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Foreword

This book is about three-dimensional RC extraction techniques for microelectronic
designs. The authors are from the Parasitic Parameter Extraction Group, Department
of Computer Science and Technology, Tsinghua University, which has made
many significant contributions to the field since 1991. Some of their approaches,
e.g., direct boundary element method (BEM) for C extraction (2001-2006) and
hierarchical block BEM (2004), have been incorporated in industrial tools.

Resistance and capacitance (RC) extraction is an essential step to model the
interconnect wires and substrate coupling in integrated circuits. The parasitic plays
a significant role in the system performance. Advances of fabrication processes and
new materials with various dielectric permittivities call for accurate and efficient
extraction tools to handle complex geometries. Although RC extraction has been
a research topic in the electronic design automation community for about 25 years,
larger designs and faster project turnaround have kept pushing the demand for better
extraction tools.

The authors cover the state-of-the-art techniques of RC field solvers, mainly the
boundary element method (direct or indirect) with accelerating techniques and the
fast floating random walk methods. These subjects are relatively new and of large
impact theoretically and practically. The content also reflects the research activities
of the authors in the last 10 years.

This book presents a systematic introduction to and treatment of the key concepts
of the extraction. To the best of my knowledge, it is the first time for a monograph
dedicated to the advanced RC extraction techniques. Various field-solver techniques
are explained in details, with examples to illustrate the advantages and disadvan-
tages of each algorithm. Readers are encouraged to consider the computational
complexity, physical theory, numerical stability, robustness of the algorithm for
general cases, and applicability for software development and maintenance. The
presentation brings insights of suitable solvers for specific extraction problems.

San Diego, CA, USA Chung-Kuan Cheng






Preface

The main goal of writing this book was to present a methodological and algorithmic
perspective on the field-solver-based parasitic extraction of integrated circuits (ICs).
Specifically, we present advanced techniques based on three-dimensional (3-D)
boundary element method and floating random walk method for the problems of
resistance and capacitance (RC) calculation. With the feature size scaling down and
mixed-signal interference in modern ICs, the research of parasitic extraction has
gained much concern in recent years and promoted the utilization of field-solver
methods for tackling the challenge of accuracy.

Now, the field solver which directly solves the electrostatic equations is becom-
ing more and more important for the RC extraction of ICs. It is a necessary
supplement, or even a replacer, of the existing parasitic extraction methodology.
On accurately capturing the complex interconnect geometry and the substrate
coupling in mixed-signal IC, the field-solver method has distinct advantages. The
major obstacle for its application is the excessive computational expense. The
complexity of interconnect structure and even tighter performance margin for
designing nanometer-technology ICs have urged the extensive usage of field solvers.
The random process variations also add significance to this request. All these have
pushed the related research for 20 years. Various accelerating approaches have
been proposed to reduce the computational expense while preserving accuracy.
Until recently, the achievements of these works have been applied successfully in
industrial tools. They are daily used for settling the sign-off timing and verification
issues in various IC designs. These achievements in field-solver-based RC extraction
are the object of this book. We hope we have succeeded in providing a unique and
comprehensive treatment on them.

The works presented in this book are mostly from research projects undertaken
by the Parasitic Extraction Group, Tsinghua University, China. Chapter 3 and
Chaps. 5, 6, and 7 are contributed by Xiren Wang, mostly from his Ph.D. work
at the Parasitic Extraction Group. The remaining chapters are written by Wenjian
Yu, based on his research work. Many of those original publications can be found at
http://learn.tsinghua.edu.cn:8080/2003990088/index.htm.
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viii Preface

We want to emphasize that the book is by no means intended to be comprehen-
sive. The absence of coverage of related works should by no means diminish their
value and contribution. Many academic groups and experts from industry have made
significant contributions in the field, and the reader is encouraged to investigate their
works. Key contributors to progress in RC field-solver techniques include: Jacob
White (MIT), Weiping Shi (TAMU), Lawrence T. Pileggi (CMU), Ali Niknejad (UC
Berkeley), Dan Jiao (Purdue Univ.), Vikram Jandhyala (Univ. Washington), Luca
Daniel (MIT), Yannick L. Le Coz (RPI), Sheldon X.-D. Tan (UC Riverside), Lei He
(UCLA), Ranjit Ghapurey (UT Austin), Charlie Chung-Ping Chen (National Taiwan
Univ.), Wayne Dai (UCSC), Nick van der Meijs (TU Delft), Luis Miguel Silveira
(Technical University of Lisbon), Ibrahim Elfadel (Masdar Institute of Science and
Technology), Nasser Masoumi (Univ. Waterloo), Madhav P. Desai (Indian Institute
of Technology, Bombay), Angelo Brambilla (Politecnico di Milano), Alkiviades A.
Hatzopoulos (Aristotle Univ. Thessaloniki), Ruben Specogna (Univ. Udine), Xuan
Zeng (Fudan Univ.), Zeyi Wang (Tsinghua Univ.), Wei Hong (Southeast Univ.),
Junfa Mao (Shanghai Jiaotong Univ.), Martin Bachtold (Swiss Federal Institute of
Technology), Sharad Kapur (Integrand Software Inc.), Joel R. Phillips (Cadence
Inc.), Xiaoning Qi (Intel), and Zhuoxiang Ren (Mentor Graphics Inc.).

Beijing, China Wenjian Yu
San Jose, CA, USA Xiren Wang
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Chapter 1
Introduction

1.1 The Need for Parasitic Extraction

In very large-scale integration (VLSI) circuits, electromagnetic coupling among
interconnect wires is becoming increasingly important. With the introduction
of deep sub-micronmeter (DSM) or nanometer semiconductor technologies, the
on-chip interconnect wire could no longer be considered as equipotential link.
The parasitic effects introduced by the wires display a scaling behavior that
differs from that of active devices such as transistors, and these effects tend to
gain importance as device dimensions are reduced and circuit speed is increased.
In fact, they have dominated some of the relevant metrics of digital integrated
circuits, such as speed and reliability. A typical recursive design flowchart of digital
integrated circuit (IC) is shown in Fig. 1.1, where a post-layout step termed parasitic
extraction precedes gate-level simulation. Each step in the design flow corresponds
to numerous computer-aided design (CAD) tools, which guarantee the feasibility
of designing modern VLSI circuits. The task of parasitic extraction is to model the
electromagnetic effect of the wires with parasitic components of capacitance (C),
resistance (R), and inductance (L), so that the gate-level simulation, including
timing analysis, can be performed.

In microwave or analog integrated circuits, the electromagnetic coupling among
conductors also greatly influences circuit performance. This coupling effect is
sometimes utilized to construct compact circuit components. But under most
circumstances, it is regarded as a parasitic effect that must be modeled accurately for
the verification of circuit’s validity and performance. With the increase of working
frequency and advancement of the silicon technologies, the discrepancy between the
analog IC and the VLSI digital IC becomes reduced. Therefore, the electromagnetic
modeling and accurate extraction of the interconnect parasitics have become a
widely concerned research topic. Among the three parasitic parameters, capacitance
has attracted the most attention because it greatly influences time delay, power
consumption, and signal integrity [3, 32]. Because of the equivalence of electrostatic
field and steady-state current field, the method for extracting capacitances can

W. Yu and X. Wang, Advanced Field-Solver Techniques for RC Extraction 1
of Integrated Circuits, DOI 10.1007/978-3-642-54298-5_1,
© Tsinghua University Press, Beijing and Springer-Verlag Berlin Heidelberg 2014
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Fig. 1.1 A typical recursive design flow of digital IC (Reprinted with permission from Yu and
Wang [180] © 2005 John Wiley & Sons)

be applied to extract the resistances. In most cases, the resistance extraction of
interconnect wire is much easier. If the signal frequency is not very high, the
inductive effect is not prominent. For example, the parasitic inductance is often
ignored in the design of digital IC.

Except for the parasitic effect on interconnect wire, the modeling of substrate
coupling in mixed-signal IC also attracts a lot of attention. With the increase
of integration, the digital components and analog components in a circuit are
often built on a common silicon substrate. This gives rise to the problem called
substrate noise coupling. The digital components may inject current noise into the
substrate, which travels throughout the substrate and severely impacts the sensitive
analog components. The substrate coupling affects some circuit metrics, like the
quality factor of spiral inductor in microwave circuit. If the signal frequency is
not very high, the substrate coupling can be modeled with a resistance network
among contacts. With the increase of frequency, more comprehensive model with
both capacitance and resistance effects should be adopted. The calculation of the
substrate coupling parameters is also regarded as a parasitic extraction problem.
Efficient modeling and extraction of substrate coupling are necessary, or even
critical, for the design of mixed-signal IC.

1.2 The Methods for RC Extraction and Field Solver

An accurate and general method for calculating the capacitance parameters needs
simulating the electrostatic field among conductors, because capacitance is the coef-
ficient relating the electric potential (voltage) and the electric charge. This method
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is often referred to as field solver. For the problems of resistance extraction and
inductance extraction (or impedance extraction), there are different field solvers
which simulate corresponding steady current field and electromagnetic field. How-
ever, efficient field solver for capacitance calculation is difficult, if feasible, due to
the large quantity of and complicated interconnect wires we are facing in ICs. That
means huge expense on memory and computing time.

To obtain a good trade-off between accuracy and efficiency, modern capacitance
extraction tools utilize special techniques for the capacitance extraction in IC design,
which is usually divided into two major steps [79]:

1. Technology precharacterization. Given a description of the process cross sec-
tions, tens of thousands of test structures are enumerated and simulated with
two-dimensional (2-D) and/or three-dimensional (3-D) field solvers. The result-
ing data are collected either to fit some empirical formulas or to build lookup
tables (either type is called a “pattern library”) [3, 32, 33, 55]. This first step
should be performed only once per process technology. The challenge in this step
includes the handling of increasingly complex technology features, such as low-k
dielectric, air bubble, nonvertical conductor cross sections, conformal dielectric,
and shallow trench isolations.

2. Capacitance extraction with pattern-matching approach. While performing full-
chip or full-path (specified critical signal path) extraction, the whole structure
is chopped into small- or medium-sized pieces firstly. Each piece is regarded as
a pattern structure with geometric parameters. Then, the geometric parameters
are matched to some entries in the precharacterized pattern library. Finally,
the capacitance values of the piece can be obtained through table lookup or
analytical formulas. With more kinds of patterns and more geometric parameters
per pattern, the computational expense of technology precharacterization and the
complexity of the pattern-matching procedure will largely increase. On the other
hand, if there are few patterns and each is described by very few parameters, it
becomes difficult to be accurate. So, the definition of geometric patterns is crucial
and relates both steps in modern parasitic extraction tool. Some techniques can be
used to reduce the complexity of geometric patterns by considering the shielding
effect in electrostatic field. For example, it is often assumed that the conductors
two layers away from the main conductor of interest can be described as a big
plane [33, 55].

There are two major sources of error in the pattern-matching approach. The
first one is called the pattern mismatch, where extracted geometry parameters do
not have an exact match in the pattern library. The other one is due to the layout
decomposition, which is analyzed in Dengi and Rohrer [37] and can be revamped by
the approach proposed by Shi and Yu [134]. However, with the increase of geometric
and material complexity in the advanced process technology, the error of pattern-
matching-based capacitance extraction will be even larger.

For the resistance of interconnect wire, the simple method of “square-counting’
is fast and accurate in most time. However, to model some complex 3-D structure,
the field-solver method should be used to simulate the steady current field in the

[l



4 1 Introduction

body of conductor wires. This scenario also occurs in the problem of modeling
substrate coupling noise. It is almost impossible to apply the pattern-matching
approach in the extraction of substrate parasitics. So, the field-solver method is the
major choice.

With the field-solver method, we model the 3-D geometry accurately and
thus are able to achieve the highest precision. So, the field solver provides the
accuracy criterion to other capacitance extraction methods. Actually, the field solver
is indispensable in the technology precharacterization step and will play more
important role in the capacitance extraction of nanometer-technology IC design.

As VLSI technology scales into the nanometer regime, one profound change in
the chip design is that engineers cannot put the design precisely into the silicon
chips. This is because the manufacture process variations start to play a big role,
whose influence on the circuit performance, yield, and reliability becomes signifi-
cant [131, 184]. Specifically, the geometric and dielectric variations in interconnect
structure largely affect the parasitic capacitance [175] and therefore the timing delay
and other signal integrity metrics. Although traditional corner-based analysis and
design approaches apply guard bands to consider parameter variations, it leads to
too conservative designs, which may largely degrade the design quality [131]. As a
result, it is imperative to develop new statistical techniques to consider the impacts
of various process uncertainties on the parasitic extraction [186].

Another challenge is brought by the multigate devices, such as FinFETs and
Tri-gate devices, in the coming sub-10-nm-technology nodes, which are the neces-
sity for continuing the CMOS technology. To accurately capture the parasitic
capacitances related with the multigate devices, which is essential for perfor-
mance verification, a 3-D-technology CAD (3-D-TCAD) transport analysis-based
approach should be added to the capacitance field solver [17, 18]. This largely
complicates the problem. Although preliminary results have been achieved, further
research along this direction is definitely largely demanded in the future.

In this book, we focus on the numerical methods for the parasitic extraction
problems on IC interconnects and mixed-signal substrate modeling. It is mainly
devoted to the methods and techniques for developing efficient 3-D field solvers
for capacitance and resistance extraction. The statistical methods for the variation-
aware capacitance extraction are also discussed, in both chip-level and local visions.
The key field-solver techniques for RC extraction will be exposed in detail. Some
of them have been widely used in IC industry, but not systematically presented ever
in literature.

This book does not by any means intend to be comprehensive. The absence of
coverage of related works should not diminish their value and contribution.

1.3 Book Outline

Since the early 1990s, the 3-D field solver for parasitic extraction has become
an important research topic. A number of fast algorithms have been proposed for
the problems of capacitance extraction, resistance extraction, inductance/impedance
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extraction, substrate extraction, variation-aware capacitance extraction, etc. Most of
them had been firstly presented on the Design Automation Conference (DAC), the
International Conference on Computer-Aided Design (ICCAD), the Asia and South
Pacific Design Automation Conference (ASP-DAC), and the Design, Automation,
and Testing in Europe Conference (DATE). They also constitute the topics of several
book chapters [75, 115, 180].

In this book, we systematically present the important techniques for fast RC
field solver, along with some recent advancements in this area. Specially, large
effort has been paid on the fast techniques based on boundary element method
(BEM), which are the foundation of several state-of-the-art capacitance solvers.
We also show in detail how the direct boundary element method can be applied to
the calculation of interconnect resistance and the substrate parasitics. With specific
accelerating techniques, efficient algorithms and prototypes are then developed for
the industrial problems, respectively. As the strong competitor of the fast BEM
algorithms, the floating random walk (FRW) algorithm for capacitance extraction
has distinct advantages. In the last chapters of this book, we will present the efficient
FRW algorithms for interconnect capacitance extraction.

It should be pointed out that the inductance/impedance extraction is important,
but not included in this book. The modeling of inductive effect is indispensable in
the design of radio-frequency (RF) microwave circuits and some analog circuits.
However, for the digital IC, the inductive effect of interconnects has much less
significance [107].

Below, we briefly introduce the following chapters in this book:

e In Chap. 2, the problem formulation and numerical methods in field solvers for
RC extraction are briefly introduced. The methods are mainly indirect BEM,
direct BEM, and the FRW method.

e In Chap. 3, we present the fast computing techniques for the capacitance
extraction based on indirect BEM.

e In Chap. 4, we propose the quasi-multiple medium (QMM) techniques for the
direct BEM-based capacitance extraction. Numerical experiments are presented
to demonstrate their advantages.

e In Chap. 5, we turn to the topic of resistance extraction. Efficient techniques
based on direct BEM are proposed for calculating the resistances of complex
3-D on-chip interconnects [159, 161].

e In Chap. 6, the problem of modeling and extracting substrate coupling effect
is firstly introduced. Under the assumption of low signal frequency, BEM
techniques are proposed to calculate the substrate resistances.

e In Chap. 7, we firstly give the problem formulation of frequency-dependent
parasitic modeling for substrate coupling. Then, a two-step approach is proposed
to extract the frequency-dependent substrate parasitics [177].

* In Chap. 8, we turn to the topic of capacitance extraction considering process
variations. After presenting a fast approach for building capacitance library, we
propose the techniques for chip-level statistical capacitance extraction consider-
ing spatially correlated random variations.
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* In Chap. 9, we focus on variational capacitance modeling for detailed geometric
variations of local interconnects. A continuous-surface geometric model is pro-
posed, followed by relevant statistical extraction techniques and their application
to modeling random line-edge roughness (LER).

e The last two chapters are devoted to the efficient techniques based on FRW
method for capacitance extraction. In Chap. 10, we propose an approach to
handle structures with multilayered dielectrics and a novel variance reduction
technique to quicken the convergence of FRW procedure.

e In Chap. 11, the space management techniques for chip-scale large structures are
proposed. This enables fast FRW-based solver for interconnect structures with
over one million conductors. Prospects of the FRW method and the field solvers
for capacitance extraction are finally given.

1.4 Summary

In this chapter, the motivations for IC parasitic extraction and the field-solver
methods are firstly described. We have presented a short survey of current methods
and challenges for the parasitic extraction. After briefly reviewing the research
history of the field-solver methods for RC extraction, we present the aim of this
book. Then, we briefly introduce all the chapters in the book. They can be divided
into five parts:

* Introduction and fundamentals (Chaps. 1 and 2)

» Fast BEM algorithms for capacitance extraction (Chaps. 3 and 4)

* BEM-based techniques for resistance/substrate parasitic extraction (Chaps. 5, 6,
and 7)

e Variation-aware interconnect capacitance extraction (Chaps. 8 and 9)

» Fast FRW algorithms for capacitance extraction (Chaps. 10 and 11)

Numerical examples are provided throughout the book to help the reader gain
more insights into the discussed methods. Our treatment of those methods does not
mean to be comprehensive, but we hope it can guide circuit designers and CAD
software developers to understand the major ideas and limitations of their existing
tools. It would be grateful if this book could help readers to apply those methods and
to develop next-generation CAD tools for the design of emerging nanometer ICs.
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Chapter 2
Basic Field-Solver Techniques for RC Extraction

Because 3-D numerical methods accurately model the realistic geometry, they
possess the highest precision. The field solver based on 3-D numerical methods
is not only used as a library-building tool in industrial RC extraction but also of
increasing importance for the modeling and analysis of critical nets or key signal
integrity issues. The major challenge for applying field solver is due to its low
computational speed. Therefore, a lot of research has been devoted to improve
the computational efficiency of 3-D capacitance extraction methods. With these
works and the widely spreading parallel computing techniques, it is now possible to
directly use the field solver in chip-scale extraction tasks. This is strongly demanded
because of the increased accuracy requirement of parasitic extraction under the
nanometer process technologies.

In this chapter, the principle and basic methods of 3-D field solver are to be
introduced, with the emphasis on capacitance extraction. They are the basis of
other RC extraction problems and more cutting-edge techniques for capacitance
extraction. Those problems and techniques will be presented in detail, with the
following chapters of this book.

2.1 Problem Formulation

As it is well known, the capacitor is a kind of circuit elements commonly used in
electric or electronic equipments. It is usually composed of two conductors insulated
from each other. When charged, the two surfaces of the conductors facing each other
carry equal and opposite charges: Q and —Q, respectively (see Fig. 2.1). The electric
potential difference between the two conductors ¢; — ¢, is called the voltage of
the capacitor and is always denoted by V. Experiments, and theoretical analyses
show that, for a capacitor, Q is always proportional to V and thus the ratio Q/V
is a constant determined by the structure of the capacitor. This ratio is called the
capacitance of the capacitor and denoted by C: C = Q/V.

W. Yu and X. Wang, Advanced Field-Solver Techniques for RC Extraction 7
of Integrated Circuits, DOI 10.1007/978-3-642-54298-5_2,
© Tsinghua University Press, Beijing and Springer-Verlag Berlin Heidelberg 2014
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The SI unit of capacitance is faraday (F). It is the capacitance of a capacitor that
has one coulomb on one of its conductor polar when the potential difference is 1 V.
Other commonly used units of capacitance are pF (107 F), pF (1072 F), and fF
(10715 F).

The capacitance of some simple capacitor can be calculated easily. For example,
for the parallel plate capacitor shown in Fig. 2.1, we have

g0, S

C= :
d

2.1

where g is the dielectric constant of free space (supposing that the plate’s dimension
is much larger than d). The dielectric constant takes the value

1

= m = 8.85 x 10_12 Cz/N -mz. (22)
T X3IX

&o

&, is the relative permittivity of the insulating material, S is the area of the facing
plate, and d the distance between two parallel plates.

Actually, the capacitor has more generalized forms than that described above,
which consists of two insulated conductors. The capacitance of a single conductor
(conductor 1) is defined as if another conductor (conductor 2) was located at an
infinite distance away to form a joint capacitor (conductors 1 + 2). For example, the
capacitance of an isolated conductor sphere with radius of R can be calculated as
C=4megyR.

There are many conductor interconnect wires in an integrated circuit (IC). The
wires are insulated by some dielectric such as oxide SiO,. The capacitance between
any two wires reflects the electrostatic coupling between them. Calculating these
capacitances with high accuracy is very important for the analysis of the circuit’s
performance.

For an N-conductor system, such as the interconnect wires in an IC, an N x N
capacitance matrix [Cjj]yxy is defined by

N
Ql:ZC1]¢]’ i:1,2,...,N, (2'3)

=1
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Fig. 2.2 A structure involving 2 X 2 crossover interconnect wires (Reprinted with permission from
Yu and Wang [180] © 2005 John Wiley & Sons)

where C; (i #j) is the coupling capacitance between conductor i and j and Cj; is
called the self-capacitance or total capacitance of conductor i. Q; is the induced
charge on conductor i; ¢; is the electric potential of conductor j (usually the known
bias voltage). Figure 2.2 shows typical crossover wires in VLSI circuit, where the
coupling capacitance between any two conductors needs to be calculated.

Accurate modeling of the wire capacitances in a state-of-the-art IC is not a trivial
task. The capacitance of a interconnect wire is a function of its shape, environment,
distance from the substrate, and distance to surrounding wires. This usually calls
for solving the electrostatic field in a region involving multiple dielectrics. Take
the structure with three dielectric layers in Fig. 2.2 as an example. With one
conductor (called master conductor) setting 1 V and others (called environment
conductors) 0V, the electric potential ¢ is governed by the Laplace equation for
each homogenous dielectric region [70]:

) ?¢ PP ¢
Vg = 2 T 3y + 02 0 2.4)
Taking into account the boundary conditions of the whole simulated region and
those at the dielectric interfaces, the electrostatic field (potential and field intensity)
can be solved. After that, we can obtain the charges of conductors. Note that the
charge of an environment conductor equals to the capacitance between it and the
master conductor, due to (2.3).

According to the boundary assumptions for the whole simulated region, there are
several different models for capacitance extraction:

¢ The first one is called the infinite-domain model, because in it the electrostatic
field spreads to the infinite, resulting in an infinite problem space.
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e The second is called finite-domain model, where the electrostatic field is
restricted within a finite domain, with the Neumann condition on the outer bound-
ary [164]: d¢/0n = 0. This means the electric field is not able to spread out of the
finite simulated region. The Neumann condition is also called reflective boundary
condition and was introduced as the “magnetic wall” in Hong et al. [61].

* The third boundary assumption employed in capacitance extraction problem is
with a Dirichlet condition at the outer boundary [83]: ¢ = 0. This is the default
setting when employing the floating random walk method (see Sect. 2.5).

It should be pointed out that the infinite-domain model is ideal for simulating
isolated structures, but for the IC capacitance extraction, it is not the case due to the
influence of neighboring conductors. On the other hand, the finite-domain model
considers a part cut from actual layout of IC. However, it assumes a condition not
generally existing. Now, the three models of capacitance extraction are all used,
for different extraction scenarios using different numerical methods. Although they
produce different capacitance results for a given conductor system, the difference
would be negligible if suitable size of the outer boundary is set. In the following
discussions, the numerical methods will be introduced along with their suitable
extraction models.

The background and problem formulations for resistance extraction, substrate
parasitic extraction, and variation-aware capacitance extraction will be presented in
Chaps. 5, 6, and 8, respectively.

2.2 Overview of the Numerical Methods

Basically, the methods for 3-D field solver are classified as the domain discretiza-
tion method, the boundary integral equation method, semi-analytical approaches,
and the stochastic method. The domain discretization method includes the finite
difference method (FDM) [129, 144], the finite element method (FEM) [29, 31,
118, 137, 149, 169], and the method of the measured equation of invariance (MEI)
[73, 88, 142]. The boundary integral equation method includes the method of
moment [60, 124], indirect boundary element method (BEM) [13, 14, 27, 28, 54,
77,78, 86,98-100, 105, 106, 111, 132, 133, 136, 146, 164, 170, 171, 193-196], and
direct BEM [4-6, 37, 46, 58, 63,72, 89, 179, 181]. The semi-analytical approaches
are combination of the analytical formulas and some traditional numerical methods
[21,61,151, 152,199, 200]. The stochastic method is based on the theory of random
walk method [22, 83].

FDM and FEM discretize the whole 3-D simulated domain, thus producing
a linear algebra system with large order. Hence, the computational speed of
these methods is largely limited. However, since both methods are relatively well
established, they are still used in the industry as a reference tool with accurate
values calculated under fine grids. For example, the famous software of 2-D/3-D
capacitance extraction “Raphael” utilizes FDM, and the “Q3D” of Ansoft Corp. is
based on FEM.
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Since the 1990s, the boundary integral equation method (i.e., BEM) has begun
to replace the domain discretization method, thanks to its high efficiency. In both
indirect and direct BEMs, only boundary of 3-D domain is discretized, and a
smaller system of linear equations is obtained. Problems encountered with complex
boundary can also be effectively handled with BEM, with accuracy comparable to
FEM. Thus, BEM with rapid computing techniques has become the focus in the
research of 3-D capacitance field solver.

Below, the basic method of indirect BEM is introduced. The principles of direct
BEM and FRW method are discussed in the following two subsections, respectively.
As for other field-solver methods, the reader is referred to the relevant references
or [180].

2.3 Indirect Boundary Element Method

The indirect boundary method can be regarded as a variation of the method of
moment (MoM). Because only domain boundary needs to be discretized, the
indirect BEM involves much fewer unknowns than FDM and FEM. However, it
leads to a dense coefficient matrix, whose formulation and solution introduce many
difficulties. The innovation of the fast multipole method (FMM), the low-rank
matrix compression method, and the hierarchical method had made the indirect
BEM more applicable. Now, indirect BEM with a fast computing technique has
become a major choice for 3-D field solver. Several commercial capacitance solvers
have been developed based on the advanced indirect BEM approaches [78, 147].
The indirect BEM is also called the equivalent charge method, whose boundary
integral equation involves the surface charge density o (#') as an unknown function:

o (r)= /FG (r.r’)o(r')dd’, (rel), (2.5)

where G(r,r’) is the Green’s function and ¢(r) stands for the electrostatic potential at
point r. For free space, G(r,') = 1/||r —¢||; T is the boundary surface. After solving
the surface charge density o (r’), the charge on conductor i can be calculated with

Qi = / o (r')dd, (2.6)

where S;(7) is the surface of conductor i. We discretize the surfaces of m conductors
into n constant elements (or panels), where charge density is assumed to be element-
wise constant. Then, the potential at the center of the kth panel r; can be expressed
as a sum of the contributions of all panels:

o = Z / o) 2.7)

r; I = rkll
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where o;(r’) is the surface charge density of panel j (I';). Substituting the known
boundary conditions, we obtain a dense linear equation system:

Pg = b, 2.8)

where the coefficient matrix P is dense and nonsymmetric. The Krylov subspace
iterative method, such as GMRES algorithm [126], is usually used to solve the
equation.

For a problem involving multiple dielectrics, the polarization charge density
on dielectric interface needs to be introduced, which contributes to the potential
distribution together with the free charge density on conductor surfaces. Therefore,
the problem becomes equivalent to that in the free space, and the simple free-space
Green’s function is used to form Eq. (2.8). Except for Eq. (2.5) on each conductor
panel, the normal derivative of the potential satisfies

Ips (r) _ g (r)
Ea =&p 5

2.9
on, on, (2.9)

where r is on the interface of two dielectrics with permittivities ¢, and &,
respectively. Here n, denotes the normal to the dielectric interface at r that points
into dielectric a. ¢ 4 (r) is the potential at r approached from the side of the interface
€4, and ¢ _(r) is the analogous potential for the b side. With (2.9), a discretized linear
equation with variables of charge densities on conductors and dielectric interfaces
can be formed for each dielectric interface panel. They are combined with (2.8) to
obtain a linear equation system with the same number of equations and unknown
variables.

For the multi-dielectric problem, the so-called total-charge Green’s function
approach presented above involves more unknowns at dielectric interfaces. Another
choice to deal with the problem is to employ the multilayered Green’s function.
Then, only the free charge density on conductor surfaces needs to be considered as
unknown function. However, to evaluate the Green’s function for the multilayered
medium, infinite summations are involved, which are computationally expensive.
Oh et al. [105] derived a closed-form expression of the Green’s function for
the multilayered medium by approximating the Green’s function using a finite
number of images in the spectral domain. This greatly reduces the computational
task. Li et al. [86] presented for the first time general analytical formulas for
the static Green’s functions for shielded and open arbitrarily multilayered media.
Zhao et al. [193] proposed an efficient scheme for the generation of multilayered
Green’s functions using a generalized image method. The multilayered Green’s
function is much more complicated than the free-space Green’s function and only
applicable to the simple stratified structure of multiple dielectrics. While for more
complex structures, such as the conformal dielectric, the deduction of the Green’s
function may be impossible.

More research work has been conducted to accelerate the capacitance extraction
using the total-charge Green’s function approach. In 1991, Nabors et al. successfully
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applied the multipole accelerated method, proposed earlier by Greengard and
Rokhlin [57], to 3-D capacitance extraction with the indirect BEM. In the MPA
method, calculation of the interaction between charges [i.e., the coefficients in (2.8)]
is divided into two parts: the near-field computation and far-field computation. For
the near-field computation, the coefficients are calculated directly; for the far-field
computation, the multipole expansion and local expansion are used to accelerate the
computation. Therefore, the CPU time of forming and solving (2.8) with iterative
equation solver is greatly reduced. In the successive works [98, 100], the adaptive,
preconditioned MPA method was developed. Corresponding software prototype
FastCap is shared on the MIT’s website [97] and has become a popular academic
tool of capacitance extraction. Other works on the capacitance extraction using the
multipole accelerated indirect BEM can be found in Beattie and Pileggi [14] and
Pan et al. [106].

In 1998, a fast hierarchical algorithm for 3-D capacitance extraction was
presented on the Design Automation Conference [132] and was later presented
in a journal article [133]. Similar to the fast multipole algorithm, it is based
on indirect BEM and also originated from the fast computation of the N-body
problem [9]. For the singular integral kernel of 1/||r—#/|, it can achieve high
speedup of computation. And only O(N) operations are needed for each iteration
while solver the linear equation system. For other weaker singular kernel, the
efficiency of this method may be reduced. In 1997, Kapur et al. proposed an
accelerating approach based on the singular-value decomposition (SVD) [77]. It
is independent on the kernel and based on the Galerkin method using the pulse
function as the base function. It needs O(N) times operation to construct the
coefficient matrix and O(NlogN) operations to perform an iteration in the equation
solution. Besides, the precorrected fast Fourier transform (pFFT) algorithm [111]
has the same computational complexity, while it is based on the collocation method
for discretization. Other fast computing approaches for indirect BEM include those
based on wavelet transformation [136], multiscale method [146], and the second
kind of integral equation [110].

The aforementioned works on capacitance extraction with indirect BEM all
handle the infinite-domain model. In 1996, Wang et al. improved the multipole
accelerated indirect BEM to make it suitable to handle the finite-domain problem
[164]. And a parallel multipole accelerated 3-D capacitance simulator based on
nonuniformed cube partition was proposed. In Beattie and Pileggi [13], a window
technique is combined with the indirect BEM to reduce its computational expense,
along with an error bound analysis for the capacitance results.

The SVD-based fast approach [77] employs a low-rank matrix compression
technique. This idea has been further developed [15, 16, 78] and evolved to
several commercial capacitance solvers. The recently developed H-matrix-based
fast approaches [27, 28] can be regarded as another way for matrix compression,
which however enable solving the obtained linear system with direct linear equation
solver. Several enhancements have also been proposed for the fast hierarchical
algorithm [133]. In Yan et al. [170], a sparsification technique was proposed for the
coefficient matrix generated from indirect BEM, which also facilitates an efficient
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preconditioning technique for the iterative solution of the linear equation system.
Then, a matrix reduction technique was proposed in Yan et al. [171] to gain further
computational speedup. In Zhou et al. [196], the total-charge Green’s function
approach was combined with the multilayered Green’s function approach to
efficiently handle the realistic interconnect structure with multilayer and conformal
dielectrics. To extend the application of capacitance field solver, a divide-and-
conquer method was proposed in Shi and Yu [134]. It invokes the fast hierarchical
BEM solver and extends it to the extraction task with a whole critical net.

More recently, the parallel computing techniques have been proposed for the
multipole accelerated fast capacitance solver, on platforms of multi-core CPU [54]
or single-instruction-multiple-data (SIMD) graphic processing units (GPUs) [194].

In Chap. 3, the technical details of fast multipole method and low-rank matrix
compression in the indirect BEM capacitance solvers will be presented.

2.4 Direct Boundary Element Method

The direct BEM is based on the direct boundary integral equation (direct BIE) and
suitable for solving 3-D Laplace equation with various boundary conditions [24].
Specifically, the direct BEM is very efficient for handling the finite-domain model
of capacitance extraction.

Within the finite domain that is involved in capacitance extraction (see Fig. 2.2),
electric potential ¢ fulfills the following Laplace equation with mixed boundary
conditions [181]:

8,‘V2¢):O, inQi (lzl,,M)
¢ = ¢y, on I, (2.10)
q=10¢/0n =0, onTl,,

where the whole domain Q = AL}SZ,- and 2; stands for the space possessed by the

ith dielectric. I';, stands for the Dirichlet boundary (conductor surfaces), where ¢ is
known as the bias voltages; I, represents the Neumann boundary (outer boundary
of the simulated region), where electric flux ¢ is supposed to be zero. Here n denotes
the unit vector outward normal to the boundary. At the dielectric interface, the
compatibility equation (2.9) holds.

With the fundamental solution as the weighting function, the Laplace equations
in (2.4) are transformed into following direct BIEs by the Green’s identity [24]:

csul + /q*u"dr = /u*qidr, i=1,....M), (2.11)
9Q; 9Q;

where u! stands for the electric potential at collocation point s (in dielectric region i)
and ¢ is a constant dependent on the boundary geometry near to the point s.
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u* = 1/4r is the fundamental solution of 3-D Laplace equation, whose derivative
along the outward normal direction n is ¢* = du*/dn = — (7),7) J4mr3. ris

the distance from the collocation point s to the point on I'. d<2; is the boundary that
surrounds dielectric region i. Note that the fundamental solution u” is actually the
free-space Green’s function in (2.5).

Employing the collocation method after discretizing the boundary, like that in the
indirect BEM, we get a system of linear equations [181]:

Ax = f. (2.12)

Finally, with the preconditioned Krylov iterative equation solver, the normal electric
field intensity on the conductor surface is obtained [181].

In the direct BEM, both variables of potential and field intensity are involved. So,
two kinds of integral kernels are dealt with. Though this is more complex than the
indirect BEM, the direct BEM has its own advantages. Firstly, it is suitable for the
capacitance extraction within the finite domain since two variables are included. On
the second, because the variables in each BIE are within a same dielectric region, it
has a so-called localization character. This character leads to a sparse linear system
for problem with multiple dielectrics.

In the direct BEM, a great deal of time and memory are consumed in forming and
solving the system of discretized BEM equations. Fukuda et al. [46] solved the prob-
lem of 2-D capacitance extraction using the direct BEM. In 1997, Bachtold et al.
extended the multipole method to handle the “potential boundary integral” (whose
kernel is 1/7°) in the direct BEM [4]. An adaptive boundary meshing scheme with
an error indictor was also proposed. What they discussed was the model of multiple
dielectrics within infinite domain. Hou et al. proposed an adaptive 3-D BEM solver
for capacitance extraction [62], whose idea is to automatically meet the specified
accuracy requirement by gradually refining the boundary meshes. In 2000, Gu et al.
extended the fast hierarchical method used in the indirect BEM, making it feasible
to the direct BEM-based capacitance extraction [58].

Yu et al. proposed a quasi-multiple medium (QMM) method, based on the
localization character of direct BEM [181]. The QMM method exploits the sparsity
of the resulting coefficient matrix when handling the multi-dielectric problem.
Together with the efficient equation organization and iterative solving technology,
the QMM-accelerated method greatly reduced the computing time and memory
usage. In Yu et al. [181], an efficient analytical/semi-analytical integration scheme
was also proposed to accurately calculate the boundary integrals under the VLSI
planar process technology. The QMM method has been successfully applied
to the actual 3-D multi-dielectric capacitance extraction [179, 181]. For finite-
domain and multi-dielectric problems, the QMM-based method has shown 10x
speedup and memory saving over the multipole accelerated indirect BEM (FastCap
2.0) with comparable accuracy [179]. Based on the direct BEM, techniques
were recently proposed for fast 2-D capacitance extraction of nanometer VLSI
interconnects [188].
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There is another kind of approach for capacitance field solver, called global
approach. It does not solve the resulting linear system in the usual way. The global
approach discretizes the field equation and converts them to a circuit network of
resistors or capacitors. Finally, with circuit reduction or matrix computation, the
whole resistance or capacitance matrix can be obtained directly. In 1997, Dengi et al.
proposed a global approach (called macromodel method) for 2-D interconnect
capacitance extraction based on direct BEM [36, 37]. Lu et al. successfully extended
the idea of boundary element macromodel to the 3-D case and developed a rapid
hierarchical block boundary element method (HBBEM) for interconnect capacitance
extraction [89]. HBBEM is suitable for extracting the whole capacitance matrix of
an N-conductor system, with faster computational speed than the QMM-accelerated
BEM. It have been extended and applied for the capacitance extraction problem
in analog integrated circuits [176]. Besides, based on HBBEM, an IBM in-house
tool (CSurf) has been developed for extracting the capacitances of interconnect and
packaging structures [72].

In Chap. 4, the major techniques of QMM-accelerated BEM for capacitance
extraction will be presented. Moreover, the fast direct BEM techniques have been
developed for the resistance extraction and substrate extraction problems, which will
be presented in Chaps. 5, 6, and 7.

2.5 Floating Random Walk Method

The FRW algorithm for capacitance extraction, presented in a 2-D version, was
firstly proposed in 1992 [83]. Its basic idea is to convert the calculation of conductor
charge to the Monte Carlo (MC) integration performed with floating random walks.
This can be illustrated with the following equation:

¢ (r)= ¢ P(r.,re (rM)dr®, (2.13)
s

where ¢(r) is the electric potential at point r and S is a closed surface surrounding
r. P(r, r'V) is called the surface Green’s function. For a fixed r, P(r, ¥*") can be
regarded as the probability density function (PDF) for selecting a random point r"
on S. In this sense, ¢(r) can be estimated by the mean value of ¢(r"), providing
sufficient large number of sample points 7" on S are evaluated. If S is the surface
of a homogeneous 3-D cube centered at r, P(r, ") only depends on the relative
position of 7 and is not related to the size of cube [69, 83]. More importantly, this
surface Green’s function can be derived analytically [69] and pre-calculated and
stored as the discrete probabilities for jumping to the discretized cells of the cube
surface.

In the situation that ¢(r") is unknown, we apply (2.13) recursively to obtain the
following nested integral formula:
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where SO, (i=1, ...,k + 1)is the surface of the ith cube centered at ¥~ ). POFEE—D,
rd), (i=1,...,k+ 1), are the surface Green’s functions relating the potentials at
r~D to r». This can be interpreted as a floating random walk procedure: for
the ith hop of a walk, the maximum conductor-free cube centered at r=! is
constructed, and then a point 7 is randomly selected on the cube surface according
to the discrete probabilities obtained with PO, r®) Note that, to obtain the
probabilities, we only need to consider the normalized unit-size cube for the ith
cube and the corresponding positions of 7" and #? in the unit-size cube. The walk
terminates after k hops if the potential at point #® is known, e.g., it is on a conductor
surface in the problem of capacitance extraction. With the surface Green’s function
and derived sampling probabilities for a unit-size cube calculated in advance [69],
the major cost of random walk is for geometric operations. After performing many
walks, the mean value of these estimates approximates ¢(r) very well.

For extracting the capacitance, each walk starts from a point on a Gaussian
surface enclosing the master conductor and terminates on a conductor surface after
some successive hops. For each hop of a walk, a conductor-free cube centered at
current location is constructed, and the hop reaches a random point on the cube’s
boundary. The FRW algorithm does not rely on assembling any linear equation
system and has several computational advantages over the deterministic methods:
lower memory usage, more scalability for large structures, tunable accuracy, and
better parallelism.

The 3-D FRW algorithm for capacitance extraction has been developed and
applied to the design and analysis of VLSI circuits [69, 75, 82]. In 2005, Batterywala
et al. proposed several techniques to reduce the variance of MC procedure in the
FRW-based capacitance extraction [12] and further reduce the total computing time.
The FRW algorithm was also extended to handle the floating dummy-fills [11].
In 2008, a technique based on the FRW algorithm was proposed to enable fast
incremental variational capacitance extraction [43]. A general FRW algorithm was
also proposed in El-Moselhy et al. [43] for arbitrary dielectric configuration, where
the whole problem domain was covered by a set of cubic transition subdomains
for which the transition probability is numerically calculated online, rather than
offline. This technique largely reduces the number of hops for a FRW walk, with the
overhead of calculating and storing the transition probabilities for a lot of transition
domains. The general FRW algorithm can be very time-consuming for a large-
scale 3-D problem. A hierarchical FRW (HFRW) algorithm was later proposed
for a fabric-aware extraction problem [44, 45], where the topological variation
rather than the common non-topological variation was considered. Note that the
HFRW is not suitable for the general problem of capacitance extraction, because
an arbitrary structure cannot be regarded as the composition of predefined “motif”
structures. Different from most of FRW-based capacitance solvers which employ
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the cubic transition domain to suit the Manhattan geometry of VLSI interconnects,
the technique using spherical transition domains was investigated in Brambilla et al.
[22,23].

Compared with the BEM-based techniques, there are much fewer literatures
devoted to the 3-D FRW algorithms for multi-dielectric capacitance extraction. To
fill in the gap between the theory and application of the FRW-based capacitance
solver, a program set called RWCap [125, 187] has been developed since 2012. An
approach to precisely handle the multilayered dielectrics, a novel variance reduction
scheme for acceleration, and a parallel implementation on the multi-core/multi-
CPU platform were presented in Yu et al. [187]. Efficient techniques were also
proposed to parallelize the FRW-based capacitance extraction on GPUs [189]. The
RWCap was further enhanced with a comprehensive space management technique,
which facilitates efficient capacitance extraction of chip-scale large interconnect
structures [190].

The advanced FRW techniques in RWCap will be introduced in the last two
chapters of this book.

2.6 Summary

In this chapter, the problem formulation for the 3-D capacitance field solver is firstly
described. Then, we present a survey on the numerical methods for capacitance
extraction. The principles of indirect BEM and direct BEM are introduced, which
form the basis for the techniques presented in Chaps. 3 and 4. They also provide
a necessary background for the materials in Chaps. 5, 6, 7, 8, and 9. Finally, the
FRW method and its state of the art are briefly introduced. Detailed treatment of
this method will be given in the last two chapters of this book.
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Chapter 3
Fast Boundary Element Methods
for Capacitance Extraction (I)

As discussed in Chap. 2, the capacitance extraction is reduced to a linear system
solution. Linear system solution methods are well studied, like Gaussian elimination
[53]. However, such traditional methods usually require too much computational
resources in terms of CPU time and memory. For capacitance extraction, how to
solve in fast ways has been a hot topic of researches.

In the past years, multiple fast solvers were proposed for iterative solvers like
GMRES [126]. In such solvers, the dominant consumer of time is matrix-vector
product, so to expedite matrix-vector product is the core. For direct BEM, the quasi-
multiple medium method [181] is a fast solver, since it can enhance the matrix
sparsity; Chap. 4 will offer more details. The hierarchical method in Lu et al. [89]
is to solve the system in a hierarchical way, where at each level small matrices are
handled. For indirect BEM, the fast multipole methods [98—100], low-rank matrix
compression methods [77, 78], and adaptive cross approximation (ACA) techniques
[15, 16, 80, 120] are widely employed.

Below, we firstly introduce the basic idea of fast solvers under the context of
indirect BEM. Then, these fast-solver methods are introduced one by one.

3.1 Basics of Indirect Boundary Element Methods

Indirect boundary element methods solve for the unknown electrical charges or their
equivalents on conductor surface. For simplicity, suppose the enclosing mediums
are homogeneous; otherwise, some multilayered Green’s function [172] is needed.
The surface is discretized into small panels, each of which is associated with an
unknown charge o. Then the electrical potential can be expressed as a sum of all
panels’ contribution:
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n l
oj(x
zz}ﬁil—ﬁ/ (3.1)
=l
where o; is the unknown of panel I';. With the boundary condition that potential u
is known on conductor surface, a linear system is produced:

Po=b (3.2)

where P is a dense matrix.

The traditional direct solvers like Gaussian elimination [53] are computationally
expensive, since its memory complexity is O(n%) and CPU time complexity is O(n?).
Obviously it’s feasible only for small problems, or n is small. Otherwise, iterative
solvers like GMRES solver [126] are good alternatives.

Iterative solvers work in a better-and-better way. It’s offered a “guess” solution
Xo; then it computes the residual or how far the current “solution” is from the
true one; in turn it will update the solution to x;, after getting the matrix-vector
product P*x;. If the new x; is not accurate enough, it repeats to update again, with
i =i+ 1, until accuracy requirement is met. For capacitance extraction, matrix P is
usually dense and of large scale; computing the matrix-vector product is the most
time-consuming part and may also be the most memory-consuming part, especially
when the entire P is directly stored in memory.

A special property of iterative solvers is that it only asks for matrix-vector prod-
ucts, but not explicitly for the matrix P itself. This opens the door for fast solvers.
Fast multipole methods don’t generate and store the whole matrix before iterative
solvers start. Instead, it generates the products on the fly. Compression-based fast
solvers like IES3 [77] do store the matrix but only after it’s remarkably compressed.
We will soon see that compression means to squeeze “water” (redundant numerical
info) out of “sponge” (matrix), which can save considerable memory and also
CPU time.

3.2 Fast Multipole Methods

3.2.1 Introduction

As an iterative solver, the fast multipole method takes advantage of the fact that
iterative solvers only require matrix-vector products, but not the matrix itself. When
source points and evaluation points are well separated, their complete interactions
can be significantly approximated in some way to arbitrary accuracy. Suppose the
number of evaluation points and charge (source) points are m and n, respectively.
Brute-force computation of the complete interactions will need O(mn) entries, each
starting from a charge point and ending at an evaluation point. In Fig. 3.1, for
simplicity, only the interaction from a single charge point (center of a patch) is
present. If all interactions were plotted, the full graph will be crowded.
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Fig. 3.1 Direct interaction between 10 source patches and 8 evaluation points. For simplicity, only
interactions from a single source were depicted

Source charges

Evaluation points

Fig. 3.2 Schematic fast multipole algorithm. Interactions between well-separated sources and
evaluation points are done indirectly through two-level “centers.” Sources map their charges to
fine-level centers, which will in turn map the collected “charges” to upper level. The upper level
conducts electrical potential on upper-level evaluation centers, which then pass the potential to
fine-level evaluations

However, fast multipole method can reduce the interaction computation to order
O(m + n). A schematic diagram is in Fig. 3.2. In order to get product Px, it takes x
as electrical charges and Px correspondingly as the electrical potential resulted from
these charges. Instead of interacting directly with evaluation points, the sources first
“collect” their charges to a (finest-level) “center.” This center can also do the same
thing to the upper-level “center.” The top-level center will apply its collected charge
to the top-level evaluation point. This point will then pass the potential it received to
its children “centers,” which will caste the potential to final evaluation points. Also
refer to Fig. 3.6.

This schematic description is of course not accurate, but it introduces two
important processes: sources collect their charges to some other point, which can
be called multipole expansion process, and finest-level evaluations receive potential
from upper-level parent’s center, which can be called local expansion process.
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Fig. 3.3 Multipole expansion of order O for n source patches and evaluation points

3.2.2 Multipole Expansions

Suppose the charges are physically close to each other but considerably far away
from the evaluation points. For a group of charge patches as shown in Fig. 3.3, the
potential observed at evaluation point j can be computed by

I p
1

‘-I—’(Rj,ej,d)j)%z Z p.:,_lM]ran]zn(ej’d)j) 3-3)
J

where [ is the order of multipole expansion; R;, ¢;, and ¢; are the spherical
coordinates with respect to the center of source charges; and subscript j means for
the jth evaluation point. ;" is the spherical harmonics [70]. The multipole coefficient
herein is

M= "gipl Y, (e Bi) (34)

i=1

where g means the charge and p, o, and B are the spherical coordinates again, but
this time they are for the charges, with i = 1:n referring to all source charges.

Ideally, the expansion order [ is infinite; then, there is no loss of accuracy.
However, it’s computationally accurate enough with a pretty low order provided
that they are well enough separately. The expansion error with order of [ is
bounded by

d a4 1 1+1
(R 6. 85) = D D MY, (6).¢5) <K1(%) (3.5)

where K is a constant (independent of /), R is the radius of the charge sphere, and
all the evaluation points have distances no less than r to the sphere center.
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Fig. 3.4 Local expansion of grouped evaluation points and charge points

It’s clear that if »r <R, even a small order / (e.g., /=1 even [=0) can
introduce enough accuracy. Specially, when /=0, multipole expansion is similar
to aggregating all charge patches to a single but larger patch, i.e., the sphere center,
as depicted in Fig. 3.2 right.

Equation (3.3) reveals that if all source charges are close to each other and
far away from evaluation points, it’s at complexity of O(n+ m) to evaluate all
interactions between n, charges and m evaluation points, in two steps:

Step 1: Compute multipole coefficients as in (3.4), at cost O(n).
Step 2: Compute potentials by (3.3), for j = 1:m, at cost O(m).

One may ask the question that what the computational complexity is if all
evaluation points are close to each other (and well separately from the source
charges). This can be answered by the local expansion below.

3.2.3 Local Expansions

Now consider the case that evaluation points are much close to each other but very
far from charge points, as shown in Fig. 3.4. The potential at jth evaluation points
with spherical coordinate (r;, 6, and ¢;) is approximated to order / is

P
W(R;.0;.0;)~ Y Y LMY (6;.4;) RE: (3.6)
p=0m=—p
the local expansion herein is
Lm _ n qi Y—m (O{' :3) (3 7)
P p+1 P I ) - .

i=1 Vi

Here p, a, and B are the spherical coordinates of charges with respect to the
enclosing sphere of evaluation points. Then the expansion error is
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/ 4
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Const K, is independent of /, r, and R; r is the enclosing radius, and R is the
minimum distance from the sphere center to the charge patches.

