D
�

0

f1.x/

�
for the derivatives of C1.x/ and C2.x/, with a well-posed coefficient matrix. From
this, it follows that

C 0
1.x/ D �xf1.x/; C 0

2.x/ D f1.x/:

Expressions for C1.x/ and C2.x/ are obtained from the above, by straightforward
integration, as

C1.x/ D �
Z x

�1
�f1.�/d� CM1; C2.x/ D

Z x

�1
f1.�/d� CM2:

Substituting C1.x/ and C2.x/ into (5.11), and combining the two integral terms in
one, we obtain

y1.x/ D
Z x

�1
.x � �/f1.�/d� CM1 CM2x; x 2 Œ�1; 0	: (5.12)

It is evident we can obtain an expression for y2.x/ by following an analogous
procedure. The only difference with the case for y1.x/ is the domain for y1.x/.
Hence, we have respectively

y2.x/ D
Z x

0

.x � �/f2.�/d� CN1 CN2x; x 2 Œ0; 1	: (5.13)

We use the boundary and contact conditions in (5.9) and (5.10), applied to y1.x/
and y2.x/ to calculate the constants of integration M1;M2; N1, and N2. The bound-
ary conditions in (5.9) yield

M1 �M2 D 0; (5.14)

N1 CN2 D
Z 1

0

.� � 1/f2.�/d�; (5.15)
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whilst the contact conditions in (5.10) result in

M1 �N1 D
Z 0

�1
�f1.�/d�; (5.16)

�N2 �M2 D
Z 0

�1
f1.�/d�: (5.17)

The relations in (5.14) through (5.17) form a well-posed system of linear algebraic
equations for M1;M2; N1, and N2, with the solution

M1 D M2 D 1

1C �

Z 0

�1
.�� � 1/f1.�/d� C �

1C �

Z 1

0

.� � 1/f2.�/d�;

N1 D � 1

1C �

Z 0

�1
.� C 1/f1.�/d� C �

1C �

Z 1

0

.� � 1/f2.�/d�;

and

N2 D 1

1C �

Z 0

�1
.� C 1/f1.�/d� C 1

1C �

Z 1

0

.� � 1/f2.�/d�:

Upon substitutingM1;M2; N1, andN2 into (5.12) and (5.13), and after performing
a few elementary transformations, we obtain

y1.x/ D
Z 0

�1
.x C 1/.�� � 1/

1C �
f1.�/d� C

Z x

�1
.x � �/f1.�/d�

C
Z 1

0

�.x C 1/.� � 1/
1C �

f2.�/d� (5.18)

and

y2.x/ D
Z 0

�1
.x � 1/.� C 1/

1C �
f1.�/d� C

Z x

0

.x � �/f2.�/d�

C
Z 1

0

.x C �/.� � 1/
1C �

f2.�/d�: (5.19)

If we write the first and the second integrals in (5.18) as a single integral, we get

y1.x/ D �
Z 0

�1
g11.x; �/f1.�/d� �

Z 1

0

g12.x; �/f2.�/d� (5.20)

whilst after combining the second and the third integrals in (5.19), we obtain

y2.x/ D �
Z 0

�1
g21.x; �/f1.�/d� �

Z 1

0

g22.x; �/f2.�/d� (5.21)
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with the kernel functions gij .x; �/ in (5.20) and (5.21) are found as

g11.x; �/ D
´
ˇ.x C 1/.1 � ��/; for �1 � x � s < 0,

ˇ.� C 1/.1 � �x/; for �1 < s � x � 0,

g12.x; �/ D �ˇ.x C 1/.1 � �/; for �1 � x � 0 < s < 1;

g21.x; �/ D ˇ.1 � x/.� C 1/; for �1 < s < 0 � x � 1;

and

g22.x; �/ D
´
ˇ.x C �/.1 � �/; for 0 � x � s < 1,

ˇ.� C �/.1 � x/; for 0 < s � x � 1,

with ˇ D .1C �/�1.
In accordance with the approach suggested earlier in this section (see the vector-

functions introduced in (5.3) and (5.4)), we introduce the vector-function Y.x/ with
the components

Y1.x/ D
´
y1.x/; for x 2 .�1; 0/,
0; for x 2 .0; 1/,

and

Y2.x/ D
´
0; for x 2 .�1; 0/,
y2.x/; for x 2 .0; 1/.

Similarly, components of the vector-function F.x/ are defined as

F1.x/ D
´
f1.x/; for x 2 .�1; 0/,
0; for x 2 .0; 1/,

and

F2.x/ D
´
0; for x 2 .�1; 0/,
f2.x/; for x 2 .0; 1/.

We can now rewrite the integrals in (5.20) and (5.21), in terms of the vector-
functions Y.x/ and F.x/, as the single integral

Y.x/ D �
Z 1

�1
G.x; �/F.�/d�:

Hence, it follows from the definition we introduced earlier in this section, that the
functions gij .x; �/ can be referred to as the elements of the matrix of Green’s type
G.x; �/ of the three-point posed homogeneous problem corresponding to (5.7)–(5.10).
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Example 5.2. We consider the system of Cauchy–Euler equations

d

dx

�
x
dy1.x/

dx

�
� 1

x
y1.x/ D f1.x/; x 2 .0; a/; (5.22)

d

dx

�
x
dy2.x/

dx

�
� 1

x
y2.x/ D f2.x/; x 2 .a;1/; (5.23)

with boundary and contact conditions imposed as

lim
x!0

jy1.x/j < 1; lim
x!1 jy2.x/j < 1; (5.24)

y1.a/ D y2.a/;
dy1.a/

dx
D �

dy2.a/

dx
: (5.25)

We have chosen this problem on purpose: whilst solving it, we will show how
the method of variation of parameters works for multi-point-posed boundary-value
problems, with singular points for the governing equations, which in turn may be
defined on unbounded domains. Clearly, x D 0 represents a singular point for the
equation in (5.22), whereas the domain for the second governing equation in (5.23) is
unbounded.

In Chapter Exercise 1 (b), we ask the reader to verify that the problem in (5.22)–
(5.25) is well-posed, thus justifying the existence and uniqueness of its matrix of
Green’s type.

Evidently, the functions Y1.x/ � x and Y2.x/ � x�1 may constitute a funda-
mental set of solutions for the homogeneous equation corresponding to that in (5.22).
Thus, following our procedure, we seek the general solution to that equation in the
form

y1.x/ D C1.x/x C C2.x/x
�1: (5.26)

This yields the following well-posed system of linear algebraic equations�
x x�1
1 �x�2

�
�
�
C 0
1.x/

C 0
2.x/

�
D
�

0

f1.x/=x

�
in C 0

1.x/ and C 0
2.x/. The solution of this system is

C 0
1.x/ D f1.x/

2x
; C 0

2.x/ D �xf1.x/
2

:

After integrating these expressions and substituting C1.x/ and C2.x/ into (5.26),
we have

y1.x/ D
Z x

0

x2 � �2
2x�

f1.�/d� CD11x CD12x
�1: (5.27)
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Analogously, for y2.x/ one obtains

y2.x/ D
Z x

a

x2 � �2
2x�

f2.�/d� CD21x CD22x
�1: (5.28)

Notice again that the lower limits of the two integrals in (5.27) and (5.28) represent
the left-end points of the intervals (0; a) and (a;1), respectively.

The constants of integration in (5.27) and (5.28) can be obtained by imposing the
boundary and contact conditions in (5.24) and (5.25). Clearly, the first condition in
(5.24) requires D12 D 0, since its factor x�1 is unbounded as x goes to zero. To
satisfy the second condition in (5.24), we regroup the terms in (5.28) as follows

y2.x/ D
�Z x

a

1

2�
f2.�/d� CD21

�
x C

�
�
Z x

a

�

2
f2.�/d� CD22

�
x�1: (5.29)

It can be readily seen that for the second condition in (5.24) to hold, the integral-
containing factor of x in (5.29) must be equal to zero, resulting in

D21 D �
Z 1

a

1

2�
f2.�/d�:

Taking into account the values of D12 andD21 we just found, the first condition in
(5.25) provides us with

D11a �D22a�1 D �
Z a

0

a2 � �2
2a�

f1.�/d� �
Z 1

a

a

2�
f2.�/d�: (5.30)

To treat the second condition in (5.25) properly, we first differentiate y1.x/ and
y2.x/ in (5.27) and (5.28), which yields

y0
1.x/ D

Z x

0

x2 C �2

2�x2
f1.�/d� CD11

and

y0
2.x/ D

Z x

a

x2 C �2

2�x2
f2.�/d� CD21 �D22x�2:

It now follows from the second condition in (5.25) that

D11 C �D22a
�2 D �

Z a

0

a2 C �2

2�a2
f1.�/d� �

Z 1

a

�

2�
f2.�/d�: (5.31)

The relations (5.30) and (5.31) form a well-posed system of linear algebraic equa-
tions in D11 and D22, the solution of which is found as

D11 D �
Z 1

a

�

.1C �/�
f2.�/d� �

Z a

0

.a2 C �2/C �.a2 � �2/
2.1C �/a2�

f1.�/d�
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and

D22 D �
Z a

0

.a2 C �2/ � �.a2 � �2/
4��

f1.�/d�:

Substituting all four values of Dij , i; j D 1; 2, into (5.27) and (5.28), we obtain
the solution to the problem in (5.22)–(5.25) as

y1.x/ D �
Z a

0

xŒ.a2 C �2/C �.a2 � �2/	
2.1C �/a2�

f1.�/d�

C
Z x

0

x2 � �2
2x�

f1.�/d� �
Z 1

a

�x

.1C �/�
f2.�/d�

and

y2.x/ D �
Z a

0

.a2 C �2/ � �.a2 � �2/
4�x�

f1.�/d�

C
Z x

a

x2 � �2
2x�

f2.�/d� �
Z 1

a

x

2�
f2.�/d�:

From these integral representations of y1.x/ and y2.x/, it follows that, in accor-
dance with the definition we introduced earlier, the elements gij .x; �/ of the matrix
of Green’s type to the homogeneous three-point posed boundary-value problem cor-
responding to (5.22)–(5.25) are finally found as:

g11.x; �/ D
´
xŒ.a2 C �2/C �.a2 � �2/	Œ2.1C �/a2�	

�1
; for 0 � x � s < a;

�Œ.a2 C x2/C �.a2 � x2/	Œ2.1C �/a2x	
�1
; for 0 < s � x � a;

g12.x; �/ D �xŒ.1C �/�	�1; for 0 � x � a < s < 1;

g21.x; �/ D Œ.a2 C �2/ � �.a2 � �2/	.4�x�/�1; for 0 < s < a � x < 1;

g22.x; �/ D
´
x.2�/�1; for a � x � s < 1;

�.2x/�1; for a < s � x < 1:

Before shifting our attention to the next problem, we note that in the settings pre-
sented so far in this section, we considered multi-point-posed boundary-value prob-
lems in which domains of independent variables form a sandwich type assembly. The
four-point-posed problem in the following example is different: three segments form
an assembly with their left-end points contacting in the way shown in Figure 5.1.

Example 5.3. Consider the following problem:

d2yi .x/

dx2
D �fi .x/; x 2 .0; 1/; i D 1; 2; 3; (5.32)

y1.0/ D y2.0/ D y3.0/; h1y
0
1.0/C h2y

0
2.0/C h3y

0
3.0/ D 0; (5.33)

y1.1/ D 0; y2.1/ D 0; y3.1/ D 0: (5.34)
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Note that, for each element of the assembly, the problems are formulated in several
local coordinate systems: it can be viewed, for example, as modeling a steady-state
heat conduction in the assembly of three rods, each with unit length as shown in
Figure 5.1. The rods are made out of homogeneous conducting materials whose heat
conductivities are defined by the constants h1; h2; and h3. Within this interpretation,
we can refer to the relations in (5.33) as conditions of ideal thermal contact.
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1
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Figure 5.1. Heat conduction in an assembly of rods.

In the following, we will show how we can apply the technique we described earlier
in this section to the construction of matrices of Green’s type for the class of problems
in (5.32)–(5.34).

In Chapter Exercise 1 (c), we invite the reader to verify that the homogeneous prob-
lem corresponding to that in (5.32)–(5.34) only has the trivial solution, justifying,
consequently, the existence and uniqueness of its matrix of Green’s type.

We now write the general solution to each of the equations in (5.32) as

yi .x/ D Ci .x/CDi .x/x; i D 1; 2; 3;

reducing, through method of variation of parameters, to the following integral formula

yi .x/ D
Z x

0

.� � x/fi .�/d� CMi CNix; i D 1; 2; 3: (5.35)

Satisfying the first group y1.0/ D y2.0/ D y3.0/ of conditions in (5.33), we derive
the following two equations

M1 D M2 D M3 (5.36)

in M1;M2 and M3. The last condition in (5.33) yields

h1N1 C h2N2 C h3N3 D 0: (5.37)

The boundary conditions in (5.34) provide us with three additional relations forMi

and Ni , namely

Mi CNi D
Z 1

0

.1 � �/fi .�/d�; i D 1; 2; 3: (5.38)
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The relations (5.36)–(5.38) form a well-posed system of six linear algebraic equa-
tions in six unknowns, from which the latter are found as

M1 D M2 D M3 D H

Z 1

0

.1 � �/Œh1f1.�/C h2f2.�/C h3f3.�/	d�;

N1 D H

Z 1

0

.1 � �/Œ.h2 C h3/f1.�/ � h2f2.�/ � h3f3.�/	d�;

N2 D H

Z 1

0

.1 � �/Œ.h1 C h3/f2.�/ � h1f1.�/ � h3f3.�/	d�;

and

N3 D H

Z 1

0

.1 � �/Œ.h1 C h2/f3.�/ � h1f1.�/ � h2f2.�/	d�

where H D .h1 C h2 C h3/
�1.

Substituting these into (5.35), we obtain the solution to the problem in (5.32)–(5.34)
in matrix form0@ y1.x/

y2.x/

y3.x/

1A D
Z 1

0

0@ g11.x; �/ g12.x; �/ g13.x; �/g21.x; �/ g22.x; �/ g23.x; �/

g31.x; �/ g32.x; �/ g33.x; �/

1A0@ f1.�/f2.�/

f3.�/

1A d� (5.39)

The elements gij .x; �/ of the kernel-matrix in the above integral are as follows

g11.x; �/ D
´
H.1 � �/Œh1 C x.h2 C h3/	; for x � s;

H.1 � x/Œh1 C �.h2 C h3/	; for s � x;

g12.x; �/ D Hh2.1 � �/.1 � x/; g13.x; �/ D Hh3.1 � �/.1 � x/;

g22.x; �/ D
´
H.1 � �/Œh2 C x.h1 C h3/	; for x � s;

H.1 � x/Œh2 C �.h1 C h3/	; for s � x;

g21.x; �/ D Hh1.1 � �/.1 � x/; g23.x; �/ D Hh3.1 � �/.1 � x/;
g31.x; �/ D Hh1.1 � �/.1 � x/; g32.x; �/ D Hh2.1 � �/.1 � x/;

and

g33.x; �/ D
´
H.1 � �/Œh3 C x.h1 C h2/	; for x � s;

H.1 � x/Œh3 C �.h1 C h2/	; for s � x:

It follows from the definition we introduced in the opening part of this section,
that the kernel-matrix in (5.39) represents the matrix of Green’s type G.x; �/ for the
homogeneous problem corresponding to (5.32)–(5.34). With respect to the physical
interpretation of the setting, we can call G.x; �/ the influence function of a point
source for the entire assembly of rods shown in Figure 5.1.
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Similar to the Green’s function formalism applied to a single equation, matrices
of Green’s type can naturally be utilized to solve multi-point-posed boundary-value
problems for inhomogeneous systems of equations, subject to homogeneous boundary
conditions. In a number of the Chapter Exercises, we will instruct the reader to use
this approach when solving particular problems.

5.2 Influence Function of a Multi-Span Beam

With the introduction of the notion of the matrix of Green’s type and after developing
a procedure for the construction of such matrices, we are now ready to bring this
notion to a specific area in structural mechanics. We will show how the notion of
the matrix of Green’s type helps to develop a solid basis for an efficient approach to a
wide range of problems [45, 47], by using it to tackle the problem of static equilibrium
of multi-span Poisson–Kirchhoff beams.

Our discussion will be based on a relationship between the matrix of Green’s type
for a multi-point-posed boundary-value problem, and the influence function of a trans-
verse point force for a multi-span beam, which our problem models mathematically.
Upon considering a number of particular problems, we will explain, specific features
of the method proposed for the construction of influence functions for different multi-
span beams.

Example 5.4. Consider a compound cantilever beam overhanging an intermediate
simple support. The beam is comprised of two spans having uniform flexural rigidities
EI1 and EI2, as depicted in Figure 5.2.

To obtain the influence function (matrix) of the transverse unit force for the beam
in the statement, we set up the following three-point posed boundary-value problem

d4w1.x/

dx4
D �q1.x/

EI1
D �f1.x/; x 2 .0; b/; (5.40)

d4w2.x/

dx4
D �q2.x/

EI2
D �f2.x/; x 2 .b; a/; (5.41)

w1.0/ D dw1.0/

dx
D 0;

d2w2.a/

dx2
D d3w2.a/

dx3
D 0; (5.42)

w1.b/ D w2.b/ D 0;
dw1.b/

dx
D dw2.b/

dx
; (5.43)

EI1
d2w1.b/

dx2
D EI2

d2w2.b/

dx2
; (5.44)
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Figure 5.2. A compound beam overhanging a simple support.

with w1.x/ and w2.x/ representing the deflection functions of the beam for the cor-
responding span, q1.x/ and q2.x/ in (5.40), and (5.41) are continuously distributed
transverse loads, applied to the left-hand and the right-hand span respectively.

With regard to the boundary and contact conditions imposed in (5.42)–(5.44), we
note that the first two relations in (5.42) model the clamped edge conditions at x D 0,
while the second pair of the relations in (5.42) represent the free edge conditions
at x D a. The four relations in (5.43) and (5.44) model the continuity conditions
imposed at the point of intermediate support, where the deflection function must be
set to zero for x D b, whilst the slope of the deflection function and the bending
moment in that point are assumed to be continuous.

In mechanics, the matrix of Green’s type

G.x; �/ D �
gij .x; �/

�
i;jD1;2

for the homogeneous (f1.x/ D f2.x/ D 0) three-point posed boundary-value prob-
lem corresponding to (5.40)–(5.44) is called the influence function of a transverse
unit force, for the beam in Figure 5.2. With this in mind, we interpret the first row
elements g11.x; �/ and g12.x; �/ in G.x; �/ as the deflection in the left-hand span
(0 � x � b) of the beam, caused by a transverse unit force applied within the left-
hand span .� 2 .0; b// and the right-hand span .� 2 .b; a//, respectively. The second
row elements g21.x; �/ and g22.x; �/ represent the deflection in the right-hand span
(b � x � a), caused by a transverse unit force applied within the left-hand and the
right-hand span, respectively.

We will now use the method of variation of parameters, as developed earlier for
second order equations, to obtain the matrix G.x; �/. The reader might recall from
our experience with the application of this method, that the load functions q1.x/ and
q2.x/ should not be specified. We introduce the functions f1.x/ and f2.x/ to aid
notational convenience in the development that follows.

Following the method of variation of parameters, we represent the general solutions
of the equations in (5.40) and (5.41) as

wi .x/ D Ai .x/C Bi.x/x C Ci .x/x
2 CDi .x/x

3; i D 1; 2: (5.45)
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The resulting system of linear equations for A0
i .x/, B

0
i .x/, C

0
i .x/, and D0

i .x/, i D
1; 2, now appears in the form0BBB@

1 x x2 x3

0 1 2x 3x2

0 0 2 6x

0 0 0 6

1CCCA �

0BBB@
A0
i .x/

B 0
i .x/

C 0
i .x/

D0
i .x/

1CCCA D

0BBB@
0

0

0

�fi .x/

1CCCA :
The specific shape of the above system makes its solution very simple, since the

coefficient matrix of the system is in upper triangular form. Because of this, we find
the system’s solution by backward substitution, yielding

A0
i .x/ D x3

6
fi .x/; B 0

i .x/ D �x
2

2
fi .x/;

C 0
i .x/ D x

2
fi .x/; D0

i .x/ D �1
6
fi .x/: (5.46)

Based on that, the coefficients A1.x/; : : : ;D1.x/ for w1.x/ in (5.45) can be ob-
tained by integrating the above derivatives over the interval Œ0; x	, which yields

A1.x/ D
Z x

0

�3

6
f1.�/d� CH1; B1.x/ D �

Z x

0

�2

2
f1.�/d� CK1;

C1.x/ D
Z x

0

�

2
f1.�/d� C L1; D1.x/ D �

Z x

0

1

6
f1.�/d� CM1:

Analogously, the coefficients A2.x/; : : : ;D2.x/ for w2.x/ can be found as inte-
grals of (5.46) over the interval Œb; x	. That is,

A2.x/ D
Z x

b

�3

6
f2.�/d� CH2; B2.x/ D �

Z x

b

�2

2
f2.�/d� CK2;

C2.x/ D
Z x

b

�

2
f2.�/d� C L2; D2.x/ D �

Z x

b

1

6
f2.�/d� CM2:

Upon substituting these functions in (5.45) and grouping all the integral-containing
terms together, we obtain the following expressions

w1.x/ D
Z x

0

.� � x/3
6

f1.�/d� CH1 CK1x C L1x
2 CM1x

3; x 2 Œ0; b	;
(5.47)

w2.x/ D
Z x

b

.� � x/3
6

f2.�/d� CH2 CK2x C L2x
2 CM2x

3; x 2 Œb; a	;
(5.48)

for the general solutions of (5.40) and (5.41).
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The parameters H1; : : : ;M2 in (5.47) and (5.48) can be found by imposing the
boundary and contact conditions from (5.42)–(5.44): the first condition w1.0/ D 0

of a clamped edge in (5.42) yields H1 D 0, whilst the second condition w0.0/ D 0

results in K1 D 0.
Through satisfying the first condition for a free edge, as imposed in (5.42), which

represents the physical fact that the bending moment vanishes at x D a, we obtain

2L2 C 6M2a D �
Z a

b

.� � a/f2.�/d� (5.49)

whilst the second of the free edge conditions, which simulates the shear force vanish-
ing at x D a, yields

M2 D
Z a

b

1

6
f2.�/d�:

Substituting M2 into (5.49), we obtain

L2 D �
Z a

b

�

2
f2.�/d�:

The first contact condition w1.b/ D 0 from (5.43) yields

L1b
2 CM1b

3 D �
Z b

0

.� � b/3
6

f1.�/d� (5.50)

while the contact condition in (5.44) provides

EI1

"
2L1 C 6M1b C

Z b

0

.� � b/f1.�/d�
#

D EI2

Z a

b

.b � �/f2.�/d�: (5.51)

Clearly, the relations (5.50) and (5.51) form a well-posed system of linear algebraic
equations for L1 and M1, which gives us

L1 D
Z b

0

1

4b2
�.b � �/.� � 2b/f1.�/d� �

Z a

b

�

4
.b � �/f2.�/d�

and

M1 D
Z b

0

1

12b3
.� � b/.�2 � 2b� � 2b2/d� C

Z a

b

�

4b
.b � �/f2.�/d�

with � representing the ratio of the flexural rigidities EI2 and EI1, that is � D
EI2=EI1.
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Since we already have H1; K1; L1; and M1 available, we rewrite (5.47) to give us
a final expression for w1.x/,

w1.x/ D
Z b

0

x2

12b3
.� � b/Œ�.3b � x/.2b � �/ � 2b2x	f1.�/d�

C
Z a

b

�x2

4b
.b � �/.x � b/f2.�/d� C

Z x

0

.� � x/3
6

f1.�/d�; (5.52)

which represents the deflection function for the left-hand span of the beam, caused by
the two continuously distributed transverse loads (with q1.x/ applied to the left-hand
span and q2.x/ applied to the right-hand span).

We now turn our attention to the deflection function w2.x/ in (5.48), and recall the
second contact condition w2.b/ D 0 in (5.43), giving

H2 CK2b C L2b
2 CM2b

3 D 0:

Using the expressions for L2 and M2 that we found earlier, the last equation trans-
forms to

H2 CK2b D �
Z a

b

b2.b � 3�/
6

f2.�/d�: (5.53)

Through satisfying the third contact condition w0
1.b/ D w0

2.b/ in (5.43), we obtain

2L1b C 3M1b
2 �

Z b

0

.� � b/2
2

f1.�/d� D K2 C
Z a

b

b.b � 2�/
2

f2.�/d�: (5.54)

Note that, since we already know L1 and M1, equation (5.54) yields

K2 D
Z b

0

1

4b
�2.b � �/f1.�/d� C

Z a

b

b

4
.b � �/.� � 2/f2.�/d�:

With this expression, we return to equation (5.53), and obtain

H2 D �
Z b

0

1

4
�2.b � �/f1.�/d� C

Z a

b

b2

12
Œ3�.� � b/ � 2.3� � 2b/	f2.�/d�:

After substituting H2; K2; L2; and M2 into (5.48), and doing some trivial algebra,
we obtain an explicit expression for w2.x/ as

w2.x/ D
Z b

0

1

4b
�2.b � �/.b � x/f1.�/d� C

Z x

b

.� � x/3
6

f2.�/d� (5.55)

C
Z a

b

1

12
.x � b/Œ2.x � b/2 � 3.� � b/.b.� � 2/C 2x/	f2.�/d�
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representing, in physical terms, the deflection function for the right-hand span of the
beam, caused by the transverse loads q1.x/ applied to the left-hand span and q2.x/ to
the right-hand span.

Recalling w1.x/ in (5.52), we express the functions f1.x/ and f2.x/ from that
equation in terms of the loading functions q1.x/ and q2.x/ (see (5.40) and (5.41)),
and rewrite w1.x/ in the form

w1.x/ D
Z b

0

g11.x; �/q1.�/d� C
Z a

b

g12.x; �/q2.�/d�; (5.56)

where

g11.x; �/ D 1

12b3EI1

´
x2.� � b/Œ�.3b � x/.2b � �/ � 2b2x	; for x � s,

�2.x � b/Œx.3b � �/.2b � x/ � 2b2�	; for s � x,

(5.57)

with both the variables x and � ranging between 0 and b. For g12.x; �/, with 0 � x �
b and b � � � a, we find

g12.x; �/ D �x2

4bEI2
.b � �/.x � b/: (5.58)

Similarly, the function w2.x/ transforms to

w2.x/ D
Z b

0

g21.x; �/q1.�/d� C
Z a

b

g22.x; �/q2.�/d�; (5.59)

where

g21.x; �/ D �2

4bEI1
.b � �/.x � b/ (5.60)

with b � x � a and 0 � � � b. For g22.x; �/, with both the variables x and �
ranging between b and a, we obtain

g22.x; �/ D 1

12EI2

´
.x � b/Œ2.x � b/2 C 3.b � �/.2x � b.2 � �//	; x � �;

.� � b/Œ2.� � b/2 C 3.b � x/.2� � b.2 � �//	; � � x:

(5.61)

Observing the solutions w1.x/ and w2.x/ in (5.56) and (5.59), to the three-point
posed boundary-value problem in (5.40)–(5.44), we can guess that gij .x; �/ in (5.57),
(5.58) and (5.60), (5.61) represent elements of the matrix of Green’s type G.x; �/ for
the homogeneous boundary-value problem corresponding to (5.40)–(5.44). In physi-
cal terms, we may callG.x; �/ the influence matrix for a transverse point concentrated
unit force for the compound beam shown in Figure 5.2.
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It is worth noting that there is a match between the variables x and � in gij .x; �/
and the subscripts i and j . To clarify this, we recall that the first subscript i specifies
the span number of the observation point, whereas the second subscript j represents
the span number of the force application point. This implies that the match goes with
the fact that the x variable in gij .x; �/ is located in the i th span, while the � variable
belongs to the j th span.

Example 5.5. Construct the influence function (matrix) of a transverse unit force
for the compound cantilever beam overhanging an intermediate elastic support, with
elastic spring constant k�, as shown in Figure 5.3.

�����

w

x
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Figure 5.3. A beam overhanging an elastic support.

The influence matrix that we set out to find represents the matrix of Green’s type for
the homogeneous problem corresponding to the following three-point-posed bound-
ary-value problem

d4w1.x/

dx4
D �q1.x/

EI1
D �f1.x/; x 2 .�a; 0/; (5.62)

d4w2.x/

dx4
D �q2.x/

EI2
D �f2.x/; x 2 .0; a/; (5.63)

w1.�a/ D dw1.�a/
dx

D 0;
d2w2.a/

dx2
D d3w2.a/

dx3
D 0; (5.64)

w1.0/ D w2.0/;
dw1.0/

dx
D dw2.0/

dx
; (5.65)

EI1
d2w1.0/

dx2
D EI2

d2w2.0/

dx2
; (5.66)

EI1
d3w1.0/

dx3
� kw1.0/ D EI2

d3w2.0/

dx3
C kw2.0/; k D 2k�; (5.67)

for the deflection functionsw1.x/ andw2.x/, to be determined on the intervals Œ�a; 0	
and Œ0; a	, respectively.
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Following the procedure described in detail in Example 5.4, we find the solution to
the problem in (5.62)–(5.67) of the form

w1.x/ D
Z x

�a
.� � x/3

6
f1.�/d� CH1 CK1x C L1x

2 CM1x
3

and

w2.x/ D
Z x

0

.� � x/3
6

f2.�/d� CH2 CK2x C L2x
2 CM2x

3:

The constants of integration Hi ; Ki ; Li and Mi , i D 1; 2, can be determined by
taking advantage of the set of boundary and contact conditions specified in (5.64)–
(5.67), yielding a well-posed system of eight linear algebraic equations forHi ; Ki ; Li
and Mi . After obtaining the latter, and substituting them into the above expressions
for w1.x/ and w2.x/, we get

w1.x/ D
Z x

�a
.� � x/3

6
f1.�/d� C

Z 0

�a
.aC x/2

6p
¹k�Œx.�2 � a2/ � 2a.�2 C ax/	

C 3EI1Œ.x C a/ � 3.� C a/	ºf1.�/d�
C �

Z a

0

.aC x/2

2p
¹EI1Œ.aC x/ � 3.aC �/	 � ka2x�ºf2.�/d�; x 2 Œ�a; 0	;

and

w2.x/ D
Z 0

�a
.aC �/2

2p
¹EI1Œ.aC �/ � 3.x C a/	 � ka2�xºf1.�/d�

C
Z x

0

.� � x/3
6

f2.�/d� C
Z a

0

1

6p
¹px2.x � 3�/ � 3�ka4x�

� 3EI2aŒa.2aC 3�/C 3x.aC 2�/	ºf2.�/d�; x 2 Œ0; a	;
where p and � are introduced as p D .2a3kC 3EI1/ and � D EI2=EI1. The above
can be displayed in compact form

w1.x/ D
Z 0

�a
g11.x; �/f1.�/d� C

Z a

0

g12.x; �/f2.�/d�; x 2 Œ�a; 0	; (5.68)

and

w2.x/ D
Z 0

�a
g21.x; �/f1.�/d� C

Z a

0

g22.x; �/f2.�/d�; x 2 Œ0; a	; (5.69)

with the kernels gij .x; �/ of the above integrals representing elements of the influ-
ence matrix of a transverse unit force of the beam under consideration. The element
g11.x; �/ is expressed in two segments, with

gC
11.x; �/D .aC x/2

6pEI1
¹k�Œx.�2 � a2/� 2a.�2 C ax/	C 3EI1Œ.xC a/� 3.� C a/	º
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representing the first branch of g11.x; �/, valid for �a � x � � � 0. For the second
branch of g11.x; �/, valid for �a � � � x � 0, we find

g�
11.x; �/D .aC �/2

6pEI1
¹kxŒ�.x2� a2/� 2a.x2 C a�/	C 3EI1Œ.� C a/� 3.xC a/	º:

The element g12.x; �/, defined for x 2 Œ�a; 0	 and � 2 Œ0; a	, is found as

g12.x; �/ D .aC x/2

2pEI1
¹EI1Œ.aC x/ � 3.aC �/	 � ka2x�º

and the element g21.x; �/, with � 2 Œ�a; 0	 and x 2 Œ0; a	, reads

g21.x; �/ D .aC �/2

2pEI1
¹EI1Œ.aC �/ � 3.x C a/	 � ka2�xº:

Finally, for the branch of gC
22.x; �/, with both variables x and � in the interval Œ0; a	

and x � � , we obtain

gC
22.x; �/D 1

6pEI2
¹px2.x� 3�/� 3�ka4x� � 3EI2aŒa.2aC 3�/C 3x.aC 2�/	º

while for the branch g�
22.x; �/, with x � � , we have

g�
22.x; �/ D 1

6pEI2
¹p�2.� � 3x/ � 3�ka4x� � 3EI2aŒa.2aC 3x/C 3�.aC 2x/	º:

Note that, after obtaining the influence matrix of a transverse point concentrated
unit force, the elements of which are displayed above, we can determine the response
of the beam depicted in Figure 5.3 to any applied transverse load. All components of
the stress-strain state of the beam can be computed by using the integral representa-
tions for the deflection function in (5.68) and(5.69). However, a word of caution is
appropriate with regard to a feasible implementation of this approach: the user has
to make sure that the problem in (5.62)–(5.67) represents an adequate mathematical
model for the actual mechanical setting. That is, the latter is assumed physically and
geometrically linear [7, 19, 56, 71].

Example 5.6. Determine the deflection function caused by a transverse concentrated
unit force applied to the left-hand span at an arbitrary point � for the compound triple-
span beam depicted in Figure 5.4.
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Figure 5.4. A compound beam overhanging two supports.

From the mechanics of materials, it follows that the four-point-posed boundary-
value problem

d4w1.x/

dx4
D �q1.x/

EI1
; x 2 .0; a/; (5.70)

d4w2.x/

dx4
D �q2.x/

EI2
; x 2 .a; 2a/; (5.71)

d4w3.x/

dx4
D �q3.x/

EI3
; x 2 .2a; 3a/; (5.72)

w1.0/ D dw1.0/

dx
D 0;

d2w3.3a/

dx2
D d3w3.3a/

dx3
D 0; (5.73)

w1.a/ D w2.a/ D 0;
dw1.a/

dx
D dw2.a/

dx
; (5.74)

EI1
d2w1.a/

dx2
D EI2

d2w2.a/

dx2
; EI2

d2w2.2a/

dx2
D EI3

d2w3.2a/

dx2
; (5.75)

w2.2a/ D w3.2a/ D 0;
dw2.2a/

dx
D dw3.2a/

dx
(5.76)

models the bending of the beam depicted in Figure 5.4, with w1.x/, w2.x/ andw3.x/
representing the deflection functions of the corresponding span of the beam.

In one of the Chapter Exercises, we challenge the reader to determine whether the
above boundary-value problem is well-posed or ill-posed.

It is evident that once the matrix of Green’s type of the homogeneous problem
corresponding to (5.70)–(5.76)

G.x; �/ D �
gij .x; �/

�
i;jD1;3 (5.77)

is obtained, the elements of its first column g11.x; �/; g21.x; �/; and g31.x; �/ rep-
resent the deflection of the beam, caused by a unit force applied at an arbitrary point
� 2 Œ0; a	.
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In mechanical terms, the matrix of Green’s typeG.x; �/ in (5.77) can be referred to,
as the influence matrix for a transverse unit point force for the beam in our problem.
We can find it by following again the method of variation of parameters, in order to
solve the problem in (5.70)–(5.76). We described the specifics of this method earlier
in Example 5.4. We leave it as an exercise to the reader, to follow the procedure
thoroughly, in order to grasp the details of the method.

Following now the variation of parameters procedure, we obtain the deflection func-
tion w1.x/ for the left-hand span .0; a/ of the beam in the form

w1.x/ D
Z a

0

g11.x; �/q1.�/d� C
Z 2a

a

g12.x; �/q2.�/d�

C
Z 3a

2a

g13.x; �/q3.�/d�; x 2 Œ0; a	; (5.78)

with the kernel of the first integral term in (5.78) representing the element g11.x; �/
of the first column of G.x; �/. The second element g21.x; �/ of the first column of
G.x; �/ can be found once we find the deflection function w2.x/ as

w2.x/ D
Z a

0

g21.x; �/q1.�/d� C
Z 2a

a

g22.x; �/q2.�/d�

C
Z 3a

2a

g23.x; �/q3.�/d�; x 2 Œa; 2a	: (5.79)

Hence, g21.x; �/ is the kernel of the first integral term in (5.79). Finally, the element
g31.x; �/ can be read from the first integral term in

w3.x/ D
Z a

0

g31.x; �/q1.�/d� C
Z 2a

a

g32.x; �/q2.�/d�

C
Z 3a

2a

g33.x; �/q3.�/d�; x 2 Œ2a; 3a	: (5.80)

Omitting the details of the algorithm, we display the final result. Note that g11.x; �/
is defined in two segments, one of them valid for 0 � x � � � a, and obtained as

gC
11.x; �/ D x2.a � �/

6pa3
¹2Œ�.2a � �/.x � 3a/C 2a2x	

C 3�1.a � �/Œx.aC �/C �.x � 3a/	º; 0 � x � � � a:

The other branch g�
11.x; �/ of g11.x; �/, valid for 0 � � � x � a, is found to be

g�
11.x; �/ D �2.a � x/

6pa3
¹2Œx.2a � x/.� � 3a/C 2a2�	

C 3�1.a � x/Œ�.aC x/C x.� � 3a/	º; 0 � � � x � a;

where p D 4EI1 C 3EI2 and �1 D EI2=EI1.
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Since the arguments x 2 Œa; 2a	 and � 2 Œ0; a	 of g21.x; �/ are specified on differ-
ent domains, this element of G.x; �/ is defined in a single piece, found as

g21.x; �/ D 1

2pa3
�2.� � a/.3a � x/.a � x/.2a � x/;

whilst for the element g31.x; �/, with x 2 Œ2a; 3a	 and � 2 Œ0; a	, we similarly find

g31.x; �/ D 1

2pa
�2.a � �/.2a � x/:

Hence, the problem in Exercise 5.6 has been solved formally: the response to the
force P D 1 applied at an arbitrary point � on the left-hand span of the beam depicted
in Figure 5.4 is already found.

If the beam is loaded with a continuously distributed load q1.x/ applied within the
left-hand span only, then the deflection functions w1.x/, w2.x/ and w3.x/ for all the
three spans are defined exclusively by the first integral terms in (5.78), (5,79) and
(5.80), respectively. If, on the other hand, the beam is loaded with three continuously
distributed loads q1.x/, q2.x/ and q3.x/, we need to compute all nine integral terms in
(5.78), (5,79) and (5.80). To achieve that, we need the remaining elements ofG.x; �/.
Hence, we display them all in what follows.

We obtain g12.x; �/, with x 2 Œ0; a	 and � 2 Œa; 2a	, in the form

g12.x; �/ D 1

2pa3
x2.a � �/.3a � �/.x � a/.2a � �/;

whilst the branch gC
22.x; �/ of g22.x; �/, with both variables x and � in Œa; 2a	, and

x � � , is expressed as

gC
22.x; �/ D 1

6�1pa3
.2a� �/.a� x/¹2.x � a/Œ�.� � 4a/.x � 4a/C a2.x � 10a/	

� 3�1a2Œ.� � 3a/.� � a/C .x � a/2	º; x � �:

We find the other branch g�
22.x; �/, for � � x, as

g�
22.x; �/ D 1

6�1pa3
.2a� x/.a� �/¹2.� � a/Œx.x � 4a/.� � 4a/C a2.� � 10a/	

� 3�1a2Œ.x � 3a/.x � a/C .� � a/2	º;
whilst g32.x; �/, with x 2 Œ2a; 3a	 and � 2 Œa; 2a	, reads

g32.x; �/ D 1

2�1pa
.� � a/.x � 2a/.� � 2a/Œ2.a � �/ � �1�	:
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For g13.x; �/, with x 2 Œ0; a	 and � 2 Œ2a; 3a	, we obtain

g13.x; �/ D 1

2pa
x2.a � x/.2a � �/:

The element g23.x; �/, with x 2 Œa; 2a	 and � 2 Œ2a; 3a	, is expressed as

g23.x; �/ D 1

2�1pa
.x � 2a/.x � a/.� � 2a/Œ2.a � x/ � �1x	:

For the branch gC
33.x; �/ of g33.x; �/, for 2a � x � � � 3a, we obtain

gC
33.x; �/ D .x � 2a/

²
1C �1

�1p
a.2a � �/C .x � 2a/

6EI3
Œ.x C a/C 3.a � �/	

³
;

whilst the other branch g�
33.x; �/ of g33.x; �/, for 2a � � � x � 3a, is found as

g�
33.x; �/ D .� � 2a/

²
1C �1

�1p
a.2a � x/C .� � 2a/

6EI3
Œ.� C a/C 3.a � x/	

³
:

The influence matrix, the elements of which we just displayed, enables us to analyt-
ically obtain components of the stress-strain state, caused in the beam by any combi-
nation of transverse and bending loads. Note that, if the load functions q1.x/; q2.x/,
and q3.x/ have a simple form (polynomial, exponential, trigonometric, or their ele-
mentary combination), the integration in (5.78)–(5.80) can be performed analytically.
If this is not the case, we can approximate it by using appropriate quadrature formulas.

The examples we analyzed in this section are helpful to comprehending the ma-
terial, but they do not clarify all the possible peculiarities of the influence function
method, when applied to multi-spanned compound beams. We encourage the reader
to work through the Chapter Exercises in order to gain further experience, required
for work in this field.

5.3 Further Extension of the Formalism

With the exception of Example 5.3, our involvement in the previous sections of the
present Chapter has been limited to applications of the matrix of Green’s type for-
malism to the so-called sandwich type inhomogeneity of the material out of which the
assembly is composed. To further extend the range of possible applications of this for-
malism, we intend to target, in the current section, multi-point-posed boundary-value
problems of a more general type. We have chosen the framework of graph theory to
provide a backdrop for such an extension.

We will consider specific sets of linear ordinary differential equations, set up on
a finite weighted graph such that each of the equations governs a single unknown
function and is defined on a single edge of the graph. The individual equations are
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treated as a system by imposing contact and boundary conditions at the vertexes and
endpoints of the graph. Based on this system, we introduce a novel definition of
the matrix of Green’s type. We will address the existence and uniqueness of such
matrices and we will propose two analytical methods for their practical construction.
We will consider a number of specific problems, describing phenomena and processes
in continuum mechanics.

Numerous authors have recommended, and actually used computational implemen-
tations of the approach based on Green’s function to solving problems in applied
mathematical physics (see, for example, [6, 13, 14, 17, 26, 30, 32, 40, 41, 42, 45,
47, 48, 64, 69, 70]). However, as we mentioned earlier in this book, practical use of
Green’s functions for actual computations in engineering and science is significantly
restricted. We can list many reasons to explain this situation. One of the most signifi-
cant of them is the lack of available computer-friendly formulas for Green’s functions
in the literature.

The Green’s function formalism is only applicable to settings with linear ordinary
or partial differential equations with continuous coefficients. However, the require-
ment of continuity of coefficients can be significantly relaxed. In [44], successful at-
tempts were undertaken to extend this formalism to boundary-value problems in con-
tinuum mechanics, formulated throughout piecewise homogeneous regions, yielding
a discontinuity of the coefficients in the governing differential equations. An effort
has been put forth to implement the Green’s function formalism to treat the so-called
multi-point-posed boundary-value problems that model various settings in continuum
mechanics for piecewise homogeneous media. This is where the notion of the matrix
of Green’s type was first introduced.

In Sections 5.1 and 5.2, we have followed the concept proposed in [44]. It is worth
noting, however, that the range of implementation of that notion is limited to the
sandwich type of material inhomogeneity. It is our intention in the present section
to introduce notion of the matrix of Green’s type in a different way. The objective
is to provide an extension of the Green’s function formalism to multi-point-posed
boundary-value problems occurring in complex assemblies, consisting of different
homogeneous fragments.

For notational convenience, we specify boundary-value problems for systems of
linear ordinary differential equations on finite weighted graphs. This allows us a sys-
tematic analysis of a variety of problems for assemblies of one-dimensional frag-
ments.

Consider a finite weighted graph R (see Figure 5.5). For terminological purposes,
vertexes of degree one will be referred to as the endpoints. Let the graph have n edges
denoted with ei , i D 1; n,m endpoints,Eh, h D 1;m, and r vertexes, Vk , k D 1; r . In
addition, let dk represent the degree of the vertex Vk and let the positive real numbers
li , i D 1; n, each representing the length of the edge ei , be regarded as its weight.

Suppose that all edges ei of R (each fragment in the assembly) is occupied with
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Figure 5.5. Graph R hosting a system of equations.

a conducting material (of either thermal or electrical or any other relevant nature),
the conductivity pi .x/ of which is a continuously differentiable function of a local
coordinate x, which is longitudinal for all edges.

Let ui .x/ represent the unknown function (temperature, electric potential, etc.) to
be determined on the edge ei of R. We will determine a set of these functions using
the following set of linear second order differential equations

d

dx

�
pi .x/

dui .x/

dx

�
C qi .x/ui .x/ D �fi .x/; x 2 .0; li /; i D 1; n; (5.81)

each of which is defined on an individual edge ei of the graph R.
These individual equations are arranged into a system by imposing a set of contact

conditions

u1.Vk/ D � � � D udk .Vk/;

dkX
jD1

pj .Vk/
duj .Vk/

dx
D 0; k D 1; r; (5.82)

at each of the vertexes Vk , with dk the degree of Vk . In formulating the above con-
ditions, we use, for notational convenience, a ‘local’ numbering of the edges incident
to the vertex Vk . It can be easily seen that the number of contact conditions imposed
at each vertex is equal to the degree of the vertex. Clearly, the contact conditions in
(5.82) simulate the conservation of energy law at each vertex Vk of R. In addition,
the boundary conditions

˛h
dui .Eh/

dx
C ˇhui .Eh/ D 0; h D 1;m; (5.83)

are imposed in each of the endpoints Eh of R, implying that the functions ui .x/ in
(5.83) are defined on the edges ei incident to Eh.

Observe that the number of contact conditions imposed at a vertex Vk is equal to the
degree of the vertex, whilst a single boundary condition is imposed at each endpoint
Eh. This implies that the total number N of uniqueness conditions imposed in (5.82)
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and (5.83) is

N D mC
rX
kD1

dk

which is, according to graph theory [62], twice the number of edges n in R, i.e.
N D 2n. This makes equations (5.81)–(5.83) a well-posed problem.

