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PREFACE

The purpose of this book is to present computer arithmetic for fixed-point, decimal,
and floating-point number representations for the operations of addition, subtraction,
multiplication, and division, and to implement those operations using the Verilog
Hardware Description Language (HDL). The Verilog HDL language provides a
means to model a digital system at many levels of abstraction.

The four basic operations are implemented in the execution unit of a computer
which includes the arithmetic and logic unit (ALU). The execution unit is the focal
point of the computer and performs all of the arithmetic and logical operations.

Addition and subtraction for all three number representations are relatively sim-
ple; however, multiplication and division are comparatively more complex. The
arithmetic algorithms for the three number representations are presented in sufficient
detail to permit ease of understanding.

The different modeling constructs supported by Verilog are described in detail.
Numerous examples are designed in each chapter for specific operations using the
appropriate number representation, including both combinational and clocked
sequential arithmetic circuits. Emphasis is placed on the detailed theory and design
of various arithmetic circuits using applicable algorithms. The Verilog HDL design
projects include the design module implemented using built-in primitives, dataflow
modeling, behavioral modeling or structural modeling, the test bench module, the
outputs obtained from the simulator, and the waveforms obtained from the simulator
that illustrate the complete functional operation of the design.

The book is intended to be tutorial, and as such, is comprehensive and self con-
tained. All designs are carried through to completion — nothing is left unfinished or
partially designed. Each chapter includes numerous problems of varying complexity
to be designed by the reader.

Chapter 1 covers the number systems of different radices, such as binary, octal,
binary-coded octal, decimal, binary-coded decimal, hexadecimal, and binary-coded
hexadecimal. The chapter also presents the number representations of sign magni-
tude, diminished-radix complement, and radix complement.

Chapter 2 presents a review of logic design fundamentals, including Boolean
algebra and minimization techniques for switching functions. The minimization
techniques include algebraic minimization using Boolean algebra, Karnaugh maps,
map-entered variables, the Quine-McCluskey algorithm, and the Petrick algorithm.
Various combinational logic macro functions are also presented. These include mul-
tiplexers of different sizes and types, such as linear-select multiplexers and nonlin-
ear-select multiplexers. The chapter also shows a one-to-one correspondence
between the data input numbers d; of a multiplexer and the minterm locations in a

XV
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Xvi Preface

Karnaugh map. Decoders and encoders are presented together with comparators.
Sequential logic includes SR latches, D flip-flops, and JK flip-flops. Counters of dif-
ferent moduli are designed for both count-up and count-down counters. The com-
plete design process for Moore and Mealy synchronous sequential machines is
presented.

Chapter 3 introduces Verilog HDL, which will be used throughout the book to de-
sign the arithmetic circuits. Verilog HDL is the state-of-the-art method for designing
digital and computer systems and is ideally suited to describe both combinational and
clocked sequential arithmetic circuits. Verilog provides a clear relationship between
the language syntax and the physical hardware. The Verilog simulator used in this
book is easy to learn and use, yet powerful enough for any application. It is a logic
simulator — called SILOS — developed by Silvaco International for use in the design
and verification of digital systems. The SILOS simulation environment is a method to
quickly prototype and debug any logic function. It is an intuitive environment that dis-
plays every variable and port from a module to a logic gate. SILOS allows single-step-
ping through the Verilog source code, as well as drag-and-drop ability from the source
code to a data analyzer for waveform generation and analysis. This chapter introduces
the reader to the different modeling techniques, including built-in primitives for logic
primitive gates and user-defined primitives for larger logic functions. The three main
modeling methods of dataflow modeling, behavioral modeling, and structural model-
ing are introduced.

Chapter 4 presents fixed-point addition. The different categories of addition cir-
cuits are: ripple-carry addition, carry lookahead addition, carry-save addition, mem-
ory-based addition, carry-select addition, and serial addition. A ripple-carry adder is
not considered a high-speed adder, but requires less logic than a high-speed adder
using the carry lookahead technique. Using the carry lookahead method, a consider-
able increase in speed can be realized by expressing the carry-out cout; of any stage; as
a function of the two operand bits a; and b; and the carry-in cin_; to the low-order
stage, of the adder. Carry-save adders (CSAs) save the carry from propagating to the
next higher-order stage in an n-bit adder. They can be used to add multiple bits of the
same weight from multiple operands or to add multiple n-bit operands. With the
advent of high-density, high-speed memories, addition can be easily accomplished by
applying the augend and addend as address inputs to the memory — the outputs are the
sum. A carry-select adder is not as fast as the carry lookahead adder, however it has a
unique organization that is interesting. The carry-select principle produces two sums
that are generated simultaneously. One sum assumes that the carry-in to that group
was a 0; the other sum assumes that the carry-in was a 1. The predicted carry is
obtained using the carry lookahead technique which selects one of the two sums. Ifa
minimal amount of hardware is a prerequisite and speed is not essential, then a serial
adder may be utilized. A serial adder adds the augend and addend one bit per clock
pulse — thus, eight clock pulses are required to add two bytes of data.