Similarly, it can be done in linear time to compute all the interactions between n
charges and m evaluation points:

Step 1: Compute local expansion (3.7), at time cost O(n)
Step 2: Compute all potential (3.6) for j = 1:m, at time cost O(m).

The total computation complexity is O(m + n), which scales linearly.

3.2.4 Fast Multipole Algorithm

The above two expansions require charge points well separated to evaluation points;
otherwise, accuracy will request too high order to be practical. In order to take full
advantage of expansions, one can divide the whole geometry into many small zones.
Then a small zone becomes well separated from some zones, but it is still close to
some others. For the nearby zones, fast multipole can’t be applied, and direct brute-
force computation is needed. Refer to [99] for details.

One can go a step farther to hierarchically divide the problem zone into several
levels; at each level, there will be faraway zones, where the fast multipole method
can be applied. So the global algorithm is:

(a) Hierarchically divide the problem into cubes for 3-D problems (or squares for
2-D problems).
(b) Ateach level, identify near field and far field of each cube.

1. Near field is the cubes that share edges or points with this cube.
2. Far field is the other cubes apart from above that are the children of the near
fields of the cube’s father.

(c) Iterative solution of linear system.

1. Start with an initial guess of solution vector xy.
2. Improve iteratively the guess by getting the matrix-vector product.

(1) The product is equivalent to the potential at evaluation points.
(i) For near field, the potential is directly computed.
(iii) For far field, get the potential by multipole expansions and local
expansions.

Figure 3.5 is an example for a typical 2-D problem. It’s straightforward to extend
it to 3-D cases.
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Fig. 3.5 A two-dimensional problem with irregular boundary and its squares up to level 3. The
square in gray has 8 near fields (in dense shield) and 27 far fields (in sparse shield). The level-2
box in dashed line is the parent of the finest-level squares

The problem has an irregular boundary, while the smallest square that can enclose
the entire boundary is actually the level-O square, which is the parent for level-
1 squares. Each of the four level-1 squares covers % of the area and in turn has
four children further, which compose the level 2. This procedure repeats until some
criteria are met, for example, until the square has at least 10 charges.

It’s easy to distinguish near fields and far fields of any squares in the figure.
Level-1 squares don’t have far fields. Let’s see the level-3 square in gray. It has 8
near-field neighbors, each of which shares at least a common boundary point. Its
parent box (in dashed line) also has 8 near-field neighbors; the nine level-2 boxes
(including itself) have 36 level-3 squares. Among these 36 squares, apart from the
gray box itself and its near-field neighbors, the left 27 squares are the far fields.
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Fig. 3.6 Source charges contribute to the potential at evaluation points indirectly by multilevel
multipole expansions and local expansions

Figure 3.6 illustrates how the charges transfer their contributions to the potential
at evaluation points hierarchically. The charges contribute to the multipole expan-
sions at the upper level; then the upper level will transfer to even upper levels. Then
the upper-level boxes transfer to some other upper-level evaluation boxes, which in
turn deliver to the finest-level evaluation points.

Since the major matrix-vector product is conducted with linear efforts, the fast
multipole methods as a whole also have a linear complexity. However, this method
may have its limitations. For example, it’s not easy to be parallelized, which is a big
shortage in the multi-core era.

Another kind of fast iterative method is based on matrix compression. It’s really
simple to be parallelized, as will be discussed later.

3.3 Low-Rank Matrix Compression-Based
Fast Iterative Solvers

Recall that when evaluation points and source points are well separated, each source
point looks similar to each other, and each can be somehow represented by the
enclosing circle’s center; refer to Fig. 3.3. From the view point of matrix, this means
that the matrix columns corresponding to these source points are similar and can
be roughly represented by a single column. Actually the representation can be of
arbitrary accuracy, which is called low-rank compression.

3.3.1 Why Compression?

As discussed before, what’s needed in the iterative solve is the matrix-vector
product, in terms of

Px =P, x, xx,. 3.9)
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Table 3.1 Time scales with O(mn) and O(m + n)

Sizem=n O(mn) (days) O(mn) (years) O(m + n) (days) O(m + n) (years)

100 1 0.003 1 0.003
1,000 100 0.274 10 0.027
10,000 10,000 27.397 100 0.274
100,000 1,000,000 2,739.726 1,000 2.740
1,000,000 100,000,000 273,972.603 10,000 27.397

From now on, subscripts are used to indicate the matrix dimensions, i.e., Py, x,
means matrix P is of dimension m x n. So the computation cost to get this product
is O(mn), since all the matrix entries are used at least one time.

Suppose we can have some approximation to matrix P:

Pxn = Lyxr * Ry, (3.10)

where the middle-size r is called rank, usually » << min(m, n). Why bother to get the
approximation? Because it can save a lot of computation:

menxnxl ~ LerRrxnxnxl = mer (Rrxnxnxl)‘ (311)

By computing Rx first and then computing L(Rx), (3.11) can be done at cost of
O(r(m + n)) or simply O(m + n), because r is usually much less than m or n and can
be seen as a constant in most cases.

3.3.2 Matrix Compression Can Reduce
the Complexity to Linear

We’ve mentioned linear complexity many times, but why linear complexity is
preferred? It’s because we care about the algorithms’ ability to scale well for large-
sized problems. As m and n increases 10x, O(mn) increases 100x or 10-squared
times. This is why it is called squared complexity. By contrary, O(m + n) only
increases 10x, so it’s called linear complexity, meaning its increasing is linear to
m and n.

Suppose we can solve a problem with 100 unknowns in 1 day. Table 3.1 lists the
time request for problem of larger sizes. For simplicity, it’s assumed that m = n.

This table tells us that if the problem size increases 100x to 10,000, O(mn)
algorithms will require 27 years, while linear O(m + n) algorithms only request
in less than 4 months. This really makes a lot of senses for our limited life! And
this can easily answer the question why everyone will like linear algorithms, if
possible.
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Fig. 3.7 The curve of 1/r, with smaller and smaller slope as r increases

3.3.3 Compression Possible?

Let’s see the matrix P in (3.2). Entry P;; for evaluation point i and charge j is in the

form of
P, = gﬁ / L 4s;s
Y SjJ S ||)C/—)Ck|| Y

where x’ is on the surface of S; and x; is on the surface of S;. [|x" — x| is the distance
r between the two points. When they are faraway, its inverse II’c/i—chI will decrease
very slowly.

Figure 3.7 shows the inversion curve 1/r, r € (0,50). It’s obvious that at the
beginning, especially when r is smaller than 1, the curve decreases rapidly. While
as r increases, the slope of the curve becomes smaller and smaller; when r is large
enough, say, r = 10, the curve almost stagnates with a close-to-zero slope. Then one
might think that a straight line is good enough to approximate the curve when r is
large, no matter how many r values are present.

Then a natural question is, what about the above matrix P? Does it also exhibit
the same smoothing property?

Let’s do some experiments here. Select random triangular patches whose centers
are where the source charges are located; all the patches are enclosed by a cube of
unit size. Similarly, select other random patches, whose center are the evaluation
points; they are also enclosed by a unit cube. The observation cube is separated also
by a unit size; refer to Fig. 3.8. Its matrix P is in Fig. 3.9.

This 100 x 100 matrix looks not smooth at all, but with some reordering scheme
it may be. There are so many peaks and bottoms, in a messed way. However, this
matrix can be remarkably compressed. Let’s start with the basics of compression.
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Fig. 3.8 100 source charges are located in the center of the patches at bortom left, while evaluation
points are the centers of 100 upright patches
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Fig. 3.9 Matrix P for the charges and evaluation points in previous figure
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3.3.4 Basics of Matrix Compression Using SVD and QR

Singular-value decomposition (SVD) [53] is a powerful tool to analyze matrices.
The SVD theory says that for any matrix of size m xn (m>n) (if m <n, simply
transpose the matrix before decomposition), there is a unique decomposition:

men = UmeSanVana (312)
where U,, x ,, and V,, « , are both unitary, i.e., Uy, x ,,,U,}; wm =Imxm, with I, x ,, being

a unit matrix of size m. S, x , is a diagonal matrix, whose diagonal values are called
singular values, s; > s, > 853 >+-+ >, >0, in form of

_s1 -
52
Smxn = s
0 0
K 0

where the empty boxes mean zero.

We can define the rank-k approximation U, xi* Skxi* Vixn, Which is the
truncated version of SVD in (3.12). A nice property is that its approximation error
is S+ 1,

| Priscn — UnmxicSkxic Viexn || = Sk+1.

And it’s also guaranteed that this approximation is the best for all rank-k
approximations. In other words, matrix compression will get the best compression
through SVD. While in reality, SVD involves too much computation, and a practical
alternative is QR decomposition [53]. The rank-k approximation using QR can be
expressed as Py, x n & Qum x &* Ri x n, usually with the close-to-optimal accuracy. Note
that matrix Q is unitary, i.e., Q* QT = QT+ Q =I; matrix R is upper triangular, i.e.,
all entries below main diagonal are zeros.

Let’s see the singular values of matrix P in Table 3.2.

Note that the unitized singular values decrease below le-8 from the sixth one.
According to SVD theories, using the larger values may be accurate enough. Let’s
see the approximations and error distributions with rank 30, rank 10, and rank 4, in
Figs. 3.10, 3.11, and 3.12.

These figures tell us that rank-30 approximation is almost the same as the original
matrix, without any visual discrepancy. Without looking at the error distribution, one
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Table 3'2. Slr}gular values of No. of SV Singular values  Unitized SV

a 1/r matrix with random

charge and evaluation points 1 2.8952 1
2 0.042169 0.014565
3 0.00070918 0.00024495
4 9.9916e-006 3.4511e-006
5 1.0845e-007 3.7458e-008
6 1.3703e-009 4.733e-010
7 1.5264e-011 5.2721e-012
8 1.1842e-013 4.0901e-014
9 9.4656e-016 3.2694e-016
10 7.9288e-016 2.7386e-016
11 2.0143e-016 6.9574e-017
12 4.6611e-017 1.6099¢-017
30 2.9313e-017 1.0125e-017
31 2.8564e-017 9.8659¢-018

Fig. 3.11 Approximated matrix of rank 10 and its error to original matrix
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Fig. 3.12 Approximated matrix of rank 4 and its error to original matrix

might also think rank-4 approximation is very accurate. In many computation cases,
like in capacitance extraction programs, rank-4 approximation is already accurate
enough.

Although this case is only for kernel 1/r, the low-rank property is also widely
observed for full-wave simulations with kernel e~/*" [99, 100], which is very
similar to 1/r at not-very-high frequencies or when the problem size is not
comparable to wavelength.

Now we have agreed that compressed matrix is better, but here is a question: if we
have to build the matrix in full first (anyway, this is an O(mn) task), what’s the point
to do extra work to compress it? This is a really good and important question. The
answer is don’t build the matrix in full but sample only a few representative rows
and columns. Based on the samples, a satisfactory approximation can be obtained.

3.3.5 Compression Without Building Entire
Matrix Beforehand

Step 1: Randomly select a column and a row to be inserted to column index set I,
and row index set I,, respectively.

Step 2: Now suppose we have selected N, columns and N, rows, with column and
row index sets I, and I, respectively. The columns comprise a matrix P,, and the
rows comprise a matrix P,. From the columns that are not selected yet, select the
best one which maximizes some distance from P,:

¢ =mingey, | Pe (5,¢) = P (5, 0)||,  Cnew = ming ¢g, [l - (3.13)
And then insert cyey into I,.. Similarly, the new row index is also a maximizer:
ri =mingeq, || Pr (r,)) = Pr (F)|ll, Foew = ming ¢p, ||7i]] . (3.14)

which is inserted to index set I,.
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Step 3: Repeat step 2, until some criteria is met, for example, all the min values
above are smaller than a tolerance.

Step 4: QR decompose P, to get the Q matrix, as directed in (3.17).

Step 5: Solve (3.20) for R, as directed in (3.21), (3.22), and (3.23).
Let’s see why the Q in step 4 and R in step 5 satisfy P~ Q* R. With I, and
I, being the selected indexes of columns and of rows, the set of corresponding
matrix columns and rows are P, and P,:

P=0x*R, (3.15)
PxS.=QxRxS,, (3.16)
P.=0x%(R*S.), (3.17)

where S, is the selection matrix, whose diagonal elements are /..

Here is an example to better understand “selection matrix.” If matrix S, has two
columns, with only two nonzero values at (2,1) and (2,4), then right multiplying S,
means to screen three columns or to select column 2 and column 4:

[052 Ol4] = [Oll Oy O3 Oy Ols] = (318)

S O O = O
S = O O O

where o; means column vectors.

Equation (3.17) shows that the entire matrix P, x, and the sampled columns
(Po)mxc (¢ =number of columns) share the same Q. In other words, it suffices to
compute the QR decomposition of (Pe)mx ¢, whose Q is actually also the Q of P.

If P were fully generated beforehand, one can easily get R = Q"+ P, T denoting
transpose. But even if P were available, R can be obtained much quicker:

P, =S8, xP, (3.19)
P,=S,*0 xR, (3.20)
P, =(S,*Q)*R. (3.21)

In (3.21), selected rows P,, row selection matrix S,, and Q (as in (3.17)) are
already known; the desired R can be easily solved. A practical way is

P, =M xR, (3.22)
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P, =0, Ry =R, (3.23)

P, = QyRu *R, (3.24)

where M = S,* QO and Oy and Ry are the QR decomposition of M.

Equation (3.21) shows that the entire matrix P,, x , and the sampled rows (Pp); x »
(r = number of rows) share the same R.

Then in short,

P=0=xR, (3.25)

where Q comes from (3.17) and R is from (3.24). Now it’s obvious that the matrix
P doesn’t have to be entirely explicitly computed, but a limited number of rows and
columns are sufficient to get its approximated QR decomposition, with arbitrary
error tolerance. Usually the number of rows and columns are two times tolerance
rank.

On performance side, computations in Egs. (3.17) and (3.24) are limited to O(m)
or O(n), which can be easily verified by the reader.

Note that the row and column sampling algorithm in step 2 is not the best. It’s
found to be prone to large approximation error [156]. More interesting sampling
ideas can be found in [156].

Another good improvement over the compression is to reorganize the far-field
cubes into the so-called merged interaction list (MIL) [56]. This makes sense
because for the cubes that only contain few sources, compression is losing its
efficiency because the rank is equal or comparable to the source number. Combining
multiple cubes will then enhance the total compression ratio and generate a
smaller number of matrix blocks, which both will benefit the matrix solution
later.

This compression-based fast solver is inherently suitable for parallel comput-
ing, because all the matrix blocks are independent. Its parallel version includes
distributed memory version (for computer clusters) [157], share-memory version
(for multi-core CPU computers), and hybrid version (for clusters with multi-core
computer nodes) [158].

Similar to the above QR decomposition-based compression technique, there is
another compression technique called adaptive cross approximation (ACA). It’s
different in terms that it selects rows and columns in a very simply way.

3.4 Matrix Compression by Adaptive Cross Approximation

This algorithm tries to find a good approximation decomposition A = UV'. Note
that this U is a general matrix; for example, it’s not unitary or orthonormal. It
doesn’t request that the entire matrix A be formed beforehand, either. The difference
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between ACA and the QR-based compression is that it has totally new sampling
procedure, but usually it will produce a higher rank, where recompression [16] is
helpful to reduce it.

3.4.1 Adaptive Cross Approximation (ACA)

This algorithm is to find appropriate U and V, so that Py, x , ~ U, x 1* V}X ©» Where
rank k is much smaller than m and n. Suppose the previous k rows and columns are
selected, and now the core is to find next (k + 1) row and column, in the following
order:

k
Ry (igs1) = P (i) = YU (g ) ¥ VI (1) (3.26)
=1
Je+1 = max; | Ry (ix+1, )1, (3.27)
Ry (ik+1.1)
Vik+1l)= ———, (3.28
( : Ry (ik+1, ji+1) )
k
UGk +1)=PCjer) =)V Gerr.) * U D), (3.29)
=1
ik+2 = max;z;, ., |U (i, k + 1)|. (3.30)

Now let k=k+ 1, go to (3.26), until |UC, k)||r||V(, k)||F < € ||Ak||r- The last F-
norm can be efficiently computed in an incremental way

k—1
1AkF = Akt lF + 2D (U G0 U RV o), VG k)

t=1
HIU CROIFIY G RN

Note that only a small number of rows and columns are involved in the above
procedure, and the computation is simply multiplication and addition. Therefore,
the complexity is also linear O(m + n).

An interesting property of ACA is that matrix UVT is exact at the selected
columns and rows, (UVD)(ix 4 1,2) = A+ 1, ), (UVT)(:,jk+ D) =AC,Jk+1)-

Compared with the unitary matrix Q and upper-triangular matrix R in QR
decomposition, U and V are general matrices. In addition, the rank revealed by
this algorithm is usually larger than that in the above QR approximation, not to
mention than that in SVD decompositions. To get the best performance for matrix-
vector products, it’s beneficial to reduce the rank in some way, which is called
recompression. Note that recompression is a plus, not a must for ACA.
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Table 3.3 Comparison of the fast field solvers

Fast multipole methods Matrix compression-based methods

Kernel dependency Yes No
Even for capacitance The compression only requires some

Far-field matrix memory

Parallel computing

extraction, a
multilayered Green
function may vary with
the geometry or the
physical parameters;
then, the fast multipole
code has to be
considerably revised

Matrix is not computed or

stored in memory
explicitly

Hard
It’s essentially serial

computing. For each
iteration in the iterative
solve, it has to update
multipole moments first,
pass it from bottom to

columns and rows of the matrix,
but it doesn’t have to know what
the kernel is. It can work
similarly for various kernels even
beyond the field of capacitance
extraction, for example, for
full-wave simulations, provided
that the matrix is of low ranks

Matrix is computed once (in

compressed form) and stored in
memory.

Very easy
Matrix is inherently partitioned into

many parts. Each part can be
compressed independently, and
more importantly, each part can
do its own matrix-vector product
simultaneously in iterative solvers

up, and then compute
the local expansions, in
sequential

3.4.2 Recompression of Adaptive Cross Approximation

Since U and V above are general matrices, they may include redundant information.
So they themselves can be compressed with controllable accuracy, just to reduce the
rank and then speed up the matrix-vector product later.

Let’s start from tolerance-controlled QR decomposition of U and similarly of V:

U=~ QuRy, (3.31)

where rank(Qy) <rank(U).
V ~Q,Ry, (3.32)
A=UxVT~Q,WQT, (3.33)

where W = RUR; Then we can do SVD of W:

w %UwswVw, (3.34)
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A~ QuUwSw)* (Vw@y)=UVy, (3.35)

where the two new matrices U; = QuUwSw, Vi = QVVa/- It’s easy to verify that
rank(U;) <rank(U) and rank(V}) <rank(V).

The recompression loses some accuracy in (3.31), (3.32), and (3.34). This error is
built on the base of compression error of ACA itself. On the other hand, the benefit
is that matrix-vector product will be faster with the reduced rank, which makes more
sense for more iterations in the iterative solver.

3.5 Summary

In this chapter, two kinds of fast field solvers are discussed, mainly for the
capacitance extraction purposes. Nowadays, the multi-core CPUs, even many-core
CPUs, are more and more popular, then it makes sense to talk about the parallel
computing of the two methods. The detailed comparison of the two fast methods
based on indirect BEM is given in Table 3.3.



Chapter 4
Fast Boundary Element Methods
for Capacitance Extraction (II)

In the capacitance extraction of VLSI interconnects, a finite region governed
by the Laplace equation with mixed boundary conditions is often considered
[164]. The Neumann boundary condition is assumed to the simulated region, as
in several existing works [37, 46, 61, 164, 199, 200]. For this problem setting,
the direct boundary element method (BEM) is more suitable for extracting the
capacitance than indirect BEM. This is because there are two variables, the electric
potential and its normal derivative, in the direct boundary integral equation (BIE)
[24, 76]. Compared with the semi-analytical approaches proposed by W. Hong et al.
[61, 199, 200], the direct BEM can deal with more complicated 3-D structure of
the interconnects. Note that the semi-analytical approaches have some limitations
on the geometry they handle [142]. However, the direct BEM generally leads to
a nonsymmetric coefficient matrix, and the matrix for single-dielectric region is
dense. This causes much computational expense in forming and solving the resulted
linear equation system [24].

In this chapter, a novel quasi-multiple medium (QMM) technique is proposed
to accelerate the direct BEM computation. It utilizes the localization character of
direct BEM to transfer the coefficient matrix into a highly sparse block matrix.
With the technology of storing sparse block matrix and efficient preconditioned
iterative equation solver, the QMM technique can greatly reduce the CPU time
and memory usage of large-scale direct BEM computation. Numerical experiments
are carried out to validate the efficiency of the QMM technique. The comparisons
with the overlapped domain decomposition method (ODDM) [200], geometry-
independent measured equation of invariance (GIMEI) method [142], and fast
multipole BEM [100] show the advantages of the QMM-accelerated BEM. Then,
our method is extended to efficiently handle the structure with floating dummy-fills
and demonstrates large speedup over Raphael of Synopsys Inc. [144] and a fast
solver called PASCAL [84].

It should be pointed out that the QMM technique is mainly used in the
capacitance model with finite region, not the infinite-domain (open-space) model

W. Yu and X. Wang, Advanced Field-Solver Techniques for RC Extraction 39
of Integrated Circuits, DOI 10.1007/978-3-642-54298-5_4,
© Tsinghua University Press, Beijing and Springer-Verlag Berlin Heidelberg 2014
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considered by other BEMs [100, 133, 165]. And, in some methods for capaci-
tance extraction (including ours) and commercial softwares (such as Raphael and
SpiceLink"), the finite-domain model is considered as the default setting.

4.1 Direct Boundary Element Method for Multi-dielectric
Capacitance Extraction

For an interconnect structure with N¢ conductors embedded in M dielectric layers,
we set the jth conductor (master conductor) to 1 V and the rest to 0 V. By solving
the electrostatic field, we can obtain the self- and coupling capacitances of the
jth conductor. This procedure can be repeated N¢ times for getting the whole
capacitance matrix.

Within the 3-D domain of the ith dielectric denoted by £2;, the electric potential
u is governed by the Laplace equation with mixed boundary conditions:

Vi=T4 4 S p P—0, @ (=1....M)
U = up, OnT, 4.1)
qg=2%=0, On Ty,

where g is the normal electric field intensity on the outer boundary I';. Along the
interface of two adjacent dielectrics a and b, the compatibility equation holds:
{ €4+ Oug/On, = —ep - dup/Ony 42)

u(l = Mbs

where ¢, and ¢, stand for the permittivities of dielectric a and b, respectively. With
the fundamental solution u* as the weighting function, the Laplace equations in
(4.1) are transformed into the following direct BIEs by the Green’s identity [24]:

cstty + /q*udr = /u*qu, (i=1,....M), (4.3)
3% 3Q;

where u; is the electric potential at source point s, ¢; equals to 1/2 if s is on a
planar boundary, and g* is the derivative of u* along the outward normal direction
of boundary 9€2;.

Employing boundary element partition and evaluating the direct BIE at colloca-
tion points (i.e., source points), one for an element, the discretized BIEs for the ith
dielectric are achieved:

IThe early version of Q3D™ of Ansoft Corp.
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Fig. 4.1 The trapezoid 7 p B
element PP, P;P,, whose 4(xg, V2, 22) P3(x3, ¥, 27)
hemlines are parallel to the
X-axis Y
Pyi(x, y1, 21) Py(xp, y1, 21)
(0] X

Nl' Ni
j=t\7 T

J j=1

/ ”7k>dr> qj. k=1,....N), (44

T

where N; is the number of the boundary elements in dielectric i and I'; is the jth
element.

The evaluation of integrals in (4.4) costs a major part of the computational time of
boundary element algorithms, in particular for 3-D analysis [25, 46]. The integrals
can be classified as the singular integrals and non-singular integrals. When the
source point is on the same element where the integral is taken, i.e., k =j in (4.4), it
is singular integral; otherwise, it is non-singular integral. For the singular integral,
the analytical integral method adopting local polar coordinates is effective [66].
The Gauss-Legendre integration scheme with adaptive determination of integration
points is employed to calculate the non-singular integral [25, 46]. But for the nearly
singular integrals, when the source point is close to the element where the integral
is taken, the order of Gauss-Legendre integration is still very high. So, reducing
the calculating time of the nearly singular integrals becomes very important for the
application of direct BEM.

We propose a semi-analytical method to deal with these nearly singular integrals.
Consider the boundary elements in the discretization of VLSI geometries, which are
rectangle, parallelogram, trapezoid, or triangle. Because rectangle, parallelogram,
and triangle are special trapezoids, here we consider the trapezoid only. Generally,
the hemlines of the trapezoid are parallel to one coordinate axis. Without loss of
generality, assume that it is X-axis, as shown in Fig. 4.1.

For the 2-D integral taken on the trapezoid element in Fig. 4.1,

1 :/ f(x,y,2dT, 4.5)
T
making transformation adopting X and Y as local coordinate axes, we get
2 X2
I =+vV1+ K2/ f(x,y,2) dxdy, (4.6)
nd X

where K= (z22—z)/(y2—y1), Xi =@ —y1) (g —x1)/(y2—y1)+x1, and Xo=
Y=y (x3 =x2)/(y2 —y1) + x2.
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If the inner integral can be calculated by analytical integration, and F is the
primitive function of f on variable x, (4.6) can be written as

2
I =41 +K2/ [F (X2,y,2) — F (X1,y,2)] dy, 4.7
¥

where z=K-(y—y1) + 2.

In the discretized BIE (4.4), the integral kernels are q:‘k) = 0u*/on = —dl4nr
and “Zkk) = — 1/47xr. So, the integration in our method is on the kernels 1/r and /7,
but omitting the constants. We will analyze both kernels as follows:

For kernel f,(x,y, z) = 1/r, we get

no | Xo—x + (X —x) (0 =y + -2z
Iu:\/l—i—Kz/ In ' \/ ' ' i dy.
P X x XX ) 5 =9 F -2
(4.8)

For kernel f,(x,y,z) = /13, we get

2 Xz — X
I, =V1i+ K2 /
| [0 + @] Yo =30 e - 22
. Xl — Xg dy,
(=202 + =22 Y =0+ 0 =3+ =)

4.9

In the above two expressions, (x;, Vs, Z5) is the source point. Using one-dimensional
(1-D) Gauss-Legendre integration, the value of /, and I, can be obtained from (4.8)
and (4.9).

In the 1-D Gauss-Legendre integration, the number of integration points can
be dynamically determined according to the value range of y. In actual 3-D
interconnect capacitance extraction, most of the boundary elements are rectangle
element perpendicular to coordinate axis. For this case, i.e., K =0, X; =xj, and
X> = xp, the analytical integral formula can be further deducted. If many integration
points are required for a non-singular integral, the analytical formula can be used
to calculate it. Otherwise, the semi-analytical formula is used. Our semi-analytical
and analytical integral method not only improves the accuracy of the non-singular
integrals but also increases the computational speed of them.

After calculating the integrals, a matrix equation for each dielectric is formed:

H w=G.q, (i=1,.. M), (4.10)



4.2 The Quasi-multiple Medium Approach 43

where u’ is the column vector of electric potential on boundary of dielectric i
and ¢' is the column vector of normal electric field intensity. H' and G' are the
corresponding coefficient matrixes, respectively. Both vectors of u’ and g have order
of N, i

Matrix equations (4.10) can be put together utilizing the compatibility equations
(4.2). Then we reorganize the equation system, such that all unknown variables are
collected in a left-hand side vector, while a corresponding right-hand side vector is
obtained by multiplying matrix entries with the known values of u and g. This gives

Ax = f. @.11)

The coefficient matrix A is a large nonsymmetric one for 3-D problem. The
Krylov subspace iterative methods are efficient to solve them. A preconditioned
GMRES algorithm is used here [126]. After solving (4.11), the self- and coupling
capacitances can be evaluated by the integral of normal electric field intensity on the
conductor surfaces [46, 100].

4.2 The Quasi-multiple Medium Approach

In this section, we firstly present the basic idea of the quasi-multiple medium
approach. The strategies for decomposing dielectric layers and element partition
are given later. Lastly, we present the algorithm description of QMM-accelerated
BEM, along with the analysis of its computational complexity.

4.2.1 Basic Idea

From (4.4) we can see that, in each discretized BIE, all discretized variables are
on the boundary elements of one dielectric region. So, there are direct interactions
among the boundary elements in the same dielectric, which result in nonzero
coefficients in the overall equation (4.11). We call this the localization character
of direct BEM.

In the linear system (4.11), coefficient matrix A reflects the distribution of
interactions among all boundary elements. If there is the direct interaction between
two elements, nonzero entries are formed by the integrals taken on one of the
elements with the source point on the other. Otherwise, when the source point and
the discrete variable are on the elements without direct interaction, i.e., not involved
in a same dielectric, a corresponding zero entry is in matrix A. For a problem with
multiple dielectrics, the localization of direct BEM makes matrix A sparse, from
which we could benefit while storing and solving the linear equation system (4.11).
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Fig. 4.2 (a) A 2-D problem with two dielectrics and (b) the corresponding coefficient matrix A,
where the gray blocks stand for nonzero entries
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In Fig. 4.2, we show a typical structure with two dielectrics and the corresponding
matrix A generated by the direct BEM, where the nonzero entries and the location
of discrete variables are indicated.

The QMM approach takes full advantage of the localization character of direct
BEM. A single dielectric with permittivity ¢ is regarded as a composition of Q
fictitious medium blocks, whose permittivities are all the same as &, as shown in
Fig. 4.3. Thus, the problem with single medium is transferred into a problem with
some fictitious mediums. Because of the localization character, the dense coefficient
matrix for single-medium problem is converted into a sparse one for the problem
with multiple mediums.

With suitable decomposition of the single dielectric, the resulting coefficient
matrix A will become one with much sparsity so that computational speedup is
available. With the storage technique of sparse-blocked matrix and iterative equation
solvers such as GMRES algorithm, the computing time and memory usage for the
original single-medium problem will be greatly reduced. We call this the quasi-
multiple medium (QMM) approach.

Therefore, the QMM approach includes the following three main points. Firstly, a
single dielectric is regarded as a composition of some fictitious mediums. Secondly,
a suitable strategy of decomposition is considered to make the resulted BEM
coefficient matrix with much sparsity. Lastly, the technique of storing sparse matrix
and iterative equation solver are used to benefit from the matrix sparsity.

It should be pointed out that the QMM approach adds some unknowns to
the overall problem, which are introduced on the additional fictitious interfaces
of quasi-multiple mediums. With suitable decomposition of dielectric regions,
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Fig. 4.4 A typical 3-D
interconnect capacitor with
five dielectrics is cut into

3 x 2 structures (Reprinted
with permission from Yu and
Wang [180] © 2005 John
Wiley & Sons)
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these unknowns would account for a little percentage of total unknowns, since
most boundary elements are located on conductor surfaces. So, compared with
conventional BEM, the nonzero entries of matrix A are much fewer if applying
the QMM approach. Since the Krylov subspace iterative methods are usually used
for 3-D capacitance extraction, fewer nonzero matrix entries mean less memory
usage and computing time by using sparse matrix data structure. Actual cases of
3-D capacitance extraction verified this analysis.

4.2.2 Decomposition of Dielectrics and Boundary Element
Partition

In order to decrease the additional efforts brought by the QMM decomposition,
we adopt a simple strategy. Since every dielectric layer is cuboid, and each
surface of it parallels to one of the three coordinate planes in the 3-D Cartesian
coordinate system, we use two groups of planes parallel to the YOZ and ZOX planes,
respectively, to cut all dielectric layers into pieces (see Fig. 4.4). Thus, in the top
view of the 3-D interconnect structure, each original dielectric is decomposed into
an array of m x n fictitious medium blocks. We call (m, n) the QMM cutting number.

The conductor distribution of actual 3-D interconnect structure differs in thou-
sands of ways, and the cutting position is not as important as the number Q of
fictitious mediums for the QMM’s efficiency. So, a strategy of uniformly spacing
cutting is adopted. In Fig. 4.4, we show a five-layered interconnect structure to
which a 3 x 2 QMM cutting is performed.

Every dielectric layer is decomposed into Q =m X n fictitious medium blocks.
Neither of small and large values of Q can bring the best speedup of QMM
computation. Moderate values of m and n should be chosen. An empirical formula
which relates the cutting numbers to the dimensions of the extracted interconnect
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Fig. 4.5 Boundary element partition of one-layer interface in the structure is shown in Fig. 4.4

structure can be obtained from a great deal of calculation for actual interconnect
structures. Another approach to automatically determine the QMM cutting numbers
can be found in Yu and Wang [179], which selects the optimal value by estimating
the overall computational time with the number of nonzero matrix entries.

In applications of BEM, the partition of boundary elements is very important.
It affects both speed and accuracy of BEM computation. Here, we adopt a strategy
of nonuniform density partitioning. So, we can partition the boundaries into fewer
elements without loss of accuracy.

There are two kinds of boundary surfaces in actual interconnect structure. Some
surfaces can be treated as trapezoid planes without holes, and the other can be treated
as planes with some polygon holes. Using the scan-line algorithm, a surface with
holes can be further treated as a composition of smaller trapezoids [59]. Hence,
both kinds of boundary surfaces consist of the trapezoids, which are called mother
elements and are to be further divided into the boundary elements.

According to the electrostatic analysis, the electric field intensity on conductor
surfaces, especially that of the master conductor, is often the largest in the simulated
region. Besides, the electric field intensity at boundary elements near the master
conductor is larger too. So, for each mother element to be partitioned, the mesh
number along two directions should be deferent according to its type, position, and
size. The larger the estimated electric field intensity, the more densely it should be
partitioned.

For the additional fictitious surfaces introduced by QMM, we also use different
partition density according to the above electrostatic analysis. For each dielectric
layer, the partition density of fictitious surfaces is different. In the dielectric layer
containing the master conductor, fictitious surfaces are partitioned more densely.
While in the dielectric layers far from the master conductor, the partition density
can be much less.

In the QMM-accelerated BEM, the interface of dielectric layer is cut into
small pieces, and some fictitious surfaces (which may be surfaces with holes)
are produced. So the partition of boundary element becomes more complex than
that without QMM acceleration. In Fig. 4.5, the partition of the bottom surface
of the dielectric layer in Fig. 4.4, which includes the master conductor, is shown.
This complexity brings much difficulty to the more detailed discussion about the
influence of the QMM cutting number on the total computing time.
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4.2.3 Algorithm Description and Analysis

An interconnect structure cut from the real layout is a stratified structure and has
many conductors embedded in M-stratified dielectrics. Once the original dielectric
layers are decomposed into fictitious medium blocks with the QMM approach, we
use the direct BEM to simulate the new multi-dielectric structure. The major steps
of our QMM-accelerated algorithm are listed as follows:

1. Read the data describing a 3-D interconnect structure.
2. Set element-partitioning gaps for each boundary surface.
3. Fori=1toM
Decompose the ith dielectric into fictitious mediums;
For j=1 to ConductorNumberInLayer[{]
If the jth conductor intersects the interfaces of fictitious mediums
Decompose conductor j according to the decomposition of dielectric i;
Set containing relationship of conductor blocks and fictitious medium
blocks;
EndIf
EndFor
EndFor

4. Organize medium blocks and conductors blocks into new object lists.

5. Partition all boundary surfaces of the new multi-dielectric structure.

6. Calculate integrals in (4.4) and form the Eq. (4.11).

7. Solve (4.11) with preconditioned GMRES and output the capacitance results.

The QMM approach has been applied in the extraction of actual 3-D multilayered
interconnect capacitance. It produces the overall coefficient matrix with much
sparsity. The computational time and memory usage of QMM for actual capacitance
extraction will be analyzed as follows:

The total computational time for 3-D interconnect capacitance extraction with
direct BEM can be expressed as follows:

I = fgen + fsol + faux, (4.12)

where 4, 18 the time spent in generation of the coefficients in (4.11), £ is the time
spent in solution of (4.11), and #,,x stands for the time spent in other supplementary
procedures, including input of structure data and partition of boundary elements.
Generally speaking, the sum of #g, and 7, accounts for more than 90 % of the total
CPU time .

Only nonzero matrix entries need to be computed and stored. So,

lgen X Z. (4.13)
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where Z stands for the number of nonzero entries of matrix A. In the phase of
equation solution, the main manipulation of each iteration is once matrix-vector
multiplication. So, we have

tol % Z -k, (4.14)

where k stands for the number of iterations.

For 3-D capacitance extraction, the coefficient matrix A is usually a non-
symmetric sparse matrix with a large order, e.g., larger than 1,000. A good
preconditioning matrix should also be selected for GMRES algorithm to quicken
convergence. Properly organizing the discretized BIEs, the diagonal preconditioner
can bring quick convergence to the GMRES solver, whose results will be shown
in Sects. 4.4.1, 4.4.2, and 4.4.3. The number of iterations k is much less than the
parameter Z in (4.14). Therefore, the number of nonzero matrix entries Z is very
significant for the total computing time.

If we ignore the influence of #,,x and assume the k does not change much while
using the QMM approach, we will find out that the fewer nonzero entries there
is, the less CPU time will be taken. In formulation, the speedup ratio of the BEM
computation with QMM acceleration is expressed as

t Z

Rspeedup = ? ~ Ea (4.15)
where Z and Z' stand for the numbers of nonzero entries of matrix A in the
BEM computation without QMM acceleration and that with QMM acceleration,
respectively. This expression reveals that the ratio of number of nonzero matrix
entries approximately equals to the speedup ratio of the QMM approach. So, when
the QMM approach is applied to actual 3-D capacitance extraction, its efficiency is
mainly determined by the reduction of the nonzero matrix entries.

In our implementation of BEM computation, the memory usage consists of two
main parts. One is the memory needed to store the coefficient matrix, denoted
by Memy; the other is used to store the orthogonal basis vectors in the GMRES
algorithm, denoted by Memy. With the technology of storing sparse matrix, we
approximately have

Memy « Z. (4.16)

In the GMRES algorithm, a new orthogonal basis vector is constructed in each
iterative step. So, we have

Memy « N -k, 4.17)
where N is the number of all unknowns and k& is the number of iterations.

Since double-precision arithmetic is required for only the work comprising the
orthogonalization process, we store the matrix A in single precision and the basis
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vectors in double precision. This storing scheme of mixed precision results in less
memory storage than the wholly double-precision version while high computational
accuracy is preserved [85].

Using the QMM technique, Memy is reduced by the same ratio with the reduction
of nonzero matrix entries. On the other hand, Memy is increased because more
unknowns are involved. Usually Mem, is much larger than Memy. So, if the
unknowns are not increased much, the total memory usage will be reduced while
using the QMM approach. This is verified by actual examples of 3-D capacitance
extraction, for which several times of reduction in memory could be found while
using the QMM approach. It should also be pointed out that the increase of memory
usage would be possible in the case with unsuitable QMM decomposition, where
too many fictitious interfaces of quasi-multiple mediums caused a great increase of
unknowns.

4.3 Equation Organization and Solving Techniques

In this section, the efficient techniques for generating and solving the linear equation
system (4.11) from the QMM-accelerated BEM are proposed. With them, we
guarantee the nearly linear relationship between the solution time and the number
of nonzero matrix entries (4.14), which is important to the overall efficiency of the
QMM technique.

4.3.1 Organization of the Coefficient Matrix

Organization of the coefficient matrix A in multi-dielectric BEM computation
involves the sorting order of unknowns and source points and the storage structure.
The order of unknowns determines the arrangement of matrix columns, whereas the
order of source points determines the arrangement of matrix rows. We make the
order of source points consistent with that of unknowns, so that the diagonal entries
of the matrix are obtained by the singular integrals. Because the singular integral
results in a nonzero entry with larger absolute value, the diagonal preconditioner
can bring quick convergence to the GMRES solver.

How to arrange the unknowns or source points, which determine the distribution
of nonzero entries in the matrix A, is very important for QMM-accelerated BEM.
Using the QMM approach, the regions of dielectrics are at least several times more
than the original structure without fictitious cutting. For example, a three-dielectric
structure contains 12 dielectric regions while 2 x 2 QMM cutting is applied. If the
unknowns were arranged without serious consideration, the nonzero entries would
disperse in the coefficient matrix. Also, the nonzero matrix blocks increase much
faster than the dielectric regions. This would cause a lot of additional CPU time
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Fig. 4.6 Matrix expression
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spent on switching manipulation among matrix blocks and locating of nonzero
entries, in each matrix-vector multiplication. The efficiency of the QMM approach
would be weakened.

The arrangement of unknowns in multi-region BEM computation is discussed in
Fukuda et al. [46] and Kane [76] for the direct equation solver. With reference to
them, we propose a matrix expression of the unknown order suitable for arbitrary
multi-dielectric structure. By this arrangement, the number of nonzero blocks is
deceased to the least, and their distribution is so regular that an efficient storage
structure can be easily found to save the additional CPU time.

The matrix expression of the unknown order is introduced below. For the ith
dielectric region, unknowns in discretized BIEs can be classified into three types:

1. u on the Dirichlet boundary and g on the Neumann boundary, denoted by v;;

2. u on dielectric interface, denoted by u;; (the jth dielectric shares an interface with
dielectric i)

3. g on dielectric interface, denoted by ¢g;; (the meaning of j is the same as that in 2)

Because of the compatibility of u# and ¢ along interfaces (see (4.2), u; and u;;
can be represented only by u; (i <j), while g;; and g;; by g;; (i >j). The order of
unknowns follows the rules below and is expressed by a matrix in Fig. 4.6:

* All possible M x M types of unknowns are arranged in a M x M matrix (M is the
number of dielectric regions).

* Entries on the main diagonal are of the type v, while entries in upper triangle are
of type u and lower triangle are of type q.

* Subscript of each matrix entry is the same with its row-column position.

* From left to right in the first row, and so on, row by row (i.e., follow the arrow
lines), we get the order of all unknowns.

Using this order of unknowns and the corresponding order of source points,
the coefficient matrix A for the two-dielectric problem in Fig. 4.2 is shown in
Fig. 4.7a, where the nonzero entries are distributed more regularly than that in
Fig. 4.2b. Figure 4.7b shows the nonzero block distribution for a three-dielectric
structure applied 2 x 2 QMM cutting, under our matrix organization. In this case,
there are 50 nonzero blocks after merging. While by another arrangement, the
number would be 404. It could be proved that our method produces the fewest
nonzero blocks in the coefficient matrix. According to the regular distribution of
nonzero matrix entries, a length-varied 2-D array is designed to store the coefficient
matrix (shown in Fig. 4.8). It has M rows, and the cells in the ith row are one more
than the number of interfaces related to dielectric i. Each cell is a MAT_BLOCK
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12 dielectric
regions

Fig. 4.7 The distribution of the nonzero matrix entries for (a) the two-dielectric problem in
Fig. 4.2 and (b) a three-dielectric structure that applied 2 X 2 QMM cutting

Row 1 Pos. Info. Pos. Info. Pos. Info.
Length "~ [Matrix block | [Matrix block | [Matrix block \
Row 2 MAT BLOCK
Length Pos. Info. Pos. Info.
M Row 3 Matrix block | [Matrix block
Length
R Pos. Info. Pos. Pos. Info.
Matrix block | [Matrix block | [Matrix block

Number of Interfaces + 1

Fig. 4.8 Storing structure of the coefficient matrix

structure, which includes a 2-D array to store a nonzero matrix block and its position
information. Experiments reveal that our organization of the coefficient matrix
effectively reduces the additional manipulations in the equation solution for QMM-
accelerated BEM computation and ensures the nearly linear relationship between
the CPU time spent in equation solution and the number of nonzero matrix entries.

4.3.2 Extended Jacobi and MN Preconditioners

The organization of matrix A results in nonzero diagonal entries with larger absolute
value. For this reason, the Jacobi (or named diagonal) preconditioner can bring quick
convergence to the iterative GMRES solution. In this subsection, we will discuss
two easily computed preconditioners which bring even faster convergence than the
Jacobi preconditioner, for the 3-D capacitance extraction.

For Eq. (4.11), a preconditioned solution is equivalent to using GMRES to
solve APy = f for the unknown vector y, from which the original unknown vector
x is computed by x =Py. This is called the right preconditioning. An ideal
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preconditioner should firstly well approximate to A~! so that it can improve the
condition of the linear system. It should also be easily computed and with great
sparsity in order not to increase much computation for constructing and using it in
the iterations. To some extent, Vavasis had proposed a good idea for constructing
such a preconditioner [150], which is briefly introduced below.

Each row of the preconditioner P is generated separately. Let the ith column of
PT be denoted by p;, i.e., PT = (p1,p2, ..., pn). Ideally, we would like to have

PA=1 < A"p, =e,, (4.18)

where e; is the ith column of the identity matrix. Note that each column (or row)
of matrix A corresponds to a discretized unknown (or source point) and further to
a boundary element. Therefore, we use the number of row or column as the index
of its corresponding source point, unknown, and element. With some strategy we
may determine a small list L of indices drawn from {1, 2, ..., N}, where N is
the number of unknowns. L denotes the unknowns having the most impact on the
current unknown i. Then, (4.18) can be reduced to
—T

A p =¢e, (4.19)

where the bars over the variables indicate that all the rows and columns except for
those with indices in L are removed. After solving (4.19), we expand p; back to the
corresponding entries in the row i of P. Repeating the above procedure for all rows,
we get the whole sparse matrix P.

For example, if the L has three indices, and the first one is the current row i, then
Eq. (4.19) will be

ann anh disn i 1
apl, ann, il P | =107, (4.20)
aily Ahly Al Y48 0

where a;; means the entry of A on the ith row and jth column and /; = .

Two strategies for selecting the set L are proposed to construct our precondi-
tioners. The first one is called extended Jacobi (EJ) preconditioner. Actually, the
Jacobi preconditioner uses the L = {i} for each row. However, it does not consider
all effect of the singular integrals for a multi-region BEM analysis. For the boundary
element I'1 on the interface of medium region i and j, the two unknowns on it are
denoted by u;(I'1) and ¢g;;(I'1). Note that the source point on element I'y presents
twice in the matrix A, for the discrete BIE of region i and region j, respectively.
Therefore, the singular integral on element I'; has four positions in matrix A. Two
of them are not on the main diagonal. For example, a typical structure with three
dielectrics and the corresponding sparse matrix A generated with the technique in
Sect. 4.3.1 are shown in Fig. 4.9. The small circles in Fig. 4.9b denote the singular
integrals not on the matrix main diagonal. The EJ preconditioner is based on the
above observation, and let L contain two indices of the row itself and the other
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Fig. 4.9 (a) Problem with three dielectrics. (b) Corresponding coefficient matrix A, where the
gray blocks stand for nonzero entries and the type of discretized variables is labeled beside the
matrix columns

occurrence of the source point on the same element, for the row corresponding
to an interface element. Otherwise, L only contains the index of the current row.
The EJ preconditioner is a little more complex than the Jacobi (for some rows, a
2 x 2 equation is solved), but it accelerates the convergence remarkably.

In the EJ preconditioner, mno “neighbor” boundary element is considered.
To bring more faster convergence to GMRES iteration, a mesh neighbor MN(n)
preconditioner is proposed, where n stands for the number of neighbor elements.
The geometry distance of two elements is not calculated, since the matrix A is stored
explicitly and its entry value can be used to judge the neighborhood. For each pair
of elements, the maximum absolute value of matrix entries (more than one in a row,
if the interface element is involved) representing the interactions between them is
called “gravitation” here. Comparing each nonzero entries on row i, the n elements
that have the maximum “gravitations” to the current element can be selected. These
n elements are then considered as the most neighboring to row i’s source element,
and the indices of their variables are added to L. Because the index for the current
element must be selected and one element may contain two variables, the L has the
maximum degree of 2(n + 1) in the MN(n) preconditioner.

The difference of our MN(n) preconditioner to other MN-like preconditioners
(such as that in Nabors and White [100]) is that we use the explicitly stored matrix
entries to judge the neighborhood to avoid the relative complex calculation of 3-D
distance. So, our method has less computational expense for a little » and is adapted
to the 3-D finite-domain capacitance extraction with multiple dielectrics very well.

Since the number of GRMES iterations is fewer in 3-D capacitance extraction
(the relative error norm of 1072 or 107 is usually set), and the coefficient matrix we
have is very sparse, the simplicity of preconditioning is very important. Therefore,
some traditional preconditioners such as that using the incomplete LU decomposi-
tion (ILU) and blocked diagonal preconditioner are out of our consideration. This
demonstrates the significance of the proposed preconditioners.

More than 100 structures of VLSI interconnects have been computed. From them
we find out that the EJ and MN(1) both have high efficiency. To compare with
GMRES solver using the Jacobi preconditioner, the new solvers using these two
preconditioners both can reduce 30 % or more computational time. For the problems
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with larger order (10* or more), the MN(1) preconditioner seems to have better
performance.

4.4 Numerical Results

The QMM-accelerated BEM has been developed into a solver called QBEM [114].
In this section, the capacitances of some 3-D interconnect structures are extracted.
We firstly compare QBEM with the GIMEI [142] and ODDM [200] in the first two
subsections. Then, three large 3-D cases cut from real design are used to depict the
speedup brought by the QMM technique. Finally, QBEM is compared with FastCap
2.0 [97]. Raphael is a widely used commercial software [144], including a finite
difference solver (RC3) with advanced nonuniform meshing scheme. The result of
Raphael under very dense mesh is often used as the golden value by the industry
and used to validate the accuracy of QBEM here.

In the following first three subsections, the Jacobi preconditioner is used in
QBEM, and the stopping criteria of the GMRES is set to be 1.0 x 107, With the
experiments in the last subsection, we evaluate the efficiency of the preconditioning
techniques in Sect. 4.3.2.

4.4.1 The Comparison with GIMEI

The test structures are taken from Sun et al. [142] and shown in Fig. 4.10, where
a 1 x 1 cross is immersed in five dielectric layers with a ground plane at the very
bottom of the structure. The height of each dielectric layer is 1 wm. Each metal line
has the width of 1 wm, and the two lines have the same length z um. And, they
overlapped each other, in the middle of the other line. The lower metal is numbered
one, while the higher is numbered two. The dielectric permittivities are all the same.
It is worth noting that in Sun et al. [142], the dielectric permittivity given for this
structure, 3.9, is impossible. By calculating the structures with FastCap [97, 100]
and Raphael, it is found that the permittivity should be 1.0, not 3.9.