In this section, we will focus on finding the influence matrix representing the re-
sponse of the entire assembly to a unit source acting, at an arbitrary point � within an
arbitrary edge of R. Notice that the emphasis will be on multi-point-posed boundary-
value problems similar to (5.81)–(5.83). However, we can readily extend the results
of this section to problems formulated for higher order linear differential equations.

We are now in a position to extend the conventional definition of the Green’s func-
tion so as to make it valid for a multi-point-posed boundary-value problem similar to
(5.81)–(5.83).

Definition. An n�nmatrixG.x; �/, whose elements gij .x; �/ are defined for x 2 ei
and � 2 ej on R, is referred to as the matrix of Green’s type of the homogeneous
multi-point-posed boundary-value problem corresponding to (5.81)–(5.83), if for any
fixed value of � , the elements gij .x; �/ have the following properties:

1. For x ¤ � , the elements gi i.x; �/ of the principal diagonal (i D j ) are continu-
ous functions of x on ei , they have continuous partial derivatives with respect to
x up to the second order, and satisfy the homogeneous equations corresponding
to those in (5.81).

2. As x D � , the elements gi i .x; �/ of the principal diagonal are continuous func-
tions of x, whereas their first order partial derivatives with respect to x are dis-
continuous functions, providing

lim
x!�C

@gi i.x; �/

@x
� lim
x!��

@gi i .x; �/

@x
D � 1

pi .�/

and

lim
�!xC

@gi i .x; �/

@x
� lim
�!x�

@gi i .x; �/

@x
D 1

pi .�/
:

3. The peripheral .i ¤ j / elements gij .x; �/ of G.x; �/ are continuous functions
of x for any value of � 2 ej , they have continuous partial derivatives with
respect to x up to the second order, and satisfy the homogeneous equations
corresponding to those in (5.81).

4. All elements gij .x; �/ of G.x; �/ satisfy the contact and end conditions (which
pertain to them) in (5.82) and (5.83), in the sense that each of these conditions
is satisfied for � on any of the edges ej , j D 1; n.
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In the following discussion, the arguments x and � of the matrix of Green’s type
(analogously to those in the Green’s function) will be referred to as the observation
(field) point and the source point, respectively.

Before formulating a theorem that stipulates the existence and uniqueness of the
matrix of Green’s type, we note that if the problem in (5.81)–(5.83) is well-posed,
having a unique solution, then the trivial solution

ui .x/ � 0; x 2 .0; li /; i D 1; n;

represents the only solution of the corresponding homogeneous problem.

Theorem 5.1. If the multi-point-posed boundary-value problem in (5.81)–(5.83) has
a unique solution, there exists a unique matrix of Green’s type G.x; �/ for the corre-
sponding homogeneous problem.

Proof. Let ui1.x/ and ui2.x/, i D 1; n, be pairs of linearly independent particular
solutions on ei (fundamental sets of solutions), of the homogeneous equations cor-
responding to those in (5.81). Now, by virtue of defining property 1, the diagonal
elements gi i .x; �/ of G.x; �/ can be found in the formula

gi i.x; �/ D
´
ai1.�/ui1.x/C ai2.�/ui2.x/; for x � s,

bi1.�/ui1.x/C bi2.�/ui2.x/; for x � s,
(5.84)

whereas, in accordance with defining property 3, the peripheral .i ¤ j / elements
gij .x; �/ of G.x; �/ can be written as

gij .x; �/ D cij .�/ui1.x/C dij .�/ui2.x/: (5.85)

The coefficients ai1.�/, ai2.�/, bi1.�/, bi2.�/, cij .�/, and dij .�/ are to be de-
termined through application of the remaining defining properties of the matrix of
Green’s type. With regard to whether this problem is well-posed or not, notice that
the total number of coefficients equals 2n.nC 1/ whilst the total number of the rela-
tions provided by properties 2 and 4 is also equal to 2n.nC 1/.

By virtue of property 2, we obtain the following well-posed systems of linear alge-
braic equations in two unknowns�

ui1.�/ ui2.�/

u0
i1.�/ u

0
i2.�/

�
�
�
Ci1.�/

Ci2.�/

�
D
�

0

p�1
i .�/

�
; i D 1; n; (5.86)

providing n of the total 2n equations in 2n unknowns Ci1.�/ and Ci2.�/, i D 1; n.
We express these unknowns in terms of the coefficient functions gi i .x; �/ in (5.84) as

Cik.�/ D bik.�/ � aik.�/; k D 1; 2: (5.87)

It follows from the fact that the determinant of its coefficient matrix represents
Wronskian for the linearly independent functions ui1.x/ and ui2.x/, that the problem



Section 5.3 Further Extension of the Formalism 255

is indeed well-posed. Hence, a unique expression forCi1.�/ andCi2.�/ can be readily
obtained. Subsequently, in accordance with (5.87), the functions ai1.�/ and ai2.�/
can be uniquely written in terms of bi1.�/ and bi2.�/ and vice versa.

Hence, the number of undetermined coefficients in (5.84) and (5.85) reduces to 2n2

and they can ultimately be found after applying defining property 4. After satisfying
the entire set of boundary and contact conditions stated in (5.82) and (5.83) n times
(once for each location of the source point � 2 ej , j D 1; n), we finally obtain
an inhomogeneous system of 2n2 linear algebraic equations in 2n2 unknowns. The
coefficient matrix of this system reduces to the following partitioned diagonal form

M D

0BBBB@
A11 0 � � � 0

0 A22
: : :

:::
:::

: : :
: : : 0

0 � � � 0 Ann

1CCCCA
in which Ai i , i D 1; n, represent the 2n�2nmatrices, whose regularity follows from
the fact that the original multi-point-posed boundary-value problem in (5.81)–(5.83)
is well-posed. The peripheral sub-matrices of M represent 2n � 2n null matrices.
Thus, M represents a nonsingular matrix, meaning that all coefficient functions in
(5.84) and (5.85) can be uniquely determined.

This completes the proof of Theorem 5.1 since, once the values of ai1.�/, ai2.�/,
bi1.�/, bi2.�/, cij .�/, and dij .�/ have been found, we can immediately obtain explicit
expressions for the elements of G.x; �/ by substituting them into (5.84) and (5.85).

Notice that the proof, that we have just completed, can be called constructive: it
offers a straightforward procedure for the practical construction of matrices of Green’s
type for multi-point-posed boundary-value problems defined on graphs.

Later in this section, we introduce an alternative procedure for obtaining matrices
of Green’s type for homogeneous boundary-value problems similar to the one defined
on graphs in (5.81)–(5.83). This procedure is based on the method of variation of pa-
rameters. To aid its description, we introduce a vector-function U.x/ the components
of which Ui .x/, i D 1; n, are defined in terms of the solutions ui .x/ of the governing
equation in (5.81) as

Ui .x/ D
´
ui .x/; for x 2 ei ,
0; for x 2 R n ei .

(5.88)

We additionally introduce a vector-function F.x/ the components of which Fi .x/
are defined in terms of the right-hand side functions fi .x/ of (5.81) in the form

Fi .x/ D
´
fi .x/; for x 2 ei ,
0; for x 2 R n ei .

(5.89)
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The following theorem will be proved to determine the solution of the problem
specified in (5.81)–(5.83), in terms of the matrix of Green’s type of the corresponding
homogeneous problem.

Theorem 5.2. If G.x; �/ represents the matrix of Green’s type of the homogeneous
multi-point-posed boundary-value problem corresponding to (5.81)–(5.83), then the
solution of the problem in (5.81)–(5.83) on R can be written as

U.x/ D
Z
R

G.x; �/F.�/dR.�/; x 2 R; (5.90)

where the integration is carried out over the entire graphR. The converse is also true:
if the solution of the problem in (5.81)–(5.83) on R is obtained in the integral formula
in (5.90), then the kernel G.x; �/ of the integral represents the matrix of Green’s type
for the homogeneous problem corresponding to (5.81)–(5.83).

Proof. For the components of the vector-functions in (5.88) and (5.89), the integral in
(5.90) gives us the scalar formula

ui .x/ D
nX

jD1

Z
ej

gij .x; �/fj .�/dej .�/; i D 1; n;

which can be rewritten in terms of the local coordinates as

ui .x/ D
nX

jD1

Z lj

0

gij .x; �/fj .�/d�; x 2 Œ0; li 	; i D 1; n: (5.91)

Since the diagonal elements gi i.x; �/ and the peripheral elements gij .x; �/ of the
matrix of Green’s type are defined differently (see (5.84) and (5.85)), we isolate the
i th term of the finite sum in (5.91)

ui .x/ D
i�1X
jD1

Z lj

0

gij .x; �/fj .�/d� C
Z li

0

gi i.x; �/fi .�/d�

C
nX

jDiC1

Z lj

0

gij .x; �/fj .�/d�; x 2 Œ0; li 	; i D 1; n:

As soon as we have defined the diagonal elements of G.x; �/ in segments, we can
split the integral containing gi i.x; �/ into two additive terms as follows

ui .x/ D
i�1X
jD1

Z lj

0

gij .x; �/fj .�/d�

C
Z x

0

g�
i i .x; �/fi .�/d� C

Z li

x

gC
i i .x; �/fi .�/d�

C
nX

jDiC1

Z lj

0

gij .x; �/fj .�/d�; x 2 Œ0; li 	; i D 1; n;
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with g�
i i .x; �/ and gC

i i .x; �/ representing the lower and the upper branches of the
diagonal elements of G.x; �/, valid for x � � and x � � , respectively (see (5.84)).

To properly differentiate the functions ui .x/ in the above equation, we recall the
defining properties of the elements of G.x; �/ and note that the above expression
contains integrals involving parameters and has variable limits. With this in mind, we
obtain

dui .x/

dx
D

i�1X
jD1

Z lj

0

@gij .x; �/

@x
fj .�/d� C

Z x

0

@g�
i i .x; �/

@x
fi .�/d�

C gi i .x; x
�/fi .x/C

Z li

x

@gC
i i .x; �/

@x
fi .�/d� � gi i.x; xC/fi .x/

C
nX

jDiC1

Z lj

0

@gij .x; �/

@x
fj .�/d�; x 2 Œ0; li 	; i D 1; n:

The above formula transforms to the more compact form

dui .x/

dx
D

i�1X
jD1

Z lj

0

@gij .x; �/

@x
fj .�/d�

C
Z x

0

@g�
i i .x; �/

@x
fi .�/d� C

Z li

x

@gC
i i .x; �/

@x
fi .�/d�

C
nX

jDiC1

Z lj

0

@gij .x; �/

@x
fj .�/d�; x 2 Œ0; li 	; i D 1; n;

since the sum

gi i.x; x
�/fi .x/ � gi i.x; xC/fi .x/

of the non-integral terms equals zero, in accordance with property 1 of the definition
of G.x; �/. Hence, the derivative of ui .x/ reads as

dui .x/

dx
D

nX
jD1

Z lj

0

@gij .x; �/

@x
fj .�/d�; x 2 Œ0; li 	; i D 1; n; (5.92)

implying that the first order derivatives of the integral representations of ui .x/ in
(5.91) can be obtained by straightforward differentiation of the integrands. Conse-
quently, these formulas for ui .x/ and dui .x/=dx, satisfy the boundary conditions in
(5.82) and (5.83).
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To find out whether the integral formulas for ui .x/, as shown in (5.91), satisfy the
governing differential equations, we obtain the second order derivatives of ui .x/

d2ui .x/

dx2
D

i�1X
jD1

Z lj

0

@2gij .x; �/

@x2
fj .�/d�

C
Z x

0

@2g�
i i .x; �/

@x2
fi .�/d� C @gi i.x; x

�/
@x

fi .x/

C
Z li

x

@2gC
i i .x; �/

@x2
fi .�/d� � @gi i .x; x

C/
@x

fi .x/

C
nX

jDiC1

Z lj

0

@2gij .x; �/

@x2
fj .�/d�; x 2 Œ0; li 	; i D 1; n:

In accordance with property 2 of the definition of G.x; �/, we have

@gjj .x; x
�/

@x
fi .x/ � @gjj .x; x

C/
@x

fi .x/ D �fi .x/
pi .�/

:

And for the second order derivative of ui .x/, we finally obtain a compact formula

d2ui .x/

dx2
D

nX
jD1

Z lj

0

@2gij .x; �/

@x2
fj .�/d� � fi .x/

pi .x/
; x 2 Œ0; li 	; i D 1; n: (5.93)

After substituting ui .x/ and their derivatives from (5.91)–(5.93) into (5.81), we
finally obtain

nX
jD1

Z lj

0

LŒgij .x; �/	fj .�/d� � fi .x/ D �fi .x/; x 2 .0; li /;

with L representing the differential operator of (5.81).
Thus, the integral representations of ui .x/ in (5.91) satisfy the governing differen-

tial equations, because the elements of the matrix of Green’s type satisfy the homo-
geneous equations corresponding to (5.81). That is, LŒgij .x; �/	 D 0, which makes
the integral terms in the above equation vanish. With this, we have proven Theo-
rem 5.2.

Theorem 5.2 clearly suggests that, once the solution to the original problem in
(5.81)–(5.83) is expressed in terms of the integral in (5.90), the kernel G.x; �/ of the
integral represents the matrix of Green’s type for the corresponding homogeneous
problem.

We propose a procedure based on a version of the method of variation of parameters
in order to obtain an integral representation of (5.90) for the solution of the inhomo-
geneous multi-point-posed boundary-value problem specified in (5.81)–(5.83).
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To sketch the procedure briefly, we recall the fundamental sets of solutions ui1.x/
and ui2.x/ of the homogeneous equations corresponding to those in (5.81). We search
for the general solution of (5.81) ui .x/ following to the method of variation of param-
eters, as

ui .x/ D Di1.x/ui1.x/CDi2.x/ui2.x/; i D 1; n: (5.94)

Based on this and following the standard routine of the method of variation of
parameters, we obtain the following well-posed systems of linear algebraic equations�

ui1.x/ ui2.x/

u0
i1.x/ u

0
i2.x/

�
�
�
D0
i1.x/

D0
i2.x/

�
D
�

0

�fi .x/=pi .x/
�
; i D 1; n;

for the derivatives of the coefficientsDi1.x/ andDi2.x/ of ui .x/. From this it follows
that

D0
i1.x/ D ui2.x/fi .x/

pi .x/Wi .x/
; D0

i2.x/ D �ui1.x/fi .x/
pi .x/Wi .x/

; i D 1; n;

where Wi .x/ D ui1.x/u
0
i2.x/ � ui2.x/u

0
i1.x/ represent the Wronskians of the fun-

damental solution sets ui1.x/ and ui2.x/.
Integration of the derivatives D0

i1.x/ and D0
i2.x/ yields

Di1.x/ D
Z x

0

ui2.�/fi .�/

pi .�/Wi .�/
d� CEi1; i D 1; n;

and

Di2.x/ D �
Z x

0

ui1.�/fi .�/

pi .�/Wi .�/
d� CEi2; i D 1; n;

where Ei1 and Ei2 represent constants of integration. Upon substituting Di1.x/ and
Di2.x/ into (5.94), we can rewrite the latter as

ui .x/ D ui1.x/

Z x

0

ui2.�/fi .�/

pi .�/Wi.�/
d� � ui2.x/

Z x

0

ui1.�/fi .�/

pi .�/Wi .�/
d�

CEi1ui1.x/CEi2ui2.x/; i D 1; n:

After combining the integral terms in the above equation, we finally obtain the
general solution of (5.81) in the form

ui .x/ D
Z x

0

ui1.x/ui2.�/ � ui2.x/ui1.�/
pi .�/Wi .�/

fi .�/d�

CEi1ui1.x/CEi2ui2.x/; x 2 .0; li /; i D 1; n: (5.95)
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The 2n constants of integration Ei1 and Ei2 can be obtained by imposing the con-
tact and boundary conditions in (5.82) and (5.83). The total number of linear equa-
tions resulting from the substitution also equals 2n. This yields a well-posed system
of linear algebraic equations. After solving the latter, we reduce the formula in (5.95)
to the integral representation of (5.90), and the sought-after matrix of Green’s type
consequently appears as the kernel of the integral in (5.90).

In the following example we will apply the described formalism to a problem for a
medium whose property is a discontinuous function of a spatial variable.

Example 5.7. Construct the matrix of Green’s type for the steady-state heat conduc-
tion problem stated in an assembly of rods (see Figure 5.6), each of which is composed
of a homogeneous material with thermal conductivity pi .
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Figure 5.6. An assembly of heat conducting rods.

On the weighted graph associated with the assembly depicted above, we formulate
the following five-point-posed boundary-value problem

pi
d2ui .x/

dx2
D �fi .x/; x 2 .0; li /; i D 1; 4; (5.96)

u1.l1/ D u2.l2/ D u3.l3/; (5.97)

p1
du1.l1/

dx
C p2

du2.l2/

dx
C p3

du3.l3/

dx
D 0; (5.98)

u3.0/ D u4.l4/; p3
du3.0/

dx
� p4du4.l4/

dx
D 0; (5.99)

u1.0/ D u2.0/ D u4.0/ D 0 (5.100)

describing the steady-state heat conduction phenomenon in this assembly. Here li ,
i D 1; 4, represent the lengths of the rods.



Section 5.3 Further Extension of the Formalism 261

In one of the Chapter Exercises we ask the reader to determine whether the above
boundary-value problem is well-posed or not.

Following again the method of variation of parameters, we search for a general
solution of (5.96) of the form

ui;g.x/ D Di1.x/CDi2.x/x; i D 1; 4;

in this case (analogous to the formula in (5.95)) ultimately reducing to

ui .x/ D
Z x

0

� � x
pi

fi .�/d� CEi1 CEi2x; x 2 .0; li/; i D 1; 4: (5.101)

The constants of integration Ei1 and Ei2, i D 1; 4, in (5.101) are to be determined
by imposing the contact and boundary conditions (5.97)–(5.100). In particular, the
conditions (5.101) yield

E11 D E21 D E41 D 0:

For the remaining constants of integration, we obtain a well-posed system of linear
algebraic equations appearing as

0BBBB@
l1 �l2 0 0 0

l1 0 �1 �l3 0

p1 p2 0 p3 0

0 0 1 0 �l4
0 0 0 p3 �p4

1CCCCA �

0BBBB@
E12
E22
E31
E32
E42

1CCCCA D

0BBBB@
A2 � A1
A3 � A1

B1 C B2 C B3
A4

�B4

1CCCCA (5.102)

with the constants on the right-hand side found as

Ai D
Z li

0

� � li
pi

fi .�/d�; Bi D
Z li

0

fi .�/d�; i D 1; 4:

In the following, we assume, for the sake of simplicity, that the rods in the assembly
(the edges of the graph) are of equal length, i.e. l1 D l2 D l3 D l4 D l , converting
the determinant � of the coefficient matrix of the system in (5.102) into

� D l2Œ.p1 C p2/.p3 C p4/C p3p4	:
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Upon solving the system in (5.102) and subsequent substitution of the constants
Ei1 and Ei2 into (5.101), we finally obtain

u1.x/ D
Z l

0

x

��p1
¹�� � �Œp2.p3 C p4/C p3p4	ºf1.�/d� (5.103)

C
Z x

0

� � x
p1

f1.�/d� C
Z l

0

x�

�� .p3 C p4/f2.�/d�

C
Z l

0

x

�� .lp3 C �p4/f3.�/d� C
Z l

0

x�

��p3f4.�/d�;

u2.x/ D
Z l

0

x�

�� .p3 C p4/f1.�/d� (5.104)

C
Z x

0

� � x
p2

f2.�/d� C
Z l

0

x

��p2
¹�� � �Œp1.p3Cp4/C p3p4	ºf2.�/d�

C
Z l

0

x

�� .lp3 C �p4/f3.�/d� C
Z l

0

x�

��p3f4.�/d�;

u3.x/ D
Z l

0

�

�� .lp3 C xp4/f1.�/d� C
Z l

0

�

�� .lp3 C xp4/f2.�/d� (5.105)

C
Z l

0

1

��p3
Œl.p1 C p2 C p3/ � �.p1 C p2/	.lp3 C xp4/f3.�/d�

C
Z x

0

� � x
p3

f3.�/d� C
Z l

0

�

�� Œl.p1 C p2 C p3/ � x.p1 C p2/	f4.�/d�;

and

u4.x/ D
Z l

0

x�

��p3f1.�/d� C
Z l

0

x�

��p3f2.�/d� (5.106)

C
Z l

0

x

�� Œl.p1 C p2 C p3/ � �.p1 C p2/	f3.�/d�

C
Z x

0

� � x
p4

f4.�/d� C
Z l

0

x

��p4
Œ�� � �p3.p1 C p2/	f4.�/d�;

where �� D �=l .
Since the solution to the five-point-posed boundary-value problem specified in

(5.96)–(5.100) is expressed in the integral form of (5.90), the elements gij .x; �/ of
the matrix of Green’s type G.x; �/ for the corresponding homogeneous problem can
be read off from the integral representations in (5.103) through (5.106). We find for
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example the elements gi1.x; �/ of the first column of G.x; �/ as

g11.x; �/ D 1

��p1

´
x¹�� � �Œp2.p3 C p4/C p3p4	º; for x � s

�¹�� � xŒp2.p3 C p4/C p3p4	º; for x � s,

g21.x; �/ D x�

�� .p3 C p4/; g31.x; �/ D �

�� .lp3 C xp4/;

g41.x; �/ D x�

��p3:

In physical terms, the above functions represent the response of the assembly of
rods, depicted in Figure 5.6, to a unit point source acting at a source point � located
arbitrarily within the rod l1. The remaining elements of the matrix of Green’s type
G.x; �/, representing responses to a unit source acting at other rods, could, if required,
also be obtained directly from the integral representations of (5.103) through (5.106).

5.4 Chapter Exercises

1. Determine whether the following multi-point-posed boundary-value problems
have only the trivial solution:

(a) The homogeneous problem corresponding to that in (5.7)–(5.10);

(b) the homogeneous problem corresponding to that in (5.22)–(5.25);

(c) the homogeneous problem corresponding to that in (5.32)–(5.34).

2. Construct the matrix of Green’s type for the following multi-point-posed bound-
ary-value problem:

(a) y00
1 .x/ D 0 for x 2 .�a; 0/ and y00

2 .x/ � k2y2.x/ D 0 for x 2 .0;1/ with
y1.�a/ D 0, jy2.1/j < 1, y1.0/ D y2.0/, y0

1.0/ D �y0
2.0/;

(b) y 00
1 .x/ � k2y1.x/ D 0, x 2 .�a; 0/ and y00

2 .x/ � k2y2.x/ D 0, x 2 .0;1/

with y1.�a/ D 0, jy2.1/j < 1, y1.0/ D y2.0/, y0
1.0/ D �y0

2.0/;

(c) y 00
1 .x/ C k2y1.x/ D 0 for x 2 .�a; 0/ and y00

2 .x/ C k2y2.x/ D 0 for
x 2 .0; a/ with y1.�a/ D 0, y2.a/ D 0, y1.0/ D y2.0/, y0

1.0/ D �y0
2.0/;

(d) y 00
i .x/ � k2yi .x/ D 0, i D 1; 2; 3 for x 2 .0;1/ with y1.0/ D y2.0/ D
y3.0/, h1y0

1.0/C h2y
0
2.0/C h3y

0
3.0/ D 0, jyi .1/j < 1, i D 1; 2; 3.

3. Solve the four-point-posed boundary-value problem in (5.32)–(5.34) for the
right-hand side functions f1.x/ � sin.�x/ and f2.x/ D f3.x/ � 0.

4. Determine whether the four-point-posed boundary-value problem introduced in
(5.70)–(5.76) is well-posed.
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5. Construct the influence matrix for a transverse unit point concentrated force for
the double-span compound (EI1 and EI2) beam clamped at one endpoint, and
simply-supported at another, having an intermediate simple support right in the
middle, as depicted in Figure 5.7.
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w

x

�� �
a a

EI1 EI2
�� ��

Figure 5.7. A beam with an intermediate support.

6. Construct the influence matrix for a transverse unit point concentrated force
for the triple-span cantilever compound beam overhanging a simple support as
depicted in Figure 5.8.
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Figure 5.8. A compound cantilever beam overhanging one support.

7. Construct the influence matrix for a transverse unit point concentrated force
for the triple-span beam of a uniform flexural rigidity EI , having two simple
supports as depicted in Figure 5.9.
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Figure 5.9. A triple-span beam having two supports.

8. Determine whether the five-point-posed boundary-value problem introduced in
(5.96)–(5.100) is well-posed.

9. Justify the claim that the system of linear algebraic equations appearing in
(5.102) is well-posed.



Chapter 6

PDE Matrices of Green’s type

In the previous chapter, we discussed a special class of problems, and extended the
classical concept of the Green’s function to differential equations with discontinuous
coefficients. As a result, the novel concept of matrix of Green’s type was introduced
for multi-point-posed boundary-value problems for linear ordinary differential equa-
tions.

The objective in the present chapter is to proceed with the above idea. We will
extend the concept of matrix of Green’s type to boundary-value problems for specific
sets of elliptic partial differential equations with piecewise constant coefficients. The
idea behind such an extension is to make the Green’s function formalism a working
instrument, applicable to two-dimensional problems of continuum mechanics in com-
pound media, the properties of which vary discontinuously within the region under
consideration.

We will obtain equivalents of Green’s functions for sets of the Laplace and the static
Klein–Gordon equations on regions filled with piecewise homogeneous isotropic con-
ducting materials, which will prove to be practical for immediate computer implemen-
tation. We allow Dirichlet, Neumann and Robin conditions on the outer boundary of
a simply-connected region, whilst conditions of ideal contact are assumed on the in-
terface lines along which the material property looses its continuity.

6.1 Introductory Comments
To extend the concept of Green’s function to problems specified in a medium of a
compound structure, we consider a region � D Sm

iD1�i , in two-dimensional Eu-
clidean space (see Figure 6.1). Let the constants �i specify physical properties of
the homogeneous materials (thermal, electric, or other conductivities) with which the
fragments �i of � are filled in. Let also each of the functions ui .P /, defined in �i ,
satisfy the non-homogeneous equation

ƒŒui .P /	 D �fi .P /; P 2 �i ; i D 1;m; (6.1)

and are subject to the boundary condition

BŒui .P /	 D 0; P 2 �0; i D 1;m; (6.2)

imposed on the contour �0 of �, and to the conditions of ideal contact

uk.P / D ukC1.P /; P 2 �k ; k D 1;m � 1; (6.3)

�k
@uk.P /

@nk
D �kC1

@ukC1.P /
@nk

; P 2 �k ; k D 1;m � 1; (6.4)
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imposed on the interfaces �k , with nk , representing the normal direction to �k . Here
ƒ represents either the two-dimensional Laplace r2 or the two-dimensional static
Klein–Gordon r2�k2 operator, whilst B specifies one of the conventional boundary
conditions for applications (either Dirichlet, or Neumann, or Robin).

Гk – 1
Г1

Г0

Гk
Гm – 1

… Ωm – 1

Ωk Ωm

Ω2 … 

Ω1

Figure 6.1. Compound, sandwich-like region.

We assume that the boundary-value problem in (6.1)–(6.4) is well-posed (in other
words, it has a unique solution), implying that the corresponding homogeneous prob-
lem, with fi .P / � 0, i D 1;m, has only the trivial solution, such that ui .P / � 0,
i D 1;m.

To compact the notation of our presentation, we introduce two vector-functions in
the following fashion

U.P / D .Ui .P //iD1;m and F.P / D .Fi .P //iD1;m (6.5)

with their components Ui .P / and Fi .P / defined in a piecewise manner as

Ui .P / D
´
ui .P /; P 2 �i ;
0; P 2 �=�i ;

and

Fi .P / D
´
fi .P /; P 2 �i ;
0; P 2 �=�i :

With this problem setting in mind, specified as above , we are now ready to intro-
duce a key concept in our presentation in the current chapter.

Definition. If, for any vector-function F.P /, integrable on �, the vector-function
U.P / is expressed in the form

U.P / D
“
�

G.P;Q/F.Q/d�.Q/ (6.6)

then the kernel-matrix G.P;Q/ in (6.6) represents the matrix of Green’s type for the
homogeneous problem corresponding to (6.1)–(6.4).
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The term ‘integrable’ with respect to F.Q/ implies“
�

F.Q/d�.Q/ < 1:

Note that in our presentation, as is commonly accepted within the Green’s function
formalism, we will refer to P and Q, as the field (observation) point and the source
point, respectively.

At this point, an important comment should be made: G.P;Q/ represents anm�m
matrix the elementsGi;j .P;Q/ of which are defined with the field point P belonging
to the segment �i , whereas the source point Q belongs to �j . This implies that P
and Q share their domain only for the diagonal elements Gi;i .P;Q/. Keeping this
in mind, the elements Gi;j .P;Q/ of the matrix of Green’s type meet the following
properties:

1. The peripheral (i ¤ j ) elements Gi;j .P;Q/, as functions of the coordinates
of the field point P on �i , satisfy the homogeneous equation corresponding to
(6.1), that is:

ƒŒGi;j .P;Q/	 D 0; for P 2 �i :
2. The diagonal (i D j ) elements Gi;i .P;Q/, as functions of the coordinates of

the field point P in �i , satisfy the homogeneous equation corresponding to
(6.1) everywhere on �i except for P D Q, that is:

ƒŒGi;i .P;Q/	 D 0; for P;Q 2 �i and P ¤ Q:

3. For P D Q, the diagonal elements Gi;i .P;Q/ contain the logarithmic singu-
larity:

Gi;i .P;Q/ D 1

2�
ln

1

jP �Qj :

4. The elements Gi;j .P;Q/ satisfy all the relevant boundary and contact condi-
tions imposed by (6.2)–(6.4).

It is evident that property 3 holds for both the Laplace and the Klein–Gordon equa-
tion, since the modified Bessel (or Macdonald) function of order zero of the second
kind

1

2�
K0.kjP �Qj/

representing the fundamental solution for the static Klein–Gordon equation (see
Chapter 3), contains the same logarithmic singularity as the fundamental solution of
the Laplace equation in two dimensions.

In the following sections, we will show how matrices of Green’s type can be con-
structed in practice, for a wide range of boundary-value problems, that model different
phenomena in continuum mechanics.
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6.2 Construction of Matrices of Green’s Type

In this section, we will present a set of sample problems, in order to assist the reader
in our technique. In each of those, several individual features of our approach will
be highlighted and explained. We employed this methodology successfully, in our
earlier chapters. We aim, at establishing a creative atmosphere, where the reader
can gradually become familiar with the concept of matrix of Green’s type. Our first
example is perhaps the simplest of its brethren.

Example 6.1. Consider an infinite strip � D ¹�1 < x < 1; 0 < y < bº of width
b, and let it be composed of two semi-strips �1 D ¹�1 < x < 0; 0 < y < bº
and �2 D ¹0 < x < 1; 0 < y < bº, each filled with homogeneous isotropic
conducting materials with conductivities �1 and �2, respectively. Let u1.x; y/ 2 �1
and u2.x; y/ 2 �2 satisfy the Poisson equations

@2ui .x; y/

@x2
C @2ui .x; y/

@y2
D �fi .x; y/; .x; y/ 2 �i ; i D 1; 2; (6.7)

with f1.x; y/ and f2.x; y/ being integrable on �1 and �2, respectively.
In addition, let the Dirichlet boundary conditions

ui .x; 0/ D ui .x; b/ D 0; i D 1; 2; (6.8)

be imposed on the outer contour of �, whilst we impose the contact conditions

u1.0; y/ D u2.0; y/;
@u1.0; y/

@x
D �

@u2.0; y/

@x
(6.9)

on the interface x D 0, with � defined as �2=�1. In addition, we require the bound-
edness conditions

lim
x!�1u1.x; y/ < 1; lim

x!1u2.x; y/ < 1 (6.10)

for the problem to be well-posed.
Expand the functions ui .x; y/ and fi .x; y/, i D 1; 2, in the Fourier series

ui .x; y/ D
1X
nD1

ui;n.x/ sin �y; fi .x; y/ D
1X
nD1

fi;n.x/ sin �y (6.11)

with � D n�=b. After substituting these expansions in the original formulation of
(6.7)–(6.10), we obtain the following set of three-point-posed boundary-value prob-
lems for the coefficients u1;n.x/ and u2;n.x/, n D 1; 2; 3; : : : , of the first expansion
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in (6.11):

d2u1;n.x/

dx2
� �2u1;n.x/ D �f1;n.x/; x 2 .�1; 0/; (6.12)

d2u2;n.x/

dx2
� �2u2;n.x/ D �f2;n.x/; x 2 .0;1/; (6.13)

lim
x!�1u1;n.x/ < 1; lim

x!1u2;n.x/ < 1; (6.14)

u1;n.0/ D u2;n.0/;
du1;n.0/

dx
D �

du2;n.0/

dx
: (6.15)

To find the solution to the above setting, we refer back to Chapter 5. Clearly, the
fundamental sets of solutions for the homogeneous equations corresponding to (6.12)
and (6.13) can be represented with, for example, the functions

e�x and e��x :

Hence, in accordance with the standard procedure of the method of variation of
parameters, we can write the solution to the boundary-value problem stated by (6.12)–
(6.15) in the form

ui;n.x/ D Ci;n.x/e
�x CDi;n.x/e

��x ; i D 1; 2; (6.16)

where Ci;n.x/ andDi;n.x/ are to be determined. This yields the following well-posed
system of linear algebraic equations�

e�x e��x
�e�x ��e��x

��
C 0
i;n.x/

D0
i;n.x/

�
D
�

0

�fi;n.x/
�
; i D 1; 2;

for the derivatives of the coefficients Ci;n.x/ and Di;n.x/ of (6.16). After solving the
above system we obtain

C 0
i;n.x/ D � 1

2�
e��xfi;n.x/;D0

i;n.x/ D 1

2�
e�xfi;n.x/; i D 1; 2:

Straightforward integration of the above yields

C1;n.x/ D � 1

2�

Z x

�1
e���f1;n.�/d� C �1; (6.17)

D1;n.x/ D 1

2�

Z x

�1
e��f1;n.�/d� C ı1; (6.18)

C2;n.x/ D � 1

2�

Z x

0

e���f2;n.�/d� C �2; (6.19)
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and

D2;n.x/ D 1

2�

Z x

0

e��f2;n.�/d� C ı2: (6.20)

After substituting these expressions in (6.16) and properly rearranging the integral
terms, we obtain the general solutions to (6.12) and (6.13) of the form

u1;n.x/ D �1e�x C ı1e��x C 1

2�

Z x

�1
Œe��.x��/ � e�.x��/	f1;n.�/d� (6.21)

and

u2;n.x/ D �2e�x C ı2e��x C 1

2�

Z x

0

Œe��.x��/ � e�.x��/	f2;n.�/d�: (6.22)

We can obtain the constants of integration �1; �2; ı1; and ı2 in u1;n.x/ and u2;n.x/
by imposing the boundary and contact conditions in (6.14) and (6.15). The first bound-
edness condition in (6.14), for example, yields ı1 D 0. The boundedness of u2;n.x/
as x goes to infinity (see the second condition in (6.14)) allows us to find �2 directly.
In order to do so, it is convenient to first transform the expression for u2;n.x/ in (6.22)
into an equivalent formula as

u2;n.x/ D
�
� 1

2�

Z x

0

e���f2;n.�/d� C �2

�
e�x C

�
1

2�

Z x

0

e��f2;n.�/d� C �2

�
e��x ;

from which it follows immediately that since the exponential function e�x is un-
bounded at infinity, the factor of e�x must be zero for u2;n.x/ to be bounded as x
goes to infinity. This yields

�2 D 1

2�

Z 1

0

e���f2;n.�/d�:

Now, we can use the contact conditions in (6.15) to get the following well-posed
system of linear algebraic equations�

1 �1
1 �

��
�1
ı2

�
D
�
M

N

�
(6.23)

for the remaining constants of integration �1 and ı2 in (6.17) and (6.20), with M and
N defined as

M D 1

2�

Z 0

�1
.e��� � e��/f1;n.�/d� C 1

2�

Z 1

0

e���f2;n.�/d�;

N D 1

2�

Z 0

�1
.e�� C e���/f1;n.�/d� C �

2�

Z 1

0

e���f2;n.�/d�:
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We then find the solution of the system in (6.23) as

�1 D 1

2�

²Z 0

�1

�
e��� C 1 � �

1C �
e��
�
f1;n.�/d� C

Z 1

0

2�

1C �
e���f2;n.�/d�

³
and

ı2 D 1

2�

²Z 0

�1
2

1C �
e��f1;n.�/d� �

Z 1

0

1 � �
1C �

e���f2;n.�/d�
³
:

Upon substituting �1; �2; ı1; and ı2 into (6.17)–(6.20), and subsequent substitution
of Ci;n.x/ and Di;n.x/ into (6.16), the functions u1;n.x/ and u2;n.x/ can be written
in compact form as

u1;n.x/ D
Z 0

�1
gn11.x; �/f1;n.�/d� C

Z 1

0

gn12.x; �/f2;n.�/d� (6.24)

for x 2 .�1; 0	, and

u2;n.x/ D
Z 0

�1
gn21.x; �/f1;n.�/d� C

Z 1

0

gn22.x; �/f2;n.�/d� (6.25)

for x 2 Œ0;1/.
The kernel-functions gnij .x; �/ in the above integral representations are written as

gn11.x; �/ D .1C �/e��jx��j C .1 � �/e�.xC�/
2�.1C �/

; �1 < x; � � 0;

gn12.x; �/ D �

�.1C �/
e�.x��/; �1 < x � 0 � � < 1;

gn21.x; �/ D 1

�.1C �/
e�.��x/; �1 < � � 0 � x < 1;

and

gn22.x; �/ D .1C �/e��jx��j � .1 � �/e��.xC�/
2�.1C �/

; 0 � x; � < 1:

Making use of the fundamental rule for Fourier coefficients (the Fourier–Euler for-
mulas), we can write fi;n.x/ in the second series in (6.11) as

fi;n.�/ D 2

b

Z b

0

fi .�; �/ sin ��d�; i D 1; 2; n D 1; 2; 3; : : : :



272 Chapter 6 PDE Matrices of Green’s type

After substituting f1;n.�/ and f2;n.�/ into (6.24) and (6.25), and subsequently sub-
stituting u1;n.x/ and u2;n.x/ into the first series in (6.11), we finally obtain the solu-
tion of the boundary-value problem of (6.7)–(6.10) in integral form

u1.x; y/ D
Z b

0

Z 0

�1

 
2

b

1X
nD1

gn11.x; �/ sin �y sin ��

!
f1.�; �/d�d�

C
Z b

0

Z 1

0

 
2

b

1X
nD1

gn12.x; �/ sin �y sin ��

!
f2.�; �/d�d�; .x; y/ 2 �1; (6.26)

and

u2.x; y/ D
Z b

0

Z 0

�1

 
2

b

1X
nD1

gn21.x; �/ sin �y sin ��

!
f1.�; �/d�d�

C
Z b

0

Z 1

0

 
2

b

1X
nD1

gn22.x; �/ sin �y sin ��

!
f2.�; �/d�d�; .x; y/ 2 �2: (6.27)

Upon inspection of above integrals and recalling the relation in (6.6), where ui .x; y/
and fi .x; y/, with i D 1; 2 in (6.26) and (6.27), defining the components of the
vector-functions U.x; y/ and F.x; y/

Ui .x; y/ D
´
ui .x; y/; .x; y/ 2 �i ;
0; .x; y/ … �i ;

i D 1; 2;

and

Fi .x; y/ D
´
fi .x; y/; .x; y/ 2 �i ;
0; .x; y/ … �i ;

i D 1; 2;

we recognize that the kernel-functions

2

b

1X
nD1

gnij .x; �/ sin �y sin ��; i; j D 1; 2; (6.28)

in (6.26) and (6.27) represent the elementsGij .x; yI �; �/ in the matrix of Green’s type
G.x; yI �; �/ for the homogeneous boundary-value problem corresponding to (6.7)–
(6.10).

Upon close analysis we find that the series expansions in (6.28), with the expres-
sions for gnij .x; �/ found earlier in this section, can be readily summed up with the aid
of the standard summation formula

1X
nD1

qn

n
cosn˛ D �1

2
ln.1 � 2q cos˛ C q2/ (6.29)
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valid for q � 1 and 0 � ˛ < 2� , and was utilized repeatedly, earlier in our book.
Indeed, the expansion in (6.28) can be rewritten as

Gij .x; yI �; �/ D 1

b

1X
nD1

gnij .x; �/ Œcos �.y � �/ � cos �.y C �/	 ; i; j D 1; 2;

and the summation ultimately yields the following compact closed formulas

G11.z; 
/ D 1

2�

"
ln

j1 � e!.z��/j
j1 � e!.z��/j � 1 � �

1C �
ln

j1 � e!.zC�/j
j1 � e!.zC�/j

#
;

G12.z; 
/ D �

�.1C �/
ln

j1 � e!.z��/j
j1 � e!.z��/j ;

G21.z; 
/ D 1

�.1C �/
ln

j1 � e!.z��/j
j1 � e!.z��/j

and

G11.z; 
/ D 1

2�

"
ln

j1 � e!.z��/j
j1 � e!.z��/j C 1 � �

1C �
ln

j1 � e!.zC�/j
j1 � e!.zC�/j

#

for the elements of the matrix of Green’s type G.x; yI �; �/ for the homogeneous
boundary-value problem, corresponding to that in (6.7)–(6.10). Here ! D �=b. We
introduced complex variable notations z D x C iy and 
 D � C i� for the field point
.x; y/ and the source point .�; �/, respectively, with the bar on 
 denoting its complex
conjugate.

Clearly, the above expressions for the elements of the matrix of Green’s type are
computable immediately, since they represent real-valued functions, whilst the com-
plex variables are only used for compactness.

It can be readily seen that, for � equal to unity (that is, the materials occupying
the fragments �1 and �2 of � are identical), the above expressions reduce to the
well-known closed form (refer to, for example, Chapter 2)

G.z; 
/ D 1

2�
ln

j1 � e!.z��/j
j1 � e!.z��/j

of the Green’s function for the Dirichlet problem for the Laplace equation in the infi-
nite strip � D ¹�1 < x < 1; 0 < y < bº:

Example 6.2. We continue with a mixed boundary-value problem for two Klein–
Gordon equations stated on the segments �1 D ¹�a < x < 0; 0 < y < bº and
�2 D ¹0 < x < 1; 0 < y < bº of the compound semi-infinite strip � D ¹�a <
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x < 1; 0 < y < bº. Let �1 and �2 be filled with materials whose conductivities
are defined by �1 and �2, respectively. Consider now the problem

r2ui .x; y/ � k2i ui .x; y/ D �fi .x; y/; .x; y/ 2 �i ; i D 1; 2; (6.30)

@u1.�a; y/
@x

� ˇu1.�a; y/ D 0; lim
x!1u2.x; y/ < 1; (6.31)

ui .x; 0/ D 0;
@ui .x; b/

@y
D 0; i D 1; 2; (6.32)

and

u1.0; y/ D u2.0; y/;
@u1.0; y/

@x
D �

@u2.0; y/

@x
; (6.33)

where ˇ � 0 and � D �2=�1.
Due to the form of the conditions in (6.32), we can expand the unknown functions

ui .x; y/ and the right-hand side terms fi .x; y/, i D 1; 2, from the above equation
into the Fourier series

ui .x; y/ D
1X
nD1

ui;n.x/ sin �y; � D .2n � 1/�
2b

; (6.34)

and

fi .x; y/ D
1X
nD1

fi;n.x/ sin �y: (6.35)

After substituting these expansions in the original formulation of (6.30)–(6.33),
we obtain the following set (n D 1; 2; 3; : : :) of three-point-posed boundary-value
problems

d 2u1;n.x/

dx2
� .�2 C k21/u1;n.x/ D �f1;n.x/; x 2 .�a; 0/; (6.36)

d 2u2;n.x/

dx2
� .�2 C k22/u2;n.x/ D �f2;n.x/; x 2 .0;1/; (6.37)

du1;n.�a/
dx

� ˇu1;n.�a/ D 0; lim
x!1u2;n.x/ < 1; (6.38)

u1;n.0/ D u2;n.0/;
du1;n.0/

dx
D �

du2;n.0/

dx
(6.39)

for the coefficients u1;n.x/ and u2;n.x/ of the expansion in (6.34).
Clearly, fundamental sets of solutions for the homogeneous equations correspond-

ing to (6.36) and (6.37) can be composed of, for example, the functions

ehix and e�hix

with hi D
q
�2 C k2i , for i D 1; 2.
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Hence, in accordance with the standard procedure of the method of variation of pa-
rameters, the solution of the boundary-value problem in (6.36)–(6.39) can be written
in the form

ui;n.x/ D Ci;n.x/ehix CDi;n.x/e�hix; i D 1; 2; (6.40)

where the coefficients Ci;n.x/ and Di;n.x/ are to be determined. This yields the
following well-posed system of linear algebraic equations�

ehix e�hix
hiehix �hie�hix

��
C 0
i;n.x/

D0
i;n.x/

�
D
�

0

�fi;n.x/
�
; i D 1; 2;

for the derivatives of Ci;n.x/ and Di;n.x/ of (6.40). After solving the above system,
we obtain

C 0
i;n.x/ D � 1

2hi
e�hixfi;n.x/; D0

i;n.x/ D 1

2hi
ehixfi;n.x/; i D 1; 2:

Straightforward integration yields

C1;n.x/ D � 1

2h1

Z x

�a
e�h1�f1;n.�/d� C �1; (6.41)

D1;n.x/ D 1

2h1

Z x

�a
eh1�f1;n.�/d� C ı1; (6.42)

C2;n.x/ D � 1

2h2

Z x

0

e�h2�f2;n.�/d� C �2 (6.43)

and

D2;n.x/ D 1

2h2

Z x

0

eh2�f2;n.�/d� C ı2: (6.44)

Substituting these expressions in (6.40) and rearranging the integral terms appro-
priately, we obtain general solutions to the equations in (6.36) and (6.37) as

u1;n.x/ D �1eh1x C ı1e�h1x C 1

2h1

Z x

�a
Œe�h1.x��/ � eh1.x��/	f1;n.�/d� (6.45)

and

u2;n.x/ D �2eh2x C ı2e�h2x C 1

2h2

Z x

0

Œe�h2.x��/ � eh2.x��/	f2;n.�/d�: (6.46)

The constant coefficients �1; �2; ı1; and ı2 in u1;n.x/ and u2;n.x/ as written above,
can be obtained by imposing the boundary and contact conditions in (6.38) and (6.39).
The boundedness of u2;n.x/ as x goes to infinity allows one to directly find �2 (see
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the second condition in (6.38)). In order to do this, it is convenient to transform the
expression for u2;n.x/ in (6.46) into the equivalent form

u2;n.x/ D
�
� 1

2h2

Z x

0

e�h2�f2;n.�/d� C �2

�
eh2x

C
�
1

2h2

Z x

0

eh2�f2;n.�/d� C ı2

�
e�h2x

from which it follows immediately that the factor of eh2x must be zero, since u2;n.x/
is required to be bounded as x goes to infinity. This yields

�2 D 1

2h2

Z 1

0

e�h2�f2;n.�/d�:

The remaining conditions in (6.38) and (6.39) lead us to the well-posed system of
linear algebraic equations0@ .h1 � ˇ/e�h1a �.h1 C ˇ/eh1a 0

1 1 �1
h1 �h1 �h2

1A0@ �1ı1
ı2

1A D
0@ 0

M

N

1A (6.47)

in �1; ı1;and ı2, with M and N in the right-hand side vector defined as

M D 1

2h1

Z 0

�a
.e�h1� � eh1�/f1;n.�/d� C 1

2h2

Z 1

0

e�h2�f2;n.�/d�;

N D 1

2

Z 0

�a
.eh1� C e�h1�/f1;n.�/d� C �

2

Z 1

0

e�h2�f2;n.�/d�:

The solution of the system in (6.47) now is found as

�1 D h1 C ˇ

2h1�

²Z 0

�a
Œ.h1 C �h2/e

�h1� C .h1 � �h2/eh1� 	f1;n.�/d�

C 2h1�

Z 1

0

e�h2�f2;n.�/d�
³

e2h1a;

ı1 D h1 � ˇ
2h1�

²Z 0

�a
Œ.h1 C �h2/e�h1� C .h1 � �h2/eh1� 	f1;n.�/d�

C 2h1�

Z 1

0

e�h2�f2;n.�/d�
³

and

ı2 D 1

�

²Z 0

�a
Œ.h1 � ˇ/eh1� C .h1 C ˇ/eh1.2aC�/	f1;n.�/d�

�
Z 1

0

h1 � �h2
2h2

Œ.h1 C ˇ/e2h1a�h2� C .h1 � ˇ/e�h2� 	f2;n.�/d�
³
;
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where

� D .h1 C �h2/.h1 C ˇ/e2h1a � .h1 � �h2/.h1 � ˇ/:

Upon substituting �1; �2; ı1; and ı2 in (6.41)–(6.44), the functions u1;n.x/ and
u2;n.x/ can be rewritten in compact form as

u1;n.x/ D
Z 0

�a
gn11.x; �/f1;n.�/d� C

Z 1

0

gn12.x; �/f2;n.�/d� (6.48)

and

u2;n.x/ D
Z 0

�a
gn21.x; �/f1;n.�/d� C

Z 1

0

gn22.x; �/f2;n.�/d� (6.49)

with the kernel-functions gnij .x; �/ written as

gn11.x; �/ D 1

2h1�
¹.h1 C ˇ/Œ.h1 C �h2/e�h1jx��j C .h1 � �h2/eh1.xC�/	e2h1a

C .h1 � ˇ/Œ.h1 C �h2/e
�h1.xC�/ C .h1 � �h2/eh1jx��j	º;

gn12.x; �/ D �

�
Œ.h1 C ˇ/eh1.2aCx/ C .h1 � ˇ/e�h1x	e�h2� ;

gn21.x; �/ D 1

�
Œ.h1 � ˇ/e�h1� C .h1 C ˇ/eh1.2aC�/	e�h2x ;

and

gn22.x; �/ D 1

2h2�
¹.h1 C ˇ/Œ.h1 C �h2/e�h2jx��j � .h1 � �h2/e�h2.xC�/	e2h1a

� .h1 � ˇ/.h1 � �h2/Œe�h2.xC�/ C e�h2jx��j	º:

Note that the variables x and � in gn11.x; �/ range between �a � x; � � 0, while
for gn12.x; �/ we have �a � x � 0 � � < 1. For gn22.x; �/ the variables range
between 0 � x; � < 1, whilst for gn21.x; �/ we have �a � � � 0 � x < 1.