Fig. 4.10 A 1 X 1 cross over
a ground plane
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Table 4.1 Capacitance matrix calculated by the GIMEI, FastCap, Raphael, and our method (in
unit of 10718 F)

Conductor  Cii Ca

Length z GIMEI FastCap Raphael QMM GIMEI FastCap Raphael QMM
4 230 226 232.2 221.1 180.6 176 181.5 176.4

5 260 265 272.1 2579  203.5 205 208.4 202.5

7 348.7 341.4 348.8 333.1  260.1 253.7 258.6 251.9

10 440.3 451.6 460.2 441.7  326.8 3242 329.2 326.6

Table 4.2 Comparison of CPU time and memory usage for GIMEI, FastCap, and our method

Conductor CPU time (s) Memory (MB)

Lengthz  GIMEI FastCap QMM GIMEI/QMM GIMEI FastCap QMM GIMEI/QMM
4 2.8 2437 498 0.56 3.5 22 0.68 5.1

5 3.23 26.06 5.34  0.60 3.7 24.5 068 54

7 6.5 65.62 5.61 1.12 5.6 60 072 738

10 9.16 9324 652 140 6.5 78 090 7.2

With the line length z taking the values of 4, 5, 7, and 10 pwm, the structures are
computed by GIMEI, FastCap, Raphael, and QMM -accelerated BEM. The results of
GIMEI are obtained from Sun et al. [142]. Because, at the present, our method can
only handle problem with finite Neumann boundary, four Neumann boundaries are
added far around the crossover. The simulated region defined by the finite Neumann
boundaries has a length of 30 um and a width of 30 wm, and the crossover is placed
at its center. This makes the accurate value of capacitance close to that in the infinite
region, which is handled by GIMEI In order to get the capacitance matrix, the
program of QMM-accelerated BEM is run twice with two settings of bias voltages.
3 x3 QMM cutting is applied. Table 4.1 shows the results of capacitance Cyj, Ca
computed by different methods. The discrepancy between the results obtained with
our method and other methods is within 5 %. On a SunSparc workstation 20, the
CPU time and memory size used by GIMEI, FastCap, and QMM-accelerated BEM
are listed in Table 4.2 (because the computing environment of Raphael is different,
the data of Raphael are not listed). The CPU time consumed by GIMEI and our
method is on the same order, and the memories used by GIMEI are about six times
more. With length z increased, the computing time of the GIMEI increases more
than two times, whereas that of QMM-accelerated BEM increases only 30 % or so.
The QMM -accelerated BEM uses an order of magnitude of less computing time and
memory usage than FastCap.

4.4.2 The Comparison with ODDM

The test structure is shown in Fig. 4.11. The size of every straight line is 1 x 1 x 13,
and the gap between conductor 3 and 4, as well as conductor 5 and 6, is 3. The
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Fig. 4.11 Four crossovers above two bends embedded in seven dielectric layers

Fig. 4.12 Top view of the Y T
layer with bends in Fig. 4.11,
a=b=13,5=35,5=3 b
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distance between the straight line and the Neumann boundary is 4. The size of the
cross section of every bend is 1 x 1; other geometric parameters of the bends are
shown in Fig. 4.12. Counted from the bottom, the thickness of every dielectric layer
is1,1,2,1,1, 1, and 1. All length parameters above are in unit of wm. The relative
permittivity of every layer is 2, 3,3, 4, 4, 5, and 5.

We have calculated the capacitance matrix by QMM-accelerated BEM, while the
corresponding results of SpiceLink and ODDM are provided by Zhu et al. [200].
Only the diagonal entries of the capacitance matrices are listed in Table 4.3. The
discrepancy among the results obtained with three methods is within 2 %. In the
QMM-accelerated BEM, 3 x 3 cutting is performed, and the program is run six
times with different settings of bias voltages. There are boundary elements from
2,277 to 2,575 in these six computations. On a SunSparc workstation 20, the CPU
time and memory size used by these methods are given in Table 4.3. Therefore, the
CPU time used by SpiceLink is 20 times more than that used by QMM-accelerated
BEM. The CPU time consumed by ODDM is about two times that consumed by our
method.

With another experiment where a smaller structure is simulated [181], we found
out that when the interconnect structure becomes complicated with embedded
conductors increased from two to six, the computing time of the ODDM increases
by approximately nine times, whereas that of QMM-accelerated BEM increases
only by three times. The time consumed by our method is less than that by
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Table 4.3 The diagonal entries of the capacitance matrices calculated with the SpiceLink,
ODDM, and our method (in unit of 10~!8 F)

C[ 1 C22 C33 C44 C55 C56 Time (S) Memory (MB)
SpiceLink 0.669 1.29 1.6 1.54 2.53 2.53 1,327 75.9
ODDM 0.68 1.29 1.57 1.52 2.54 2.54 122 2.7
QMM 0.682 1.31 1.6 1.54 2.53 2.53 58.4 3.80

Table 4.4 Comparison between BEM without QMM and BEM with QMM for the number of
nonzero matrix entries and iterations

BEM without QMM BEM with QMM

Nonzero entry Iteration Nonzero entry Iteration Ratio of nonzero entries
1 13423574 24 1658476 26 8.1
2 18968008 25 3250417 27 5.8
3 26479962 22 3275984 24 8.1

ODDM for the more complicated example. Therefore, the QMM-accelerated BEM
is superior to the ODDM in CPU time, especially for fairly large and complex
structures. The memory used by QMM-accelerated BEM is very close to that used
by ODDM for larger interconnect structure, as shown in Table 4.3.

4.4.3 The Results for Structures from Real Design

We have also compared the BEM without QMM acceleration and BEM with QMM
acceleration for three large 3-D examples using five-metal-layer technology. All
these examples have conductors distributed from layer 2 to layer 5 and include
many crossovers and bends. The first example has 34 pieces of conductors, while
the second and the third have 53 and 142 pieces of conductors, respectively. By
assigning the QMM cutting number to be (1, 1), we attain the conventional BEM,
i.e., BEM without QMM acceleration. The cutting numbers in the QMM-accelerated
BEM are different for the three examples. They are (3, 7), (3, 5), and (6, 3),
respectively. In these real structures, the master conductors are specified. So, only
one setting of bias voltages is used for each example. In Table 4.4, the number of
nonzero coefficient matrix entries and GMRES iteration number are listed for these
cases, when using QMM acceleration or not.

This experiment is carried out on a Sun Ultra Enterprise 450 server, and the
computational results are listed in Table 4.5. The corresponding results of Raphael
are also listed for comparison. From the data, we can see that the BEM with QMM
is about six times faster than that without QMM. The speedup ratios of BEM with
QMM to BEM without QMM are close to the ratios of nonzero entries in Table 4.4.
So, the analysis in Sect. 4.2.3 is verified. It also can be found out that the BEM
with QMM uses about 1/5 to 1/3 of memory than that BEM without QMM uses.
Though the boundary elements and GMRES iteration number increases while using
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Fig. 4.13 A 2 X 2 crossover embedded in five dielectric layers

QMM acceleration, the QMM approach greatly reduces CPU time and memory
usage of BEM computation. The BEM with QMM acceleration has a large speedup
ratio compared to Raphael, which is more than 20 for the three examples, and the
discrepancies of capacitance between both methods are within 2 %.

4.4.4 The Comparison with FastCap

The test structures are k x k bus crossing conductors embedded in five-layered
dielectrics (k =2 to 5). The 2 x 2 bus example is shown in Fig. 4.13. Each bus in the
k x k example is scaled to 1 x 1 x (2k+5) (unit in pm). The distance between the
conductors in the same layer is 1, and the distance between the Neumann boundary
and its neighboring conductor is 3. The thickness and relative permittivity of every
layer are 1 and 3.9, respectively. All crossovers have a ground plane at the very
bottom. The conductors are numbered from one side to the other side 1, 2 ...,
k (bottom layer) and then k41, ..., 2k (top layer). The total capacitance of
conductor 1 and its couplings with the other conductors are computed; they form a
column of the whole capacitance matrix, which is denoted by vector C; here. These
finite-domain and multi-dielectric problems can be easily handled by Raphael and
QBEM. In the input of FastCap, O is assigned to the permittivity of outer space
to handle the finite-domain model, and each interface between dielectric layers is
specified to make the comparisons equitable. FastCap with default expansion order
2 is denoted by FastCap(2), while a faster program FastCap(1) has the expansion
order 1. Besides, to make FastCap only compute the capacitances related with
conductor 1, the “-rs” option is used to remove other conductors from solving [97].
The following experiments are carried on a SUN Ultra Enterprise 450 server with
UltraSparc II processors at 248 MHz.

The above crossover problems are computed by Raphael with 0.25 x 10° grid
points and 10° grid points, FastCap(1), FastCap(2), and QBEM. Our GMRES solver
reduces the 2-norm of the residual to 1 % of the initial residual, the same condition
used in FastCap. The number of panels per edge for each conductor is specified
individually, so as to make FastCap compute a linear equation system with similar
order as that in QBEM. Using the result C; of Raphael with 10° grids as standard,
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Table 4.6 Comparisons
of FastCap, Raphael, and
QBEM for the crossover
problem

4 Fast Boundary Element Methods for Capacitance Extraction (II)

Test problems 2x2 3x3 4x4 5X5
FastCap(1)

Time (s) 7.9 9.2 10.0 12.5
Memory (MB) 17.9 17.9 19.1 23.7
Panel 1080 1284 1487 1804
Error 1.6% 21% 34% 29%
FastCap(2)

Time (s) 11.5 15.1 17.5 24.3
Memory (MB) 26.4 28.4 30.7 38.5
Panel 1080 1284 1487 1804
Error 21% 23% 26% 30%
Raphael (0.25M grids)

Time (s) 78.8 67.1 88.9 81.9
Memory (MB) 47 45 48 48
Error 03% 04% 05% 08%
QBEM

Time (s) 1.0 1.3 1.6 1.5
Memory (MB) 1.7 2.7 2.1 2.1
Panel® 1184 1431 1502 1558
Error 27% 25% 1.0% 12%
Sp. to FC1® 8 9 6 8
Mem_R to FC1¢ 11 7 9 11
Sp. to FC2° 12 12 11 16
Mem_R to FC2¢ 16 11 15 18

4The panels on the interface between the fictitious
medium blocks are not counted
bSp. to FC1/2 means the speedup ratio to FastCap(1/2)
‘Mem_R to FC1/2 means the memory reduction com-
pared with FastCap(1/2)

the error of capacitance vector C/l computed by another program is estimated in the
2-norm: ||C, — C||/||Cy]|.

Table 4.6 compares the QBEM solver, FastCap, and Raphael. The following is a
summary of the comparison:

1. Using the Raphael’s result under 1M grids as criterion, the errors of FastCap(1),
FastCap(2), and QBEM are all within 3 %. The error of our method is relatively

small.

2. The FastCap uses almost the same (even less) number of panels as our QBEM
and also uses the nonuniform partition (dense near the master). So, under the
same-scale discretization, the speedup of QBEM to FastCap(2) is from 12 to 16
and 6 to 9 to FastCap(1).

3. The QBEM uses 1/18 to 1/11 of the memory used by FastCap(2). Compared with
FastCap(1), the QBEM’s memory usage is from 1/11 to 1/7.

4. Compared with Raphael of 0.25M grids, QBEM has over 55X runtime improve-
ment and 17X memory saving.
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In the above computations with QBEM solver, the EJ preconditioner is used.
The QMM cutting numbers are (4, 4), (5, 5), (3, 3), and (3, 3), respectively, for
the four crossover cases. The detailed results for the 4 x 4 crossover are listed in
Table 4.7.

For the 4 x4 crossover problem, different preconditioners discussed in
Sect. 4.3.2 are used for comparison. Related data are listed in Table 4.8. From
it we can see that MN(1) and MN(2) consume much time in constructing and
using the preconditioner for the problem (with 2,435 variables), so the reduction
of iterative number does not bring effective speedup of equation solution. The
EJ preconditioner is a little more complex than the Jacobi, but it reduces six
steps in iteration. Therefore, it achieves the least computational time of equation
solution, which is about 30 % less than that using the Jacobi preconditioner. More
experiments have also shown that the iteration number decreases gradually for
preconditioners in order: Jacobi, EJ, MN(1), and MN(2). And the EJ or MN(1)
has the best overall performance, achieving much faster equation solution than the
Jacobi. More efficiency validation of the EJ and MN(1) preconditioners can be
found in Yu et al. [182].

The QBEM solver and FastCap are all of the boundary integral method. So, for
a same finite-domain multi-dielectric problem, N, boundary elements not including
that on the fictitious medium interfaces will guarantee the same accuracy for both
methods. The FastCap utilizes the boundary element method of the total-charge
Green’s function, which produces a dense matrix with NIZ, nonzero entries. With the
multipole approach, not all matrix entries need to be computed, and the matrix-
vector multiplication is accelerated. The direct BEM used in the QBEM solver
has the character of resulting in a sparse matrix for a multi-region problem. With
the QMM approach, the degree of the matrix is a little more than N, (adding
elements on the fictitious interfaces), but the sparsity is greatly enlarged. So, the
nonzero matrix entries are much less than NIZ,, and the matrix-vector multiplication
is also accelerated. Since both methods have almost the same number of iterative
steps, the QMM approach has shown the same or better efficiency than the
multipole approach on matrix sparsification. Furthermore, the careful processing
of the integrals and the characters of direct BEM make the equation forming
fast and matrix-vector multiplication more convenient than FastCap, which has
much auxiliary cost on the cube partition and multipole expansion (see Table 4.7).
With above analysis and experiment results, we can see the QBEM solver is
superior to the multipole accelerated BEM for the actual finite-domain capacitance
extraction.

4.5 Efficient Techniques for Handling Floating Metal Fills

The chemical-mechanical polishing (CMP) is a necessary manufacturing step for
VLSI circuit, by which the wafer is polished with a rotating pad and slurry to
achieve the planarized surfaces [74, 139]. Because the dielectric thickness strongly
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Table 4.8 Comparison of four preconditioners for the 4 X 4 crossover problem

Jacobi EJ MN(1) MN(2)
Iter Tsol(s) Iter Tsol(s) Iter Tsol(s) Iter Tsol(s)
17 0.42 11 0.29 11 0.44 10 0.52

depends on the pattern density of underlying metal layer, a widely used method for
reducing the variation of dielectric thickness in CMP process is to insert dummy
metals (this procedure is also called “area fill”) [30, 74, 138, 139]. These dummies
are situated between signal lines to increase the pattern density and at the same time
influence the electric characteristics of interconnects in different ways depending
on whether they are grounded or on a floating state. In the application-specific
integrated circuit (ASIC) design, the floating dummy-fills are preferred due to the
short design period and considerable area to be filled. Such floating dummy-fills
have a strong impact on interconnect capacitance and therefore signal delay and
cross talk [74, 138, 139].

Nowadays, the area fill synthesis considering the impact on circuit performance
has become an important problem of the design for manufacturability (DFM) [30].
For the electric characterization or optimization of design rules for the dummy-
fills, a huge number of simulations are required for the structures involving floating
dummy-fills. For the case with floating conductors, a conventional field solver (such
as Raphael) treats them as normal electrodes and extracts the full capacitance matrix.
Then, the capacitance matrix is reduced by considering that the total charge on
each floating conductor is equal to zero [144]. Obviously, the cost of CPU time for
extracting the full capacitance matrix is prohibitive while including a lot of floating
dummies.

In Park et al. [109] and Cueto et al. [35], two algorithms of capacitance
extraction were proposed with specific consideration of the floating dummy-fills.
The algorithm in Cueto et al. [35] is based on a so-called fictitious domain method,
which uses the Lagrange multiplier A to consider the conductor boundary and
replaces the complex shape domain of potential computation with a simple one.
However, no other algorithm was compared with the algorithm based on fictitious
domain method, and the computational results in Cueto et al. [35] did not show high
efficiency (it costs 1 h for a structure including 130 floating metals). The algorithm
in Park et al. [109] is based on the finite difference method (implemented in a solver
called PASCAL [84]).

In this section, we extend the QMM-accelerated BEM to efficiently handle the
structure with floating dummy-fills. Our method is similar to that in Park et al. [109],
but based on the direct BEM. We modify the direct BEM equations and propose
efficient solution technique for handling the metal fills. Numerical experiments
show a significant advantage of our technique over Raphael and PASCAL.
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4.5.1 Basic ldea

If there is no floating dummy in the interconnect structure for capacitance extraction,
potential u is known on all conductor surfaces. This boundary condition is utilized
to form (4.11). After solving (4.11), the self-capacitances and coupling capacitances
of the master conductor can be evaluated by the integral of the normal electric field
intensity g on the conductor surfaces.

If some conductors in the simulated structure are changed to be floating (without
setting known voltage), (4.11) cannot be solved because there are more unknowns
(potential u on these floating conductors) than equations. So, our task is to supply
additional equations about the floating dummies and make the enlarged system of
linear equations solvable. Our method of capacitance extraction for the structure
involving floating dummies includes the following steps:

1. Set the jth interconnect conductor to 1 V and the rest interconnects to 0 V.

2. For each dielectric region, discretize its boundary (including dummy surface,
since it is also a part of boundary) and formulate the discretized BIEs.

3. Put the discretized BIEs for all regions together utilizing (4.2), and substitute the
known boundary conditions on conductor surface and the outer boundary.

4. Supply some equations about the floating dummies so that the total number
of equations is equal to the number of unknowns (including the additional u
unknowns of dummies).

5. Solve the generated system of linear equations, and get the charges on intercon-
nect conductors which equal to capacitances.

6. Repeat steps 1-5 with different voltage settings to get all capacitances among the
interconnects.

Now, we discuss how to supply the equations about the floating dummies. To
calculate the total charge of a floating dummy, we have

/ a-dF:/ g-q-dl =0, 4.21)
Ly Ly

where I'; is the surface of the dummy conductor and o is the surface charge density.
¢ is the permittivity of the dielectric surrounding surface I'y, and g is the normal
electric field intensity. Here, the charge O ¢ is usually zero for each dummy as its
initial electric state. Since the dummy surface is discretized into elements, (4.21) is
actually used with its discretized form which involves discretized ¢ unknowns on
dummy surface.

If there are Ny floating dummies, we now have Ny new equations of (4.21), one for
each dummy. On the other hand, as we have discussed there are also Ny additional u
unknowns of dummies, one for each dummy (because of the equipotential property).
So, the extended equation system from (4.11) can be solved, and we then obtain the
interconnect capacitances.
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Fig. 4.14 Matrix population
corresponding to the structure
in Fig. 4.9 and the regions
with dashed-line contour
represent the added entries
when considering the floating
conductors

4.5.2 Equation Formation and Solution

As discussed above, more unknowns and equations are introduced for the case
involving floating dummy-fills. Putting the equations (4.21) and the unknowns of
potential on floating dummies at the end of (4.11), we have the new linear system

with the form:
ACl1 X f . rr ’
. = e, A = 4.22

[Cz 0] |:”f:| [‘1—]’ e =7 22

where A, x, and f are obtained from the linear system (4.11) with the floating
character of dummies not considered. u; is the vector consisting of the unknown
potential of dummies, and ¢ is made up of the right-hand side of (4.21) (actually
a zero vector). C1 and C2 are corresponding sub-matrices of coefficients, and O
is a zero sub-matrix. For the problem with three dielectrics in Fig. 4.9, if some
conductors are changed to be floating, the modification of the overall coefficient
matrix can be illustrated as the regions with dashed-line contour in Fig. 4.14.
Below we give the details of calculating the sub-matrices C1 and C2, for
a problem involving multi-dielectric regions and multiple floating dummies. C1
corresponds to the coefficients of the new unknowns uy and can be expressed as

— *
(CHy; = /ag(i).q(i)dl", 4.23)
L
where ‘12}) means the normal derivative of u* in (4.3), which is related with the ith

collocation point. 89}'3 means the part of surface of the jth floating dummy, which
is within the same dielectric region with the collocation point i. C2 corresponds to
the coefficients in (4.21) and can be expressed as
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Fig. 4.15 Two conductor
lines surrounded with 24
square floating dummies
located at two layers

/ e-dI’, when column j corresponds to a ¢ unknown on dummy i
(€2);; = r;

0, otherwise,
(4.24)

where I'; stands for the jth boundary element and ¢ is the permittivity of the
surrounding dielectric.

For capacitance extraction without floating dummies, the extended Jacobi (EJ)
preconditioner for GMRES algorithm is proposed in Sect. 4.3.2. It is an approxi-
mation to A~! and makes the convergence rate at least 30 % faster than using the
Jacobi preconditioner while introducing little overhead. However, since there is a
zero diagonal block in A’, the EJ preconditioner cannot be used directly. Assume
an EJ preconditioning matrix P is constructed for the original coefficient matrix A,
then we construct the new preconditioner as follows:

, [PO
P _[0 1]’ (4.25)

where I stands for the identity matrix. Since the dimension of I (equal to the number
of dummies) is much smaller than the total number of discretized unknowns, P’
still approximates (A’)~! to some extent. Therefore, the new preconditioner should
also improve the rate of convergence for the GMRE equation solver. Numerical
experiments verified this analysis.

4.5.3 Numerical Results

The techniques have been implemented in QBEM. Some typical structures of
floating dummy-fills are calculated to verify their efficiency. All experiments in this
subsection are run on a Sun Ultra V880 server with 750 MHz frequency.

Three test cases are shown in Figs. 4.15,4.16, and 4.17, respectively. The first one
involves two parallel conductor lines surrounded with 24 square floating dummies
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Fig. 4.16 Three conductor
lines and 34 floating dummies
of the dot-array type

Fig. 4.17 Three conductor
lines and 53 floating dummies
of the dot-array type located
at two layers

located at two layers. The size of each conductor lines is 1 x 23 x 0.6. The size
of each dummy metal is 1 x 1x 0.6, and they all are within a window of size
9 x 23 x4, above a grounded substrate. The second one is a typical structure of
floating dummy-fills, which are arranged as a dot array in the oblique alignment
and is often adopted for minimizing changes in the coupling capacitances and
maximizing the uniformity of the pattern density [74, 109]. The size of each parallel
conductor line is 6 x 0.5 x 0.5. The size of each dummy metal is 0.5 x 0.5 x 0.5, and
they are all within a window of size 6 x 9 x 1.5. In case 3 (Fig. 4.17), the dummy
insertion rule is similar to that in the second case (Fig. 4.16), as dot array in the
oblique alignment. Different from case 2, the conductor lines and dummies are
located at two layers, and the former constructs a 1 x 2 crossover. In this case, two
conductor lines in the same layer are of size 6.5 x 0.5 x 0.5, while the third one is
of 0.5 x6.25 x 0.5. The size of each dummy is 0.5 x 0.5 x 0.5, and all are within a
window of size 6.5 x 6.25 x 2.5. All length parameters above are in unit of pm. The
relative permittivities of layers in the same case are different. They have values of
1.9,2.9, and 3.9.

In each of the three cases, conductor 1 is set to be the master conductor, and
its self-capacitance and coupling capacitances with other conductors are computed
using Raphael and our method. In the computation with Raphael, the dummy-
related capacitances are calculated by setting each dummy as master conductor one
after another, and the wanted capacitances are outputted after performing circuit
reduction [144]. In the computations with our method, 2 x 1, 1 x 3, and 4 x 2 QMM
cuttings are applied, respectively, for the three cases. The capacitance results and
other detailed data for these three cases are listed in Table 4.9.
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Table 4.9 Comparison of computational results with our method and Raphael (capacitance in unit
of 10718 F)

Case Method C;; Cypp Ci3 Ele_N Var_N Iter Time (s) Memory (MB) Speedup

1 QBEM 2446 —1091 N/A 654 792 37 1.1 1.7 299
Raphael 2470 —1088 N/A 285 x 10° N/A 328.4 18 N/A

2 QBEM 766.1 —114 -—104 1,006 1172 55 1.9 2.7 1,330
Raphael 7532 —11.5 —11.5 2281 x 10° N/A 2,527 54 N/A

3 QBEM 732.1 —161.1 —141.5 1,789 2501 52 3.0 5.9 2,311
Raphael 741.6 —163.0 —161.4 385 x 10° N/A 6,932 72 N/A

2The value is the number of default grids generated by Raphael automatically

Table 4.10 Comparison of computational time of our method and the conventional method for
case 1

Extraction time related to (s) Speedup Speedup
Total over master over matrix
Conductor 1 Conductor 2 24 dummies time (S)  extraction extraction
Conventional 0.84 0.84 25.07 26.75 1 1
method
Our method  1.13 1.13 N/A 2.26 229 11.8

From Table 4.9, we can see that the errors of capacitances computed with our
method are all within 3 % (using Raphael’s result as criterion), while the speedup
ratio to Raphael ranges from three hundred to several thousands. Our method uses
less than 1/10 of the memory used by Raphael. It should also be pointed out that
the electric potential of dummy metal is also calculated and it is very close to
Raphael’s result as well (with discrepancy within 5 %). The number of unknowns
in our method is also listed in Table 4.9, which is larger than the element number
because each interfacial element has two unknowns.

To demonstrate the efficiency of the new preconditioner proposed in last
subsection, the problem is also solved without a preconditioner and with a modified
Jacobi preconditioner. Experiment results show that without a preconditioner, the
GMRES algorithm cannot converge within 300 steps for the last two problems and
converges with 230 steps for the first problem. While using the modified Jacobi
preconditioner, the iterative numbers for the three examples are 39, 62, and 62,
respectively. Here the modified Jacobi preconditioner is constructed also as (4.25).
So, it is clear that the modified EJ preconditioner performs very well for the
capacitance extraction involving floating dummies.

To demonstrate the advantage of our method over the conventional one, the
whole capacitance matrix of case 1 is calculated using both methods. With our
method, QBEM ran twice setting the two signal lines as master, respectively. With
the conventional method, QBEM without the presented modification ran totally 26
times setting all conductors including dummies as master, one for each time. The
details of computational time are listed in Table 4.10. Without considering the time
to eliminate the floating nodes, we found out the speedup ratio of our method is 22.9
and 11.8, for single-master extraction and whole-matrix extraction, respectively.
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Fig. 4.18 The speedup ratio of PASCAL and our method to Raphael for structures involving
different number of dummies

The conventional method treats the floating dummies as normal electrodes,
which firstly extracts the capacitances related with these dummies, and then reduces
them to get capacitances of interconnect. For a structure involving N, interconnect
(signal) conductors and Ny floating dummies, the conventional method invokes the
3-D field solver for (Ny + 1) times to calculate the capacitances related with the
master conductor. In contrast, the 3-D field solver is invoked only once in our
method, although the degree of the linear system to be solved increases for Ny
due to the additional unknowns of dummy potential. Usually in the field solution,
the number of discretized unknowns is much larger than N;. So the increased
computational expense of our method in once field solution is very little. Ignoring
both the increased expense of our method and the time of network reduction in a
straightforward method, the speedup of our method can be expected to be (Ny+ 1)
for the capacitance extraction with one master conductor. To calculate the whole
capacitance matrix of the interconnects, the 3-D field solver needs to be invoked
for (Ny + N.) times in the conventional method, while in our method only N, times
are needed. Similarly, the speedup ratio of our method is about (N, + Ny)/N, when
extracting the whole capacitance matrix. For case 1, the expected speedup ratios for
the single-master extraction and matrix extraction are 25 and 13, respectively. This
is consistent with the results shown in Table 4.10.

In Park et al. [109], a fast method to extract interconnect capacitance con-
sidering the floating dummy-fills was implemented as software PASCAL, whose
performance was also compared with Raphael. They used several cases of dummies
located as dot array in the oblique alignment (similar to those in Figs. 4.16 and 4.17)
to make comparison, which showed that PASCAL has a speedup ratio varied from
11 to 290 (see Table 2 in [109]), as the number of dummy metals increases. Since
we cannot obtain the PASCAL for direct comparison in the same computational
environment, only a relative comparison is carried out based on the information
provided by Park et al. [109]. Figure 4.18 shows the speedup ratios of two methods
to Raphael for similar structures involving oblique alignment of dot dummies. From
it we can expect that our method is about ten times as fast as the PASCAL.
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4.6 Summary

In this chapter, efficient techniques based on direct BEM are presented for the
problem of capacitance extraction with multiple dielectrics. The major idea is called
quasi-multiple medium (QMM), which enables a largely sparse linear equation
system to be generated. Along with efficient formulation and solution approaches,
i.e., preconditioned GMRES iterative solver, the enhanced direct BEM solver
exhibits large advantages over other capacitance solvers based on FDM, indirect
BEM, and semi-analytical approaches. Besides, the BEM solver is extended to
handle the floating dummy-fills in actual IC layouts by introducing a floating
condition into the direct BIE and adopting an efficient preconditioning technique.

Except that the QMM cutting is empirically determined, an optimal approach
can also be employed to maximize the sparsity of generated coefficient matrix
[179]. The test cases presented are all with multilayered dielectrics. Actually, the
presented method is able to handle more general dielectric configurations, including
complex conformal dielectrics and embedded air gaps [183]. These functions have
been implemented in QBEM [114].



Chapter 5
Resistance Extraction of Complex 3-D
Interconnects

In the deep submicron process technology, multiple metal layer technology is widely
used. The integrity and also the clock frequency of the VLSI circuits increase
quickly. Besides capacitance extraction, fast and accurate extraction of interconnect
resistance is also important for VLSI designs [143]. The interconnect resistance
affects the timing, power consumption, and signal integrity, among others.

One-dimensional (1-D) and two-dimensional (2-D) extraction methods for inter-
connect resistance have been developed. They include heuristic method [62], which
is not suitable for handling multiterminal-resistive regions today, and numerical
methods based on solving the Laplace equation. The numerical methods include
finite difference method (FDM) [52], finite element method (FEM) [96], and
boundary element method (BEM) [143, 163]. BEM has the advantages of fewer
variables, better accuracy, and higher ability to deal with complicated interconnect
structures. Therefore, it has received considerable attention [143, 181]. Also note
that BEM is only in 2-D in Sun et al. [143] and Wang and Wu [163].

Three-dimensional (3-D) extraction methods become more and more necessary
for realistic VLSI circuits nowadays. For example, via layers are widely adopted
to connect different layers. Figure 5.1 shows multiple via layers. The existence of
these layers makes the 3-D effects not negligible anymore. For these cases, it will
be hard for 2-D extraction approaches to get accurate resistance data. Considering
the circuits and technology are still developing so quickly, the importance of 3-D
extraction will increase along time.

This chapter presents efficient extraction methods based on 3-D BEM. Multiple
techniques are proposed to improve the efficiency, including sparsifying linear
system, reducing system size by adopting various boundary elements, and combin-
ing numerical methods with analytical formulations. The improvements are based
on physical observations and numerical experiments, so they keep high accuracy
during the process of pursuing high speed. This chapter is organized as follows.
Section 5.1 describes the basics of interconnect resistance calculation. Section 5.2

W. Yu and X. Wang, Advanced Field-Solver Techniques for RC Extraction 71
of Integrated Circuits, DOI 10.1007/978-3-642-54298-5_5,
© Tsinghua University Press, Beijing and Springer-Verlag Berlin Heidelberg 2014
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Fig. 5.1 3-D view of a part
of realistic circuit design

formulates the field-solver techniques based on BEM. It’s followed by improvement
techniques. Section 5.4 combines analytical formulation with BEM extraction.
Numerical experiments will demonstrate the efficiency and accuracy terms.

5.1 Analytical Resistance Formulation

The resistance of a straight conductor, which has two parallel ports of the same size,
is very easy to be calculated with the analytical resistance formula:

l l
R=rs=%s
where [ is the length along the current direction, S is the cross-sectional area, and o
is the conductivity (see Fig. 5.2).
Note that this equation only fits for such conductors. For real 3-D interconnect
structures, their equivalent resistance network can be obtained using field-solver
techniques including direct BEM.

5.2 Field Solver for Interconnect Resistance

For simplicity, terminals of resistive regions, including ports and contacts, are all
called ports, and only cuboids (parallel to x or y axis) are here. Multiterminal
interconnect structures have equivalent resistance network, where there is a resistor
between each pair of ports.
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Fig. 5.3 A resistance region (a) and its resistance network (b)

5.2.1 Resistance Network of Multiterminal Regions

A 2-D resistance region and its equivalent full-graph resistance network are shown
in Fig. 5.3, where I',, denotes port surfaces. To get all resistors, let the voltage of
port j (called main port) be 1 V and voltages of the other ports be O V. Then the
resistor, Rj;, between port j and port k is

N

R. =4 = __ 5.1
jk Ik Ik Ik ( )
and the I in (5.1), the current flowing into port k, is [163]
ou
I, = o - —dr, 5.2)
Tk on

where [y is the surface of port &, o is the conductivity, u is the electric potential,
and n is the unit normal vector of the region boundary. The computation above
repeats with different main port every time, and the resistance network of the region
is obtained. It is shown in the following text that du/dn can be obtained using direct
boundary element method and in turn the resistance network becomes available
through (5.2) and (5.1).
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5.2.2 Resistance Calculation Using Direct BEM

Generally speaking, to get the electric field distribution of a multiterminal-resistance
region needs solving the Laplace equation in the region [143, 163],

%u Pu  u

W-FW—FB—ZZ:O, (5.3)
with the two mixed boundary conditions of
u=uy (on I},) 5.4)
and
g=4qo (onT,), (5.5)

where u is the potential, I, is port surfaces, g is du/on, I'; is the surfaces
of the conductors in the region excluding I'y, and the boundary I'=T", + T'.
The application of direct boundary element method transforms the Eq. (5.3) to a
boundary integral equation [24, 163]:

csus+/ q*udF:/ u*qdl, (5.6)
r r

where u; is the electric potential at the source point s, ¢ is a constant depending on
the boundary geometry at the point s, u” is the fundamental solution of the Laplace
equation, and ¢ is du*/dn. Dividing the boundary of the region into elements and
substituting boundary conditions (5.4) and (5.5), we get a linear system [24, 163]:

Ax = f, (5.7)

where x includes discrete u and g variables on the boundary. Solving the linear
system (5.7), we can get the resistance network through (5.2) and (5.1).

The technology of quasi-multiple medium in Chap. 4 is applicable to make the
system (5.7) more sparse and thus to accelerate its solution in iterative solvers.
Computing complexity of this quasi-multiple medium BEM (QBEM) is between
O(N) and O(N?) generally [178], where N is the number of elements. Therefore, if
N is reduced, then the extraction will be faster. The following text will try to reduce
it in multiple ways.

5.3 Fast BEM Solver Using Linear Boundary Elements

Although BEM itself has built-in advantages like few variables, it still fails to
meet computational resource requirement of CPU time and memory when solving
large problems. Multiple techniques can expedite the solution of (5.7). They will
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be described in details, and their individual and total effects can be demonstrated
by multiple experiments. The original and improved QBEMs are compared with
a commercial software tool Raphael [144] (from Synopsys Inc., with FDM), as
well as direct boundary element method (DBEM, without quasi-multiple medium
technique applied). Two test cases are sram.gbem and clk.gbem, which come from
realistic circuits. They have one and two via layers, respectively. All programs
run on Sun Ultra Enterprise 450 (CPU frequency 248 MHz, memory 4G), and
the comparison between conductance matrices is listed in Tables 5.1, 5.2, 5.3,
and 5.4. If not specialized, QBEM in the first three tables is only with one
kind of improvement, and QBEM in the last table is with all. In these tables,
the element number of Raphael is its default grid number; the running time of
Raphael is also its default running time. The running time of QBEM is the unit
for the “time ratio” column, and it’s similarly true for “mem ratio” (memory ratio)
and “ele ratio” (element ratio) columns. Max error means the maximum of the
absolute diagonal values in relative error matrices where the references are from
Raphael with much denser meshes (2.5M/2M grids for the first and second cases,
respectively).

5.3.1 Physics-Based Nonuniform Virtual Cutting

When QMM is applied in capacitance extraction, the region is virtually cut [178,
181] evenly. For resistance extraction, cutting averagely may divide the wire
interface into multiple parts, introducing more variables, which is bad for speed.
Figure 5.4 is an example, where the thin lines are cutting traces.

More can be done for nonuniform cutting. It’s well known that when the voltages
of interconnect conductors are of low frequency, say, direct current, the current
flowing through corner sections is not uniform, but it becomes nearly uniform some
distance away from the corners [155]. Accordingly, a new cutting method (called
WHOLE, which means it preserves the interfaces and corners) is shown in Fig. 5.5.
The only cutting lines are d distance away from corners; numerical experiments
show that the extraction efficiency is best when d =w/2 where w is the width of
corner conductor. Cutting the primitive conductors creates many virtual conductors.
Some of them may be straight, who will have uniform current distribution inside.
This observation is the basement for the improvement of linear boundary elements,
to be discussed later. Now, the accelerating effect of WHOLE may not be obvious
because lots of long virtual conductors are not cut.

For the two cases, the different QBEMs are listed in Table 5.1. The average
scheme (denoted by avg) is to cut the primitive conductors into some virtual parts,
every one of which has the length less than two times its width.

Both QBEMs use less computation resource than DBEM (native direct bound-
ary element); this is to say, QMM algorithm is useful to enhance efficiency.
The WHOLE cutting has produced fewer elements than average cutting, partly
because the interfaces are not divided. But the improvement of performance is
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Fig. 5.4 Average cutting may cut interfaces and introduce more unknowns
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Fig. 5.5 New cutting strategy. A and B are corner conductors

not finalized yet. Combined with the improving measures to come, the WHOLE
cutting has much better performance; refer to Table 5.4. The WHOLE cutting is the
foundation for those to come.

5.3.2 Discarding Conductors Not in the Path of Direct Current

According to the electric theories, when a conductor is not in the path of direct
current, there is no direct current flowing through it, and it is of equivalent potential.
Such conductors will only introduce more unknowns to the numerical extractor,
while getting rid of it will not affect accuracy. They are called useless conductors,
with an example in Fig. 5.5.

Undoubtedly, if there are waste conductors in interconnect structures, removing
them from numerical extraction can reduce the size of question and in turn improve
the efficiency of resistance extraction.

5.3.3 Dividing Elements Only in One Direction When Possible

In QBEM capacitance extraction, conductor surfaces are meshed into 2-D elements,
in both directions of the surface. In resistance extraction, some surfaces don’t have
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Fig. 5.6 Dividing elements in one direction on bottom surface of corner conductor B

to be discretized in two directions. One of such surfaces is the four surfaces of a
straight conductor which are parallel to the direction of inner current, and another
kind is one or some of corner conductor surfaces.

In addition, when the bias voltage of 1 V is applied to the ends, a straight conduc-
tor will have uniform current distribution, and it can be seen as a set of tiny equipo-
tential bodies along the current direction. The current flows perpendicularly from
one tiny body to another, so it is only in this direction that the potential and its deriva-
tive are varying. So in the BEM solver, the four surfaces of straight conductors are
only discretized along the current direction. Obviously this can save many elements.

Even some surfaces on complicated conductors can also be meshed in one direc-
tion. For example, the bottom surface of conductor B in Fig. 5.6 has two perpendic-
ular interfaces with the same normal vector, so the surface may be divided only in
one direction. The other surfaces of B must be divided in two directions, though.

The one-direction meshing and two-direction meshing have different perfor-
mances, as listed in Table 5.2. The table tells that the former has higher speed and
better accuracy, because it’s more physically reasonable.

Even so, if the straight conductor is very long, there will be a large number of
one-direction elements. Then we can turn to linear elements, which are the topic of
next section.

5.3.4 Linear Boundary Elements for Straight Conductors

Realistic interconnect structures may have very complicated geometry. However,
some portions of the structures may be very simple. For example in Fig. 5.7 (left),
the sections connecting different layers of wires and vias are complicated, while the
other sections are just like the straight line in Fig. 5.2. Refer to the right half of this
figure for the two different subregions.

When the bias voltage is applied on the straight conductors, the electric potential
varies linearly along the current direction. Assume the current flow is along the
x direction; the potential is a linear function of x: u = ax + b, where a and b are
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Fig. 5.7 An interconnect structure is cut into regular subregions (in light color) and irregular
subregions (in deep color)

unknown constants. Then for this long conductor, a single linear boundary element
is enough to simulate the linear variation of potential, which will only introduce two
unknowns (a and b) to the linear system (5.7). On the contrary, constant elements
will introduce too many u or g variables.

Therefore, the introduction of linear elements will be helpful to reduce system
size. There is considerable difficulty in the formulation of integrals, as in the
Appendix 5.A. Let’s see the numerical performance in Table 5.3. The number
of elements in the constant-linear coupling method is much smaller than in the
constant-only element method. Beyond that, the speed and accuracy of the coupling
method are much higher, with much less memory usage. To get better accelerating
effect, we prefer to obtain as many straight conductors as possible after cutting, and
this is why we did not cut those long conductors further.

Although linear elements are more efficient, it can’t totally replace constant ones.
They can only be meaningful for straight conductors, and constant elements are
more widely applicable to general conductors.

5.3.5 Efficiency Summary

Here, all the improvement techniques above are combined together, denoted by
QBEM in Table 5.4. Direct BEM means no improvement applied. The data is similar
to what’s observed in the previous experiments, while the total improvement here
becomes even better: the speedups become 91x and 714x over Raphael.

Let’s summarize all the improvement techniques. QMM-aided BEM technique is
further customized for resistance extraction in the following four aspects: advanced
scheme of cutting conductors, discarding useless conductors, dividing elements only
in one direction when possible, and using linear boundary elements for straight
conductors. Experiments show that the four kinds of improvements can greatly
enhance QBEM in memory usage, speed, and accuracy.
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5.4 Analytical QBEM Extraction

In realistic interconnect cases, there are many occurrences of straight wires; global
power/ground nets and clock networks may be good examples. Considering the
potential will be in linear distribution inside the wires, it’s a good idea to simulate
such wires using linear boundary elements, as discussed in previous subsection. It
did bring considerable efficiency improvement since it reduces the unknown number
and system size. However, for large scales of interconnects, the improved QBEM
may still fail for memory limitations.

On the contrary, since the long conductors act like the conductor in Fig. 5.2,
their resistance can be analytically obtained, while the other sections remain in
the domain of QBEM. Then we can combine the two methods together, to result
in analytical QBEM algorithm. The main advantage here is that each QBEM
only solves a small part, which only requires limited resources. In addition, since
each QBEM is independent of the others, it’s straightforward to transfer its serial
computing to parallel computing.

5.4.1 General Analytical QBEM Algorithm

The method cuts the whole interconnect structure into regular subregions and
irregular subregions. A regular subregion is a straight conductor, and its resistance
network is analytically obtained, where the computational resource requirement is
almost zero. The irregular subregion may be composed of multiple layers of wires
and wires, provided that all of them are connected. Its resistance is a network
(as in Fig. 5.3) and will be calculated using QBEM. Then we can combine these
networks to get the final resistance network. Because the computation complexity
of QBEM is easily higher than linear O(n), the computational resources required
by all irregular subregions are still much less than that for QBEM that solves
the interconnect structure as a whole. As observed in numerical experiments, the
speedup may be 50X.
There are a few steps for this algorithm:

. Generate regular and irregular subregions.

. Compute regular resistance by analytical formulation.

. Numerically solve resistance networks of irregular subregions.
. Combine the resistance from 2 and 3 to get the final network.

RIS S

The coming emphases are how to distinguish between regular and irregular
subregions and how to combine part resistance networks to get the network of the
whole region.
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Fig. 5.8 Subregions and KCL network. Solid dots are primitive ports

5.4.2 Distinguish Between Regular and Irregular Subregions

When the voltages of interconnect conductors are of low frequency, the current
flowing through corner sections is not uniform, but it becomes nearly uniform some
distance away from the corners [178]. Accordingly, we can distinguish between
regular and irregular subregions. Firstly, find the corners according to space relations
of geometry shapes; secondly, cut the conductors into some virtual parts half a
width away from the corners; the straight conductors are regular subregions, and
the conductors left compose irregular subregions.

Adding one virtual port to some of the cutting places, we can see irregular
subregions as independent resistance regions, and their resistance network, RNets,
can be calculated independently. The resistance of regular subregions, R’s, can be
obtained analytically. RNets and R’s constitute a net G corresponding to their space
connection (see Fig. 5.8). The task left is to solve for the resistance network G of
the whole region from G.

5.4.3 Compute the Resistance Network of the Whole Region

Generally speaking, the resistance network of every irregular subregion is a full-
graph G; whose nodes respond to ports (including virtual ports) and sides respond
to resistors between these ports. The resistance of regular subregions, R;’s, can be
seen as sides connecting different G;’s and primitive ports. In this way, R;’s and G;’s
constitute a net G (like the net in Fig. 5.6). Now, we must transform G equivalently
to the network G of the whole region. The detailed algorithm is below:

1. Let one of the primary ports be the main port (volt =1 V) and the others be the
assist port (volt=0 V).

2. Assume there are k irregular subregions, whose equivalent resistance networks
are G, respectively (i=1, ..., k). G; has n; (n; >3) nodes and n;(n; —1)/2
sides. Give a volt variable and a current variable to each node and side of G;,
respectively, and the number of variables given to G; is n; + n;(n; — 1)/2.



5.4 Analytical QBEM Extraction 85

Table 5.5 Comparison of the

Method AQBEM QBEM  Raphael
three methods

Element num 335+ 138 3855 336398

Memory (MB)  0.27 8.22 89

Time (s) 2.97 128.53  6118.76

Max error —1.83 % 731% 158 %

Speedup 2,060.19 47.60 1

3. Assume there are / regular subregions and give a current variable to the sides in
G corresponding to them. In total, [ variables are given.

4. In G; (i=1, ..., k), for each node there is a node current equation, viz., KCL
(Kirchhoff’s Current Law) equation; because voltage fall between the two nodes
of each side is equal to the current flowing through the side times the resistor
value between the nodes, there is a voltage fall equation for the side. The number
of equations obtained in G; is also n; + n;(n; — 1)/2.

5. There are [ voltage fall equations for the corresponding sides of regular regions
in G, where the voltages set in 1 are of some use.

. k  n; (l’ll‘ + 1)

6. Solving the Zi:l—

the values of the variables given in 2 and 3. Listing the KCL equations of

primitive ports, we get the values of current flowing through primitive ports,

and the reciprocals of them compose a column of the final resistance matrix
corresponding to the main port.

7. Letting different primitive ports be the main port and repeating 2—6, we can get
the resistance matrix (and resistance network) of the whole region.

+ [ equations formed in 4 and 5, we can get

Generally speaking, because the variables in the above algorithm are much fewer
than the variables in 3-D numerical solution of irregular subregions, the time spent
on the algorithm is very little.

5.4.4 Numerical Result and Analysis

The analytical QBEM method presented above is called AQBEM. In Table 5.5, it’s
compared with the commercial software Raphael (version: 2000.2, with FDM) and
the direct boundary element method without the analytical method coupled (abbr.
QBEM). All programs run on Sun Ultra Enterprise 450.

Note that Raphael adopts its default mesh; max error is for the maximum inside
the resistance matrix in reference to Raphael with a mesh of 2M grids. The then
table tells that the analytical BEM method has a speedup of 2060 over Raphael,
with comparable accuracy and 0.5 % of the memory.

The above experiment is only for a small test case. For large cases, even if
Raphael would not fail for memory overflow, AQBEM will gain more speedup due
to its divide-and-conquer nature and Raphael’s volume-based discretization. This is
nice since realistic interconnects are usually pretty large.
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5.5 Summary

Interconnect resistance extraction is important for VLSI designs now. The field
solver of direct boundary element method can be improved significantly. In this
chapter, two methods are proposed. The first method tries to reduce the mesh
elements by introducing a linear boundary element to replace many constant
elements for a straight segment of interconnect. This is based on the linear potential
distribution along some long and straight conductor parts. The other tries to divide
and conquer the problem to many parts; complicated parts are for the above
improved boundary element methods, while straight parts are simply for analytical
formulations. The combination of numerical and analytical methods offers even
higher computing efficiency, with comparable accuracy. Parallel computing for this
divide-and-conquer method is very easy, since each part is independent.

Appendix 5.A

Here, we give the derivation of the analytical integral formulas on the boundary
elements with linear variety of the u and ¢. For simplicity, we assume that the
integral point (x, y, z) is in the XOY plane, the z-coordinate of the plane is zy,
and n, the unit normal vector of the plane, is {0, 0, 1}. The potential u of the integral
plane changes linearly along the x-axis:

u=ax +b, 5.A.1)
where a and b are unknown constants. Let the source point s have the coordinate

(-xS’ yX7 ZY)
Equation (5.3) can be written as

qm+/ fmr+/ fmr:/ ﬁwr+/ W*qdl,  (5.A2)
Tu I'q Tu 7}

where I, is the port surfaces, I'; is the other surfaces of the conductors in the
region, and I, the whole boundary of the region, is equal to I", + I' ;. The boundary
conditionsare u=0oru=1onTI, and g=0on T, (here, I'; must be a shape of a
rectangle). Then we can get

/ u*qdll =0 (5.A.3)
Iq

and

/ ¢*udl’ =C}, (5.A.4)
Tu
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where C is a constant only depending on I';, (exactly on the main port surfaces; see
the Eq. (5.A.22)). Now, (5.A.2) is

Ci + couy +/ q*udl :/ u*qdrl. (5.A5)
I'q Tu

Note that linear elements are only on the conductor surfaces I' ;. So what we need
to do is to calculate the potential integral IntU:

IntU =/ ¢*udl =/ ¢* (ax + b)dr. (5.A.6)
T'q I'q

For simplicity, only the corresponding indefinite integrals are written in the
following text with integral constants (C) omitted, and we will give the entire
formulas finally.

ou™* 1 1 or Jr or 1 or
* = =vV|— ) n=——!{—, —, —1.{0,0,1} = —— —,
1 on (47rr) " 4mr? % ox’ dy 8z} { j 47r? 0z
(5.A.7)
F= )+ (=) + -2 (5.A8)
9 _
oI _ G-z (5.A.9)
0z r
Substituting (5.A.8) and (5.A.9) into (5.A.7), we get
* i—Zs Zs — Zxoy d
=— = = , 5.A.10
1 4mr3 4r3 4mr3 ( )
where the constant d = z; — z4,,. Then
d d 1
IntU = —/ 2ar. a+—/ —dr-b. (5.A.11)
4 ) pyr3 4 ) g1’

Let the coefficient of a be d/4x* I, where

1—/ xdF—//xdd (5.A.12)
VAV i o

and the coefficient of b be d/4x* I;, where

1 1
I :/ —dr :// — dxdy. (5.A.13)
qu r
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Firstly, consider [, in the two steps of I and Ip;:

I = ! dx = ! dx
’ / (\/(x —x;)" + (= 3+ - zs)z)3 / (Ve d2)3

X
- 2 +d) I+ y +d? (5.A.14)

and

1
Iy :/ al dy = — arctan
(y2+d2) /x2+y2+d2 d d /x2+y +d2

(5.A.15)
Substituting (5.A.14) and (5.A.15) into (5.A.13), we can get .
Secondly, transform coordinate for I,:
Ia:// x+xs dxdy—// dxdy+x512,
(Y2402 + a2 (24> +d2)
(5.A.16)
where I, has the solution of the same format as 7,,. Let
X
I, = / dxdy, (5.A.17)
(242 + a2
and we consider its indefinite integral in two steps:
(5.A.18)

X 1
Ia“:/ dx:—ﬁ.
(/x2+y2+d2)3 VXt +y?+d

1
- | 4y = 2 2 AN A,
Lis / — 2dy 1og<y+\/x +y +d) (5.A.19)

Substituting (5.A.18) and (5.A.19) into (5.A.17), we can get [, Then
Ia :Ial +-xsla2-
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Finally, we write the entire formulas of 1, and I, (for simplicity, the integral plane

', is seen as a whole):
(yz + Xt + 3+ d2) (y1 + /X3 + i+ d2)
(o4 V3 e3+a) (n+ i+aira)

I, =1, + xs1,n = log

+ % arctan ( Y22 ) + arctan ( ¥l )
d\/x3 +y3+d? d\/xi +yi +d?
( X192 ) ( X2)1 )
— arctan — arctan
dy/x} + y3+d? dy/x3+ y}+d?