Recall that, in accordance with the fundamental rule for Fourier coefficients (Fou-
rier–Euler formulas), the coefficients fi;n.x/ of the series in (6.35) can be written
as

fi;n.�/ D 2

b

Z b

0

fi .�; �/ sin ��d�; i D 1; 2; n D 1; 2; 3; : : : :

Upon substituting f1;n.�/ and f2;n.�/ in (6.48) and (6.49), and subsequently sub-
stituting u1;n.x/ and u2;n.x/ into the series in (6.34), we finally obtain the solution
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of the boundary-value problem of (6.30)–(6.33) in integral form

u1.x; y/ D
Z b

0

Z 0

�a

 
2

b

1X
nD1

gn11.x; �/ sin �y sin ��

!
f1.�; �/d�d�

C
Z b

0

Z 1

0

 
2

b

1X
nD1

gn12.x; �/ sin �y sin ��

!
f2.�; �/d�d�; .x; y/ 2 �1;

and

u2.x; y/ D
Z b

0

Z 0

�a

 
2

b

1X
nD1

gn21.x; �/ sin �y sin ��

!
f1.�; �/d�d�

C
Z b

0

Z 1

0

 
2

b

1X
nD1

gn22.x; �/ sin �y sin ��

!
f2.�; �/d�d�; .x; y/ 2 �2:

Thus, in compliance with the definition given in the introductory section of this
chapter, we conclude that the series

Gij .x; yI �; �/ D 2

b

1X
nD1

gnij .x; �/ sin �y sin �� (6.50)

D 1

b

1X
nD1

gnij .x; �/ Œcos �.y � �/ � cos �.y C �/	 ; i; j D 1; 2;

represents the elements Gij .x; yI �; �/ of the matrix of Green’s type G.x; yI �; �/ for
the homogeneous boundary-value problem corresponding to (6.30)–(6.33).

If we set k1 D 0 and k2 D 0 in (6.30) we obtain h1 D h2 D �: This transforms the
coefficients gnij .x; �/ of the series in (6.50) to

gn11.x; �/ D 1

2��� Œ.� C ˇ/..1C �/e��jx��j C .1 � �/e�.xC�//e2�a

C .� � ˇ/..1C �/e��.xC�/ C .1 � �/e�jx��j/	;

gn12.x; �/ D �

��� Œ.� C ˇ/e�.2aCx/ C .� � ˇ/e��x 	e��� ;

gn21.x; �/ D 1

��� Œ.� � ˇ/e��� C .� C ˇ/e�.2aC�/	e��x ;

and

gn22.x; �/ D 1

2��� Œ.� C ˇ/..1C �/e��jx��j � .1 � �/e��.xC�//e2�a

C �.� � ˇ/.1 � �/.e��.xC�/ C e��jx��j/	

with �� D .1C �/.� C ˇ/e2�a � .1 � �/.� � ˇ/.
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Upon close analysis, it is revealed that the expansions in (6.50), with the coefficients
gnij .x; �/, as written above, represent a series of the type

1X
nD1

qn

n
cosn˛; where q � 1 and 0 � ˛ < 2�;

which diverges for q D 1 and ˛ D 0. Hence, the series in (6.50) converges non-
uniformly (contains the logarithmic singularity) for the elements G11.x; yI �; �/ and
G22.x; yI �; �/.

In order to get an idea of the convergence of the series in (6.50), we have con-
ducted a numerical experiment. The accuracy level that we can attain by truncating
the series can be observed in Figure 6.2, where we depict a profile of the elements
G11.x; yI �; �/ and G21.x; yI �; �/, with the series (6.50) truncated to its 10th partial
sum. We have chosen a D �; b D �; � D 0:01; and ˇ D 2:5 and the source point is
placed at .�1:0; 1:5/ 2 �1.

0 1

1

2

3

–1 3 4 52
x

y*

–2–3

Figure 6.2. Convergence of the series in (6.50).

Based on the resulting numerical data, we can conclude that, if we require accu-
rate values of G.x; yI �; �/ in the entire region �, then a series-only representation
of similar to (6.50) is not efficient and cannot be recommended. To enhance its com-
putability, we will implement the approach originally proposed in [43]. In doing so,
the coefficients gn11.x; �/ of G11.x; yI �; �/ are transformed as

gn11.x; �/ D p.x; �/

2�

�
1

�� � e�2�a
�.1C �/

C e�2�a
�.1C �/

�
D p.x; �/

2�

�
.1 � �/.� � ˇ/e�2�a � ˇ.1C �/

�.1C �/�� C e�2�a
�.1C �/

�
;

where

p.x; �/ D �p1.x; �/C ˇp2.x; �/



280 Chapter 6 PDE Matrices of Green’s type

with

p1.x; �/ D Œ..1C �/e��jx��j C .1 � �/e�.xC�//e2�a

C ..1C �/e��.xC�/ C .1 � �/e��jx��j/	 (6.51)

and

p2.x; �/ D Œ..1C �/e��jx��j C .1 � �/e�.xC�//e2�a

� ..1C �/e��.xC�/ C .1 � �/e��jx��j/	:

This splits the series representation of G11.x; yI �; �/ into two segments, the first
of which

1

2b.1C �/

1X
nD1

p.x; �/


.1 � �/.� � ˇ/e�2�a � ˇ.1C �/

�
�2
�
.1C �/.� C ˇ/e2�a � .1 � �/.� � ˇ/�

� Œcos �.y � �/ � cos �.y C �/	 (6.52)

converges uniformly at the rate of

1X
nD1

qn

n2
cosn˛; where q � 1 and 0 � ˛ < 2�:

Hence it is already in a computer-friendly form. With regard to the second series in
G11.x; yI �; �/, written as

1

2b.1C �/

1X
nD1

p.x; �/

�2e2�a
Œcos �.y � �/ � cos �.y C �/	

we can split it into

1

2b.1C �/

1X
nD1

p1.x; �/

�e2�a
Œcos �.y � �/ � cos �.y C �/	

C ˇ

2b.1C �/

1X
nD1

p2.x; �/

�2e2�a
Œcos �.y � �/ � cos �.y C �/	 ; (6.53)

where the second expansion converges uniformly at the same rate as (6.52). Hence, by
combining the two, we obtain a uniformly convergent series component for
G11.x; yI �; �/ as

1

2b.1C �/

1X
nD1

.1 � �/.� � ˇ/p1.x; �/e�2�a � ˇ.1C �/p3.x; �/

�
�
.1C �/.� C ˇ/e2�a � .1 � �/.� � ˇ/�

� Œcos �.y � �/ � cos �.y C �/	 (6.54)
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where

p3.x; �/ D 2..1C ˇ/e��.xC�/ C .1 � ˇ/e�jx��j/:

The non-uniform convergence of the first series in (6.53)

1

2b.1C �/

1X
nD1

p1.x; �/

�e2�a
Œcos �.y � �/ � cos �.y C �/	 (6.55)

is evident. The good news is, however, that it is completely summable. To prepare for
the summation, we substitute p1.x; �/ from (6.51) in (6.55), and rewrite the latter as

1

2b.1C �/

²
.1C ˇ/

" 1X
nD1

e��jx��j
�

Œcos �.y � �/ � cos �.y C �/	 (6.56)

C
1X
nD1

e��.2aCxC�/
�

Œcos �.y � �/ � cos �.y C �/	

#

C .1 � ˇ/
" 1X
nD1

e�.xC�/
�

Œcos �.y � �/ � cos �.y C �/	

C
1X
nD1

e��.2a�jx��j/
�

Œcos �.y � �/ � cos �.y C �/	

#³
:

Recalling the expression for � D .2n � 1/�=2b, we sum all of the above series
using the standard summation formula [1, 27]

1X
nD1

q2n�1
2n � 1 cos.2n � 1/˛ D 1

4
ln
1C 2q cos˛ C q2

1 � 2q cos˛ C q2

0 1

1

2

3

–1 3 4 52
x

y*

–2–3

Figure 6.3. Improvement of the convergence.
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yielding the following closed form for (6.56)

1

2�.1C �/

²
.1C ˇ/ ln

�
1C 2e!.x��/ cos.y � �/C e2!.x��/

1 � 2e!.x��/ cos.y � �/C e2!.x��/ (6.57)

� 1 � 2e!.x��/ cos.y C �/C e2!.x��/

1C 2e!.x��/ cos.y C �/C e2!.x��/

� 1C 2e!.2aCxC�/ cos.y � �/C e2!.2aCxC�/

1 � 2e!.2aCxC�/ cos.y � �/C e2!.2aCxC�/

� 1 � 2e!.2aCxC�/ cos.y C �/C e2!.2aCxC�/

1C 2e!.2aCxC�/ cos.y C �/C e2!.2aCxC�/

�

C.1 � ˇ/ ln

�
1C 2e!.xC�/ cos.y � �/C e2!.xC�/

1 � 2e!.xC�/ cos.y � �/C e2!.xC�/

� 1 � 2e!.x��/ cos.y C �/C e2!.x��/

1C 2e!.x��/ cos.y C �/C e2!.x��/

� 1C 2e!.2a�xC�/ cos.y � �/C e2!.2a�xC�/

1 � 2e!.2a�xC�/ cos.y � �/C e2!.2a�xC�/

� 1 � 2e!.2a�xC�/ cos.y C �/C e2!.2a�xC�/

1C 2e!.2a�xC�/ cos.y C �/C e2!.2a�xC�/

�³
;

where ! D �=2b.
Hence, the sum of the uniformly convergent series in (6.54) and the expression in

(6.57) provide a computer-friendly formula of G11.x; yI �; �/ of G.x; yI �; �/. The
improvement of the series convergence for the rest of the elements can be accom-
plished in a similar manner.

To illustrate the accuracy improvement attained by the development we have just
described, with regard to the convergence of the series representing elements of the
matrix of Green’s type, we depict, in Figure 6.3, the same profile of G.x; yI �; �/ as in
Figure 6.2. We employed the computer-friendly elements of G.x; yI �; �/, with their
series components truncated to the 10th partial sum.

Example 6.3. Consider yet another problem where its matrix of Green’s type can be
obtained in closed series-free form. Let the half-plane �2 D ¹a < r < 1; 0 <

' < �º, reduced by a semi-circular cut-out of radius a, be filled with a conducting
(�2) isotropic homogeneous material. Let also �2 contain a semi-circular inclusion
�1 D ¹0 < r < a; 0 < ' < �º made out of a foreign conducting (�1) isotropic
homogeneous material. To determine the potential field generated in� D �1[�2 by
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a unit point source located arbitrarily on �, we consider the boundary-value problem

r2ui .r; '/ D �fi .r; '/; .r; '/ 2 �i ; i D 1; 2; (6.58)

ui .r; 0/ D ui .r; �/ D 0; i D 1; 2; (6.59)

lim
r!0

u1.r; '/ > 1; lim
r!1u2.r; '/ > 1 (6.60)

and

u1.a; '/ D u2.a; '/;
@u1.a; '/

@r
D �

@u2.a; '/

@r
; (6.61)

where r2 represents the Laplace operator written in polar coordinates

r2 � 1

r

@

@r

�
r
@

@r

�
C 1

r2
@2

@'2

and � D �2=�1.
Note that in [45], we have derived a series expansion for elements of the matrix

of Green’s type for the Dirichlet problem in a compound semi-circle. The matrix
of Green’s type for the above problem can be obtained from the one in the refer-
ence, by taking a limit for the semi-circle’s radius approaching infinity. However, in
order to be consistent, we will derive it by following the procedure described in Ex-
ample 6.2. That is, expanding the functions ui .r; '/ and the right-hand side terms
fi .r; '/, i D 1; 2, in (6.58)–(6.61) into the Fourier series

ui .r; '/ D
1X
nD1

ui;n.r/ sinn' (6.62)

and

fi .r; '/ D
1X
nD1

fi;n.r/ sinn' (6.63)

and substituting these expansions in the original problem, we obtain the following set
(n D 1; 2; 3; : : :) of three-point-posed boundary-value problems

1

r

d

dr

�
r
du1;n.r/

dr

�
� n2

r2
u1;n.r/ D �f1;n.r/; r 2 .0; a/; (6.64)

1

r

d

dr

�
r
du2;n.r/

dr

�
� n2

r2
u2;n.r/ D �f2;n.r/; r 2 .a;1/; (6.65)

lim
r!0

u1;n.r/ > 1; lim
r!1u2;n.r/ > 1; i D 1; 2; (6.66)

u1;n.a/ D u2;n.a/;
du1;n.a/

dr
D �

du2;n.a/

dr
(6.67)

for the coefficients u1;n.r/ and u2;n.r/ of the expansion in (6.62).
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Following the procedure described in detail earlier, the solutions u1;n.r/ and
u2;n.r/ to (6.64)–(6.67) are found in integral form

u1;n.r/ D
Z a

0

gn11.r; %/f1;n.%/d%C
Z 1

a

gn12.r; %/f2;n.%/d% (6.68)

and

u2;n.r/ D
Z a

0

gn21.r; %/f1;n.%/d%C
Z 1

a

gn22.r; %/f2;n.%/d% (6.69)

where the kernel-functions gnij .r; %/ are expressed as

gn11.r; %/ D 1

2n

��
r

%

�n
C 1 � �
1C �

� r%
a2

	n�
; 0 � r � % � a;

gn12.r; %/ D �

n.1C �/

�
r

%

�n
; 0 � r � a � % < 1;

gn21.r; %/ D 1

n.1C �/

�%
r

	n
; 0 � % � a � r < 1;

and

gn22.r; %/ D 1

2n

"�
r

%

�n
� 1 � �
1C �

�
a2

r%

�n#
; a � r � % < 1:

Note that the main-diagonal elements gn11.r; %/ and gn22.r; %/; for % � r; can be
obtained from the above ones by exchanging r and %.

Upon proceeding with our routine, we ultimately express the solution to the bound-
ary-value problem in (6.58)–(6.61) as

u1.r; '/ D
Z �

0

Z a

0

 
2

�

1X
nD1

gn11.r; %/ sinn' sinn 

!
f1.%;  / d%d 

C
Z �

0

Z 1

a

 
2

�

1X
nD1

gn12.r; %/ sinn' sinn 

!
f2.%;  / d%d ; .r; '/ 2 �1;

and

u2.r; '/ D
Z �

0

Z a

0

 
2

�

1X
nD1

gn21.r; %/ sinn' sinn 

!
f1.%;  / d%d 

C
Z �

0

Z 1

a

 
2

�

1X
nD1

gn22.r; %/ sinn' sinn 

!
f2.%;  / d%d ; .r; '/ 2 �2:
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This implies that we can find the elements Gi;j .r; 'I %; / of the sought-after ma-
trix of Green’s type G.r; 'I %; / as

Gi;j .r; 'I %; / D 2

�

1X
nD1

gni;j .r; %/ sinn' sinn : (6.70)

The series in (6.70) is completely summable. We will illustrate this forG11.r; 'I %; /
which allows us the following transformation

G11.r; 'I %; / D 2

�

1X
nD1

gn11.r; %/ sinn' sinn 

D 1

2�

1X
nD1

1

n

��
r

%

�n
C 1 � �
1C �

� r%
a2

	n�
Œcosn.' �  / � cosn.' C  /	

D 1

2�

" 1X
nD1

1

n

�
r

%

�n
cosn.' �  /C 1 � �

1C �

1X
nD1

1

n

� r%
a2

	n
cosn.' �  /

�
1X
nD1

1

n

�
r

%

�n
cosn.' C  / � 1 � �

1C �

1X
nD1

1

n

� r%
a2

	n
cosn.' C  /

#
: (6.71)

The four series in the above formula can be summed by making use of the standard
formula in (6.29), yielding the following closed series-free form for G11.r; 'I %; /

G11.r; 'I %; / D 1

2�

 
ln

jz � 
j
jz � 
j C 1 � �

1C �
ln

ja2 � z
j
ja2 � z
j

!
;

where, for compactness, complex variable notation

z D r.cos' C i sin'/ and 
 D %.cos C i sin /

is used for the observation and the source point, with the bar on 
 representing its
complex conjugate.

The remaining elements of G.r; 'I %; / are found similarly as

G12.r; 'I %; / D �

�.1C �/
ln

jz � 
j
jz � 
j ;

G21.r; 'I %; / D 1

�.1C �/
ln

jz � 
j
jz � 
j ;

and

G22.r; 'I %; / D 1

2�

 
ln

jz � 
j
jz � 
j � 1 � �

1C �
ln

ja2 � z
j
ja2 � z
j

!
:
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Figure 6.4. The field generated by multiple sources.

To present a practical implementation of the matrix of Green’s type that we just con-
structed, we can apply the superposition principle for obtaining a potential field gen-
erated by multiple sources with different intensities, acting at a number of points on
�. As an example, Figure 6.4 depicts the field generated by sources with intensities
K1 D 10, and K2 D 20, K3 D 25 and K4 D 30, acting at: .1:2; �=3/ on �1,and
.3; �=4/, .3; 3�=5/, and .3; 5�=6/ on �2, respectively. For the parameters in the
problem, we chose a D 2 and � D 0:1.

Example 6.4. To explore the technique for obtaining computer-friendly forms of ma-
trices of Green’s type further, we let the region �2 D ¹b < r < 1; 0 < ' < �º,
representing a half-plane reduced by a semi-circular cut-out with radius b, be filled
with a conducting (�2) homogeneous isotropic material. Let also �2 contain a semi-
annular inclusion �1 D ¹a < r < b; 0 < ' < �º made out of a foreign conducting
(�1) homogeneous isotropic material. To determine the field of potential generated
by an arbitrarily located unit point source in � D �1 [�2 analytically, we construct
the matrix of Green’s type for the following boundary-value problem, written in polar
coordinates

r2ui .r; '/ D �fi .r; '/; .r; '/ 2 �i ; i D 1; 2; (6.72)

ui .r; 0/ D ui .r; �/ D 0; i D 1; 2; (6.73)

u1.a; '/ D 0; lim
r!1u2.r; '/ > 1; (6.74)

and

u1.b; '/ D u2.b; '/;
@u1.b; '/

@r
D �

@u2.b; '/

@r
(6.75)

with � D �2=�1.
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Following the derivation procedure, that we described in detail in Example 6.3, we
now express the elements of the matrix of Green’s type G.r; 'I %; / for the problem
in (6.72)–(6.75) in series form:

Gij .r; 'I %; / D 2

�

1X
nD1

gnij .r; %/ sinn' sinn ; i; j D 1; 2: (6.76)

In our case, the coefficients gnij .r; %/ of the above series are found as

gn11.r; %/ D a2n � r2n
2n��

"
.1 � �/

�%
r

	n C .1C �/

�
b2

r%

�n#
; r � %;

gn12.r; %/ D �

n�� .a
2n � r2n/

�
b2

r%

�n
; a � r � b � % < 1;

gn21.r; %/ D 1

n�� .a
2n � %2n/

�
b2

r%

�n
; a � % � b � r < 1;

and

gn22.r; %/ D 1

2n

´
1

��

�
b2

r%

�n 

.1C �/a2n C .1 � �/b2n�C

�
r

%

�nμ
; r � %;

where

�� D .� � 1/a2n � .�C 1/b2n:

Note that for r � % we can obtain the expressions for the diagonal elements
gn11.r; %/ and gn22.r; %/ from those listed above by exchanging r and %.

The series in (6.76) is non-uniformly convergent, but its convergence can be im-
proved in the same way as we have shown before: we first consider the entry
G11.r; 'I %; / and transform its coefficient to

gn11.r; %/ D
�
1

�� C 1

.�C 1/b2n
� 1

.�C 1/b2n

�

� a2n � r2n
2n

"
.1 � �/

�%
r

	n C .1C �/

�
b2

r%

�n#

D .� � 1/a2n
.�C 1/b2n

a2n � r2n
2n��

"
.1 � �/

�%
r

	n C .1C �/

�
b2

r%

�n#

� a2n � r2n
2n.�C 1/b2n

"
.1 � �/

�%
r

	n C .1C �/

�
b2

r%

�n#
; r � %:
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Now, we denote the first of the two additive terms in gn11.r; %/ with Rn11.r; %/ and
transform it to

Rn11.r; %/ D .� � 1/a2n
.�C 1/b2n

a2n � r2n
2n��

"
.1 � �/

�%
r

	n C .1C �/

�
b2

r%

�n#

D .� � 1/a2n.a2n � r2n/ �.�C 1/b2n � .� � 1/%2n�
2n.�C 1/

�
b2r%

�n
�� ; r � %:

Removing the brackets from the second additive term gn11.r; %/, we can rewrite the
latter as

gn11.r; %/ D Rn11.r; %/ � 1 � �
2n.�C 1/

�
a2%

b2r

�n
C 1 � �
2n.�C 1/

� r%
b2

	n
� 1

2n

�
a2

r%

�n
C 1

2n

�
r

%

�n
:

Once gn11.r; %/ is substituted into (6.76), the series can be partially summed. With
complex variable notation, for the observation and the source point, a computer-
friendly form of G11.r; 'I %; / reads

G11.r; 'I %; / D 2

�

1X
nD1

Rn11.r; %/ sinn' sinn 

C 1

2�

 
ln

jz � 
j ja2 � z
j
jz � 
j ja2 � z
j C � � 1

�C 1
ln

ja2z � b2
j jb2 � z
j
ja2z � b2
j jb2 � z
j

!
: (6.77)

Note that for r � %, the first logarithmic term in G11.r; 'I %; / is unchanged
whereas the second one transforms to

� � 1
�C 1

ln
jb2z � a2
j jb2 � z
j
jb2z � a2
j jb2 � z
j :

For the remaining elements of G.r; 'I %; /for the setting in (6.72)–(6.75), we find
the following

G12.r; 'I %; / D 2

�

1X
nD1

Rn12.r; %/ sinn' sinn C �

�.�C 1/
ln

jz � 
j ja2 � z
j
jz � 
j ja2 � z
j

(6.78)

with

Rn12.r; %/ D �.� � 1/a2n.a2n � r2n/
n.�C 1/rn%n�� ;

G21.r; 'I %; / D 2

�

1X
nD1

Rn21.r; %/ sinn' sinn C 1

�.�C 1/
ln

jz � 
j ja2 � z
j
jz � 
j ja2 � z
j

(6.79)
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with

Rn21.r; %/ D .� � 1/a2n.a2n � %2n/
n.�C 1/rn%n�� ;

and

G22.r; 'I %; / D 2

�

1X
nD1

Rn22.r; %/ sinn' sinn 

C 1

2�

 
� � 1
�C 1

ln
jb2 � z
j
jb2 � z
j C ln

jz � 
j ja2 � z
j
jz � 
j ja2 � z
j

!
(6.80)

with

Rn22.r; %/ D .� � 1/a2n 
.�C 1/a2n � .� � 1/b2n�
2n.�C 1/rn%n�� :

Clearly, the series components in (6.77)–(6.80) are uniformly convergent, making
them suitable for immediate computer implementation.

Example 6.5. Let the infinite strip � D ¹�1 < x < 1; 0 < y < bº be composed
of three segments: the semi-infinite strip �1 D ¹�1 < x < �a; 0 < y < bº,
the rectangle �2 D ¹�a < x < a; 0 < y < bº and another semi-infinite strip
�3 D ¹a < x < 1; 0 < y < bº. Let in addition each of the three segments of � be
filled with a homogeneous isotropic conducting (with conductivities ƒ1; ƒ2 and ƒ3)
material. To obtain the potential field, generated in � D S3

iD1�i by an arbitrarily
located unit point source, analytically, we define the following mixed boundary-value
problem

@2ui .x; y/

@x2
C @2ui .x; y/

@y2
D 0; .x; y/ 2 �i ; i D 1; 2; 3; (6.81)

ui .x; 0/ D @ui .x; b/

@y
D 0; i D 1; 2; 3; (6.82)

lim
x!�1u1.x; y/ > 1; lim

x!1u3.x; y/ > 1; (6.83)

u1.�a; y/ D u2.�a; y/; @u1.�a; y/
@x

D �1
@u2.�a; y/

@x
; (6.84)

and

u2.a; y/ D u3.a; y/;
@u2.a; y/

@x
D �2

@u3.a; y/

@x
; (6.85)

where �1 and �2 in the contact conditions (6.84) and (6.85) are defined in terms of
the conductivities of the materials with which the segments are filled as �1 D ƒ2=ƒ1
and �2 D ƒ3=ƒ2.
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Following our familiar procedure, we expresses the elements Gi;j .x; yI �; �/ of the
.3 � 3/ matrix of Green’s type G.x; yI �; �/ of the problem in (6.81)–(6.85) in series
form

Gi;j .x; yI �; �/ D 2

b

1X
nD1

gni;j .x; �/ sin �y sin ��; i; j D 1; 2; 3; (6.86)

with � D .2n � 1/�=2b.
For compactness, we will only treat those elements of G.x; yI �; �/ which model

the potential field generated in each segment of � by a unit source acting at a point
.�; �/ belonging to �1. These are Gi1.x; yI �; �/, i D 1; 2; 3, in the first column of
G.x; yI �; �/. Their coefficients gni1.x; �/ are found as

gn11.x; �/ D 1

2��� ¹e��jx��j�� C Œ.1C �1/.1 � �2/
C .1 � �1/.1C �2/e4�a	e�.xC�C2a/º;

gn21.x; �/ D 1

��� Œ.1 � �2/e�.xCa/ C .1C �2/e�.3a�x/	e�.�Ca/

and

gn31.x; �/ D 2

��� e�.4a�xC�/

with

�� D .1 � �1/.1 � �2/C .1C �1/.1C �2/e
4�a:

The series in (6.86) converges non-uniformly at the same rate as the series in
(6.50). To describe the method for improving the series convergence, we focus on
G11.x; yI �; �/, and transform its coefficient gn11.x; �/ through subtraction and addi-
tion of the term

1

2�
e�.xC�C2a/:

This reduces gn11.x; �/ to

gn11.x; �/ D 1

2�
Œe�.xC�C2a/ C e��jx��j	

C �1

��� Œ.1 � �2/ � .1C �2/e
�.3a�x/	e�.xC�C2a/:

Now, adding and subtracting

�1

�.1C �1/
e�.xC�C2a/
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and performing some trivial algebra, we transform gn11.x; �/ to

gn11.x; �/ D 1

2�
Œ
4�1.1 � �2/
.1C �1/�� e�.xC�C2a/ C 1 � �1

1C �1
e�.xC�C2a/ C e��jx��j	:

With expression for gn11.x; �/, the entry G11.x; yI �; �/ in (6.86) reduces to

G11.x; yI �; �/ D 1

b

1X
nD1

1

�

�
4�1.1 � �2/
.1C �1/�� e�.xC�C2a/

C 1 � �1
1C �1

e�.xC�C2a/ C e��jx��j
�

sin �y sin ��: (6.87)

Clearly, the series

1X
nD1

4�1.1 � �2/
�.1C �1/�� e�.xC�C2a/ sin �y sin ��

is uniformly convergent, whereas the other series in (6.87)

1X
nD1

1

�

�
1 � �1
1C �1

e�.xC�C2a/ C e��jx��j
�

sin �y sin ��

D 1

2

1X
nD1

1

�

�
1 � �1
1C �1

e�.xC�C2a/ C e��jx��j
�
Œcos �.y � �/ � cos �.y C �/	

is completely summable. Upon conducting the summation, we finally obtain the fol-
lowing computer-friendly formula for G11.x; yI �; �/,

G11.x; yI �; �/ D 8�1.1 � �2/
�.1C �1/

1X
nD1

e�.xC�C2a/
.2n � 1/�� sin �y sin ��

C 1 � �1
2�.1C �1/

ln
j1C e!.zC�C2a/j j1 � e!.zC�C2a/j
j1 � e!.zC�C2a/j j1C e!.zC�C2a/j

C 1

2�
ln

j1C e!.z��/j j1 � e!.z��/j
j1 � e!.z��/j j1C e!.z��/j

; ! D �

2b
; (6.88)

where we customarily employ complex variable notation for the field and the source
points. Note that for �1 D �2 D 1, equation (6.88) reduces to the classical Green’s
function [45, 57]

G.x; yI �; �/ D 1

2�
ln

j1C e!.z��/j j1 � e!.z��/j
j1 � e!.z��/j j1C e!.z��/j
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Figure 6.5. Profile of the matrix of Green’s type computed by (6.86).
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Figure 6.6. Profile of the matrix of Green’s type computed by (6.88).

for the Dirichlet–Neumann problem for Laplace equation on the infinite strip � D
¹�1 < x < 1; 0 < y < bº.

In Figures 6.5 and 6.6, we can observe a smoothing effect, achieved by the conver-
sion of the series-only representation in (6.86) to a mixed, computer-friendly formula
in (6.88). We depict a profile of G.x; yI �; �/, with the 10th partial sum of the series
components included.

In summary, we find the algorithm based on the eigenfunction expansion method
and the variation of parameters to be successful in obtaining series representations of
matrices of Green’s type for a number of specific boundary-value problems for the
two-dimensional Laplace and static Klein–Gordon equations, on regions filled with
piecewise homogeneous isotropic materials.

The formulas for elements of the matrices of Green’s type, that we obtained here,
contain non-uniformly convergent series and are therefore not quite suitable for im-
mediate computer implementation. We propose special analytical transformations to
improve the series convergence radically, converting them into computer-friendly for-
mulas.
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6.3 Fields of Potential on Surfaces of Revolution

In this section, the reader will encounter a new class of boundary-value problems
for specific sets of two-dimensional elliptic partial differential equations. We will
construct a number of matrices of Green’s type modeling potential fields, generated
by point sources in assemblies of thin shells of revolution, where each single fragment
is made out of a homogeneous isotropic conducting material.

Example 6.6. Let two thin-walled elements be joined together to form a cylindrical
shell, closed at one edge, with a hemispherical cap, both shells are of unit radius
as shown in Figure 6.7. Let the middle surface of the cap occupy the region �1 D
¹0 < ' < �=2; 0 � # < 2�º whilst the middle surface of the cylindrical element is
�2 D ¹0 < x < a; 0 � y < 2�º. In addition, let the materials, of which the elements
are made, have conductivities of �1 and �2, and the interior and exterior surfaces of
the assembly � D �1 [�2 be insulated.

Ω1 Ω2

a

x

ϕ

ϑ

Figure 6.7. Cylindrical shell closed with spherical cap.

We consider the Poisson equation

r2u1.'; #/ D �f1.'; #/; .'; #/ 2 �1; (6.89)

with the Laplace operator

r2 � 1

sin'

@

@'

�
sin'

@

@'

�
C 1

sin2 '

@2

@#2

written in geographical coordinates ' and # on the unit spherical surface, and another
Poisson equation

@2u2.x; y/

@x2
C @2u2.x; y/

@y2
D �f2.x; y/; .x; y/ 2 �2; (6.90)

with the Laplacian written in Cartesian coordinates x and y, representing geographi-
cal coordinates on the cylindrical surface. Let the functions u1.'; #/ and u2.x; y/ be
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subjected to the boundary and contact conditions

lim
'!0

ju1.'; #/j < 1; ˛
@u2.a; y/

@x
C ˇu2.a; y/ D 0; (6.91)

u1.�=2; #/ D u2.0; y/;
@u1.�=2; #/

@'
D �

@u2.0; y/

@x
; (6.92)

u1.'; 0/ D u1.'; 2�/;
@u1.'; 0/

@#
D @u1.'; 2�/

@x
; (6.93)

u2.x; 0/ D u2.x; 2�/;
@u2.x; 0/

@y
D @u2.x; 2�/

@y
(6.94)

with � D �2=�1.
Note that we impose the first condition in (6.91) in order to ensure the boundedness

of u1.'; #/ at the pole ' D 0 of the sphere, whilst the second condition in (6.91)
could mimic either Dirichlet type (if ˛ D 0), or Neumann type (if ˇ D 0), or Robin
type (if neither of them are zero). The conditions (6.92) are imposed to model ideal
contact of the elements in the assembly. The conditions in (6.93) and (6.94) reflect
the 2�-periodicity of u1.'; #/ and u2.x; y/, with respect to the variables # and y,
respectively.

Clearly, the boundary-value problem in (6.89)–(6.94) models a potential field, gen-
erated in the assembly, by f1.'; #/ and f2.x; y/.

Our approach to the boundary-value problem in (6.89)–(6.94) is driven by relation
(6.6). In other words, we will intend to obtain its solution in integral form

u1.'; #/ D
“
�1

G11.'; # I ; �/f1. ; �/d�1. ; �/

C
“
�2

G12.'; # I �; �/f2.�; �/d�2.�; �/

and

u2.x; y/ D
“
�1

G21.x; yI ; �/f1. ; �/d�1. ; �/

C
“
�2

G22.x; yI �; �/f2.�; �/d�2.�; �/

which will give us explicit expressions for the elementsGi;j of the sought-after matrix
of Green’s type.

In view of the 2�-periodicity of the functions u1.'; #/ and f1.'; #/ with respect
to # , and of u2.x; y/ and f2.x; y/ with respect to y, we expand them into Fourier
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series as

u1.'; #/ D 1

2
u10.'/C

1X
nD1

uc1n.'/ cosn# C us1n.'/ sinn#;

f1.'; #/ D 1

2
f10.'/C

1X
nD1

f c1n.'/ cosn# C f s1n.'/ sinn# (6.95)

and

u2.x; y/ D 1

2
u20.x/C

1X
nD1

uc2n.x/ cosny C us2n.x/ sinny;

f2.x; y/ D 1

2
f20.x/C

1X
nD1

f c2n.x/ cosny C f s2n.x/ sinny: (6.96)

Upon substituting these expansions into (6.89)–(6.94), we arrive, for n D 0, at the
following three-point-posed boundary-value problem

1

sin'

d

d'

�
sin'

du10.'/

d'

�
D �f10.'/; 0 < ' < �=2; (6.97)

d2u20.x/

dx2
D �f20.x/; 0 < x < a; (6.98)

lim
'!0

ju10.'/j < 1; ˛
du20.a/

dx
C ˇu20.a/ D 0 (6.99)

and

u10.�=2/ D u20.0/;
du10.�=2/

d'
D �

du20.0/

dx
(6.100)

whilst for n D 1; 2; 3; : : : , we obtain

1

sin'

d

d'

�
sin'

du1n.'/

d'

�
� n2u1n.'/

sin2 '
D �f1n.'/; 0 < ' < �=2; (6.101)

d2u2n.x/

dx2
� n2u2n.x/ D �f2n.x/; 0 < x < a; (6.102)

lim
'!0

ju1n.'/j < 1; ˛
du2n.a/

dx
C ˇu2n.a/ D 0 (6.103)

and

u1n.�=2/ D u2n.0/;
du1n.�=2/

d'
D �

du2n.0/

dx
: (6.104)
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Note that in (6.101)–(6.104), we omit the superscripts ‘c’ and ‘s’ on u1n.'/ and
u2n.x/. We will recall them at a later stage in the development, when they must be
treated separately.

Consider first the case of n D 0. To construct matrix of Green’s type for the ho-
mogeneous boundary-value problem corresponding to (6.97)–(6.100) we recall from
Chapter 2 the fundamental set of solutions of (6.97)

u
.1/
10 .'/ D 1 and u

.2/
10 .'/ D ln.tan '=2/

whilst for the trivial case of (6.98) we have

u
.1/
20 .x/ D 1 and u

.2/
20 .x/ D x:

Following the standard procedure of Lagrange’s method of variation of parameters,
we obtain the general solution of (6.97) as

u10.'/ D �
Z '

0

ln

�
tan'=2

tan =2

�
f10. /d C C1 C C2 ln.tan'=2/ (6.105)

while for the general solution of (6.98), we find

u20.x/ D �
Z x

0

.x � �/f20.�/d� CD1 CD2x: (6.106)

We employ the boundary and contact conditions in (6.99) and (6.100) to obtain the
constants of integration in (6.105) and (6.106). The first condition in (6.99) yields
C2 D 0. The remaining constants are obtained as

C1 D
Z �

2

0

�
˛ C ˇa

�ˇ
� ln

�
tan

 

2

��
f10. / sin d C

Z a

0

˛ C ˇ.a � �/
ˇ

f20.�/d�;

D1 D
Z �

2

0

˛ C ˇa

�ˇ
f10. / sin d C

Z a

0

˛ C ˇ.a � �/
ˇ

f20.�/d�

and

D2 D �
Z �

2

0

sin 

�
f10. /d :

Substituting the constants of integration C1; C2;D1 and D2 into (6.105) and (6.106),
we obtain

u10.'/ D
Z �

2

0

g011.';  /f10. / sin d C
Z a

0

g012.'; �/f20.�/d� (6.107)
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and

u20.x/ D
Z �

2

0

g021.x;  /f10. / sin d C
Z a

0

g022.x; �/f20.�/d� (6.108)

with the kernel-functions defined as

g011.';  / D 1

�ˇ

´
.˛ C ˇa/ � �ˇ ln.tan =2/; 0 � ' �  � �=2;

.˛ C ˇa/ � �ˇ ln.tan'=2/; 0 �  � ' � �=2;

g012.'; �/ D ˛ C ˇ.a � �/
ˇ

; 0 � ' � �=2; 0 � � � a;

g021.x;  / D ˛ C ˇ.a � x/
�ˇ

; 0 � x � a; 0 �  � �=2;

and

g022.x; �/ D 1

ˇ

´
˛ C ˇ.a � �/; 0 � x � � � a;

˛ C ˇ.a � x/; 0 � � � x � a:

Hence, we have completed the analysis of the boundary-value problem in (6.97)–
(6.100) and can now address equations (6.101)–(6.104). In order to construct their
matrix of Green’s type, we recall from Chapter 2 that the fundamental set of solutions
for the homogeneous equation corresponding to (6.101) consists of the functions

u
.1/
1n .'/ D tann '=2 and u

.2/
1n .'/ D cotn '=2

whereas the set for the homogeneous equation corresponding to (6.102) can be repre-
sented by

u
.1/
2n .x/ D enx and u

.2/
2n .x/ D e�nx:

Following Lagrange’s procedure, we find the general solution to (6.101) as

u1n.'/ D
Z '

0

1

2n

�
tann

 

2
cotn

'

2
� tann

'

2
cotn

 

2

�
f1n. / sin d 

C C1 tann
'

2
C C2 cotn

'

2
(6.109)

and

u2n.x/ D
Z x

0

sinhn.� � x/
n

f2n.�/d� CD1enx CD2e�nx : (6.110)

The first condition in (6.103) yields C2 D 0. Applying the remaining conditions
in (6.103) and (6.104), we arrive at a well-posed system of linear algebraic equations
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for the remaining constants of integration C1;D1 andD2. The determinant�� of the
coefficient matrix of this system is

�� D .1 � �/.ˇ � ˛n/e�na C .1C �/.ˇ C ˛n/ena

and the constants are found as

D1 D �.˛n � ˇ/e�na
n��

Z �
2

0

tann
 

2
f1n. / sin d 

C 1C �

n��
Z a

0

Œ˛n coshn.� � a/ � ˇ sinhn.� � a/	 f2n.�/d�;

D2 D �.˛nC ˇ/ena

n��
Z �

2

0

tann
 

2
f1n. / sin d 

C 1 � �
n��

Z a

0

Œ˛n coshn.� � a/ � ˇ sinhn.� � a/	 f2n.�/d�;

and

C1 D
Z �

2

0

�
� Œ.ˇ C ˛n/ena � .ˇ � ˛n/e�na	

n�� tann
 

2

� 1

2n

�
tann

 

2
� cotn

 

2

��
f1n. / sin d 

C 2

n��
Z a

0

Œ˛n coshn.� � a/ � ˇ sinhn.� � a/	 f2n.�/d�:

Upon substituting C1; C2;D1 and D2 into (6.109) and (6.110), we arrive at

u1n.'/ D
Z �

2

0

gn11.';  /f1n. / sin d C
Z a

0

gn12.'; �/f2n.�/d� (6.111)

and

u2n.x/ D
Z �

2

0

gn21.x;  /f1n. / sin d C
Z a

0

gn22.x; �/f2n.�/d� (6.112)
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with the kernel-functions defined as

gn11.';  / D 1

2n��

8̂̂̂̂
ˆ̂̂̂̂<̂
ˆ̂̂̂̂̂̂
:̂

.˛nC ˇ/ena tann =2Œ.1C �/ cotn '=2

�.1 � �/ tann '=2	 � .˛n � ˇ/e�na tann =2

�Œ.1 � �/ cotn '=2 � .1C �/ tann '=2	;  � ';

.˛nC ˇ/ena tann '=2Œ.1C �/ cotn  =2

�.1 � �/ tann =2	 � .˛n � ˇ/e�na tann '=2

�Œ.1 � �/ cotn =2 � .1C �/ tann =2	; ' �  ;

gn12.'; �/ D 2 Œ˛n coshn.a � �/ � ˇ sinhn.a � �/	 =.n��/
� tann '=2; 0 � ' � �=2; 0 � � � a;

gn21.x;  / D 2 Œ˛n coshn.a � x/ � ˇ sinhn.a � x/	 =.n��/
� tann =2; 0 � x � a; 0 �  � �=2;

and

gn22.x; �/ D 1

n��

8̂̂̂̂
<̂
ˆ̂̂:
Œ˛n coshn.x � a/ � ˇ sinhn.x � a/	

�Œ.1C �/en� C .1 � �/e�n� 	; � � x;

Œ˛n coshn.� � a/ � ˇ sinhn.� � a/	
� Œ.1C �/enx C .1 � �/e�nx	 ; x � �:

At this point in our development, with the elements of the matrices of Green’s
type to the problems in (6.97)–(6.100) and (6.101)–(6.104) determined successfully,
we return to the series expansions in (6.95) and (6.96), and express their coefficients
f c1n. /; f

s
1n. /; f

c
2n.�/;and f s2n.�/ in terms of the functions f1. ; �/ and f2.�; �/

as

f c1n. / D 1

�

Z 2�

0

f1. ; �/ cosn�d�; n D 0; 1; 2; : : : ;

f s1n. / D 1

�

Z 2�

0

f1. ; �/ sinn�d�; n D 1; 2; 3; : : : ;

f c2n.�/ D 1

�

Z 2�

0

f2.�; �/ cosn�d�; n D 0; 1; 2; : : : ;

and

f s2n.�/ D 1

�

Z 2�

0

f2.�; �/ sinn�d�; n D 1; 2; 3; : : : :
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Substituting f c1n. / and f c2n.�/ into (6.107), (6.108), (6.111) and (6.112), we ob-
tain

uc1n.'/ D
Z �

2

0

Z 2�

0

1

�
gn11.';  / cosn�f1. ; �/ sin d�d 

C
Z a

0

Z 2�

0

1

�
gn12.'; �/ cosn�f2.�; �/d�d�; n D 0; 1; 2; : : : ;

and

uc2n.x/ D
Z �

2

0

Z 2�

0

1

�
gn21.x;  / cosn�f1. ; �/ sin d�d 

C
Z a

0

Z 2�

0

1

�
gn22.x; �/ cosn�f2.�; �/d�d�; n D 0; 1; 2; : : : ;

whilst substituting f s1n. / and f s2n.�/ into (6.107), (6.108), (6.111) and (6.112), we
get

us1n.'/ D
Z �

2

0

Z 2�

0

1

�
gn11.';  / sinn�f1. ; �/ sin d�d 

C
Z a

0

Z 2�

0

1

�
gn12.'; �/ sinn�f2.�; �/d�d�; n D 1; 2; 3; : : : ;

and

us2n.x/ D
Z �

2

0

Z 2�

0

1

�
gn21.x;  / sinn�f1. ; �/ sin d�d 

C
Z a

0

Z 2�

0

1

�
gn22.x; �/ sinn�f2.�; �/d�d�; n D 1; 2; 3; : : : :

Continuing with the procedure, we now substitute the above expressions uc1n.'/
and us1n.'/ into the expansion of u1.'; #/ from (6.95), yielding

u1.'; #/ D
Z �

2

0

Z 2�

0

G11.'; # I ; �/f1. ; �/ sin d�d 

C
Z a

0

Z 2�

0

G12.'; # I �; �/f2.�; �/d�d�; .'; #/ 2 �1; (6.113)

which gives us the first two elements G11.'; # I ; �/ and G12.'; # I �; �/ of the
matrix of Green’s type G for the homogeneous boundary-value problem correspond-
ing to (6.89)–(6.94). For G11.'; # I ; �/ we found the series expansion

G11.'; # I ; �/ D 1

2�
g011.';  /C 1

�

1X
nD1

gn11.';  / cosn.# � �/
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whose coefficients g011.';  / and gn11.';  / have been derived earlier in this section.
Substituting them into the above series, we transform it, for ' �  , to

G11.'; # I ; �/ D 1

2�

�
�

ˇ
.˛ C ˇa/ � ln

�
tan

 

2

��
(6.114)

C 1

2�

1X
nD1

1

n��

²
.˛nC ˇ/ena tann

'

2

�
.1C �/ cotn

 

2
� .1 � �/ tann

 

2

�

� .˛n � ˇ/e�na tann
 

2

�
.1 � �/ cotn

 

2
� .1C �/ tann

 

2

�³
cosn.# � �/:

In order to get an expression ofG11.'; # I ; �/ valid for  � ', we must exchange
the variables ' and  in (6.114).