(5.A.20)

1 X2Y2 XlYl
I, = 7 arctan -+ arctan
d\/X5+Y;+d? d\/X{+Y?+d?
( XY, ) ( XYy )
— arctan — arctan s
d\JY2+ Y} +d? d\ X3+ Y2+ d?

(5.A.21)

where x1/xy = X1/Xo — x5, y1/y2 = Y1/Y2 — Y5, d = 25 — Zxoy, and X1/X5, Y1/Y; are the
boundary coordinates of I'; (as supposed, I, is a shape of a rectangle).
We also write the formula of C;:

1 X,Y: X1Y,
C1=/ q¢*udl'=— | arctan (#)+ arctan (é)
ru 4 d\|X2+Y2+d> d\|X2+Y+d>
( X\Ys ) ( XoYy )
— arctan — arctan s
d\JY?+ Y] +d? d\/X3+Y?+d?

(5.A.22)

where d =z, —2z,, and X;/X;, Y1/Y, are the boundary coordinates of I',muain
(a rectangle surface of the main port).



Chapter 6
Substrate Resistance Extraction with Boundary

Element Method

Realistic chips are composed of transistors, metal interconnects, and also substrates
or basement materials that provide physical and electric supports to the chips. The
popular silicon process starts from a nearly pure silicon wafer, which will be the
foundation to grow active wells (p-wells and n-wells), and then in turn many layers
of metal wires or interconnects. The foregoing chapters have proposed field solvers
for interconnects, and now let’s go on to silicon substrate.

At frequency of several gigahertz, a substrate behaves mainly resistively [50,
135]. So, the substrate coupling is modeled with resistor connecting the contacts on
its top surface. The substrate resistance can be calculated with a device simulator,
such as MEDICI [145], where complex physical effects, such as drift and diffusion,
are involved. Therefore, such simulators run very slowly. A practical method may
be the curve fitting with data obtained from device simulator or measurement.
Although this approach is fast in some sense, their application is very limited [34].
Other methods are based on analytical formulas [91], which are efficient for some
special cases, but hardly suitable for general ones. A lot of numerical methods are
also proposed to calculate the resistance with high accuracy. They can be classified
into the finite element method (FEM), the finite difference method (FDM) [153],
and the method of Green’s function (also called boundary element method [BEM])
[34, 49, 51, 92, 102, 135, 168]. FEM and FDM, with discretization of the entire
three-dimensional (3-D) substrate volume, produce a large coefficient matrix, which
limits the size of problem that they can handle. The methods based on the Green’s
function [34, 49, 51, 92, 102, 135, 168] only discretize the contact surfaces and
therefore employ the fewer variables. However, for the multilayered structure, the
Green’s function is composed of several infinite series which converge very slowly.
In Niknejad et al. [102], a numerically stable method was proposed to calculate the
Green’s function with discrete cosine transform (DCT) for acceleration. However,
it is not actually stable, and the further remedy was presented in Xu et al.
[168]. It should be pointed out that these Green’s function-based methods are
limited to the multilayered structure where each layer is of uniform resistivity. For
more complicated structures such as those containing lateral resistivity variations,

W. Yu and X. Wang, Advanced Field-Solver Techniques for RC Extraction 91
of Integrated Circuits, DOI 10.1007/978-3-642-54298-5_6,
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the corresponding Green’s function can hardly be deduced [49, 128]. One way
to deal with the lateral variation is to use a combined boundary element and
finite element method [128], where the top part of substrate with inhomogeneous
material is discretized with FEM mesh. Therefore, this method still requires larger
computational resources.

In fact, there are lots of realistic substrates with layout-dependent doping profiles,
such as the oxide wells, trenches, sinkers, buried diffusions, etc. [40]. There are also
special structures like Faraday shields and junction shields [1] for noise reduction,
which are buried components with different resistivity. For these non-stratified
substrates, the derivation of the Green’s function becomes very difficult if not
impossible. On the other hand, simply neglecting the special components may
induce large errors for the simulation.

Different from the Green’s function-based method, there is another kind of
boundary integral method called direct boundary element method (DBEM) [24].
The DBEM obtains the direct boundary integral equation (BIE) by adopting Green’s
identity and using the free-space Green’s function as weighting function [24].
So, it avoids the difficulties of deducing the structure-dependent Green’s function
and also employs much fewer variables than the FDM or FEM. The DBEM
has been successfully applied to capacitance and resistance extraction for various
interconnect structures [159, 181].

This chapter will introduce DBEM to substrate resistance extraction and also
several improvement techniques for efficient purposes. Firstly, a nonuniform bound-
ary element partition scheme is presented as a basis of efficient DBEM simulation.
Secondly, many inessential unknowns are removed from the linear system before
solution but without loss of accuracy. Finally, quasi-multiple medium (QMM) [181]
is helpful to make the coefficient matrix much sparser so as to expedite matrix
reduction and final equation solution greatly. Numerical experiments also illustrate
the accuracy and efficiency of the improved DBEM. It is compared with the DCT-
accelerated Green’s function method, the eigen-decomposition-based method [34],
and an analytical integration method [92]. The results of Raphael [144] and IE3D
[92] are also given for reference. Then, it’s concluded that the new method is
superior to the methods in Costa et al. [34] and Masoumi et al. [92] in CPU time
and has speedup of 100x to Raphael and IE3D while preserving high accuracy.
Especially, our method demonstrates its versatility in a substrate case with lateral
resistivity variations, while it is beyond the ability of the other methods.

6.1 Field Solver for Substrate Resistance

A typical substrate example is shown in Fig. 6.1. It consists of three medium
layers, denoted by 2, ©2,, and Q3; they are stratified with different height and
resistivity. Contacts are on the very top surface, which connect outer circuits such
as active wells and wires. And there is possibly a grounded plane on the very
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Fig. 6.1 A typical substrate structure

bottom; otherwise, it can be taken as a nature boundary. Another example with more
complicated topology will come later in Fig. 6.9.

For substrate resistance extraction, one contact j (called master) is set with
voltage 1 V and the others with 0 V. Then, the resistance R between contact j
and contact k (k # j) can be obtained by the current flowing through contact k [163]:

! / 0 41 / ar 6.1)
- = o — — o - q s .
Rjk Cck on Tck

where I' ¢y is the surface of contact k and o is the conductivity (or reciprocal of
resistivity p). u is the electric potential, and g is the normal electric field intensity
on the boundary.

Direct boundary element method (DBEM) can solve (6.1) for g. This procedure is
repeated by enforcing different master contacts, and finally, the complete resistance
matrix is obtained. The details are as follows.

The electric potential u of the steady current field fulfills Laplace equation in
each homogeneous medium:

%u Pu  u

a5+ I + P 0 in region £;. (6.2)

With the Green’s identity and using the free-space Green’s function as the weight-
ing function, Laplace equation (6.2) can be transformed into a direct boundary
integral equation (BIE); refer to Chap. 2 for more details. After discretizing the
region boundary into quadrilateral elements with constant interpolation, we get the
discretized BIE [24, 159, 163, 181]:

Ni Ni
csig + Z/r q(syudl’ = Z/F ug,qdl’,  for region Q; (6.3)
ij ij

J=1 J=1
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where c; is a constant depending on the boundary geometry at the collocation point
s. u*s) is the free-space Green’s function related with point s, and q?;) is its normal
derivative on the boundary. The entire boundary of region 2; is partitioned into N;
elements; I'; represents the jth element. After calculating the boundary integrals
in (6.3) with the efficient approach proposed in Yu et al. [181], a linear equation
with discretized unknowns of # and ¢ is obtained. Evaluating (6.3) at collocation
points, one for an element on the boundary of region €2;, a linear equation system is
formed:

HD .y =GO .q»  forregion Q;. (6.4)

Besides, u# and g along the interface of two mediums a and b are both unknown,
and they fulfill the compatibility equations:

Oq *{qa = —O0p - ({p
Uy = up. ’

on interface I' (6.5)

The matrix equations (6.4) for all mediums can be put together with (6.5), where
only pair u, and g, (or u, and g,) remains and the other is represented. Apply
the boundary conditions (u on the contact surface is either 0 or 1, and g on the
Neumann boundaries is 0; see Fig. 6.1), and reorganize the equations to an overall
linear system:

Ax = b, (6.6)

where unknown vector x is the unknown u and ¢ and the right-hand-side vector
b corresponds to the specified bias voltage setting. To calculate the complete
resistance network, the vector b has different values and (6.6) comes with multiple
right-hand sides as follows:

AX = B. 6.7)

B =[bb, bs ...]. Solve this system for g and in turn for resistances through (6.1).

According to (6.3), only the elements on the single region’s boundary have direct
interactions. Therefore, the matrix A in (6.6) and (6.7) becomes sparse for multi-
region problems. More details are in Yu et al. [181]. An efficient preconditioned
GMRES solver [179] is applied. However, solving the linear system (6.6) consumes
considerable time since too many unknowns are involved.

Note that the organization of matrix A can affect the performance of iterative
solver remarkably. For capacitance extraction, an effective arrangement of the
unknowns and collocation points, as well as the storage scheme for matrix A, is
in Yu et al. [181], which is also applied here for substrate resistance extraction.
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It becomes harder and harder, in terms of CPU time and memory, to solve larger
and larger systems (6.7) and/or with denser and denser matrix A. Here are three
techniques for fast computation. Firstly, a nonuniform boundary meshing scheme
reduces the system size. Then, a matrix reduction technology can numerically
cut the linear system size before the expensive solution, without loss of accu-
racy. Finally, the quasi-multiple medium (QMM) technique is improved to make
the matrix sparser, in order to speed up the matrix-vector product in iterative
solvers.

6.2.1 Nonuniform Meshing

It’s obvious that the size of system (6.6) is equal to the number of elements. How to
generate elements affects both computational speed and accuracy. A simple scheme
is uniform partition, while nonuniform meshing produces fewer elements while
preserving desirable accuracy [181]. The substrate boundaries can be partitioned
with a heuristic estimation of current distribution. This can be done in two stages.
The first step is to estimate current flowing directions. The other is to mesh different
kinds of boundary separately and distinctively:

1. Forecasting current flowing directions. If no back plane is present, current will
flow horizontally between contacts; otherwise, considerable current will flow
vertically toward the back plane. However, when the layer just above the back
plane has high resistivity or many contacts are close to the current injector, the
downward current will be less.

2. Dividing Dirichlet boundary. The contact surfaces should be meshed densely.

3. Dividing sidewalls. When a sidewall surface is near to contacts, the element size
should be smaller. Otherwise, it can be larger.

4. Dividing Neumann boundary on top surface. The element mesh should be dense
wherever close to contacts.

5. Dividing medium interfaces. If the layer connecting contacts is of higher
resistivity than the lower layers, most current may flow downward to the back
plane, and thus the interface portion just below the contacts should be partitioned
into smaller elements; otherwise, most current may flow laterally, and the entire
interface between this layer and lower layer should become smaller elements.

This scheme is based on experience from experiments and literatures [91, 141]
and is adjustable for general complicated structures. A simple example of nonuni-
form elements is shown in Fig. 6.2.
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Fig. 6.2 A 3-D view of a Conductor contacts
three-layered substrate with

nonuniform element mesh

6.2.2 Numerical Reduction of Linear Equation System

The idea is to discard some u variables, since only g variables are needed in (6.1).
Based on the special unknown ordering [181], the first step is to further classify and
reorder the unknowns for the top layer where all contacts reside. For example, in
Fig. 6.1, the unknowns of type v33 (both g and u unknowns in medium €23 excluding
those on interface) include three subtypes and can be ordered as

Vo —> ¢c —> ur, (6.8)

where gc represents ¢ unknowns on contact surfaces (I'c in Fig. 6.1), u denotes u
unknowns on the Neumann boundary of top surface (I't in Fig. 6.1), and vg denotes
the other unknowns on the sidewalls in v33.

After the subtype permutation in (6.8) is combined into the unknown ordering
scheme in Yu et al. [181], the nonzero entry distribution of matrix A for the substrate
in Fig. 6.1 is shown in Fig. 6.3a. Only the types of collocation points and unknowns
related with 23 are labeled there, separated by dashed lines.

Figure 6.3a verifies that the unknowns related with region €23 account for a large
part of total unknowns. This is generally true for substrate cases, because most
boundary elements are located on or close to contacts in the nonuniform meshes.

Now, consider the discretized BIEs related with €23, which form the nonzero sub-
matrices A3z, Ast (=A311UA3T2), A3, and Apr in Fig. 6.3a. These discretized BIEs

can be expressed as
A3z A3T:| |:x3:| |:b3:|
. = , 6.9
|:AT3 A1t ur bt 69)
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Fig. 6.3 (a) Original distribution of nonzero entries in matrix A for Fig. 6.1; (b) reduced

where x3 is the vector consisting of unknowns u,3, 32, vo, and gc; refer to Fig. 6.3a.
The second row of (6.9) is for the collocation points st, which are located on the
top surface excluding on the contacts. Therefore, coefficient matrix A is square.
Because urt is useless for calculating the resistance, let’s get rid of it to reduce the
equation as follows:

3o x3 = b, (6.10)
where
Aly = A3 — AsrATAn 6.11)
and
L =b3— AsrAibr. 6.12)

After (6.10) is combined with the Eq. (6.4) for the other mediums, a new global
linear equation system is obtained, whose coefficient matrix is shown in Fig. 6.3b.
Suppose the dimensions of matrices As3, A3, Ar3, and Ay are m3 X n3, ms X nr,
nt X n3, and nr X nt, respectively. nt is the number of elements on the Neumann
boundary of top surface. mj3 is the number of other elements in region 3, including
those on contacts, sidewalls, and the interface between regions 2 and 3. n3 is a little
larger than mj3; their difference is the number of elements on the region interface. If
nt is large, the effect of matrix reduction in (6.10) becomes important, which can
greatly reduce the time for solving the final linear system.
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Generally, the procedure of reduction in (6.11) has a computational complexity
of 0(n3T + nzTn3 + ntmsn3). This is not acceptable if ny is very large. However, with
the following three theorems, it can be greatly reduced.

Theorem 6.1 Arr is a diagonal matrix.

Proof Consider the discretized direct BIE (6.3). For a st-type collocation point
on the Neumann boundary of top surface (I't in Fig. 6.1), the coefficient for a
discretized unknown of type ur is

du, -1 9
/ gt ,dr =/ —Dgr =/ - 2ar, (6.13)
Trj Irj 8n T, dr 8n

J

where I'r; is the jth element on the top surface. r is the distance between the
collocation point and the integral point(s) on I'tj, and n is the normal vector of
I'1;. If the collocation point is just located on I'r;, the integral (6.13) is singular,
of course not zero [181]. Otherwise, if st is not on I'y, g—; = 0 because vector r
(within the same plane as I't;) is perpendicular to n. Since the unknowns of type ur
and collocation points of type st are in the same order, nonzero coefficients (i.e., the
integral with collocation point just on I';) are only on the diagonal. In other words,
A is diagonal. |

Theorem 6.2 bt in (6.9) is a zero vector.

Proof The right-hand side b is formed by summing up all known items in (6.3).
In the discretized BIEs for medium €23, the only nonzero known quantity is the
preset bias voltage (1 V) of the master contact, whose coefficient is in the same
expression of (6.13), except that the integral surface becomes contact surfaces. Since
collocation points of type st are located on the same plane with the contact, but not
on the contact itself, the coefficients become always zero. So, the bt in (6.9) and
(6.12) is zero. |

Theorem 6.3 In the discretized BIEs with collocation point of type sc, the
coefficients of ur-type unknown are zero. In other words, the matrix Asry in Fig.
6.3a is zero.

Proof Collocation points of type sc are located on contact surfaces, which are on
the same plane as the elements where variables of ut are located. So, as analyzed
in the proof of Theorem 6.1, the corresponding coefficient (6.13) is zero. Therefore,
matrix Ast; in Fig. 6.3a becomes a zero matrix. And we can say that the sub-matrix
Ajr is partly sparse. |

These three theorems explain the distribution of nonzero matrix entries shown in
Fig. 6.3 and are helpful to analyze the cost of our matrix reduction technology. The
numbers of multiplication operations needed in (6.11) and (6.12) are:

o A3TA}}: less than m3 X nt, because At is diagonal and A3y is sparse.
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o (A3TA;})-AT3: less than mj3 X nt X n3, because A3TA;} has the same sparse
pattern as Asr.
J (A3TA;}) -b1: no operation needed, because b is a zero vector.

Then briefly, we have the following theorem for total complexity:

Theorem 6.4 Reducing system through (6.11) and (6.12) only needs less than
O(m3 x nt X (1 4 n3)) multiplication operations. The number of addition operations
is similarly bounded.

Clearly, this cost is thus much less than the previously estimated for general
O(n3T + nzTn3 + ntmsns).

For substrate resistance extraction, there are many contacts, and all resistances
among them need to be calculated. Therefore, by discarding the unknowns of type
ut as described above, the computational time for solving (6.10) with multiple right-
hand sides will be greatly reduced, since the matrix reduction is conducted only one
time but the iterative solver will run many times. Numerical experiments verify
this. For example, a substrate case with two layers involves 1,511 unknowns after
boundary element discretization, while only 779 unknowns were left after reduction
technology. The reduction itself consumes only 2.20 s, but the average solving time
is reduced from 3.54 to 0.48 s per right-hand-side (RHS) vector. Then, it’s clear that
for 100 RHS vectors, the total time is reduced from 354 to 50.2 s. Suppose there are
1,000 RHS vectors; the time will be reduced from 3,540 to 482.20 s.

6.2.3 Quasi-multiple Medium Technique to Sparsify Matrix

The localization character of DBEM is revealed by (6.3), where the variables in each
BIE are within the same medium region. This character results in a blocked sparse
coefficient matrix A for a multi-region problem. A quasi-multiple medium (QMM)
method [181] is able to enlarge the matrix sparsity by cutting a medium into some
fictitious medium blocks. The QMM can greatly reduce the CPU time and memory
for interconnect capacitance/resistance extraction [159, 181]. Refer to Chap. 4 for
more details.

For substrate resistance extraction, QMM technique is also helpful. Because
there are relatively few boundary elements in the lower layers, only the top layer of
substrate, with the contacts, is decomposed into Q x Q, fictitious medium blocks
vertically. Correspondingly, the nonzero sub-matrices for region 3 in Fig. 6.4a are
replaced by many smaller nonzero sub-matrices. And the sparseness of matrix A is
obviously enhanced.

The matrix reduction technology in the previous section can be easily extended
to handle the system after QMM cuts the top layer. The elapsed time of matrix
reduction becomes much less than that without QMM. For an actual substrate
structure similar to that in Fig. 6.1, after QMM is applied (Q, =4, Q, =?2), the
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a b

Original size: 7662 Size after QMM: 7965 Reduced size: 3580

Fig. 6.4 Matrix for a typical substrate: (a) original, (b) after QMM, and (c) after reduction

nonzero entry distribution of matrix A turns from Fig. 6.4a into Fig. 6.4b. The
original subblock for region €23 is replaced by sparse 8 x 8 blocks. For the matrix in
Fig. 6.4b, the CPU time for matrix reduction is only 3.1 s. And then, 2.8 s is needed
for the preconditioned GMRES solver per right-hand side. But if not using the QMM
technique, 580 s is needed to reduce 4,492 top-surface unknowns, while solving
for one right-hand side costs 10.3 s. Therefore, the QMM technique improves both
matrix reduction and equation solution.

6.3 Numerical Experiments

The presented method SubDBEM is implemented in C++4-. Some typical substrate
structures demonstrate the efficiency of our algorithms. All experiments are on
a Sun Fire V880 server with a frequency of 750 MHz. The first test case is a
simple structure for purposes of accuracy and its convergence. The second case
is a typical substrate with 52 contacts, where SubDBEM is compared with other
Green’s function-based methods. The last case is a substrate with lateral resistivity
variation for the purpose of versatility. In the following text, all time data are in unit
of second.

6.3.1 Simple One-Layer Substrate

The test case is a single-layer substrate as found in Ghapurey and Meyer [51] and
Masoumi et al. [92] or Fig. 6.5. There is a contact on the center of the top surface and
a grounded plane at the very bottom. The bulk height is 100 pm, and the resistivity
is 10 2 -cm. In Ghapurey and Meyer [51], the contact-to-ground resistance was
calculated with multiple methods. It’s 345 Q2 by the Green’s function method and
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Fig. 6.5 The top view and 3-D view of a simple one-layer substrate structure (not scaled)
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Fig. 6.6 Resistance values and running time versus element numbers

becomes 340 2 when DCT is applied. The converged resistance from FDM is
318 2, with 109, 520 mesh points [51]. SubDBEM computes with different meshes,
but QMM technique is not applied here. The converging curve is in Fig. 6.6.

Figure 6.6 says that the resistance value decreases with the element number but
decreases more and more slowly before final convergence. If the value under the
finest mesh (7,455 elements) is taken as reference, the values under 67 and 530
element meshes have errors of 15.4 and 1.9 %, respectively. At the same time,
compared with the results of the Green’s function method, DCT-accelerated method,
and FDM, the converged value has little discrepancy. The computational time of
SubDBEM versus element number is also in Fig. 6.6. For example, with middle
size of 530 elements, the computational time is 1.4 s. The times for the latter three
are 190 s, 76 s, and 674 s, respectively [51], on an IBM S6000 workstation with 166-
MHz CPU. So, the speedups against the Green’s function method, DCT-improved
Green’s function method, and FDM are 30x, 12x, and 106x, respectively.

Although SubDBEM with denser meshes gives more reliable results, a trade-off
should be made between computational accuracy and speed. In the following tests,
adequate meshes are used which still produce substrate resistance with reasonable
accuracy.
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Fig. 6.7 Top view of a
typical substrate

[

—/
—/

il

D_
LI
LI

O]

J i [ E—

|
= CICd|juuuuut
|

I
==
==
==

s |
s |

M= /|3

a b c
1Q-cm, | ym 0.1Q-cm
15Q-cm, 10um
1 mQ-cm, 20 Q-cm, 15 Q-cm,
300 um 400 um 400 pm

Fig. 6.8 (a) Low-resistivity profile, (b) high-resistivity profile, and (¢) single-layer profile

6.3.2 The 52-Contact Structure with Three Doping Profiles

In Costa et al. [34] and Masoumi et al. [92], a complicated substrate from a mixed-
signal circuit was used to demonstrate their extraction efficiency. It has 52 contacts
on a 128 pmx 128 pm substrate, as shown in Fig. 6.7. This structure can be
processed with any of the three typical doping profiles in Fig. 6.8 [34, 91, 92].

This first test case is the substrate with low-resistivity process. The DCT-
accelerated Green’s function method and the eigen-decomposition-based method in
Costa et al. [34] are denoted by “DCTGreen” and “EigenDec,” respectively. Their
results are obtained from Costa et al. [34]. The pure direct boundary element method
without any of improvement techniques presented in this chapter is denoted by
DBEM. Raphael is a 3-D FDM field solver from Synopsys [144]. All the programs
ran on the same machine. Table 6.1 lists the different results, where R;; is the
resistance between contacts i and j. Because DBEM gives the same results as
SubDBEM, they share the same row. QMM cutting of top layer is 4 x 2 for this
case and also for the next high-resistivity case.

In Table 6.1, the discrepancy between SubDBEM and methods in Costa et al.
[34] is within 5 %, except that for Ry 4. This is reasonable, because the current
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Table 6.1 Resistance ohms for 52-contact substrate with low-resistivity profile

R Rie.19 Rign Roo.4 Ro149 R3745 R37.50
DBEM/SubDBEM 4663 5791 6890 9.0 x 107 670 2651 89773
DCTGreen 4690 5850 6627 7.8 x 107 659 2633 89315
EigenDec 4685 5712 6643 7.8 x 107 658 2540 94327
Raphael® 4673 4341 4130 9.8 x 107 650 2476 46520

2Set dense 9 x 10° grids to get converged results

Table 6.2 Efficiency parameters for low-resistivity substrate

SubDBEM QBEM RBEM DBEM Raphael® DCTGreen EigenDec

# unknowns 7965 7902 7662 7662 1.6 X 100 2647 17764
Memory (MB) 35 38 226 192 382 138 22.5

# iteration 2433 2461 2349 2310 N/A 1238 1868
Total time (s) 160.4 705 1,176 4,322 >1x10° 30,965.5 4,994.9
Workstation Sun Ultra V880 (750 MHz) Sun UltraSparc 1

AWith default 1.4 x 10° grids

Table 6.3 Performance parameters for high-resistivity substrate

SubDBEM Raphael DCTGreen EigenDec
# unknowns 7261 8 x 10° 2647 17764
Memory (MB) 31 209 145 26
GMRES iteration 2247 N/A 8030 2930
Total time (s) 112.6 >7 x 10* 123,630 8,405.6
Workstation Sun Ultra V880 (750 MHz) Sun UltraSparc 1

between contacts 20 and 42 is much smaller than others by several magnitudes. In
addition, SubDBEM is closer to Raphael, with only 9 % discrepancy.

The relevant computational parameters are in Table 6.2. In order to demonstrate
the efficiency of each of the improvement techniques presented in this chapter,
more “half-done” programs were also included here. RBEM means DBEM plus the
reduction technique, and QBEM means DBEM combined with QMM technique.
Since it’s not possible to compare our method and those in Costa et al. [34] directly
on the same computer, the relative performance is estimated according to CPU
parameters. Sun UltraSparc 1 workstation has a CPU with frequency of 143 MHz
or 167 MHz. Therefore, Table 6.2 shows that the pure DBEM has no advantage
over either DCTGreen or EigenDec without any improvement technique. However,
SubDBEM has a speedup of 37x over DCTGreen and nearly 6x to EigenDec. The
memory consumed by DCTGreen, EigenDec, and SubDBEM is on the same order
or much less than that by Raphael or the pure DBEM.

If the high-resistivity profile in Fig. 6.8b is used, the computational parameters
are listed in Table 6.3. No resistance result is available in Costa et al. [34], so the
performance data is the focus here. DCTGreen and EigenDec ran on Sun UltraSparc
1 [34]. Assuming its CPU is of frequency 143 MHz, SubDBEM is more than 200
times faster than the DCTGreen and 14 times faster than the EigenDec. While
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Table 6.4 Resistance ohms for the 52-contact substrate with single-layer profile

R34 Rio.19 Ros 50 R3334 Rig 50
SubDBEM 60.211 349.924 449.039 62.002 999.179
Method of [92] 60.352 353.551 437.771 61.921 1005.637
IE3D 61.333 365.343 450.343 62.734 1020.987
Raphael® 52.960 244.861 371.576 56.302 759.842

2Set dense 6 X 10° grids to get converged results

on memory usage side, SubDBEM is much more superior to the DCTGreen and
consumes roughly the same as EigenDec.

It’s interesting to compare the two tables (Tables 6.2 and 6.3). DCTGreen and
EigenDec consume more CPU time for high-resistivity profile. This is because
the number of GMRES iterations increases a lot. However, SubDBEM performs
reversely better. The main reason is that there is only one medium interface here,
which means a smaller number of boundary elements and fewer GMRES iterations.

For the single-layer profile in Fig. 6.8c, no computational result was given
in Costa et al. [34]. But it was discussed in Masoumi et al. [92], where a fast-
convergent Green’s function and an analytical solution for the double surface
integrals were proposed. Below, it will be compared with SubDBEM. The QMM
technique in SubDBEM means two cuttings: first horizontal cutting of two layers
(with heights 20 wm and 380 um, respectively) and second vertical cutting of 2 x 4
on resultant top layer.

In Table 6.4, some mutual resistances by SubDBEM and Raphael are listed, as
well as those from Masoumi et al. [92]. IE3D is a 3-D full-wave, method of moment
(MoM), integral equation electromagnetic simulator, whose computational results
are directly from Masoumi et al. [92].

SubDBEM has less than 5 % discrepancy against IE3D and has similar accuracy
to the method in Masoumi et al. [92]. Raphael has worse accuracy for this case.
The CPU time of SubDBEM is only 51.7 s, which is more than 940 times
faster than IE3D (73,364 s), on a PC with 500-MHz frequency [92]. On a Sun
Ultra 12 workstation, the method with analytical Green’s function costs 441.2 s
[92]. Although we have no exact data of the working frequency of Sun Ultra 12
workstation, we learn from the website of SUN Inc. that it will be above 140 MHz.
Then, SubDBEM is even a bit faster than the analytical method in Masoumi
et al. [92].

Beyond the advantages of speed and accuracy, SubDBEM can also handle
substrates with arbitrary doping profiles, which is the topic of the next section.

6.3.3 Test Structure with Lateral Resistivity Variation

In most literatures of substrate resistance extraction, the stratified geometry is
taken for granted, partially because the Green’s function cannot be deduced for
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complicated doping geometries. On the contrary, SubDBEM has no limitation on
geometries. To demonstrate this, a substrate with lateral resistivity variation is
shown in Fig. 6.9.

It has two medium layers, with resistivity p; =0.1 € -cm and pp =35 Q-cm,
respectively. The height is #; =5 pm for upper layer and is /, = 400 pm for lower
layer. The center of upper layer is an L x L square region with different resistivity,
which is T times of p;. The height of this resistivity-variation region is iy =5 pm.
The dimension of whole substrate is 200 pm x 200 pm. On the top surface, there
are two 10 pm x 10 wm contacts located to the left and right sides of the resistivity-
variation region. The resistance between these contacts varies with L and 7. For
L=100 pm, 70 pm, or 30 wm, the resistance values are depicted in Fig. 6.10,
where the resistivity ratio 7 varied. SubDBEM has a 3 x 3 QMM cutting on the top
layer so as to make the resistivity-variation region the central fictitious region.

It’s learned from Fig. 6.10 that SubDBEM keeps closely up with Raphael,
illustrating its high accuracy for such complicated case. Besides, the resistance
increases with the resistivity of the lateral variation region and finally converges.
This is reasonable, because the block region behaves more and more as an obstacle
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in the path of current flow as its resistivity gets larger and larger. When the resistivity
is large enough, the current will not flow through this region at all, so that the
resistance between two contacts reaches a converged value. Also, the resistance
increases more quickly for larger L. This can be explained similarly, because the
larger the resistivity-variation region, the more it influences the current flow. The
speedup of SubDBEM against Rapheal (with default grid) is 818.8 s/17.5 s =47.

6.4 Summary

The DBEM is presented and improved to extract 3-D substrate resistance. Many
methods require stratified structure of substrates, while DBEM uses only the free-
space Green’s function, so it is able to handle arbitrary doping profiles. DBEM
discretizes the entire boundary of a substrate and thus produces more unknowns. To
improve the performance, three techniques are proposed. With nonuniform element
partition and matrix reduction technique, the number of unknowns in DBEM is
greatly reduced. And with the enhanced sparseness brought by the QMM technique,
the final linear system solution can be performed much faster. The combination of
these techniques improves the computational efficiency remarkably, especially for
the structure involving many contacts and lateral resistivity variation.

Numerical results demonstrate the high accuracy. The experiments on a typical
52-contact structure show that SUbDBEM is several times faster than the Green’s
function method improved by the eigen-decomposition technique and tens of times
faster than the DCTGreen’s function method. An example with lateral resistivity
variation is also simulated to show the versatility of it.



Chapter 7
Extracting Frequency-Dependent Substrate
Parasitics

As discussed in the previous chapter, the lossy nature of widely used silicon
(Si) substrate may introduce considerable coupling effects, which are increasingly
important for the design of mixed-signal and RF circuits [34, 102]. At frequencies
lower than gigahertz, the coupling is often modeled with a resistance network,
which is the topic of the previous chapter. At higher frequencies, both ohmic and
displacement current will not be negligible anymore and should be modeled with
frequency-dependent resistance and capacitance [102].

Similarly to resistance extraction, there are multiple kinds of numerical methods
for frequency-dependent parameter extraction. The Green’s function-based methods
discretize the contact surfaces but only feasible for the multilayer structures.
Even for multilayer mediums, the Green’s function may be composed of several
nested infinite series, and then converges very slowly. The techniques based on
eigen-decomposition and discrete cosine transform (DCT) have been proposed
to accelerate calculation of Green’s function [34, 102]. For more complicated
geometry structures such as those containing lateral resistivity variations, the
corresponding Green’s function can hardly be deduced [162].

The direct boundary element method (DBEM) discretizes the boundary of a
homogeneous region and converts the Laplace equation to the boundary integral
equation (BIE) with free-space Green’s function [181]. DBEM is suitable for solv-
ing three-dimensional (3-D) electrostatic problem within finite domain [179, 181].
For multi-region problems, the BIE is derived for each homogeneous region and
then coupled through the interface compatibility equations. Therefore, DBEM
produces blocked sparse linear equation system. A quasi-multiple medium (QMM)
technique can decompose a physical medium into fictitious regions, so as to generate
a sparser linear system [181]. The DBEM can be utilized for substrate resistance
extraction, as discussed in the previous chapter. With a matrix reduction technique
and the QMM technique, the DBEM well outperforms the Green’s function-based
methods in Costa et al. [34] and Ghapurey and Meyer [51]. More importantly,
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the DBEM has no demand of the layered-geometry substrate. It is able to handle
realistic substrates, such as those with noise reduction components, where layout-
dependent doping profile makes lateral resistivity variation.

DBEM can also compute frequency-dependent impedance parameters, including
both resistance and capacitance. As we will see later, this can be done by expanding
the resistance extraction method presented in the last chapter using frequency-
dependent medium permittivity. For multiple-frequency computation, one can
simply repeat the extraction trivially. Obviously this is not the most efficient way.
A two-step approach is presented for higher efficiency. The first step is to generate
a real-valued linear equation system corresponding to resistance extraction. The
second is to expand the resultant solution by Sherman-Morrison-Woodbury formula
using frequency information. The new method will be compared with a Green’s
function-based method [102, 103] to demonstrate its efficiency and high accuracy.

7.1 Field Solver for Substrate Capacitance and Resistance

Strictly speaking, both electric and magnetic effects should be considered during the
process of substrate coupling extraction, but the latter is usually negligible because
the lightly doped Si substrate is widely used [47]. Here we ignore the magnetic
effect. Figure 7.1a shows a 3-D substrate including two mediums, 2| and 2. Each
medium has its own conductivity o and permittivity ¢. The mediums are usually
different from each other. The coupling effects between contacts 1 and 2 in Fig. 7.1a
can be represented by the equivalent model in Fig. 7.1b. Generally, the equivalent
capacitance and resistance in Fig. 7.1b are both frequency dependent [102] due to
frequency-dependent property of the mediums.

The admittance matrix Y(w) in Fig. 7.1 is obviously dependent on angular
frequency w. Its real part represents resistive effects, while its imaginary part is

a
1 Ciy 2

—— I -
Rld . R R
Q, TCia ul2 3 - 2d| b1 )

- |
A Y12=1/Rp; (o) +joC; (0)

Q Rann

Fig. 7.1 A conceptual illustration of the frequency-dependent model. (a) Cross-sectional view of a
lossy substrate with two contacts. (b) Equivalent frequency-dependent parameters for the coupling
between contacts 1 and 2
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for capacitive effects. The admittance can be calculated by setting voltage 1 V on a
single contact (say, contact i) and 0 V on others. Then, the current flowing through
contact k equals to the value of Yj:

Yir :/ (0'2 + ja)€2) qdl’, (7.1)
Lck

where 'ck is the surface of contact k and ¢ is the normal electric field intensity
on the contact boundary. Note that the value of ¢ is usually frequency dependent.
Suppose the values of g on boundary are numerically obtained, the corresponding
resistance and capacitance can be obtained with

R(w) = 1/real(Y), C (w)=1imag(¥)/jw. (7.2)

The conductors in Fig. 7.1a are often approximated as planar contacts with zero
thickness, because conductor thickness is usually much smaller than its lateral
dimensions. Whether the contacts are modeled as 2-D flatten contact or 3-D
conductor of nonzero thickness makes little difference for DBEM here, since the
modeling only affects the boundary conditions of simulated region. However, the
3-D modeling will bring considerable difficulty to Green’s function-based methods,
even makes it theoretically impossible. In addition, realistic substrate structures
may be more complicated than Fig. 7.1a, with non-stratified medium topology or
dielectric material (whose o is zero) involved. For these kinds of mediums, it’s very
computationally expensive, or even impossible, to find a special Green’s function.
On the contrary, DBEM can easily handle them; refer to the end of the previous
chapter.

7.2 Direct Boundary Element Method for Substrate
Impedance Extraction

Here the substrate was abstracted as in Fig. 7.2. Since only the quasi-state electric
field and steady current field are considered, the electric potential u fulfills the
Laplace equation in each homogenous medium. With the DBEM, a linear equation
system is formed for each medium region [181]:

HD .y =GO .q®  forregion ;. (7.3)

where vectors u? and ¢ are the discretized u and ¢ unknowns on the ith medium’s
boundary, respectively.

On the interface of medium a and b, u and g unknowns fulfill the compatibility
equations:

(04 + jwe,) qa = — (0 + jwep) qp, oninterface I7.
Uy = Up

(7.4)
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Fig. 7.2 A typical multiple-layer substrate and its boundaries

The matrix equations (7.3) for all regions can be combined together with (7.4).
Using the boundary conditions (see Fig. 7.2) and organizing the equations as in Yu
et al. [181], a linear equation system with multiple right-hand side (RHS) vectors is
obtained for extracting the admittance matrix [162]:

AX = B. (7.5)

Here B consists of RHS vectors for specified voltage settings, and X is comprised
of the discretized unknowns of u and g.

Because Eq. (7.4) includes complex-valued numbers, the linear system (7.5) is
also complex valued. Therefore, the solution (# and ¢) depends on frequency. To
acquire comprehensive understanding of the coupling effects, it is necessary to solve
(7.5) at many frequencies. A trivial approach is to repeat at each frequency [160].
A much better method will come later, whose running time is almost independent
of the number of frequency points.

Note the above formulation is actually the generalization of resistance extraction
or capacitance extraction. If frequency is set to zero, the jwe items disappear in
(7.2) and (7.4), and it is for resistance extraction, which is already discussed in the
previous chapter. Similarly, if the o items are dropped, i.e., the substrate is totally
lossless, it is equal to capacitance extraction. In both cases, the linear system is real
valued and frequency independent.

7.3 The Two-Step Approach

Let’s first examine the distribution of frequency-dependent entries in matrix A and
then introduce a two-step approach based on equation perturbation. To get most out
of the new approach, efficient solving techniques will follow.
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7.3.1 Frequency-Dependent Entries in Matrix A

Without loss of generality, take the substrate in Fig. 7.2 as an example. Its matrix A
can be found in Fig. 7.3, where gray area means nonzero entries and white means
zeros. Various types of unknowns (u or g) are marked for columns, where u12/g>;
are on interface of mediums €2 and 2.

Now it’s clear that matrix A is a blocked sparse. Suppose the interface unknown
q21 is for medium €2,, while its counterpart for medium €2, can be represented
by (7.4). Thus, the matrix block S,; has real-valued entries calculated through
panel integral, and the block directly above S5; can be expressed as 12512, where
fizo=—(02 +jwer)/(o1 + jwer) and S, also consist of panel integrals. It’s similar
for the interface between €2, and 23, whether the coefficients of g3, are a real-valued
matrix block S3; and a scalar-matrix product f>3.53.

Because only (7.4) introduces complex value jw, all entries in matrix A except
those in blocks f12S81> and f>35,3 are real values. In other words, the frequency
dependency is only caused by the scalars fi, and f>3.

On the other hand, the quasi-multiple medium (QMM) [162] technique is helpful
to introduce a sparser matrix, which may result in considerable performance
benefits. If QMM cuts the first top of medium into 2 x 2 fictitious mediums, its
matrix A turns into Fig. 7.4. It’s obvious that the block-sparse structure is reserved
and improved.

Note that the complex-valued blocks inside Fig. 7.3 now turn into more small
blocks. Because the value of o 4 jwe for a fictitious medium region is the same as
the original medium it belongs to, the additional interface brought by QMM cutting
does not introduce more frequency-dependent or complex-valued entries to matrix
A. Comparing Fig. 7.3 and Fig. 7.4, it’s found that QMM cutting only makes the
frequency-dependent block f»35,3 dispersed horizontally to be several strips. The
matrix reduction technique (condense matrix A before iterative solution) proposed
in Chap. 6 does not change the above observation, because it only equivalently
discards the u unknowns on top surface. In other words, the reduction technique
only condenses the equations for top medium 23.
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Even after the matrix reduction technique is applied, one has to solve for a
complex linear system (7.5) at each frequency. Solving the complex system at a
single-frequency point is already multiple times computationally expansive than
solving the real system. What’s more, solving at many frequency points are even
more expensive. The following section will introduce a two-step approach for much
more efficient multiple-frequency computation.

7.3.2 Perturbed Equation System and Its Efficient Solution

Equation (7.5) can be regarded as a perturbed equation system, with coefficient
matrix expanded from a frequency-independent real-valued matrix A,. For the
matrix A in Fig. 7.3, Ay is defined as

Ao=A, if fio=rin and fo3 = 123 (7.6)

where r, and rp3 are real constant values (e.g., —1). Then,
A=A,+UV (7.7)
where U is a sparse matrix with nonzero entries being a subset of those of Ay
and V is a sparse diagonal matrix (see Fig. 7.5). Note that matrix U is frequency

independent. Let

AoXo =B (7.8)
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be a real-valued linear system. Below we consider the relationship between the
solutions of (7.5) and (7.8).
The Sherman-Morrison-Woodbury formula [53] claims

(Ao + UV = A7 = A7'U(I +V7A;'0) VA, (1.9

provided A and (I + VTA; 'U) are invertible. Since V is a diagonal matrix and
A=A¢0+ UV,

X=A"'"B=A;'B—(4;'U)(I1+VA;'U)"'V(4;'B).  (1.10)

Therefore, the solution of system (7.5) can be derived from the solution to
(7.8). In other words, the frequency-dependent parameters can be obtained based
on the frequency-independent solution Xy. Since both Xy and Ay U are frequency
independent, they can be calculated one time and reused for whatever frequencies.

Therefore, the main task for solving (7.5) is to compute (I + VA oy~ 1vx,.
Note thatI + VA, 'U is complex valued and is of the same dimension as A. Trivially
computing it will make no sense.

However, I + VAy U is also highly sparse and has special sparse pattern. Now
these properties are taken advantages, in order to generate efficient algorithms to get
a+ VAalU)_ 'VX,. The following is how.

In A —Ay, the possible nonzero entries are at the positions corresponding
to interface unknowns ¢; refer to Fig. 7.5. For a simulated structure including
N; “physical” interfaces, there are exactly N; nonzero blocks in A — Ay if all r
parameters in (7.6) are set to be —1. Here “physical” interfaces denote those of
different o and/or €. A “nonphysical” interface is between two mediums of the same
o and ¢, for example, the fictitious interface induced by QMM. The corresponding
f parameter in Fig. 7.3 will be constant —1, which does not contribute any nonzero
entry to matrix A — Ay. The nonzero blocks in A — A occupy m columns, where m
is the number of elements on all the N; “physical” interfaces. Because matrix U has
the same sparse pattern as A —Ag, A, U has exactly m nonzero columns. As shown
in Fig. 7.5, the row indexes of nonzero diagonal entries in V are the same as the
column indexes of nonzero entries in A .

As a result, VA, U is a sparse matrix with m x m nonzero entries in N; X N;
blocks. Figure 7.6 shows the matrix I+ VA U for the three-medium example,
where N; =2. As it’s shown later, this is the most important feature that can be
used to reduce the computation of (I + VA; 'U)~ 'VX,.

Let My (1 <i, k<Nj) denote the nonzero blocks in I + VAJIU and form a
compact matrix M = [M ;i]y, xy,- Now let’s prove that inversing 1 + VA U is
exactly equal to inversing M.

Theorem 7.1 Computing (I + VA 'U)~! equals to inversing the m x m matrix M.

Proof Let W=M""'. Express W as the blocked form W = [Wikln, xn, - Then, fill
Wi (1 <i, k <Nj) into an identity matrix I according to the sparseness pattern of
I+ VA 'U. In this way, (I + VA, 'U)~ ! is generated by only inverting M.
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Fig. 7.6 Matrix I + VA 'U
and its compact form for the M, M,
example in Fig. 7.3

compact form

—— >

My | M)

This can be verified with the example in Fig. 7.6 (I}, I3, and Is denote three
identity matrices of appropriate sizes):

11 Il
M11 M12 Wll W12
I; . I; =1, (7.11)
My My Wau Wn
15 IS
For general cases, (I + VA 'U)™! can be constructed similarly. ]

Notice that what’s really needed is (I + VA 'U)~'VX,, not (I + VA; 'U)™!
itself. If the number of conductors is N., the dimension of Xj in (7.5) is N X N..
It’s easy to firstly calculate VXj, since V is a diagonal matrix. Then, solve the
linear equation with coefficient matrix I + VA U and right-hand side vectors VXj.
According to Theorem 7.1, (I + VA, 'U)~'VX, is actually solved indirectly by
inverting the much smaller matrix M, instead of the big I+ VA U itself. This
result is then multiplied by A 'U (N x N matrix with m nonzero columns) to get
desired X.

Now the most time-consuming part becomes solve real-valued system (7.8).
Let’s see how to accelerate it.

7.4 Efficient Technique for Solving the Real-Valued
System (7.8)

Because vectors B in (7.5) do not include complex numbers, (7.8) is a real-valued
linear equation system. It can be regarded as resistance extraction equation, when
all mediums are replaced by normal conductors.

Since both Ay 'B and Ay 'U are needed in (7.10), they are regarded as a single
linear system with enlarged RHS vectors P = [B U ] Blocked Gauss method can
perform better than the normal preconditioned GMRES algorithm [162].
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For brief introduction, let’s consider a 2 x 2 blocked equation:
D11D12i||:xl:| I:bli|
= . (7.12)
|:D21 Dy | [ x> b,

% (D2 = DDy Do) x2 = by — Do Dby
Dx; =b—Dx,.

Equivalently,
(7.13)

In other words, x, and x; can be solved in sequence. In this procedure, smaller linear
system with coefficient matrix D, and Dy, — DD 'Dyy (or updated Dyp) is
solved. For a general N, x N}, blocked equation, a similar deduction can be applied.
Note that D5, ™! in (7.13) is purely symbolic. The matrix inverse is never computed
explicitly, instead D»,~!C is obtained by solving equation Djjx =c¢, where ¢ is
either a column vector or a matrix including multiple columns.

Compared with the original Gauss elimination, the blocked Gauss method is
advantageous in that LU factorization is not done for the whole matrix but for
smaller diagonal block, like D ;. If many blocks in the coefficient matrix are zero, or
include a few of nonzero columns, the blocked Gauss method will introduce a lot of
efficiency benefits. At the same time, for a linear system with multiple RHS vectors,
the blocked Gauss method would perform better than the iterative equation solver,
because the LU factorization is done only once. On the contrary, iterative solvers
have to repeat for each RHS. So, the more RHS vectors the problem contains, the
more advantage the blocked Gauss method will show.

With the QMM technique and nonuniform element partition presented in Wang
et al. [162], matrix Ay becomes a blocked sparse matrix with small diagonal blocks.
Thus, the blocked Gauss method has high efficiency for solving the original linear
system.

7.5 Overall Algorithm Flow and Discussion

The algorithm flow of the two-step approach for frequency-dependent substrate
extraction is as follows:

Step One

1. Make QMM cutting, and form the discretized DBEM equations for the imaginary
structure. All r parameters in (7.6) set to —1.

2. Generate and condense the system (7.8) with the reduction technique [162].

3. Generate U from Ay; solve for Xo =A B, Xy =Ay ly by blocked Gauss.

Step Two
4. For each frequency, extract the Y parameters.

(4a) Form the sparse diagonal matrix V, and calculate VXj.
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(4b) Collect and assemble a small matrix M from I + VXy.

(4c) Solve a linear system with matrix M and the right-hand sides composed of
corresponding rows from VXj.

(4d) Reorganize the above solution to get (I 4+ VXy)'VX, as Theorem 7.1
directs.

(4e) Calculate X = Xo — Xy - (I + VXy)~ VX, and in turn the Y matrix.

Now let’s find the memory complexity. The first step runs only once for a given
substrate, where the major work is to solve a real-valued linear system with an N x N
coefficient matrix and N. + m RHS vectors, where m is the number of elements on
“physical” interfaces. Since the nonzero entries of Xy are in m columns, the extra
memory usage is O(N(N, + m)). The item (2) in the first step is optional and only
performed for the substrate model with planar contacts. In the second step, a m x m
complex-valued linear system with N. RHS vectors is solved for each frequency.
Since m is usually small, the frequency-dependent equation can be solved with LU
factorization.

Note that the two-step approach is based on the exact Sherman-Morrison-
Woodbury formula; therefore, it does not suffer any loss of accuracy.

Actually, the two-step approach has more applications. Since only the f in DBEM
matrix involve the physical properties of mediums (see Fig. 7.3), the stored X and
Xy can also be utilized for the extraction problem where only o or ¢ parameters
vary. This equals to fast extraction for structures with only frequency and/or medium
parameters changed.

7.6 Numerical Results

The proposed method is called as subRCbem in C++. The efficiency will be
demonstrated first, and then more validation cases follow. All experiments are run
on a Sun Fire V880 server with CPU of 750 MHz, unless indicated explicitly.

7.6.1 Substrate with 52 Contacts

Now let’s examine the typical 52-contact substrate again. Its structure is described
in Sect. 6.3.1, where the layout size is 128 um x 128 pm. The layout is combined
with a low-resistivity (LR) and a high-resistivity (HR) substrate profiles (see Figs.
3 and 4 in [102]). The extraction results of subRCbem are compared with those
of ASITIC [101]. In ASITIC, considering the Neumann boundary condition at the
magnetic walls, the Green’s function is expanded in cosine series. Thus, the fast
Fourier transform (FFT) can be applied to accelerate the summation of cosine series
[102]. The method implemented in ASITIC is described in Niknejad et al. [102] and
Niknejad and Meyer [103], and here it is referred to as the DCT-accelerated Green’s
function method.
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Fig. 7.7 Magnitude and phase of coupling admittance between contacts 26 and 52

Table 7.1 Efficient

. Program subRCbem  ASITIC

parameters for calculating HR

profile example # Contacts 52 52
# Panels 7252 483 860 4352°
Memory (MB) 60 24 32 310
PreCal Time (s) 421 556 571 656
Time (s) 9.0 1930 9000 N/A
#Parameters corresponding to the default mesh setting in
ASITIC

For this substrate with HR profile, the whole admittance (Y) matrix is extracted
at frequencies from 1 to 8 GHz. The coupling admittances between contacts 26
and 52 (two close contacts at the top-right corner) are depicted in Fig. 7.7. Both
results obtained with ASITIC and subRCbem show the same trends of magnitude
and phase. The discrepancy between them is within 4 % for phase and 15 % for
magnitude. These are also true for the other Y parameters.