Accordingly, we find for the entry G12.'; # I �; �/ of the matrix of Green’s type

G12.'; # I �; �/ D 1

2�ˇ
Œ˛ C ˇ.a � �/	

C 1

2�

1X
nD1

1

n��
h
.ˇ C ˛n/en.a��/ � .ˇ � ˛n/en.��a/i tann

'

2
cosn.# � �/:

Analogously, upon substituting uc2n.x/ and us2n.x/ into the expansion of u2.x; y/
from (6.96) we arrive at

u2.x; y/ D
Z �

2

0

Z 2�

0

G21.x; yI ; �/f1. ; �/ sin d�d 

C
Z a

0

Z 2�

0

G22.x; yI �; �/f2.�; �/d�d�; .x; y/ 2 �2; (6.115)

which discloses the other two elements of the matrix of Green’s type G. We find an
expression for G21.x; yI ; �/ as

G21.x; yI ; �/ D �

2�ˇ
Œ˛ C ˇ.a � x/	

C �

�

1X
nD1

1

n�� Œ.ˇ C ˛n/en.a�x/ � .ˇ � ˛n/en.x�a/	 tann
 

2
cosn.y � �/;

whilst for G22.x; yI �; �/, valid for x � � , we have

G22.x; yI �; �/ D ˛ C ˇ.a � �/
2�ˇ

C 1

2�

1X
nD1

.1 � �/e�nx C .1C �/enx

n��

� Œ.ˇ C ˛n/en.a��/ � .ˇ � ˛n/en.��a/	 cosn.y � �/:
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To obtain an expression for G22.x; yI �; �/ valid for � � x, we have to exchange the
variables x and � in the above.

Notice that the series components in the peripheral elements G12.'; # I �; �/ and
G21.x; yI ; �/ of G converge uniformly, whereas the series in the diagonal ele-
ments G11.'; # I ; �/ and G22.x; yI �; �/ are not uniformly convergent and diverge
for .'; #/ D . ; �/ and .x; y/ D .�; �/, respectively. This reveals the logarithmic
singularity of the diagonal elements of G. To improve the series convergence, we can
split off the terms responsible for the singularity similar to what we used repeatedly
earlier in this manual.

It is worth noting that there is a particular instance of the problem in (6.89)–(6.94),
for which all series in the elements of the matrix of Green’s type that we just found
allow a complete summation: (i) if both elements in the assembly under consideration
are made out of the same material (�1 D �2 and, subsequently, � D 1), and (ii) if
the Dirichlet boundary condition is imposed at x D a in (6.91) (implying ˛ D 0 and
ˇ D 1), then the elements of G reduce to

G11.'; # I ; �/ D 1

4�
ln

e2a � 2ˆ‰ cos.# � �/C e�2aˆ2‰2
ˆ2 � 2ˆ‰ cos.# � �/C‰2

;

G12.'; # I �; �/ D 1

4�
ln

e2a � 2e�ˆ cos.# � �/C e2.��a/ˆ2

e2� � 2e�ˆ cos.# � �/Cˆ2
;

G21.x; yI ; �/ D 1

4�
ln

e2a � 2ex‰ cos.y � �/C e2.x�a/‰2
e2x � 2ex‰ cos.y � �/C‰2

;

and

G22.x; yI �; �/ D 1

4�
ln

e2.a�x/ � 2e.��x/ cos.y � �/C e2.��a/

1 � 2e.��x/ cos.y � �/C e2.��x/ ;

where

ˆ D tan'=2 and ‰ D tan =2:

In one of this Chapter Exercises, we challenge the reader to derive the above compact
formulas.

Example 6.7. Let a thin hemispherical shell of unit radius, whose middle surface is
� D ¹0 < ' < �; 0 < # < �º, consist of two congruent segments �1 D ¹0 < ' <

�=2; 0 < # < �º and �2 D ¹�=2 < ' < �; 0 < # < �º. Let the segments be made
out of different homogeneous isotropic materials whose conductivities are defined by
�1 and �2, respectively.
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Consider the following well-posed boundary-value problem defined in spherical
coordinates

r2ui .'; #/ D �fi .'; #/; .'; #/ 2 �i ; i D 1; 2; (6.116)

u1.'; 0/ D u1.'; �/; u2.'; 0/ D u2.'; �/; (6.117)

lim
'!0

ju1.'; #/j < 1; lim
'!�

ju2.'; #/j < 1; (6.118)

and

u1.�=2; #/ D u2.�=2; #/;
@u1.�=2; #/

@'
D �

@u2.�=2; #/

@'
; (6.119)

where r2 is the Laplace operator and � D �2=�1.
If ui .'; #/ and fi .'; #/, for i D 1; 2, are expanded in the Fourier sine-series

ui .'; #/ D
1X
nD1

uin.'/ sinn# and fi .'; #/ D
1X
nD1

fin.'/ sinn#; (6.120)

then the coefficients u1n.'/ and u2n.'/ in the first of them are defined through the
following three-point-posed boundary-value problem

1

sin'

d

d'

�
sin'

du1n.'/

d'

�
� n2u1n.'/

sin2 '
D �f1n.'/; ' 2 .0; �=2/; (6.121)

1

sin'

d

d'

�
sin'

du2n.'/

d'

�
� n2u2n.'/

sin2 '
D �f2n.'/; ' 2 .�=2; �/; (6.122)

lim
'!0

ju1n.'/j < 1; lim
'!�

ju2n.'/j < 1; (6.123)

and

u1n.�=2/ D u2n.�=2/;
du1.�=2/

d'
D �

du2.�=2/

d'
: (6.124)

As we recalled in Example 6.6, a fundamental set of solutions to the homogeneous
equation corresponding to (6.121) can be represented by the functions tann '=2 and
cotn '=2. Selecting the latter, the general solutions to the equations in (6.121) and
(6.122) are obtained as

u1n.'/ D
Z '

0

1

2n

�
tann

 

2
cotn

'

2
� tann

'

2
cotn

 

2

�
f1n. / sin d 

C C1 tann
'

2
CD1 cotn

'

2
(6.125)
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and

u2n.'/ D
Z '

�
2

1

2n

�
tann

 

2
cotn

'

2
� tann

'

2
cotn

 

2

�
f1n. / sin d 

C C2 tann
'

2
CD2 cotn

'

2
: (6.126)

The constants of integration in the above expressions for u1n.'/ and u2n.'/ can
be obtained by imposing the boundary and contact conditions (6.123) and (6.124),
yielding

D1 D 0; C2 D 1

2n

Z �

�
2

cotn
 

2
f2n. / sin d ;

C1 D 1

2n

Z �
2

0

�
cotn

 

2
C 1 � �
1C �

tann
 

2

�
f1n. / sin d 

C �

n.1C �/

Z �

�
2

cotn
 

2
f2n. / sin d 

and

D2 D 1

n.1C �/

Z �
2

0

tann
 

2
f1n. / sin d 

� 1 � �
2n.1C �/

Z �

�
2

cotn
 

2
f2n. / sin d :

After substituting C1 and D1 into (6.125), the latter transforms to

u1n.'/ D 1

2n

Z '

0

�
tann

 

2
cotn

'

2
� tann

'

2
cotn

 

2

�
f1n. / sin d 

C 1

2n

Z �
2

0

�
cotn

 

2
C 1 � �
1C �

tann
 

2

�
tann

'

2
f1n. / sin d 

C �

n.1C �/

Z �

�
2

cotn
 

2
tann

'

2
f2n. / sin d (6.127)

whilst, after substituting C2 and D2 into (6.126), we obtain

u2n.'/ D 1

2n

Z '

�
2

�
tann

 

2
cotn

'

2
� tann

'

2
cotn

 

2

�
f2n. / sin d 

C 1

2n

Z �

�
2

�
tann

'

2
� 1 � �
1C �

cotn
'

2

�
cotn

 

2
f2n. / sin d 

C �

n.1C �/

Z �
2

0

tann
 

2
cotn

'

2
f1n. / sin d : (6.128)
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Hence, the solution of the boundary-value problem in (6.121)–(6.124) is expressed
in integral form in (6.127) and (6.128), providing matrix of Green’s type for the cor-
responding homogeneous problem. Elements of its first row appear as

gn11.';  / D 1

2n

�
cotn

 

2
C 1 � �
1C �

tann
 

2

�
tann

'

2
; 0 � ' �  � �

2
;

and

gn12.';  / D �

n.1C �/
cotn

 

2
tann

'

2
; 0 � ' � �

2
�  � �;

whilst for elements of the second row, we have

gn21.';  / D 1

n.1C �/
cotn

'

2
tann

 

2
; 0 �  � �

2
� ' � �;

and

gn22.';  / D 1

2n

�
tann

'

2
� 1 � �
1C �

cotn
'

2

�
cotn

 

2
;

�

2
� ' �  � �:

To complete our derivation procedure, we follow the pattern developed in Example
6.6. We express the right-hand side functions f1n. / and f2n. / in (6.127) and
(6.128) in terms of the functions f1.'; #/ and f2.'; #/ of (6.116) by making use of
the standard Fourier–Euler formulas. Subsequently, we substitute u1n.'/ and u2n.'/
into the first series in (6.120). This reduces the solution of equations (6.116)–(6.119)
to

u1.'; #/ D
Z �

2

0

Z �

0

G11.'; # I ; �/f1. ; �/ sin d�d (6.129)

C
Z �

�
2

Z �

0

G12.'; # I ; �/f2. ; �/ sin d�d ; .'; #/ 2 �1;

and

u2.'; #/ D
Z �

2

0

Z �

0

G21.'; # I ; �/f1. ; �/ sin d�d (6.130)

C
Z �

�
2

Z �

0

G22.'; # I ; �/f2. ; �/ sin d�d ; .'; #/ 2 �2;

which explicitly gives us the elements

Gi;j .'; # I ; �/ D 2

�

1X
nD1

gni;j .';  / sinn# sinn�; i; j D 1; 2; (6.131)
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of the matrix of Green’s type for the homogeneous boundary-value problem corre-
sponding to (6.116)–(6.119).

The series in (6.131) are completely summable, so that we arrive at

G11.'; # I ; �/ D 1

4�

�
H0.ˆ; # I‰; �/C 1 � �

1C �
H1.ˆ; # I‰; �/

�
; (6.132)

G12.'; # I ; �/ D �

2�.1C �/
H0.ˆ; # I‰; �/; (6.133)

G21.'; # I ; �/ D 1

2�.1C �/
H0.ˆ; # I‰; �/; (6.134)

and

G22.'; # I ; �/ D 1

4�

�
H0.ˆ; # I‰; �/ � 1 � �

1C �
H1.ˆ; # I‰; �/

�
(6.135)

with

H0.ˆ; # I‰; �/ D ln
ˆ2 � 2ˆ‰ cos.# C �/C‰2

ˆ2 � 2ˆ‰ cos.# � �/C‰2

and

H1.ˆ; # I‰; �/ D ln
1 � 2ˆ‰ cos.# C �/Cˆ2‰2

1 � 2ˆ‰ cos.# � �/Cˆ2‰2

with ˆ and ‰, as introduced earlier in Example 6.6, being

ˆ D tan'=2 and ‰ D tan =2:

In one of the Chapter Exercises, we challenge the reader to perform the actual
summation of the series in (6.131) in order to obtain a closed analytical formulas for
the elements Gi;j .'; # I ; �/ exhibited in (6.132)–(6.135).

Example 6.8. Consider an assembly of two thin-walled elements, as depicted in Fig-
ure 6.8, consisting of a circular plate with radius R, joined to a segment of a toroidal
shell, having a circular meridian cross-section. Let the plate’s middle plane and the
shell’s middle surface occupy the regions �1 D ¹0 < r < R; 0 � # < 2�º and
�2 D ¹�=2 < ' < '0; 0 � # < 2�º, respectively, with 0 < '0 < � . Let the shell’s
meridian cross-section represent a unit circle while the plate’s radius R is greater than
one. Assume also that both elements are made out of the same isotropic homogeneous
material.

If the interior and exterior surfaces are insulated, the potential field in such an as-
sembly can be modeled by the equations

1

r

@

@r

�
r
@u1.r; #/

@r

�
C 1

r2
@2u1.r; #/

@#2
D �f1.r; #/; .r; #/ 2 �1; (6.136)
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a

R
r

ϕ0

Ω1

Ω2

ϑ

Figure 6.8. Circular plate joint with toroidal shell.

and

1

D

@

@'

�
D
@u2.'; #/

@'

�
C 1

D2
@2u2.'; #/

@#2
D �f2.'; #/; .'; #/ 2 �2; (6.137)

with D representing a function of ', defined as D.'/ D RC sin'.
Let equations (6.136) and (6.137) be subject to the boundary and contact conditions

lim
'!0

ju1.'; #/j < 1; u2.'0; #/ D 0 (6.138)

and

u1.R; #/ D u2.0; #/;
@u1.R; #/

@r
D @u2.0; #/

@'
: (6.139)

Clearly, the above problem assumes 2�-periodicity with respect to the angular coordi-
nate # . With this in mind, we expand u1.r; #/ and u2.'; #/ as well as the right-hand
side functions f1.r; #/ and f2.'; #/in (6.136) and (6.137) in the Fourier series

u1.r; #/ D 1

2
u10.r/C

1X
nD1

uc1n.r/ cosn# C us1n.r/ sinn#;

f1.r; #/ D 1

2
f10.r/C

1X
nD1

f c1n.r/ cosn# C f s1n.r/ sinn# (6.140)

and

u2.'; #/ D 1

2
u20.'/C

1X
nD1

uc2n.'/ cosn# C us2n.'/ sinn#;

f2.'; #/ D 1

2
f20.'/C

1X
nD1

f c2n.'/ cosn# C f s2n.'/ sinn#: (6.141)
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This results in a set (n D 0; 1; 2; : : : ) of three-point-posed boundary-value prob-
lems for the coefficients of the above expansions u1n.r/ and u2n.'/. We have to
consider n D 0 individually. Evidently, we arrive at the following problem formula-
tion:

1

r

d

dr

�
r
du10.r/

dr

�
D �f10.r/; 0 < r < R; (6.142)

1

D.'/

d

d'

�
D.'/

du20.'/

d'

�
D �f20.'/; 0 < ' < '0; (6.143)

lim
'!0

ju10.'/j < 1; u20.'0/ D 0; (6.144)

u10.R/ D u20.0/;
du10.R/

dr
D du20.0/

d'
: (6.145)

As we recalled repeatedly, earlier in this book, a fundamental set of solutions for
the equation

1

r

d

dr

�
r
du10.r/

dr

�
D 0

can be composed of the functions

u
.1/
10 .r/ D 1 and u

.2/
10 .r/ D ln r:

With regard to a fundamental set of solutions for the equation

1

D.'/

d

d'

�
D.'/

du20.'/

d'

�
D 0;

we note that one of its components is trivial, u.1/20 .'/ D 1, whilst for the second

component u.2/20 .'/ we arrive, after straightforward integration, at

u
.2/
20 .'/ D 2p

R2 � 1 arctan
1CR tan'=2p

R2 � 1 : (6.146)

Using the fundamental sets of solutions just displayed and following our routine
procedure, we obtain the matrix of Green’s type for the homogeneous problem corre-
sponding to (6.142)–(6.145) the elements of which appear as

g011.r; %/ D
´
T .'0; 0/ � ln %=R; r � %;

T .'0; 0/ � ln r=R; r � %;
g012.r;  / D T .'0;  /

g021.'; %/ D T .'0; '/; g022.';  / D
´
T .'0;  /; ' �  ;

T .'0; '/; ' �  ;
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with the function T .';  / being defined in terms of the component u.2/20 .'/ as

T .';  / D u
.2/
20 .'/ � u.2/20 . /

which, after some elementary algebra, appears in the form

T .';  / D 2p
R2 � 1 arctan

 p
R2 � 1 sin.' �  /=2

R cos.' �  /=2C sin.' �  /=2

!
:

Returning now to the case of n D 1; 2; 3; : : : , we arrive at the three-point-posed
boundary-value problem

1

r

d

dr

�
r
du1n.r/

dr

�
� n2

r2
u1n.r/ D �f1n.r/; 0 < r < R; (6.147)

1

D

d

d'

�
D
du2n.'/

d'

�
� n2

D2
u2n.'/ D �f2n.'/; 0 < ' < '0; (6.148)

lim
'!0

ju1n.'/j < 1; u2n.'0/ D 0; (6.149)

u1n.R/ D u2n.0/;
du1n.R/

dr
D du2n.0/

d'
(6.150)

for the coefficients u1n.r/ and u2n.'/ of the series in (6.140) and (6.141).
Recall the standard fundamental set of solutions

u
.1/
1n .r/ D rn and u

.2/
1n .r/ D r�n

for the equation

1

r

d

dr

�
r
du1n.r/

dr

�
� n2

r2
u1n.r/ D 0:

The fundamental set of solutions for the equation

1

D

d

d'

�
D
du2n.'/

d'

�
� n2

D2
u2n.'/ D 0

can be composed of the functions [33]

S1.'/ D exp

�
2np
R2 � 1 arctan

1CR tan'=2p
R2 � 1

�
and

S2.'/ D exp

�
� 2np

R2 � 1 arctan
1CR tan'=2p

R2 � 1

�



310 Chapter 6 PDE Matrices of Green’s type

With the fundamental sets of solutions mentioned above, the elements of the matrix
of Green’s type for the homogeneous problem corresponding to (6.147)–(6.150) are
founds as

gn11.r; %/ D 1

2n

��
r

%

�n
� S1.0/S2.'0/

S1.'0/S2.0/

� r%
R2

	n�
; r � %;

gn12.r;  / D 1

2n

� r
R

	n S1.0/

S1.'0/
ŒS1.'0/S2. / � S1. /S2.'0/	;

gn21.'; %/ D 1

2n

� %
R

	n ŒS1.'0/S2. / � S1. /S2.'0/	
S1.'0/S2.0/

;

and

gn22.';  / D 1

2n

S1.'/

S1.'0/
ŒS1.'0/S2. / � S1. /S2.'0/	; ' �  :

Note that, in order to obtain gn11.r; %/ for r � %, and gn22.';  / for ' �  , we
exchange the variables in the above formulas.

Proceeding with our derivation procedure, we obtain the elements of the matrix of
Green’s type for the homogeneous problem corresponding to (6.136)–(6.139) in series
form

G11.r; # I %; �/ D 1

2�
g011.r; %/C 1

�

1X
nD1

gn11.r; %/ cosn.# � �/; (6.151)

G12.r; # I ; �/ D 1

2�
g012.r;  /C 1

�

1X
nD1

gn12.r;  / cosn.# � �/; (6.152)

G21.'; # I %; �/ D 1

2�
g021.'; %/C 1

�

1X
nD1

gn21.'; %/ cosn.# � �/; (6.153)

and

G22.'; # I ; �/ D 1

2�
g022.';  /C 1

�

1X
nD1

gn22.';  / cosn.# � �/: (6.154)

The series in the above equations are completely summable. After performing some
elementary but quite cumbersome algebra, we obtain

1X
nD1

gn11.r; %/ cosn.# � �/ D 1

4
ln
R4 � 2˛R2r% cos.# � �/C .˛r%/2

R2.r2 � 2r% cos.# � �/C %2/
;

1X
nD1

gn12.r;  / cosn.# � �/ D 1

4
ln
R2 � 2�Rr cos.# � �/C .�r/2

R2 � 2ˇRr cos.# � �/C .ˇr/2
;

1X
nD1

gn21.'; %/ cosn.# � �/ D 1

4
ln
R2 � 2�R% cos.# � �/C .�%/2

R2 � 2ıR% cos.# � �/C .ı%/2
;
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and

1X
nD1

gn22.';  / cosn.# � �/ D 1

4
ln
1 � 2! cos.# � �/C !2

1 � 2� cos.# � �/C �2
;

where the parameters ˛; ˇ; �; ı; �; !; and � are introduced as

˛ D n

s
S1.0/S2.'0/

S1.'0/S2.0/
; � D n

s
S1.0/S2.'0/S1. /

S1.'0/
;

ˇ D n
p
S1.0/S2. /; ı D n

s
S2.'/

S2.0/
; � D n

s
S1.'/S2.'0/

S1.'0/S2.0/
;

and

! D n

s
S1.'/S2.'0/S1. /

S1.'0/
; � D n

p
S1.'/S2. /:

Hence, the expressions in (6.151)–(6.154) are computer-friendly and are ready for
immediate practical implementation.

Example 6.9. Let a thin hemispherical shell of radius a, with middle surface �1 D
¹0 < ' < �=2; 0 < # < 2�º, be joined to another congruent hemispherical shell,
with middle surface �3 D ¹�=2 < ' < �; 0 < # < 2�º, and to a thin annular plate
occupying the region �2 D ¹a < r < b; 0 < # < 2�º , forming a ‘Saturn’ type
assembly. Let each of the elements be made out of an isotropic homogeneous con-
ducting material. In addition, the thickness of the elements is assumed to be negligibly
small compared to the shells’ radius a and to the width of the plate w D b � a.

Assuming that all surfaces of the assembly are insulated, the two-dimensional po-
tential field in the assembly can be modeled by the following system of equations

1

sin'

@

@'

�
sin'

u1.'; #/

@'

�
C 1

sin2 '

@2u1.'; #/

@#2
D 0; .'; #/ 2 �1; (6.155)

1

r

@

@r

�
r
@u2.r; #/

@r

�
C 1

r2
@2u2.r; #/

@#2
D 0; .r; #/ 2 �2; (6.156)

1

sin'

@

@'

�
sin'

u3.'; #/

@'

�
C 1

sin2 '

@2u3.'; #/

@#2
D 0; .'; #/ 2 �3; (6.157)

subject to the boundary and contact conditions

lim
'!0

ju1.'; #/j < 1; u2.b; #/ D 0; lim
'!�

ju3.'; #/j < 1; (6.158)

u1.�=2; #/ D u2.a; #/ D u3.�=2; #/ (6.159)
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and

�1
@u1.�=2; #/

@'
� �2 @u2.a; #/

@r
� �3 @u3.�=2; #/

@'
D 0; (6.160)

where �i ;(i D 1; 2; 3) represent conductivities of the materials out of which the as-
sembly elements are made.

Note that the above problem, in contrast to nearly all the others that we considered
so far, is defined for the homogeneous equations in (6.155)–(6.157). We will not de-
scribe the derivation procedure in detail, which would involve expressing the solution
to the problem in integral form, with the product of the sought-after matrix of Green’s
type and the vector of the right-hand side functions in the set of governing equations.
Instead, we will only display ultimate expressions for the elements of the matrix of
Green’s type.

Since the setting in (6.155)–(6.160) is 2�-periodic with respect to # , our customary
procedure allows us to express the elements of its matrix of Green’s type

G.x; # I �; �/ D .Gi;j .x; # I �; �//i;jD1;3

in trigonometric series form

Gi;j .x; # I �; �/ D 1

�

"
1

2
g0i;j .x; �/C

1X
nD1

gni;j .x; �/ cosn.# � �/
#

(6.161)

with x and � conditional notations for the first coordinate of the observation and the
source point, respectively.

The coefficients gni;j .x; �/; .n D 0; 1; 2; : : :/ of the series in (6.161) represent
elements of the matrix of Green’s type for a four-point-posed boundary-value problem
for the set of ordinary differential equations

1

sin'

d

d'

�
sin'

u1n.'/

d'

�
� n2

sin2 '
u1n.'/ D 0; ' 2 .0; �=2/; (6.162)

1

r

d

dr

�
r
du2n.r/

dr

�
� n2

r2
u2n.r/ D 0; r 2 .a; b/; (6.163)

1

sin'

d

d'

�
sin'

u3n.'/

d'

�
� n2

sin2 '
u3n.'/ D 0; ' 2 .�=2; �/; (6.164)

on the edges of the graph depicted in Figure 6.9. Recall that we developed the back-
ground for such a graph-based statement earlier, in Chapter 5.

The set of equations (6.162)–(6.164) is subject to the boundary conditions

lim
'!0

ju1n.'/j < 1; u2n.b/ D 0; lim
'!�

ju3n.'/j < 1 (6.165)
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ϑ

ϕ

Ω1
Ω2

Ω3

a b r

Figure 6.9. ‘Saturn’ type thin-walled assembly.

imposed at the end-points E1; E2;and E3 of the graph, and to the ideal contact con-
ditions

u1n.�=2/ D u2n.a/ D u3n.�=2/; (6.166)

�1
du1n.�=2/

d'
� �2du2n.a/

dr
� �3du3n.�=2/

d'
D 0 (6.167)

imposed at the graph’s vertex V .
For the sake of simplicity, we assume in the following development, that each ele-

ment of the assembly is made out of the same material, implying �1 D �2 D �3. In
addition, we assume the unit radius a D 1 for the hemispherical shells occupying �1
and �3.

As usual, we need to treat the case of n D 0 individually, since its fundamental set
of solutions is different from the one we found for n D 1; 2; 3; : : : . The components
g0i;j .x; �/ of the elements Gi;j .x; # I �; �/ in (6.161) are found to be

g011.';  / D ln

�
b cot

 

2

�
; ' �  I g012.'; %/ D ln

b

r
I g013.';  / D ln bI

g021.r;  / D ln
b

r
I g022.r; %/ D ln

b

%
; r � %I g023.r;  / D ln

b

r
I

g031.';  / D ln bI g032.'; %/ D ln
b

%
I g033.';  / D ln

�
b tan

'

2

	
; ' �  :

Note that to obtain the diagonal elements g011.';  / and g033.';  / for ' �  , and
the element g022.r; %/ for r � %, we exchange the variables in the above equations.

For n D 1; 2; 3; : : : , the components gn1;j .'; �/ (with the second variable � con-
ditionally denoting the first coordinate of the source point) in the first row elements
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G1;j .'; # I �; �/ of (6.161) are expressed as

gn11.';  / D 1

2n��

´
tann '

2
Œ�� cotn  

2
� .bn C b�n/ tann  

2
	; ' �  ;

tann  
2
Œ�� cotn '

2
� .bn C b�n/ tann '

2
	; ' �  ;

gn12.'; %/ D 1

n��

��
b

%

�n
�
�%
b

	n�
tann

'

2
;

and

gn13.';  / D bn � b�n
n�� tann

'

2
cotn

 

2
:

For the components of the elements in the second row, we get

gn21.r;  / D 1

n��

��
b

r

�n
�
� r
b

	n�
tann

 

2
;

gn22.r; %/ D 1

2n��

8<:.3r
n � r�n/

h�
b
%

	n � �
%
b

�ni
; r � %;

.3%n � %�n/
h�
b
r

	n � �
r
b

�ni
; r � %;

and

gn23.r;  / D 1

n��

��
b

r

�n
�
� r
b

	n�
cotn

 

2
:

The components of the elements in the last row appear as

gn31.';  / D bn � b�n
n�� cotn

'

2
tann

 

2
;

gn32.'; %/ D 1

n��

��
b

%

�n
�
�%
b

	n�
cotn

'

2
;

and

gn33.';  / D 1

2n��

´
cotn  

2
Œ�� cotn '

2
� .bn C b�n/ cotn '

2
	; ' �  ;

cotn '
2
Œ�� cotn  

2
� .bn C b�n/ cotn  

2
	; ' �  ;

where, in all components above, �� D 3bn � b�n.
Note that the series in the diagonal elements Gi;i .x; # I �; �/ of the matrix

G.x; # I �; �/ in (6.161), with coefficients gnij as just found, do not (and cannot) con-
verge uniformly. This is an unavoidable consequence of the logarithmic singularity
and decreases the practicality of the expansions in (6.161). However, the situation can
be notably improved by using a partial summation of the series, transforming the com-
ponents responsible for the singularity into elementary functions, which significantly
raises the rate of convergence of the series.
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To illustrate this improvement, we display final expressions for several of the ele-
ments of G.x; # I �; �/, after their series representations have been partially summed.
In this case, the elements of the first column reduce to

G11.'; # I ; �/ D � 1

12�

²
2

1X
nD1

bn C b�n
nb2n�� ˆ

n‰n cosn.# � �/

� ln
b2.1 � 2ˆ‰‚Cˆ2‰2/.b4 � 2b2ˆ‰‚Cˆ2‰2/

.ˆ2 � 2ˆ‰‚C‰2/3

³
;

G21.r; # I ; �/ D 1

6�

²
2

1X
nD1

b2n � r2n
nb3nrn��‰

n cosn.# � �/

C ln
b4 � 2rb2‰‚C r2‰2

br.r2 � 2r‰‚C‰2/

³
;

and

G31.'; # I ; �/ D 1

6�

²
2

1X
nD1

bn � b�n
nb2n�� ˆ

�n‰n cosn.# � �/

C ln
ˆ2b4 � 2b2ˆ‰‚C‰2

b.ˆ2 � 2ˆ‰‚C‰2/

³
;

where we introduce

ˆ D tan
'

2
; ‰ D tan

 

2
; and ‚ D cos.# � �/

for compactness.
Similarly, we can derive a computer-friendly formula for the remaining elements of

the matrix of Green’s type for the problem in (6.155)–(6.160). In one of the Chapter
Exercises, we recommend the reader to perform this derivation.

6.4 Chapter Exercises

1. Construct a matrix of Green’s type for a problem modeling the potential field
on the infinite strip � D ¹�1 < x < 1; 0 < y < bº, comprised of the two
semi-strips: �1 D ¹�1 < x < 0; 0 < y < bº and �2 D ¹0 < x < 1; 0 <

y < bº, each filled with a homogeneous isotropic conducting material, whose
conductivities are �1 and �2, respectively. Assume ideal contact between the
fragments and let the boundary conditions be imposed as

u1.x; 0/ D u2.x; 0/ D @u1.x; b/

@y
D @u2.x; b/

@y
D 0:
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2. Construct a matrix of Green’s type for the Dirichlet problem modeling the po-
tential field on the rectangle � D ¹�a < x < a; 0 < y < bº, comprised of two
other rectangles, which are in ideal contact: �1 D ¹�a < x < 0; 0 < y < bº
and �2 D ¹0 < x < a; 0 < y < bº, each filled with a homogeneous isotropic
conducting material whose conductivities are �1 and �2, respectively.

3. Construct a matrix of Green’s type for a problem modeling the potential field
on the compound half-disk � D ¹0 < r < b; 0 < ' < �º, consisting of two
segments, in ideal contact: �1 D ¹0 < r < a; 0 < ' < �º and�2 D ¹a < r <
b; 0 < ' < �º, each filled with a homogeneous isotropic conducting material
whose conductivities are �1 and �2, respectively. Let the boundary conditions
be

u1.r; 0/ D u2.r; 0/ D u1.r; �/ D u2.r; �/ D @u2.b; '/

@r
D 0:

4. Determine the potential field generated by a unit point source, arbitrarily placed
within a thin-walled structure composed of two segments, one of which is a
hemispherical shell with radius R1; whose middle surface occupies the region
�1 D ¹.'1; #1/j0 < '1 < �=2; 0 � #1 < 2�º; whilst the second segment
is the spherical belt �2 D ¹.'2; #2/j'0 < '2 < �=2; 0 � #2 < 2�º with
radius R2 greater than R1. Note that the contact line between the segments is
the equator '1 D �=2 of the hemispherical segment, whereas for the second
segment it is the parallel '2 D '0. This predetermines the parameter '0 as
arcsin.R1=R2/. Assume that the inner and the outer surfaces of the structure
are insulated, with ideal contact taking place between the fragments. Let �1
and �2 represent the conductivities of the materials out of which the fragments
are made and, finally, let the Dirichlet boundary condition u2.�=2; #2/ D 0 be
imposed on the free edge of the structure.

5. Derive the compact expressions for the elements of matrix of Green’s type, as
displayed in Example 6.6.

6. Perform the summation of the series in (6.131) in Example 6.7 in order to obtain
closed analytical formulas for elements of the matrix of Green’s type shown in
(6.132)–(6.135).

7. Derive a computer-friendly formula for all the elements of the matrix of Green’s
type, where the series representations were obtained in Example 6.9.



Chapter 7

Diffusion Equation

In the last two chapters, we will focus on parabolic partial differential equations. We
will develop and use, in this chapter in particular, a special technique for obtaining
Green’s functions for a number of problems for the classical diffusion (heat) equation
which has multiple applications in engineering and natural sciences. The next chapter
also deals with parabolic equations. We will turn the reader’s attention to the so-called
Black–Scholes equation, which had relatively recently emerged as a powerful driving
force in financial mathematics (see [8, 52, 55, 65, 75]). There, we will construct
Green’s functions for a number of terminal-boundary-value problems for the Black–
Scholes equation.

The discussion that we will initiate in the present chapter, touches upon techniques
for obtaining accurately computable formulas for Green’s functions for a wide range
of problems for the diffusion equation in one and two spatial dimensions. The ap-
proach based on the Green’s function formalism has traditionally been widely used
for problem solving in the field (e.g. [9, 13, 17, 29, 45, 46]), providing the user with a
reasonably rigorous background for numeric work.

We intend to show that the experience we gained earlier in this book, in dealing
with elliptic equations, can as well be used successfully for at least several particular
problem settings for the diffusion equation. We will present a brief discussion on the
potential of our approach, and we will provide evidence that it allows us to obtain
several alternative formulas for Green’s functions which are, in many cases, more
economical computationally, compared to those already available in the literature.
What is especially important, with the aid of our approach to the diffusion equation,
many new expressions for Green’s functions can be constructed.

In Section 7.1, we will briefly address basic concepts of the Laplace integral trans-
form, which represents an important part of our approach to the construction of
Green’s functions for parabolic equations. We will review only those concepts from
the subject, that are essential to our discussion later in both Chapter 7 and Chapter 8.
The next two sections of the current chapter will describe methods that can be used to
obtain compact formulas for Green’s functions and matrices of Green’s type, for the
diffusion equation in one and two spatial variables.



318 Chapter 7 Diffusion Equation

7.1 Basics of the Laplace Transform

In those areas of engineering and natural sciences where processes and phenomena are
modeled by partial differential equations, various integral transforms have tradition-
ally been used. One of them is the Laplace transform, which turns out to be especially
efficient in the diffusion (heat) equation. In this section, we will recall only the very
basics of the Laplace transform. Since topics related to this transform have tradi-
tionally been included in standard undergraduate courses on differential equations, it
seems reasonable to assume that our reader has at least a rudimentary background in
this field.

Our objective in this section is not to deliver a detailed presentation of the theory of
Laplace transform and its applications. This would simply be impossible within the
scope of a single brief section. We target a more modest goal: in reviewing the subject,
we restrict our presentation to the elementary aspects of the Laplace transform, that
are required to proceed with the discussion in this and the next chapter. For a more
detailed analysis of this subject, we refer the reader to more specialized sources like
[13, 17, 29, 35, 37, 63].

Definition. Let f .t/ represent a function of the real variable t and let it be defined
for t � 0. Now, the function F.p/, defined as the improper integral

F.p/ D
Z 1

0

e�ptf .t/dt (7.1)

is called the Laplace transform of f .t/, provided that the foregoing improper integral
converges.

In conventional sources related to the method of the Laplace transform, the function
f .t/ is customarily referred to as the original.

We will be using the standard short-hand notation

F.p/ D L¹f .t/º
for the relation in (7.1) between the original f .t/ and its Laplace transform F.p/.

It can be readily shown that the existence of the Laplace transform F.p/ (that is, the
convergence of the improper integral in (7.1)) is guaranteed, if the original function
f .t/ is piecewise continuous on the interval [0;1) and also is of exponential order.
A function f .t/ is said to be of exponential order, if there exist nonnegative numbers
�;M and t0 such that

jf .t/j � M e�t

for t > t0. This condition is sufficient for the Laplace transform F.p/ to exist for all
p > � .
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The argument p of the Laplace transform F.p/ in (7.1) represents a complex vari-
able and the original function f .t/ can be found in terms of F.p/ as the following
inverse transform

f .t/ D lim
R!1

Z �CiR

��iR
F.p/eptdp: (7.2)

In our notation of the relation in (7.2), we use the conventional short-hand

L�1¹F.p/º D f .t/:

Applications of the Laplace transform method to a problem in applied mathematics
involves: (i) finding the direct Laplace transform (that is, converting f .t/ onto F.p/
by taking the integral in (7.1)) of the original problem (if the latter is somewhat diffi-
cult to tackle otherwise), (ii) solving the problem that results from stage (i) (these are,
in most cases, much easier to solve), and (iii) finding the inverse Laplace transform
by taking the integral in (7.2).

Laplace transforms can readily be obtained for most specific types of originals. This
is a matter the straightforward integration in (7.1): it is not too difficult to integrate
the product of the exponential function with most elementary and even with special
functions. Subsequently, rather extensive tables of the f .t/ , F.p/ relationship are
available in nearly every existing textbook and handbook on engineering and science
which discusses the topic (see, for example, [13, 29, 37, 63]).

From the appearance of the inverse Laplace transform in (7.2), it follows that we
expect finding the original f .t/, given its transform F.p/, to be more complicated.
However, we should note that direct computation of the integral in (7.2) can in many
cases be avoided since, given a transform F.p/, it is often possible to find the corre-
sponding original in the existing tables of integral transforms. However, this might
not be the case in reality. If so, then actual integration in the plane of complex vari-
able becomes the only method of computing the original. In cases when the analytical
integration in (7.2) fails, numerical methods are unavoidable.

In the following, we review several important properties of the Laplace transform
and will present a number of specific f .t/ , F.p/ relations, which are critical to
our developments in this and the next chapter.

We begin with the Linearity Property, which states that the Laplace transform of a
linear combination of functions equals a linear combination of the transforms of each
of the functions. That is

L

´
nX
iD1

Cifi .t/

μ
D
Z 1

0

e�pt
nX
iD1

Cifi .t/dt

D
nX
iD1

Ci

Z 1

0

e�ptfi .t/dt: (7.3)



320 Chapter 7 Diffusion Equation

It is evident that this property is a direct corollary of the linearity property of a
definite (improper) integral.

Differentiation of the original is another important property of the Laplace trans-
form, which is widely usable when implemented to solve differential equations. It
states that the transform of the derivative of f .t/ can be found in terms of the trans-
form F.p/ of f .t/ itself as

L
²
df .t/

dt

³
D
Z 1

0

e�pt
�
df .t/

dt

�
dt D pF.p/ � f .0/:

This property can be readily justified performing integration by parts:Z 1

0

e�pt
�
df .t/

dt

�
dt

writing the integrand as

e�pt D u; du D �pe�ptdt; df .t/

dt
dt D dv; v D f .t/

yieldingZ 1

0

e�pt
�
df .t/

dt

�
dt D e�ptf .t/

ˇ̌̌̌1
0

C p

Z 1

0

e�ptf .t/dt D pF.p/ � f .0/;

which justifies the property.
Integration of the original is another widely usable property of the Laplace trans-

form. However, before going to its formulation and justification, it is convenient to
prove an important statement, which is usually referred to as the Convolution Theo-
rem for the Laplace transform: if the functions f .t/ and '.t/ are piecewise continuous
on the interval [0;1), are also of exponential order, and if F.p/ and ˆ.p/ represent
the transforms of f .t/ and '.t/, respectively, then

L
²Z t

0

f .�/'.t � �/d�
³

D
Z 1

0

e�pt
�Z t

0

f .�/'.t � �/d�
�
dt D F.p/ˆ.p/:

To proceed with the proof of the above statement, let

F.p/ D
Z 1

0

e�p	f .�/d� and ˆ.p/ D
Z 1

0

e�p�'.�/d�

represent the Laplace transforms of f .t/ and '.t/, respectively.
After multiplying F.p/ and ˆ.p/, we get

F.p/ˆ.p/ D
Z 1

0

e�p	f .�/d�
Z 1

0

e�p�f .�/d�

D
Z 1

0

Z 1

0

e�p.	C�/f .�/'.�/d�d�

D
Z 1

0

f .�/d�

Z 1

0

e�p.	C�/'.�/d�:
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By making � fixed and after introducing a new variable t D � C � , which yields
t � � D � and dt D d� , we can rewrite the above expression for F.p/ˆ.p/ in terms
of � and t as

F.p/ˆ.p/ D
Z 1

0

f .�/d�

Z 1

	

e�pt'.t � �/dt:

Since both the originals, f .t/ and '.t/ satisfy the conditions sufficient for the ex-
istence for the Laplace transform, the order of integration in the above expression is
not important. Hence, we exchange the order of integration

F.p/ˆ.p/ D
Z 1

0

e�ptdt
Z t

0

f .�/'.t � �/d�

which can be rewritten asZ 1

0

e�pt
�Z t

0

f .�/'.t � �/d�
�
dt

D L
²Z t

0

f .�/'.t � �/d�
³

D F.p/ˆ.p/ (7.4)

completing the proof of the convolution theorem. We are now ready to formulate the
integration property for the original. That is, to express the Laplace transform of the
integral Z t

0

f .�/d�

in terms of the Laplace transform F.p/ of the original f .t/, we first obtain the
Laplace transform of '.t/ D 1. That is

L¹1º D
Z 1

0

e�pt � 1dt D 1

p
:

In other words, ˆ.p/ D 1=p. Subsequently, if '.t/ D 1, the relation derived in (7.4)
implies

L
²Z t

0

f .�/d�

³
D
Z 1

0

e�pt
�Z t

0

f .�/d�

�
dt D F.p/

p
(7.5)

which gives us a very simple expression for the transform of the integral of the original
function, in terms of the transform of the original itself.

Translation Theorem specifies another property of the Laplace transform, which
is critical for our developments in this chapter. It states that if F.p/ represents the
Laplace transform of f .t/; and if ˇ is a real number, then

L¹eˇtf .t/º D
Z 1

0

e�pt Œeˇtf .t/	dt D F.p � ˇ/:
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The proof of this statement follows immediately from the definition of the Laplace
transform. To proceed with this, we rewrite the transform of the product eˇtf .t/ asZ 1

0

e�pt heˇtf .t/i dt D
Z 1

0

e�.p�ˇ/tf .t/dt:

As mentioned earlier in this section, our objective is to provide the reader with those
fundamentals of the Laplace transform method, which are crucial to the derivations
in the current chapter and the next one. In order to have all of those listed, within the
scope of the current section, provide several additional relations below, the first two
of which are the inverse transforms of an elementary and a special function, namely

L�1
²
1p
p

e�ap
p

³
D 1p

�t
e�a2

4t ; a � 0; (7.6)

and

L�1 ®K0.ap
p/
¯ D 1

2t
e�a2

4t ; (7.7)

where K0.a
p
p/ is the modified Bessel (or Macdonald) function of order zero of the

second kind, which we have already encountered in Chapter 5 when we discussed the
static Klein–Gordon equation.

Another important relation is the inverse transform of an elementary function, rep-
resenting a special function. That is,

L�1

´
e�ap

p

p
p.

p
p C b/

μ
D eb.btCa/erfc

�
b
p
t C a

2
p
t

�
; a � 0; (7.8)

with erfc.�/ a special function which is conventionally called the complementary er-
ror function (see [1, 3, 13, 27, 37]), and is defined as

erfc.�/ D 2p
�

Z 1

�

e�
2d�:

The relations in (7.6)–(7.8), as well as many others, can be found in standard tables
of integral transforms, available in numerous textbooks and handbooks within the
field. Here we recommend, for example, [37] and [63].

7.2 Green’s Functions

To introduce the notion of Green’s function for the diffusion equation, we consider a
simply connected region� belonging to the two-dimensional Euclidean space. Let�
be bounded with a piecewise smooth contour � D Sm

iD1 �i .
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Consider the following initial-boundary-value problem, where the homogeneous
diffusion equation

@u.P; t/

@t
D ~r2u.P; t/ � ˇu.P; t/; P 2 �; t > 0: (7.9)

is subject to the initial condition

u.P; 0/ D f .P /; P 2 �; (7.10)

and the boundary condition

˛i .P /
@u.P; t/

@ni
C �i .P /u.P; t/ D 0; i D 1;m; P 2 �i : (7.11)

In the above setting, r2 represents the Laplace operator in the coordinates of P ,
~ > 0 is a constant coefficient corresponding to, in physical settings, the thermal
diffusivity of the material filling the region, and ˇ is the convection coefficient. The
functions ˛i .P / and �i .P / in (7.11) are defined on � in such a way that at least one of
them is nonzero for every segment �i of � , whilst ni represents the direction normal
to �i in point P .

Assume that the initial-boundary-value problem specified in (7.9)–(7.11) is well-
posed (has a unique solution).

Definition. If the solution u.P; t/ of the initial-boundary-value problem in (7.9)–
(7.11) is expressed in integral form

u.P; t/ D
“
�

g.P; t IQ/f .Q/dQ; P 2 �; t > 0; (7.12)

then the kernel g.P; t IQ/ of the above equation is called the Green’s function of the
homogeneous (with f .P / � 0) problem corresponding to (7.9)–(7.11).

We believe that at this point in our presentation, it is appropriate to refer to a phys-
ical problem that can be modeled with the setting in (7.9)–(7.11), and recall a notion
that interprets the Green’s function g.P; t IQ/ in physical terms.

In the theory of heat conduction [13], the problem in (7.9)–(7.11) models the heat
flow in a thin plate occupying the region �. The plate is made of an isotropic homo-
geneous conductive material with thermal diffusivity ~. Through the plate’s lateral
surfaces, Newtonian cooling takes place, with the parameter ˇ being directly propor-
tional to the heat transfer coefficient. In particular, if ˇ D 0 then the surfaces of the
plate are insulated. The boundary condition in (7.11) specifies the heat exchange of
the plate with the surrounding media, with temperature at zero degrees, through the
edge � . In this physical context, the function u.P; t/ is referred to as the temperature
at a point P in the plate at time t .
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With the above interpretation, the Green’s function g.P; t IQ/ of the homogeneous
problem corresponding to that in (7.9)–(7.11) is called the influence function of a
point source and is interpreted as the temperature response at an observation point P
at time t , caused by an instant point source of heat, located in Q, released at time
t D 0. In addition, it is understood that g.P; t IQ/ is zero for t < 0.

Note that the definition we just introduced turns out to be somewhat instructional
with respect to the search of efficient procedures for the construction of Green’s func-
tions. To elaborate on this, we point out that if we aim to obtain the Green’s function
to the problem in (7.9)–(7.11), then it looks natural to try and find the solution to the
latter. The key part of such a strategy is that we aim not just to solve the problem,
but to find the solution in integral form, as in (7.12). With this achieved, the kernel of
(7.12) provides an explicit expression for the sought-after Green’s function.

The strategy that we just sketched will be a driving force behind our work in this
chapter. Keeping in mind the key idea, that we mentioned in the previous paragraph,
we have chosen a specific routine to construct the Green’s function, which turns out
to be effective in a vast number of particular problems. In the following series of ex-
amples, we will provide a convincing justification of our assertion that a combination
of the Laplace transform method and the method of variation of parameters method is
quite efficient for our purposes.

7.2.1 Problems with one Spatial Variable

Example 7.1. We try to find the Green’s function for the diffusion equation, for all
of two-dimensional space � D ¹�1 < x < 1; t > 0º. This is usually referred to as
the fundamental solution of the diffusion equation in one spatial variable [3, 13, 18,
25, 53, 57, 66].

To obtain this Green’s function, we consider the homogeneous diffusion equation
in one spatial variable

@u.x; t/

@t
D ~

@2u.x; t/

@x2
; x 2 .�1;1/; t > 0; (7.13)

subject to the initial condition

u.x; 0/ D f .x/ (7.14)

and the ‘boundary’ conditions

lim
x!�1 ju.x; t/j < 1; lim

x!1 ju.x; t/j < 1: (7.15)

In the process of finding the Green’s function for the homogeneous problem corre-
sponding to (7.13)–(7.15), we will establish a pattern for tackling a significant number
of other problems.
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We begin by taking the Laplace transform U.x; p/ of the function u.x; t/ with
respect to the time variable t . That is,

U.x; p/ D
Z 1

0

e�ptu.x; t/dt:

Using the properties of linearity and differentiation of the original of the Laplace
transform, we arrive at the following self-adjoint boundary-value problem

d2U.x; p/

dx2
� p

~
U.x; p/ D � 1

~
f .x/; (7.16)

lim
x!�1 jU.x; p/j < 1; lim

x!1 jU.x; p/j < 1 (7.17)

for the transform U.x; p/ of u.x; t/.
We approach the above problem with the method of variation of parameters, as

developed in Chapter 1. In doing so, the general solution to the equation in (7.16) is
found in the form

U.x; p/ D
Z x

�1
1

2~
p
q
Œe

p
q.��x/ � e

p
q.x��/	f .�/d�

CD1e
p
qx CD2e�p

qx; (7.18)

where the parameter q is introduced for compactness for q D p=~.
Before imposing the boundary conditions in (7.17) and deriving with expressions

for the constants of integrationD1 andD2, we regroup the terms in the above equation
and rewrite it as

U.x; p/ D
�
D1 � 1

2~
p
q

Z x

�1
e�p

q�f .�/d�

�
e

p
qx

C
�
D2 C 1

2~
p
q

Z x

�1
e

p
q�f .�/d�

�
e�p

qx :

We now turn to the first of the conditions in (7.17). Noting that, since the function
e�p

qx is unbounded as x goes to negative infinity, we see that its factor in the above
expression must be zero. This yields D2 D 0. With similar reasoning, we conclude
that the second condition in (7.17) implies that the factor of e

p
qx must also be zero,

resulting in

D1 D 1

2~
p
q

Z 1

�1
e�p

q�f .�/d�:

After substituting the expressions for D1 and D2, that we just found, into (7.18)
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and rearranging like integral terms, we arrive at the integral representation

U.x; p/ D 1

2~
p
q

²Z 1

�1
e

p
q.x��/f .�/d�

C
Z x

�1
Œe

p
q.��x/ � e

p
q.x��/	f .�/d�

³
for the solution to the problem in (7.16) and (7.17).

In accordance with our recommendations developed in Chapter 1 regarding the use
of the method of variation of parameters, the above integral representation for U.x; p/
can be rewritten in a compact single-integral form as

U.x; p/ D
Z 1

�1
G.x; pI �/f .�/d� (7.19)

with the kernel-function defined in two pieces as

G.x; pI �/ D 1

2~
p
q

´
e

p
q.x��/; �1 < x � � < 1;

e
p
q.��x/; 1 > x � � > �1:

The appearance of G.x; pI �/ suggests that it can be written in single-piece form

G.x; pI �/ D 1

2~
p
q

e�p
qjx��j:

Theorem 1.4 of Chapter 1 suggests that the above represents the Green’s function of
the homogeneous boundary-value problem, corresponding to that in (7.16) and (7.17).
Recalling the relation q D p=~ that we introduced earlier, we rewrite G.x; pI �/ as

G.x; pI �/ D 1

2
p
~p

e
� jx��jp

~

p
p
: (7.20)

This means, that we now have the Laplace transformU.x; p/ of the solution u.x; t/
of the initial-boundary-value problem in (7.13)–(7.15) available (see (7.19)). We now
proceed to look for u.x; t/ itself, representing the inverse transform of U.x; p/. That
is,

u.x; t/ D L�1
²Z 1

�1
G.x; pI �/f .�/d�

³
D
Z 1

�1
L�1 ¹G.x; pI �/ºf .�/d�: (7.21)

Based on the definition that we introduced earlier in this section, we conclude that
the kernel-function of the integral in (7.21) represents the Green’s function g.x; t I �/
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of the homogeneous problem, corresponding to (7.13)–(7.15), which implies that, in
order to find it, we take the inverse Laplace transform

g.x; t I �/ D L�1 ¹G.x; pI �/º
of the Green’s function G.x; pI �/ of the homogeneous boundary-value problem, cor-
responding to (7.16) and (7.17). Now, after recalling the relation in (7.6) and applying
it to (7.20), we finally find g.x; t I �/ to be

g.x; t I �/ D 1

2
p
~�t

e� .x��/2
4~t (7.22)

which is readily recognized as the classical fundamental solution of the one-dimen-
sional diffusion (heat) equation.

Hence, the approach based on the combination of the Laplace transform and the
method of variation of parameters turns out to be very fruitful. In the following ex-
ample we will use it to derive another classical Green’s function for the diffusion
equation.

Example 7.2. In this example, we aim to derive the Green’s function for the initial-
boundary-value problem corresponding to

@u.x; t/

@t
D ~

@2u.x; t/

@x2
; x 2 .0;1/; t > 0; (7.23)

u.x; 0/ D f .x/; (7.24)

u.0; t/ D 0; lim
x!1 ju.x; t/j < 1 (7.25)

stated on � D ¹0 < x < 1; t > 0º.
Following the procedure that we developed, and applied successfully, in Exam-

ple 7.1, we define the self-adjoint boundary-value problem

d2U.x; p/

dx2
� p

~
U.x; p/ D � 1

~
f .x/ (7.26)

U.0; p/ D 0; lim
x!1 jU.x; p/j < 1 (7.27)

for the Laplace transform U.x; p/ of the solution u.x; t/ of the problem in (7.23)–
(7.25).

In continuing the method of variation of parameters, we find the general solution of
equation (7.26) as

U.x; p/ D 1

2
p
~p

Z x

0

Œe
��xp
~

p
p � e

x��p
~

p
p
	f .�/d�

CD1e
p
p
~
x CD2e�p

p
~
x : (7.28)
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To find the constants of integration, D1 and D2, we recall the boundary conditions
stated in (7.27), the first of which implies

D1 CD2 D 0;

whilst the second condition provides us with

D1 D 1

2
p
~p

Z 1

0

e�p
p
~
�f .�/d�;

yielding

D2 D � 1

2
p
~p

Z 1

0

e�p
p
~
�f .�/d�:

Substituting D1 and D2 into (7.28), we obtain the following compact expression
for U.x; p/

U.x; p/ D 1

2
p
~p

Z 1

0

Œe
� jx��jp

~

p
p � e

� .xC�/p
~

p
p
	f .�/d�:

So, the Green’s function for the homogeneous boundary-value problem correspond-
ing to that in (7.26) and (7.27) is found to be

G.x; pI �/ D 1

2
p
~p
Œe

� jx��jp
~

p
p � e

� .xC�/p
~

p
p
	;

the inverse Laplace transform of which

g.x; t I �/ D L�1 ¹G.x; pI �/º
is again found with the aid of relation (7.6) as

g.x; t I �/ D 1

2
p
�~t

Œe� .x��/2
4~t � e� .xC�/2

4~t 	 (7.29)

representing the classical expression for the Green’s function for the homogeneous
initial-boundary-value problem corresponding to (7.23)–(7.25).

Note that with the fundamental solution (see (7.22)) of the diffusion equation avail-
able, the method of images can readily be used to derive the Green’s function in (7.29):
the latter can be read as the sum of the field generated by unit heat source in (7.22),
placed in the point � with that generated by the unit sink given by

g.x; t I �/ D � 1

2
p
~�t

e� .xC�/2
4~t

placed in the point ��, symmetric with respect to � about the origin.
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Example 7.3. We will again exploit our approach, to derive another classical Green’s
function for the diffusion equation. We consider an initial-boundary-value problem
on� D ¹0 < x < 1; t > 0º for the diffusion equation in (7.23), subject to the initial
condition in (7.24) and the boundary conditions

@u.0; t/

@x
� ˇu.0; t/ D 0; lim

x!1 ju.x; t/j < 1; ˇ � 0; (7.30)

imposed for all times t > 0.
Proceeding in accordance with our approach, we reduce the initial-boundary-value

problem appearing in (7.23), (7.24), and (7.30) to the self-adjoint boundary-value
problem

d2U.x; p/

dx2
� p

~
U.x; p/ D � 1

~
f .x/ (7.31)

dU.0; p/

dx
� ˇU.0; p/ D 0; lim

x!1 jU.x; p/j < 1 (7.32)

for the Laplace transform U.x; p/ of u.x; t/.
Recalling the general solution of (7.31), which has already been displayed in (7.28),

we impose the boundary conditions in (7.32). The second one, as we found in the
previous example, yields

D1 D 1

2~
p
q

Z 1

0

e�p
q�f .�/d�:

Proceeding once more, we differentiate U.x; p/ in (7.28), yielding

dU.x; p/

dx
D �

Z x

0

1

2~
Œe

p
q.��x/ C e

p
q.x��/	f .�/d�

CD1
p
qe

p
qx �D2pqe�p

qx;

where again q D p=~, implying that the first boundary condition in (7.32) gives us

D1.
p
q � ˇ/ �D2.pq C ˇ/ D 0

leading, in light of the expression for D1 that we found above, to

D2 D
p
q � ˇ

2~
p
q.

p
q C ˇ/

Z 1

0

e�p
q�f .�/d�:

Once D1 and D2 are substituted into (7.28), we arrive at

U.x; p/ D 1

2~
p
q

²Z x

0

Œe
p
q.��x/ � e

p
q.x��/	f .�/d�

C
Z 1

0

�
e

p
q.x��/ C

p
q � ˇp
q C ˇ

e�p
q.xC�/

�
f .�/d�

³
for the solution to (7.31) and (7.32).
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A shorthand expression for the above becomes the single integral

U.x; p/ D 1

2~
p
q

Z 1

0

�
e�p

qjx��j C
p
q � ˇp
q C ˇ

e�p
q.xC�/

�
f .�/d�;

the kernel-function of which

G.x; pI �/ D 1

2~
p
q

�
e�p

qjx��j C
p
q � ˇp
q C ˇ

e�p
q.xC�/

�
D 1

2
p
~p

�
e

� jx��jp
~

p
p C

p
p � p

~ˇp
p C p

~ˇ
e

�xC�p
~

p
p
�

(7.33)

represents the Green’s function for the homogeneous boundary-value problem corre-
sponding to (7.31) and (7.32).

To ease performing the inverse Laplace transform of G.x; pI �/ in (7.33), we trans-
form it to the equivalent formula

G.x; pI �/ D 1

2
p
~p

�
e

� jx��jp
~

p
p C e

�xC�p
~

p
p � 2

p
~ˇp

p C p
~ˇ

e
�xC�p

~

p
p
�
:

The inverse Laplace transform of G.x; pI �/, which represents the Green’s func-
tion g.x; t I �/ of the homogeneous initial-boundary-value problem corresponding to
(7.23), (7.24), and (7.30) is ultimately found with the aid of relations (7.6) and (7.7)
as

g.x; t I �/ D 1

2
p
�~t

Œe� .x��/2
4~t C e� .xC�/2

4~t 	

� ˇeˇ.xC�/eˇ2~terfc

�
ˇ

p
~t C x C �

2
p
~t

�
: (7.34)

Note that for ˇ D 0 in (7.34), the latter reduces to the classical [13] Green’s func-
tion

g.x; t I �/ D 1

2
p
�~t

Œe� .x��/2
4~t C e� .xC�/2

4~t 	 (7.35)

for the problem stated in (7.23), (7.24), with boundary conditions imposed as

@u.0; t/

@x
D 0; lim

x!1 ju.x; t/j < 1: (7.36)

In the Chapter Exercises, we advise the reader to use our approach for the direct
derivation of the Green’s function shown in (7.35).

It is worth noting that, analogous to the case of the Green’s function appearing in
(7.29), the method of images can help to derive the Green’s function in (7.35). In
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contrast to (7.29), in order to satisfy the first condition of (7.36), we must add another
unit source whose field strength is given by

g.x; t I �/ D 1

2
p
~�t

e� .xC�/2
4~t

to the fundamental solution of the diffusion equation shown in (7.22).

Summarizing the work we presented in the opening part of this section, we outline
the following stages of our procedure for the construction of Green’s functions for the
diffusion equation:

(i) upon applying the Laplace transform, an original initial-boundary-value prob-
lem for the diffusion equation reduces to a boundary-value problem for a linear
ordinary differential equation;

(ii) the Green’s function for the boundary-value problem appearing in stage (i) is
constructed by means of the method of variation of parameters;

(iii) taking the inverse Laplace transform of the Green’s function obtained in stage
(ii), we ultimately derive the desired Green’s function for the diffusion equation.

Whilst considering another classical problem in our next example, we discuss two
alternative approaches to the construction of its Green’s function. Along with the
Laplace transform and the method of variation of parameters, we discuss an alternative
way, which is also helpful in several situations with the diffusion equation.

Example 7.4. We derive the Green’s function for the homogeneous initial-boundary-
value problem corresponding to

@u.x; t/

@t
D ~

@2u.x; t/

@x2
; x 2 .0; a/; t > 0; (7.37)

u.x; 0/ D f .x/ (7.38)

and

u.0; t/ D 0; u.a; t/ D 0 (7.39)

Taking the Laplace transform, the above reduces to the self-adjoint boundary-value
problem

d2U.x; p/

dx2
� p

~
U.x; p/ D � 1

~
f .x/; (7.40)

U.0; p/ D 0; U.a; p/ D 0: (7.41)
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for the transform U.x; p/ of u.x; t/. We now find an expression for the Green’s
function for the problem in (7.40) and (7.41), valid for x � �:

G.x; pI �/ D .e
p
qx � e�p

qx/.e
p
q.a��/ � e

p
q.��a//

2
p
~p.e

p
qa � e�p

qa/
(7.42)

with q D p=~. Due to the problem in (7.40) and (7.41) being self-adjoint, an expres-
sion forG.x; pI �/, valid for x � � , can be obtained from that in (7.42) by exchanging
x and � .

To ease performing the inverse Laplace transform of G.x; pI �/, representing the
sought-after Green’s function, we rewrite one of the factors in (7.42) as

1

.e
p
qa � e�p

qa/
D e�p

qa

1 � e�2p
qa

and write it as the sum of a geometric progression:

1

.e
p
qa � e�p

qa/
D e�p

qa
1X
nD0

e�2p
qna:

With this in mind, G.x; pI �/ from (7.42) reads

G.x; pI �/ D 1

2
p
~p

1X
nD0

Œe�p
p
~
.��xC2na/ � e�p

p
~
.�CxC2na/

� e�p
p
~
.2.nC1/a�x��/ C e�p

p
~
.2.nC1/aCx��/	:

With the aid of the relation in (7.6), the Green’s function g.x; t I �/ of the homoge-
neous initial-boundary-value problem corresponding to (7.37)–(7.39) is found as

g.x; t I �/ D L�1¹G.x; pI �/º

D 1

2
p
~�t

1X
nD0

Œe� .��xC2na/2
4~t � e� .�CxC2na/2

4~t

� e� .�Cx�2.nC1/a/2
4~t C e� .��x�2.nC1/a/2

4~t 	:

We can rewrite this in a more compact formula by appropriately rearranging the
series components, yielding

g.x; t I �/ D 1

2
p
~�t

1X
mD�1

Œe� .x��C2ma/2
4~t � e� .xC�C2ma/2

4~t 	 (7.43)
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which represents one of the two standard expressions for the Green’s function to the
problem in (7.37)–(7.39) known and used in the field [13, 17, 57].

To obtain an expression for the Green’s function g.x; t I �/ alternative to (7.43), we
turn to a technique rooted in the classical method of eigenfunction expansion [29, 66],
and consider again the initial boundary-value problem in (7.37)–(7.39). By expand-
ing the functions u.x; t/ and f .x/ into a Fourier series, with respect to the spatial
variable x

u.x; t/ D
1X
nD1

un.t/ sin �x; f .x/ D
1X
nD1

fn sin �x; � D n�

a
; (7.44)

and substituting these into (7.37)–(7.39), we arrive at the trivial initial value problem

dun.t/

dt
C ~�2un.t/ D 0;

un.0/ D fn

for the coefficients of the first series of (7.44), the solution of which is

un.t/ D fne�~�2t

Expressing fn by means of the fundamental rule for the Fourier coefficients (the
Fourier-Euler formula), we rewrite un.t/ as

un.t/ D
�
2

a

Z a

0

f .�/ sin ��d�

�
e�~�2t :

After substituting this into the first of the series in (7.44), and exchanging the order of
the summation and integration, we obtain the solution of the problem in (7.37)–(7.39)
in the formula

u.x; t/ D
Z a

0

2

a

1X
nD1

e�~�2t sin �x sin ��f .�/d�:

Hence, since the solution of the initial boundary-value problem in (7.37)–(7.39) is
found as an integral over [0; a], we conclude that the kernel-function

g.x; t I �/ D 2

a

1X
nD1

e�~�2t sin �x sin �� (7.45)

of that integral represents the sought-after Green’s function.
Hence, the standard algorithm of eigenfunction expansion has led us to a formula

for the Green’s function under consideration, alternative to (7.43). The formula in
(7.45) is itself classical and can be found in every standard textbook in the field. Note
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that having these two different formulas is highly convenient for numerical implemen-
tations, because the formula in (7.45) converges at a high rate for large values of the
time variable t whereas the one in (7.43) does so for small values of t .

We will not analyze convergence of the series in (7.45). We can justify this, at
least formally, by noting that, in the following, its sum will be expressed in terms of a
special function, which can be tabulated in order to make the problem of convergence
a matter of software development rather than a subject that needs to be discussed in
this context.

It turns out that a number of Green’s functions for the diffusion equation, which we
will derive later in this chapter, can be expressed in terms of the Jacobi Theta function
of the third kind #3.˛; ˇ/. This is a two variable function whose series representation

#3.˛; ˇ/ D 1C 2

1X
nD1

e��2ˇn2 cos 2n�˛ (7.46)

is available in [1, 27, 37, 66].
Consider, for example, the Green’s function g.x; t I �/, that we derived in (7.45). Its

Theta function form can be readily obtained if the product of sines in (7.45) transforms
into the difference of cosines as

g.x; t I �/ D 2

a

1X
nD1

e�~�2t sin �x sin ��

D 1

a

1X
nD1

e�~�2t Œcos �.x � �/ � cos �.x C �/	

D 1

a

" 1X
nD1

e�~�2t cos �.x � �/ �
1X
nD1

e�~�2t cos �.x C �/

#
;

which immediately converts the above into

g.x; t I �/ D 1

2a

�
#3

�
x � �
2a

;
~t

a2

�
� 1

�
� 1

2a

�
#3

�
x C �

2a
;
~t

a2

�
� 1

�
D 1

2a

�
#3

�
x � �
2a

;
~t

a2

�
� #3

�
x C �

2a
;
~t

a2

��
: (7.47)

7.2.2 Problems in Two Spatial Variables

In the following, we present a series of examples concerning problems for the diffu-
sion equation in two spatial variables. A combination of the Laplace transform and
the eigenfunction expansion methods turns out to be efficient for the construction of
their Green’s functions. The example below deals with probably one of the simplest
problems of its kind.
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Example 7.5. Let u D u.x; y; t/ be a solution of the diffusion equation

@u

@t
D ~

�
@2u

@x2
C @2u

@y2

�
� ˇu; .x; y/ 2 �; t > 0; (7.48)

with a convectional term ˇu. Let � be the infinite strip ¹�1 < x < 1; 0 < y < bº,
and assume the initial condition to be

u.x; y; 0/ D f .x; y/ (7.49)

whilst boundary conditions are as

u.x; 0; t/ D u.x; b; t/ D 0; lim
x!˙1 ju.x; y; t/j < 1: (7.50)

Our objective is to obtain the Green’s function G.x; y; t I �; �/ of the homogeneous
initial-boundary-value problem corresponding to that in (7.48)–(7.50). In pursuing
this objective, we recall the definition, introduced earlier in Section 7.2, which covers
our approach to search for the solution to the above problem in integral form

u.x; y; t/ D
“
�

G.x; y; t I �; �/f .�; �/d�.�; �/ (7.51)

providing an explicit expression of the sought-after Green’s function.
Taking the Laplace transform of u.x; y; t/ with respect to the time variable t

U.x; y; p/ D
Z 1

0

e�ptu.x; y; t/dt

we obtain a self-adjoint boundary-value problem for the following static Klein–
Gordon equation

@2U.x; y; p/

@x2
C @2U.x; y; p/

@y2
� p C ˇ

~
U.x; y; p/ D � 1

~
f .x; y/

subject to the boundary conditions

U.x; 0; p/ D U.x; b; p/ D 0; lim
x!˙1 jU.x; y; p/j < 1:

It is evident that the set

sin
n�y

b
; n D 1; 2; 3; : : : ;

represents eigenfunctions of the above boundary-value problem. Hence, to solve it
in accordance with the method of eigenfunction expansion, we expand U.x; y; t/ and
the right-hand side function f .x; y/ in the following Fourier series with respect to y

U.x; y; p/ D
1X
nD1

Un.x; p/ sin �y; f .x; y/ D
1X
nD1

fn.x/ sin �y; (7.52)

where � D n�=b.
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This allows us to impose the boundary conditions on the segments y D 0 and
y D b of �, yielding the boundary-value problem

d2Un.x; p/

dx2
� !2Un.x; p/ D � 1

~
fn.x/ (7.53)

lim
x!˙1 jUn.x; p/j < 1 (7.54)

for the coefficient Un.x; p/ of the first series of (7.52). As short-hand notation, we
have introduced the parameter ! as

! D
s
~�2 C p C ˇ

~
: (7.55)

The problem in (7.53) and (7.54) has already been considered earlier in this section
(see equations (7.16) and (7.17)), and its Green’s function was displayed in (7.20). In
our current notation, it reads

Gn.x; pI �/ D 1

2~!
e�!jx��j

leading to the solution of the problem in (7.53) and (7.54)

Un.x; p/ D
Z 1

�1
1

2~!
e�!jx��jfn.�/d�:

Using the Fourier–Euler formula for the coefficients fn.x/ of the second series
in (7.52), and subsequently substituting Un.x; p/ into the first series in (7.52), the
inverse Laplace transform U.x; yIp/ of u.x; y; t/ is written as

U.x; y; p/ D
Z b

0

Z 1

�1

1X
nD1

e�!jx��j
b~!

sin �y sin ��f .�; �/d�d�

so that, after recalling the expression for ! from (7.55), we can write u.x; y; t/ itself
as

u.x; y; t/ D
Z b

0

Z 1

�1
1

b
p
~

1X
nD1

L�1
8<:e

� jx��jp
~

p
pCˇC~�2p

p C ˇ C ~�2

9=;
� sin �y sin ��f .�; �/d�d�

D
Z b

0

Z 1

�1
1

2b
p
~

1X
nD1

L�1
8<:e

� jx��jp
~

p
pCˇC~�2p

p C ˇ C ~�2

9=;
� .cos �.y � �/ � cos �.y C �// f .�; �/d�d�:
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To find the inverse Laplace transform that is contained in the above integral, we
make use of relation (7.6), along with the translation theorem yielding

u.x; y; t/ D
Z b

0

Z 1

�1
e�. .x��/2

4~t
Cˇt/

2b
p
~�t

1X
nD1

e��2~t

� .cos �.y � �/ � cos �.y C �// f .�; �/d�d�

which reveals the following formula for the Green’s function

G.x; y; t I �; �/ D e�. .x��/2
4~t

Cˇt/

2b
p
~�t

�
1X
nD1

e��2~t .cos �.y � �/ � cos �.y C �//

for the homogeneous initial-boundary-value problem corresponding to (7.48)–(7.50).
We can also write the above in terms of the Jacobi Theta function #3 as

G.x; y; t I �; �/ D e�. .x��/2
4~t

Cˇt/

4b
p
~�t

�
#3

�
y � �
2b

;
~t

b2

�
� #3

�
y C �

2b
;
~t

b2

��
: (7.56)

Example 7.6. Consider the initial-boundary-value problem

@u

@t
D ~

�
@2u

@x2
C @2u

@y2

�
� ˇu; .x; y/ 2 �; t > 0; (7.57)

u.x; y; 0/ D f .x; y/; (7.58)

u.x; 0; t/ D @

@y
u.x; b; t/ D 0; lim

x!˙1 ju.x; y; t/j < 1 (7.59)

on the infinite strip � D ¹�1 < x < 1; 0 < y < bº, and, following our fa-
miliar approach, construct the Green’s function for the corresponding homogeneous
problem.

The problem in (7.57)–(7.59) gives rise to the following boundary-value problem

r2U.x; y; p/ � p C ˇ

~
U.x; y; p/ D � 1

~
f .x; y/

U.x; 0; p/ D @

@y
U.x; b; p/ D 0; lim

x!˙1 jU.x; y; p/j < 1

for the Laplace transform U.x; y; p/ of u.x; y; t/, in the static Klein–Gordon equa-
tion.
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It is evident that the set

sin
n�y

2b
; n D 1; 3; 5; : : : ;

represents the eigenfunctions to the above problem, which is why, in the following the
eigenfunction expansion method, we expand U.x; y; p/ and f .x; y/ in the series

U.x; y; p/ D
1X

nD1;3;5;:::
Un.x; p/ sin �y; f .x; y/ D

1X
nD1;3;5;:::

fn.x/ sin �y;

where � D n�=.2b/. This yields the boundary-value problem in (7.53) and (7.54) for
the coefficients Un.x; p/ of the first of the above expansions.

Proceeding with our derivation procedure (the remaining phase of which is exactly
the same as in Example 7.5), we finally obtain the Green’s function for the homoge-
neous initial-boundary-value problem corresponding to (7.56)–(7.58) in the form

G.x; y; t I �; �/ D e�. .x��/2
4~t

Cˇt/

2b
p
~�t

�
X

nD1;3;5;:::
e�n2�2

4b2
~t

�
cos

n�.y � �/
2b

� cos
n�.y C �/

2b

�
:

The above formula can be expressed in terms of the Jacobi Theta function #3. How-
ever, some preparatory work is required: performing the following transformation

G.x; y; t I �; �/ D e�. .x��/2
4~t

Cˇt/

2b
p
~�t

�
8<: X
nD1;3;5;:::

e�n2�2

4b2
~t

�
cos

n�.y � �/
2b

� cos
n�.y C �/

2b

�

C
1X
nD1

e� .2n/2�2

4b2
~t

�
cos

2n�.y � �/
2b

� cos
2n�.y C �/

2b

�

�
1X
nD1

e� .2n/2�2

4b2
~t

�
cos

2n�.y � �/
2b

� cos
2n�.y C �/

2b

�μ
(7.60)

we realize that the sum of the first and the second series in the above represents a
single series

1X
nD1

e�n2�2

4b2
~t

�
cos

n�.y � �/
2b

� cos
n�.y C �/

2b

�



Section 7.2 Green’s Functions 339

whilst the third series simplifies to

1X
nD1

e�n2�2

b2
~t

�
cos

n�.y � �/
b

� cos
n�.y C �/

b

�
converting (7.60) into

G.x; y; t I �; �/ D e�. .x��/2
4~t

Cˇt/

2b
p
~�t

�
´ 1X
nD1

e�n2�2

4b2
~t

�
cos

n�.y � �/
2b

� cos
n�.y C �/

2b

�

�
1X
nD1

e�n2�2

b2
~t

�
cos

n�.y � �/
b

� cos
n�.y C �/

b

�μ
which ultimately reads, in terms of the Jacobi Theta function, as

G.x; y; t I �; �/ D e�. .x��/2
4~t

Cˇt/

4b
p
~�t

�
#3

�
y � �
4b

;
~t

4b2

�
� #3

�
y C �

4b
;
~t

4b2

�
� #3

�
y � �
2b

;
~t

b2

�
C #3

�
y C �

2b
;
~t

b2

��
: (7.61)

Example 7.7. In order to construct another Green’s function for the diffusion equa-
tion, consider the mixed initial-boundary-value problem

@u

@t
D ~

�
@2u

@x2
C @2u

@y2

�
� ˇu; .x; y/ 2 �; t > 0; (7.62)

u.x; y; 0/ D f .x; y/; (7.63)

u.x; 0; t/ D u.x; b; t/ D 0; (7.64)

@u.0; y; t/

@x
� �u.0; y; t/ D 0; � � 0; lim

x!1 ju.x; y; t/j < 1 (7.65)

on the semi-infinite strip � D ¹0 < x < 1; 0 < y < bº.
In accordance with the procedure based on the Laplace transform, the problem in

(7.62)–(7.65) gives rise to the following boundary-value problem

r2U.x; y; p/ � p C ˇ

~
U.x; y; p/ D � 1

~
f .x; y/; (7.66)

U.x; 0; p/ D U.x; b; p/ D 0; (7.67)

@U.0; y; p/

@x
� �U.0; y; p/ D 0; lim

x!1 jU.x; y; p/j < 1 (7.68)

for the transform U.x; y; p/ of u.x; y; t/.
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To solve (7.66)–(7.68), following the method of eigenfunction expansion, we ex-
pand U.x; y; t/ and the right-hand side function f .x; y/ of (7.66) in a Fourier sine-
series, with respect to y

U.x; y; p/ D
1X
nD1

Un.x; p/ sin �y; f .x; y/ D
1X
nD1

fn.x/ sin �y; (7.69)

where � D n�=b.
This yields the boundary-value problem

d2Un.x; p/

dx2
� !2Un.x; p/ D � 1

~
fn.x/; !2 D ~�2 C p C ˇ

~
; (7.70)

dUn.0; p/

dx
� �Un.0; p/ D 0; lim

x!1 jUn.x; p/j < 1 (7.71)

for the coefficient Un.x; p/ of the first series in (7.69).
The general solution of the equation in (7.70) has been found earlier in this section.

Using our current notation, it reads

Un.x; p/ D
Z x

0

1

2~!
Œe!.��x/ � e!.x��/	fn.�/d�

CD1e!x CD2e�!x : (7.72)

In light of the boundary conditions in (7.71), the constants of integration in the
above are found as

D1 D 1

2~!

Z 1

0

e�!�fn.�/d�

and

D2 D ! � �
2~!.! C �/

Z 1

0

e�!�fn.�/d�:

Upon substituting them in (7.72), we obtain

Un.x; p/ D
Z x

0

1

2~!
Œe!.��x/ � e!.x��/	fn.�/d�

C
Z 1

0

1

2~!

�
e!.x��/ C ! � �

! C �
e�!.xC�/

�
fn.�/d�: (7.73)

To adjust the above formula to the needs of our upcoming development, we trans-
form the constant factor of the second exponential function in the second of the above
integrals as

! � �
! C �

D 1 � 2�

! C �
:
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This simplifies (7.73) to the compact form

Un.x; p/ D
Z 1

0

1

2~!
Œe�!jx��j C e�!.xC�/

� 2�

! C �
e�!.xC�/	fn.�/d�

and allows us to write down the solution to the problem in (7.66)–(7.68) as

U.x; y; p/ D
Z b

0

Z 1

0

1X
nD1

1

b~!

�
e�!jx��j C e�!.xC�/

� 2�

! C �
e�!.xC�/

�
sin �y sin ��f .�; �/d�d�:

Hence, the solution to (7.62)–(7.65) must be the inverse Laplace transform of
U.x; y; p/, appearing as the volume integral

u.x; y; t/ D
Z b

0

Z 1

0

1

b~

1X
nD1

L�1
²
1

!

�
e�!jx��j C e�!.xC�/

� 2�

! C �
e�!.xC�/

�³
sin �y sin ��f .�; �/d�d�:

The kernel-function of which

G.x; y; t I �; �/ D 1

b~

1X
nD1

L�1
²
1

!

�
e�!jx��j C e�!.xC�/

� 2�

! C �
e�!.xC�/

�³
sin �y sin �� (7.74)

represents the Green’s function for the homogeneous problem corresponding to
(7.62)–(7.65).

To find the inverse transform

L�1
²
1

!

�
e�!jx��j C e�!.xC�/ � 2�

! C �
e�!.xC�/

�³
we recall the abbreviated notations introduced earlier for the parameters ! and �,
which reduce the above to

L�1
8<:

p
~e

� jx��jp
~

p
pCˇC~�2p

p C ˇ C ~�2
C

p
~e

�xC�p
~

p
pCˇC~�2p

p C ˇ C ~�2

� 2�~e
�xC�p

~

p
pCˇC~�2p

p C ˇ C ~�2
�
�

p
~ Cp

p C ˇ C ~�2
	
9=; :
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The inverse Laplace transform of the first two additive components in the above
equation can be obtained with the aid of the relation in (7.6) and the translation theo-
rem, whereas for the last component we employ the relation in (7.8) and the translation
theorem. Recalling now the series expansion (7.52) of the Jacobi Theta function #3,
the sought-after Green’s function, the series expansion of which was just exhibited in
(7.74), ultimately converts to

G.x; y; t I �; �/ D e�ˇt

4b
p
~�t

�
e� .x��/2

4~t C e� .xC�/2
4~t

�2�p
~�te�.xC�/e�2~terfc

�
�

p
~t C x C �

2
p
~t

��
�
�
#3

�
y � �
2b

;
~t

b2

�
� #3

�
y C �

2b
;
~t

b2

��
(7.75)

Returning to the problem in (7.62)–(7.65), now note that, if we assume the param-
eter � to be zero, the mixed boundary condition in (7.65) on the boundary segment
x D 0 of � reduces to the Neumann type. Clearly, the Green’s function for such a
setting

G.x; y; t I �; �/ D e�ˇt

4b
p
~�t

Œe� .x��/2
4~t C e� .xC�/2

4~t 	

�
�
#3

�
y � �
2b

;
~t

b2

�
� #3

�
y C �

2b
;
~t

b2

��
(7.76)

follows from that in (7.75), if � is set equal to zero. In one of the chapter exercises,
the reader is challenged to derive the above Green’s function directly.

Example 7.8. Consider the mixed initial-boundary-value problem

@u

@t
D ~

�
@2u

@x2
C @2u

@y2

�
� ˇu; .x; y/ 2 �; t > 0; (7.77)

u.x; y; 0/ D f .x; y/; (7.78)

@u.x; 0; t/

@y
D @u.x; b; t/

@y
D 0; (7.79)

u.0; y; t/ D 0; lim
x!1 ju.x; y; t/j < 1 (7.80)

on the semi-infinite strip � D ¹0 < x < 1; 0 < y < bº.
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The problem in (7.77)–(7.80) gives rise to the following boundary-value problem

r2U.x; y; p/ � p C ˇ

~
U.x; y; p/ D � 1

~
f .x; y/; (7.81)

@U.x; 0; p/

@y
D @U.x; b; p/

@y
D 0; (7.82)

U.0; y; p/ D 0; lim
x!1 jU.x; y; p/j < 1 (7.83)

for the Laplace transform U.x; y; p/ of u.x; y; t/.
In contrast to the problem in the previous example (equations (7.66)–(7.68)), the

set

cos
n�y

b
; n D 0; 1; 2; : : : :

provides eigenfunctions to the problem in (7.81)–(7.83). Hence, proceeding with the
method of eigenfunction expansion, we expand U.x; y; t/ and f .x; y/ in (7.81) into
a Fourier cosine-series with respect to y

U.x; y; p/ D
1X
nD0

Un.x; p/ cos �y; f .x; y/ D
1X
nD0

fn.x/ cos �y (7.84)

with � D n�=b.
This yields the boundary-value problem

d2Un.x; p/

dx2
� !2Un.x; p/ D � 1

~
fn.x/; !2 D ~�2 C p C ˇ

~
;

Un.0; p/ D 0; lim
x!1 jUn.x; p/j < 1

for Un.x; p/ in the first series of (7.84).
Following the method of variation of parameters, we find the solution of the above

problem in the form

Un.x; p/ D
Z 1

0

1

2~!
Œe�!jx��j � e�!.xC�/	fn.�/d�: (7.85)

Notice that the Fourier–Euler formula

fn.�/ D "n

b

Z b

0

f .�; �/ cos ��d�; "n D
´
1; n D 0;

2; n > 0;

reduces (7.85) to the integral form

Un.x; p/ D
Z b

0

Z 1

0

"n

2b~!
Œe�!jx��j � e�!.xC�/	 cos ��f .�; �/d�d�;
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which allows us to write down the solution of equations (7.81)–(7.83) as

U.x; y; p/ D
Z b

0

Z 1

0

1

2b~

1X
nD0

"n

!
Œe�!jx��j � e�!.xC�/	

� cos �y cos ��f .�; �/d�d�:

Taking the inverse Laplace transform of the above, the solution to the problem in
(7.77)–(7.80) appears as the volume integral

u.x; y; t/ D
Z b

0

Z 1

0

1

4b~

1X
nD0

L�1 °"n
!
Œe�!jx��j � e�!.xC�/	

±
�.cos �.y � �/C cos �.y C �/f .�; �/d�d�;

the kernel-function of which

G.x; y; t I �; �/ D 1

4b~

1X
nD0

L�1 °"n
!
Œe�!jx��j � e�!.xC�/	

±
� .cos �.y � �/C cos �.y C �//; (7.86)

therefore represents the Green’s function for the homogeneous problem corresponding
to (7.77)–(7.80).

It is important to note that the parameter ! has a slightly different form for the zero
term (n D 0/ of the series in (7.86) compared with the rest of its terms. Taking this
into account, we ultimately arrive at the following representation

G.x; y; t I �; �/ D e�ˇt

4b
p
~�t

�
e� .x��/2

4~t � e� .xC�/2
4~t

�
�
�
#3

�
y � �
2b

;
~t

b2

�
C #3

�
y C �

2b
;
~t

b2

��
(7.87)

for the sought-after Green’s function, expressed in terms of the Jacobi Theta func-
tion #3.

Example 7.9. Consider the Dirichlet problem

@u

@t
D ~

�
@2u

@x2
C @2u

@y2

�
� ˇu; .x; y/ 2 �; t > 0; (7.88)

u.x; y; 0/ D f .x; y/; (7.89)

u.x; 0; t/ D u.x; b; t/ D u.0; y; t/ D u.a; y; t/ D 0 (7.90)

on the rectangle � D ¹0 < x < a; 0 < y < bº.
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The problem described above gives rise to the following boundary-value problem

r2U.x; y; p/ � p C ˇ

~
U.x; y; p/ D � 1

~
f .x; y/; (7.91)

U.x; 0; p/ D U.x; b; p/ D U.0; y; p/ D U.a; y; p/ D 0 (7.92)

for the static Klein–Gordon equation, for the Laplace transform U.x; y; p/ of
u.x; y; t/.

Two scenarios for exploiting the method of eigenfunction expansion are possible in
order to treat the problem appearing in (7.91) and (7.92). In accordance with the first
of them, we expand U.x; y; t/ and f .x; y/ of (7.91) in the Fourier double-series

U.x; y; p/ D
1X

m;nD1
Umn sin
x sin �y; f .x; y/ D

1X
m;nD1

fmn sin
x sin �y (7.93)

with 
 D m�=a and � D n�=b. Substituting these into (7.91), we arrive at

.
2 C �2/Umn C p C ˇ

~
Umn D 1

~
fmn:

Solving this equation for Umn, whilst the Fourier coefficients fmn are expressed in
terms of f .x; y/ as

fmn D 4

ab

Z b

0

Z a

0

f .�; �/ sin
� sin ��d�d�

we get

Umn D 4

ab

Z b

0

Z a

0

f .�; �/
sin
� sin ��

~.
2 C �2/C p C ˇ
d�d�:

Now substituting the above in (7.93), we obtain U.x; y; p/ in the form

U.x; y; p/ D 4

ab

Z b

0

Z a

0

1X
m;nD1

sin
x sin �y sin
� sin ��

~.
2 C �2/C p C ˇ
f .�; �/d�d� (7.94)

the inverse Laplace transform of which, representing the solution u.x; y; t/ to equa-
tions (7.88)–(7.90), can be readily obtained with the aid of the trivial transform

L�1
²

1

p � �
³

D e�t

converting (7.94) into

u.x; y; t/ D 4e�ˇt
ab

Z b

0

Z a

0

1X
m;nD1

e�~.�2C�2/

� sin
x sin �y sin
� sin ��f .�; �/d�d�:
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This formula reveals the sought-after Green’s function

G.x; y; t I �; �/ D 4e�ˇt
ab

1X
m;nD1

e�~.�2C�2/t sin
x sin �y sin
� sin ��: (7.95)

Proceeding with the second eigenfunction expansion scenario for the boundary-
value problem appearing in (7.91) and (7.92), we expand its solution U.x; y; t/ as
well as the right-hand side function f .x; y/ of (7.91) in the Fourier sine-series

U.x; y; p/ D
1X
nD1

Un.x; p/ sin �y; f .x; y/ D
1X
nD1

fn.x/ sin �y; (7.96)

where � D n�=b.
This yields the boundary-value problem

d2Un.x; p/

dx2
� !2Un.x; p/ D � 1

~
fn.x/; !2 D ~�2 C p C ˇ

~
;

Un.0; p/ D 0; Un.a; p/ D 0

for the coefficients Un.x; p/ of the first series in (7.96).
Following the method of variation of parameters, we find the solution of the above

problem in the form

Un.x; p/ D 1

2~!

Z a

0

1

e!a � e�!a

� .e�!.jx��j�a/ C e!.jx��j�a/ � e!.xC��a/ � e!.a�x��//fn.�/d�:

To ease the necessary algebra that follows, we multiply the numerator and the de-
nominator of the kernel in the above integrand by e�!a, which yields

Un.x; p/ D 1

2~!

Z a

0

1

1 � e�2!a

� .e�!jx��j C e!.jx��j�2a/ � e!.xC��2a/ � e�!.xC�//fn.�/d�:
(7.97)

In light of the evident relation

1X
kD0

e�2!ka D 1

1 � e�2!a
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equation (7.97) transforms into

Un.x; p/ D 1

2~!

Z a

0

.e�!jx��j C e!.jx��j�2a/

� e!.xC��2a/ � e�!.xC�//
1X
kD0

e�2!kafn.�/d�

D 1

2~!

Z a

0

1X
kD0

.e�!.jx��jC2ka/ C e!.jx��j�2a.kC1//

� e!.xC��2a.kC1// � e�!.xC�C2ka//fn.�/d�:

Further following our procedure, we find the solution to the boundary-value prob-
lem in (7.91) and (7.92) as

U.x; y; p/ D
Z b

0

Z a

0

1

b~

1X
nD1

"
1

!