The relevant computational parameters are shown in Table 7.1. “PreCal Time”
means the CPU time in the first step of subRCbem or the preprocess for generating
the Green’s function in ASITIC. Both preprocessing times are comparable. The
“Time” means the CPU time for a single-frequency point. subRCbem takes only
9.0 s at each frequency, once the first step was performed. On the contrary, the
computational time of ASITIC with its default mesh is too long to be obtained.
Coarser meshes must be set for ASITIC. Even with only 483 panels, ASITIC takes
1,930 s to finish a single frequency, which is 214 times more than subRCbem. Note
that the comparison is similar when the substrate is with LR profile.

Let’s analyze why subRCbem is so superior. Main reason is that only a small
linear equation system is solved at each frequency. With the techniques of QMM,
matrix reduction, and blocked Gauss solver, the preprocessing of subRCbem also
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Fig. 7.8 Elapsed CPU time of subRCbem and repeated BEM for multiple frequencies

runs very fast, even though the number of unknowns is pretty large. On the contrary,
ASITIC needs to build and solve (for each frequency) a complex-valued linear
system, preceded by extensive computation of Green’s function.

To further demonstrate the advantage, we compare subRCbem with the trivially
repeated BEM method [160]. The repeated BEM is also based on DBEM and
employs the technique of QMM and matrix reduction, but without the two-step
algorithm. Actually, it’s already optimized in term that it reuses the frequency-
independent entries of matrix A but solves the whole linear system (7.5) at each
frequency. For 20-frequency computing on a Linux sever with 3-GHz CPU, the
accumulated CPU time is shown in Fig. 7.8. The elapsed CPU time of repeated BEM
increases dramatically along with number of frequency points, because the linear
system solution is very computationally expensive but repeated at each frequency. It
is interesting that the time of subRCbem for 20 frequencies is even less than that of
the trivially repeated BEM for the first frequency. One reason is that the real-valued
linear system in subRCbem is solved efficiently with the blocked Gauss method,
while the trivially repeated BEM has to solve a complex-valued linear system. As
we know, complex floating numbers operate multiple times slower than real ones.

7.6.2 More Numerical Experiments

Another test case is a single-contact substrate in Niknejad et al. [102]. The DCT-
accelerated Green’s function method was also employed. The comparison between
subRCbem and the results from [102] is in Table 7.1. It’s clear that the maximum
discrepancy is only 2.0 %, which demonstrates good accuracy matching.

The last case is a substrate with noise reduction components, where two contacts
are surrounded by two components with buried materials, respectively. The effect
of noise reduction is evaluated with the resistivity of buried region changing. Since
the first step in subRCbem is only related with geometry parameters and need
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not be performed again while the resistivity changed, subRCbem consumes less
computational time for this simulation task. With the resistivity of buried region
decreasing from 0.12 -m to 5 x 107% © - m, computational results show that the
contact coupling impedance increases for orders of magnitude. This means, with the
conductive ability increasing, the noise reduction effect becomes prominent.

7.7 Summary

In order to efficiently compute coupling impedance of substrate at multiple to
many frequencies, a two-step approach based on DBEM is presented. The first step
basically equals to extracting substrate resistance, which is frequency independent.
The other is to modify the resistance solution to get impedance parameters at any
frequency, in a quick and exact way. Since the first step is done only once and
the second step is very quick, the overall efficiency is remarkable. What’s more, it
doesn’t suffer any accuracy loss due to its basement on the exact Sherman-Morrison-
Woodbury formula. Numerical results show that this method is hundreds of times
faster than a DCT-accelerated Green’s function method [102] while preserving
excellent accuracy.



Chapter 8
Process Variation-Aware Capacitance Extraction

Interconnect parasitic extraction, as a critical step in circuit design and verification,
is now facing the new challenges of process variations. The geometric variation
of interconnects has a great impact on parasitic parameters, which in turn greatly
affects circuit performance. It is estimated that RC extraction without considering
the process variations can cause error from 15 to 30 % in circuit performance
[116]. Therefore, process variations must be taken into account during the parasitic
extraction.

In this chapter, we present two works of capacitance extraction which take
the process variation into account. The first work accelerates the library-building
procedure for full-chip capacitance extraction. This is very useful to the corner-
based methodology considering the process variation and applicable to the current
commercial extraction flow. The second work models the spatially correlated
random process variations. With the statistical Hermite polynomial collocation
techniques, our method significantly accelerates the Monte Carlo method for the
chip-level capacitance extraction. The statistical capacitance extraction possesses
higher accuracy than the corner-based methodology. For the variations with larger
magnitude, the statistical extraction method should be used to avoid the overpes-
simistic results got from the corner-based method.

8.1 Motivation

Although a lot of field-solver techniques [180] have been proposed for accu-
rate capacitance extraction, they are still time-consuming and cannot replace the
pattern-matching-based full-chip extraction methodology. For full-chip capacitance
extraction, the geometric patterns of interconnects for a given technology are firstly
generated and extracted with accurate field solvers. Then, the analytical formulas
or lookup tables are generated to store the pattern capacitances [3]. This is the
library-building procedure [67]. At the stage of layout capacitance extraction, the
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interconnect structures are decomposed into small structures, each of which is
enclosed by a window. A procedure of pattern matching is carried out for each
window to get the capacitances with the analytical formulas or lookup tables.
With the capacitances of intra-window structures, the distributed RC circuit can
be generated for the subsequent timing analysis. Because of the locality property of
the electrostatic field, this methodology has moderate accuracy and is very efficient
for large-scale extraction tasks. Since a large amount of patterns are needed, the
library-building procedure is extremely time-consuming.

Recently, the variation of the process parameters, such as line width, thickness,
spacing, etc. [87, 90], caused by the uncertainties in silicon fabrication becomes
large. To take them into account, the capacitances corresponding to the structures
with the minimal value and maximal value (also called “corner”) of a process
parameter need to be calculated. This multi-corner consideration increases the
number of patterns for extraction for several tens of times. Therefore, how to
improve the field-solver algorithm to reduce the time for library building becomes
crucial. In Sect. 8.2, we propose an incremental boundary element method (BEM)
to tackle this problem.

Generally, the process variations on chip can be classified into systematic
variations and random variations [166]. The systematic variations are often pattern-
dependent and can be modeled with some deterministic methods [116, 197],
while the random variations need a stochastic modeling methodology. The random
variation is mainly due to process uncertainty and results in geometric variations
of on-chip interconnect and dielectric. Another important character of on-chip
variation is the spatial correlation [166]. The spatially correlated multivariate
Gaussian distribution is often assumed for the geometry parameter variations [41,
71,198, 201, 202].

For the statistical variation-aware parasitic extraction, a straightforward approach
is the Monte Carlo method, which suffers from huge computational cost with
thousands of stochastic samplings. A non-sampling method named FastSies was
proposed in Zhu et al. [198, 201] for variation-aware capacitance extraction.
However, this method only produces the mean value and standard deviation (Std)
of capacitance and is focused on the off-chip rough-surface effect. Another work
combines the Neumann expansion and Hermite expansion to model the variation-
aware impedance [41], mainly for off-chip interconnects with rough surface. These
statistical methods for off-chip capacitance extraction cannot be directly applied
to on-chip interconnect. The rough-surface effect is not prominent for on-chip
interconnect. The surface of on-chip interconnect is relatively smooth, and the
process variation has stronger spatial correlation. On the other hand, since the
capacitance extraction is followed by statistical circuit analysis, an explicit linear
or quadratic expression of the statistical capacitance is often necessary.

A number of statistical capacitance extraction methods have been proposed
for on-chip interconnects. Based on a 3-D BEM capacitance solver, a conversion
method was proposed in Jiang et al. [71] to generate a quadratic model for the
on-chip capacitance variation. Another method, the spectral stochastic colloca-
tion method (SSCM), was proposed in Zhu et al. [202] with the same on-chip
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Fig. 8.1 A portion of the chip-level interconnect layout, where a net and its neighbors for
capacitance extraction are highlighted. W, and Wy are two of the extraction windows

interconnect variation model. In Shen et al. [130], a spectral stochastic method using
the Hermite polynomial chaos is proposed to generate the quadratic capacitance
model. It only considers the first-order variation of potential coefficients, so that it
is efficient but not promising on the accuracy. Methods in Jiang et al. [71], Shen
et al. [130], and Zhu et al. [202] model the process variations as the fluctuation
of conductor surface panels. With this detailed variation model, the number of
variables d can be very large even after applying variable reduction techniques.
The methods generating quadratic capacitance models may have less computational
advantage compared to the Monte Carlo method, because their computational time
is O(d*) times of that for running 3-D field solver. Another deficiency of the existing
methods is that the adopted variation model does not consider the variations of wire
spacing, interlayer dielectric (ILD) thickness, etc. In Bi et al. [20], Labun [81], Qu
et al. [117], and Ren et al. [119], the methods for sensitivity calculation of on-chip
capacitance were proposed, most of which corresponds to a linear statistical model.
The method in Labun [81] is based on analytical formulas, while the others are
based on BEM or FEM. And, neither of them considers the spatial correlation.

It should be pointed out that except [81], all above methods are only able to
handle small structures. This constraint makes them not suitable for the chip-level
task of capacitance extraction. In actual chip-level capacitance extraction, each
signal net and its neighbor regions are partitioned into small window structures
(e.g., Wi and W, in Fig. 8.1), and each window is extracted separately [180].
With the extracted capacitances, the distributed parasitic circuit is generated for
the subsequent timing analysis or circuit simulation. If the total capacitance of
a critical net is needed, the capacitances obtained within the windows along it
need to be summed up [6, 134]. For each window, a field-solver or table-lookup
method is employed to extract the capacitances. To consider the process variations in
chip-level capacitance extraction, not only the statistical capacitance model within
the window is needed, but the spatial correlation of capacitances from different
windows should be considered. None of the existing methods considers the spatial
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correlation of capacitances for actual chip-level extraction. The total or coupling
capacitances of the whole net is called the full-path capacitance, in this chapter.

In Sects. 8.3 and 8.4, we present the statistical capacitance extraction techniques
to consider the on-chip spatially correlated process variations, based on a grid-based
variation model. A chip-level statistical extraction framework is proposed based
on the window partitioning strategy. For each window, the technique of Hermite
polynomial collocation (HPC), which is a generalized version of SSCM in Zhu et al.
[202], is used to generate the linear or quadratic stochastic capacitance model. Then,
the technique for calculating capacitance covariance between different windows is
proposed to consider the spatial correlation. Finally, the algorithm for statistical
modeling of full-path capacitances is proposed, which produces the mean value, the
standard deviation (Std), and the explicit expression of capacitance.

8.2 The Incremental BEM for Variation-Aware Capacitance
Library Building

The procedure of library building for capacitance extraction involves various
interconnect patterns describing the basic 3-D geometry structures. Figure 8.2 shows
a typical pattern, in which there are three metal layers and the line width (W),
spacing (S), and the density of conductors in the upper and lower layer (D) are
the pattern parameters. When changing these parameters, for example, W can have
values 0.2 wm, 0.4 pm, and 0.8 wm, and D has values between 0 and 1, a series of
patterns are generated. A 3-D numerical method is then employed to calculate the
capacitance of these interconnect patterns.

Below, we take the pattern in Fig. 8.2 as an example to present the incremental
BEM for variation-aware library building.
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Fig. 8.2 A typical interconnect pattern. (a) 3-D view and (b) cross-sectional view
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(1) Do the extraction of the original
pattern with direct BEM

parameter variation ——p|
Y

| (2) Modify the boundary element mesh |<—

!

| (3) Modify the coefficient matrix A |

!

(4) Based on the previous solution, find
an initial solution for the modified linear
system and use it as initial guess in the
preconditioned GMRES equation solver

{

(5)Are all process variation
combinations calculated?

Fig. 8.3 Steps of incremental method for extracting the pattern capacitances considering process
variation

8.2.1 Basic Idea

Three parameters with variation are considered. They are the line width (W), spacing
(S), and thickness (7T'), each of which varies from —10 % to 10 % with respect to
the nominal value. If three corner values (with variation ratio —10 %, 0, 10 %)
are considered, there are 33 =27 patterns generated from each original pattern.
Here we assume the three conductors in the active layer vary to the same extent.
If the conductors are considered individually, much more patterns will need to be
calculated in the variation-aware library-building procedure. Below, an incremental
method based on direct BEM [179, 181] is presented for this task.

Generally, there are five steps in the 3-D capacitance extraction with direct BEM:

. Load the process and layout data of a pattern.

. Generate the 3-D geometry structures of the pattern.
. Generate the boundary element mesh.

. Form the linear equation system Ax = f.

. Solve the system and get the result capacitance.

DA W=

If the process variation is considered, the calculation steps for the patterns derived
from an original pattern are shown in Fig. 8.3. The difference between the proposed
method and the straightforward method which just repeats the computation for all
derived patterns is on steps (3) and (4).
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|_| |_| |_| W changes |E| |—| |—|

Fig. 8.4 An example to show process variation and corresponding modification on the coefficient
matrix. (a) Line-width changes (cross-section view). (b) Corresponding modification on matrix

8.2.2 Modification of the Coefficient Matrix
and the Solving Technique

With the sorting approach proposed in Yu et al. [181], the discretized boundary
integral equations for all medium regions form a sparse coefficient matrix with
regular distribution of nonzero blocks. The entry in the matrix is an integral of a
source point-related function, on a boundary element. So, if the source point and
boundary element are not changed, the corresponding coefficient will not change.
As shown in Fig. 8.4a, only a small portion of geometry changes in the varied
pattern. Therefore, the coefficient matrix for the original pattern can be reused with
just modifying the entries corresponding to the changed boundary elements. With
suitable arrangement, these modified matrix entries are located in the blue regions
in Fig. 8.4b, where n is the dimension of the matrix and p and g are the numbers of
columns and rows of the downright nonzero block, respectively. m is the width of the
blue bands, whose value equals to the number of changed boundary elements. It is
revealed that the modification of coefficient matrix is very limited, and a lot of time
will be saved if only the changed matrix entries are calculated for the varied patterns.

Solving linear system Ax =jf is another time-consuming step. And, the value
of initial guess largely affects the convergence rate of the preconditioned GMRES
solver. An effective strategy is proposed to choose the initial value, which consists
of two steps:

* Choose the solution of the linear system of the original pattern as xé).

* According to the difference between the original pattern and the varied pattern,
make a heuristic modification to xé). This gives the initial value x( for solving the
linear equation system corresponding to the varied pattern.
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Table 8.1 The parameters for the three patterns in experiments

Pattern no. Pattern parameters (jum) # boundary elements # conductors
1 W0.20_S0.21_DO0.5 3,997 47
2 W0.80_S0.80_D0.7 5,923 61
3 W1.20_S4.00_D1.0 9,157 85

Table 8.2 Computational results of the three patterns with variations on single parameter

Ratio of changed
Parameter boundary

Pattern no. variation Time #y (s) Time #; (s) elements (%) Speedup ty/t; Error (%)

1 W+10%  9.56 2.36 8.4 4.05 —0.11
(38) (11)

2 W+10% 19.71 4.1 4.8 4.81 —0.08
41) (11)

3 W+10%  61.59 11.78 35 5.23 —0.15
(54) (13)

1 S-10 % 9.6 2.34 5.6 4.10 —0.05
(38) (11)

2 S-10 % 19.84 3.86 3.1 5.14 0.07
41) (10)

3 S-10 % 61.8 12.42 2.0 4.98 —0.12
(54) (14)

1 T+ 10 % 9.55 2.05 2.0 4.66 —0.09
(38) 12)

2 T+ 10 % 19.94 3.81 1.2 5.23 0.09
(42) (11)

3 T+ 10 % 61.77 11.12 0.9 5.55 0.01
(55) (13)

The same problem was considered in Ye et al. [173], where a generalized
Krylov recycling method was proposed to accelerate the iterative GMRES solution
procedure. The results had shown that the method in Ye et al. [173] achieved a
speedup of 5X-30X for solving multiple-related linear equation systems arisen from
building the capacitance libraries.

8.2.3 Numerical Results

Three patterns with structure in Fig. 8.2 are used for numerical experiments. The
pattern parameters are shown in Table 8.1; for example, “W0.20_S0.21_DO0.5”
means the line width is 0.2 pm, the line space is 0.21 pwm, and the density in the
upper and lower layer is 0.5.

For each pattern, only one of the three parameters (W, S, T) varies and the
other two kept unchanged. The corresponding computational results are shown in
Table 8.2, where f; is the computing time for the original pattern and #; is the time
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for the pattern with variation. From the table we can see, the computing time of
our method is about 1/5 of that by computing directly for the varied pattern. At the
same time, the computational error is less than 0.2 %. The numbers in the brackets
are the iteration number, which shows the initial value in our method accelerates the
GMRES convergence greatly.

In practice, a series of patterns with the variation of several parameters need to
be considered. For each of the three parameters (W, S, T), if five corners of variation
(=10 %, =5 %, 0 %, 5 %, 10 %) are considered, there are 125 patterns derived
from the original pattern. How to arrange the order of calculating these patterns is
important. Our strategy is to make the difference between two sequential patterns as
small as possible. For example, the variation combinations on three parameters can
be ordered as a sequence like (0 %, 0 %, 0 %) — (5 %, 0 %, 0 %) — (10 %, 0 %,
0 %)— (10 %, 5 %, 0 %) — (10 %, 10 %, 0 %) ....

We have done the experiment of calculating the series of varied patterns, based
on the second pattern in Table 8.1. Among the whole 125 patterns in the sequence,
only the first one is calculated with the original BEM, while the others are calculated
with the incremental BEM. The total time spent by our method is 425 s, while
2463 s are needed if simply repeating the original BEM. It should be pointed out
that the speedup ratio in this experiment is larger than those in Table 8.2, because
the variation gap (5 %) is smaller which results in fewer elements changed between
two adjacent computations.

8.3 Preliminaries of Variation-Aware Statistical
Capacitance Extraction

In this section, we firstly introduce the grid-based stochastic model for the on-chip
process variations. Then, the Hermite polynomial collocation method for statistical
capacitance extraction is presented.

8.3.1 Grid-Based Process Variation Model

Figure 8.2b shows the cross-sectional view of an interconnect structure for extrac-
tion. This structure can be characterized with several geometric parameters, and
most of them are subject to process variation. From the capacitance extraction point
of view, the variability of these geometric parameters is the cause of capacitance
variation. So, we refer to these parameters as variation sources. In this example,
the wire width, wire spacing, wire thickness, and ILD thickness are the variation
sources. A geometric parameter F can be expressed as

F=F+F,+F, 8.1)
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Fig. 8.5 A nonuniform grid
for on-chip variation
modeling

where Fy, Fs, and F, denote the nominal value, systematic variation, and random
variation of F, respectively. With the systematic variation determined [116, 197], F
can be regarded as the sum of a nominal value and a zero-mean random variable F,,
which is the main factor considered.

For the random variation, an important feature is spatial correlation [166]. One
model for variation with spatial correlation involves a set of grid cells imposed
on the whole chip area. The chip is dissected into grid cells of different sizes,
and the random process variation is considered the same within each cell. The
way of gridding can be decided with the knowledge of manufacturing process.
For example, Fig. 8.5 shows a gridding scheme, where the center grid cells are
coarser than those at boundary [166]. The random variable F, may have different
Std at different grid cells and is spatially correlated among the cells. The spatial
correlation is characterized by the covariance between two variables from the same
source. As in Jiang et al. [71], Zhu et al. [198], Zhu and White [201], and Zhu et al.
[202], we assume the joint spatial variation of the same physical parameter follows
a multivariate Gaussian process with respect to their physical locations on the chip.
Then, the correlation function between cell i and cell j is

2
pij = exp (—)‘r),- _ _r’j‘ /nz) , (8.2)

where 7 is the correlation length and the positions Fiand 7 ; are of the center
points of cell i and cell j, respectively. The covariance between variables F; in cell i
and Fj in cell j is given by

cov (F,-, Fj) = 0i jOF,0F;, (8.3)

where oF, and oF; are the Std of F; and Fj, respectively. Other models of the
geometry variation and the technique to extract the spatial correlation can be
found in Xiong et al. [166]. Note that different variation source may have different
variation Std and correlation length, as well as the grid setting.
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Different extraction windows, such as W, and W, in Fig. 8.1, often involve
geometry variables from the same source. So, there exists covariance of capacitances
from different windows, which is the result of the spatial correlation.

8.3.2 The Hermite Polynomial Collocation Method

For statistical circuit analysis, it is desirable to express the variational capacitance
as a stochastic function with respect to random variables. For various applica-
tions, the first-order (linear) or second-order (quadratic) capacitance expression is
employed. In Jiang et al. [71], a conversion method was proposed for statistical
capacitance extraction. This method is based on the system equations derived from
BEM [99]:

Pq =, (84)

where P is the potential coefficient matrix and ¢ and v are panel charge distribution
and potential vectors, respectively. The conversion method first formulates a second-
order expression for the coefficient matrix P and then converts it to the expression
of g by solving the perturbation equation:

(P +AP)(q + Aq) =v. (8.5)

In Jiang et al. [71], the second-order Taylor expansion is used for the stochastic
representation of P, and finally the quadratic capacitance expression is obtained.
The conversion method includes invoking O(d?) times of nonstatistical capacitance
extraction for the quadratic model, where d is the number of independent variables.

Different from the Taylor expansion, the homogenous chaos expansion expands
a stochastic function f(&) with

d d i
FE) =ao¥’ + D a W E)+ )Y ann Yy En) + - (8.6)

i1=1 i1=lir=1

where & =[£1,§,, ..., Ed]T is a set of independent random variables and Wi stands
for an orthogonal polynomial with the ith order. If the random variables follow
the Gaussian distribution N(0,1), the Hermite polynomials are used, whose general
expression is [113]

ok 1<
k (g, k— 1t 2
W (&, ... &) = exp E & 8$f1...8§ik exp 2]§=1g,j (8.7)

j_l
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Specifically, the Hermite polynomials below order 3 are
V=1, W& =& V(5.5)=6E 8, (8.8)

where §;; is the Kronecker delta function. The Hermite polynomial expansion
is guaranteed to converge for any Gaussian random process with finite second-
order moments [48]. Moreover, the Askey principle [167] shows that the expansion
has the optimal convergence rate. In El-Moselhy and Daniel [41], the Hermite
polynomial expansion is used to substitute the Taylor expansion for representing the
coefficient matrix. Based on the Hermite polynomial expansion, a spectral stochastic
collocation method (SSCM) was proposed for the quadratic capacitance model
[202], which does not deal with the expansion of the coefficient matrix P. The
SSCM has the same order of computational complexity as the conversion methods
but achieves higher accuracy.

The SSCM in Zhu et al. [202] combines the Hermite polynomial expansion
and the spectral collocation method. It is based on a variation model considering
the fluctuation of conductor surface panels, and thus the BEM-based nonstatistical
capacitance extraction and the techniques reducing the number of random variables
are involved. Here, we adopt the idea of combining the Hermite polynomial
expansion and the spectral collocation method, which is referred as Hermite
polynomial collocation (HPC) method hereafter.

Suppose the statistical capacitance C(&) is expanded with the Hermite polyno-
mials. If the terms with order larger than k are truncated, and the polynomials are
consistently labeled in ascending order, we have

M
CE) =) aWi(®), (8.9)

i=1

where V; is the ith Hermite polynomials after the ordering and the number of terms

C(d+k\_ (d+h)
M—( k)_—k!d! . (8.10)

Specifically, the zero-order Hermite polynomial is W = W = 1.
The Gaussian-weighted inner product is defined as

<X,Y>7>=E(XY)=/_ /_ X (E)Y ()P (£)dE ... dEg,  (8.11)

where E(-) denotes the mathematical expectation and P (&) is the probability density
Sfunction (PDF) of the following multivariate Gaussian distribution with independent
N(0,1) components:
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1\ 14,
PE) = (E) exp —EZ;. : (8.12)

i=1

Based on the definition in (8.11), the Hermite polynomials are orthogonal to each
other:

<V (§),Y; (&) >p =hidi;. (8.13)
Here h; is a positive constant, and
hi =< W; (§).9; (§) >p = E (V] (§)). (8.14)

With the spectral collocation method, the coefficients in (8.9) are evaluated with
Zhu et al. [202]

_<C@E.Yi@E)>p <C(E).Vi(E)>p

W@ Y E) h;

According to (8.11),

=1,....,M. (8.15)

oo

<C<s),wi(s)>p=/ / CE) W )P E)dEr...dEs. (8.16)

—00 —

The integral can be calculated with the technique of Gaussian-Hermite quadra-
ture [113]. For one-dimensional (1-D) integral, the Gaussian-Hermite quadrature
utilizes the formula

+o00 !

FyP@dr =Y wl £ (+"), (8.17)
) =0

where xj(.l) and w}l are the level-/ collocation points and corresponding weights,

respectively, which can be obtained with the method in Press et al. [113]. The
level-I Gaussian-Hermite quadrature achieves degree 2/4-1 of exactness. We
define the set of collocation points for d-dimensional polynomial as ®’; and the

corresponding weight as W' and then for 1-D integral, we have @’1 = {x(l) . ,xgl) }

)

and Wl1 = {wg) , ...,wy) }. A straightforward approach to compute @5 and Wﬁ,
is to use collocation points obtained from the direct tensor product of ®Zl’s for
all dimensions. However, it suffers from the “curse of dimensionality,” i.e., the
number of collocation points increases exponentially with respect to the dimension
number d.

To improve the computational efficiency, the number of collocation points can
be reduced with the sparse-grid quadrature [104]. For 1-D integral, the sparse-
grid technique is the same as the Gaussian-Hermite quadrature. While for the
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d-dimensional integral (8.16), the collocation point set ®% for the sparse-grid
technique is constructed from a combination of tensor products of @’1 ’s with level [
less than k:

o= U (0 x--x0l), (8.18)
k+1—d <l|i|<k

where x indicates the tensor product, |i| =) ]4: 11> and k is the level of accuracy.
The corresponding weights are

d—1)\ ¢
(i1,enig) _ k—i| - (im)
Wiy = 1 (k - |i|)’£[1 Wi (8.19)

where w(»’;_"’) is the Gaussian-Hermite weight for 1-D integral and 0 < j; < iy,

m=1, 2,m. .., d. It is proved that the level-k sparse-grid quadrature has degree
2k + 1 of exactness, the same as the Gaussian-Hermite quadrature [104], and the
number collocation points

~2kd"—0d" 2
NME =0 (d"), (8.20)

which has much lower complexity than the multidimensional Gaussian-Hermite
quadrature.
Once the collocation points and weights are determined, (8.15) becomes

N.—1
. () eW)
Sel)ue)

hi '

¢ (8.21)

where £ and w; stand for the collocation points and corresponding weights for
the d-dimensional sparse-grid quadrature, respectively. Since £¥) is a deterministic
quantity, C(§) can be calculated with a nonstatistical capacitance solver.

8.4 Chip-Level Statistical Capacitance Extraction
Considering Spatial Correlation

For chip-level capacitance extraction, the window technique is necessary to limit
problem size. In this section, the techniques for statistical chip-level extraction are
proposed. They are based on the grid-based spatially correlated variation model
and assemble the covariance of capacitances from different windows to obtain the
statistical full-path capacitance. Both linear and quadratic capacitance models are
considered.
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8.4.1 Intra-window Capacitance Extraction
with the Grid-Based Variation Model

The HPC method is employed to generate the statistical capacitances for each
intra-window structure. With the grid-based variation model, we ignore the detailed
random fluctuation of conductor surfaces, so that unlike [71] and [202], the BEM is
not necessary to be used. In the HPC-based extraction, the C(’g(i)) can be obtained
with any nonstatistical capacitance solver, even the most efficient table-lookup
method [3]. This is a prominent advantage of the HPC technique for the grid-based
variation model.

We further give three remarks regarding the sparse-grid-accelerated HPC tech-
nique used in this work.

Remark 8.1 If the approximation (8.9) is an order-k polynomial, the integrand in
(8.16) is a polynomial with order 2k. Thus, the sparse-grid quadrature of level k is
accurate enough for generating the order-k model of statistical capacitance, due to
its degree 2k + 1 of exactness. For the linear and quadratic capacitance model, the
level 1 and level 2 sparse grids are therefore employed, and they have 2d + 1 and
2d? + 3d + 1 collocation points, respectively.

Remark 8.2 The numbers of collocation points for the d-dimensional Gaussian-
Hermite quadrature are 2¢ and 3¢ for the linear and quadratic capacitance models,
respectively. It is easy to find out that if the number of variables d is less than 3,
the number of collocation points for sparse-grid quadrature is larger than that for
Gaussian-Hermite quadrature. For example, if d =2, the point numbers are 5 and
14 for level 1 and 2 sparse-grid quadrature, respectively. In contrast, the Gaussian-
Hermite quadrature only needs 4 and 9 points. In this case, the Gaussian-Hermite
quadrature is preferred.

Remark 8.3 The set of sparse-grid points generated with (8.18) and (8.19) may
contain some identical points with different weights. For example, the level 2 sparse
grid for 3 variables contains 4 instances of point (0, 0, 0). Realizing this can reduce
the times of invoking nonstatistical capacitance extraction.

To use the HPC method for the intra-window extraction, a preprocessing step
must be performed in advance, to convert the correlated variables to independent
variables. This is because the generation of variation grid is irrelevant to the partition
of extraction window. So, a window may overlap more than one grid cell, which
produces correlated variables.

Theorem 8.1 For a set of correlated Gaussian variables &, if the covariance
matrix An(¢) = LL", then § =L~ '¢ is a set of independent variables with N(0,1)
distribution.
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variation grid boundary

> e

wid, wid,

Fig. 8.6 An example for variable preprocessing

Proof According to the definition of covariance matrix,

An(§) = E{l§— E@®)1§ - E @)}
= E{[L7s—ELT)I[LT - E (LY}
= E{LT - EQ@I - E@)"L™"]

=L E{g-E@IE-E@I"}-L7T
=L An()-L7"

=L'LL'L™"

=1.

Since the covariance matrix of & is the identity matrix, £ is a set of independent
variables with N(0,1) distribution. |

The Cholesky factorization can be performed to decompose the covariance
matrix of process variations, which is always symmetric positive definite in nature.
With the Cholesky factor L, we can relate a set of correlated Gaussian variables §
to a set of variables & with N(0,1) distribution as stated in Theorem 8.1.

In practice, the variables are divided into subsets according to the variation source
they belong to. Each subset of variables is processed separately. With the Cholesky
factorization performed for each subset, the resulting lower triangular matrices are
then combined along the diagonal to get the overall factor matrix L.

Figure 8.6 gives an example for a simple layout, where we assume the widths of
two wires are the only variation source and the variation grid yields three variables.
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Suppose wid; and wid, have the Std of o, and o0, respectively, and the random
variables ¢ and ¢, have correlation coefficient p; ,. With the Cholesky factorization,
we have

cov (¢1,8) = o2, [ ! "”} = LLT,
P£1,2

1
1 0
where L = 0, > |- Therefore,
P12 4/ 1 —pi,
& Ol 0 0 £
=18 |=]| owpz owy1—pi, 0 & | = L§. (8.22)
83 0 0 o, &

With (8.22), we translate the HPC collocation point for the independent variable
& to the value of actual geometry variables . Then, with (8.21) and a nonstatistical
capacitance solver, the coefficients of the Hermite polynomial expansion are
obtained. Suppose the kth capacitance inside window i is represented by

M;
Cix = Zj=lci,k,j“pj &w) (8.23)

where & ;) denotes the vector of independent variables for window i. The mean value
and variance (the square of Std) of C; are

E (Cix) = cika

DCp = B[ HE @] = e, O

The algorithm for statistical capacitance extraction within a window is as follows.

Algorithm 8.1 Intra-Window Capacitance Extraction (W;)

Preprocess variables within window W;, to get the Cholesky factor matrix L;, relating the
physical variables & ; to a set of independent variables & ;);
Generate sparse-grid collocation points {£%} for & .
For each £V
Convert §9) to physical variable values ¢ with (8.22) and construct a sample geometry
structure.
Solve the sample structure to get sample capacitances C;(§%).
EndFor
For each desired capacitance C;
Evaluate the coefficients c;;; in (8.23) using (8.21).
Evaluate the mean value and variance of C;; with (8.24).
EndFor
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8.4.2 Calculation of Inter-window Capacitance Covariance

The capacitances from different windows may be correlated, due to the spatial
correlation of geometry parameters. Suppose the intra-window capacitance is
expressed by (8.23), the covariance of capacitances can be evaluated according to
the linearity of covariance:

M;

M]
cov (C, i, C Z Zc, k.pCil, qcov » (S(i)) W, (5(/‘))]’ (8.25)

p=lg=1

where C;; and Cj; are represented by M; and M; Hermite polynomials, respectively.
&) and & ;) are the variable sets in windows i and j, respectively. Now, the problem
becomes calculating the covariance between two Hermite polynomials.

The Hermite polynomials with order below three are given in (8.8). The zero-
order polynomial W, is a constant and orthogonal to any other polynomial. So, the
covariances between W and other polynomials are all 0. Thanks to the symmetry
of covariance, the polynomial pairs in (8.25) are of six types if the quadratic model
is considered:

cov (§iyas £Gj)p)
cov (E -1, 5(,);; )
cov (S (i)a (z)ug(/)bémd)

cov (g )a,gmb )

cov (S (i)as g(j)bé(])d)

cov (Ef,-)a - L é‘(j)b&j)d)

(8.26)

Here the subscripts a and ¢ indicate different variables for window i, and b and d
indicate different variables for window j. Except for cov(§a, §(»), each type of
covariance should be expressed with the covariances of variable pairs. Note that
if only the linear capacitance model is considered, only the first term in (8.26) is
present.

Before introducing the technique for calculating the covariances in (8.26), we
present the following theorem.

Theorem 8.2 If W, and W, are two Hermite polynomials of random variables with
N(0,1) distribution, and neither of their orders is O, then

cov (¥, W,) = E (¥,¥,). (8.27)
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Proof According to the definition of covariance,
cov (¥, W) = E (¥, W) — E (V) E ().
Due to the orthogonality of Hermite polynomials,
E (\IJ,,) =E (\pr\lfl) =<V, ¥>p =0, p>1

So, (8.27) is proved. |

The following theorem converts the covariances in (8.26) to the covariances of
single variables.

Theorem 8.3 If &) and & are the independent variable sets for windows i and j,
respectively, then

cov (Sé)u — L&y — 1) = 2 cov(§as o) (8.28)

cov (§iyaires EGpéia) = cov (§ayas Ep) cov (Ewres Eja)

+ cov (Eqya- €1a) cov (§ire- §Gn) - (8.29)

cov (£ €y — 1) = 0. (8.30)

cov (&yas £ pE(jHa) =0, (8.31)

cov (Eff)a ~ 1, S(j)bi"(j)d) = 2cov (Eiya- §Gpn) ooV (Eiya- Eya) . (8.32)

where a and c are different variable indices for window i and b and d are different
indices for window j.

Proof According to Theorem 8.2, the covariance equals to the mean value of
two polynomials’ product. Then, utilizing the properties of N(0,1) distribution and
handling the special situation where variables from different windows are identical,
the theorem can be proved. The complete proof is given as Appendix 8.A. ]

With Theorem 8.3, the covariances of Hermite polynomials in (8.25) are all
expressed in terms of the variable covariances. Two variables in the independent
variable sets £(; and &;, say £, and &, can be independent or correlated. If
the two variables are associated with different physical variation sources, they are
independent (covariance is 0). Otherwise, they are correlated. On the other hand, if
the two variables represent the same physical variable, they are identical and their
covariance is just 1. This scenario is illustrated with Fig. 8.7, where £(;, is identical
to £2)1 since they are both converted from ¢, in the preprocessing step.
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Fig. 8.7 An example to show W,
that variables from different
windows may be identical. g 3 5(2)2
The physical variables for il Ity - -- variation grid boundary
width variation are labeled to
the left of the wire, while the
converted independent 4/2 5(2)1
variables are to the right. £y
in W is identical to £(3); in

W,, since they both equal to

$alos ¢ 5(1)2

RN P — - N - - variation grid boundary

The relationship between the independent variables and physical variables are
Eiy=L7"¢w &) =L7'¢() (8.33)

where L; and L; are the Cholesky factor matrices for window i and j, respectively.
For two correlated variables &, and &(;,, we then have

cov (Eyas Ejyp) = cov (Z Ziasiis: Zgj,b,tfu)r)
S t
=D 8ras&inacoV (Ciys: Eiiy) - (8.34)
S t

where g; s and g;;; denote the matrix entries of Li_1 and L7 1, respectively. Since
both ), and {(;, are physical variables, cov({, () can be easily calculated
according to (8.3) in Sect. 8.3.1.

8.4.3 Complexity Analysis of the Inter-window Calculation

To calculate the inter-window capacitance covariance in (8.25), there are two steps
of work. The first step is calculating and storing the covariances of two variables
from different windows with (8.34). The other step is evaluating (8.25) with the
stored variable covariances and Theorem 8.3. Below we analyze the computational
complexity for both steps in turn.

Assume there are p variation sources. For example, p = 6 for the configuration
shown in Fig. 8.2b. Suppose window i overlaps «; variation grids for each variation
source, on average. Therefore, the total variable number in window i is d; = pa;, and
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each variation source corresponds to ¢; variables. Accordingly, the total variable
number in window j is denoted by d}, and d; = pa;, where «; is the average number
of variation grids overlapped by window j.

Calculating and storing the covariances of two variables from window i and j
involve all nonzero pairs of {cov(§(a, §¢w), 1 <a<d; and 1 <b <d;}. According
to the independence of variation source, the number of covariances is at most po;«;.
Each one is calculated with (8.34). The L; and L; are block diagonal matrices due
to the independence of variation source, and the blocks in them are of size «; and
aj, respectively. Therefore, the twofold summation in (8.34) at most involves «;
and «; nonzero items, respectively. The time complexity for calculating (8.34) is
about O(«;«;). The total time complexity for calculating and storing the variables
covariances is about O(paje;).

We remark that the inversing of L; and L; needed for (8.34) can be performed
on 2p matrix blocks, due to the block diagonal structure of the both matrices. The
time complexity for inversing L; and L; is O(pa; + po:;), which is controlled by the
complexity of calculating the variable covariances.

The second step is calculating (8.25). Due to Theorem 8.3 and the independence
of variation sources, not all items in the twofold summation in (8.25) should be
calculated. We only consider the covariances of polynomial pairs with nonzero
value. They can be classified into the following four groups, according to the type
of the two polynomials:

1. Two polynomials are in the forms of &(;), and &;,.
The number of this kind of nonzero covariances in (8. 25) is about po;a;.

2. Two polynomials are in the forms of 5(2,-)“ 1 and &2 Gb
According to (8.28), this type of covariance is nonzero if and only if
cov(£ya> Ep) is nonzero. The number of this kind of nonzero covariances is
about pa;;.

3. Two polynomials are in the forms of E(Zl.)a—l and §;p€ja or Enabi and
EGpp— L.
According to (8.32), this type of covariance is nonzero if and only if all the
involved variables are associated with the same variation source. The number of
this kind of nonzero covariances is about pociozjz/Z + pozl.zoz il2.

4. Two polynomials are in the forms of &;),&()c and &€ (jya-
According to (8.29), if the involved variables are all from the same variation
source, this type of covariance is nonzero. Otherwise, it is nonzero only if
{Eyas EGpy and {EGye, Eya) are of the same variation source, respectively, or
{€Gyas Eha} and {EGye, G} are of the same variation source respectively. The

p, 5 pza?af

number of this kind of nonzero covariances is about +

Below we summarize the computational complexity for linear and quadratic
capacitance models, respectively:

1. Linear Capacitance Model: In the second step, all the polynomials are in the
forms of £(;, and &(;,. Thus, the overall computational complexity is that of the
first step, O(pozzaz)
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Fig. 8.8 The correlation coefficient decreases exponentially with the normalized distance

2. Quadratic Capacitance Model: In the second step, the number of nonzero
covariances of polynomial pairs is dominated by O(pza%af). Each polynomial
covariance is calculated with the simple expression of (8.28), (8.29), or (8.32),
where the variable covariances have been calculated in advance. So, the total
time complexity for the second step is O(pzaizaf), which is also the overall
computational complexity.

For comparison, we consider the product of variable numbers in both windows,
which is did; = p>a;e;. Assume that o; and «; are small numbers, which means the
extraction window is not much larger than variation grid cell. It is realized that the
computational complexity of calculating an inter-window covariance approximates
O(d;d)), for both linear and quadratic models. With the sparse-grid-accelerated
HPC method, generating the statistical capacitance model for window i involves
O(d;) and O(diz) times of nonstatistical extraction, for linear and quadratic models,
respectively. Because each nonstatistical capacitance extraction has time complexity
much higher than d; operations, the inter-window calculation is much faster than the
intra-window capacitance extraction.

The above analysis only considers a pair of windows. Due to the fast attenuation
of the correlation function, we can ignore the covariance of two variables physically
far away from each other. This will reduce the window pairs considered in the
inter-window calculation. Figure 8.8 shows the attenuation of the typical correlation
function (8.2), with the variable distance increasing. According to Fig. 8.8, the
correlation coefficient decays to about 10™* when the distance between two grid
cells is 3. Therefore, it is safe to discard the window pairs with distance larger than
3n, which results in a sparse covariance matrix for the distributed capacitances.
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8.4.4 Statistical Model of Full-Path Capacitance

For full-path capacitance extraction, the total capacitance of a critical net and its
coupling capacitances to neighbor nets are calculated by assembling the capac-
itances from related windows [134]. To emphasize the treatment of statistical
capacitance model, we only consider a simple assembling technique, i.e., the full-
path capacitance is simply the sum of related window capacitances. This assumption
does not prevent the proposed method from collaborating with other windowing
techniques.

Along a critical net k, we generate the extraction windows. We use S(k) to denote
the set of these windows’ indices, and S(/) C S(k) is its subset indicating the windows
containing a neighbor net /. For each window, Algorithm 8.1 is performed to obtain
the total capacitance of net k and its coupling capacitances. Suppose in window i,
the local index of net k’s total capacitance is 1(i,k,k), while the local index of the
coupling capacitance between net k and net [ is I(i,k,/). With our assumption, the
coupling capacitance between net k and [ is

Cri = Z Ci 1k (8.35)
ies(l)

If I =k, (8.35) becomes the total capacitance of net k:

Cew =Y Cittri (8.36)
i€S(k)

The mean value and variance of capacitance (:‘k,l can be calculated with

E (ék,l) = Z E(Cirixn). (8.37)
ies()

D(Cy))=D Z Cirikn | = Z D (Cirixn)

ieS() ies() (8.38)

+2 Z cov (Cisixny Ca(ian)-
ijeS),i#)

Thus, substituting the mean values and covariances calculated with (8.24) and
(8.25), we obtain the mean value and variance of the full-path capacitance.

Considering the attenuation of correlation function, we can ignore the covariance
item representing two windows far from each other. This will reduce the number of
capacitance covariances and thus the expense of calculating (8.38).
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To obtain the explicit expression of capacitance, the random variables in the
related windows must be merged to get an overall independent variable set &.
Without loss of generality, we assume a full-path capacitance:

Ny

Ci=> G, (8.39)

i=1

where C; stands for statistical capacitance expression in window i and shows how
to obtain the explicit capacitance expression for C,.
For each window i, we have

¢o = Likg), (8.40)

where § ;) is the physical variables and L; is the Cholesky factor matrix. Suppose
all {¢), 1 <i<N,} are merged to form an overall physical variable set {. The two
quantities have the following relationship:

$iy=Ji¢, (8.41)
where J; is a d; x N adjacent matrix, which is very sparse, and N is the dimension

of {. With Theorem 8.1, the overall independent variable set can be generated, and
we have

¢ =LE, (8.42)

where L is the Cholesky factor and An(¢) = LLT. With (8.40) and (8.42), we derive

£, =L7'JLE. (8.43)

Note that N may be less than the sum of the dimensions d; of {;, if there are some
variables shared by different windows.

In window i, the intra-window statistical capacitance C; can be written in the
general second-order form:

Ci=c+ a;'rs(i) + §(T,~)Ai§(i)s (8.44)
where c; is the zero-order coefficient, a; is the vector with the first-order coefficients,
and A; is the matrix with the second-order coefficients. Substituting (8.43) into
(8.44) yields

Ci=c¢; +b&+&BE, (8.45)

where

bi=aL;'J;L and B;=L"J/L;"A;L7'J,L. (8.46)
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And the quadratic model of C, is then obtained:

Ny, Ny Ny
e (Ea)een(Sa)e an

i=1 i=1 i=1

Note that the second-order terms in (8.47) will be dropped if only the linear model is
needed. Because the matrices L ' has been generated for inter-window calculation,
the Cholesky factorization for L is only performed once, and the dimensions of
matrices in (8.46) are not very large, it will not consume much time to calculate
(8.46) and (8.47). Once the explicit expression of the statistical full-path capacitance
C’X is obtained, its PDF or the cumulative distribution function (CDF) can be derived
with the technique of characteristic function [71].

Finally, we give the algorithm description for the statistical full-path capacitance
extraction.

Algorithm 8.2  Full-Path Capacitance Extraction (Net k)

Partition extraction windows along net k, and get S(k).
For each window W;, i€S(k),
Run Algorithm 8.1: Intra-Window Capacitance Extraction (W;).
EndFor
For each neighbor net / of net k, or =k,
For each pair of i,j€S()),
Compute cov(C;j x> Ciigrn) With (8.25) and the technique in Sect. 8.4.2.
EndFor
EndFor
For each desired full-path capacitance of net k,
Get the mean value and variance of full-path capacitance with (8.37) and (8.38).
If desired, derive the explicit capacitance expression with (8.47).
EndFor

8.5 Experiments of Statistical Capacitance Extraction

Several interconnect structures with window partition are tested with the proposed
method for statistical chip-level capacitance extraction. For simplicity, the windows
are partitioned to be nonoverlapping, and the variation grid is the same for different
variation sources. The Monte Carlo (MC) simulation with 10,000 samples is per-
formed, whose results are regarded as the golden values, as in Jiang et al. [71]. The
proposed method is implemented with MATLAB, which generates the deterministic
sample structures and calculates the statistical intra-window capacitances and full-
path capacitances. The FastCap 2.0 [97, 99] is used to extract the sample structures
for each window. All experiments are carried out on a Linux server with 3GHz CPU.
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Table 8.3 The computational results for the first case

Total cap err. Coupling cap err.
Model Collocation points Time (s) Mean (%) Std (%) Mean (%) Std (%)
Linear 7 4.18 —0.10 —1.00 —0.06 —1.31
Quadratic 25 15.0 —0.03 —0.66 0.04 —0.70

8.5.1 Simple Cases with Parallel-Line Structure

The first case, containing two parallel lines dissected by ten windows evenly, is
used to demonstrate the efficiency of the proposed method and the necessity of
considering the capacitance covariance among windows. Each line is of 40 pum
length and 1 pm width and height, and the spacing between them is 2 wm. The
variation grid is assumed to coincide with the window boundaries for this case. The
physical variables are set to be one variable for line height and two variables for
the line widths. The Stds of variables are all set to 0.2 pwm, while the correlation
length is set to 8 pwm for all variation sources. Since each window overlaps one
grid cell, there are three random variables for intra-window extraction. The full-
path capacitances of one line are calculated by summing up capacitances from
ten windows, and both linear and quadratic statistical models are considered for
intra- and inter-window calculation. The relative errors, compared with the MC
simulation, on the mean value and Std of the capacitances are listed in Table 8.3. The
computing time for each model and the number of sparse-grid collocation points in
HPC method for extracting each window are also listed. Note that the number of
collocation points for quadratic model is evaluated considering the Remark 8.3 in
Sect. 8.4.1.

From Table 8.3, we can see that both linear and quadratic models achieve high
accuracy. Both errors on mean and Std are less than 2 %. Since this case includes
ten windows, 10,000-times MC simulation for the whole structure involves invoking
FastCap for 100,000 times. The total CPU time of MC simulation is 5,867 s. This
means, to generate the quadratic model, the proposed method is 391x faster. The
speedup ratio for the linear model to the MC simulation is about 1,404. With the
proposed method, calculating the linear and quadratic models need 70 and 250
runs of FastCap, respectively. The ratio of times of invoking FastCap approximates
the actual CPU time ratio of the proposed method to MC simulation, because the
computing time for other steps in the proposed method is much less than that for
running FastCap.

The CDF of total capacitance, computed by the proposed method (with linear and
quadratic models), and MC simulation are shown in Fig. 8.9a. And, a zoom-in view
is in Fig. 8.9b to distinguish between the linear model and quadratic model. In both
figures, we also show the CDF of the statistical capacitance without considering
the capacitance covariances among windows, which is labeled as “direct sum.” It
is obvious that the capacitance variance is remarkably underestimated in the “direct
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Fig. 8.9 (a) The cumulative distribution function (CDF) curves for the total capacitance. (b) A
zoom-in view of the CDF curves

sum” approach. So, considering and calculating the correlation among the window
capacitances are very important.

The second case has the same structure as the first one, but the extraction window
overlaps two variation grid cells like that shown in Fig. 8.7. This makes the number
of random variables increase to six variables in each window. The computational
time and error of both linear and quadratic models are listed in Table 8.4. The results
still show good accuracy of the proposed method for both models. The CPU time of
the MC simulation is 6515 s. Due to the increase of variable number, the speedup
ratios of the proposed method to the MC simulation become 762 and 115 for the
linear and quadratic model, respectively.
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Table 8.4 The computational results for the second case

Total cap err. Coupling cap err.
Model Collocation points Time (s) Mean (%) Std (%) Mean (%) Std (%)
Linear 13 8.49 —0.12 —0.90 —0.10 —1.74
Quadratic 85 56.5 0.06 —0.44 0.06 —0.32

Table 8.5 The computational results for the third case

Total cap err. Coupling cap err.
Model Collocationpoints Time (s) Mean (%) Std (%) Mean (%) Std (%)
Linear 2 1.19 0.04 —3.45 0.08 —-3.09
Quadratic 3 1.80 —0.02 —0.69 —0.07 —0.83

Table 8.6 The computational results for the fourth case

Collocation points

Model Normal  Shift Time (s) Speedup to MC ~ Mean err. (%) Std err. (%)
Linear 13 21 121 716 0.01 —1.89
Quadratic 85 221 866 100 —0.07 —0.83

The third case is still the parallel-line structure, but with the line spacing reduced
to 1 wm, and the Std of random variable is reduced to 0.1 pm accordingly. To
highlight the second-order effect of statistical capacitance, we set the spacing to
be the only variation source in this case. The computational results are listed in
Table 8.5. Since there is only one variable for each window, the Gaussian-Hermite
quadrature is used in the HPC method, as suggested by Remark 8.2 in Sect. 8.4.1.
The results show the linear model has relatively large error on Std of statistical
capacitances. From this case we can see that the quadratic model is needed for
densely routed interconnects.