1X
kD0

.e�!.jx��jC2ka/ C e!.jx��j�2a.kC1//

�e!.xC��2a.kC1// � e�!.xC�C2ka//
i

sin �y sin ��f .�; �/d�d�:

Now, taking the inverse Laplace transform of the above, the solution to the (7.88)–
(7.90) appears as the volume integral

u.x; y; t/ D
Z b

0

Z a

0

e�ˇt

b
p
~�t

1X
kD0

.e� .jx��jC2ka/2
4~t C e� .jx��j�2a.kC1//2

4~t

� e� .xC��2a.kC1//2
4~t � e� .xC�C2ka/2

4~t /

�
1X
nD1

e�~�2t sin �y sin ��f .�; �/d�d�

the kernel function of which

G.x; y; t I �; �/ D e�ˇt

b
p
~�t

1X
kD0

.e� .jx��jC2ka/2
4~t C e� .jx��j�2a.kC1//2

4~t

� e� .xC��2a.kC1//2
4~t � e� .xC�C2ka/2

4~t /

1X
nD1

e�~�2t sin �y sin ��

represents the Green’s function for the homogeneous problem corresponding to
(7.88)–(7.90).
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The second series in the above formula for the Green’s function can customarily be
converted to Jacobi Theta function #3 form. Doing so, we finally arrive at

G.x; y; t I �; �/ D e�ˇt

b
p
~�t

1X
kD0

.e� .jx��jC2ka/2
4~t C e� .jx��j�2a.kC1//2

4~t

� e� .xC��2a.kC1//2
4~t � e� .xC�C2ka/2

4~t /

�
�
#3

�
y � �
2b

;
~t

b2

�
� #3

�
y C �

2b
;
~t

b2

��
(7.98)

Note that of the two alternative expressions of the Green’s function on the rectangle
derived in the current example (see (7.95) and (7.98)), the first one is computationally
preferable for large values of t , whereas the second works better for small values of t .

In the last example in this section, we will highlight technical details in our proce-
dure for the construction of the Green’s function for a simple problem stated in polar
coordinates.

Example 7.10. Consider the initial boundary-value problem

@u

@t
D ~

�
@2u

@r2
C 1

r

@u

@r
C 1

r2
@2u

@'2

�
; .r; '/ 2 �; t > 0; (7.99)

u.r; '; 0/ D f .r; '/ (7.100)

u.r; 0; t/ D u.r; �; t/ D 0 (7.101)

on the upper half-plane � D ¹0 < r < 1; 0 < ' < �º.
For the above to be a well-posed problem, its solution is assumed bounded for r

going to zero and infinity.
Upon applying the Laplace transform

L¹u.r; '; t/º D U.r; '; p/

the problem in (7.99)–(7.101) transforms into a boundary-value problem for the static
Klein–Gordon equation written in polar coordinates, that is,�

@2

@r2
C 1

r

@

@r
C 1

r2
@2

@'2
� p

~

�
U.r; '; p/ D � 1

~
f .r; '/; .r; '/ 2 �: (7.102)

The above equation is subject to the boundary conditions

U.r; 0; p/ D U.r; �; p/ D 0 (7.103)

lim
r!0

jU.r; '; p/j < 1; lim
r!1 jU.r; '; p/j < 1: (7.104)
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Using the expansions

U.r; '; p/ D
1X
nD1

Un.r; p/ sinn'; f .r; '/ D
1X
nD1

fn.r/ sinn'; (7.105)

we obtain the following boundary-value problem�
d2

dr2
C 1

r

d

dr
�
�
p

~
C n2

r2

��
Un.r; p/ D � 1

~
fn.r/; (7.106)

lim
r!0

jUn.r; p/j < 1; lim
r!1 jUn.r; p/j < 1 (7.107)

in Un.r; p/.
Notice that in Chapter 3 (see Example 3.21), we considered a problem of the type

in (7.106) and (7.107), and the Green’s function Gn.r; pI %/ for the corresponding
homogeneous problem was obtained. Using our current notation, it appears in the
form

Gn.r; pI %/ D
´
In.�r/Kn.�%/; r � %;

In.�%/Kn.�r/; r � %;
(7.108)

with � D p
p=~, whilst In.�r/ and Kn.�r/ represent the nth-order modified Bessel

functions [73, 74] of the first and the second kind, respectively, which allows us to
write down the solution U.r; '; p/ of the problem in (7.102)–(7.104) as

U.r; '; p/ D
Z �

0

Z 1

0

2

~�

1X
nD1

In.�r/Kn.�%/

� sinn' sinn f .%;  /%d%d ; r � %: (7.109)

Note that for r � %, the product In.�r/Kn.�%/ in (7.109) must, in accordance
with (7.108), be replaced with In.�%/Kn.�r/. Taking the inverse Laplace transform
of U.r; '; p/, we obtain the solution u.r; '; t/ to equations (7.99)–(7.101) as

u.r; '; t/ D
Z �

0

Z 1

0

G.x; y; t I �; �/f .%;  /%d%d 

with

G.x; y; t I �; �/ D L�1
´
2

~�

1X
nD1

In

�r
p

~
r

�
Kn

�r
p

~
%

�
sinn' sinn 

μ

D L�1
´
1

~�

1X
nD1

In

�r
p

~
r

�
Kn

�r
p

~
%

�
Œcosn.' �  / � cosn.' C  /	

μ
(7.110)

the Green’s function to the homogeneous problem corresponding to (7.99)–(7.101).
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Recall the so-called summation theorem for the modified Bessel functions (see, for
example, [37, 74]):

K0.!j.r cos' � % cos /C i.r sin' � % sin /j/

D I0.!r/K0.!%/C 2

1X
nD1

In.!r/Kn.!%/ cosn.' �  /; ! > 0:

In view of the above, the series in (7.110) can be summed, transforming the expres-
sion for G.x; y; t I �; �/ into

G.x; y; t I �; �/ D 1

2~�
L�1

²
K0

�r
p

~
jz � 
j

�
�K0

�r
p

~
jz � 
j

�³
;

where z and 
 are introduced, for compactness, as z D r.cos' C i sin'/ and 
 D
%.cos C i sin /.

To perform this transformation, we recall the relation from (7.7) yielding

G.x; y; t I �; �/ D 1

4~�t
Œe� jz��j2

4~t � e� jz��j2
4~t 	 (7.111)

which is the well-known expression for the Green’s function for the Dirichlet problem
for the diffusion equation on the upper half-plane y > 0 [13, 57, 66]. In standard
textbooks, this Green’s function is usually derived with help of the method of images,
starting from the fundamental solution

1

4�~t
exp

�
�jz � 
j2

4~t

�
of the diffusion equation in two dimensions.

7.3 Matrices of Green’s Type

In this section, we will discuss the construction procedure for matrices of Green’s
type for diffusion (heat conduction) phenomena taking place in media whose conduc-
tive properties vary discontinuously as functions of the spatial coordinates, within the
region to be considered.

Example 7.11. For the first illustrative example, we obtain the matrix of Green’s
type for the assembly of thin, semi-infinite rods, as depicted in Figure 7.1. Each rod is
composed of a homogeneous conducting material the heat conductivity and thermal
diffusivity of which are hi and ~i , respectively, with an initial temperature fi.x/. We
assume ideal contact at the contact point x D 0, that is, both the temperature and the
heat flux are assumed continuous for x D 0.
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Figure 7.1. Assembly of semi-infinite rods.

We also assume that the heat flow within each rod moves only in the x direction,
i.e. the lateral surfaces of the rods are insulated. The resulting problem is associated
with the set (i D 1; 2; 3) of three heat equations

@ui .x; t/

@t
D ~i

@2ui .x; t/

@x2
; x 2 .0;1/; t > 0; (7.112)

subject to initial conditions

ui .x; 0/ D fi.x/; i D 1; 2; 3; (7.113)

and put into the format of the system format by the conditions of ideal contact

u1.0; t/ D u2.0; t/ D u3.0; t/: (7.114)

and

h1
@u1.0; t/

@x
C h2

@u2.0; t/

@x
C h3

@u3.0; t/

@x
D 0: (7.115)

In addition, we assume that the temperature ui .x; t/ is finite at infinity for all times
t > 0

lim
x!1 jui .x; t/j < 1; i D 1; 2; 3: (7.116)

To proceed with our construction procedure for the matrix of Green’s type for the
homogeneous problem corresponding to (7.112)–(7.116), we take the Laplace trans-
form

L¹ui .x; t/º D Ui .x:p/; i D 1; 2; 3;

of ui .x; t/ with respect to the time variable t .
By virtue of the properties of linearity and differentiation of the original of the

Laplace transform (see Section 7.1), the system (7.112)–(7.116) transforms into the
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following multi point posed boundary-value problem in Ui.x; p/

d2Ui .x; p/

dx2
� p

~i
Ui .x; p/ D � 1

~i
fi .x/; i D 1; 2; 3; (7.117)

U1.0; p/ D U2.0; p/ D U3.0; p/; (7.118)

h1
dU1.0; p/

dx
C h2

dU2.0; p/

dx
C h3

dU3.0; p/

dx
D 0; (7.119)

lim
x!1 jUi .x; p/j < 1 i D 1; 2; 3: (7.120)

Using the method of variation of parameters, the general solution of equation
(7.117) is found (see Example 2.1 in Section 2) to be

Ui .x; p/ D
Z x

0

1

2
p
~ip

Œe
��xp
~i

p
p � e

x��p
~i

p
p
	fi .�/d�

CMie
q
p
~i
x CNie

�
q
p
~i
x
; i D 1; 2; 3; (7.121)

where the constants of integration Mi and Ni can be obtained from the boundary and
contact conditions stated in (7.117)–(7.120). That is, the boundedness conditions in
(7.120) yield

Mi D 1

2
p
~ip

Z 1

0

e
�
q
p
~i
�
fi .�/d�; i D 1; 2; 3:

Based on these expressions for Mi , the values of Ni can be found from the contact
conditions. That is, the continuity conditions formulated at x D 0 in (7.118) lead to

N1 �N2 D 1

2
p
p

Z 1

0

24e
�
q
p
~2
�

p
~2

f2.�/ � e
�
q
p
~1
�

p
~1

f1.�/

35 d� (7.122)

and

N2 �N3 D 1

2
p
p

Z 1

0

24e
�
q
p
~3
�

p
~3

f3.�/ � e
�
q
p
~2
�

p
~2

f2.�/

35 d�: (7.123)

The continuity condition for the heat flux at x D 0 in equation (7.119) provides us
with

h1p
~1
N1 C h2p

~2
N2 C h3p

~3
N3

D 1

2
p
p

Z 1

0

�
h1

~1
e

�
q
p
~1
�
f1.�/C h2

~2
e

�
q
p
~2
�
f2.�/C h3

~3
e

�
q
p
~3
�
f3.�/

�
d�:

(7.124)
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The relations (7.122)–(7.124) form a well-posed system of linear algebraic equa-
tions for Ni . After solving it, we obtain

N1 D 1

2H
p
p

Z 1

0

"�
h1p
~1

� h2p
~2

� h3p
~3

�
e

�
q
p
~1
�

p
~1

f1.�/

C 2h2

~2
e

�
q
p
~2
�
f2.�/C 2h3

~3
e

�
q
p
~3
�
f3.�/

#
d�

N2 D 1

2H
p
p

Z 1

0

"�
h2p
~2

� h1p
~1

� h3p
~3

�
e

�
q
p
~2
�

p
~2

f2.�/

C 2h1

~1
e

�
q
p
~1
�
f1.�/C 2h3

~3
e

�
q
p
~3
�
f3.�/

#
d�;

and

N3 D 1

2H
p
p

Z 1

0

"�
h3p
~3

� h2p
~2

� h1p
~1

�
e

�
q
p
~3
�

p
~3

f3.�/

C 2h1

~1
e

�
q
p
~1
�
f1.�/C 2h2

~2
e

�
q
p
~2
�
f2.�/

#
d�;

where

H D h1p
~1

C h2p
~2

C h3p
~3
:

For the compactness of following, we introduce the column vector-functions

U.x; p/ D .U1.x; p/; U2.x; p/; U3.x; p//
T

and

F.x/ D .f1.x/; f2.x/; f3.x//
T :

Upon substituting the Mi and Ni , that we just found, into (7.121) and doing some
algebra, we obtain the vector U.x; p/ in terms of the vector F.x/:

U.x; p/ D
Z 1

0

G.x; pI �/F.�/d�:

Clearly, the kernel-matrix G.x; pI �/ D .Gij .x; pI �//3�3 of this integral repre-
sents the matrix of Green’s type for the homogeneous boundary-value problem corre-
sponding to (7.112)–(7.116). In the following, we display the elements Gij .x; pI �/
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of G.x; pI �/ in a row-by-row manner. The elements of its first row are found as

G11.x; pI �/ D 1

2H
p
~1p

�
He

�jx��j
q
p
~1

C
�
h1p
~1

� h2p
~2

� h3p
~3

�
e

�.xC�/
q
p
~1

�
;

G12.x; pI �/ D h2

H~2
p
p

e
�. xp

~1
C �p

~2
/
p
p
;

and

G13.x; pI �/ D h3

H~3
p
p

e
�. xp

~1
C �p

~3
/
p
p
:

For the elements G2j .x; pI �/ of the second row of G.x; pI �/ we have

G21.x; pI �/ D h1

H~1
p
p

e
�. xp

~2
C �p

~1
/
p
p
;

G22.x; pI �/ D 1

2H
p
~2p

�
He

�jx��j
q
p
~2

C
�
h2p
~2

� h1p
~1

� h3p
~3

�
e

�.xC�/
q
p
~2

�
;

and

G23.x; pI �/ D h3

H~3
p
p

e
�. xp

~2
C �p

~3
/
p
p
:

Finally, the elements G3j .x; pI �/ of the third row are found as

G31.x; pI �/ D h1

H~1
p
p

e
�. xp

~3
C �p

~1
/
p
p
;

G32.x; pI �/ D h2

H~2
p
p

e
�. xp

~3
C �p

~2
/
p
p
;

and

G33.x; pI �/ D 1

2H
p
~3p

�
He

�jx��j
q
p
~3

C
�
h3p
~3

� h1p
~1

� h2p
~2

�
e

�.xC�/
q
p
~3

�
:
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Hence, the solution vector of the original initial-boundary-value problem in
(7.112)–(7.116) can be found as the inverse Laplace transform of the vector
U.x; pI �/, in the form

u.x; t/ D .u1.x; t/; u2.x; t/; u3.x; t//
T :

That is

u.x; t/ D L�1¹U.x; p/º

D
Z 1

0

L�1¹G.x; pI �/ºF.�/d� D
Z 1

0

g.x; t I �/F.�/d�:

Hence, the inverse Laplace transforms of G.x; pI �/ represent the sought-after
matrix of Green’s type g.x; t I �/ that we are looking for. The elements gij .x; t I �/
of g.x; t I �/ are obtained from the corresponding elements Gij .x; pI �/ of G.x; pI �/,
with the help of the relation in (7.6). The elements of the first row of g.x; t I �/ are
found as

g11.x; t I �/ D 1

2H
p
�~1t

�
He� .x��/2

4~1t

C
�
h1p
~1

� h2p
~2

� h3p
~3

�
e� .xC�/2

4~1t

�
;

g12.x; t I �/ D h2

H~2
p
�t

e
� 1
4t
. xp

~1
C �p

~2
/2
;

and

g13.x; t I �/ D h3

H~3
p
�t

e
� 1
4t
. xp

~1
C �p

~3
/2

whilst for the elements of the second row of g.x; t I �/, we obtain

g21.x; t I �/ D h1

H~1
p
�t

e
� 1
4t
. xp

~2
C �p

~1
/2
;

g22.x; t I �/ D 1

2H
p
�~2t

�
He� .x��/2

4~2t

C
�
h2p
~2

� h1p
~1

� h3p
~3

�
e� .xC�/2

4~2t

�
;

and

g23.x; t I �/ D h3

H~3
p
�t

e
� 1
4t
. xp

~2
C �p

~3
/2
:
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Finally, the elements of the third row of g.x; t I �/ are found as

g31.x; t I �/ D h1

H~1
p
�t

e
� 1
4t
. xp

~3
C �p

~1
/2
;

g32.x; t I �/ D h2

H~2
p
�t

e
� 1
4t
. xp

~3
C �p

~2
/2
;

and

g33.x; t I �/ D 1

2H
p
�~3t

�
He� .x��/2

4~3t

C
�
h3p
~3

� h1p
~1

� h2p
~2

�
e� .xC�/2

4~3t

�
:

In the following, we examine a two-dimensional initial boundary-value problem for
a set of the diffusion equations.

Example 7.12. Construct the matrix of Green’s type for the initial-boundary-value
problem

@ui .x; y; t/

@t
D ~ir2ui .x; y; t/; .x; y/ 2 �i ; t > 0; i D 1; 2; (7.125)

ui .x; y; 0/ D fi .x; y/; ui .x; 0; t/ D ui .x; b; t/ D 0; (7.126)

lim
x!�1 ju1.x; y; t/j < 1; lim

x!1 ju2.x; y; t/j < 1; (7.127)

u1.0; y; t/ D u2.0; y; t/; �1
@u1.0; y; t/

@x
D �2

@u2.0; y; t/

@x
(7.128)

stated on the infinite strip � D ¹�1 < x < 1; 0 < y < bº composed of two semi-
infinite strips �1 D ¹�1 < x < 0; 0 < y < bº and � D ¹0 < x < 1; 0 < y < bº.

The above problem might be thought of, in physical terms, as a problem that models
the process of heat conduction within a thin plate, with its middle plane occupying the
region �, one segment of which (�1) is made of a material whose conductivity and
thermal diffusivity are �1 and ~1, respectively, whilst the thermal constants of the
other segment (�2) are �2 and ~2. The initial temperature of the plate is given by the
functions f1.x; y/ and f2.x; y/. The lateral surfaces of the plate are insulated, the
contour lines y D 0 and y D b are kept at zero temperature at all times, and ideal
contact is assumed at the intersection line of the segments x D 0.

Applying the Laplace transform

L ¹ui .x; y; t/º D Ui .x; y; p/; i D 1; 2;
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produces the boundary-value problem

r2Ui .x; y; p/ � p

~i
Ui .x; y; p/ D � 1

~i
fi .x; y/; .x; y/ 2 �i ; i D 1; 2; (7.129)

Ui .x; 0; p/ D Ui .x; b; p/ D 0; (7.130)

lim
x!�1 jU1.x; y; p/j < 1; lim

x!1 jU2.x; y; p/j < 1; (7.131)

U1.0; y; p/ D U2.0; y; p/; �1
@U1.0; y; p/

@x
D �2

@U2.0; y; p/

@x
(7.132)

for the transforms Ui .x; y; p/ of ui .x; y; t/.
Upon expanding Ui .x; y; p/ and fi .x; y/ in the Fourier series

Ui .x; y; p/ D
1X
nD1

Ui;n.x; p/ sin �y; fi .x; y/ D
1X
nD1

fi;n.x/ sin �y; i D 1; 2;

(7.133)

with � D n�=b, we arrive at the boundary-value problem

d2Ui;n.x; p/

dx2
�
�
�2 C p

~i

�
Ui;n.x; p/ D � 1

~i
fi;n.x/; i D 1; 2; (7.134)

lim
x!�1 jU1;n.x; p/j < 1; lim

x!1 jU2;n.x; p/j < 1; (7.135)

U1;n.0; p/ D U2;n.0; p/; �1
dU1;n.0; p/

dx
D �2

dU2;n.0; p/

dx
(7.136)

for the Fourier coefficients Ui;n.x; p/ for the first of the expansions in (7.133).
After the problem in (7.134)–(7.136) is treated by our customary method of varia-

tion of parameters, the function U1;n.x; p/ is obtained as

U1;n.x; p/ D
Z x

�1
e!1.��x/ � e!1.x��/

2~1!1
f1;n.�/d�

C
Z 0

�1
.�!2 C !1/e!1.x��/ � .�!2 � !1/e!1.xC�/

2~1!1.�!2 C !1/
f1;n.�/d�

C
Z 1

0

�e!1x�!2�
~2.�!2 C !1/

f2;n.�/d�; � D �2

�1
; !i D

r
�2 C p

~i
:

When the first two integrals are combined, the above reduces to

U1;n.x; p/ D
Z 0

�1
gn11.x; �/f1;n.�/d� C

Z 1

0

gn12.x; �/f2;n.�/d�;

where

gn11.x; �/ D .�!2 C !1/e�!1jx��j � .�!2 � !1/e!1.xC�/
2~1!1.�!2 C !1/
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and

gn12.x; �/ D �e!1x�!2�
~2.�!2 C !1/

:

For U2;n.x; p/, we similarly have

U2;n.x; p/ D
Z 0

�1
gn21.x; �/f1;n.�/d� C

Z 1

0

gn22.x; �/f2;n.�/d�;

where

gn21.x; �/ D e!1��!2x
~1.�!2 C !1/

and

gn22.x; �/ D .�!2 C !1/e�!2jx��j C .�!2 � !1/e�!2.xC�/
2~2!2.�!2 C !1/

:

To obtain the matrix of Green’s type for the homogeneous problem corresponding
to
(7.125)–(7.128), we encourage the reader to follow our customary derivation pro-
cedure to completion. We will make the rest of our presentation more compact by
turning to a particular case of the problem under consideration. In doing so, let the
thermal diffusivity of the materials of �1 and �2 be identical. That is, ~1 D ~2 D ~

which implies

!1 D !2 D
r
�2 C p

~
:

This reduces the expressions for gni;j .x; �/ just displayed to

gn11.x; �/ D .�C 1/e
� jx��jp

~

p
pC�2~ � .� � 1/e

xC�p
~

p
pC�2~

2
p
~.�C 1/

p
p C �2~

; (7.137)

gn12.x; �/ D �e
x��p
~

p
pC�2~

p
~
p
p C �2~

; gn21.x; �/ D e
��xp
~

p
pC�2~

p
~
p
p C �2~

;

and

gn22.x; �/ D .�C 1/e
� jx��jp

~

p
pC�2~ C .� � 1/e�xC�p

~

p
pC�2~

2
p
~.�C 1/

p
p C �2~

:
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Following our routine, the solution to (7.129)–(7.132) is obtained as

Ui .x; y; p/ D
Z b

0

Z 0

�1
2

b

1X
nD1

gni1.x; �/ sin �y sin ��f1.�; �/d�d�

C
Z b

0

Z 1

0

2

b

1X
nD1

gni2.x; �/ sin �y sin ��f2.�; �/d�d�; i D 1; 2:

Taking the inverse Laplace transform of Ui .x; y; p/, we finally obtain the solution to
(7.125)–(7.128) in the form

ui .x; y; t/ D
Z b

0

Z 0

�1
gi1.x; y; t I �; �/f1.�; �/d�d�

C
Z b

0

Z 1

0

gi2.x; y; t I �; �/f2.�; �/d�d�; i D 1; 2; (7.138)

with the kernel-functions gij .x; y; t I �; �/ representing matrix elements of the sought-
after matrix of Green’s type

G.x; y; t I �; �/ D �
gij .x; y; t I �; �/

�
i;jD1;2 ;

expressed in terms of gnij .x; �/ as

gij .x; y; t I �; �/ D 2

b

1X
nD1

L�1¹gnij .x; �/º sin �y sin ��:

Taking, for example, the element g11.x; y; t I �; �/ and describing the procedure of
its inverse Laplace transform in detail, we write this element as

g11.x; y; t I �; �/ D 1

b

1X
nD1

L�1 ¹gn11.x; �/º .cos �.y � �/ � cos �.y C �//: (7.139)

After recalling gn11.x; �/ as displayed in (7.137), we obtain its inverse transform
with the aid of the relation in (7.6) and the translation theorem, transforming equation
(7.139) to

g11.x; y; t I �; �/ D 1

2b
p
~�t

�
e� .x��/2

4~t � � � 1
�C 1

e� .xC�/2
4~t

�
�

1X
nD1

e��2 ~t
b2
n2
�

cos 2n�
.y � �/
2b

� cos 2n�
.y C �/

2b

�
:
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This reduces to the following formula, containing the Jacobi Theta function

g11.x; y; t I �; �/ D 1

4b
p
~�t

�
e� .x��/2

4~t � � � 1
�C 1

e� .xC�/2
4~t

�
�
�
#3

�
y � �
2b

;
~t

b2

�
� #3

�
y C �

2b
;
~t

b2

��
: (7.140)

The other matrix elements of G.x; y; t I �; �/ are obtained as

g12.x; y; t I �; �/ D �

2.�C 1/b
p
~�t

e� .x��/2
4~t

�
�
#3

�
y � �
2b

;
~t

b2

�
� #3

�
y C �

2b
;
~t

b2

��
; (7.141)

g21.x; y; t I �; �/ D 1

2.�C 1/b
p
~�t

e� .x��/2
4~t

�
�
#3

�
y � �
2b

;
~t

b2

�
� #3

�
y C �

2b
;
~t

b2

��
(7.142)

and

g22.x; y; t I �; �/ D 1

4b
p
~�t

�
e� .x��/2

4~t C � � 1
�C 1

e� .xC�/2
4~t

�
�
�
#3

�
y � �
2b

;
~t

b2

�
� #3

�
y C �

2b
;
~t

b2

��
: (7.143)

In this section, we have considered several illustrative examples demonstrating the
possibilities to obtain matrices of Green’s type for the diffusion equation in media,
whose conductive properties vary discontinuously as a function of the spatial vari-
ables within the region of interest. Many other problems of this kind can be treated
similarly.

7.4 Chapter Exercises

1. Construct the Green’s function for the diffusion equation

@u

@t
D ~

@2u

@x2
; 0 < x < 1; t > 0;

that we obtained earlier in Section 7.2.1 (see equation (7.35)), subject to the
initial condition u.x; 0/ D 0, and the boundary conditions

@u.0; t/

@x
D 0; lim

x!1 ju.x; t/j < 1:
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2. Construct the Green’s function for the diffusion equation

@u

@t
D ~

@2u

@x2
; 0 < x < a; t > 0;

subject to the initial condition u.x; 0/ D 0, and the boundary conditions:

(a) @u.0;t/
@x

D 0; u.a; t/ D 0I
(b) @u.0;t/

@x
� �u.0; t/ D 0; u.a; t/ D 0:

3. Construct the Green’s function for the diffusion equation

@u

@t
D ~r2u � ˇu; �1 < x < 1; 0 < y < b; t > 0;

subject to the initial condition u.x; y; 0/ D 0, and the boundary conditions

@u.x; 0; t/

@y
D @u.x; b; t/

@y
D 0; lim

x!˙1 ju.x; y; t/j D 0:

4. Construct the Green’s function for the diffusion equation

@u

@t
D ~r2u � ˇu; 0 < x < 1; 0 < y < b; t > 0;

subject to the initial condition u.x; y; 0/ D 0, and the boundary conditions:

(a) @u.0;y;t/
@x

D 0; u.x; 0; t/ D u.x; b; t/ D 0I
(b) u.0; y; t/ D 0; u.x; 0; t/ D @u.x;b;t/

@y
D 0I

(c) @u.0;y;t/
@x

� �u.0; y; t/ D 0; u.x; 0; t/ D @u.x;b;t/
@y

D 0I
(d) @u.0;y;t/

@x
D 0; u.x; 0; t/ D @u.x;b;t/

@y
D 0I

(e) @u.0;y;t/
@x

D 0; @u.x;0;t/
@y

D @u.x;b;t/
@y

D 0:

5. Construct the Green’s function for the diffusion equation

@u

@t
D ~r2u � ˇu; 0 < x < a; 0 < y < b; t > 0;

subject to the initial condition u.x; y; 0/ D 0, and the boundary conditions

@u.0; y; t/

@x
D 0; �u.a; y; t/ D 0

and

u.x; 0; t/ D u.x; b; t/ D 0:



Chapter 8

Black–Scholes Equation

The partial differential equations that we have dealt with so far in this manual, were
well-represented in standard textbooks, used in the field. This is primarily so, due
to a wide range of applications of those equations in various areas of engineering
and natural sciences. That is, the diffusion equation, which has been reviewed me-
thodically in the previous chapter, finds numerous applications in continuum mechan-
ics [13, 27, 29] (in both fluid and solid sections of this science). As to the two-
dimensional static Klein–Gordon equation, that we considered in Chapter 3, its ap-
plication might be associated, for example, with a simulation of the phenomenon of
steady-state heat conduction in thin-walled structures, whose lateral surfaces are unin-
sulated. The higher-order partial differential equations, that we analyzed in Chapter 4,
serve as mathematical models for a score of problems in different areas of structural
mechanics [7, 19, 24, 26, 32, 38, 42, 47, 56, 59, 60, 64, 71, 72]. It is, of course, need-
less to list the vast number of various applications of the classical Laplace equation in
engineering and science.

Our focus in the present chapter is on an equation that has not yet been integrated
into the standard courses on applied partial differential equations. Hence, the equa-
tion to be looked at herein stays apart from all other equations listed above. The
history of its application is relatively short, compared with the others: indeed, the
Black–Scholes equation, which will be explored in this chapter, was introduced as a
model in financial mathematics only in recent decades [8, 52, 55, 75], which is why
it cannot be considered a customary equation in the area of applied partial differential
equations. However, the equation is becoming increasingly popular in its field where
it is widely used for qualitative as well as quantitative analysis of stock option pricing
problems. This attracts numerous researchers working in this rapidly developing area
of financial engineering, that is slowly but surely becoming an integral part of applied
mathematics.

Our approach to the Black–Scholes equation and its treatment are very similar to
those of the diffusion equation that we described in detail in Chapter 7: the use of
the Laplace transform will be combined with the method based on eigenfunction ex-
pansion, in order to treat a number of terminal-boundary-value problems for the gov-
erning equation. Some necessary preparatory work is presented in Section 8.1, where
we will show that a special solution of the Black–Scholes equation, which is, quite
customarily in the field, referred to as its Green’s function, represents, in fact, its fun-
damental solution. In Section 8.2 the emphasis will be on the construction of those
Green’s functions that were never before exposed in books. In Section 8.3 our focus
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will be on several methodological issues related to our approach to the construction
of Green’s functions for parabolic type equations. Section 8.4 changes our view an-
gle, as we focus on numerical results, illustrating the computational potential of the
procedures, based on Green’s functions.

8.1 The Fundamental Solution

The intention in this section is to establish a terminological basis for our work on
Green’s functions for the Black–Scholes equation

@V.S; t/

@t
C �2S2

2

@2V.S; t/

@S2
C rS

@V.S; t/

@S
� rV .S; t/ D 0 (8.1)

which represents a linear, backward in time, parabolic type partial differential equa-
tion with variable coefficients. In shorthand form, it will in this book, frequently be
referred to as BSE.

To explain the process modeled by (8.1), we note that the function V D V.S; t/

represents, in financial terms, the price of the derivative product, with the independent
variables S and t being the share price of the underlying asset and time, respectively.
The constant parameters � and r are the volatility of the underlying asset and the
risk-free interest rate, respectively.

Green’s function-based methods, which are advocated throughout this book as a
tool for solving boundary-value and initial-boundary-value problems for partial dif-
ferential equations, may also be productive in dealing with the BSE. It is worth noting,
however, that only a limited number of computer-friendly formulas for Green’s func-
tions of this equation are accessible to users. This circumstance considerably restrains
the applicability range for the Green’s function methods in the field.

The objective in this chapter is to develop a Green’s function-based analytical ap-
proach to a class of terminal-boundary-value problems posed the BSE. Note that the
term terminal applies in this case due to the fact that the equation is backward in time.
A number of Green’s functions will be constructed later, but before going any further
with their construction, we will focus on a terminological issue that plays an important
role in the rest of our presentation.

Consider the inhomogeneous BSE

@V.S; t/

@t
C �2S2

2

@2V.S; t/

@S2
C rS

@V.S; t/

@S
� rV .S; t/ D F.S; t/ (8.2)

on the region � D .S1 < S < S2/ � .T > t > �1/ of the S; t plane. Let the above
equation be subjected to the terminal condition

V.S; T / D '.S/ (8.3)
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with '.S/ representing, in financial terms, the pay-off function of a given derivative
problem at the expiration time T . Let also the boundary conditions

V.S1; t / D B1.t/ and V.S2; t / D B2.t/ (8.4)

be imposed on the boundary lines S D S1 and S D S2 of �.
It is evident that, upon introducing a new unknown function v.S; t/ which can, for

example, be expressed in terms of V.S; t/ as

v.S; t/ D V.S; t/ � S � S1
S2 � S1 ŒB2.t/ � B1.t/	C B1.t/ (8.5)

the terminal boundary-value problem in (8.2)–(8.4) reduces to

@v.S; t/

@t
C �2S2

2

@2v.S; t/

@S2
C rS

@v.S; t/

@S
� rv.S; t/ D H.S; t/; (8.6)

v.S; T / D f .S/ (8.7)

with the homogeneous boundary conditions

v.S1; t / D 0 and v.S2; t / D 0 (8.8)

imposed on the boundary lines S D S1 and S D S2 of �.
In view of relation (8.5), the right-hand side functions H.S; t/ and f .S/ in (8.6)

and (8.7) are expressed in terms of the right-hand sides F.S; t/ and '.S/ from (8.2)
and (8.3) as

H.S; t/ D F.S; t/C S � S1
S2 � S1 Œr .B2.t/ � B1.t//C B 0

1.t/ � B 0
2.t/	

�B 0
1.t/C rB1.t/C rS

B1.t/ � B2.t/
S2 � S1

and

f .S/ D '.S/ � S � S1
S2 � S1 ŒB2.T / � B1.T /	 � B1.T /:

Let G.S; t I �/ represent the Green’s function for the homogeneous (H.S; t/ � 0

and f .S/ � 0) terminal-boundary-value problem corresponding in (8.6)–(8.8). If so,
then, as follows from the qualitative theory of partial differential equations [3, 18, 22,
25, 39, 53, 54, 57, 61, 66, 67, 77], the solution to (8.6)–(8.8) itself can be expressed
as the sum

v.S; t/ D
Z S2

S1

G.S; t I �/f .�/d�C
Z T

t

Z S2

S1

G.S; t � � I �/H.�; �/d�d� (8.9)

of two integral representations.
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This implies that, in order to obtain a computer-friendly analytical solution to the
terminal-boundary-value problem in (8.2)–(8.4), we have to find a compact form of
the Green’s function G.S; t I �/ of the homogeneous problem corresponding to (8.6)–
(8.8).

Before going any further with the presentation of a construction procedure for
Green’s functions for various terminal-boundary-value problems for the BSE, we turn
to the following function

ˆ.S; t I �/ D e�r.T�t/

��
p
2�.T � t / exp

�
� Œln S



C .r � �2

2
/.T � t /	2

2�2.T � t /
�

(8.10)

which is well known in financial mathematics, and is traditionally referred to, in the
literature related to the field, as the Green’s function of the Black–Scholes equation
[55, 65, 75].

In order to be more accurate in our terminology, we now have to present the reader
some specifics of ˆ.S; t I �/: we will specify a terminal-boundary-value problem for
the BSE, for which ˆ.S; t I �/ represents the actual Green’s function. In doing so, we
will consider the problem

v.S; T / D f .S/; (8.11)

lim
S!0

jv.S; t/j < 1 and lim
S!1 jv.S; t/j < 1 (8.12)

for the homogeneous Black–Scholes equation

@v.S; t/

@t
C �2S2

2

@2v.S; t/

@S2
C rS

@v.S; t/

@S
� rv.S; t/ D 0 (8.13)

on the quarter-plane � D .0 < S < 1/ � .T > t > �1/ of the S; t -space, and will
show that this is the actual problem.

Since the Black–Scholes equation is used to model problems, occuring in financial
mathematics, and if we interpret the independent variables S and t appropriately, the
quarter-plane � represents the whole S; t -space. This makes it quite reasonable to
call ˆ.S; t I �/ either the fundamental solution of the BSE or its whole space Green’s
function. Note also that, following conventional Green’s function terminology, the
variable � 2 .0;1/ in (8.10) can be referred to as the source point variable.

A special comment is required with regard to the symbolism used in setting up the
boundary conditions in (8.12). Both end-points of the domain of the independent vari-
able S represent the so-called singular points [25, 53, 66] of the Black–Scholes equa-
tion. Hence, the corresponding boundary conditions cannot formally assign definite
values to the solution of the governing differential equation. Instead, the conditions in
(8.12) imply that the sought-after solution has to be bounded for S going to both zero
and infinity.
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For several decades, the function in (8.10) was the only available Green’s func-
tion for the BSE in financial mathematics. In this chapter, we describe a nontrivial
approach [49], which will enable us to construct Green’s functions for the Black–
Scholes equation not only for the boundary conditions in (8.12), but also for a variety
of others. This approach follows from the technique for the diffusion equation. Simi-
lar to the latter, it is based on a combination of the classical integral Laplace transform
formalism and the method of variation of parameters.

Since the BSE may be considered as of the Cauchy–Euler type [20, 53, 66] for the
variable S , it can be reduced, in financial mathematics (see, for example [55, 65]),
to an equation with constant coefficients. That is, after introducing new independent
variables x and �

x D lnS and � D �2

2
.T � t / (8.14)

the equation in (8.13) reads

@u.x; �/

@�
D @2u.x; �/

@x2
C .c � 1/@u.x; �/

@x
� cu.x; �/ (8.15)

representing a parabolic diffusion-type single-parameter partial differential equation
forward in time.

The parameter c in (8.15) is defined in terms of the parameters r and � of the
Black–Scholes equation as c D 2r=�2.

The change of variables in (8.14) converts the conditions in (8.11) and (8.12) into

u.x; 0/ D f .ex/; (8.16)

lim
x!�1 ju.x; �/j < 1 and lim

x!1 ju.x; �/j < 1 (8.17)

imposed on equation (8.15) on the half-plane .�1 < x < 1/ � .0 < � < 1/.
Applying the Laplace integral transform

U.xI s/ D L¹u.x; �/º D
Z 1

0

e�s	u.x; �/d�

to the problem in (8.15)–(8.17), we arrive at the following boundary-value problem
for the transform U.xI s/:

d2U.xI s/
dx2

C .c � 1/dU.xI s/
dx

� .s C c/U.xI s/ D �f .ex/; (8.18)

lim
x!�1 jU.xI s/j < 1; lim

x!1 jU.xI s/j < 1: (8.19)

Note that (8.18) is a linear inhomogeneous ordinary differential equation with constant
coefficients, since s now is only a parameter and U.xI s/ is treated as a single-variable
function of x.
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To find a fundamental set of solutions for the homogeneous equation corresponding
to (8.18), we consider its characteristic equation

k2 C .c � 1/k � .s C c/ D 0

the roots of which are found as

k1 D ˛ C ! and k2 D ˛ � !

with ! D p
s C ˇ, whilst the parameters ˛ and ˇ are defined in terms of c as

˛ D 1 � c
2

and ˇ D
�
1C c

2

�2
: (8.20)

This yields two linearly independent particular solutions of the homogeneous equa-
tion corresponding to (8.18) as

U1.xI s/ D e.˛C!/x and U2.xI s/ D e.˛�!/x

with their linear combination

U.xI s/ D A.xI s/e.˛C!/x C B.xI s/e.˛�!/x (8.21)

representing, in accordance with the method of variation of parameters, the general
solution to (8.18). Following this procedure, as described in detail earlier in our book,
we arrive at the well-posed system�

e.˛C!/x e.˛�!/x
.˛ C !/e.˛C!/x .˛ � !/e.˛�!/x

�
�
�
A0.xI s/
B 0.xI s/

�
D
�

0

�f .ex/
�

of linear algebraic equations for the derivatives of the coefficients A.xI s/ and B.xI s/
with respect to x from the linear combination in (8.21). We obtain the solution of the
above system as

A0.xI s/ D �e�˛xe�x!
2!

f .ex/ and B 0.xI s/ D e�˛xex!

2!
f .ex/:

After integration, the functions A.xI s/ and B.xI s/ themselves are found in the
form

A.xI s/ D � 1

2!

Z x

�1
e�˛�e��!f .e�/d� CM.s/

and

B.xI s/ D 1

2!

Z x

�1
e�˛�e�!f .e�/d� CN.s/:
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Substitution of these into (8.21) yields the general solution of (8.18) in the form

U.xI s/ D 1

2!

Z x

�1
e˛.x��/ �e!.��x/ � e!.x��/	 f .e�/d�

CM.s/e.˛C!/x CN.s/e.˛�!/x (8.22)

The constants of integration M.s/ and N.s/ can be obtained through imposing the
boundary conditions in (8.19). Omitting the details, we get

N.s/ D 0; M.s/ D 1

2!

Z 1

�1
e�˛�e��!f .e�/d�:

Upon substituting these into (8.22), we obtain the solution to the boundary-value
problem in (8.18) and (8.19) as

U.xI s/ D
Z x

�1
e˛.x��/
2!

.e!.��x/ � e!.x��//f .e�/d�

C
Z 1

�1
e˛.x��/
2!

e!.x��/f .e�/d�

which can be rewritten in a compact single-integral form as

U.xI s/ D
Z 1

�1
e˛.x��/
2!

e�!jx��jf .e�/d�: (8.23)

The solution u.x; �/ to the initial boundary-value problem in (8.15)–(8.17) can be
obtained from U.xI s/ with the aid of the inverse Laplace transform

u.x; �/ D L�1¹U.xI s/º:
To obtain it, we keep in mind that the parameter ! has earlier been introduced in terms
of the parameter s of the Laplace transform as

p
s C ˇ, yielding

u.x; �/ D
Z 1

�1
e˛.x��/L�1

´
e�jx��jpsCˇ

2
p
s C ˇ

μ
f .e�/d�:

Referring back to Chapter 7, we recall the transform of (7.6) and the Translation
Theorem, which converts the above expression for u.x; �/ into

u.x; �/ D
Z 1

�1
e˛.x��/e�ˇ	
2
p
��

e� .x��/2
4� f .e�/d�: (8.24)

To obtain the solution v.S; t/ to the system in (8.11)–(8.13), we perform backward
substitutions in accordance with the relations in (8.14). This implies that x, � and �
must be replaced with S , t and � , respectively as

x D lnS; � D �2

2
.T � t /; and � D ln �:
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Clearly, the differential of the variable of integration � in (8.24) converts to the form

d� D 1

�
d�

whilst the interval of integration .�1;1/ in (8.24) transforms, according to the rela-
tion � D ln �, to the interval Œ0;1/ with respect to �. With all this in mind, we arrive
at the solution of the terminal-boundary-value problem in (8.11)–(8.13) as

v.S; t/ D
Z 1

0

1

��
p
2�.T � t /

� exp

 
˛ ln

S

�
� ˇ�

2

2
.T � t / � .ln S



/2

2�2.T � t /

!
f .�/d� (8.25)

revealing, in light of relation (8.9), the Green’s function to the problem in (8.11)–
(8.13) as

G.S; t I �/ D 1

��
p
2�.T � t / exp

 
˛ ln

S

�
� ˇ�

2

2
.T � t / � .ln S
 /

2

2�2.T � t /

!
: (8.26)

At this point, it is not evident that the above expression for G.S; t I � / and the one
for ˆ.S; t I �/ displayed in (8.10) are identical. To verify their identity, we express ˛
and ˇ in (8.26) in terms of the original parameters � and r of the BSE as

˛ D
�2

2
� r
�2

and ˇ D
 
r C �2

2

�2

!2
and rewrite (8.26) accordingly as

G.S; t I �/ D 1

��
p
2�.T � t /

� exp

 
�2

2
� r
�2

ln
S

�
� .r C �2

2
/2

2�2
.T � t / � .ln S



/2

2�2.T � t /

!
(8.27)

Now multiplying the above expression by the product of the two factors

e�r.T�t/er.T�t/

this product being equal to unity, we leave the first of these factors (the negative
exponent) in its current form, combine the second factor with the existing exponential
term in (8.27), and subsequently rewrite the latter as

G.S; t I �/ D e�r.T�t/

��
p
2�.T � t /

� exp

 
�r � �2

2

�2
ln
S

�
C r.T � t / � .r C �2

2
/2

2�2
.T � t / � .ln S



/2

2�2.T � t /

!
:
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Combining the second and third additive terms in the argument of the extended
exponential function above, we reduce it to

�r � �2

2

�2
ln
S

�
� .r � �2

2
/2

2�2
.T � t / � .ln S



/2

2�2.T � t /
which immediately transforms to

�.ln
S


/2 C 2.r � �2

2
/.T � t / ln S



C .r � �2

2
/2.T � t /2

2�2.T � t / :

It is evident that the numerator in the above fraction represents a complete square,
reducing the above to

� Œln
S



C .r � �2

2
/.T � t /	2

2�2.T � t / :

Hence, the expression for ˆ.S; t I �/ presented in (8.10) is indeed identical to
G.S; t I �/ in (8.26). This implies that ˆ.S; t I �/ does in fact represent the Green’s
function for the terminal-boundary-value problem posed in (8.11)–(8.13). In other
words, our approach has proved to be effective, and in the next section we bring a
thorough justification of its successful applicability to other terminal-boundary-value
problems for the BSE.

8.2 Other Green’s Functions

As we already mentioned before, our approach to the construction of Green’s func-
tions for the BSE follows from the procedure for the diffusion equation, proposed in
Chapter 7. It is based on a combination of two classical methods in applied mathemat-
ics, which are: the method of Laplace integral transform and the method of variation
of parameters traditionally used to find the general solution of linear high-order ordi-
nary differential equations. In the following series of examples we will describe the
procedure in detail.

Example 8.1. Consider the terminal-boundary-value problem

@v.S; t/

@t
C �2S2

2

@2v.S; t/

@S2
C rS

@v.S; t/

@S
� rv.S; t/ D 0; (8.28)

v.S; T / D f .S/; (8.29)

v.S1; t / D 0 and v.S2; t / D 0; (8.30)

posed in the region � D .S1 < S < S2/ � .T > t > �1/.
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Recall from [55, 66] that the solution of the above problem can be written in terms
of the Green’s function G.S; t I �/ of the corresponding homogeneous (f .S/ � 0)
problem as

v.S; t/ D
Z S2

S1

G.S; t I �/f .�/d�: (8.31)

The above relation determines the strategy, that we will follow for the actual deriva-
tion of a compact formula for the Green’s function G.S; t I �/.

As in the previous section, we emphasize the single-parameter forward in time
parabolic equation

@u.x; �/

@�
D @2u.x; �/

@x2
C .c � 1/@u.x; �/

@x
� cu.x; �/ (8.32)

arising from (8.28) after introducing new independent variables x and �

x D lnS and � D �2

2
.T � t / (8.33)

with c in (8.32) defined in terms of r and � as c D 2r=�2.
Note that equation (8.32) has, in contrast to the Black–Scholes equation, constant

coefficients. This simplifies the situation significantly.
After introducing the variables x and � in accordance with the relations of (8.33),

the terminal-boundary-value problem in (8.28)–(8.30) transforms in the following
initial-boundary-value problem

u.x; 0/ D f .ex/; (8.34)

u.a; �/ D 0 and u.b; �/ D 0 (8.35)

for equation (8.32) on the semi-infinite strip-shaped region .a < x < b/ � .0 < � <

1/ in the x; � -plane, with

a D lnS1 and b D lnS2:

Applying the Laplace transform

U.xI s/ D L¹u.x; �/º D
Z 1

0

e�s	u.x; �/d�

to the system in (8.32), (8.34) and (8.35), we obtain the following boundary-value
problem

d2U.xI s/
dx2

C .c � 1/dU.xI s/
dx

� .s C c/U.xI s/ D �f .ex/; (8.36)

U.aI s/ D 0; U.bI s/ D 0 (8.37)

for the Laplace transform U.xI s/ of u.x; �/.
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We recall from Section 8.1 (observe the relation in (8.22)), that the general solution
to the equation in (8.36) can be written, in accordance with the method of variation of
parameters, as

U.x; s/ D
Z x

a

e˛.x��/
2!

.e!.��x/ � e!.x��//f .e�/d�

CM.s/e.˛C!/x CN.s/e.˛�!/x ; (8.38)

where ! is defined as ! D p
s C ˇ, whilst ˛ and ˇ are expressed as

˛ D 1 � c
2

and ˇ D
�
1C c

2

�2
:

After imposing the boundary conditions in (8.37), we arrive at the system of linear
algebraic equations�

e.˛C!/a e.˛�!/a
e.˛C!/b e.˛�!/b

�
�
�
M.s/

N.s/

�
D
�

0

‰.s/

�
(8.39)

in M.s/ and N.s/, where

‰.s/ D �
Z b

a

1

2!
Œe.˛�!/.b��/ � e.˛C!/.b��/	f .e�/d�:

Solving the system in (8.39), we obtain

M.s/ D
Z b

a

e.˛�!/ae˛.b��/Œe!.��b/ � e!.b��/	
2!Œe!.a�b/ � e!.b�a/	

f .e�/d�

and

N.s/ D �
Z b

a

e.˛C!/ae˛.b��/Œe!.��b/ � e!.b��/	
2!Œe!.a�b/ � e!.b�a/	

f .e�/d�:

Upon substituting these in (8.38), the latter reads as

U.x; s/ D
Z x

a

e˛.x��/
2!

.e!.��x/ � e!.x��//f .e�/d�

C
Z b

a

e˛.x��/Œe!.x�a/ � e!.a�x/	Œe!.��b/ � e!.b��/	
2!Œe!.a�b/ � e!.b�a/	

f .e�/d�

which can be expressed, in single-integral form, making use of absolute value function
notation, as

U.xI s/ D
Z b

a

e˛.x��/

2!


e!.a�b/ � e!.b�a/�

� ¹e!Œ.xC�/�.aCb/
 C e!Œ.aCb/�.xC�/


� e!Œ.a�b/Cjx��j
 � e!Œ.b�a/�jx��j
ºf .e�/d�:
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Transforming the factor e!.a�b/�e!.b�a/ in the denominator to

e!.a�b/! � e!.b�a/ D �e!.b�a/Œ1 � e2!.a�b/	

we rewrite U.xI s/ as

U.xI s/ D �
Z b

a

e˛.x��/

2!e!.b�a/ 
1 � e2!.a�b/�
� ¹e!Œ.xC�/�.aCb/
 C e!Œ.aCb/�.xC�/


� e!Œ.a�b/Cjx��j
 � e!Œ.b�a/�jx��j
ºf .e�/d�: (8.40)

Note that an immediate inverse Laplace transform of U.xI s/ is problematic, if the
latter is kept in its current form. Hence, we first adjust it by representing the factor
1=Œ1�e2!.a�b/	 in the integrand of (8.40) as the sum of the geometric series

1

1 � e2!.a�b/ D
1X
nD0

e2n!.a�b/

the common ratio e2!.a�b/ of which appears to be a negative exponent (a < b) and
is, therefore, less than unity, transforming (8.40) to

U.xI s/ D
Z b

a

e˛.x��/
2!

1X
nD0

¹e!Œjx��jC2.nC1/.a�b/


C e!Œ2n.a�b/�jx��j
 � e!Œ.xC�/C2n.a�b/�2b


� e!Œ2aC2n.a�b/�.xC�/
ºf .e�/d�:

The inverse Laplace transform of the above can be performed term-by-term. Recall
that !, in terms of the parameter s of the Laplace transform, reads as

p
s C ˇ. This

yields the solution u.x; �/ of the initial-boundary-value problem in (8.32), (8.34) and
(8.35) as

u.x; �/ D L�1¹U.x; s/º

D
Z b

a

e˛.x��/e�ˇ	
2
p
��

1X
nD0

²
exp

�
� Œjx � �j C 2.nC 1/.a � b/	2

4�

�

C exp

�
� Œjx � �j � 2n.a � b/	2

4�

�
� exp

�
� Œ2b � .x C �/ � 2n.a � b/	2

4�

�
� exp

�
� Œ.x C �/ � 2a � 2n.a � b/	2

4�

�³
f .e�/d�
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which can be written in a more compact form by rearranging the summation in the
above series. In doing so, we combine the first two exponents with other two, whilst
summing from negative to positive infinity. Recalling the transform of (7.6) and the
Translation Theorem for the Laplace transform in Chapter 7, we obtain

u.x; �/ D
Z b

a

e˛.x��/e�ˇ	
2
p
��

1X
mD�1

²
exp

�
� Œjx � �j C 2m.a � b/	2

4�

�

� exp

�
� Œ2b � .x C �/ � 2m.a � b/	2

4�

�³
f .e�/d�:

We obtain the solution v.S; t/ to the system in (8.28)–(8.30) from the above through
backward substitution of x, � and � with S , t and �, respectively, which we can do in
accordance with the relations in (8.33). When ˛ and ˇ are expressed in terms of the
original parameters r and � of the Black–Scholes equation, we obtain v.S; t/ in the
form

v.S; t/ D
Z S2

S1

exp.� r��2

2

�2
ln S
 � .rC�2

2
/2

2�2
.T � t //

��
p
2�.T � t /

�
1X

mD�1

´
exp

�
� .ln S



C 2m ln S1

S2
/2

2�2.T � t /
�

� exp

�
� .ln

S22
S


� 2m ln S1
S2
/2

2�2.T � t /
�μ
f .�/d�

transforming, after combining the sums of the additive components in the series factor
into a single logarithmic function, to

v.S; t/ D
Z S2

S1

exp.� r��2
2

�2
ln S



� .rC�2

2
/2

2�2
.T � t //

��
p
2�.T � t /

�
1X

mD�1

´
exp

�
�
.ln

SS2m
1


S2m2
/2

2�2.T � t /
�

� exp

�
�
.ln

S
2.mC1/
2

S
S2m1
/2

2�2.T � t /
�μ
f .�/d�:

(8.41)
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Since the solution to the problem in (8.28)–(8.30) is obtained in the integral form
of (8.31), the kernel of equation (8.41)

G.S; t I �/ D exp.� r��2

2

�2
ln S



� .rC�2

2
/2

2�2
.T � t //

��
p
2�.T � t /

�
1X

mD�1

´
exp

�
�
.ln

SS2m1

S2m2

/2

2�2.T � t /
�

� exp

�
�
.ln

S
2.mC1/
2

S
S2m1
/2

2�2.T � t /
�μ

(8.42)

represents the Green’s function to the homogeneous setting corresponding to that in
(8.28)–(8.30).

It is evident that the above series converges at a high rate, unless the variable t is
in the immediate proximity of the expiration time T , which implies that, when com-
puting values of G.S; t I �/, we can attain any accuracy level as required for practical
application by truncating its series appropriately to the M th partial sum as

G.S; t I �/ � exp.�r��2
2

�2
ln S



� .rC�2

2
/2

2�2
.T � t //

��
p
2�.T � t /

�
MX

mD�M

´
exp

�
�
.ln

SS2m1

S2m2

/2

2�2.T � t /
�

� exp

�
�
.ln

S
2.mC1/
2

S
S2m1
/2

2�2.T � t /
�μ
: (8.43)

We performed a multi-parameter numerical experiment in order to come up with
practical recommendations for the choice of the truncation parameter M in (8.43).
We calculated approximate values of G.S; t I �/ for a wide range of the parameters r ,
� , S1 and S2. The experiment suggests unconditionally, that M � 5 is a sufficient
condition for obtaining values of G.S; t I �/ from (8.43), accurate to the sixth decimal
place, even for values of t in a very proximity of T .

Later, in Section 8.4, we will present graphical evidence of the computer-friendly
nature of the form in (8.43).

Example 8.2. With the experience gained from working on Example 8.1, consider
another terminal-boundary-value problem for the BSE, namely

@v.S; t/

@t
C �2S2

2

@2v.S; t/

@S2
C rS

@v.S; t/

@S
� rv.S; t/ D 0; (8.44)

v.S; T / D f .S/; (8.45)

jv.0; t/j < 1 and
@v.D; t/

@S
C �v.D; t/ D 0; � � 0; (8.46)



376 Chapter 8 Black–Scholes Equation

defined on the S; t space for the region � D .0 < S < D/ � .T > t > �1/, where
D is a positive constant.

Note that, in (8.46), we impose different types of boundary conditions on the two
bounding segments S D 0 and S D D of �. In mathematical physics the second of
these conditions is referred to as either the mixed type or the Robin type [13, 17, 29].
To our best knowledge, mixed boundary conditions have not yet been considered in
association with the Black–Scholes equation. It is in fact unclear if such problem
settings might be premature with regard to financial engineering. But from standpoint
of mathematics, they look feasible and might find realistic applications within the field
in years to come.

In order to construct Green’s function to the homogeneous (f .S/ � 0) problem
corresponding to (8.44)–(8.46), we follow our procedure from Example 8.1. Upon
introducing new independent variables x and � , as suggested in (8.33), we convert the
system (8.44)–(8.46) to the following initial-boundary-value problem

u.x; 0/ D f .ex/; (8.47)

ju.�1; �/j < 1 and
@u.b; �/

@x
C %u.b; �/ D 0 (8.48)

for equation (8.32) on the quarter-plane .�1 < x < b/ � .0 < � < 1/. The
parameters b and % in (8.48) are defined in terms ofD and � from the original problem
as

b D lnD and % D D�:

Applying the Laplace transform to the problem in (8.32), (8.47) and (8.48), we
arrive at the boundary-value problem

d2U.xI s/
dx2

C .c � 1/dU.xI s/
dx

� .s C c/U.xI s/ D �f .ex/; (8.49)

jU.�1I s/j < 1;
dU.bI s/
dx

C %U.bI s/ D 0 (8.50)

for the transform U.xI s/ of u.x; �/.
The method of variation of parameters gives the general solution to the equation in

(8.49) of the form

U.xI s/ D 1

2!

Z x

�1
e˛.x��/Œe!.��x/ � e!.x��/	f .e�/d�

CM.s/e.˛C!/x CN.s/e.˛�!/x (8.51)

with ˛ and ! as introduced earlier, in Example 8.1.
To determine M.s/ and N.s/, we take advantage of the boundary conditions in

(8.50). When x goes to negative infinity, the integral component in (8.51) vanishes,
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whereas the M.s/-containing component approaches zero. Hence, for the first condi-
tion in (8.50) to hold, N.s/ must be zero

N.s/ D 0 (8.52)

because the exponential factor of the N.s/-containing component in (8.51) is un-
bounded for x going to negative infinity.

Hence, the derivative of U.xI s/ in (8.51) reads as

dU.xI s/
dx

D M.s/.˛ C !/e.˛C!/x

C 1

2!

Z x

�1
e˛.x��/Œ.˛ � !/e!.��x/ � .˛ C !/e!.x��/	f .e�/d�

and the second condition in (8.50) yields the following equation

1

2!

Z b

�1
e˛.b��/Œ.˛ � !/e!.��b/ � .˛ C !/e!.b��/	f .e�/d�

C %

2!

Z b

�1
e˛.b��/Œe!.��b/ � e!.b��/	f .e�/d�

CM.s/.˛ C !/e.˛C!/b C %M.s/e.˛C!/b D 0

from which M.s/ is found as

M.s/ D � 1

2!

Z b

�1
e�˛��b!

�
# � !
# C !

e!.��b/ � e!.b��/
�
f .e�/d�;

where # D %C ˛.
Now substituting the above expression forM.s/ into (8.51) and taking into account

(8.52), we obtain the solution to the boundary-value problem in (8.49) and (8.50) as

U.xI s/ D 1

2!

Z x

�1
e˛.x��/Œe!.��x/ � e!.x��/	f .e�/d�

� 1

2!

Z b

�1
e˛.x��/e!.x�b/Œ # � !

# C !
e!.��b/ � e!.b��/	f .e�/d�

To obtain the inverse Laplace transform u.x; �/ of the above, which represents the
solution to the initial boundary-value problem in (8.32), (8.47) and (8.48), we simplify
the above expression for U.xI s/. After some tedious but straightforward algebra, we
obtain its more compact form

U.xI s/ D
Z b

�1
e˛.x��/
2!

�
e�!jx��j � # � !

# C !
e!.xC��2b/

�
f .e�/d�
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which is still inconvenient for immediate inverse Laplace transform. To make things
easier, we rewrite U.xI s/ in the equivalent form

U.xI s/ D
Z b

�1
e˛.x��/
2!

�
e�!jx��j �

�
2#

# C !
� 1

�
e!.xC��2b/

�
f .e�/d�:

Upon recalling the expression for ! in terms of the parameter s of the Laplace
transform, the above transforms to

U.xI s/ D
Z b

�1
e˛.x��/
2

²
e�p

sCˇ jx��jp
s C ˇ

�
�

2#

.# Cp
s C ˇ/

p
s C ˇ

� 1p
s C ˇ

�
e

p
sCˇ.xC��2b/

³
f .e�/d�:

The inverse transform of the above can be obtained with the aid of the relations in
Chapter 7 (see (7.8)). The solution u.x; �/ of the initial-boundary-value problem in
(8.32), (8.47) and (8.48) is found in the form

u.x; �/ D
Z b

�1
e˛.x��/�ˇ	

�
²

1

2
p
��

�
exp

�
�.x � �/2

4�

�
C exp

�
�.x C � � 2b/2

4�

��
� #e#

2	�#.xC��2b/ erfc

�
#

p
� � x C � � 2b

2
p
�

�³
f .e�/d� (8.53)

Recall that the conventional abbreviation erfc. � / represents the complementary
Gauss error function [1, 3, 27, 37, 66], which is defined as

erfc.'/ D 2p
�

Z 1

'

e�x2dx:

The solution v.S; t/ of the terminal-boundary-value problem in (8.44)–(8.46) can
be obtained from (8.53) by backward substitution of the original parameters, implying

v.S; t/ D
Z D

0

1

�
exp

�
˛ ln

S

�
� ˇ�

2

2
.T � t /

�

�
´

1

�
p
2�.T � t /

�
exp

�
� .ln S



/2

2�2.T � t /
�

C exp

�
� .ln S


D2
/2

2�2.T � t /
��

� #e
#2�2

2
.T�t/�# ln S�

D2 erfc

�
#

2

q
2�2.T � t / � ln S


D2p
2�2.T � t /

�μ
f .�/d�
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from which we arrive at a conclusion that the kernel G.S; t I �/ of the above integral
represents the Green’s function to the homogeneous problem corresponding to that in
(8.44)–(8.46). After some trivial algebra, it can be written in the form

G.S; t I �/ D 1

�

�
S

�

�˛
exp

�
�ˇ�

2

2
.T � t /

�

�
´

1

�
p
2�.T � t /

"
exp

 
� .ln S



/2

2�2.T � t /

!
C exp

 
� .ln S


D2
/2

2�2.T � t /

!#

� #

�
S�

D2

��#
e
#2�2

2
.T�t/ erfc

 
#

2

q
2�2.T � t / � ln S


D2p
2�2.T � t /

!μ
:

(8.54)

Recall that ˛, ˇ and # in (8.54) read, in terms of the original parameters � and r of
the Black–Scholes equation and the D and � in (8.46), as

˛ D
�2

2
� r
�2

; ˇ D
 
r C �2

2

�2

!2
and # D D� C ˛:

Example 8.3. Note that the problem specification in (8.44)–(8.46) allows two partic-
ular cases that might be of interest in option pricing valuation. One of these cases is
for � equal to zero, transforming the boundary conditions in (8.46) to

jv.0; t/j < 1 and
@v.D; t/

@S
D 0: (8.55)

Later, in the Chapter Exercises, we challenge the reader to implement our technique
and derive the Green’s function for the problem in (8.44), (8.45), and (8.55) from
scratch. In the following, we will obtain it, by taking advantage of the formula for the
Green’s function that appeared in (8.54). Making subsequent changes necessitated by
setting � D 0, which implies # D ˛, we arrive at

G.S; t I �/ D 1

�

�
S

�

�˛
exp

�
�ˇ�

2

2
.T � t /

�

�
´

1

�
p
2�.T � t /

�
exp

�
�

�
ln S



	2
2�2.T � t /

�
C exp

�
� .ln S


D2
/2

2�2.T � t /
��

� ˛
�
S�

D2

��˛
e
˛2�2

2
.T�t/ erfc

 
˛

2

q
2�2.T � t / � ln S


D2p
2�2.T � t /

!μ
(8.56)

which is the sought-after Green’s function.
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Example 8.4. The second particular case for the problem in (8.44)–(8.46) is when �
goes to infinity. This transforms the boundary conditions in (8.46) to

jv.0; t/j < 1 and v.D; t/ D 0: (8.57)

Later, in the Chapter Exercises, we challenge the reader to implement our tech-
nique and derive the Green’s function for the setting in (8.44), (8.45), and (8.57) from
scratch. In the following, we will get it from (8.54) directly . Note that this is not as
straightforward as in Example 8.3: taking the limit in (8.54) for � going to infinity is
not a trivial exercise. That is why, in order to get it done, we revisit the expression

U.xI s/ D
Z b

�1
e˛.x��/
2!

�
e�!jx��j � # � !

# C !
e!.xC��2b/

�
f .e�/d� (8.58)

that we obtained earlier for the Laplace transform U.xI s/ of u.x; �/ in Example 8.2,
for the problem in (8.44)–(8.46). Observing that

lim
�!1

# � !
# C !

D lim
�!1

.D� C ˛/ � !

.D� C ˛/C !
D 1

we write (8.58) for the problem in (8.44), (8.45), and (8.57) as

U.xI s/ D
Z b

�1
e˛.x��/
2!

Œe�!jx��j � e!.xC��2b/	f .e�/d�

D
Z b

�1
e˛.x��/
2

"
e�p

sCˇ jx��jp
s C ˇ

� e
p
sCˇ.xC��2b/p
s C ˇ

#
f .e�/d�:

The inverse Laplace transform of the above is no longer a problem and we find

u.x; �/ D
Z b

�1
e˛.x��/�ˇ	
2
p
��

�
�

exp

�
�.x � �/2

4�

�
� exp

�
�.x C � � 2b/2

4�

��
f .e�/d�

allowing to find the solution of the problem in (8.44), (8.45) and (8.57) as

v.S; t/ D
Z D

0

exp.˛ ln S



� ˇ �2
2
.T � t //

��
p
2�.T � t /

�
�

exp

�
� .ln S



/2

2�2.T � t /
�

� exp

�
� .ln S


D2
/2

2�2.T � t /
��
f .�/d�
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which simplifies to

v.S; t/ D
Z D

0

1

�

�
S

�

�˛ exp.�ˇ �2
2
.T � t //

�
p
2�.T � t /

�
�

exp

�
� .ln S
 /

2

2�2.T � t /
�

� exp

�
� .ln S


D2
/2

2�2.T � t /
��
f .�/d�

from which follows that

G.S; t I �/ D S˛

�˛C1 � exp.�ˇ �2
2
.T � t //

�
p
2�.T � t /

�
�

exp

�
� .ln S



/2

2�2.T � t /
�

� exp

�
� .ln S


D2
/2

2�2.T � t /
��

(8.59)

represents the Green’s function to the homogeneous problem corresponding to that in
(8.44), (8.45), and (8.57).

Example 8.5. Consider another terminal boundary-value problem

@v.S; t/

@t
C �2S2

2

@2v.S; t/

@S2
C rS

@v.S; t/

@S
� rv.S; t/ D 0; (8.60)

v.S; T / D f .S/; (8.61)

@v.S1; t /

@S
D 0 and

@v.S2; t /

@S
D 0 (8.62)

on the region � D .S1 < S < S2/� .T > t > �1/, and construct Green’s function
to the corresponding homogeneous (f .S/ � 0) problem.

Omitting the customary details of the derivation procedure, which have been thor-
oughly explained earlier, we present a brief sketch, whilst focusing on issues that are
specific to the problem under consideration.

After a change of variables as specified in (8.33), the problem in (8.60)–(8.62)
reduces to the initial-boundary-value problem

@u.x; �/

@�
D @2u.x; �/

@x2
C .c � 1/@u.x; �/

@x
� cu.x; �/; (8.63)

u.x; 0/ D f .ex/; (8.64)

@u.a; �/

@x
D 0 and

@u.b; �/

@x
D 0; (8.65)

where c is introduced as 2r=�2, whilst

a D lnS1 and b D lnS2:
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Applying the Laplace transform

U.xI s/ D L¹u.x; �/º D
Z 1

0

e�s	u.x; �/d�

to (8.63)–(8.65), we arrive at the boundary-value problem

d2U.xI s/
dx2

C .c � 1/dU.xI s/
dx

� .s C c/U.xI s/ D �f .ex/; (8.66)

@U.aI s/
@x

D 0 and
@U.bI s/
@x

D 0 (8.67)

for U.xI s/. Following the procedure of variation of parameters, we find the solution
of the system (8.66)–(8.67) as

U.xI s/ D
Z x

a

e˛.x��/
2!

Œe!.��x/ � e!.x��/	f .e�/d�

C
Z b

a

e˛.x��/Œ.˛ � !/e!.��b/ � .˛ C !/e!.b��/	
2!.˛2 � !2/Œe!.a�b/ � e!.b�a/	

� Œ.˛ � !/e!.x�a/ � .˛ C !/e!.a�x/	f .e�/d�

with ! defined as ! D p
s C ˇ, whilst ˛ and ˇ are expressed in terms of the param-

eter c that we introduced recently as

˛ D 1 � c
2

and ˇ D
�
1C c

2

�2
:

The above expression for U.xI s/ reduces to single-integral form:

U.xI s/ D
Z b

a

e˛.x��/

2!.˛2 � !2/Œe!.a�b/ � e!.b�a/	
� ¹.˛ � !/2e!Œ.xC�/�.aCb/
 C .˛ C !/2e!Œ.aCb/�.xC�/


� .˛2 � !2/Œe!Œjx��jC.a�b/
 � e!Œ.b�a/�jx��j
	ºf .e�/d� (8.68)

To ease performing the inverse transform of U.xI s/, we rewrite (as was suggested
earlier in Example 8.1) one of the factors in the integrand in (8.68) as

1

e!.a�b/ � e!.b�a/ D � e!.a�b/

1 � e2!.a�b/ D �e!.a�b/
1X
nD0

e2n!.a�b/:

This converts (8.68) to

U.xI s/ D
Z b

a

e˛.x��/
2!

1X
nD0

°
e!Œjx��jC2.nC1/.a�b/
 C e!Œ2n.a�b/�jx��j


� ˛ � !
˛ C !

Œe!Œ.xC�/C2n.a�b/�2b
 C e!Œ2n.a�b/�.xC�/C2a
	
³
f .e�/d�;
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which can be transformed as

U.xI s/ D
Z b

a

e˛.x��/
2!

1X
nD0

²
e!Œjx��jC2.nC1/.a�b/
 C e!Œ2n.a�b/�jx��j


�
�
1 � 2!

˛ C !

�
Œe!Œ.xC�/C2n.a�b/�2b
 C e!Œ2n.a�b/�.xC�/C2a
	

³
f .e�/d�

D
Z b

a

e˛.x��/
²
1

2!

1X
nD0

Œe!Œjx��jC2.nC1/.a�b/
 C e!Œ2n.a�b/�jx��j


� e!Œ.xC�/C2n.a�b/�2b
 � e!Œ2n.a�b/�.xC�/C2a
	

C 1

˛ C !

1X
nD0

Œe!Œ.xC�/C2n.a�b/�2b
 C e!Œ2n.a�b/�.xC�/C2a
	
³
f .e�/d�:

(8.69)

It is evident that the inverse transform of the first series component

1

2!

1X
nD0

Œe!Œjx��jC2.nC1/.a�b/
 C e!Œ2n.a�b/�jx��j


� e!Œ.xC�/C2n.a�b/�2b
 � e!Œ2n.a�b/�.xC�/C2a
	 (8.70)

in (8.69) can be obtained term-by-term with the aid of the relation from (7.6) and
the Translation Theorem. Indeed, recalling the expression for ! in terms of s in the
Laplace transform, we turn the inverse transform of (8.70) into

e�ˇ	
2
p
��

1X
nD0

Œe� Œjx��jC2.nC1/.a�b/�2
4� C e� Œ2n.a�b/�jx��j�2

4�

� e� Œ.xC�/C2n.a�b/�2b�2
4� � e� Œ2n.a�b/�.xC�/C2a�2

4� 	: (8.71)

It appears that the inverse transform of the second series component in (8.69)

1

˛ C !

1X
nD0

Œe!Œ.xC�/C2n.a�b/�2b
 C e!Œ2n.a�b/�.xC�/C2a
	 (8.72)

cannot be directly obtained by means of the standard relations available from Chapter
7 without some preparatory work. In doing so, we recall the relations

L�1
²
1p
s

e�kp
s

³
D 1p

��
e�k2

4� (8.73)
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and

L�1

´
e�kp

s

p
s.

p
s C ˛/

μ
D e˛.˛	Ck/erfc

�
˛

p
� C k

2
p
�

�
(8.74)

listed in Chapter 7 as (7.6) and (7.8). In light of the decomposition

1p
s.

p
s C ˛/

D 1

˛

�
1p
s

� 1p
s C ˛

�
the relation in (8.74) transforms to

L�1
²
1p
s

e�kp
s

³
� L�1

²
1p
s C ˛

e�kp
s

³
D ˛e˛.˛	Ck/erfc

�
˛

p
� C k

2
p
�

�
which gives birth to the new relation

L�1
²

1p
s C ˛

e�kp
s

³
D 1p

��
e�k2

4� � ˛e˛.˛	Ck/erfc

�
˛

p
� C k

2
p
�

�
: (8.75)

By using the above, the inverse Laplace transform of (8.72) is found in the form

e�ˇ	
²

1p
��

1X
nD0

Œe� Œ.xC�/C2n.a�b/�2b�2
4� C e� Œ2n.a�b/�.xC�/C2a�2

4� 	

� ˛
1X
nD0

�
e˛.˛	C.xC�/C2n.a�b/�2b/erfc

�
˛

p
� C .x C �/C 2n.a � b/ � 2b

2
p
�

�

C e˛.˛	C2n.a�b/�.xC�/C2a/erfc

�
˛

p
� C 2n.a � b/ � .x C �/C 2a

2
p
�

��³
(8.76)

With (8.71) and (8.76) in mind, we finally arrive at the inverse Laplace transform
of (8.69), which appears as

u.x; �/ D L�1 ¹U.xI s/º D
Z b

a

e˛.x��/e�ˇ	

�
²

1

2
p
��

1X
nD0

Œe� Œjx��jC2.nC1/.a�b/�2
4� C e� Œ2n.a�b/�jx��j�2

4�

C e� Œ.xC�/C2n.a�b/�2b�2
4� C e� Œ2n.a�b/�.xC�/C2a�2

4� 	

� ˛
1X
nD0

�
e˛.˛	C.xC�/C2n.a�b/�2b/erfc

�
˛

p
� C .x C �/C 2n.a � b/ � 2b

2
p
�

�

C e˛.˛	C2n.a�b/�.xC�/C2a/erfc

�̨ p
� C 2n.a�b/� .xC�/C2a

2
p
�

��³
f .e�/d�:
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The first series component of the above reduces to the more compact form

u.x; �/ D
Z b

a

e˛.x��/e�ˇ	

�
²

1

2
p
��

1X
mD�1

Œe� Œjx��jC2m.a�b/�2
4� C e� Œ2b�2m.a�b/�.xC�/�2

4� 	

� ˛
1X
nD0

�
e˛.˛	C.xC�/C2n.a�b/�2b/erfc

�
˛

p
� C .x C �/C 2n.a � b/ � 2b

2
p
�

�

C e˛.˛	C2n.a�b/�.xC�/C2a/erfc

�̨ p
� C 2n.a�b/� .xC�/C2a

2
p
�

��³
f .e�/d�:

After replacing the variables x, � , and � with S , �, and t , in accordance with (8.33)

x D lnS; � D ln �; and � D �2

2
.T � t /;

we arrive at the solution v.S; t/ of the problem in (8.60)–(8.62)

v.S; t/ D
Z S2

S1

�
S

�

�˛
exp

�
�ˇ�

2

2
.T � t /

�´
1

�
p
2�.T � t /

�
1X

mD�1

�
exp

�
�
.ln

SS2m
1


S2m2
/2

2�2.T � t /
�

C exp

�
�
.ln

S
2.mC1/
2

S
S2m1
/2

2�2.T � t /
��

� ˛ exp

�
˛2�2

2
.T � t /

� 1X
nD0

��
S�S2n1

S
2.nC1/
2

�˛
erfc

�
˛�

r
T � t
2

C
ln.

S
S2n1

S
2.nC1/
2

/

�
p
2.T � t /

�

C
 
S
2.nC1/
1

S�S2n2

!˛
erfc

�
˛�

r
T � t
2

C
ln

�
S
2.nC1/
1

S
S2n2

�
�
p
2.T � t /

��μ
1

�
f .�/d�:

Thus, the sought-after Green’s function reads as

G.S; t I �/ D S˛

�˛C1 exp

�
�ˇ�

2

2
.T � t /

�´
1

�
p
2�.T � t /

�
1X

mD�1

�
exp

�
�

�
ln
SS2m1

S2m2

�2
2�2.T � t /

�
C exp

�
�

�
ln
S
2.mC1/
2

S
S2m1

�2
2�2.T � t /

��
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� ˛ exp

�
˛2�2

2
.T � t /

� 1X
nD0

��
S�S2n1

S
2.nC1/
2

�˛
erfc

�
˛�

r
T � t
2

C
ln.

S
S2n1

S
2.nC1/
2

/

�
p
2.T � t /

�

C
�
S
2.nC1/
1

S�S2n2

�˛
erfc

�
˛�

r
T � t
2

C
ln.

S
2.nC1/
1

S
S2n
2

/

�
p
2.T � t /

��μ
: (8.77)

Since an estimation of the series convergence in the above formula does not look
trivial, we might use numerical data to help decide whether this form is computer-
friendly or not. To undertake this endeavor, we suggest, in Chapter Exercises, that the
reader conduct a multi-parameter numerical experiment.

Example 8.6. Construct the Green’s function of the homogeneous (f .S/ � 0) prob-
lem corresponding to

@v.S; t/

@t
C �2S2

2

@2v.S; t/

@S2
C rS

@v.S; t/

@S
� rv.S; t/ D 0; (8.78)

v.S; T / D f .S/; (8.79)

@v.D; t/

@S
� �v.D; t/ D 0 and lim

S!1 jv.S; t/j < 1 (8.80)

on the region � D .D < S < 1/ � .T > t > �1/.
Since all stages of the derivation procedure, which we will in this case apply, have

been explained earlier, our presentation is limited to a schematic description. After
the customary change of variables introduced in (8.33), the problem in (8.78)–(8.80)
reduces to the initial-boundary-value problem

@u.x; �/

@�
D @2u.x; �/

@x2
C .c � 1/@u.x; �/

@x
� cu.x; �/; (8.81)

u.x; 0/ D f .ex/; (8.82)

@u.a; �/

@x
� #u.a; �/ D 0 and lim

x!1 ju.x; �/j < 1 (8.83)

in u.x; �/, where c D 2r=�2, a D lnD, and # D �D.
The system in (8.81)–(8.83) gives rise, in turn, to the boundary-value problem

d2U.xI s/
dx2

C .c � 1/dU.xI s/
dx

� .s C c/U.xI s/ D �f .ex/; (8.84)

dU.aI s/
dx

� #U.aI s/ D 0 and lim
x!1 jU.xI s/j < 1 (8.85)
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for the Laplace transform U.xI s/ of u.x; �/. Using the method of variation of param-
eters, the solution of (8.84)–(8.85) is then found in the form

U.xI s/ D
Z 1

a

²
1

2!
Œe˛.x��/e�!jx��j � e�˛.xC�/e�!.xC��2a/	

C e�˛.xC�/e�!.xC��2a/
! C .# � ˛/

³
f .e�/d�; (8.86)

where, as we recall, ! is defined through the parameter s of the Laplace transform as
! D p

s C ˇ, whilst ˛ and ˇ are expressed in terms of the parameter c as

˛ D 1 � c
2

and ˇ D
�
1C c

2

�2
:

Clearly, the inverse Laplace transform in (8.86) represents the solution of (8.81)–
(8.83). It can be found directly by using the relations in (8.73), (8.75) together with
the Translation Theorem, yielding

u.x; �/ D
Z 1

a

e�ˇ	
´

e˛.x��/
2
p
��

e� .x��/2
4� C e�˛.xC�/

2
p
��

e� .xC��2a/2
4�

� .# � ˛/e.#�˛/..#�˛/	C.xC��2a//

� erfc

�
.# � ˛/p� C x C � � 2a

2
p
�

�³
f .e�/d�:

After replacing x, � , and � with S , �, and t , respectively, in accordance with (8.33)

x D lnS; � D ln �; and � D �2

2
.T � t /

the solution v.S; t/ of the problem in (8.78)–(8.80) appears as

v.S; t/ D
Z 1

D

1

�
exp

�
� ˇ�2

2
.T � t /

�´
1

�
p
2�.T � t /

�
��
S

�

�˛
exp

�
� .ln.S


 //
2

2�2.T � t /
�

C 1

.S�/˛
exp

�
� .ln. S


D2
//2

2�2.T � t /
��

� .# � ˛/S�
D2

e
.#�˛/2�2

2
.T�t/

� erfc

�
.# � ˛/�

r
T � t
2

C ln. S

D2
/

�
p
2.T � t /

�μ
f .�/d�:
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Hence, the Green’s function for the homogeneous terminal boundary-value prob-
lem corresponding to that in (8.78)–(8.80) reads

G.S; t I �/ D 1

�
exp

�
� ˇ�2

2
.T � t /

�´
1

�
p
2�.T � t /

�
��
S

�

�˛
exp

�
� .ln.S



//2

2�2.T � t /
�

C 1

.S�/˛
exp

�
� .ln. S


D2
//2

2�2.T � t /
��

� .# � ˛/S�
D2

e
.#�˛/2�2

2
.T�t/

� erfc

�
.# � ˛/�

r
T � t
2

C ln. S

D2
/

�
p
2.T � t /

�μ
: (8.87)

In the Chapter Exercises, we challenge the reader to take a close look at two partic-
ular cases following from this problem. These are the cases when � in (8.80) is either
zero, reducing the first boundary condition to the Neumann type, or goes to infinity,
in which case the condition reduces to the Dirichlet type.

8.3 A Methodologically Valuable Example

In this section, we will focus our attention on a particular case of an equation, encoun-
tered before in Section 8.2: if the parameter c in (8.15) becomes unity (c D 1), the
equation reduces to

@u.x; �/

@�
D @2u.x; �/

@x2
� u.x; �/: (8.88)

Consider the initial-boundary-value problem

u.x; 0/ D f .x/; (8.89)

u.0; �/ D 0 and lim
x!1 ju.x; �/j < 1 (8.90)

posed for (8.88) on the quarter-plane � D .0 < x < 1/ � .0 < � < 1/ of the
.x; �/-space.

The problem in (8.88)–(8.90) is probably not of direct interest to financial math-
ematics. It is, however, of methodological value with regard to the approach to the
construction of Green’s functions for the Black–Scholes equation, that we have im-
plemented in this chapter.

If we apply the Laplace transform

U.xI s/ D L¹u.x; �/º D
Z 1

0

e�s	u.x; �/d�
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to the system in (8.88)–(8.90), we arrive at the boundary-value problem

d2U.xI s/
dx2

� .s C 1/U.xI s/ D �f .x/; (8.91)

U.0I s/ D 0; lim
x!1 jU.xI s/j < 1 (8.92)

in U.xI s/.
Proceeding in accordance with the method of variation of parameters, and express-

ing the general solution of (8.91) as

U.xI s/ D A.xI s/ex
p
sC1 C B.xI s/e�xp

sC1 (8.93)

we arrive at

A0.xI s/ D e�xp
sC1

2
p
s C 1

f .x/ and B 0.xI s/ D ex
p
sC1

2
p
s C 1

f .x/:

Upon integrating the above equations, the functionsA.xI s/ andB.xI s/ themselves
are found in the form

A.xI s/ D � 1

2
p
s C 1

Z x

0

e��p
sC1f .�/d� CM.s/

and

B.xI s/ D 1

2
p
s C 1

Z x

0

e�
p
sC1f .�/d� CN.s/:

Substitution of these into (8.93) yields

U.xI s/ D 1

2
p
s C 1

Z x

0

.e.��x/psC1 � e.x��/psC1/f .�/d�

CM.s/ex
p
sC1 CN.s/e�xp

sC1:

The ‘constants of integration’ M.s/ and N.s/ can be obtained by imposing the
boundary conditions in (8.92). Omitting the details, we have

U.xI s/ D 1

2
p
s C 1

Z x

0

.e.��x/psC1 � e.x��/psC1/f .�/d�

C 1

2
p
s C 1

Z 1

0

.e.x��/psC1 � e�.xC�/psC1/f .�/d�

which, in compact single-integral form, reads as

U.xI s/ D 1

2
p
s C 1

Z 1

0

.e�jx��jpsC1 � e�.xC�/psC1/f .�/d�
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representing the solution of the boundary-value problem in (8.91)–(8.92), which re-
veals the Green’s function of the corresponding homogeneous problem as

G.x; sI �/ D 1

2
p
s C 1

.e�jx��jpsC1 � e�.xC�/psC1/:

Hence, Green’s function g.x; � I �/ for the homogeneous initial-boundary-value
problem corresponding to (8.88)–(8.90) can be obtained from G.x; sI �/ by perform-
ing the inverse Laplace transform, yielding the following compact form

g.x; � I �/ D e�	
2
p
��
.e� .x��/2

4� � e� .xC�/2
4� /: (8.94)

Following the procedure as described, we find up with another Green’s function
associated with (8.88): in the case of the problem for the equation in (8.88) subject to
the initial condition of (8.89), specified as

@u.0; �/

@x
� �u.0; �/ D 0; � � 0; and lim

x!1 ju.x; �/j < 1; (8.95)

the Green’s function is found as

g.x; � I �/ D e�	
2
p
��
.e� .x��/2

4� C e� .xC�/2
4� /

C �e�.xC�/e.�2�1/	erfc

�
�

p
� C x C �

2
p
�

�
: (8.96)

Note that for the specific case of � D 0, which transforms the condition imposed for
x D 0 in (8.95) to the Neumann type, the above expression for the Green’s function
reduces to

g.x; � I �/ D e�	
2
p
��
.e� .x��/2

4� C e� .xC�/2
4� /: (8.97)

Now, let equation (8.88) be considered in a different domain � D .0 < x <

b/ � .0 < � < 1/, with boundary conditions imposed as

u.0; �/ D 0; and u.b; �/ D 0: (8.98)

We will discuss two alternative approaches to constructing the Green’s function for
the homogeneous initial-boundary-value problem corresponding to (8.88), (8.89) and
(8.98).

In the first one, we expand the functions u.x; �/ and f .x/ in the Fourier sine series

u.x; �/ D
1X
nD1

un.�/ sin �x; f .x/ D
1X
nD1

fn sin �x (8.99)
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with � D n�=b. It is evident that, with such a series formula for u.x; �/, the boundary
conditions in (8.98) are satisfied and, upon substituting the above series into (8.88) and
(8.89) we arrive at the initial value problem

dun.�/

d�
C .�2 C 1/un.�/ D 0;

un.0/ D fn

for the coefficients of the first series in (8.99). From this statement, it follows that

un.�/ D fne�.�2C1/	 :

Expressing fn by means of the Fourier–Euler formula [66] for the coefficients of
the second series in (8.99), we obtain

un.�/ D
�
2

b

Z b

0

f .�/ sin ��d�

�
e�.�2C1/	 :

After substituting un.�/ into (8.99), the solution to (8.88),(8.89) and (8.98) is found
as

u.x; �/ D
Z b

0

2

b

1X
nD1

e�.�2C1/	 sin �x sin ��f .�/d�

revealing the following series representation

g.x; �I �/ D 2

b

1X
nD1

e�.�2C1/	 sin �x sin �� (8.100)

for the Green’s function for the homogeneous initial-boundary-value problem corre-
sponding to (8.88),(8.89) and (8.98).

We will show that we can express the sum of the series in (8.100) in terms of a
special function. In doing so, recall the series expansion [1, 3, 27, 66]

#3.˛; ˇ/ D 1C 2

1X
nD1

e�n2�2ˇ cos 2n�˛ (8.101)

of the so-called Jacobi Theta function of the third kind which we used earlier in our
book (see, for example, Chapter 7).

In order to apply the above series expansion to (8.100), we transform the latter as

g.x; �I �/ D e�	
b

1X
nD1

e��2	 Œcos �.x � �/ � cos �.x C �/	

D e�	
b

 1X
nD1

e��2	 cos �.x � �/ �
1X
nD1

e��2	 cos �.x C �/

!
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from which, in light of (8.101), it follows that

g.x; �I �/ D e�	
b

²�
#3

�
x � �
2b

;
�

b2

�
� 1

�
�
�
#3

�
x C �

2b
;
�

b2

�
� 1

�³
D e�	

b

�
#3

�
x � �
2b

;
�

b2

�
� #3

�
x C �

2b
;
�

b2

��
: (8.102)

We can recommend this compact form of the Green’s function for the problem in
(8.88), (8.89) and (8.98) for practical implementations, given that most mathemati-
cal software available nowadays includes standard subroutines for the Jacobi Theta
function.

To get a formula for the Green’s function under consideration, alternative to (8.100)
and (8.102), we will use the Laplace integral transform, which aids us in converting
the problem in (8.88), (8.89) and (8.98) to

d2U.x; s/

dx2
� .s C 1/U.x; s/ D �f .x/;

U.0; s/ D 0; U.b; s/ D 0

for the Laplace transform U.x; s/ of u.x; �/. Obtaining the Green’s function
G.x; sI �/ for the homogeneous problem corresponding to the above one is a rou-
tine procedure. Since the problem is in self-adjoint form, we show only the branch of
G.x; sI �/ valid for x � �:

G.x; sI �/ D .ex
p
sC1 � e�xp

sC1/.e.b��/psC1 � e.��b/psC1/
2
p
s C 1.eb

p
sC1 � e�bp

sC1/

whilst the other branch of G.x; sI �/, valid for x � � , can be obtained from the above
one by exchanging x and � .

To facilitate the inverse transform of G.x; sI �/, we interpret the factor

1

eb
p
sC1 � e�bp

sC1 D e�bp
sC1

1 � e�2bp
sC1

as the sum of a geometric series, with first term e�bp
sC1, whereas its common ratio

is e�2bp
sC1 < 1, yielding

1

eb
p
sC1 � e�bp

sC1 D e�bp
sC1

1X
nD0

e�2nbp
sC1:
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This formula for one of the factors of G.x; sI �/ allows us to express it in series
form

G.x; sI �/ D 1

2
p
s C 1

1X
nD0

.e�.��xC2nb/psC1 � e�.�CxC2nb/psC1

e�.2.nC1/b���x/psC1 C e�.2.nC1/bCx��/psC1/:

Taking the inverse Laplace transform of the above, we obtain the Green’s func-
tion g.x; � I �/ for the homogeneous initial-boundary-value problem corresponding to
(8.88), (8.89) and (8.98)

g.x; � I �/ D L�1 ¹G.x; sI �/º ;
which reads as

e�	
2
p
��

1X
nD0

.e� .��xC2nb/2
4� � e� .�CxC2nb/2

4� � e� .2.nC1/b���x/2
4� C e� .2.nC1/b��Cx/2

4� /:

The above looks highly cumbersome. However, by combining the exponential
functions and rearranging the summation, we arrive at its compact equivalent

g.x; � I �/ D e�	
2
p
��

1X
mD�1

.e� .��xC2mb/2
4� � e� .�CxC2mb/2

4� /: (8.103)

Hence, (8.103) displays an alternative to (8.100) and it turns out that these two ex-
pressions are not equally suitable for computer implementation. In the section that
follows, in order to illustrate this point, we will compare the computational potential
of equations (8.100) and (8.103). In addition we will provide several numerical illus-
trations of the computer readiness of the Green’s functions that we have derived in
Sections 8.2 and 8.3 for a variety of terminal-boundary-value problems posed for the
Black–Scholes equation.

8.4 Numerical Implementations

This section turns away from theoretical aspects; it intends to explore the computa-
tional potential of numerical procedures, which might use those Green’s functions of
the Black–Scholes equation that we have constructed earlier in this chapter, or those
that could be constructed by following the various approaches described herein. Ear-
lier in this book, we pointed out that Green’s function-based numerical procedures
should be highly efficient.

To justify the computational efficiency of the Green’s function-based approach to
terminal-boundary-value problems for the Black–Scholes equation, we note that, in
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Figure 8.1. Convergence of the series in (8.100).

contrast to most of the purely numerical methods that are commonly utilized in the
field (the finite difference methods, for example) [11, 34, 36, 58], the Green’s function
approach is well posed from a computational point of view. To support this point, we
recall that the approach does not utilize numerical differentiation procedures, which
are themselves quite expensive. Instead, it utilizes numerical integration routines,
which are computer-friendly in nature.

Let us first recall two alternative formulas for the Green’s function for the problem
stated in (8.88), (8.89), and (8.98), obtained earlier in Section 8.3. These are the
forms displayed in (8.100) and (8.103). It is evident that the convergence of the series
representation in (8.100) strongly depends upon the variable � , because the series
converges at a slow rate for relatively small values of � , implying that, in such cases,
a high accuracy level is only attainable if a high order partial sum of the series is
requested. To illustrate this point, we depict profiles of some N th order partial sums
of the series in (8.100) in Figure 8.1, with b D � , � D 10�3 and � D �=4, for
N D 10; 25, and 100.

To get a sense of the rate of convergence of the series in (8.103) and to compare
it with that of the series in (8.100), we leave it as an exercise to the reader to study
Figure 8.2, where we present convincing evidence for the efficiency of the formula
in (8.103) for both relatively small and large values of � . In Figure 8.2 we used the
same defining parameters as in the case illustrated by Figure 8.1. That is, b D � and
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Figure 8.2. Convergence of the series in (8.103).