8.5.2 A Large Case with Multilayered Structure

Finally, a practical multilayered interconnect structure shown in Fig. 8.10 is tested
as the fourth case. The critical net shifts from the middle layer to the upper layer
with an orthogonal turn. This structure is partitioned with eight normal windows
where the critical net lies in one layer and one shift window where the net lies in
two layers. The whole size of the structure is about 50 pm x 50 pwm. The variation
sources are chosen like that shown in Fig. 8.2b, and the normal and shift windows
include six and ten variables, respectively. The Stds of all kinds of variations are set
to 0.1 pm, and the correlation lengths are all 8 pm. The computational results are
listed in Table 8.6. From it we can see the high accuracy of the proposed method,
and its speedup ratios to MC simulation are 716 and 100, for the linear and quadratic
model, respectively.
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Fig. 8.10 A practical
multilayered interconnect
structure, including a critical
net and its neighbor nets

8.6 Summary

For the corner-based extraction methodology considering the process variation,
an incremental BEM algorithm is presented to accelerate the library-building
procedure for full-chip capacitance extraction. By reusing the coefficient matrix and
the solution of nearby pattern, this method achieves more than 5X speedup with
negligible error, for the capacitance extraction of a series of varied interconnect
patterns.

A practical framework for chip-level capacitance extraction considering spatially
correlated random variations is proposed. It considers the covariance of capacitances
from different windows and the statistical assembly of window capacitances. Both
linear and quadratic stochastic models are built for intra-window and inter-window
capacitances, and the efficient technique for generating the quadratic model for full-
path capacitance is proposed. Numerical results demonstrate the proposed method
is hundred times faster than the MC simulation with 10,000 samples and is suitable
for the chip-level extraction tasks.

Appendix 8.A. Complete Proof of Theorem 8.3

Before proving Theorem 8.3, we firstly give three Lemmas.
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Lemma 8.A.1 For a Gaussian random variable & with N(0,1) distribution, the
mean values of powers of & are

E# =0, EE)=1 E@E)=0 E(")=3. (8.A.1)

Lemma 8.A.1 states the basic property of the N(0,1) random distribution.

Lemma 8.A.2 For a set of independent variable & =[£1,&,, ..., gd]T with N(0,1)
distribution, we have

E [El(p (%‘25 BN Ed)] =E [%-13(10 (Ezs BN Ed)] = 07 (SAZ)
E[&¢ &.....60)] = Elp (& ....E)]. (8.A.3)
E[&¢ &.....60)] =3E[p (& ....E)]. (8.A.4)

where ¢(+) is an arbitrary function.

Proof We firstly prove (8.A.3). Since £ is a set of independent variables,

E[sfgo(sz,...,sd)]=/---/sfgo(sz,...,sd)P(s)dsl...dsd

17} &
=/.../go<sz,...,sd) /sfmsnd& x
€4 £ &

X’P(ég'z,...,gd)dgz...dég'd

=/.../w(sz,...,sd)E(s%)P(sz,...,sd)dsz...dsd
1} &

:E[w(é%véd)]

The last equality is due to (8.A.1).
For (8.A.2) and (8.A.4), they can be proved in a similar way. |

Lemma 8.A.3 For a set of zero-mean Gaussian variables ¢ =[C1,¢a, ..., C4]7, if
k=) ;l: \ki equals 1 or 3,

E(@y“.y):a (8.A.5)
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Proof From Theorem 8.1, we know ¢ can be converted to a set of independent

variables & with N(0,1) distribution through & = L&, where L is the Cholesky factor

of matrix An(¢). Then, each ¢; can be expressed as a linear combination of {£;}, and
f‘ ];2 ... ésd can be substituted with {&;} to yield

ki oo ka _ elinglia lja
168 —Za]$1 ;... 8] and

J
E(efed o) =Y aE (887 .61). (8.A.6)
J

We notice that > f= L= ;l= 1k; for all j and equals to 1 or 3. Obviously, there
is at least one odd-number power /;;, equal 1 or 3. Without loss of generality, we
assume /;; =1, then

E(8787 . 80) = E (88" ..87*) =0,

according to Lemma 8.A.2. This means each summation item on the right-hand side
of (8.A.6) is zero, so that (8.A.5) holds. |

By the way, Eq. (8.A.5) actually holds for any k of odd number.

Proof of Theorem 8.3 With Theorem 8.2, below we prove (8.28, 8.29, 8.30, 8.31,
and 8.32) one by one. Firstly, look at (8.30) and (8.31):

cov (& €5 = 1) = E [0 (85 = 1)] = E (800835) = E (Era) = 0.

cov (§iyar EnEra) = E (Enabinba) = 0.

In either equation, the last equal mark is due to Lemma 8.A.3. Note that the involved
variables in each equation are not a set of independent variable.
For (8.28),

cov (Efi)a — L&, - 1) =E [(%)a - 1) (5<2j>b - 1)]
=E (gé)ugfj)b) —E (%u) —E (E(an) + 1L
After applying Lemma 8.A.1, we have
cov (§fa = 1.8 1) = E (am) — 1

If £, and &jy, are identical, E(E(Zi)a f/.) L) = E(E?i)a) =3, and

2
cov (Efi)a —LE] ), — 1) =2 =2 cov(Epa Ei) -
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Otherwise, we convert &), and &(;, to two independent variables £; and &,:

I x 1 0
An (Eiya-EGiw) = [x 1 i|,and L= [x «/1—x2:|’

where x = cov(§ (i, £Gy»). Then,
[é‘(m} _ [1 0} [Sl} % §ia = &1 ond
§Grp xNVT=x2]Le] LEgn =xa + VT -3
cov (E(Zi)a — l,s(zj)b — 1) =E |:.§12(x$1 + m&z)z} —1.
Utilizing Lemma 8.A.1 and Lemma 8.A.2, we have

2
cov (gg)u — 1,8, - 1) =32+ (1= x2) = 1 = 2 cov(Eya- £ ) -

This proves (8.28).
For (8.32),

cov (&)1 &b ) =E (Eubimwéina) —E Ewira) = (&uumbon)-

where the last equal mark holds because {£j, &4} is a set of independent variables
with N(0,1) distribution.

If &), is identical to £, or £(j4, (8.A.2) in Lemma 8.A.2 can be applied, and then
E(S%i)ag(j)bg ¢)a) = 0. Otherwise, we can convert the variables to three independent
variables {£1, &, £;} and have

Ejp =&
§Gha =& ,
Eia = X161 + b2 + /1 — x7 — x3&

where x1 = cov(§a, ), X2 = cov(§(iya, £(ja)- Then,

2
E (§<2i>a’3<j)b§<j>d) =E [5152("1’31 + x84 /1 -7 —x§§3) }

=200 E (§18)
= 2)C1)C2
=2 cov (§iyas £yp) €OV (s EGi)a) -

Note that if E(i)a is identical to S(]’)b or E(]')d’ COV(%‘(,’)a, %‘(]')b) COV(%‘(,’)a, %‘(]')d) =0. So, for
the both cases, cov(&‘(zi)a — 1, EGpEha) =2 cov(Eias Egip) COV(Eiyas Era)» and (8.32)
is proved.
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Finally, we look at cov(§yafe, EgwEa) in (8.30). There are three kinds of
situation:
1. The set {£a, £y, EGyp, Era} only involves two unique variables. That is,

Ewa=Egw and Eoc =&¢a or Ewa=Epa and & =E(p. Without loss of
generality, we assume &), = £, and £ = £¢a. So,

cov (Ehaiiyes §GwGa) = E (5(2,4)“’35)6') =1 (8.A.7)

The set {£ya, Eiyer EGp> £y only involves three unique variables. Without loss

of generality, we assume £, = £(e and &G 7# £(jp. We can convert them to
three independent variables {£1, &>, £3} and have

§ina =§(Ha =&
e =6

EG = x161 + x26 +

3

l_xlz_xg&

where x; = cov(§(a, ), X2 = cov(& e, §¢p)- So,

cov (Enabiyes EGpéiya) = E [51252 (xlé‘l + 026y + /1 —xf — x%&»)}

= 0 E (§18) = cov (§nye- §p) -
(8.A.8)
3.

The set {£ia, Gy, EGyp, E(ha} involves four unique variables. We can transform
them to four independent variables {£1, &>, &3, £4} and have

§ia = &1
e =6
EGw = 13181 + 1326 + 1338 ’

Eya = laa&1 + 15 + 14383 + 14484

where 13 =cov(ma, EGp)s 132 =cov(Eie Egn), a1 = cov(§ e, Eya), and
l42 = cov(§ e, EGia)- So,

cov (Ewyakire EGpEa)

= E[6i6 (a6 + 126 + 13383) (4adi + Laoba + 1a383 + [4464)]
= (lsalas + lsolay) E (E263)

= coV (&yas E)p) €OV (Eiyes (i) + €0V (Eyas EGia) cov (Eayes Ecjyb) -

(8.A.9)

Notice that the results in the first two situations, i.e., (8.A.7) and (8.A.8), are
compatible to (8.A.9). So, (8.29) is proved.



Chapter 9
Statistical Capacitance Extraction Based
on Continuous-Surface Geometric Model

Statistical capacitance extraction is required to capture the uncertainties in the
nanometer manufacturing process and to provide the basis of the effective signal
integrity and timing analysis for IC design. The geometric variation of interconnect
wire plays a major role in the statistical capacitance extraction.

In this chapter, we present the techniques regarding the geometric variation-
aware capacitance modeling. Firstly, a continuous-surface variation (CSV) model
is proposed to accurately imitate the random geometric variations of on-chip
interconnects. Its advantages over other existing geometric variation models are
demonstrated with a typical interconnect structure under the 65-nm technology.
Then, three techniques are proposed for the efficient statistical capacitance extrac-
tion based on the CSV model. Among them, the weighted principle factor analysis
and the multi-core parallel computing techniques accelerate the Hermite polyno-
mial collocation (HPC) method for statistical extraction. Then, for the chip-level
extraction, the formulas for calculating the inter-window capacitance covariance
are proposed, which utilize the pseudo-inverse of matrix and consider the CSV
model. Finally, the comprehensive modeling and capacitance analysis techniques
are proposed for the realistic line-edge roughness (LER), which is increasingly
important for sub-45-nm technologies. The boundary element method (BEM)-based
approach for sensitivity calculation and parallel linear-model HPC are presented.
With the short-range interconnect structures under the 45-nm down to 19-nm
technologies, we demonstrate that the CSV-based sensitivity modeling is accurate
and most efficient for the 45-nm technology, and the linear-model HPC technique is
accurate for all technology nodes and several tens to hundreds times faster than the
MC simulation with 5,000 samples.

W. Yu and X. Wang, Advanced Field-Solver Techniques for RC Extraction 153
of Integrated Circuits, DOI 10.1007/978-3-642-54298-5_9,
© Tsinghua University Press, Beijing and Springer-Verlag Berlin Heidelberg 2014
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9.1 The Continuous-Surface Model for Geometric Variation

In this section, we firstly review the models for the geometric variation of inter-
connects and classify those in existing works into three kinds. Among the three
kinds, the CSV model proposed in Yu et al. [174] is most reasonable for capturing
the two-direction spatially correlated geometric variations. However, it has a
drawback. An improved model is then presented to revamp it, by carefully setting
the random variables. Considering the 65-nm process technology and the major
variation quantities, a typical interconnect structure is employed to generate test
cases with different wire spacing and surface roughness. Through the comparison
experiments with other existing models, the advantages of the improved CSV
model are demonstrated. Several criteria are drawn for the choices in the statistical
capacitance modeling in different scenarios.

9.1.1 Three Geometric Variation Models

Random variations are depicted with a set of random variables &. The geometric
variation behavior of on-chip interconnects is often assumed to follow the spatially
correlated multivariate Gaussian distribution:

_ &
2 } i r’
cov (Eléj) =0~ exp , 9.2)

where p(&;) is the probability density function (PDF) of the ith variable &; and o
is the standard derivation (Std). The spatial correlation between two variables is
reflected by the correlation function in (9.2), where 7 is called correlation length.
7; and 7j are the spatial locations associated with £; and &;, respectively. There are
other forms of correlation function, which may be extracted through sophisticated
techniques using statistical data from actual chips [166]. The larger the correlation
length, the stronger the correlation between variables spatially distributed.

For variation-aware capacitance extraction, an interconnect structure can be
modeled with the following three geometric models:

» Discontinuous-surface variation (DSV) model: It is assumed that each panel on
nominal conductor surface fluctuates along the normal direction of surface while
keeping its shape unchanged (see Fig. 9.1). Thus, discontinuous surfaces are
generated. The DSV model was employed for statistical capacitance extraction
in Jiang et al. [71], Shen et al. [130], and Zhu et al. [202].
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Fig. 9.1 The DSV model for
statistical capacitance
extraction

Fig. 9.2 A setting of random variables for the CSV model. (a) A 2-D plane, (b) A 3-D interconnect

¢ Continuous-surface variation (CSV) model: This model characterizes the fluc-
tuations of vertices of nominal surface panels. The variational vertices are then
connected with triangular panels to form continuous surfaces. The CSV model
was used for 2-D plane structure in El-Moselhy and Daniel [41, 42] and, for the
first time, for 3-D interconnects in Yu et al. [174].

e Variation as a whole (VAW) model: It is assumed that the surface of nominal
conductor fluctuates as a whole, such that the variational geometry keeps the
same shape as the nominal geometry. The width and thickness of interconnect
wire are often set to be random variables. This model was employed for
sensitivity calculation [20, 81] and for statistical extraction of 2-D cross-sectional
structure in El-Moselhy and Daniel [42].

Among the three models, the VAW model is the simplest one, which does not
consider the detailed fluctuation of surface panels. The DSV model considers the
detailed geometric variations, but generates an incomplete surface, that obviously
deviates from the actual situation. For a 2-D plane, it is straightforward to improve
it with a CSV model. However, for actual cases with two-direction variations of
height and width, building the CSV model is not trivial. In Yu et al. [174], a CSV
model was proposed, where two random variables are defined for each discretization
vertex on nominal surface (as shown in Fig. 9.2). This model generates continuous
surface while not increasing the number of variables.

To build the variation model for statistical capacitance extraction, we also
need to divide the random variables into groups according to the assumption of
variation source and their correlation. In each group, variables are correlated with
the relationship defined by (9.2), while different variable groups are independent
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Fig. 9.3 The cross section of an interconnect wire, and the positive variation directions affecting
the calculation of wire width and thickness. (a) The model in Yu et al. [174], (b) the proposed
model

from each other. For the on-chip variation, the surfaces of interconnect wire are
fabricated in different manufacture steps that should be considered while setting the
variable groups.

Besides, the width and thickness of interconnect wire and the dielectric thickness
are three major variable quantities [65, 154]. In existing DSV and CSV models,
the relationship between these quantities and surface random variables is not well
investigated. As we will show in the next subsection, the CSV model in Yu et al.
[174] can cause very large surface fluctuation when describing a moderate width
variation. Also, the variation of dielectric thickness is seldom considered in existing
works.

9.1.2 The Reasonable CSV Model for On-Chip Interconnect

The CSV model in Yu et al. [174] sets two random variables for each vertex.
The variables along the tangential direction of surface include some redundant
information. Moreover, to make natural transition of surfaces along an arris, the
variables on the opposite surfaces of the same wire are set to be correlated and have
the same positive direction. This setting is illustrated by Fig. 9.3a.

For illustration, we consider the distance between two surface vertices at the
same horizontal level, i.e., points A and B in Fig. 9.3a. Suppose the corresponding
variables §,4 and &,p follow the Gaussian distribution with Std of oy, and the
correlation length for the y-direction variables is 7n,. So, the wire width at this
position is

Ew =& +wid—§, 4, 9.3)

where wid is the nominal wire width. Equation (9.3) suggests that £y also follows
the Gaussian distribution, whose Std is

std (w) = \E (&) - B2 (6w) = \/E( 25) +E(8.4) —2c0v (G r)-
9.4
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With the property of Gaussian random variable and (9.2), we have

—wid? 2 - wid
W1 ) oy - u (95)

std (§w) = | 207 — 207 exp ( >
ny Ny
The last approximation is due to the fact that Widz/nf < <1 since the correlation
length is usually much larger than wire width. Suppose 7,/wid = 8, with (9.5) we
can derive that o, ~ 5.66 - std(§w). This means, in order to make the Std of width
being 10 % of its nominal value, o, should be as large as 56.6 % of the width. The
large variance of surface fluctuation is obviously unrealistic. The analysis with this
example shows that the model in Yu et al. [174] can hardly depict large variation of
wire width or thickness.
To overcome the drawback of this CSV model, we firstly change the variation
direction to the outer normal direction of nominal surface, as shown in Fig. 9.3b.
With this modification, the width of wire in the example becomes

—wid? 2 - wid
std(§w) = | 207 —20}exp ( \;;/21 ) A oy - %, 9.6)
v y

whose Std is

—wid? 2 - wid
std (Ew) = ZUyZ—Zayzexp( anzl )%ay-%. 9.7)
¥y y

Equation (9.7) suggests that the Std of width approximates to 2 times of o,. This
is reasonable and enables generation of realistic interconnects with large width
variance.

Under the assumption of variation directions, the two sides of top surface tend
to move toward opposite directions. Therefore, how to make the natural surface
transition at the arris becomes a problem. We propose a new scheme for the variable
setting, illustrated by Fig. 9.4a. In this scheme, only one random variable is set
for each vertex, representing the normal-direction variation. Then, to avoid the
distortion and singularity of surface near the arris, a tangential displacement is
generated for each nominal vertex, which is regarded as a derived variable [denoted
by & in Fig. 9.4a]. The value of derived variable is interpolated with two random
variables. For example, at point E in Fig. 9.4a,

[7: = 7|
EyE—gyD‘i‘(EyC_gyD (9-8)
[7e -]
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Fig. 9.4 The variable setting of the ICSV model (a) and the variational geometry of 3-D
interconnects generated with it (b) (Reprinted with permission from Yu et al. [186] © 2012
Elsevier)

Fig. 9.5 The cross-sectional
view of an interconnect
structure with three parallel
wires sandwiched by two
ground planes

ground

So, the value of derived variable reflects the propagation of the variations of points
C and D. This scheme preserves the relative spatial relationship of two vertices after
geometry variation and thus generates a normal shape with continuous surfaces.

The variational surfaces of an interconnect wire can be classified as top, bottom,
left-side, and right-side surfaces. So, we assume that the random variables form four
groups, each of which obeys a Gaussian distribution with spatial correlation. With
this assumption, (9.7) becomes

std (Ew) = v20,. (9.9)

Now, we can set a reasonable o, or o, to model the variations of wire width
or thickness. Figure 9.4b shows an example structure generated with the proposed
model, which includes three parallel wires with surface variations. Besides, to
consider the variation of dielectric thickness, we can simply include additional
variables, one for an interlayer dielectric (ILD) thickness.

9.1.3 The Comparison of Three Geometric Variation Models

Figure 9.5 shows a typical on-chip interconnect structure for building the capac-
itance library. Investigating the statistical capacitance of this structure is very
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n =2um n=lum n =0.5um

Fig. 9.6 The variational geometry of 1-pum length wires with the maximum top-surface fluctuation

important for on-chip interconnect modeling. We consider the 65-nm technology
and set the nominal values of the wire width (w), wire thickness (), and dielectric
thickness (hy, hp) for this structure: w=0.1 wm, t=h; =h, =0.2 wm. These
values are obtained from Cao et al. [26] and are similar with those in International
Roadmap for Semiconductors prediction [68]. We assume the length of the parallel
wires to be L=1 pm.

Because the top and bottom planes are the approximation of the densely routed
environment and the coupling capacitance is becoming prominent, we ignore the
variations on the surfaces of both planes but set the dielectric thickness (k) and 5,)
to be random variable. Both wire width and thickness variations are considered,
with the same correlation length for simplicity. In this work, we only consider the
random variation and set the variation Std (o) of width and thickness to be 10 % of
the nominal value (this makes the 30 range to be 30 % of the nominal dimension).

With different value of the correlation length (1), the test structure will exhibit
different magnitude of surface roughness. In Fig. 9.6, we show the variational
geometry of the test structure with different values of 7. These pictures are generated
with the CSV model and are selected from 10,000 samples for MC simulation to
reveal the maximum top-surface fluctuation. The variations of their top-surface z-
coordinates are 0.035 pm, 0.065 wm, and 0.082 pwm, respectively. In the following
experiments, we assume the value of 7 varies from 0.5 to 2 pwm, to reflect the actual
surface roughness of interconnects at sub-65-nm-technology nodes. Changing the
value of 1 also generates test cases with different ratios of structure dimension
to correlation length (the L/n ratio). With them, we investigate the validity of
the geometric models in this section and compare the efficiency of different
statistical extraction methods in Sect. 9.2.2. In the experiments, the MC simulations
with 10,000 samples are performed. For each deterministic sample structure, the
capacitance is extracted with FastCap 2.0 [99].

For the test cases, we use the VAW, DSV, and CSV models to describe the
variational geometry and then compare the MC simulation results of statistical
capacitance. For the VAW model, there are only five random variables, while the
Std of surface variables in DSV and CSV is set to 7.07 % to generate 10 % Std of
width and thickness [see (9.9)].
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Table 9.1 The comparison of the three models (s =0.2 pm, =1 pum)

C11/Error of Cyq C1»/Error of Cyp C) gnd/Error of Cj gna

Mean Std Mean Std Mean Std
CSv? 51.54 2.798 —11.19 1.184 —13.39 1.163
DSV —0.1 % —25.8 % —0.1 % —20.7 % —0.0 % —0.1 %
VAW —0.6 % 9.0 % —0.6 % 8.6 % —0.5 % —1.6 %

2The capacitance values are listed, in unit of 10718 F
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Error of capacitance Std (%)
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Fig. 9.7 The relative errors of the VAW model and DSV model in the capacitance Std

Firstly, we look at the case with n =1 wm, which corresponds to the L/n ratio
of 1. The simulation errors of the DSV and VAW are listed in Table 9.1, where the
results of CSV are regarded as golden value. Then, other cases with different n and s
(wire spacing) are simulated, and the errors of the two models are shown in Fig. 9.7.

From Table 9.1, we can see that the three models have little discrepancy in the
mean value of extracted capacitances. However, the Std errors of total capacitance
Cj1 and coupling capacitance Cj, from both models are prominent. The DSV
largely underestimates the capacitance variation, with more than 20 % error. The
VAW overestimates the capacitance variation, since it is equivalent to an infinite
correlation length. Figure 9.7 shows the trends of error varying with the ratio of L/7.
Experiments with different value of L (wire length) are also performed, which show
similar trend as that in Fig. 9.7, and suggest the L/n ratio is a key factor. The results
reveal that the error of VAW is nearly proportional to the value of L/n. If the ratio
equals to 2, the error can be as large as 30 %. If the ratio is less than 2/3, the error
becomes less than 3 %.
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Fig. 9.8 The PDF of statistical capacitances for the case with n =1 um

The simulation results also show that the Std of capacitance is larger than 5 %
of the mean value for C; and larger than 10 % for Cj,. Figure 9.8 gives the
PDF of statistical capacitances for the case with n =1 wm, which shows skewed
probability distributions. It suggests that the quadratic model is needed for statistical
capacitance, and the case with smaller wire spacing has more profound quadratic
effect.

Based on the experimental results, we give the following criteria regarding
statistical capacitance extraction.

CR1. The DSV model always underestimates the Std of both total and coupling
capacitances, with at least 20 % error.

CR2. The VAW model overestimates the Std of capacitances, with the error
proportional to the L/n ratio of extracted structure. For small-size structures with
L/n < 2/3, the variational geometry can be simplified with VAW model.

CRa3. If the Std of the geometric variation is 10 % of nominal value, the variational
capacitances have skewed distribution requiring quadratic stochastic modeling.
But for structure with large wire spacing, the skewness will become minor, and
the linear model may be sufficient.

9.2 Efficient Statistical Extraction Techniques

In this section, we present three techniques for the statistical capacitance extraction
based on the CSV geometric model. Firstly, a weighted principle factor analysis
(wPFA) approach is presented to reduce the random variables used to construct
the variational geometric model. Then, a parallel statistical solver called statCap is
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presented, which combines the CSV model, wPFA, and HPC techniques. Finally, the
chip-level statistical extraction in Sect. 8.4 is extended to consider the CSV model,
which includes the novel formulas for calculating the inter-window capacitance
covariance.

9.2.1 The Weighted PFA for Variable Reduction

Incorporating the CSV geometric model, the HPC technique in Sect. 8.3.2 can be
used to generate the quadratic statistical capacitance. The computational time is
proportional to d2, where d is the number of independent variables. Random variable
reduction must be performed for the proposed geometric variation model.

The principle factor analysis (PFA) is employed in Jiang et al. [71], Shen et al.
[130], and Zhu et al. [202] to reduce the random variables, which is done by eigen-
decomposition on the covariance matrix An(&) of geometric random variables &.
If the first K largest eigenvalues are Ay, A;, ..., Ak, and ey, e;, ..., ex are the
corresponding eigenvectors, the variables & can be approximated by the linear
combination of K dominant variables §:

K
£~ Ve (9.10)

i=1

Here {¢;} is a set of independent variables with N(0,1) distribution that can be used
to form the Hermite polynomial chaos. Thus, the statistical capacitance extraction
for generating quadratic model includes the following steps:

1. Perform the eigen-decomposition on the covariance matrix of physical variations
generated with (9.2) to obtain the first K largest eigenvalues and eigenvectors.

2. With the technique of sparse-grid quadrature, obtain the integral points ¢’ and
corresponding weights.

3. For each &', convert it to physical parameters &' with (9.10) and then generate
and extract the deterministic conductor structure with continuous surfaces. This
step obtains the deterministic capacitances C({).

4. Calculate the coefficients of the quadratic capacitance expression with (8.21).

It should be addressed that the number of dominant variables required in PFA
mainly depends on the correlation function (9.2) and is independent of the BEM
discretization. Another comment is that the eigen-decomposition is not very time-
consuming, since it is performed only once and the dimension of covariance matrix
for intra-window structure is just moderate. If there are several groups of variables
and no correlation between any two groups, the PFA shall be performed for each
group separately.

The PFA method compares variable parameters one with another without con-
sidering their different impact on the output capacitance. A new variable reduction
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technique was proposed in Mitev et al. [95] to take the impact on output performance
into account. Inspired by Mitev et al. [95], we propose a weighted PFA (wPFA)
technique for better variable reduction.

If a weight is defined for each physical variable &; to reflect its impact on output,
then a set of new variables & * are formed:

EF=WE, ©.11)

where W is a diagonal matrix of weights. The covariance matrix An(§”) of &"
includes the weight information, and performing PFA based on it makes weighted
variable reduction. We have

An(E*) = E (Wg(Wg)T) —WARE)WT, 9.12)

and denote its eigenvalues and eigenvectors by {A*} and {e}}. Then, the variables
& can be approximated by the linear combination of a set of independent dominant
variables ¢

K
E=WTE ~ WY JArers). (9.13)

i=1

For capacitance extraction, the capacitance value is the sum of panel charges,
and the charge distribution is not uniform. At different positions, there is charge
contribution with different significance. Based on this observation, we define
the weight for variable &; according to the charge around its position. With the
capacitance extraction for the nominal structure performed in advance, the charges
of panels are assigned to corresponding vertices. So, the diagonal entry of W is

wi= Y %, (9.14)

7? €panel ;

where ¢; is the charge of panel j and 7 stands for the vertex corresponding to
variable &;.

Except one additional extraction of nominal structure, the weighted PFA hardly
increases computational expense of PFA as W is diagonal.

9.2.2 Parallel Statistical Capacitance Extraction

We have implemented a statistical capacitance solver (called statCap) based on
the proposed CSV geometric model. The solver employs the HPC technique as
an efficient non-MC method and the wPFA technique for variable reduction. The
algorithm in statCap is described as Algorithm 9.1.
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Algorithm 9.1 The HPC-Based Statistical Capacitance Solver

1. Analyze the nominal geometry to generate covariance matrices of random variables.

2. Factorize the covariance matrices with the weighted PFA technique.

3. Generate the integral points {¢ @} of sparse-grid integration, and then covert it to random
geometric variables {&§®} for the sample structures.

4. Generate the values of derived variables {£ *®}, and write down the description files of
sample structures.

5. For each sample structure, extract capacitances with deterministic 3-D capacitance solvers.

6. Process the results of the deterministic extractions, and calculate key metrics of statistical
capacitance.

Under the CSV model, the whole geometry cannot be constructed with only
the sample of random variables. So, in step 4, the values of derived variables are
calculated with interpolation as that in (9.8). In step 6, the statistical expression of
capacitance is firstly calculated [174], and then the values of mean and Std or the
PDF can be obtained.

It should be pointed out that the main flow in Algorithm 9.1 is also suitable for the
statistical extraction using the MC method. In that scenario, the standard Cholesky
factorization, i.e., An = LL", is employed in step 2. Then, in step 3, {@ is the ith
sample of random variables with N(0,1) distribution, and £® = L£®,

In Algorithm 9.1, the fifth step includes solving capacitances with 3-D field
solver, where the number of samples N =~ 2d* for a quadratic statistical model,
where d is the number of independent variables [174, 192]. Therefore, step 5
consumes most of the computing time of the statistical capacitance extraction.
Because the sample structures are independent from each other, the work can be
distributed to multiple processors easily. We have written statCap in MATLAB
[93] and parallelized steps 4 and 5 in Algorithm 9.1, with the help of the Parallel
Computing Toolbox of MATLAB.

With the test structure in Sect. 9.1.3, several experiments are carried out to
compare the accuracy and efficiency of the MC method and HPC-based methods
under different settings. All experiments are performed on a Linux server with 8
Xeon CPU cores with 2.13GHz. According to the CR2 and CR3 in Sect. 9.1.3, we
consider the test cases with correlation length n=0.5, 0.8, 1, and 1.5 pum and fix
the wire spacing s =0.1 pwm. For the wPFA or the normal PFA, the criterion for
truncation error of eigenvalues is set to 0.05.

Table 9.2 shows the capacitance errors of the HPC-based method with the wPFA
technique, to the results of MC simulation. It validates the good accuracy of wPFA.

In Table 9.3, the numbers of variables after reduction by the wPFA and normal
PFA are compared. The numbers of sample structures they correspond to are also
listed, which is the times of invoking the deterministic capacitance solver. This table
shows that wPFA can reduce the computing time for 22 % or more for the first three
cases. For the last case, wPFA cannot make further reduction, since there are only
ten variables.
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Table 9.2 The errors of the “HPC 4+ wPFA” method for the four test cases

n (Lm) 0.5 0.8 1 1.5

Error for Cy; Mean 0.2 % 0.3 % 0.0 % 0.2 %
Std —0.6 % 1.1 % —0.9 % 0.4 %

Error for Ci, Mean 0.1 % 0.4 % 0.0 % 0.4 %
Std —1.6 % 0.5 % —1.6 % 0.0 %

Table 9.3 The computational results of “HPC + wPFA” and MC simulation

n (Lm) 0.5 0.8 1 1.5
The L/n ratio 2 1.25 1 0.67
PFA # variable 26 16 14 10

# sample 1,431 561 435 231
wPFA # variable 22 14 10 10

# sample 1,036 436 232 232
Reduction by wPFA 28 % 22 % 47 % 0 %
Time of MC simulation (s) serial 14,501 14,500 14,477 14,518

parallel 1,966 1,966 1,958 1,962
Time of HPC 4 wPFA(s) serial 1,473.7 610.9 333.2 331

parallel 200.4 88.4 47.6 46.8
Sp. of “HPC + wPFA” to MC 9.8 22 41 42

The serial and parallel computational times of both methods are also listed in
Table 9.3. From it we can see that both methods achieve about 7X speedup with
the parallelization on an 8-core machine. And the speedup of non-MC method to
MC simulation decreases with the increase of the L/n ratio. If L/n = 2, the non-MC
method is 9.8 times faster than MC method, while the speedup ratio is 42 for the
case with L/n = 0.67.

From the experiments, we can get the following criteria:

CR4. The weighted PFA for statistical capacitance extraction can achieve up to 47 %
efficiency improvement over the normal PFA, without loss of accuracy.

CRS. The HPC-based method can be easily parallelized and achieves 7X speedup
on an 8-core machine.

CR6. The HPC-based method is tens of times faster than the MC method for the test
structures. For larger structures whose dimension is larger than 2X of correlation
length n, its speedup to MC method will be lost, and the MC method or other
better methods (such as [42]) may be the best choice.

9.2.3 Calculating the Inter-window Covariance of Capacitance

Considering the CSV geometric model, the chip-level statistical extraction scheme
in Sect. 8.4 should be modified. For the intra-window extraction, the wPFA should
be used to make the HPC technique feasible. Below a novel technique is proposed
for calculating the inter-window capacitance covariance.
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Suppose the quadratic capacitance expressions for the kth capacitance in win-
dows i and j are

M; M;
Cike =Y cikp¥p (§¥) and Ciu = cju,¥, (§7). (9.15)
p=1 p=1

respectively. The covariance of capacitance can be evaluated with:

M; M;

cov (Cik. C.jk) = Y ¥ CikpCing oV (¥ (£¥) . Wy (7)) (9.16)

p=1lq=1

Here &+ and &'+ are dominant variable sets in windows i and j, respectively. Thus,
the problem becomes calculating the covariance between Hermite polynomials.

We first determine the covariance between a variable ' in windows i and a
variable {’} in windows j. The relationship between ¢* and physical variables &
in the weighted PFA (9.13) can be rewritten as

£=Li¢" 9.17)
where L; is a n x K matrix, n is the number of correlated physical variables, and K
is the number of dominant factors. With the concept of pseudo-inverse, we derive
from (9.17)

"~ Gk, (9.18)

where G; is the pseudo-inverse of L;, with dimensions of K X n:

G =(LTL;)'L]. (9.19)
Now,
cov (é-;’ Cz’;*) = cov (Z gi,u,séxa Zgj,b,tst/) = Z Z 8ias&jbt COV (gm gt/)a
s t s t
(9.20)

where g; ., and g;, represent matrix entries of G; and G, respectively. cov(§s, & ;)
can be checked out from the geometric variation model.

With the covariance between two dominant variables from different windows,
we can calculate the covariance between Hermite polynomials. For problem with
large n, directly calculating (9.20) is time-consuming. Considering the attenuation
of correlation function (9.2), we can ignore the covariance item of two variables
physically far away from each other. This will reduce the computational expense.
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The inter-window covariance of capacitance can be used to calculate the full-path
capacitance. The mean values of relevant intra-window capacitances are assembled
to obtain the mean of full-path capacitance, with the same manner as nonstatistical
extraction [134]. The capacitance variance of a whole net should be calculated with
the technique given in Sect. 8.4.4.

An experiment has been carried out on a test case with two parallel lines dissected
into 10 windows. For this case, each window includes 1,024 triangular panels,
and the wPFA reduces the variables to 8 dominant factors. The HPC solves 154
deterministic structures for each window to generate the quadratic model. This takes
322 s for all 10 windows. Additional 40.5 s are spent on calculating the statistical
full-path capacitance, mainly devoted to calculating the capacitance variance with
(9.20) and (8.38). The total simulation time of the MC with 10,000 samples are
20,918 s for the 10-window structure. Therefore, the approach for calculating the
capacitance covariance is efficient and produces a full-path statistical extraction 58X
faster than the MC simulation [174].

9.3 Fast Approaches to Model the Line-Edge Roughness

In this section, efficient techniques are presented to extract the statistical inter-
connect capacitance due to realistic random geometric variations, especially the
line-edge roughness (LER). We firstly introduce the background of LER effect
and related capacitance modeling. Then, an efficient approach based on boundary
element method for calculating the capacitance sensitivity is reviewed. After that,
the sensitivity calculation is extended to consider the CSV model for LER and
to produce the statistical capacitance variance. An efficient capacitance modeling
scheme which combines the sensitivity approach and fast linear-model HPC
technique is proposed for the LER effect under the 45-nm down to 19-nm process
technologies. Numerical results validate the efficiency of the proposed scheme and
demonstrate how it is useful for analyzing the variational capacitances.

9.3.1 Background

The geometric variation of interconnect wire is caused by different mechanisms.
The thickness variations in metals and interlevel dielectrics (ILD), for instance,
are mainly caused by chemical-mechanical polishing (CMP), while the lithogra-
phy steps induce the contour variations. Due to technology scaling, the random
variations are becoming prominent. A typical random geometric variation is the
line-edge roughness (LER). The LER variation has been extensively studied for the
impact on the performance of transistors [2, 112] and demands to be considered in
the variational capacitance modeling of interconnects [19, 140, 148].
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Over the past several years, a lot of research has been dedicated to the
variational capacitance extraction considering the random variations [42, 71, 130,
174, 202]. The emphasis of these algorithms is to derive the quadratic variational
capacitance model considering the spatially correlated random variables. However,
less attention was paid, in these works, to the actual scenario of on-chip process
variation, and nonrealistic variation parameters were often assumed. In Sect. 9.1,
we have proposed a continuous-surface variation (CSV) model to describe realistic
geometric variations of interconnects. Comprehensive analysis and comparison
were also carried out to reveal its rationality and necessity. Notice that most of the
above works should be referred to be more theoretical rather than practical, because
the demonstrated examples do not match the actual scenario of on-chip variation.

Actually, the magnitude of random variation of on-chip interconnect is not so
profound. Therefore, the sensitivities of capacitance are utilized for variational
capacitance modeling, which demands much less computational cost. Efficient
methods of sensitivity calculation were recently proposed based on the floating
random walk method [43] and the boundary element method (BEM) [19, 20].
However, in most of these works, the nominal conductor surface is assumed to vary
as a whole. That is, they employ the simplified VAW geometric model. This also
deviates from actual process technology. In Bi et al. [19], the LER variation was
considered in calculating the capacitance sensitivity, but the underlying geometric
variation model still has flaw. In Stucchi et al. [141] and Twaddle et al. [148], the
variational capacitance caused by the LER was investigated for different technology
nodes. However, the model only considers the width variation of interconnect wire,
and the expensive MC simulations were employed.

Below, we firstly present a comprehensive model to depict the LER and other
on-chip random variations. Then, in the following subsections, we consider the
structures of short-range interconnects under the 45-nm down to 19-nm technologies
and propose efficient approaches to model their variational capacitances caused by
the LER effect.

The variational surfaces of an interconnect wire can be classified as top, bottom,
left-side, and right-side surfaces. They correspond to different groups of variables,
each of which can be assumed to obey a Gaussian distribution with spatial corre-
lation. The random variables in the CSV model are the surface variables. Because
the variations of opposite surfaces are almost independent [19, 112, 140, 148], the
Std of wire width is +/2 times of the Std of surface variable. So is the Std of wire
thickness.

The LER is a typical random variation, arising primarily from polymer aggrega-
tion in the photoresist. The LER causes the line-width roughness (LWR). A key
metric of LER is the absolute roughness amplitude, equal to 3ogr [140, 148],
where o gr is the Std of width-direction surface variables in the CSV model. The
other key parameter of LER is the correlation length along the line-edge npgpr
[19, 140, 148]. Notice that this parameter only reflects the surface fluctuation
along length direction, and in the exiting works, it is assumed that the LER
keeps unchanged along the thickness direction (i.e., the correlation length along
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z-direction is infinite). To overcome this limitation, we define a z-direction corre-
lation length 7,. Then, the correlation function for the sidewall variables becomes

L e |2 .2
cov(g,-,gj)zazexp(—|r”" il ? e = riel ) 9.21)

2 2
NLER n;

where r;, and r;, stand for the x-coordinate and z-coordinate of the position
associated with &;, respectively.

In Bi et al. [19], Stucchi et al. [140], and Twaddle et al. [148], only the
sidewall variation (LER) was considered with a DSV-like geometric model. For
comprehensive modeling of variations, the wire thickness variation is also included
in this work using the CSV model.

There is a significant and worsening gap between current LER in even the
highest-resolution electron-beam lithography and the LER predicted by the ITRS
[2, 140, 148]. This means the LER does not scale accordingly and becomes an
increasingly larger fraction of wire dimension. Thus, the LER-induced variability
is increasingly important for sub-45-nm technologies [8, 19, 68, 112, 148].

9.3.2 The Adjoint Field Technique for Sensitivity Calculation

The adjoint field technique (AFT) was proposed in Bi et al. [20] to calculate the
capacitance sensitivity. Using the AFT, the sensitivities can be calculated as a by-
product of capacitance extraction of nominal structure, with little extra expense.

For a system with N conductors, suppose V and Q denote the potentials and
charges of conductors, and the matrix C represents the (short-circuit) capacitance
matrix. Then,

CVv =0. 9.22)

Applying Tellegen’s theorem to the electrostatic field, we have

(V.a0)V) =< (A0 E.E >, 9.23)
where E is the electric field intensity and notation “* indicates the adjoint field
quantities. AC and Acg¢ are the effective changes of capacitance matrix and medium
permittivity induced by a perturbation of geometric parameter p. Notation “(,)”
means the vector inner product, while “<, > means the inner product of two
functions defined by 3-D integral. From (9.23), it is derived that

I7T(AC)V=/ (Ae) EEdr. (9.24)
Q
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In order to calculate ACj;, the original field is set with V; =1, V=0 (k #)),
while the adjoint field is set with V; = 1, ¥ = 0, (k # i). Thus,

AC; = / (Ae) EEdr. (9.25)
Q

Under this setting, the sensitivity of C;; with respect to p is

BCU ~
— = lim — (Ae) EEdr, (9.26)
ap Ap—>0Ap | o

while €' is a local region where the permittivity and electric field change due to
the geometry change induced by Ap. In Bi et al. [19, 20], where the VAW or DSV
geometric model was assumed, Ap is the perturbation of surface panel normal to
the surface. Assume Ap causes a set of panels (denoted by S,) to move from their
nominal positions. Thus,

aC;; ~
S ==Y A 9.27)
P kes,

where Ay and E; are the area and normal electrical field intensity of panel k,
respectively. And &y is the dielectric permittivity near panel k. If Ap is very small,
the electric field can be regarded unchanged, except for the region where dielectric
is replaced by conductor or vice versa. Thus, Eq. (9.27) holds.

A special case is that p is only associated with one surface panel (denoted as
panel p). It produces the so-called panel sensitivity in Bi et al. [19]:

ap cA,’ '

Here g, and g, are the panel charges in the original and adjoint field settings,
respectively.

9.3.3 Two Efficient Approaches

In this subsection, we firstly combine the AFT and the CSV model to calculate
the statistical capacitances of the nanometer interconnects. Then, the techniques for
linear-model HPC approach are presented.

In the CSV model, the varying parameter p is associated with vertex, rather than
panel. In this case, the formula for capacitance sensitivity (9.26) is still valid. With
the AFT, only the small region where dielectric is replaced by conductor, or vice
versa, needs to be considered. In Fig. 9.9, the discretization of two conductors under
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Fig. 9.9 The perturbation of
geometric variables in the
CSV model for the sensitivity
calculation (Reprinted with
permission from Yu et al.
[186] © 2012 Elsevier)

the CSV model and the perturbations of geometric variables are shown. We can see
that the changed region of a variable p is a kind of pyramid, whose volume is 1/3 of
that of prism in Bi et al. [19, 20]. So,

aC;; 1 ~
= Z ex Ak Ex Ex, (9.29)
ap 3
kes,

where S, denotes the indices of panels surrounding the disturbed vertex. We further
derive

ac; 1 9k Gk

ap 38keS,, Ay

(9.30)

Here we assume that the panels have the same surrounding dielectric with permit-
tivity of &, which is an usual situation.

Due to the triangular discretization employed by CSV model, the set S, differs for
different location of vertex. As shown in Fig. 9.9, there are four kinds of situation:
(1) — @iv). For them, the sizes of S, are 2, 1, 3, and 6, respectively.

Once the sensitivity for each variable is obtained, we have the linear-model
approximation for a capacitance perturbation AC induced by these variables:

G nj
AC =) "S;Apy. 9.31)
i=1j=1

where G is the number of variable groups and Ap;; is the perturbation of the jth
variable in the ith group. S;; denotes the sensitivity, i.e., dC/dp;;. Due to the random
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nature of variables, the variance and Std of capacitance are needed. The capacitance
variance can be calculated based on (9.31), i.e.,

G

G nj
var(C) = var [ Y Y " S;pi; | =D [SiTcov(§) S, (9.32)

i=1j=1 i=1

where &; is the random variables in the ith group and cov(g;) is the cor-
responding covariance matrix. S; denotes the column vector of sensitivities:
[0C /dpi1. ..., dC/dpin]". And the Std of capacitance is Std(C) = y/var(C).

With (9.30), (9.31), and (9.32), the capacitance sensitivities and variances can be
calculated for the CSV modeled variational interconnect structure. The sensitivity
only depends on panel charges of the nominal structure and thus can be obtained
with once extraction of the nominal structure. The sensitivity-based approach
is highly efficient for generating the variational capacitance model for small-
magnitude geometric variations. Notice that the sensitivity-based approach does not
produce the mean value of statistical capacitance, which has little discrepancy to the
nominal value if the variation is small enough.

On the other hand, the existing works on HPC or SSCM were mainly focused
on obtaining the quadratic model of the variational capacitance. However, the
application of linear capacitance model was almost ignored. Suppose there are d
independent random variables, the linear capacitance model is

d
CE)=Co+ Y . (9.33)

i=1

Here, C is the mean value of the statistical capacitance, and c; is the coefficient of
Gaussian variable ¢;. The coefficients Cy and ¢; are calculated with (8.21). Note that
(9.31) and (9.33) are both linear expressions characterizing the relationship between
the capacitance and random variables, but their underlying theory is different. The
sensitivity is something about Taylor’s expansion, while the linear-model HPC
represents an overall fitting of the stochastic function. Therefore, with (9.33), we
may produce capacitance variance with better accuracy than the sensitivity-based
approach. Besides, another merit of the HPC technique is that it is able to reveal the
difference between the mean value of variational capacitance and the capacitance of
nominal structure.

The wPFA technique in Sect. 9.2.1 is used to reduce the large amount of surface
variables to d principal independent variables. Then, with the sparse-grid technique,
m =2d + 1 integral points are needed to calculate the coefficients in (9.33). Each
integral point corresponds to a set of values of independent variables and further a
variational geometry which can be extracted by a deterministic capacitance solver.
Compared with the quadratic-model HPC, which involves 2d” +3d + 1 integral
points, linear-model HPC has much less computational cost but should have enough
accuracy for small-magnitude variations. Finally, the parallel computing technique
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h wWs w ground plane

Fig. 9.10 The cross section of a two-parallel-wire structure (Reprinted with permission from Yu
et al. [186] © 2012 Elsevier)

Table 9.4 The nominal values of wire width, spacing, thickness, and dielectric height in the test
cases

1/2 pitch w (nm) s (nm) t (nm) h (nm)
45 nm 51 51 92 100
38 nm 43 43 77 85
19 nm 21.5 21.5 43 50

can be utilized to accelerate the linear-model HPC approach, which has achieved
more than 85 % parallelization efficiency on a multi-core/multi-CPU platform in
our previous experiments.

9.3.4 Numerical Results

In this subsection, we consider the typical short-range interconnect structures within
standard cell, in the 45-nm and below technologies. The sensitivity-based approach
and linear-model HPC approach are validated through the comparison with the
results of MC simulations. All numerical results are obtained on a Linux server
with 8 Xeon CPU cores with 2.13 GHz. The algorithms for statistical capacitance
extraction have been implemented in the MATLAB program statCap, which invokes
FastCap [99] to extract the capacitances for each sample structure.

The structure of parallel wires on Metall layer is tested, where the LER-
induced RC variability is prominent [148]. Figure 9.10 shows an example of the
test structure. We consider three technology nodes, with interconnect parameters
obtained from [68]. The values of wire width, spacing, thickness, and dielectric
height are listed in Table 9.4. Because the geometric variation is the major concern,
we just assume the single-dielectric situation that the conductors are surrounded by
a homogeneous dielectric with relative permittivity of 1.

On both sidewalls of the wires, there is the LER variation. According to Asenov
et al. [2], Stucchi et al. [140], and Twaddle et al. [148], we assume 30 gr = 6 nm,
and 7 gr = 20 nm for all technology nodes. To consider the fluctuation along z-
direction, 7, is set to be 1,000 nm. For the top and bottom surface variation caused
by CMP, we set the Std of top and bottom surface variables to be 1 nm, and the
correlation length is 1,000 nm. Notice that the actual thickness variation of on-
chip interconnects is the superposition of pattern-dependent systematic variation
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Table 9.5 The computational results of the CSV-based and DSV-based sensitivity approaches and
MC simulation for the two-wire structures (capacitance in unit of 10~'% F)

Tech. node Method  Mean (Cy;) Std (Cy,) Error (%) Mean (C,) Std (Cy;) Error (%) Time (s)

45 nm MC-5000 8.34 0.125 N/A —2.97 0.0911 N/A 8,184
Sens-CSV 8.31% 0.117 —6.2 —2.95% 0.0827 —9.2 23
Sens-DSV 8.29? 0.111 —11.3  —2.94* 0.0792 —13.1 1.8
MC-5000 7.71 0.138 N/A —2.85 0.101 N/A 12,014

38 nm Sens-CSV 7.69% 0.127 —8.2 —2.83% 0.0923 —8.5 2.6
Sens-DSV 7.67* 0.121 —-12.7  —2.82% 0.0891 —-11.7 1.9

19 nm MC-5000 6.35 0247 N/A —2.90 0.215 N/A 42,707
Sens-CSV 6.29° 0.207 -17 —2.84% 0.175 -19 7.9
Sens-DSV 6.27° 0.199 —20 —2.83% 0.170 —21 3.0

2The capacitance extracted with the nominal structure

and random variation, and the former is the major factor. Since only the part of
random variation is considered in this work, the above setting should be reasonable.

The two-wire structure shown in Fig. 9.10 is extracted with the CSV-based sen-
sitivity approach, the DSV-based sensitivity approach [19], and the MC simulation
with 5,000 samples. The computational results are listed in Table 9.5. Std(Cy,) is
the Std of total capacitance of wire 1, while Std(C;,) means the Std of coupling
capacitance between wire 1 and 2. Since the sensitivity approach does not produce
the statistical mean of capacitance, we list the capacitances of the nominal structure
in the table. In this experiment, the length of wires is set to be L = 100 nm.

From Table 9.5, we can see that mean value is very close to the nominal
capacitance, whose error is less than 3 %. The CSV-based sensitivity method has
better accuracy than the DSV-based sensitivity method. This is because the former
approximates the actual situation better. For the 45-nm and 38-nm technology, the
CSV-based sensitivity method is able to calculate the Std of total capacitance and
coupling capacitance with less than 10 % error. However, the error of capacitance
Std increases to about 20 % for the 19-nm technology. We have varied the length of
wires from 50 to 500 nm and repeated the experiment. Similar results are obtained,
which show the CSV-based sensitivity method produces better accuracy. For the
technology with narrow wires, the sensitivity-based approach has larger error due
to the prominent LER variation. Notice that the line-width variation (30 gr*1.414)
under the 19-nm technology has increased to be 39 % of the nominal width.

For the two-wire structures, the sensitivity-based method needs to solve the
nominal geometry with two settings of bias voltages. While for the MC simulation,
5,000 sample geometry are solved. The results in Table 9.5 show that the speedup
ratio of the sensitivity-based method to the MC simulation is about or larger than
3,000. The DSV-based sensitivity method is a little bit faster than the CSV-based
method, because the former involves fewer surface panels.