� D �=4, with the values of � fixed as 10�3; 5 � 10�3, 10�2, and 10�1. The series
was, in all cases, truncated to the 10th partial sum.

Hence, after analyzing the data displayed in Figures 8.1 and 8.2, we may conclude
that of the two alternative representations for the Green’s function to the problem
posed in (8.88), (8.89), and (8.98), obtained in this section, the one in (8.103) is
independent of the value of � , whereas the formula in (8.100) is only recommended
for relatively large values of � .

In order to test the computability of the series representation for the Green’s func-
tions obtained in Section 8.2 (see the form in (8.42)), we turn to the next illustration,
corresponding to the setting in (8.2)–(8.4). This is a terminal boundary-value problem
stated for the Black–Scholes equation on the region � D .S1 < S < S2/ � .T >

t > �1/. As we showed earlier in Section 8.1, the solution to this problem is dis-
played in (8.5), with the component v.S; t/ expressed in the integral form of (8.9),
the kernel G.S; t I �/ of which represents the Green’s function to the homogeneous
problem corresponding to that in (8.28)–(8.30) displayed in (8.42). It does not seem
computer-friendly, because it is quite cumbersome and contains a series component.
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Figure 8.3. Solution of (8.2)–(8.4) with a non-smooth pay-off function.

However, with regard to the latter, the multi-parameter experiment, as described ear-
lier in Section 8.2, reveals a high rate of convergence for the series. This promises
that the formula in (8.42), as a whole, will be really computer-ready. The solution
profile depicted in Figure 8.3 indeed confirms our high expectation. The parameters
that specify the problem setting were chosen as: r D 0:06, � D 0:8, S1 D 1:0,
S2 D 2:0, and T D 1:0, the series component of G.S; t I �/ was truncated at M D 5,
the right-hand sides B1.t/ and B2.t/ of the boundary conditions in (8.4) have been
chosen as the following differentiable functions

B1.t/ D 10 exp.�50.t � T=2/2/ and B2.t/ D 6 sin2.2�t=T /;

whilst the right-hand side F.S; t/ of the governing equation in (8.2) and the pay-off
function '.S/ in (8.3) were chosen as

F.S; t/ D S and '.S/ D
´
300.S � S1/Œ.S1 C S2/=2 � S	; S � .S1 C S2/=2;

0; S > .S1 C S2/=2:
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Figure 8.4. The case of a piecewise smooth pay-off function.

Notice that the chosen pay-off function loses its differentiability at the midpoint of
the interval ŒS1; S2	, but the solution depicted in Figure 8.3 does not show any compu-
tational irregularity in the immediate vicinity of that point (like, for instance, abnormal
oscillation), which would be unavoidable for a custom numerical procedure based on,
for example, the method of finite differences. This is especially impressive given that
the numerical integration for computing both the integrals in (8.9) was accomplished
with the aid of the most primitive quadrature method (the standard trapezoid rule),
where we used only ten quadrature nodes for both the variables of integration.

In the next illustration, we now also aim for a numerical solution of the terminal-
boundary-value problem stated in (8.2)–(8.4). The region � D .S1 < S < S2/ �
.T > t > �1/ is, in this case, specified by S1 D 1, S2 D 10, and T D 1:0. The
other parameters specifying the problem were chosen as: r D 0:06, � D 0:8. The
series component of G.S; t I �/ of (8.42) was truncated at M D 5. The right-hand
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sides B1.t/ and B2.t/ of the boundary conditions in (8.4) have been chosen as the
following rapidly varying but still differentiable functions

B1.t/ D 6 sin24.�t=T / and B2.t/ D 4 exp.�100.t � T=3/2/:
The right-hand side F.S; t/ of the governing equation in (8.2) and the pay-off function
'.S/ in (8.3) were chosen as

F.S; t/ � 0 and '.S/ D

8̂̂̂̂
<̂
ˆ̂̂:
0; S1 � S < E1;

20.S �E1/=.E2 �E1/; E1 � S < E2;

20.S �E3/=.E2 �E3/; E2 � S < E3;

0; E3 � S < S2;

; (8.104)

where

E1 D .2S1 C S2/=3; E2 D .S1 C S2/=2; and E3 D .2S2 C S1/=3:

Clearly, the above problem setting looks even more challenging with regard to nu-
merical treatment than the one depicted in Figure 8.3, because the pay-off function in
(8.104) looses its differentiability at multiple points (E1; E2;and E3) on the interval
ŒS1; S2	. The solution profile depicted in Figure 8.4 is perfectly smooth and does not
show any signs of oscillation generated by the irregularity of the pay-off function.

The case to which the solution is depicted in Figure 8.5 provides another illus-
tration of high computational potential of the Green’s function approach to terminal
boundary-value problems, stated for the Black–Scholes equation. We turn again to
the problem specified in (8.2)–(8.4) with r D 0:06, � D 0:8, S1 D 10, S2 D 50, and
T D 1:0. Additionally, we truncated the series component of the Green’s function
G.S; t I �/ in (8.42) at M D 5. The right-hand sides B1.t/ and B2.t/ of the boundary
conditions in (8.4) have been chosen as the following quite rapidly varying but still
differentiable functions

B1.t/ D 20 sin8.�t=.2T // and B2.t/ D 15t2 sin2.2�t=T /:

The right-hand side F.S; t/ of the governing equation in (8.2) and the pay-off function
'.S/ in (8.3) were chosen as

F.S; t/ � 0 and '.S/ D
´
20; S1 � S < E1

0; E1 � S < S2
;

with E1 being the midpoint of the interval ŒS1; S2	. Notice that this case is, without
any doubt, the most challenging of all that we considered so far, because the pay-off
function '.S/ in this setup is discontinuous, but the smoothness of the function in
Figure 8.5 is never affected by this discontinuity.
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Figure 8.5. The case of a discontinuous pay-off function.

To further explore the computational potential of the Green’s function method as
applied to terminal-boundary-value problems with irregularities, stated for the Black–
Scholes equation, we present the last of our illustrations, describing the problem

@v.S; t/

@t
C �2S2

2

@2v.S; t/

@S2
C rS

@v.S; t/

@S
� rv.S; t/ D 0; (8.105)

v.S; T / D '.S/; (8.106)

jv.0; t/j < 1 and
@v.D; t/

@S
D 0 (8.107)

stated in S; t space for the region � D .0 < S < D/ � .T > t > �1/, with D a
positive constant.

The solution to the above problem is

v.S; t/ D
Z D

0

G.S; t I �/'.�/d�; (8.108)

with the kernelG.S; t I �/ representing the Green’s function obtained earlier in Section
8.2 (see equation (8.56)).
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Figure 8.6. Solution profile of the problem in (8.105)–(8.107).

To be specific, we chose the following parameters for the problem in (8.105)–
(8.107): r D 0:06, � D 0:8, D D 5, and T D 2, whilst the terminal condition
is imposed with the discontinuous pay-off function

'.S/ D
´
0; 0 � S < D=2;

20; D=2 � S < D;

having the jump of discontinuity at the midpoint of the interval Œ0;D	.
As usual, the standard trapezoid rule routine, with as little as ten quadrature nodes,

was implemented in order to evaluate the integral in (8.108) accurately, for all points
on �.

Note that similar to the case considered in the previous illustration and shown in
Figure 8.5, the solution profile depicted in Figure 8.6 is also perfectly smooth, despite
the sharp discontinuity of the pay-off function. Indeed, no visible oscillation or other
irregularity is observed.

Hence, from the series of illustrations presented in this section, we can reasonably
conclude that the Green’s function-based method reveals quite promising computa-
tional potential for solving terminal-boundary-value problems for the Black–Scholes
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equation. The method provides the user with highly accurate numerical solutions,
even for problem settings involving non-smooth and even discontinuous components.
We must especially emphasize, that we applied no special tricks to suppress possible
numerical oscillations of the solution in one way or the other. This reveals an evident
regularizing feature of the Green’s function method, which completely avoids numer-
ical differentiation and only requires numerical integration in order to compute the
solution.

8.5 Chapter Exercises

1. Use the approach developed in this chapter to derive the Green’s function for
the terminal-boundary-value problem stated in (8.44), (8.45) and (8.55).

2. Use the approach developed in this chapter to derive the Green’s function for
the terminal-boundary-value problem stated in (8.44), (8.45) and (8.57).

3. Conduct a multi-parameter numerical experiment to explore the convergence of
the series formula for the Green’s function, which we derived in (8.77).

4. Figure out the formula, to which the Green’s function in (8.87) reduces, if the
parameter � in the first of the boundary conditions of (8.80) is either equal to
zero or going to infinity.
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Answers to Chapter Exercises

Chapter 1

1. (a) Yes.

(b) Yes.

(c) Yes.

(d) Yes.

(e) Yes.

(f) Yes.

(g) No, because any function y D const represents a solution.

(h) No, because any linear function y D Cx, with C an arbitrary constant, is a
solution.

(i) Yes.

(j) Yes.

(k) Yes.

(l) No, because any linear function y D Cx C D, with C and D arbitrary
constants, is a solution.

2. (a) g.x; s/ D
´

�x; for x � s;

�s; for x � s:

(b) g.x; s/ D 1

1C ha

´
xŒh.s � a/ � 1	; for x � s;

sŒh.x � a/ � 1	; for x � s:

For h D 0, the boundary conditions in this problem reduce to those of part
a). This consequently reduces the above Green’s function to that of part a).

(c) g.x; s/ D 1

H

´
.1C h1x/Œh2.s � a/ � 1	; for x � s;

.1C h1s/Œh2.x � a/ � 1	; for x � s;

with H D h2 C h1.1 C h2a/. for h1 D 0, the present Green’s function
reduces to that of Example 1.3 of Section 1.1.

(d) g.x; s/ D 1

M

´
lnŒ.ms C p/=.maC p/	 lnŒ.mx C p/=p	; x � s;

lnŒ.mx C p/=.maC p/	 lnŒ.ms C p/=p	; x � s;

with M D m lnŒ.maC p/=p	.
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(e) g.x; s/ D 1

ˇ.e�ˇa � 1/

´
.e�ˇx � 1/.e�ˇa � e�ˇs/; for x � s;

.e�ˇs � 1/.e�ˇa � e�ˇx/; for x � s:

(f) g.x; s/ D 1

ˇ

´
e�ˇx � 1; for x � s;

e�ˇs � 1; for x � s:

(g) g.x; s/ D 1

k sin.ka/

´
sin k.a � s/ sin kx; for x � s;

sin k.a � x/ sin ks; for x � s:

(h) g.x; s/ D 1

�

8̂̂̂̂
<̂
ˆ̂̂:
x2Œks2.3a � x/.3a � s/ � 2.3s � x/.6C ka3/	;

for x � s;

s2Œkx2.3a � s/.3a � x/ � 2.3x � s/.6C ka3/	;

for x � s;

with � D 12.3C ka3/:

(i) g.x; s/ D 1

12a

´
x2.3s2 C 2ax � 6as/; for x � s;

s2.3x2 C 2as � 6ax/; for x � s:

(j) g.x; s/ D 1

�

´
x2Œ2.x � 3s/.1C ka/C 3ks2	; for x � s;

s2Œ2.s � 3x/.1C ka/C 3kx2	; for x � s;

with � D 12.1C ka/:

(k) g.x; s/ D 1

12a

´
x2.3s2 � 6as C 2ax/ � 1=k; for x � s;

s2.3x2 � 6ax C 2as/ � 1=k; for x � s:

(l) g.x; s/ D 1

6a3

´
x2.s � a/2Œ2s.x � a/C a.x � s/	; for x � s;

s2.x � a/2Œ2x.s � a/C a.s � x/	; for x � s:

3. (a) Yes.

(b) Yes.

(c) No, the condition for self-adjointness is not satisfied.

(d) No, the condition for self-adjointness is not satisfied.

(e) Yes.

4. (a) The integrating factor e�2x reduces the given equation to the following self-
adjoint form:

e�2xy00.x/ � 2e�2xy0.x/C 4e�2xy D 0:

(b) The integrating factor ex
2=2 reduces the given equation to the following

self-adjoint form:

ex
2=2y00.x/C xex

2=2y 0.x/ � x2ex
2=2y.x/ D 0:
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(c) The integrating factor x�3 reduces the given equation to the following self-
adjoint form:

x�1y00.x/ � x�2y 0.x/C x�3y.x/ D 0:

(d) The integrating factor x�1 reduces the given equation to the following self-
adjoint form:

xy00.x/C y0.x/ � x�1y.x/ D 0:

5. (a) Yes.

(b) Yes.

(c) Yes.

(d) Yes.

(e) Yes.

(f) No.

6. After applying the integrating factor e3x , the original boundary-value problem,
the Green’s function of which

g.x; s/ D 1

7

´
e�.5xC2s/ � e2.x�s/; for x � s;

e�.5xC2s/ � e�5.x�s/; for x � s;

is asymmetric, and which is not self-adjoint, reduces to the following self-
adjoint form

e3xy 00.x/C 3e3xy0.x/ � 10e3xy.x/ D 0; y.0/ D 0; y.1/ < 1;

the Green’s function of which

g.x; s/ D 1

7

´
e�2.xCs/ � e5x�2s; for x � s;

e�2.xCs/ � e5s�2x; for x � s;

turns out to be symmetric.

7. The Green’s function is found as

g.x; s/ D 1

k cos k

´
sin kx cos k.s � 1/; for x � s;

sin ks cos k.x � 1/; for x � s:

The construction procedure, which uses a standard fundamental set of solutions
(in this case it is composed of the functions: y1 D sin kx and y2 D cos kx),
turns out to be more cumbersome in comparison with the procedure that uses the
special fundamental set of solutions: y1.x/ D sin kx and y2.x/ D cos k.x�1/.
This occurs, because the latter procedure does not imply direct satisfaction of the
boundary conditions as part of the construction of the Green’s function. When
the special fundamental set of solutions is obtained, the boundary conditions are
taken care of in advance.
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8. (a) g.x; s/ D
´

� ln.s=a/; for x � s;

� ln.x=a/; for x � s:

(b) g.x; s/ D 1

k�

´
.ekx C �e�kx/ sinh k.s � a/; for x � s;

.eks C �e�ks/ sinh k.x � a/; for x � s;

with: � D .k � h/=.k C h/ and � D eka C �e�ka.

(c) g.x; s/ D 1

6a3

´
x2.s � a/2Œ2s.x � a/C a.x � s/	; for x � s;

s2.x � a/2Œ2x.s � a/C a.s � x/	; for x � s:

(d) g.x; s/ D 1

�

´
xŒ3s.s � 2a/.2C kx/C 2x2.1C ka/	; for x � s;

sŒ3x.x � 2a/.2C ks/C 2s2.1C ka/	; for x � s;

with � D 12.1C ka/.

(e) g.x; s/ D 1

6

´
.s � a/2Œ2.x � a/C .x � s/	; for x � s;

.x � a/2Œ2.s � a/C .s � x/	; for x � s:

(f) g.x; s/ D 1

�

´
xŒka.a � s/.x2 C s2 � 2as/ � 6s	; for x � s;

sŒka.a � x/.x2 C s2 � 2ax/ � 6x	; for x � s;

with � D 6ka2.

(g) g.x; s/ D 1

12a

´
x2.3s2 � 6as C 2ax/ � 1=k; for x � s;

s2.3x2 � 6ax C 2as/ � 1=k; for x � s:

(h) g.x; s/ D 1

6

´
xŒ.3s2 C x2 � 6as/ � 6a=k	; for x � s;

sŒ.3x2 C s2 � 6ax/ � 6a=k	; for x � s:

9. (a) y.x/ D 2 cos aC sin a

2 sin a � cos a
sin x � cos x C e2x :

(b) y.x/ D .a � 1/.a � 3/ea cosh x � 2x � 3:

(c) y.x/ D sin a

a
.1C x/ea�x � cos x:

(d) y.x/ D 1

120
x2.x4 � 4a3x C 3a4/:

(e) y.x/ D 6x5 � 2a2

aC 1



2x2.3aC 5/ � a2.3aC 7/

�
:

(f) y.x/ D cos.
�x

2a
/ � �x2

96a3



2�2x � 3a.8C �2/

� � 1:

(g) y.x/ D 1

2
.x3 C 3x2 C 6x C 6/e�x:
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Chapter 2

In the answers to Exercises 6 through 9, for compactness, complex variable notation is
used for the observation and the source point. These read z D xC iy and 
 D �C i�,
respectively.

6. G.x; yI �; �/ D 1

2�
ln

j1 � e!.z��/jj1C e!.z��/j
j1 � e!.z��/jj1C e!.z��/j

; ! D �

2b
:

7. G.x; yI �; �/ D 1

2�

�
ln

j1 � e!.z��/jj1C e!.z��/j
j1 � e!.z��/jj1C e!.z��/j

C ln
j1 � e!.zC�/jj1C e!.zC�/j
j1 � e!.zC�/jj1C e!.zC�/j

�
; ! D �

2b
:

8. G.x; yI �; �/ D 1

2�

�
ln

j1 � e!.z��/jj1C e!.z��/j
j1 � e!.z��/jj1C e!.z��/j

C ln
j1C e!.zC�/jj1 � e!.zC�/j
j1C e!.zC�/jj1 � e!.zC�/j

�
; ! D �

2b
:

9. G.x; yI �; �/ D 1

2�
ln

j1 � e!.z��/jj1 � e!.zC�/j
j1 � e!.z��/jj1 � e!.zC�/j

�2
b

1X
nD1

.ˇ � �/ sinh �x sinh ��

�e�a.ˇ sinh �aC � cosh �a/
sin �y sin ��;

with ! D �=b and � D n!.

In the answers to Exercises 10 through 14, we accept the complex variable notation
z D r.cos'C i sin'/ and 
 D %.cos C i sin / for the observation and the source
point, respectively.

10. G.r; 'I %; / D 1

2�

²
ln

ja2 � z
jjb2z � a2
j
jz � 
jjb2 � z
j

CK0.r; %/C
1X
nD1

Kn.r; %/ cosn.' �  /
³
; r � %;

with

K0.r; %/ D � ln r C 1C bˇ ln.b=%/

1C bˇ ln.b=a/
ln
r

a
;

Kn.r; %/ D .r2n � a2n/

� na2n.b2n C %2n/C bˇŒ%2n.b2n � a2n/C b2n.%2n � a2n/	
n.b2r%/2Œn.b2n C a2n/C bˇ.b2n � a2n/	 ;
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and for r � %; the variables r and %must be exchanged inK0.r; %/ andKn.r; %/;
whilst the factor jb2z � a2
j must, in this case be replaced by ja2z � b2
j, in
the logarithmic component of G.r; 'I %; /.

11. G.r; 'I %; / D 1

2�

²
ln

jb2 � z
j ˇ̌b2z � a2
 ˇ̌
jz � 
j ja2 � z
j

CK0.r; %/CP1
nD1Kn.r; %/ cosn.' �  /

³
; r � %;

with

K0.r; %/ D aˇ ln.b=r/ ln.%=b/

1C aˇ ln.b=a/
;

Kn.r; %/ D a2n.%2n � b2n/

� n.r2n C a2n/C aˇŒ.b2n � a2n/C .b2n � r2n/	
n.b2r%/2Œn.b2n C a2n/C aˇ.b2n � a2n/	 ;

and for r � %; the variables r and %must be exchanged inK0.r; %/ andKn.r; %/;
whilst the factor

ˇ̌
b2z � a2
 ˇ̌ must, in this case, be replaced by

ˇ̌
a2z � b2
 ˇ̌, in

the logarithmic component of G.r; 'I %; /.

12. G.r; 'I %; / D 1

2�

²
ln

jz � 
j ja2 � z
jjb2 � z
j ˇ̌b2z � a2
 ˇ̌
.b2r%/2

CK0.r; %/C2
1X
nD1

ŒKn.r; %/CK�
n .r; %/	 cosn.'� /

³
; r � %;

with

K0.r; %/ D 1 � bˇ ln.%=b/

bˇ
;

K�
n .r; %/ D bˇ

2n3.b2r%/n

®
nŒ.rb/2n � .a%/2n/	 � Œ.r%/2n � .ab/2n/	¯ ;

Kn.r; %/ D Œ.n � bˇ/a2n � b2nC1ˇ	

� .r2n C a2n/Œ.nC bˇ/b2n C .n � bˇ/%2n	
2n2.b2r%/nŒ.nC bˇ/b2n � .n � bˇ/a2n	 ;

and for r � %; the variables r and % must be exchanged in K0.r; %/; Kn.r; %/;
and K�

n .r; %/; whilst the factor jb2z � a2
j must, in this case, be replaced by
ja2z � b2
j, in the logarithmic component of G.r; 'I %; /. It can be easily
observed that the above expression for the Green’s function becomes undefined
if ˇ D 0.



408 Appendix Answers to Chapter Exercises

13. G.r; 'I %; / D 1

2�

²
ln

jz � 
j ja2 � z
jjb2 � z
j ˇ̌b2z � a2
 ˇ̌
.b2r%/2

CK0.r; %/C2
1X
nD1

ŒKn.r; %/CK�
n .r; %/	 cosn.'� /

³
; r � %;

with

K0.r; %/ D 1C aˇ ln.r=a/

aˇ
;

K�
n .r; %/ D aˇ

2n3.b2r%/n

®
nŒ.rb/2n � .a%/2n/	 � Œ.r%/2n � .ab/2n/	¯ ;

Kn.r; %/ D Œ.n � aˇ/a2n � ab2nˇ	

� .b2n C %2n/Œ.nC aˇ/r2n C .n � aˇ/a2n	
2n2.b2r%/nŒ.nC aˇ/b2n � .n � aˇ/a2n	 ;

and for r � %; the variables r and % must be exchanged in K0.r; %/; Kn.r; %/;
and K�

n .r; %/; whilst the factor jb2z � a2
j must, in this case, be replaced by
ja2z � b2
j, in the logarithmic component of G.r; 'I %; /.

14. G.r; 'I %; / D 1

2�

²
ln

jz � 
j ja2 � z
jjb2 � z
j ˇ̌b2z � a2
 ˇ̌
.b2r%/2

CK0.r; %/C2P1
nD1ŒKn.r; %/CK�

n .r; %/	 cosn.'� /
³
; r � %;

with

K0.r; %/ D Œ1C aˇ1 ln.r=a/	Œ1 � bˇ2 ln.%=b/	

aˇ1 C bˇ2Œ1C aˇ1 ln.b=a/	
;

Kn.r; %/ D A.a; r; n; ˇ1/B.b; %; n; ˇ2/

2n3.b2r%/nD.a; b; n; ˇ1; ˇ2/
R.a; b; n; ˇ1; ˇ2/;

K�
n .r; %/ D 1

2n3.b2r%/n

®
n


.aˇ1 C bˇ2/..rb/

2n � .a%/2n/

C.aˇ1 � bˇ2/..r%/2n � .ab/2n/�C abˇ1ˇ2.b
2n � %2n/.r2n � a2n/¯ ;

and

A.a; r; n; ˇ1/ D .nC aˇ1/r
2n C .n � aˇ1/a2n;

B.b; %; n; ˇ2/ D .nC bˇ2/b
2n C .n � bˇ2/%2n;

D.a; b; n; ˇ1; ˇ2/ D .nC aˇ1/.nC bˇ2/b
2n � .n � aˇ1/.n � bˇ2/a2n;

R.a; b; n; ˇ1; ˇ2/ D .n � aˇ1/.a � bˇ2/a2n � Œn.aˇ1 C bˇ2/C abˇ1ˇ2	b
2n:
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Note that for r � %; the variables r and % must be exchanged in K0.r; %/;
Kn.r; %/; and K�

n .r; %/; whilst the factor jb2z � a2
j must, in this case, be
replaced by ja2z � b2
j in the logarithmic component of G.r; 'I %; /.

Chapter 4

1. G.x; yI �; �/ D 2

�

1X
nD1

1C �jx � �j
4�3

e��jx��j sin �y sin ��; v D n�

b
:

2. (b) G.x; yI �; �/ D 1

4b

1X
nD1

gn.x; �/

�3.1C 2�2a2 � cosh 2�a/
sin �y sin ��;

v D n�

b
;

with

gn.x; �/ D 2 sinh �x
°

e��


.�� � 1/.1C 2�a � e�2�a/ � 2�2a2�

� e��� 
.�� C 1/.1 � 2�a � e�2�a/C 2�2a2
�±

C �xe��x °e��


1C 2�aC 4�2a.a � �/�

C e��� 
.2�� C 1/.1 � e2�a/ � 2�a�±
� �xe�x

°
e��



.2�� � 1/.1 � e�2�a/ � 2�a�

� e��� 
1 � 2�aC 4�2a.a � �/ � e2�a
�±
;

valid for x � � , whereas the formula gn.x; �/ is valid for x � � can be
obtained from that above by exchanging x and � .

3. w.x; y/ D � 4Q0
abD

1X
mD1

1X
nD1

sin
x sin �y


�.
2 C �2/2

� .cos
a2 � cos
a1/.cos �b2 � cos �b1/;

Mx.x; y/ D 4Q0

ab

1X
mD1

1X
nD1

.
2 C ��2/ sin
x sin �y


�.
2 C �2/2

� .cos
a2 � cos
a1/.cos �b2 � cos �b1/;

My.x; y/ D 4Q0

ab

1X
mD1

1X
nD1

.�2 C �
2/ sin
x sin �y


�.
2 C �2/2

� .cos
a2 � cos
a1/.cos �b2 � cos �b1/;

with 
 D m�=a and � D n�=b.
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4. (a) w.x; y/ D � 4Q0
abD

1X
mD1

1X
nD1

sin
x sin �y


�.
2 C �2/2

�
1 � cos

�b

2

�
.1 � cos
a/:

(b) w.x; y/ D � 2Q0
abD

1X
mD1

1X
nD1

sin
x sin �y


2�2.
2 C �2/2

�
�
2 sin


a

2
� 
a cos


a

2

	
.sin �b � �b cos �b/;

with 
 D m�=a and � D n�=b.

6. (a) w.x; y/ D � 4Q0
abD

1X
mD1

1X
nD1

sin
x sin �y


�


.
2 C �2/2 C �

� �1 � cos

a

2

	
.1 � cos �b/:

(b) w.x; y/ D � 4Q0
abD

1X
mD1

1X
nD1

sin
x sin �y


�


.
2 C �2/2 C �

�
�
�
1 � cos


a

2

	�
1 � cos

�b

2

�
:

(c) w.x; y/ D � 4Q0
abD

1X
mD1

1X
nD1

sin
x sin �y


2�2


.
2 C �2/2 C �

�
� .sin
a � 
a cos
a/.sin �b � �b cos �b/;

with 
 D m�=a and � D n�=b.

10. u.x; '/ D �48a
4.1 � �2/Z0
Ehlb

1X
mD1

1X
nD1

e
2.1C �/ � .e
2 C �2/

��

� cos
x sin �'

�
1 � cos


l

2

�
.1 � cos �b/;

v.x; '/ D �48a
4.1 � �2/Z0
Ehlb

1X
mD1

1X
nD1

e
2.1C �/C .e
2 C �2/e
�
� cos
x sin �'

�
1 � cos


l

2

�
.1 � cos �b/;

w.x; '/ D 48a4.1 � �2/Z0
Ehlb

1X
mD1

1X
nD1

.e
2 C �2/2e
��
� cos
x sin �'

�
1 � cos


l

2

�
.1 � cos �b/;
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with

 D m�

l
; � D n�

b
; e
 D 
a;

and
� D 12e
4a2.1 � �2/C h2.e
2 C �2/4:

Chapter 5

1. (a) Yes.

(b) Yes.

(c) Yes.

2. (a) The elements gij .x; �/; .i; j D 1; 2/ of the matrix of Green’s type are de-
fined as

g11.x; �/ D 1

H

´
.1 � �k�/.x C a/ for �a � x � � � 0;

.1 � �kx/.� C a/ for �a � � � x � 0;

g12.x; �/ D �k.x C a/

H
e�k� for �a � x � 0; 0 � � < 1;

g21.x; �/ D �k.� C a/

H
e�kx for �a � � � 0; 0 � x < 1;

g22.x; �/ D 1

2H

´
Hek.x��/ � .1 � �ka/e�k.xC�/ for 0 � x � � < 1;

Hek.��x/ � .1 � �ka/e�k.xC�/ for 0 � � � x < 1;

with H D 1C �ka:

(b) The elements gij .x; �/; .i; j D 1; 2/ of the matrix of Green’s type are de-
fined as

g11.x; �/ D 1

k��

8̂̂̂<̂
ˆ̂:

sinh k.x C a/.cosh k� � � sinh k�/
for �a � x � � � 0;

sinh k.� C a/.cosh kx � � sinh kx/
for �a � � � x � 0;

g12.x; �/ D �e�k�
k�� sinh k.x C a/ for �a � x � 0 � � < 1;

g21.x; �/ D e�kx
k�� sinh k.� C a/ for �a � � � 0 � x < 1;

g22.x; �/ D 1

k��

8̂̂̂<̂
ˆ̂:

e�k�.� sinh ka cosh kx C cosh ka sinh kx/
for 0 � x � � < 1;

e�kx.� sinh ka cosh k� C cosh ka sinh k�/
for 0 � � � x < 1;

with �� D � sinh kaC cosh ka.
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(c) The elements gij .x; �/; .i; j D 1; 2/ of the matrix of Green’s type are de-
fined as

g11.x; �/ D 1

��

8̂̂̂̂
<̂
ˆ̂̂:

sin k.x C a/.� sin k� cos ka � cos k� sin ka/

for �a � x � � � 0;

sin k.� C a/.� sin ka cos kx � cos ka sin kx/

for �a � � � x � 0;

g12.x; �/ D �

�� sin k.x C a/ sin k.� � a/; �a � x � 0 � � � a;

g21.x; �/ D 1

�� sin k.� C a/ sin k.x � a/; �a � � � 0 � x � a;

g22.x; �/ D 1

��

8̂̂̂̂
<̂
ˆ̂̂:

sin k.� � a/.� sin ka cos kx C cos ka sin kx/

for 0 � x � � � a;

sin k.x � a/.� sin ka cos k� C cos ka sin k�/

for 0 � � � x � a;

with �� D k.1C �/ sinh ka cosh ka:

(d) The diagonal elements gi i .x; �/ of the matrix of Green’s type are defined
as

gi i .x; �/ D 1

H

8̂̂̂̂
<̂
ˆ̂̂:

e�k� Œh1 cosh kx C .h2 C h3/ sinh kx	

for 0 � x � � < 1;

e�kxŒh1 cosh k� C .h2 C h3/ sinh k�	

for 0 � � � x < 1;

with i D 1; 2; 3 and H D k.h1 C h2 C h3/; while its peripheral elements
gij .x; �/; .i ¤ j / are defined as

gij .x; �/ D �hj
H

e�k.xC�/; for 0 � x; � < 1:

3. y1.x/ D 1

�
Hh1.x � 1/ � 1

�2
sin�x;

y2.x/ D � 1
�
Hh1.x � 1/;

y3.x/ D � 1
�
Hh1.x � 1/

with H D .h1 C h2 C h3/
�1:

4. Yes, it is.
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5. The elements gij .x; �/; .i; j D 1; 2/ of the influence matrix are found as

g11.x; �/ D � 1

6a3R1

8̂̂̂̂
<̂
ˆ̂̂:
�.x C a/2Œ2EI1.�

2x � 3a2x � 2a�2/
C3EI2�.2x� C 3ax � a�/	; �a � x � � � 0;

x.� C a/2Œ2EI1.x
2� � 3a2� � 2ax2/

C3EI2x.2x� C 3a� � ax/	; �a � � � x � 0;

g12.x; �/ D 1

2a3R0
x�.x C a/2.2a � �/.a � �/; �a � x � 0 � � � a;

g21.x; �/ D 1

2a3R0
x�.� C a/2.2a � x/.a � x/; �a � � � 0 � x � a;

g22.x; �/ D 1

6a3R2

8̂̂̂̂
<̂
ˆ̂̂:
x.� C a/2Œ2EI1x.2ax.aC �/ � �.x� C 6a2x � 3a�/
C3EI2a2.x2 � 2a� C �2/	; 0 � x � � � a;

�.x C a/2Œ2EI1�.2a�.aC x/ � x.x� C 6a2� � 3ax/
C3EI2a2.�2 � 2ax � x2/	; 0 � � � x � a;

where R0, R1, and R2 are introduced as

R0 D 4EI1 C 3EI2; R1 D EI1R0; and R2 D EI2R0:

6. The elements gij .x; �/; .i; j D 1; 2; 3/ of the influence matrix are found as:

g11.x; �/ D 1

12a3EI1

8̂̂̂̂
<̂
ˆ̂̂:
x2.a � �/Œ�.x � 3a/.� � 2a/ � 2a2x	;

0 � x � � � a;

�2.a � x/Œx.� � 3a/.x � 2a/ � 2a2�	;
0 � � � x � a;

g12.x; �/ D 1

4aEI1
x2.a � �/.a � x/; 0 � x � a � � � 2a;

g13.x; �/ D 1

4aEI1
x2.a � �/.a � x/; 0 � x � a; 2a � � � 3a;

g21.x; �/ D 1

4aEI1
�2.a � �/.a � x/; 0 � � � a � x � 2a;

g22.x; �/ D 1

12EI1

´
.a � x/Œ.2x � a/.a � 3�/C 2x2	; a � x � � � 2a;

.a � �/Œ.2� � a/.a � 3x/C 2�2	; a � � � x � 2a;

g23.x; �/ D 1

12EI1
.a � x/Œ.2x � a/.a � 3�/C 2x2	; a � x � 2a � � � 3a;

g31.x; �/ D 1

4aEI1
�2.a � �/.a � x/; 0 � � � a; 2a � x � 3a;
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g32.x; �/ D 1

12EI1
.a � �/Œ.2� � a/.a � 3x/C 2�2	; a � � � 2a � x � 3a;

g33.x; �/ D 1

12EI1EI2

8̂̂̂̂
<̂
ˆ̂̂:
2EI1Œx

2.x � 3�/C 12x.x� � ax � a�/C 16a3	

C3aEI2Œ7a.x C �/ � 5x�	; 2a � x � � � 3a;

2EI1Œ�
2.� � 3x/C 12�.x� � ax � a�/C 16a3	

C3aEI2Œ7a.x C �/ � 5x�	; 2a � � � x � 3a:

7. The elements gij .x; �/; .i; j D 1; 2; 3/ of the influence matrix are found as:

g11.x; �/ D 1

6EI

´
.� � a/.�2 C a� � 4a2 C 5ax � 3x�/; 0 � x � � � a;

.x � a/.x2 C ax � 4a2 C 5a� � 3x�/; 0 � � � x � a;

g12.x; �/ D 1

6aEI
.a � �/.2a � �/.3a � �/.a � x/; 0 � x � a � � � 2a;

g13.x; �/ D a

6EI
.2a � �/.x � a/; 0 � x � a; 2a � � � 3a;

g21.x; �/ D 1

6aEI
.a � �/.2a � x/.3a � x/.a � x/; 0 � � � a � x � 2a;

g22.x; �/ D 1

6aEI

8̂̂̂̂
<̂
ˆ̂̂:
.a � x/.2a � �/Œ.x C � � 2a/2 C 2x.a � �/	

for a � x � � � 2a;

.a � �/.2a � x/Œ.x C � � 2a/2 C 2�.a � x/	
for a � � � x � 2a;

g23.x; �/ D x

6aEI
.a � x/.x � 2a/.2a � �/; a � x � 2a � � � 3a;

g31.x; �/ D a

6EI
.a � �/.x � 2a/; 2a � x � 3a; 0 � � � a;

g32.x; �/ D �

6aEI
.a � �/.2a � �/.x � 2a/; a � � � 2a � x � 3a;

g33.x; �/ D 1

6EI

8̂̂̂̂
<̂
ˆ̂̂:
.2a � x/.x2 C 2ax � 3x� C 4a� � 4a2/

for 2a � x � � � 3a;

.2a � �/.�2 C 2a� � 3x� C 4ax � 4a2/
for 2a � � � x � 3a:

8. Yes, it is.

Chapter 6

1. The elements Gij .x; yI �; �/, i; j D 1; 2, of the matrix of Green’s type are
defined with the observation point .x; y/ 2 �i and the source point .�; �/ 2 �j :
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They are found in compact closed form:

G11.x; yI �; �/

D 1

2�

"
ln
E1.z � 
/E2.z � 
/
E2.z � 
/E1.z � 
/ C � � 1

�C 1
ln
E1.z C 
/E2.z C 
/

E2.z C 
/E1.z C 
/

#
;

G12.x; yI �; �/

D �

�.�C 1/
ln
E1.z � 
/E2.z � 
/
E2.z � 
/E1.z � 
/ ;

G21.x; yI �; �/

D 1

�.�C 1/
ln
E1.z � 
/E2.z � 
/
E2.z � 
/E1.z � 
/ ;

G22.x; yI �; �/

D 1

2�

"
ln
E1.z � 
/E2.z � 
/
E2.z � 
/E1.z � 
/ � � � 1

�C 1
ln
E1.z C 
/E2.z C 
/

E2.z C 
/E1.z C 
/

#
;

where complex variable notation is used for the observation z D xC iy and the
source 
 D �Ci� points. The parameter � represents the ratio � D �2=�1 of the
conductivities of the materials filling the segments of �, and, for compactness,
we introduce the real-valued functions of a complex variable E1 and E2:

E1.p/ D
ˇ̌̌
1C exp

��p
2b

	ˇ̌̌
and E2.p/ D

ˇ̌̌
1 � exp

��p
2b

	ˇ̌̌
:

2. The elements Gij .x; yI �; �/; .i; j D 1; 2/ of the matrix of Green’s type are de-
fined with the observation point .x; y/ 2 �i and the source point .�; �/ 2 �j :

The diagonal elements G11.x; yI �; �/ and G22.x; yI �; �/ contain the logarith-
mic singularity. After splitting it off, all elements are found as:

G11.x; yI �; �/

D 1

2�

"
ln
E.z � 
/ŒE.z C 
/	k

E.z � 
/ŒE.z C 
/	k
� 8

1X
nD1

gn11.x; �/ sin �y sin ��

#
;

G12.x; yI �; �/ D 4

�

1X
nD1

gn12.x; �/ sin �y sin ��;

G21.x; yI �; �/ D 4

�

1X
nD1

gn21.x; �/ sin �y sin ��;
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G22.x; yI �; �/

D 1

2�

"
ln
E.z � 
/ŒE.z C 
/	k

E.z � 
/ŒE.z C 
/	k
� 8

1X
nD1

gn22.x; �/ sin �y sin ��

#
;

containing only uniformly convergent series. This makes the above expressions
quite computer-friendly. Complex variable notation is used in the above for
the observation point z D x C iy and the source point 
 D � C i�. The
parameters � and k and � are introduced as: � D �2=�1; k D .1� �/=.1C �/,
and � D n�=b, whilst, for compactness, the real-valued function of a complex
variable E is introduced as

E.p/ D
ˇ̌̌
1 � exp

��p
b

	ˇ̌̌
:

The coefficients gnij .x; �/ of the series components ofGij .x; yI �; �/ are defined
as

g11.x; �/ D sinh va cosh �x cosh �� C � cosh �a sinh �x sinh ��

.1C �/ne�a sinh 2�a
;

valid for �a � x � � � 0, whereas, in the above, the variables x and � must be
exchanged with �a � � � x � 0I

g12.x; �/ D �
sinh v.aC x/ sinh �.a � �/

.1C �/n sinh 2�a
;

valid for �a � x � 0 � � � a,

g21.x; �/ D sinh v.aC �/ sinh �.a � x/
.1C �/n sinh 2�a

;

valid for �a � � � 0 � x � a; and

g22.x; �/ D sinh vx cosh �a sinh �� C � cosh �x sinh �a cosh ��

.1C �/ne�a sinh 2�a
;

valid for 0 � x � � � a, whereas, in the above, the variables x and � must be
exchanged with �a � � � x � 0:

3. After splitting off the singular components in the diagonal elements
G11.r; 'I %; / and G22.r; 'I %; / of the matrix of Green’s type in question,
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its elements are expressed in the form:

G11.r; 'I %; / D 1

2�

"
ln

jz � 
j
jz � 
j C 4

1X
nD1

gn11.r; %/ sinn' sinn 

#
;

G12.r; 'I %; / D 2

�

1X
nD1

gn12.r; %/ sinn' sinn ;

G21.r; 'I %; / D 2

�

1X
nD1

gn21.r; %/ sinn' sinn ;

G22.r; 'I %; / D 1

2�

"
ln

jz � 
j
jz � 
j C 4

1X
nD1

gn22.r; %/ sinn' sinn 

#
;

containing only uniformly convergent series. This makes the above representa-
tions convenient for immediate computer implementation. Note that the obser-
vation point and the source point in the expressions for Gij .r; 'I %; / belong
to individual regions, i.e. .r; '/ 2 �i and .%;  / 2 �j . Complex variable nota-
tion, with z D r.cos' C i sin'/ and 
 D %.cos C i sin / is used for com-
pactness. The coefficients gnij .r; %/ of the series components of Gij .r; 'I %; /
are defined as:

g11.r; %/ D � .r%/n

2n��.ab/2n


.1C �/a2n C .1 � �/b2n� ; 0 � r; % � a;

g12.r; %/ D �

n��

��
r

%

�n
C
� r%
b2

	n�
; 0 � r � a � % � b;

g21.r; %/ D 1

n��
h�%
r

	n C
� r%
b2

	ni
; 0 � % � a � r � b;

and

g22.r; %/ D 1

2n��

�
.1 � �/a

2n.b2n � r2n � %2n/
.r%b2/n

� .1C �/
� r%
b2

	n�
;

a � r; % � b:

4. The boundary-contact-value problem modeling the sought-after potential field
in the composite structure is stated as:

1

sin'1

@

@'1

�
sin'1

@u1.'1; #1/

@'1

�
C 1

sin2 '1

@2u1.'1; #1/

@#21
D 0;

.'1; #1/ 2 �1;
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1

sin'2

@

@'2

�
sin'2

@u2.'2; #2/

@'2

�
C 1

sin2 '2

@2u2.'2; #2/

@#22
D 0;

.'2; #2/ 2 �2;
lim
'1!0

ju1.'1; #1/j < 1; u1

��
2
; #1

	
D u2.'0; #2/

and

@u1.�=2; #1/

@'1
D �

@u2.'0; #2/

@'2
; u2

��
2
; #2

	
D 0; � D �2

�1
:

The elements of the matrix of Green’s type for the above problem are found, for
�= sin'0 D 1, in the compact closed form:

G11.'1; #1I 1; �1/ D 1

4�
ln
ˆ�2
0 � 2ˆ1‰1‚11 C .ˆ1‰1ˆ0/

2

ˆ�2
1 � 2ˆ1‰1‚11 C‰21

;

G12.'1; #1I 2; �2/ D 1

4�
ln
1 � 2ˆ1‰2ˆ0‚12 C .ˆ1‰2ˆ0/

2

‰22 � 2ˆ1‰2ˆ0‚12 C .ˆ1ˆ0/2
;

G21.'2; #2I 1; �1/ D 1

4�
ln
1 � 2ˆ2‰1ˆ0‚21 C .ˆ2‰1ˆ0/

2

ˆ22 � 2ˆ2‰1ˆ0‚21 C .‰1ˆ0/2
;

and

G22.'2; #2I 2; �2/ D 1

4�
ln
1 � 2ˆ2‰2‚22 C .ˆ2‰2/

2

ˆ22 � 2ˆ2‰2‚22 C‰22
;

withˆ0 D tan'0=2, whilst the functional components ˆk; ‰k;and‚kl , k; l D
1; 2, in terms of the independent variables, read as:

ˆk D tan
'k

2
; ‰k D tan

 k

2
; and ‚kl D cos.#k � �l /:

Chapter 7

Some of the answers to the exercises in Chapter 7 are expressed in terms of the Jacobi
Theta function of the third kind #3.p; r/. We recall that a series representation of this
function reads

#3.p; r/ D 1C 2

1X
nD1

e�n2�2r cos 2n�p:
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2. (a) g.x; t I �/ D 1

2
p
�t

1X
nD0

.�1/n
²

e� .jx��jC2an/2
4t C e� .xC�C2an/2

4t

�e� ŒxC��2a.nC1/�2
4t � e� Œjx��j�2a.nC1/�2

4t

³
:

3. G.x; y; t I �; �/ D e�. .x��/2
4~t

Cˇt/

4b
p
~�t

�
#3

�
y � �
2b

;
~t

b2

�
C #3

�
y C �

2b
;
~t

b2

��
:

4. (b) G.x; y; t I �; �/ D e�ˇt

4b
p
~�t

Œe� .x��/2
4~t � e� .xC�/2

4~t 	

�
#3

�
y � �
4b

;
~t

b2

�
� #3

�
y C �

4b
;
~t

b2

�
� #3

�
y � �
2b

;
4~t

b2

�
C#3

�
y C �

2b
;
4~t

b2

��
:

(c) G.x; y; t I �; �/ D e�ˇt

4b
p
~�t

h
�2�p

~�te�.xC�C�~t/

�erfc

�
�

p
~t C x C �

2
p
~t

�
C e� .x��/2

4~t C e� .xC�/2
4~t

�
�
#3

�
y � �
4b

;
~t

b2

�
� #3

�
y C �

4b
;
~t

b2

�
� #3

�
y � �
2b

;
4~t

b2

�
C#3

�
y C �

2b
;
4~t

b2

��
:

(d) G.x; y; t I �; �/ D e�ˇt

4b
p
~�t

Œe� .x��/2
4~t C e� .xC�/2

4~t 	

�
#3

�
y � �
4b

;
~t

b2

�
� #3

�
y C �

4b
;
~t

b2

�
� #3

�
y � �
2b

;
4~t

b2

�
C#3

�
y C �

2b
;
4~t

b2

��
:

(e) G.x; y; t I �; �/ D e�ˇt

4b
p
~�t

Œe� .x��/2
4~t C e� .xC�/2

4~t 	

�
�
#3

�
y � �
2b

;
~t

b2

�
C #3

�
y C �

2b
;
~t

b2

��
:
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5. G.x; y; t I �; �/ D e�ˇt

b
p
~�t

1X
kD0

Œe� Œ2akC.xC�/�2
4~t � e� Œ2a.kC1/�.xC�/�2

4~t

C e� Œ2akCjx��j�2
4~t � e� Œ2a.kC1/�jx��j�2

4~t 	

�
1X
nD1

e�~.n�/2t

b2 sin
n�y

b
sin

n��

b
:
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