As suggested in the last subsection that the linear-model HPC would have better
accuracy than the sensitivity-based approach, we use it to extract the structures with
stronger LER variation. The linear-model HPC employing wPFA (for briefness, we
denoted it by wHPC-1) is used to extract the statistical capacitances of the two-
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Table 9.6 The computational results for 19-nm-technology two-wire structures (capacitance in
unit of 10718 F)

Two wires Method Std (Cyy) Error (%) Std (Cyp) Error (%)

L=50nm MC-5000 0.180 N/A 0.147 N/A
Sens-CSV 0.151 —16 0.122 —17
wHPC-1 0.176 —2.3 0.140 —4.4

L =100 nm MC-5000 0.247 N/A 0.215 N/A
Sens-CSV 0.207 —17 0.175 —19
wHPC-1 0.234 —5.5 0.200 —-7.3

L =200 nm MC-5000 0.342 N/A 0.305 N/A
Sens-CSV 0.300 —12 0.257 —16
wHPC-1 0.331 —34 0.293 -39

Table 9.7 The computational results for 19-nm-technology three-wire structures (capacitance in
unit of 10718 F)

Three wires Method Std (Cyy) Error (%) Std (Cyp) Error (%)
L =50 nm MC-5000 0.240 N/A 0.147 N/A
wHPC-1 0.234 —2.3 0.139 —5.4
L=100 nm MC-5000 0.329 N/A 0.211 N/A
wHPC-1 0.325 —-1.3 0.200 —5.3
L=200 nm MC-5000 0.495 N/A 0.302 N/A
wHPC-1 0.473 —4.3 0.291 —3.6

wire structure and a similar structure with three parallel wires under the 19-nm
technology. The results for cases with different wire lengths are listed in Tables 9.6
and 9.7. Since the error of mean value is less than 3 % (also demonstrated by other
existing works, e.g., [192]), here only the results about the Std of capacitance are
listed.

From Table 9.6, we see that the wHPC-1 is able to reduce at least half error of the
CSV-based sensitivity method. The experiments on the three-wire structure produce
the similar results. As a whole, the error of wHPC-1 is always less than 8 %.

The computational time of wHPC-1 and MC simulation is shown in Table 9.8.
We also list the numbers of independent variables (# variable) and deterministic
sample structures for solving (# sample) in the method of wHPC-1. The last row in
Table 9.8 is the time of parallel computing on the 8-core machine, while other data
of time are obtained with serial computing. For the purpose of comparison, the #
sample for the quadratic-model HPC (WHPC-2) is also given. The quadratic-model
HPC has good accuracy, but its computational time is proportional to # sample. So
in the experiments, wHPC-2 should be several tens of times slower than wHPC-1
and even slower than the MC simulation with 5,000 samples. On the contrary, the
wHPC-1 is several tens to several hundred times faster than the MC method. While
comparing with the sensitivity-based method in Table 9.5, the paralleled wHPC-1
(time is 70.9 s for L = 100 nm) is about 10X slower. We think this is the affordable
expense for improving accuracy.
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Table 9.8 The comparison of wHPC-1 and MC method on the computing time

Two wires Three wires
L (nm) 50 100 200 50 100 200
wHPC-1 # variable (d) 14 26 42 20 38 62
# sample (m) 30 54 86 42 78 126
Time (s) 118 465.7 212.5 217.1 746.4 421.4
wHPC-2 # sample (m) 436 1,432 3,656 862 3,004 7,876
MC Time (s) 20,014 42,707 12,723 26,062 47,956 16,906
Sp. of wHPC-1 to MC 170 92 60 120 64 40
Time of parallel wHPC-1(s) 17.2 70.9 32.7 32.8 112 62.0
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9.3.5 More Analysis Results and Discussion

Using both approaches, we can easily analyze the variational capacitance caused
by the on-chip random variations. The 45-nm-technology cases in last subsection
are the representative of cases with week variation effect, and we tackle them
with the CSV-based sensitivity approach. The 19-nm-technology cases are the
representative of cases with strong variation effect, which should be extracted with
the linear-model HPC technique. The relative standard deviation Std(C)/C is always
referred to as “mismatch” by designers, to model the effect of LER and other
variation on capacitances. With the 45-nm and 19-nm cases, we can study the
relationship between Std(C)/C and the wire length. The simulation results are shown
in Figs. 9.11 and 9.12; the relative deviation 3Std(C)/C is plotted. On the 8-core
machine, the simulation for Fig. 9.11 only costs 2 min, while the simulation time
for Fig. 9.12 is about 36 min.

From the plots we can see that, as wire length is scaled from 500 to 50 nm,
the related 30 deviation increases from about 4 to 11 % for Ci,, under the 45-nm
technology. And there is larger increase of related 30 deviation for the 19-nm
technology (from 12 to 28 %). This is because the variation of capacitance is
averaged out as the wire length increases. The mismatch of coupling capacitance
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Fig. 9.12 Plot of capacitance 28
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Ci, is about double of that of the total capacitance C;;. While comparing Fig. 9.11
and Fig. 9.12, we see that the capacitance variation is doubled if the feature size
scales from 45 to 19 nm. The capacitance variation is almost inverse proportional to
the feature size. Further analysis could be performed, such as to study the impact of
parameters o and 7 on Std(C)/C. These analyses are useful for circuit designers to
estimate mismatches and optimize the critical structures accordingly.

For large structure with longer wire length, the advantage of wPFA-accelerated
HPC technique will be lost. In that case, the window-based extraction technique
[174, 192] can be used to reduce the size of structure that the HPC technique
handles.

Both the CSV-based sensitivity approach and the linear-model HPC technique
are based on utilizing the BEM to solve deterministic interconnect structures. The
former uses the surface panel charges extracted from the nominal geometry to
generate the capacitance sensitivities [see (9.30)], while the latter uses the BEM
solver to calculate the capacitances [i.e., C(¢?) in (8.21)] of the sample structures
with irregular geometry. So, there is no problem to append the numerical results in
this work with the cases with multiple dielectric materials as in reality, since BEM
is applicable to multi-dielectric structures. The only difference is that, for multi-
dielectric cases, each BEM extraction needs more computational time due to the
additional discretization of dielectric interfaces. However, this would not degrade
the advantages of the presented techniques for statistical extraction.

9.4 Summary

To model the random geometric variations of on-chip interconnects, a reasonable
continuous-surface variation (CSV) model is proposed. A series of experiments on
a typical 65-nm-technology structure are carried out to compare the CSV model and
other exiting models describing the geometric variations. The results demonstrate
that the discontinuous-surface variation (DSV) model always underestimates the
Std of both total and coupling capacitances, with 20 % or larger error. And the
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variation as a whole (VAW) model overestimates the Std of capacitances, with the
error proportional to the L/n ratio of the extracted structure, where L is the length of
wire and 7 is the correlation length of variation.

A weighted principle factor analysis (PFA) technique for the capacitance extrac-
tion based on the Hermite polynomial collocation (HPC) is proposed to reduce
the random variables, which achieves up to 47 % efficiency improvement over
the normal PFA. Combined with the parallel computing technique, the statistical
capacitance extraction becomes very efficient and exhibits 7X parallel speedup on an
8-core machine. Besides, the formulas for calculating the inter-window capacitance
covariance are proposed to consider the CSV model. The pseudo-inverse of matrix
is utilized to accelerate the computation.

Finally, the geometric model and capacitance extraction techniques are inves-
tigated to consider the realistic LER of interconnects under the 45-nm and below
technologies. The fast BEM-based sensitivity method is extended to consider
the accurate CSV model, and the linear-model HPC technique is presented for
the purpose of fast statistical capacitance extraction. The numerical experiments
on short-range interconnects with LER effect demonstrate that the CSV-based
sensitivity approach and the linear-model HPC technique have sufficient accuracy
exhibiting several orders of magnitude speedup to the MC simulation. Moreover, the
linear-model HPC technique has better accuracy and is applicable for structures with
strong LER under the 19-nm technology. The presented approaches have also been
applied to the analysis of manufacturing variabilities of the design optimization.



Chapter 10
Fast Floating Random Walk Method

for Capacitance Extraction

The field-solver algorithm for capacitance extraction can be classified into two
categories: (1) the conventional deterministic algorithms based on boundary element
method (BEM) [28, 99, 133, 170, 179, 185], finite element method (FEM) [29,
149], etc., and (2) the floating random walk (FRW) algorithm with stochastic nature
[11, 12, 22, 38, 43, 44, 64, 69, 75, 82, 83, 203]. The deterministic algorithms are
fast and accurate, but not suitable for large-scale structures due to the large demand
of computational time and the bottleneck of memory usage.

In this chapter, we present the algorithms employed in an FRW-based 3-D
capacitance solver, called RWCap [125]. The solver is able to efficiently simulate
the structures with Manhattan geometry and multilayered dielectrics, which is the
major scenario for the capacitance extraction of VLSI interconnects. The main
contributions in this solver are as follows:

1. An efficient approach is proposed for the capacitance extraction with multilay-
ered dielectrics, which utilizes the numerically characterized surface Green’s
function and weight value for the cubic transition domain with two dielectric
layers. With the precharacterization procedure for a given process technology,
the proposed approach accelerates the FRW-based extraction for up to 160X with
very small memory overhead.

2. A comprehensive variance reduction approach is proposed to accelerate the
convergence rate of the FRW algorithm. The approach includes an importance
sampling-based technique to minimize the variance of weight value distribution
and a scheme combining it and the stratified sampling technique. This approach
brings 3X or more speedup to the proposed FRW algorithm for multi-dielectric
capacitance extraction, without memory overhead and the loss of accuracy.

3. A parallel FRW algorithm on the multi-core/multi-CPU platform is proposed.
A space management technique is presented to make the FRW-based solver
efficient while handling large structures. Numerical results show the parallel
RWCap achieves more than 6X speedup on a machine with 8 CPU cores.

W. Yu and X. Wang, Advanced Field-Solver Techniques for RC Extraction 179
of Integrated Circuits, DOI 10.1007/978-3-642-54298-5__10,
© Tsinghua University Press, Beijing and Springer-Verlag Berlin Heidelberg 2014
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It should be pointed out that there is little literature which reveals the algorithm
details of the 3-D FRW for multi-dielectric capacitance extraction. Because the
transition probability for a cubic domain with inhomogeneous dielectric cannot be
derived analytically, extending the single-dielectric algorithm [69, §3] to the multi-
dielectric structure is not straightforward. The presented work started the research
on the fast FRW capacitance solver for VLSI interconnects, from the academic
perspective.

10.1 The Basic Floating Random Walk Algorithms

The fundamental formula of the FRW algorithm is [83]

o (r) = 35 P(r.,re (rM)dr®, (10.1)
S

where ¢(r) is the electric potential at point r and S is a closed surface surrounding
r. P(r, r'V) is called the surface Green’s function. For a fixed r, P(r, ¥*") can be
regarded as the probability density function (PDF) for selecting a random point r"
on S. In this sense, ¢(r) can be estimated by the mean value of ¢(r"), providing
a sufficient large number of sample points 7" on S are evaluated. If S is the
surface of a homogeneous cube centered at r, P(r, ) only depends on the relative
position of 7 and is not related to the size of cube [69, 83]. More importantly, this
Green’s function can be derived analytically [69] and pre-calculated and stored as
the discrete probabilities for jumping to the discretized cells of the cube surface.

In the situation that ¢(r") is unknown, we apply (10.1) recursively to obtain the
following nested integral formula:

¢ PO (1)95 PO () @),
s = POCAOP PO (r0.r2)

95 pk+D) (r(k)7r(k+l))¢ (r(k+1)) dr®HD L dr @O (10.2)
Sk+1)

where S?(i =1, ..., k+ 1) is the surface of the ith cube centered at #/—D. POGEE—D,
r®and (i=1, ..., k+ 1) are the surface Green’s functions relating the potentials
at ¥~V to r¥. This can be interpreted as a floating random walk procedure: for
the ith hop of a walk, the maximum conductor-free cube centered at r~! is
constructed, and then a point #? is randomly selected on the cube surface according
to the discrete probabilities obtained with PO (=D, rD). Note that to obtain the
probabilities, we only need to consider unit-size cube for the ith cube and the
corresponding positions of 71 and r in the unit-size cube. The walk terminates
after k hops if the potential at point 7 is known, e.g., it is on a conductor surface



10.1 The Basic Floating Random Walk Algorithms 181

in the problem of capacitance extraction. With the surface Green’s function and
derived sampling probabilities for a unit-size cube calculated in advance [69], the
major cost of random walk is for geometric operations. After performing many
walks, the mean value of these estimates approximates ¢ (r) very well.

For extracting capacitances among conductors, the relationship between conduc-
tor charge and potential is needed. So, a Gaussian surface G; is constructed to
enclose conductor j (the master conductor), and according to the Gauss theorem,

0; = ¢ .B(r)-ﬁ(r)dr =¢G.F(r) (=Ve¢ (r))-n(r)dr, (10.3)

Gj

where Q; is the charge on conductor j, F(r) is the dielectric permittivity at point r,
and 7 (r) is the normal direction of G; at r. With (10.1) substituted to (10.3), the
following formula can be derived:

Q,:yﬁ F(r)gyg o (r.rM)YPD (r,rV)g (rV)drWdr, (10.4)
. s

G!
where the weight value

V, PO (r,rV)-n(r)

My —
a)(r,r )_ gP(l) (r,r(l))

(10.5)

V, is the gradient operator with respect to r, and the constant g satisfies

F (r)gdr = 1. Now the first integral in (10.4) can be interpreted as a

stoc/llastic sampling procedure on Gj, and the second integral can be calculated
with the above FRW procedure based on (10.2). The only difference is the weight
value (10.5), which contributes to the estimated value of Q; and relates Q; to the
conductor potentials (voltages) through the FRW procedure. Thus, averaging the
weight values from many walks produces the self- and coupling capacitances of
conductor j. Note that the calculation of weight value can also be accelerated
with a precharacterization process as that for the transition probability. The above
deduction derives the FRW algorithm for capacitance extraction (see Algorithm
10.1).
The total computing time of FRW algorithm is roughly

Tiota1 = Ny - Nhop ' Thops (10.6)

where Ny, is the number of random walks/paths, Ny, is the average number of
hops in a walk, and T, is the average computing time for a hop. The techniques
proposed in this chapter reduce Ny, Nhop, and Tyep, so that they produce an
efficient FRW algorithm for capacitance extraction.
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The analytical surface Green’s function for the spherical transition domain with
different hemispheres can help the FRW to handle the situation with multiple
dielectrics [64, 123]. Since the single-dielectric FRW relies on that the transition
cube is within a single dielectric, the sphere transition domain is used to continue
the walk stopping at dielectric interface. The resulting FRW algorithm for multi-
dielectric extraction is described as Algorithm 10.1.

Algorithm 10.1 The Basic FRW for Multi-dielectric Problem

1: Load the precomputed probabilities and weight values for single-dielectric cubic transition
domain;
Construct the Gaussian surface enclosing master conductor j;
Cji:=0,Vi; npath:=0;
Repeat
npath: = npath + 1;
Pick a point r© on Gaussian surface, and then generate a single-dielectric cubic transition
domain T centered at it; pick a point 7! on the surface of T according to the precomputed
probabilities, and then calculate the weight value @ with the help of the precomputed
weight values;
7 While the current point is not on a conductor do
8: If the current point is on dielectric interface, construct a sphere transition domain,
otherwise construct a single-dielectric cubic domain;
9: Pick a point on the domain surface, according to the probabilities of cubic domain or
sphere domain;
10: End
1. Ci:=Cji+ w; /lthe current point is on conductor i
12: Until the convergence criterion is met
13: Cji := Cji/npath, V i,

SARSANE I N

However, while extracting the actual interconnect structure with multiple
dielectrics, Algorithm 10.1 would induce many hops in a walk and thus is not
efficient. Figure 10.1 illustrates an example of walk in the basic FRW algorithm.
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Fig. 10.2 A transition cube
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10.1.1 Numerical Technique to Calculate Multi-dielectric
Surface Green’s Function

~ =)= =D

With the finite difference method (FDM), the transition probabilities can be calcu-
lated for a transition cube with multiple dielectrics [43]. Suppose there is a cubic
domain with multi-dielectric layers, as shown in Fig. 10.2. After discretization, the
cube surface is dissected into small panels. The transition probability what we want
is the relationship of the potentials at the center point and a surface panel.

In each homogeneous subdomain, the Laplace equation holds

v2¢=7+—+—=0. (10.7)

At the dielectric interface, there is the continuity condition:

1) _0¢
+— = —
& Py £ Py (10.8)

where ¥ and &~ are the permittivities of up and down dielectrics, respectively.
Using the FDM, the following matrix equation is derived from (10.7) and (10.8):

EEnE; o 0
0L 0 ||és|=17ssl. (10.9)
E;; O D3 Or 0

where @1, ¢p, and @r are the potential unknowns on inner grid points, the surface
panels, and dielectric interfaces, respectively. fg is the boundary potentials, which
may be regarded as the Dirichlet boundary condition. The E matrices are sparse
finite difference matrices discretizing the Laplace operator. The third block row of
(10.9) is derived from (10.8), and therefore, D33 is a diagonal matrix. Also note that
I, is an identity matrix. We then have

_ -
¢r=—(En—EiDHEsn) Enfs. (10.10)
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It expresses the relationship between the inner points and the boundary points.
Suppose the center of the cube is the kth inner grid points. Then, the potential of
center point is

_ T
¢ =elo; = —((En—EuDREn) e) Ennfs, (10.11)

where e, denotes a column vector where the kth element is 1 and otherwise 0. From
(10.11), we can see that the row vector

_ T
Pi=—((Ev - ExDZ Ex) "ei) Eny (10.12)

represents the discrete probabilities for transition from the center point to the
boundary panels and is what we want.

The numerical technique can be generalized to consider different boundary
conditions, such as the Neumann boundary, floating potential boundary, etc. [43].
However, it is impractical to precompute and tabulate the transition probabilities for
the maximum conductor-free transition cubes with all possible dielectric configura-
tions. The question is how many transition domains should be precharacterized to
well balance the memory usage and computational efficiency of the multi-dielectric
capacitance extraction.

10.2 A Multi-dielectric FRW Algorithm
with the Precharacterized Probabilities
and Weight Values

In this section, we first introduce the proposed approach to precharacterize the
transition cubes with two dielectric layers. Then, the details of the FDM techniques
for the precharacterization are presented. The multi-dielectric FRW algorithm is
finally given.

10.2.1 The Basic Idea

Modern VLSI process technology involves multiple layers of metal wires and
dielectrics. The coupling capacitance mainly exists between the wires at the same
layer or at two adjacent layers, due to the densely routed wires. If the hop in FRW
walk is able to cross one dielectric interface, the number of hops in a walk may not
increase much as compared with that for single-dielectric circumstance. Therefore,
numerically characterizing the surface Green’s function for the cubic transition
domain with two dielectric layers may bring sufficient benefit to the extraction of
multi-dielectric VLSI structures. Figure 10.3 shows an example of walk under the
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Fig. 10.3 A .shortest Conductor i
random walk in the °

multi-dielectric structure with
the usage of multi-dielectric €3
transition probability and [ I _f B
weight value [ on | I A A I g,
_——r - _—F -
i Conductor j 1 &
L. Gaussian surface __;

Fig. 10.4 The cubic

boundary L center point
transition domain with FDM
grids for precharacterizing the dielectric £+
multi-dielectric process
technology (2-D Interf:
cross-sectional view) = Interface
Zi . .
dielectric &

assumption that the hop is able to cross one dielectric interface. Comparing Fig. 10.3
and Fig. 10.1, we can see that the number of hops is largely reduced. On the other
hand, for a specified technology with nq4 dielectric layers (adjacent layers with same
permittivity are regarded as one layer), there are no more than n4 adjacent dielectric
pairs with distinct pair of permittivities. For each pair of permittivities, the surface
Green’s function is precharacterized as Green’s function tables (GFTs), and the
weight value is precharacterized as weight value tables (WVTs). The computing
time for the precharacterization procedure and the memory usage for recalling the
GFTs and WVTs should be moderate for a given process technology.

In the precharacterization procedure, we only consider the unit-size cubic
transition domain, which is discretized with FDM grids. The cube includes two
dielectric layers, and the position of dielectric interface is set to conform to the FDM
grid (see Fig. 10.4 for a cross-sectional view). For each dielectric configuration
(permittivity pair and interface position), the FDM technique based on Sect. 10.2.3
is employed to derive the corresponding GFT and WVT.

10.2.2 The Details of the Precharacterization Procedure

For precharacterizing the surface Green’s function accurately, some details of FDM
should be considered. Firstly, to avoid the potential unknown setting on the edge
or corner of the cube, each surface unknown is set at the center of boundary panel.
Also note that there is an unknown at the center of cube. To connect these unknowns
with an FDM grid, we firstly divide the cube into N x N x N equal-sized cells and
then attach one unknown to each cell’s center. Here N should be an odd number
(see Fig. 10.4). These N* unknowns form the ¢ in (10.9) for inner grid points. The
boundary unknowns attached to panel’s center point form ¢p. Because the height
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Fig. 10.5 Illustration of finite difference schemes for (a) inner grid point, (b) grid point near
boundary, and (c¢) point on interface

of interface Z; has the value of 1/N, 2/N, ..., (N —1)/N, extra unknowns ¢p are
defined on the interface surface to connect inner points upward and downward.

Different finite difference (FD) schemes are used to generate the coefficient
matrix blocks in (10.9). For the uniform inner grid point (see Fig. 10.5a), the
standard seven-point differential scheme with second-order accuracy is used.
Figure 10.5b shows the grid points near the boundary, where the grid step varies
(we assume the inner grid size is 2h). For this nonuniform grid, the Lagrange
interpolation is used to derive the differential scheme with second-order accuracy.
For example, the z-direction derivative for the point in Fig. 10.5b is approximated
with

82¢ 2M0 up us
02 S + 2 (10.13)

Here u denotes the potential on grid point. For the point on interface, in order
to be consistent with the standard seven-point differential scheme for inner point,
the formula with second-order accuracy is derived to approximate (10.8). As shown
in Fig. 10.5¢, on each side of interface, the potentials of two points are used to
approximate d¢/dz" or d¢/dz~. For this example, the derived difference equation
for (10.8) is

+ —8ugp + uy — uy _—8uy—u_; +u_—
& & .

(10.14)

6h 6h

It should be pointed out that if using the first-order difference equation for (10.8),
we find out that the obtained surface Green’s function would include some obvious
errors.

In the FDM solution, the height of interface Z; cannot be 1/2, which omits an
important situation when the walk stops at a dielectric interface. A special treatment
should be taken. As shown in Fig. 10.6a, which is a side view, the cube edge
should be divided into even segments, so that there is no boundary panel across
the interface. Therefore, the center point is not an inner grid point. As shown
in Fig. 10.6b, the potential at the center point can be approximated by its eight
neighbors, i.e.,
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Fig. 10.6 The situation where the height of interface Z; = 1/2. (a) The side view of the unit-size
cube. (b) FDM grids at the center of cube

Fig. 10.7 The GFT distributions on cube boundaries when ¢~ = 2.6 and et =5. (a) On the top
face. (b) On the side wall, for Z; = 1/5. (¢) On the side wall, for Z; = 1/2

} etug T e (w4 ux +us + ug) + & (us + us + u7 + ug)
c — - 9

et + ¢~ 4(et +¢7)
(10.15)

where u. denotes the potential of the center point. In practice, a vector e;( is
constructed to record the positions of nodes from 1 to 8 in the vector ¢; and the
their contributions to u., according to (10.15). A similar formula to (10.12) can be
used to efficiently calculate the discrete probabilities for the transition cube whose
dielectric interface is at height 1/2:

_ T
t =—((Evn—EDFEx) "e}) En. (10.16)

Figure 10.7 shows the distributions of the precharacterized GFT for the config-
uration: £~ =2.6 and e = 5. Note that the plot in Fig. 10.7a is similar to that of
single-dielectric surface Green’s function in Iverson and Le Coz [69], and the plots
in Fig. 10.7b, ¢ demonstrate that there is much larger probability to hop toward
the dielectric region with larger permittivity. By setting e~ = &, we have used the
single-dielectric Green’s function to validate the accuracy of the numerical GFTs
obtained with FDM.
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To calculate the weight value in (10.5), we firstly derive

BP(r,r(l)) BP(r,r“)) BP(r,r“))
1) 1 dx xt dy ny 0z n
w(r.rV)=- . .
g-L P (r,r)

(10.17)

where L is the edge length of the first cube, and we assume 7 (r) = [n,, ny, n]T.
Here P(r, r'V) denotes the surface Green’s function for the unit-size cube, and r
and r'V are the corresponding points in the unit-size cube. Since we have obtained
the GFT representing P(r, r'"), the finite difference formula for partial derivative
should be employed to calculate the weight value. For example, dP/dx stands for
the sensitivity of the probabilities with respect to the x-axis coordinate of the center
point of cube. Since Py in (10.11) is the GFT associated with the center point, we
denote the GFTs associated with its six neighbor points to be P41, Pr—1, Pr+n,
Pi_n, Py y2, and P _ 2. Then, with the centered difference formula, we have

OPr  Pryi—Pry e =TT
ax 4h __((E“_E13D33 E31) el) Eq, (10.18)
Py Piyy — Pin i =T. \T
y 4h - _((Ell —EiDy, E31) ezv) E, (10.19)
IPk Piyn2— Pry2 1 1. \T
9z 4h - _((E“ —E;Dy; E3l) eNZ) E,. (10.20)

Here vector €; (i =1, N, N?) is defined as

1/4h, j=k+i
éi(j)=1 —1/4h, j =k—i . (10.21)
0, otherwise

Equations (10.18), (10.19), and (10.20) are the formulas for calculating the
partial derivatives in (10.17). With a small value of £, they have sufficient accuracy.
In practice, the values of %, @, and % for each boundary panel (the
position of ) are precomputed and stored as the weight value tables (WVTs).
With the WVTs, the weight value (10.17) in actual walk can be calculated quickly.

It should be pointed out that precharacterizing the WVT for the multi-dielectric
cube enlarges the size of the first transition domain and is very important for
improving the computational efficiency. Since w is inversely proportional to the size
of the first cube L, and without the multi-dielectric WVT, the first cube is bounded
by the nearest dielectric interface, the value of @ would be very large if there is a
thin dielectric layer near the Gaussian surface. This large sample value would further
slow down the convergence of MC procedure. Therefore, the multi-dielectric WVT
can enlarge the size of first transition cube and thus prominently reduces the number
of walks to attain a certain accuracy goal [203].
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For a predefined value of N (segment number along cube edge), N positions
of dielectric interface are considered. Totally, 4N times of equation solution with
the coefficient matrix of (E1; — E13D53;'E31)" (N for GFTs and 3N for WVTs) are
involved for a pair of permittivities. As for the memory usage, 6N? real numbers are
needed to present a single GFT. For the 4N GFTs and WVTs which characterize a
dielectric pair, the memory space is needed to store 24N> about numbers. If N = 31
and the double-precision number is used, the storage is about 5.5 MB. If three
dielectric layers are allowed in the precharacterized transition cube, the memory
storing the three-layer GFTs and WVTs would be about N/2 times of that for two-
layer GFTs and WVTs, due to the two dielectric interfaces. This will make the
extra memory for the two-layer, three-layer GFTs and WVTs approaching to 1 GB,
if a process technology includes 10 three-consecutive-dielectric configurations.
Besides, allowing three dielectric layers in the precharacterized transition domain
will increase the complexity of implementation, such as matching the interface
heights in actual transition cube and those in the precharacterized. Therefore, we
only precharacterize the domain with two dielectric layers to well balance the
memory usage and computational efficiency.

10.2.3 The FRW Algorithm with Multi-dielectric
GFTs and WVTs

The following algorithm describes the FRW algorithm utilizing the multi-dielectric
GFTs and WVTs.

Algorithm 10.2  The FRW Using Multi-dielectric GFTs and WVTs

1: (1) Load the precomputed transition probabilities, weight values for single-dielectric cubic
transition domain;
(2) Load the precomputed multi-dielectric GFTs and WVTs;

2:  Construct the Gaussian surface enclosing master conductor j;

3: Cj:=0,VYi; npath:=0;

4: Repeat

5: npath: = npath + 1;

6: Pick a point #? on Gaussian surface, and then generate a cubic transition domain (may
contain two dielectrics) T centered at it; pick a point ¥ on the surface of T according to
the precomputed probabilities, and then calculate the weight value w with the help of the
WVTs;

7 While the current point is not on a conductor do

8: Construct the largest conductor-free cubic domain containing at most two dielectrics;

9: Pick a point on the domain surface, according to the transition probabilities of cubic

domain;

10: End

1. Ci:=Ci+tw; /lthe current point is on conductor i

12: Until the stopping criterion is met
13: Cji := Cji/npath, V i;
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In Algorithm 10.2, a shrinking operation for the cube may be performed after
generating the transition cube (in steps 6 and 8). Its aim is to adjust the size of
transition cube to make the height of dielectric interface to be i/N (i=1, 2, ...,
N —1) or 1/2 of the cube size. Therefore, the precharacterized GFTs and WVTs can
be used without loss of accuracy.

10.3 The Techniques for Variance Reduction

In this section, we firstly review the basic ideas of importance sampling and stratified
sampling, followed by the variance reduction techniques proposed in Batterywala
and Desai [12]. Then, we propose the technique to minimize the variance of weight
value distribution in the FRW and a comprehensive variance reduction Scheme.

10.3.1 Background

The MC method can be used to calculate a multidimensional integral:

I = /Qf (x)dx. (10.22)

If we pick n random samples x; uniformly distributed in €2,

I IICD
n

I, (10.23)

becomes an estimate for I, where A = f adx. Note that [, is the mean value of A-f(x;)
and is also a random quantity due to the randomness of x;. The variance of function
A-f(x) can be approximated by the variance of the discrete estimates A-f(x;):

a2y (fan)r-n-i?

n

Var, =

(10.24)

Due to the central limit theorem [113], I, obeys the normal probability distribu-
tion, and its standard deviation (Std) can be estimated with

Var (A - f (x)) Var,

n A ~ , 10.25
err, NG NG ( )
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where Var(A-f(x)) denotes the variance of function A-f(x). err, in (10.25) is also
called the 1 —o error of I,. With (10.25), it can be observed that the error of I,
is inversely proportional to the square root of the number of samples. Since I,
conforms to the normal distribution, the 1 — o error err, means the error bound
at the confidence level of 68 %. And it has the confidence level of 99.7 % that the
result is within the error of 3-err,,.

According to the above discussion, reducing the variance of the integrand f(x)
brings smaller err,, and therefore , with higher accuracy, for a given number of
sample points. The idea of importance sampling (IS) is to find a positive-valued
function g(x) such that f q(x)dx =1 and g(x) is nearly proportional to the function
f(x). Then, (10.22) is converted to

f( )q( )dx. (10.26)

q (x)

We can use ¢g(x) as a probability density function for the sampling of €2 and
evaluate f(x;)/q(x;) as the estimate in the MC procedure. This means that f(x)/g(x)
is regarded as the integrand function in the MC integration. Since g(x) is nearly
proportional to f(x), the variance of the new integrand is much less than that of f(x).
Therefore, the MC procedure corresponding to (10.26) will converge much faster
for a given error threshold.

Another variance reduction technique is the stratified sampling (SS), whose idea
is to divide the original integral to several integrals on its subdomains (also called
“strata”) and then calculate them separately. For example, dividing the €2 in (10.22)
into two equal-sized subdomains €2, and €2, we have

I=lL+1,=| f(x)dx +/ £ (x)dx. (10.27)
Qa Qb

If the MC method is used to calculate /, and I, separately, the formula (10.23)
can be substituted with

A Z S e) Z )

=14 = 2 s T8 2 =t T (10.28)

where n, and n;, are the sampling numbers in 2, and 2, respectively (n, + n, = n).
Due to the stochastic independence of /, ,53) and / ,§f’ , the variance of I;l is the sum of

the variances of / ,,(Z) and I,if) . Itis proved that [113]

Var (1) < Var (1), (10.29)
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if f(x) has different mean value in subdomains €2, and €2,. Furthermore, Var(I;)
achieves its minimum value if (n./ny)> equals to the ratio of variances of function
f(x)in €, and 2;. Because the Var([},) is the square of the Std in (10.25), calculating
(10.28) with the idea of SS produces the estimation to the original integral with
less 1 — o standard error. Thus, we need fewer MC samples to achieve a specified
accuracy criterion.

The above theory of statistics is applicable to the FRW algorithm, because Eq.
(10.4) is an integral. With the formula for the variance of capacitance estimates,
similar to (10.24), the 1 — o error of capacitance result is predictable [69, 82, 83]. So,
usually the accuracy criterion is set as the termination condition of FRW algorithm.
In practice, the algorithm checks the error after every certain number of walks. Once
the 1 — o error is below the specified accuracy goal, the algorithm will terminate.

In Batterywala and Desai [12], the variance reduction techniques were proposed
for the FRW-based capacitance extraction. Firstly, the capacitance was regarded as
the integral of normal electric field intensity on the Gaussian surface. Based on that
the electric field diminishes with the inverse of distance, the function g(x) for IS was
simply defined to be proportional to 1/D(r), where D(r) was the distance of point r to
the conductor inside the Gaussian surface. The stratified sampling was also applied,
which decomposed the first transition cube’s surface into 16 pieces (strata), and the
FRW calculations were performed for each stratum separately. It should be pointed
out that a variant FRW formula, instead of (10.4) (referred to as the standard FRW
formula), was used in Batterywala and Desai [12]:

Q; = ¢ F (r)ggg we (r,rV) ¢ (rM)drVdr. (10.30)
. S

J

The variant weight value is

V, PO (r,rM).7(r)

e (r,r(l)) = P

(10.31)

Accordingly, the sampling scheme in SV obeys the uniform probabilities, rather
than the probabilities derived by the surface Green’s function. In the next two
subsections, we will show that the variant FRW formula (10.30) causes worse
convergence behavior than the standard FRW (10.4), and the variance reduction
techniques were not fully exploited in Batterywala and Desai [12].

10.3.2 The Importance Sampling with the Weight
Values Averaged

In the FRW algorithm, the weight value (10.5), or (10.17), is the estimate of
capacitance in the MC procedure. From another viewpoint, it is the estimation to
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Fig. 10.8 The values in WVT for ! on top and side faces of the cube. (a) For the @ of the
standard FRW, (b) for the w, of the variant FRW, and (c) for the @ using the importance sampling

the integrand function (the normal electric field intensity) of the integral (10.4).
Although the integrand is unknown, we can instead reduce the variance of weight
values by transforming the FRW formula with the IS technique. It is noticed that
with the help of WVT, we actually know the possible values of the weight value.
Suppose r is on the top surface of the Gaussian surface, which means 77 (r) is along
the z-direction. In Fig. 10.8, we draw the distributions of the opposite of weight
value for the 7 on top and side faces of the cube. Figure 10.8a corresponds to the
o in the standard FRW, while Fig. 10.8b corresponds to the @, in the variant FRW
formula (10.31).

With Fig. 10.8a, b and (10.17), we know that w and w, are nonpositive for r()
on the top face, while they may approach to zero for 7! on the side face (outlined
with bold lines). This kind of value distribution demonstrates that the weight value
has a certain degree of variance. And the variance of @, seems larger than that of ,
which is verified by the numerical experiments showing slower convergence rate of
the variant FRW.

We now seek a function g(x) to modify the integral formula (10.4) so as to reduce
the variance of resulting weight value, based on the precomputed WVTs and GFTs.
For the transition cube with a specific dielectric configuration, we first calculate

K=¢|%P@N%ﬁumwk (10.32)
N
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where S and P(r, r) are the surface and the surface Green’s function of the unit-
size cube, respectively. Since r is the center of cube, K is a positive constant. We
transform (10.4) to

MY. 7
0,=¢ Fep -== r.r g) W) 4 (r ) arOar

B —K -V, P(r.rV)a(r) |V.P(r.rV)-a(r)|
_¢ .F(r)gyggL'gWrP (r.r®)-7a(r)| ' K x

x ¢ (r™)drVdr,

J

(10.33)

where L is the size of the first cube, with which the integral domain is converted
from SV to the unit-size cube S.
We define function g(x) to be

B |V,P(r,r(1))-ﬁ(r)| B |a) (r,r(”)|P(r,r(”)
N K N K

q(r.r?) (10.34)

Here w(r, r'") denotes the weight value for the unit-size cube, which is a little
bit different from (10.5). According to (10.32), ¢(r, r'V) can serve as the PDF for
sampling S. Then,

~ —K -V, P (r,rV)-7(r) ) DY gy (D
Qj _¢ jF(r)g¢sL'g|VrP("7"(l))'ﬁ(r)‘ -¢I(r,r )¢(i‘ )dr dr.

(10.35)
This suggests a new sampling scheme, where the weight value is
- —K/(L-g).if V,P (r,rV)-a(r)>0
W) = 10.36
@ (r.rt?) {K/(L~g), it V,P(r,rV)-n(r)<o. ( )

Note it is impossible that " has a value such that V, P (r,rV)-7(r) = 0,
according to the sampling probability function (10.34). In Fig. 10.8c, we draw the
distribution of the opposite of the new weight value (10.36). It is almost constant for
cubes with same size and dielectric configuration. Thus, the new FRW scheme may
exhibit much less variance.

Now, the point sampling on the first cube obeys the new probabilities obtained
from g(r, "), which can be generated by multiplying the original GFT and WVT,
element by element. Similar to the derivation of (10.17), the new probabilities
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g(r, rV) differ with different directions of 7 (r). We tabulate it with tables called
GFT_ISs, which have the same size of storage as the original WVTs. The new
weight values (10.36) are also precomputed and tabulated, but requiring much less
storage.

10.3.3 The Comprehensive Variance Reduction Scheme

Although the weight values are averaged with formula (10.35), they still fluctuate
when the first cube varies with different positions of r. This kind of variance can be
further handled with the SS technique. Since for a given cube the weight value has
only two nonzero values of (10.36), decomposing the cube’s surface into 16 strata as
in Batterywala and Desai [12] is unnecessary. We just divide the cube’s surface into
two strata, one with positive weight value and the other with negative weight value.
Instead, the Gaussian surface is decomposed to capture the different variances of
weight values on its different faces. Suppose the Gaussian surface has n, faces (see
Fig. 10.9). The original Eq. (10.4) is converted to

V, P (r.rV)-a(r)

L — - _ ’ (1 (1
Q"é/r,_k””gﬁ’gs g () drVar

V, P (r.rV)-n(r)
= Z/F/kF(r)g/ — T ¢ (r'V)drVdr+

MYy.77
Z/ F(r)g/ —VrP(r’Lr'g) n(r)qﬁ(r(”)dr(”dr, (10.37)

where I';; stands for the kth face of the Gaussian surface G;. S, stands for the surface
of the scaled half cube outside G;, and S, stands for the surface of the scaled half
cube inside G;. Note that V, P (r,rV) -7 (r) always has a positive value for r"
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on S, and a negative value for " on S,." Now, Q; becomes the summation of 2n,
integrals. Each integral can be calculated separately. For example,

V.P(r,rO).mw
1k=/ F(r)g/ YR T 0y arar, (1 <k <),
F‘/.k Sa

L-g
(10.38)
Because V, P (r,rV) -7 (r) is positive for 'V on S, we define
K, :./; V, P (r,rM)-a@rydr®. (10.39)
Then,
go (r.r V) = Ve (rr®) () (10.40)

Kq

becomes a PDF for the second integral in (10.38). We derive

I, = Ak/ F(r)g/ - —K“ qa (r,r(l))qﬁ(r(l)) drVdr, (1 <k< ng),
rie Ak s, L-g

(10.41)

where A, = / F (r) gdr. This can be interpreted by an FRW procedure, where
Tjk

the sampling on S, obeys the PDF of g,(r, ") and the corresponding weight value
is
-K,

Wk (r,r(l)) =7 g

(1<k<ng). (10.42)

Similar derivation can be applied to

= |
T

V.P(r,r). 7
F(r) g/ - (rLr )7 (r)¢ (rYdrVdr, (k> ny),
Sp 8

j,k—ng

(10.43)

!Supposing 7 (r) is along the positive z-axis direction, V, P (r,r®) -7 (r) = 9P (r,rV) joz =
Alimo [P (r + Az, r(l)) —P (r, r(l))] /Az. Because P(r, ) means the correlation (or contribu-
7—

tion) coefficient of the potential at point ! to the potential at point r, a movement of r toward r"
makes this correlation stronger. So, if ) is on S, (see Fig. 10.9), P(r + Az,rY) — Pr,r") > 0,
and thus V, P (r,r®) -7 (r) has a positive value. For " on Sj, we can similarly show that
V.P (r,r“)) -n(r) <O.
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provided that K}, and g,(r, r'V) are defined similarly to K, and ¢,(r, "), respec-
tively. And for k >ng, we let Ay equal to Ak_ng. Suppose n; walks are used to
calculate Iy, (k=1, ..., 2ng), and the weight values returned are @y 1, ..., @k, -
The estimation for (10.37) with the SS technique is computed as

l—l

2ng 2ng
0 =30 - Z( Zwk,) (10.44)
k=1

And the corresponding variance is computed piecewise as

2ng ny
Var (0) Z(A%Z k,——). (10.45)

=1 \ "k i=y

It should be pointed out that (10.44) and (10.45) need to be explained for
calculating the capacitances and variance of capacitance estimates. Comparing
(10.39) and (10.40) with (10.32) and (10.34), we conclude that the new sampling
scheme is compatible with the scheme in the last subsection. We do not need to
change the precharacterization scheme, which tabulates the surface Green’s function
P(r, r'V), the new PDF q(r, D) in (10.34), and the K in (10.32). Actually, K is
double of K,, in (10.39),? and the complete formula of (10.42) is

1<k<ng

2L~g

(10.46)

So, the weight value tabulated as in the last subsection can still be used.

In our implementation, the values of nt, (k=1, ..., 2n,) are not predefined.
Instead, the FRW procedure corresponding to the IS technique in the last subsection
is performed. The actual walks are registered to the 2ng strata, followed by
calculating the capacitance value and error estimation with formulas similar to
(10.44) and (10.45). Finally, the IS technique in Batterywala and Desai [12] can also
be applied to handle the first integral. All these consist of a comprehensive variance
reduction scheme, and the resulting FRW algorithm is described as Algorithm 10.3.

2Because9§ P(r,rM)dr® =1, 9§ V, P (r,r) -7 (r)dr® = 0. According to the definition

s s

of K, and K}, ¢ V. P (r,r) -7 (r)dr® = K, + K, = 0. We have proved that K, > 0, which
s

means K}, is its opposite number. So, K = ¢ |V,P (r,r®) -ﬁ(r)|dr(1) =K, — K, =2K,.
s
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Algorithm 10.3 The FRW Using the Variance Reduction Techniques

1: For each dielectric configuration occurring in the test case, load the available GFT, GFT_ISs,
and WVTs.

2: Construct the Gaussian surface enclosing master conductor j;

3: Ci:=0,YVi; m:=0,Yk

4: Repeat

5: Pick a point #? on Gaussian surface, and then generate a cubic transition domain (may
contain two dielectrics) T centered at it; pick a point ¥ on the surface of T according to
the precomputed GFT_IS, and then calculate the weight value @ with (10.46) considering
the position of #® and rV;

6: While the current point is not on a conductor do

7 Construct the largest conductor-free cubic domain containing at most two dielectrics;

8: Pick a point on the domain surface, according to the precomputed GFT of the

cubic domain;
9: End

10:  Register @y to strata k for Cj;;//the current point is on conductor i
11: me=n+1;

12 Calculate the standard error with formula similar to (10.45);

13: Until the stopping criterion is met

14: Calculate Cj;, V i with formula similar to (10.44).

10.4 The Space Management Technique and Parallel
Implementation

In this section, the space management technique is firstly presented to reduce the
computing time for structures with a large amount of conductors. Then, the parallel
technique is presented to boost the computational speed of FRW-based capacitance
extraction on the multi-core/multi-CPU platform.

10.4.1 The Space Management Technique

For each FRW hop, the distance from the current point to conductors should be
measured to construct the maximum conductor-free transition cube. Its computing
time should be reduced as short as possible because millions of hops are involved in
the FRW algorithm. In Bansal [7], several data structures were discussed to speed
up the distance queries in the FRW algorithm. Here we present a space management
technique based on the Octree spatial data structure [127] to organize the conductors
in the problem such that the distance is calculated for only a few of conductors for
each hop. This technique is required for the case involving many conductors. Each
Octree node represents a cubic spatial domain, which may be decomposed into eight
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subdomains, and each one corresponds to a child node in the tree. For each node of
Octree, we want to have a number of possible nearest conductors (candidate list)
for the spatial points it represents. To build such an Octree, we firstly define the
dominant relationship.

Definition 10.1 T is a cubic domain, and B; and B, are conductors. B; dominates
B, regarding T, iff YPeT, d(P, By) <d(P, B,), where d( , ) is the function of the
oo-norm distance in 3-D space.

The Octree is constructed through a procedure of inserting conductors. Firstly,
the Octree only has one node (root node), representing the whole problem space.
Then, all conductors in the problem are inserted to this node, one by one, with the
following algorithm.

Algorithm 10.4 InsertToOctree (Conductor B, Node T)

1. If T is aleaf node then

2 For each b in the candidate list of T do

3 If b dominate B then return;

4: Elseif B dominate b then

5: Remove b from the candidate list of T;

6: Endif

7 Endfor

8 Add B to the candidate list of T;

9: If the size of T’s candidate list is larger than threshold then
10: Divide T into 8 child nodes: Ty, ..., Tg;

11: For each b in the candidate list of T do

12: For i=1 to 8, InsertToOctree(b, T;); EndFor
13: EndFor

14:  Endif

15: Else

16:  For each child ¢ of T do

17: InsertToOctree(B, c);

18:  Endfor

19: Endif

Note that a threshold is predefined as the maximum size of the candidate list.
In steps 12 and 17 of Algorithm 10.4, there are recursive calls. The dominant
relationship of conductor blocks can be judged with their distances to the cubic
domain of current node.

Once the Octree is established for the extracted structure, in each hop only the
conductors in the candidate list of the leaf node that the current point belongs to
are inquired to calculate the distance. So, the time complexity of each hop is about
O(ho + 1,), where h, is the height of Octree and 7, is the threshold. We have tested
two structures with 201 and 402 wires, respectively. Numerical results show the
running time of FRW algorithm is reduced by 72 or 88 %, with negligible memory
overhead.
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Fig. 10.10 The flowchart of the parallel FRW on multi-core platform

10.4.2 The Parallel Implementation

The FRW algorithm is very suitable for parallelization, since the walks are
independent to each other. Figure 10.10 shows the flowchart of the parallel FRW
algorithm on a multi-core/multi-CPU platform. Multiple threads are allocated to
execute the random walk procedure (steps 5-9 in Algorithm 10.3; denoted by
“FRW core” in Fig. 10.10). In order to reduce the expense of communication, a
unique random number generator [97] is kept for each thread. The “lock™ operation
only happens when updating the value of capacitance and checking the program
termination criteria with total number of walks or estimated error. This check is
performed for every m walks (m = 1,000). The work of loading GFTs, WVTs, and
GFT_ISs is also parallelized without difficulty. The pthread APIs are used in our
implementation.

For large structure including thousands of conductor blocks, serially building
the Octree (step 2 in Fig. 10.10) may cost a lot of time. To reduce this expense, the
construction of Octree can also be parallelized. The basic idea is that in the insertion
operation, every conductor is independent to each other and the operation on every
tree node is also independent to each other.



10.5 Numerical Results 201

10.5 Numerical Results

We have developed a C+4 program RWCap with the proposed techniques. To
evaluate the efficiency of different techniques, four subversions of RWCap are
defined:

* RWCap(O): The basic multi-dielectric FRW (Algorithm 10.1)

* RWCap(M): The FRW using multi-dielectric GFT and WVT (Algorithm 10.2)
* RWCap(IS): The FRW using the IS technique proposed in Sect. 10.4.2

* RWCap(R): The FRW using all variance reduction techniques (Algorithm 10.3)

The termination criterion of RWCap is that the 1 —o error of self-capacitance
becomes smaller than 1 % of the mean value. This means that the relative error is
within 3 % (in a 99.7 % confidence level). The FDM-based method to generate the
multi-dielectric GFTs and WVTs is implemented in MATLAB, using the functions
for sparse matrix. Unless otherwise stated, the value of N (segment number along
cube edge) is set to 31.

As revealed in Batterywala and Desai [12], the placement of Gaussian surface has
an impact on the performance of FRW algorithm. In that work, the Gaussian surface
was constructed to enclose the master conductor in such a way that points on it are
equidistant from the conductor and from other adjacent conductors. However, this
strategy is not valid for the case with rare conductors, where along some directions
the equidistant position becomes very far away from the master conductor. This
worsens the convergence behavior of the FRW procedure. So, we adopt a different
strategy which firstly finds the six axis-direction equidistant positions from the
master and then use the minimum of the distances to construct the Gaussian surface
surrounding the master conductor.

The experiments are carried out on a Linux server with Intel Xeon E5620 8-core
CPU of 2.40 GHz. The computational time listed does not include that for loading
the multi-dielectric GFTs, WVTs, and GFT_ISs, because this can be performed only
once for a process technology. We store these data with binary format files, and the
time for loading them is less than 0.5 s for each tested process technology.

10.5.1 Test Cases

The typical 180-nm technology and 45-nm technology described in Deschacht et al.
[39] are considered. The cross sections of the test structures with three metal layers
are shown in Fig. 10.11, where the relative permittivity of each dielectric layer is
labeled. For the 180-nm technology, the width and height of each wire are 300 nm
and 530 nm, respectively, while in the 45-nm technology, the width and height are
70 nm and 140 nm, respectively. The first test structure includes three parallel wires
in M2 layer. For the second structure, two sets of 19 wires are added to M1 and
M3 layers, respectively, with random width and spacing (see Fig. 10.12). The third
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Fig. 10.11 The cross section of process technology used in the test cases. (a) The 180-nm
technology, where layers 2, 4, 6, and 8§ are thin dielectrics with thickness of 200 nm, and the
thickness of layers 3, 5, and 7 is 1,180 nm. (b) The 45-nm technology, where layers 2, 4, 6, and 8
are thin dielectrics with thickness of 40 nm, and the thickness of layers 3, 5, and 7 is 220 nm
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Fig. 10.12 The 3-D views of the test cases: (a) case 2 and (b) case 5

structure is a 5 X 5 bus structure distributed in M2 and M3 layers. Combining with
the two process technologies, we obtain six test cases as listed in Table 10.1. For
each case, the conductor in the middle is set as the master conductor, and the self-
and coupling capacitances of the master conductor are extracted.

We firstly validate the proposed techniques with experiments of serial computing.
Then, the efficiency of the parallel RWCap is demonstrated.

10.5.2 Validating the Multi-dielectric FRW Algorithm

The six test cases are extracted with RWCap(O) and RWCap(M), whose results
are compared in Table 10.2. Besides the self-capacitance Cgs, we also list a major
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Table 10.1 The description of six test cases

Technology Description

Case 1 180-nm technology 3 parallel wires. Wire length is 10,000 nm, and the spacing
is 300 nm to the left and 500 nm to the right

Case 2 41 wires in 3 metal layers. Wire width is 300 nm

Case 3 5 X 5 bus structure. Wire length is 3,000 nm, and the
spacing is 300 nm

Case 4 45-nm technology 3 parallel wires. Wire length is 2,000 nm, and the wire
spacing is 70 nm

Case 5 41 wires in 3 metal layers. Wire width is 70 nm

Case 6 5 x5 bus structure. Wire length is 700 nm, and the spacing
is 70 nm

Table 10.2 The computational results of RWCap(O) and RWCap(M) (capacitance in unit of
1076 E, memory in unit of MB)

Case RWCap  Cgr Ceo1 Std(C.;)  # walks Memory  Time (s)  Speedup
1 (0] 18.90 6.42 1.6 % 6,098 K 1.6 1468.55 N/A
M 18.61 6.32 1.5 % 206K 134 17.46 84
2 (0] 19.50 5.22 1.9 % 5,512 K 1.7 368.88 N/A
M 19.40 5.33 1.7 % 179K  13.6 5.13 72
3 (@) 7.25 261 2.0 % 4,180 K 1.6 533.88 N/A
M 734  2.64 1.7 % 132K 135 6.13 87
4 (0] 3.60 1.62 1.5 % 8,075 K 1.5 2554.09 N/A
M 3.64 1.61 1.5 % 160K 134 15.93 160
5 (0] 395  1.36 1.9 % 6,195 K 1.6 516.48 N/A
M 394 1.35 1.8 % 122K 135 4.12 125
6 (0] 1.43 0525 1.7% 7,417 K 1.6 1261.99 N/A
M 1.42 0504 1.7% 150K 13.5 9.59 132

coupling capacitance as C.; which is between the master and its right-side neighbor
wire. Std(C,;) in Table 10.2 is the ratio of this coupling capacitance’s Std to its
mean value. Note that the Std of Cyr equals 1 % of its mean value, which is the
termination criterion.

The capacitance values in Table 10.2 validate the accuracy of RWCap(M), i.e.,
Algorithm 10.2. For several cases, the Std of the coupling capacitance is even
reduced with the RWCap(M). The values of Std(C,;) less than 2 % also demonstrate
that the FRW algorithm is able to calculate the major coupling capacitance
accurately. The data of CPU time suggest that the technique of utilizing the multi-
dielectric GFTs and WVTs speeds up the original FRW algorithm by several tens to
more than one hundred times. And the memory overhead is only 12 MB, which is
negligible. The benefit brought by the multi-dielectric WVTs is actually larger than
that of GFTs, because the former avoids the first transition domain with very small
size and therefore largely reduces the number of walks for convergence. This is
more prominent for the 45-nm technology, because there is a 40-nm-thickness thin
dielectric layer just above the master conductor. We find out with the experiments
that the speedup brought by the multi-dielectric GFTs solely is from 2X to 3X.
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We have also solved “case 4” with FastCap [99] and CAPEM [38]. CAPEM is
a binary-code program, whose technical details are not published yet. FastCap’s
result is 3.55 x 10719 F, with the time of 34.7 s and 1.8-GB memory. It validates
the accuracy of RWCap (with discrepancy of 2.5 %) and shows that FastCap is
inferior even for this smaller case due to a lot of panels caused by the discretization
of dielectric interfaces. With 100-K walks, CAPEM’s result is 3.62 +0.18 (5 %)
while consuming 773 s. To compare fairly, we also run RWCap(M) for 100-K walks,
which produces Cgs of 3.49 £ 0.045 (1.3 %) after 9.5 s. This means RWCap(M) is
81X faster than CAPEM and has better convergence rate.

CAPEM also has the function of precharacterizing the transition cube with
multilayered dielectrics. While setting different values of N (segment number along
cube edge), we have compared the computational times of generating the GFT's
and WVTs for a dielectric configuration of cube with CAPEM and our program
in Fig. 10.13. The figure demonstrates that the precharacterization procedure with
the presented techniques is faster than that of CAPEM. For one tested process
technology, there are two permittivity pairs, and the precharacterization time
for RWCap(M) is about 524 s. In the precharacterization, generating GFTs and
generating WVTs cost about 1/4 and 3/4 of the total time, respectively. Also note
that while performing the precharacterization for RWCap(IS) and RWCap(R), the
computational time will not increase, as we have discussed at the end of Sect. 10.4.2.

Comparing the CPU times in Table 10.2, it is revealed that the time is not scaled
with the complexity of structure. This is the distinct property of the FRW algorithm,
as compared with the conventional algorithms. For example, case 4 has the most
complex structure including 41 wires (see Fig. 10.12b), but it costs the least CPU
time. The reason is that for a case with dense environment conductors, the walk will
terminate quickly.
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10.5.3 Validating the Variance Reduction Techniques

To demonstrate the efficiency of the proposed variance reduction techniques,
RWCap(M) is compared with RWCap(IS) and RWCap(R). The results are listed in
Table 10.3. From this table, we can see that the importance sampling and stratified
sampling techniques largely reduce the number of walks for the same accuracy
criterion. For the six cases, they bring the speedup ratios from 2.8X to 3.6X (3.2X
on average). We have also implemented the variant FRW formula (30) and the
corresponding variance reduction technique in Batterywala and Desai [12] with
our program, which is referred to as “variant FRW” and ‘“variant FRW(R)” in
Table 10.3. Compared with them, our technique also shows more than 2X speedup,
and RWCap(IS) using the technique of importance sampling is comparable or
superior to the “variant FRW(R).” Note that the stratified sampling in Batterywala
and Desai [12] only considers the distribution of single-dielectric weight value,
which makes its speedup not prominent for the multi-dielectric cases.

The capacitance values in Table 10.3 partially validate the accuracy of
RWCap(R). For the complete validation, we run RWCap(R) for 3,000 times and
then plot the distribution of the extracted Cgejs. Figure 10.14 shows this distribution
for case 1, accompanied by the distribution obtained with RWCap(M). Both plots
approximate to the normal distribution, and the calculated Std (<1 % of mean
value) suggests that the accuracy of extracted Cgr is not degraded with the variance
reduction. Besides, we compare the Std(C;) in Tables 10.3 and Table 10.2 and find
out that RWCap(R) also preserves the accuracy of coupling capacitance.

10.5.4 Comparing with the Fast Boundary Element Method

Experiments are carried out to compare RWCap(R) with a fast boundary method
utilizing the quasi-multiple medium (QMM) technique [114, 179]. The QMM-
accelerated BEM (called QBEM) [114] is suitable for multi-dielectric cases and
has exhibited about 10X speedup over the FastCap. The 45-nm-technology cases
are tested, and the computational results are listed in Table 10.4. To compare their
performance for large-scale structure, the 7th test case is constructed, which includes
403 wires in the three metal layers (with similar structure to case 5 but has 200
crossing wires in each neighbor layer).

For the extraction with QBEM, the Neumann boundary is needed to surround
the extracted structure, while the FRW algorithm assumes the Dirichlet boundary
far from the structure. So, the self-capacitance in the problem for FRW is always
larger than that in the problem for QBEM. Based on this analysis, we find out that
the discrepancy of QBEM and RWCap(R) on Cg¢ (see Table 10.4) is fairly small.
As for the coupling capacitance, the discrepancy of both solvers on C; is no more
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mean =1.868
Std = 0.01805 |

mean =1.868
Std = 0.01866 |

Fig. 10.14 The distribution of the Cy extracted with (a) RWCap(M) and (b) RWCap(R) for 3,000
runs

Table 10.4 The comparison of RWCap(R) and QBEM for the 45-nm-technology cases
(capacitance in unit of 10! F, time in unit of second)

QBEM RWCap(R)
Case #panel Cyyp Co Time Cerr  Dis. Cai Dis. Time Speedup
4 9334 3.63 1.61 279 365 06% 1.67 37% 4.93 0.57
5 12211 3.81 1.32 244 395 37% 1.36 3.0% 147 1.7
6 13883 1.38  0.504 4.09 144 43% 0.517 26% 3.13 1.3
7 54980 50.4 20.7 180 52.1 34% 185 —10.6 % 4.96 36

2A 3-layer structure with totally 403 wires under the 45-nm technology

than 10 %. From the table, we also see that QBEM is faster than RWCap(R) for
the smallest case, but this advantage is lost for more complex cases. For the largest
403-wire case, RWCap(R) becomes 36X faster than QBEM.

10.5.5 Validating the Efficiency of Parallel Computing

On the 8-core machine, experiments are carried out to validate the parallel imple-
mentation of RWCap(R). We firstly set 100,000 walks to be the termination criterion
of RWCap and run it with different numbers of threads. The computing time for
case 1 is listed in Table 10.5, which shows the high efficiency of the parallelization.
For all cases, nearly 7X speedup can be achieved on the 8-core machine. While
setting the standard error of 1 % as the termination criterion, the parallel speedup of
RWCap decreases a little because more walks than required are assigned to balance
the workload. However, it still achieves over 6X speedup on the 8-core machine, as
shown in Table 10.5. The experiment is also performed for the 7th test case with
403 wires, whose results show the parallel RWCap costs about 0.81 s with the 1 %
termination criterion. Comparing with the serial-computing time in Table 10.4, this
means a 6.1X speedup.
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Table 10.5 The computational time of the parallel RWCap(R) for case 1

# thread Time (s) Speedup
Walk-number criterion (100 K) 1 8.05 N/A

2 4.06 1.98

4 2.03 3.97

8 1.16 6.94
Accuracy criterion (1 %) 1 4.79 N/A

8 0.70 6.82

10.6 Summary

By numerically precharacterizing the surface Green’s function and the weight value
for cubic transition domain with two dielectric layers, an efficient FRW algorithm
is proposed for multi-dielectric capacitance extraction. The algorithm is further
accelerated with a new variance reduction scheme based on the importance sampling
and the stratified sampling. Along with the parallel computing technique, an efficient
FRW solver called RWCap has been developed.

Numerical results on test structures with 9 dielectric layers under the 180- and
45-nm process technologies have validated the efficiency of proposed techniques.
While comparing with other existing FRW algorithms, RWCap shows several tens
of times speedup over CAPEM [38] and more than 2X speedup over the technique
proposed in [12]. The comparisons with fast BEM-based solvers show that RWCap
has comparable computing speed for small cases but for large case is several tens of
times more efficient in CPU time and memory usage.

The RWCap program has been shared on the website of the first author [125].



Chapter 11
FRW-Based Solver for Chip-Scale

Large Structures

Different from the conventional field-solver methods for capacitance extraction,
such as BEM and FEM, the FRW algorithm is based on the Monte Carlo (MC)
method for calculating integral, which converts the capacitance calculation to
the procedure of random walk. Theoretically, the cost of the FRW algorithm for
calculating the capacitances related to a specified master conductor is independent
of the number of conductors in the problem. This makes the FRW algorithm with
unique advantages for handling large-scale interconnect structures.

We have presented an FRW-based capacitance solver (called RWCap) in
Chap. 10. However, only small- or medium-scale interconnect structures were
demonstrated; the experiments with really large-scale interconnect structures (say,
with over 10,000 wires) were not carried out to validate the efficiency of RWCap.
In this chapter, efficient space management techniques are presented for the aim of
extracting the large structure with up to one million wires as a whole. Both runtimes
of constructing and inquiring the space management structures for interconnect
wires have been substantially reduced. As a result, the improved FRW algorithm
becomes faster than RWCap for thousands of times while extracting a single net
and several to tens of times while extracting 100 nets.

11.1 Motivation

Today, the FRW algorithm has become the kernel of several commercial capacitance
solvers (such as QuickCap™ and Rapid3D™). With the parallel computing tech-
niques, these solvers have been applied to the block-level or chip-level extraction
tasks in the sign-off verification of VLSI circuits. Note that the approximating
approaches are used in them to handle the actual VLSI process technology. The
theory of accurate and efficient FRW algorithm for large-scale multi-dielectric VLSI
structures is not well established. Despite a space management approach, which
divides and organizes the whole simulation domain into an Octree structure and
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generates the candidate lists representing cell’s neighbor conductors, was employed
in RWCap [187], it is not efficient enough if the real large-scale structures with
thousands of conductors are handled. Another approach based on an array data
structure has been used and achieved remarkable speedup over the K-D tree-based
technique [121]. However, this approach is not well compared with other techniques,
and its details are not published. In Bansal [7], several data structures were discussed
to speed up the distance queries in the FRW algorithm. But they either have large
space complexity or are preliminary ideas without implementation. Because the
geometric computation in the FRW algorithm costs a large portion of the total
computing time, it is important to have an efficient space management approach
to accelerate it for the extraction of large-scale VLSI layouts.

The space management approach facilitates finding the nearest conductor during
the procedure of random walk. It has similar purpose as the techniques for
the nearest neighbor query (NNQ) problem in the area of database [108, 122].
However, the data set of conductors in the problem of capacitance extraction is not
dynamically changed as that in the general database. Compared with the techniques
for the NNQ problem (e.g., that based on the R-tree and the traversal with pruning
strategies [122]), more efficient technique and data structure can be devised for the
capacitance extraction problem.

A major step in each FRW hop is constructing a conductor-free transition
cube (step 8 in Algorithm 10.2). Since millions of hops are involved in the FRW
algorithm, the nearest distance from current point to conductor which is needed for
constructing the transition cube should be calculated as fast as possible. A space
management approach based on the Octree data structure [127] was presented in
Sect. 10.4, to organize the conductors. With this approach, only the distances to a
few of conductors, which are in the so-called candidate list, are calculated for each
hop. Thus, the computing time of each hop is largely reduced while extracting the
structure involving a lot of conductors. However, for larger interconnect structures,
the approach proposed in Yu et al. [187] (also Sect. 10.4) consumes a lot of time for
constructing the Octree. With the experiments on a test case with 37,062 conductors,
we have found out that the Octree’s construction time increases to 29 min. Note that
extracting a net costs only 2.9 s on average, under a 0.5 % accuracy criterion.

11.2 Basic Operations of Space Management
and Accelerating Techniques

In this section, we firstly present the fundamental concepts of the space management
for the FRW algorithm. Then, several techniques are proposed to accelerate the
generation and inquiry of the space management structure.
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11.2.1 Basic Operations

The basic idea of space management is to divide the whole 3-D domain into
organized small subdomains. Here we call the subdomain spatial cell. Each cell
is attached with a candidate list of conductors such that for any point in the cell, its
nearest conductor is in the list. With this approach, the inquiry of nearest conductor
can be executed very quickly.

A primary operation for constructing the space management structure is generat-
ing the candidate list for a cell. We shall check the conductors one by one to see if
they should be added to the list. To be rigorous, we give the following definitions,
where xpnin(-) and xpax(-) denote the minimum and maximum x-coordinates of a
cuboid, respectively.

Definition 11.1 The X-distance between a cuboid A and a point P (x, y, z) is the
larger one of xpin(A) —x and x — xpax(A). The Y-distance and Z-distance between
A and P are defined similarly.

Definition 11.2 The distance between a cuboid A and a point P is the maximum of
their X-, Y-, and Z-distances.

Definition 11.3 The X-distance between the two cuboids (A and B) is the larger one
Of Xmin(A)—Xmax(B) and xpmin(B)—xmax(A). The Y-distance and Z-distance between
A and B are defined similarly.

Definition 11.4 The distance between the two cuboids is defined as the maximum
of their X-, Y-, and Z-distances.

Note in our problem, there are only Manhattan geometries. It is assumed that
each spatial cell or conductor is a cuboid and can be described by its two opposite
vertices. We emphasize that the distances defined above can be a negative value,
which is different from the co-norm. Below, d(,) denotes the distance between the
two cuboids or a cuboid and a point.

Definition 11.5 T is a spatial cell, and B; and B, are two conductors. If for
any point P€T, and P¢B{UB,, d(P, By) <d(P, B,), we say B; dominates B,
regarding T.

The domination relationship is the key to create the candidate list. If B;
dominates B, regarding cell T, and B, is already in the candidate list of T, B, should
not be inserted to the candidate list. This is because for any point in the cell, its
distance to B; is not larger than that to B,. So, B, can be ignored while finding
the nearest conductor for any point in the cell. The domination relationship of two
conductors can be judged by considering eight vertices of the cell. Algorithm 11.1
describes the procedure of candidate checking for a conductor [187, 203].
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Algorithm 11.1  CandidateCheck (Conductor B, Cell T)
For each b in the candidate list of T do
If b dominate B then
return;
Elseif B dominate b then
Remove b from the candidate list of T;
Endif
Endfor
Add B to the candidate list of T.

S

11.2.2 Improving the Candidate Checking with Distance Limit

To get the candidate list for a cell, the procedure of candidate checking (Algorithm
11.1) should be performed for all conductors. For a large-scale problem where
there are thousands of conductors and thousands of cells, this results in large
computational expense. Especially, if only the capacitances of several critical nets
are needed, constructing the space management structure would dominate the total
computing time. After giving two definitions, we propose a technique to reduce the
time for generating the candidate list.

Definition 11.6 The size of a cuboid cell is defined as the maximum of the cell’s
length, width, and height.

Definition 11.7 The distance limit of a cell is the minimum distance between the
cell and a conductor in its candidate list plus the cell’s size. L(T) denotes the distance
limit of cell T.

In Fig. 11.1, we show four typical relationships between a cell and a conductor.’
In all these cases, the X-distance between the cell and the conductor is x3 — x»,
which is also the distance between the two cuboids. Note in three cases, the distance
is a negative value. If a cell is intersected, but not fully occupied, by a cuboid
conductor, the absolute value of their distance will be less than the size of the cell
(see Fig. 11.1b, c). This means that the distance limit of the cell is positive. For the
situation where the cell is fully occupied by a cuboid conductor (see Fig. 11.1d),
the cell’s candidate list is not useful because it is impossible that the random walk
would stop in the cell. So, we shall only consider how to create the candidate list
for the other kinds of cells, whose distance limit is definitely a positive value. We
conclude with the following theorem.

'We regard the situation where conductor B is in cell T as a special case of the situation shown in
Fig. 11.1c.
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Fig. 11.1 Four topological relationships between a cell T and a conductor B: (a) separated, (b)
intersected, (c¢) crossed, and (d) fully occupied. The X-distance of two cuboids is max (x3 —x,,
X1 — X4), and for the four cases, we have d(T, B) =x3 —x»

Theorem 11.1 For any valid cell T in the space management structure, its distance
limit L(T) > 0. And if the cell is intersected by a conductor,” L(T) <1, where L is the
size of T.

Actually, the distance limit L(T) is an upper bound of the distance to nearest
conductor from any point in cell T. While checking conductors one by one for
generating the candidate list, the value of cell’s distance limit dynamically changes.
During this course, if the distance between a conductor and the cell is not less than
the cell’s distance limit, the conductor must have been dominated by a conductor in
the candidate list and should not be inserted.

Theorem 11.2 [f the distance between a conductor and a cell is not less than the
cell’s distance limit, the conductor must have been dominated by a conductor in the
cell’s candidate list.

Proof From Definition 11.7, there is a conductor By in the cell T’s candidate list,
which fulfills

d(T,By)+1 = L(T), (11.1)

where [ is the size of cell T. For any point P in the conductor-free space within T,
we have

d (P,Bg) <d (T.Bg) + 1 = L(T). (11.2)

2Here “intersect” includes touching the outer boundary of the cell.
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Fig. 11.2 The distance between a point P in cell T and a conductor By is not larger than d(T,
By) + 1, where [ is the size of the cell. (a) By does not intersect T; (b) By intersects T. The transition
cube centered at P is also drawn with dashed line

The inequality can be explained with Fig. 11.2.
Now, if there is a conductor B, and d(T, B) > L(T), then

d (P,By) < d (T,B) <d (P,B). (11.3)

The last inequality in (11.3) is because the distance between the two cuboids is
not larger than the distance between one of them and a point in the other. So, from
(11.3), we see that By dominates B.

With Theorem 11.2, the operations of candidate checking can be largely reduced
for some conductors. We improve Algorithm 11.1 by utilizing the distance limit to
reduce the judgments of domination relationship. This becomes Algorithm 11.2.

Algorithm 11.2  CandidateCheck2 (Conductor B, Cell T)
d := d(B, T); lis the size of T;
If d > L(T) then return;
For cach b in the candidate list of T do
If b dominate B then return;
Elseif B dominate b then
Remove b from the candidate list of T;
Endif
Endfor
Add B to the candidate list of T;
10.  If (d+1)<L(T) then L(T) := d+1;

R S G

In Sect. 11.4, we will show that the distance limit brings large acceleration.
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11.2.3 Incomplete Candidate List

Up to now, it is assumed that we always construct the largest conductor-free
transition cube. So, all conductors need to be considered for generating the candidate
list. However, if we ignore the requirement for the largest size, it becomes not
necessary to consider all conductors. We may just check the conductors in the cell’s
neighbor region. With this strategy, we create an incomplete candidate list, which
is not for generating the largest transition cube. Thus, the computational time for
the construction of the space management structure can be further reduced. On
the contrary, the candidate list in the previous discussion is called the complete
candidate list.

Using the complete candidate list, the candidate list for a cell cannot be empty,
although the candidate conductor may be very far away. However, if there is no
conductor in the neighbor region, the incomplete candidate list becomes empty.
Here, we define the neighbor region of a cell by inflating it with the extension
size dpp (see Fig. 11.3). During the random walk procedure, by traversing the
candidate list, we obtain the minimum distance from current point to the candidate
conductors. If this distance is larger than the shortest distance between the point
and the boundary of neighbor region, the latter should be used to guarantee that the
transition cube does not intersect any conductor. Figure 11.3 illustrates this situation,
where d3 is the distance obtained with the incomplete candidate list but dy, should
be used to construct the transition cube. This example also shows that the transition
cube generated is not the largest one.

With larger neighbor region, the incomplete candidate list generated will be
more close to the complete candidate list. The following theorem states in certain
situations, the incomplete candidate list is actually a complete one.

Theorem 11.3 Cell T’s candidate list generated with the conductors in T’s
neighbor region is a complete candidate list, if the distance limit of T is not larger
than the extension size dnp Of the neighbor region.
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Proof For any conductor B outside the neighbor region of T, we know d(B, T) > dp.
If the cell’s distance limit L(T) < dpp, we get d(B, T) > L(T).

According to Theorem 11.2, B must have been dominated by a conductor in T’s
candidate list. So, no conductor outside the neighbor region should be added to the
candidate list, and this candidate list is already a complete one.

The following corollary can be derived from Theorem 11.3 and Theorem 11.1:

Corollary 11.1 Suppose T is a cell intersected with conductor. If the extension size
dup of T’s neighbor region is not smaller than T’s size, the incomplete candidate list
generated accordingly is a complete one.

We can still use Algorithm 11.2 to generate the incomplete candidate list with the
neighbor region. The difference is that we only check the conductors in the neighbor
region, instead of all conductors. Alternatively, we may check all conductors but set
the initial distance limit to be d, instead of the infinity.

If we employ the idea of incomplete candidate list, the following algorithm is
designed for generating the transition cube at a given point.

Algorithm 11.3  Find Nearest Distance (Point P)
Get the cell T which contains P;

1

2. dpin:= distance between P and boundary of T’s neighbor region;
3 For each B in the candidate list of T do

4. d, := d(P, B);

5. If dy,<d;, then

6 dnin:= dp;

7 Endif

8.  Endfor

9. return d,.

Notice that the distance obtained by inquiring the incomplete candidate list is
restricted by the boundary of neighbor region. This would increase the number
of hops in a walk and harm the computational efficiency of the FRW procedure.
So, a suitable size of neighbor region should be chosen to achieve the best overall
efficiency.

11.2.4 Reducing the Time for Inquiring the Candidate List

To find the nearest conductor from the current location of random walk, we need
to locate the cell which contains the point and then traverse its candidate list. The
first step depends on the space management structure. Here we consider the second
step whose purpose is to calculate the minimum distance between the point and the
conductors in the candidate list.
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The traversal can be terminated once the distance between the point and a
candidate is zero. This means that the point is on the conductor surface, and thus the
random walk should terminate. Otherwise, the traversal is usually not terminated
until the end of list is reached.

Here, we propose a strategy to terminate the traversal of candidate list earlier,
which is based on sorting the candidate conductors in the ascending order of their
distance to the cell. Denote the candidate list by {B;}, where B; is the ith item in the
list. After traversing the first j — 1 items, we get

dmin, j—1 = 1

min {d (P,B;)}, (11.4)
si<j—l

which is the current value of the minimum distance to conductor for the inquiry
point P. While traversing the jth item B;, if

d (B;,T) = duin,j—1. (11.5)
we derive
d (P,Bj) =d (B;,T) = dpin,j—1- (11.6)

This means B; will not affect the value of the minimum distance. Because the list is
sorted, i.e.,

d (Bj+x.T) >d (B;,T), k=12,..., (11.7)

traversing the rest of the list would be unnecessary. Thus, the traversal can be
terminated immediately. This proves the following theorem.

Theorem 11.4 Suppose the candidate list {B;} of cell T is sorted in the ascending
order of the conductor’s distance to T. While traversing the items in the list, By, By,
..., one by one, for calculating the minimum distance between B; and a point P in
T, if there is an item B; such that

d(B;,T) = min {d(P.B)}, (11.8)
<i<j—

the traversal can be terminated at B;.

Because the candidate list is usually not long, and we calculate and sort the
distances between a cell and its candidates in the construction stage, the overhead
of this fast inquiry technique is negligible. Note that for the candidate conductor
which intersects the cell, its distance to the cell is negative. So, it cannot be B; in
(11.8). We should always check them in the traversal. However, for the candidates
outside the cell, they may be skipped in the traversal with the proposed strategy.
With the help of sorted candidate list, Algorithm 11.3 can be improved to become
Algorithm 11.4.
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Algorithm 11.4  Find Nearest Distance 2 (Point P)
1 Get the cell T which contains P;

2 dmin:= distance between P and boundary of T’s neighbor region;
3 For each B in the candidate list of T do

4. d, :=d(P, B);

5. If d,==0 then
6

7

8

9

return 0;
Elseif d(B, T)>d,;;, then
return d;,;
. Elseif d, <dy;, then
10. Amin:= dp;
11. Endif
12.  Endfor
13.  return dp;,.

In Algorithm 11.4, two distances are needed in each iteration step. The d(B, T) is
pre-calculated for every cell T and its candidate conductors in our implementation,
but the distance d(P, B) has to be calculated online. This distance between a point
and a conductor cuboid is calculated for millions of times in the FRW algorithm.
So, we shall reduce its calculating time by all means. In our implementation, we
follow Definitions 11.1 and 11.2 and calculate the distance with six subtractions
and five maximums of two numbers. It is more efficient than the implementation
with a couple of “if-else” clauses.

11.3 Space Management Structures and Approaches

There are several spatial data structures, such as K-D tree, uniform grid, and Octree
[127]. The K-D tree is most commonly used for the multidimensional indexing.
Like the binary tree, each node in K-D tree has two child nodes which correspond
to two subdomains got by splitting the domain corresponding to the node. The
Cartesian coordinate planes are alternately set to be the splitting plane, and the
splitting position is chosen to make equal inquiry frequency in the two subdomains.
However, in our problem of capacitance extraction, we cannot estimate the inquiry
frequency of the stopping points in the FRW procedure. So, the K-D tree has no
advantage for our application.

In this section, we firstly improve the Octree-based approach [187] with the
proposed accelerating techniques. Then, we present two grid-based space manage-
ment approaches, with and without the candidate list, respectively. Finally, a hybrid
approach using both grid and Octree structures is proposed.
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11.3.1 The Improved Octree-Based Approach

We firstly consider the construction of the Octree structure. Due to the property
of a tree structure, for inserting each conductor to it, we must traverse it from
the root node to a leaf node.® If the distance limit is defined for the nodes in
traversal, unnecessary judgments of domination relationship can be avoided. If the
distance between a conductor and a node is larger than the latter’s distance limit,
the conductor should not be inserted into the node and its descendants. When a
conductor is inserted to a leaf node, we shall check if updating its distance limit is
needed. We can also check and update the distance limits of all ancestor nodes.
However, this is not done because its cost is usually larger than the benefit it
brings. Besides, the candidate list of a node becomes useless once it is divided into
eight child nodes. We shall delete the candidate list to release the memory space.
Algorithm 11.5 describes the procedure of inserting a conductor to an Octree node.
The whole structure is constructed by inserting all conductors one by one to the root
node.

Algorithm 11.5  InsertToOctree (Conductor B, Node T)

1 If d(B, T) > L(T), then return;

2 If T is a leaf node then

3 CandidateCheck2(B, T); //Algorithm 11.2
4. If length of T’s candidate list > thresl and size of T > thres2 then
5. Divide T into 8 child nodes: Ty, ..., Tg;

6 For each b in the candidate list of T do

7 Fori=1to8do

8 InsertToOctree(b, T;);

9. Endfor

10. Endfor

11. Endif

12.  Else

13. For each child node c of T do

14. InsertToOctree(B, c);

15. Endfor

16.  Endif

Note in step 4 of Algorithm 11.5, a threshold for the size of leaf node (cell) is
set. Because in some situations, dividing a node into eight child nodes cannot reduce
the number of candidate conductors, this size threshold is necessary for avoiding the
endless division of domain.

3Because each node in the Octree corresponds to a spatial cell, we regard the cell’s attributes as
the node’s attributes to make the presentation concise.
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When finding the nearest conductor from current point in the FRW procedure,
the traversal of Octree ends at a leaf node which contains the point. The cost of
this manipulation is proportional to the Octree’s height. The left job is to get the
minimum distance to conductor with the candidate list of the leaf node, whose cost
is related with the length of candidate list. The technique of sorting the candidate
list in Sect. 11.2.4 is helpful to reduce the time for inquiring the candidate list.

During the construction of the Octree, the conductors are nearly randomly
inserted to the root node. So, some redundant candidate checking exists even
the distance limit has been used. This redundancy can be further reduced by the
approach of incomplete candidate list. In practice, we set the initial value of the
distance limit to the extension size dy, of neighbor region. A suitable value of dy,
can reduce the time of constructing the Octree with little overhead on the time of
FRW procedure.

11.3.2 Two Grid-Based Approaches

The first step of inquiring the space management structure is to locate the cell
containing the current point. To reduce its cost, a 3-D array representing the uniform
partition of the whole domain is useful [121]. We call this the grid structure. Note
the number of conductors in each cell is not uniform and so is the length of candidate
list. Defining smaller cell size can reduce the maximum length of candidate list but
causes a large number of cells. If a complete candidate list is generated for every
grid cell, the construction time of grid will be very huge.

To reduce the construction time, a strategy different from the idea of using
the candidate list can be adopted [121]. Only the intersected conductors are
recorded for each cell, without candidate checking. During the random walk, the
conductors in current cell and its adjacent cells are inquired to calculate the distance
to conductor, similar to the approach with incomplete candidate list. Because
redundant conductors are handled, the random walk will perform slower with this
approach.

We can also generate the candidate list for each cell, if we only search in a
neighbor region, which includes the cell’s adjacent cells. For the problem with
densely routed VLSI interconnects, this grid structure actually has the complete
candidate list for many cells (according to Corollary 11.1). This largely reduces
the construction cost, but does not degrade the efficiency of performing random
walks. For the cell with too many candidates, it can be divided as a second-level grid
(shown in Fig. 11.4). However, more levels of division should be avoided because it
removes the advantage of grid structure for locating a point.

Algorithm 11.6 describes the procedure for constructing the two-level grid
structure with candidate list.
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Fig. 11.4 A two-level grid structure. The neighbor cells of conductor B are outlined with the blue
dashed line (Color figure online)

Algorithm 11.6  GenerateGrid (All Conductors, Grid G)

1. Suppose G is a 3-D array storing the cells, and the numbers of cells along
X-, y-, and z-axis are ny, ny, and n., respectively;
2. Suppose the minimum x-, y-, and z-coordinates of the simulated domain are
X0, Yo, and zg, respectively;

3. Set the distance limit of each cell in G to the size of the cell (s);

4. For each conductor B do

5. Get B’s minimum and maximum coordinates: (X,in, Yimin> Zmin) a0d Xaxs
Yimaxs Zmax)’

6. ix1:= max(| (tmin — Xx0)/s], 1); ix2:= min([ (xpax — Xo)/s] +1, n,);

7. iyl:: max( I.(.Vmin —yo)/SL 1); iy22= min( [-(Ymax _.)’0)/5:' +1, ny);

8 iz1:= max(| (Zmin — 20)/s), 1); iz2:= min([ (Zmax — z0)/s] +1, n.);

9. For i from ix1 to ix2, j from iyl to iy2, k from iz1 to iz2 do

10. CandidateCheck2(B, G[i][jl[k]); //Algorithm 11.2

11. Endfor

12.  Endfor

13.  Foreachcell Tin G do

14. If T is in the top level and the length of T’s candidate list > threshold3
then

15. Divide T into a new 3-D grid G’;

16. GenerateGrid(T’s candidate list, G);

17. Endif

18.  Endfor

11.3.3 The Hybrid Approach Using Grid and Octree

There is a drawback of the Octree-based approach, i.e., that the shape of the cell
can be much different from a cube for the extraction of large-scale layout. This is
because the lateral dimension of the simulated domain may be much larger than its
vertical dimension. Because the maximum dimension of a cell (cell’s size) is used to
calculate the distance limit, the screening effect of the distance limit can be heavily
weakened if the cell has large aspect ratio. In other words, the pruning effect of
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the distance limit can be weakened if the cell has large aspect ratio, because with a
same size of the cell, the cube-shaped cell has the largest volume. This means fewer
leaf nodes for a given spatial domain. We actually have assumed cube-shaped cells
in the grid-based approaches.

To overcome this drawback, we propose a hybrid approach using both grid
and Octree structures. Firstly, the grid-based approach with candidate list is used
to represent the whole domain, where each grid cell is a cube. Then, the Octree
structure is constructed for each grid cell. This guarantees that every cell in the
Octree is a cube.

The size of grid cell should be set as a large value (e.g., the height of the whole
domain), so that the incomplete candidate list is almost a complete one and the
expense of constructing the first-level grid is small. Algorithm 11.7 describes the
construction procedure of the grid-Octree hybrid structure.

Algorithm 11.7  GenerateGridOctree

1. Suppose G is a 3-D array storing n, X n, X n, cells;

2. X0, Yo, and zy denote the minimum coordinates of the whole domain;
3. s:= the size of the cell; set the distance limit of each cell in G to s;
4. For each conductor B do

5. Get B’s extreme coordinates: (Xmin»Ymin»Zmin) @1d (Xmax »Vmax»Zmax )
6. ix1:= max(| (tmin — X0)/s, 1); ix2:= min([ (xpax — X0)/s] + 1, 1,);
7. iyl:: max( I.(Ymin —yo)/SL 1); iy22= min( |—(_)’max _yO)/S-| + 17 }’l),.);
8. izl:= max(|(Zmin —20)/s], 1); iz2:= min([ (Zmax — 20)/s] + 1, 1.);
9. For i from ix1 to ix2, j from iyl to iy2, k from iz1 to iz2 do

10. CandidateCheck2(B, G[i][j1[k]); //Algorithm 11.2

11. Endfor

12.  Endfor

13. For each grid cell E; do

14. Define an Octree root node T; for the domain of E;;

15. For each conductor B;j; in E;’s candidate list;

16. InsertToOctree(Bjj, T); //Algorithm 11.5

17. Endfor

18.  Endfor

While inquiring the nearest conductor for a given point, we firstly locate a grid
cell and then traverse the Octree for that cell. Compared with the improved Octree
approach, this hybrid approach would consume less memory while keeping the same
efficiency. As the grid with candidate list or the Octree approach, with this hybrid
approach, the FRW procedure can perform very quickly. This is advantageous while
comparing with the grid without candidate list.
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11.4 Numerical Results

Based on the C4+ program RWCap, we have implemented the proposed space
management techniques. With several large VLSI layouts under the 180- and 45-nm
process technologies, we firstly validate the efficiency of the accelerating techniques
proposed in Sect. 11.2. Then, the space management approaches proposed in
Sect. 11.3 are evaluated and compared with each other. Finally, the efficiency of
the capacitance solver RWCap2, which employs the accelerating techniques and the
grid-Octree hybrid structure, is demonstrated.

The experiments are carried out on a Linux server with Intel Xeon E5-2650
8-core CPU of 2.0 GHz. All results are obtained from the execution of serial
computing. The accuracy criterion of FRW algorithm is set to 0.5 % 1 — o error.

11.4.1 Test Cases

We have four test cases. The first one is a 1,000 x 1,000 crossover structure, which
includes totally 2,000 conductor wires. The width and height of each wire are both
14 nm, and the length is 28 pm. The distance between the two layers of wires is
86 nm.

The second test case is an actual design called “FreeCPU,” based on the 180-
nm technology with the minimum wire width of 200 nm [187]. It includes 37,062
conductor blocks in 5 metal layers, which forms 3,036 nets. The lateral and vertical
dimensions of this case are about 700 um and 9.4 wm, respectively. A portion of its
layout is shown in Fig. 11.5.

Fig. 11.5 A small part of the 2-D layout of case 2 (“FreeCPU”) and its zoom-in. The wires on
different layers are distinguished by different color patterns (Color figure online)
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Table 11.1 Variable parameters in the space management approaches

Octree The lower bound of the dimension of leaf node (/;); the length
threshold of the candidate list (2,); the extension size of
neighbor region (dyp,)

Grid with candidate list The size of the first-level grid cell (/;); the length threshold of the
candidate list for creating the second-level grid (n,)

Grid without candidate list The size of the first-level grid cell (/;); the threshold of the
number of conductors for creating the second-level grid (n,)

Grid-Octree hybrid The lower bound of the dimension of leaf node (/;); the length
threshold of the candidate list (2,); the extension size of
neighbor region (d,p); the cell size of the top-level grid (/)

The third test case is an artificially created layout based on the 45-nm technology
with the minimum wire width of 70 nm [187]. It includes 101,595 conductor blocks
in three metal layers, with random widths (larger than the minimum width), spacings
(larger than the minimum spacing), lengths, and positions. We only extract the
capacitances of the metal wires in the middle layer. So, considering the three layers
of wires is sufficient. The lateral size of this case is about 1,000 pm.

The fourth case is a larger case based on the 180-nm technology. Its parameters
are similar to the “FreeCPU” case but with 484,441 conductor blocks.

For the evaluated spatial structures, there are several variable parameters. We list
them in the following Table 11.1.

11.4.2 Validating the Three Accelerating Techniques

In this subsection, we use the Octree structure to demonstrate the efficiency of the
proposed accelerating techniques. In the experiment, the length threshold of the
candidate list for growing child nodes is set to 21. The lower bound of the node’s
dimension is set to 40 times of the minimum wire width. For the technique with
incomplete candidate list, the extension size of neighbor region (dyp) is set to 25
times of the minimum wire width. This makes the generated candidate list almost
complete.

The total computing time of the FRW algorithm includes two parts: the time
for constructing the space management structure and the time for the random walk
procedure. We firstly validate the techniques with distance limit and incomplete
candidate list. The original Octree-based approach in Yu et al. [187] is denoted
as Octree (0O), while Octree (DL) denotes the version with the distance limit.
Octree (ICL) denotes the version using both distance limit and incomplete candidate
list. The construction times for the three versions of Octree structure are listed in
Table 11.2, where the number of Octree nodes and the minimum size of the cell
(Imin) are also given. From the table, we see that the distance limit brings huge
acceleration and the speedup is even larger for problem with more conductors.
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Table 11.2 The comparison of different techniques on the construction time of the Octree
structure (in unit of second)

Case #node Imin (Wm)  # conductor Octree (O) Octree (DL) Octree (ICL) Sp.

1 27,145 041 2,000 81.3 0.36 0.29 280
2 83,441 7.11 37,062 1,757.9 3.10 0.74 2,375
3 253,761 2.34 101,595 16,595.6 8.21 243 6,829
4 1,061,361 6.44 484,441 N/A 83.12 17.12 N/A

Table 11.3 The efficiency of the fast inquiry technique on the random walk procedure with the
Octree-based approach

Time for extracting a net (s)
Case Average # walk Average # hop/walk FRW(O)  FRW(Fastlnq) Speedup

1 2.82x 10° 9.1 3.04 1.61 1.89
2 3.03x 10° 12.5 2.97 1.41 2.11
3 1.89 x 103 10.5 1.73 0.81 2.14
4 2.77 X 10° 12.7 3.63 1.49 2.44

The incomplete candidate list further reduces the construction time, for about 4X
in this experiment. With the two techniques, the construction time for case 3 (with
101,595 conductors) is reduced by 6829X and becomes only 2.4 s. For the largest
case, the Octree (O) cannot finish the construction in a couple of days, while the
improved approach costs only 17 s.

To validate the proposed techniques on the inquiry of space management
structure, we randomly extract 100 nets for each case. The distance limit does not
affect the inquiry time, and the incomplete distance list in this experiment affects it
little. So, we only evaluate the efficiency of the fast inquiry technique in Sect. 11.2.4.
The results are listed in Table 11.3, where FRW(O) denotes the original FRW
algorithm and FRW (FastInq) denotes the FRW using the fast inquiry technique with
sorted candidate list. The average number of walks, the average number of hops per
walk, and the average time of performing the walks for extracting a net are listed.
The results show that the proposed technique achieves over 2.1X speedup for larger
cases.

To investigate the effect of the extension size of neighbor region (dy,) in the
Octree-based approach with incomplete candidate list, we plot the curves of the
construction time, the average time of million walks, the average time of million
hops, and the average hop numbers of a walk in Fig. 11.6. The horizontal axis
iS dpb/Wmin 1n log scale (base 5), where wy;, is the minimum wire width of the
known process technology. The results show that if dy, is larger than 25wy, there
would be no difference in the walking procedure (see Fig. 11.6b, c, and d). As dyp
decreases, the number of hop per walk increases quickly. Although the time per hop
may decrease due to shorter candidate list, the overall effect is that the time per walk
increases (see Fig. 11.6b). So, we can choose 25w, as an optimal dy, to reduce the
construction time without harm to the random walk procedure.
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Fig. 11.6 The curves of the construction time (a), the average time of million walks (b), the
average time of million hops (¢), and the average number of hops in a walk (d), with varied values
of dyp and the Octree-based approach. wy,;, means the minimum wire width

11.4.3 Evaluating Different Space Management Approaches

In the variable parameters for the four space management approaches in Sect. 11.3
(see Table 11.1), we set the value of dyp to 25wy, for the Octree and the grid-Octree
hybrid structures. For the hybrid structure, we set the size of the top-level grid cell
(Iy) to the height of simulated domain. It makes the grid to be a 2-D grid. Now, each
space management approach involves two variables. They are denoted by /, and n,,
with slightly different meaning for different approaches. Note that d,, and /; should
be measured in terms of the minimum wire width. This makes their effect changes
little for cases from different process technologies.

We investigate the trends of the construction time, time of random walk
procedure, and memory usage with varied values of /; and n,, for different space
management structures. In Fig. 11.7, the construction time of the Octree and the
grid with candidate list for case 2 is plotted. From the figure, we see that the time
for constructing Octree decreases when /; or i, increases. This is because the Octree
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includes fewer cells with larger /, or n,. The trend for the grid structure is a little
bit complex. A smaller n, means a cell has larger probability to be divided into the
next level and thus causes more construction time. If /; is very large, each first-level
cell includes many conductors and is divided into the second-level grid. So, the
construction time would not change much with varied n,, and larger /, means larger
neighbor region and thus more construction time. If /; is small, the construction time
increases quickly with decreased n,, because more first-level cell is further divided.
However, since smaller /, corresponds to smaller neighbor region, the smallest /,
may not cause the largest construction time (see Fig. 11.7b). The trends for the grid
without candidate list and the hybrid structure are similar to that in Fig. 11.7a, but
their construction time is much shorter (mostly less than 1 s).

The time for performing random walk with the Octree and grid without candidate
list is plotted in Fig. 11.8. From the figure, we see that with the Octree, the time of
walk changes little or slightly increases when #n, increases. This is because, despite
larger n, increases the time for traversing the candidate list, it reduces the height of
the tree. The sorted candidate list is also helpful for reducing the traversing time. As
for the lower bound of size of leaf node (/;), it affects only when it is very large and
therefore causes a very long candidate list in leaf. While employing the grid without
candidate list, the time of random walk increases with the increase of /; or n,. By
comparing Fig. 11.8a and 11.8b, it is obvious that the grid without candidate list
causes much slower random walks than the Octree structure with candidate list. The
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time trends of random walk with the grid with candidate list and the hybrid structure
are similar to that of the Octree. And with the hybrid structure, the random walk is
performed faster than that with Octree and grid with candidate list; the latter two
have almost same performance.

For the four space management structures, their memory consumption varies in
the same manner with changed /, and n,. It decreases when /; or n; increases, which is
similar to the construction time in Fig. 11.7a. With same size of grid cells or Octree
leaf nodes, the grid without candidate list consumes the least memory. For each
structure, there is a trade-off between the memory usage or construction time and the
efficiency brought to the random walk procedure. To reflect this trade-off, we plot
the memory usage and time for performing random walk in Fig. 11.9, for the four
structures. Some data are also listed in Table 11.4. From Fig. 11.9 and Table 11.4, we
can see that the hybrid approach has advantages over the other three. With the same
memory usage (~20 MB), the hybrid approach makes 12 % reduction on the time
of random walk, compared with the Octree and the grid with candidate list. And it is
2.1x faster than that with the grid without candidate list. With the same performance
of random walk (~5 s), the memory usage of the hybrid structure is less than half
of that used by the improved Octree and grid with candidate list structures.
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Fig. 11.9 The comparison of four space management approaches for the trade-off of memory
usage and the time for performing random walks

Table 11.4 The memory usage and time of random walk for different values of /; and n,

Approach I g Memory (MB) Time/walk (107° s)
Improved Octree 80Wnmin 12 17 6.14
Grid with candidate list 320Wmin 70 22 5.48
Grid without candidate list 60Wmin 120 20 10.38
Grid-Octree hybrid Wmin 21 19 4.84
Improved Octree 10Wpmin 18 37 4.97
Grid with candidate list 160wmin 20 50 4.98
Grid-Octree hybrid 16Win 21 18 4.96

Similar observations have been gotten with the experiments for other test cases.
Note that the data of interconnect geometries cost about 6-MB memory in case 2
and the memory usage of 18 MB for space management is acceptable.

11.4.4 RWCap?2 with the Hybrid Approach Using
Grid and Octree

We have implemented the hybrid approach with grid and Octree in RWCap. The
improved solver is called RWCap2 [125], where the values of /; and n, are set to
16wmin and 21, respectively. We firstly compare RWCap2 and RWCap for the test
cases. The times for initialization (constructing space management structure) and
tasks of extracting 1 net and 100 nets are listed in Table 11.5. The results of case
4 are not included, because RWCap costs too long time for initialization. RWCap2
costs 4.4 s and 149-MB memory to construct the hybrid structure for case 4. From
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Table 11.5 The comparison of RWCap and RWCap2

RWCap RWCap2
Tyaik (s) Mem? Twaik () Sp. for
Case Teons (s) 1 net 100 nets 1,000 nets Teons (s) (MB) 1 net 100 nets 1,000 nets 1,000 nets®
1 81.3 3.00 304 3,185 0.13 6 1.17 119 1,178 2.8
2 1,758  1.80 297 2,935 0.34 18 0.80 132 1,265 3.7
3 16,596 1.78 173 1,729 1.37 87 0.75 71 718 25.5

2The memory usage for the space management structure
"With regard to the total computational time of capacitance extraction

Table 11.6 The comparison of RWCap2 and a commercial solver (capacitance in unit of 1078 F,
time in unit of 107° )

Commercial solver RWCap2
Structure Cap.  Time/walk Time Cap. Error (%) Time/walk  Time Sp.
100 x 100 120.3 11.05x107% 4.15 1204 0.1 401x107% 1.13 2.8
500 x 500 5989 1344x107° 504 597.5 —02 3890x107% 1.11 3.5
1,000 x 1,000 1,197 1541x10~® 578 1,192 —04 406x107° 1.12 3.8

Table 11.5, we see that for the task of extracting a single net, RWCap2 is up to
7829x faster than RWCap and for extracting 1,000 nets, the speedup is from 2.8
to 26. Comparing the data in Table 11.5 and Tables 11.2 and 11.3, we can see the
advantages of the grid-Octree hybrid structure over the Octree structure. Note the
former includes fewer nodes, e.g., 35,653 for case 2.

We have also compared RWCap2 and an advance commercial FRW solver on
a Linux server with AMD 2.4-GHz CPU with several crossover cases. For each
one, the middle conductor in M2 layer is extracted. The capacitance results and the
average time of a walk are listed in Table 11.6. From the data of time/walk, we see
that the space management approach used in RWCap?2 brings 3x speedup over the
other solver. For the total runtime, RWCap2 has larger speedup because its FRW
procedure converges faster [187].

11.4.5 The Results for Multi-dielectric Cases

For cases 1 and 3, the multi-dielectric configuration of 45-nm technology is
applied. For case 2, the 180-nm technology is applied. Thus, we get the multi-
dielectric cases and perform the FRW-based capacitance extraction. The space
management approaches are still valid for the multi-dielectric cases, except that
when constructing the transition cube, the constraint of dielectric interfaces needs
to be considered. The computational results obtained with RWCap and RWCap?2 are
listed in Table 11.7. Note that the multiple dielectrics do not affect the construction
of space management structures, but increase the number of hops in a walk due to
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Table 11.7 The comparison of RWCap and RWCap2 with test cases in multi-dielectric configu-
rations

RWCap RWCap2
Tyaik () Tyaik () Speedup”
Case Teons () 1 net 100 nets Teons () 1 net 100 nets 1 net 100 nets
1 83.1 10.1 968 0.13 4.36 444 21 2.4
2 1,758 19.6 4,030 0.34 9.71 2,080 177 2.8
3 16,596 14.7 1,699 1.37 6.41 793 2,135 23

4With regard to the total computational time of capacitance extraction

the constraint of dielectric interfaces. From Table 11.7, we see that the proposed
techniques still bring 2x speedup to the random walk procedure, which is not
degraded much as compared with the single-dielectric cases (Table 11.5). For the
task of extracting a single net, RWCap2 is up to 2135x faster than RWCap. The
speedup ratio becomes 2.4 to 23 for extracting 100 nets.

11.5 Summary

Efficient techniques are proposed to largely accelerate the construction of space
management structures and facilitate fast nearest conductor query in the FRW-based
capacitance extraction. A new grid-Octree hybrid structure is proposed to achieve
better trade-off between the costs of space management and the efficiency gain on
the random walk procedure. Large single- and multi-dielectric VLSI interconnect
structures have been used to validate the efficiency of proposed techniques.

In actual scenario, the distributed capacitances for a net (a number of connected
interconnect wires) are needed. The environment of the nets, which constitutes chip-
scale large structures, should be handled to preserve high accuracy. The detailed
treatment for this scenario using the FRW-based extraction techniques can be found
in Zhang and Yu [191].
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