Chapter 5 presents fixed-point subtraction, which like addition, is relatively sim-
ple. It also shares much of the same circuitry as addition. The two operands for sub-
traction are the minuend and the subtrahend — the subtrahend is subtracted from the
minuend. Computers use an adder for the subtraction operation by adding the radix
complement of the subtrahend to the minuend. A 2s complementer is used that

© 2010 by Taylor & Francis Group, LLC



Preface  xvil

produces either the uncomplemented version of the addend for addition or the 2s com-
plement version of the subtrahend for subtraction. Subtraction can be performed in all
three number representations: sign magnitude, diminished-radix complement, and
radix complement; however, radix complement is the easiest and most widely used
method for subtraction in any radix.

Chapter 6 presents several methods for fixed-point multiplication. The multipli-
cand is multiplied by the multiplier to generate the product. In all methods the product
is usually 2# bits in length. The sequential add-shift method is a common approach for
low-speed multiplication, but usually requires that the multiplier be positive. The
Booth algorithm is an effective technique for multiplying operands that are in 2s com-
plement representation, including the case where the multiplier is negative. Unlike the
sequential add-shift method, it treats both positive and negative operands uniformly;
that is, the multiplicand and multiplier can both be negative or positive. Another
method is bit-pair recoding that represents a speedup technique that is derived from the
Booth algorithm and assures that an n-bit multiplier will have no more than »/2 partial
products. It also treats both positive and negative multipliers uniformly; that is, there
is no need to 2s complement the multiplier before multiplying, or to 2s complement
the product after multiplying. A table lookup multiplier permits a multiply operation
for unsigned operands and positive signed operands. For signed operands, the multi-
plier must be positive — the multiplicand can be positive or negative. Multiplication
can be accomplished by using a table that contains different versions of the multipli-
cand to be added to the partial products. Firmware loads the multiplicand table in
memory and the multiplier prior to the multiply operation. With the advent of high-
capacity, high-speed random-access memories (RAMs), multiplication using RAM
may be a viable option. The multiplicand and multiplier are used as address inputs to
the memory — the outputs are the product. The operands can be either unsigned or
signed numbers in 2s complement representation. Multiple-operand multiplication is
also presented.

Chapter 7 covers several methods of fixed-point division, including the sequential
shift-add/subtract restoring division method in which the partial remainder is restored
to its previous value if it is negative. The speed of the division algorithm can be
increased by modifying the algorithm to avoid restoring the partial remainder in the
event that a negative partial remainder occurs. This method allows both a positive par-
tial remainder and a negative partial remainder to be utilized in the division process. In
nonrestoring division, a negative partial remainder is not restored to the previous value
but is used unchanged in the following cycle. SRT division was developed indepen-
dently by Sweeney, Robertson, and Tocher as a way to increase the speed of a divide
operation. It was intended to improve radix-2 floating-point arithmetic by shifting
over strings of 0s or 1s in much the same way as the Booth algorithm shifts over strings
of Os in a multiply operation. SRT division is designed in this chapter using a table
lookup approach and using the case statement, which is a multiple-way conditional
branch. Convergence division is also covered in which a multiplier is used in the
division process; thus, the method is referred to as multiplicative division. A combi-
national array can be used for division in much the same way as an array was used for
multiplication. This is an extremely fast division operation, because the array is
entirely combinational — the only delay is the propagation delay through the gates.
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Chapter 8 presents decimal addition, in which each operand is represented by a
4-bit binary-coded decimal (BCD) digit. The most common code in BCD arithmetic
is the 8421 code. Since four binary bits have 2% = 16 combinations (0000 — 1111)
and the range for a single decimal digit is 0 — 9, six of the sixteen combinations
(1010 — 1111) are invalid for BCD. These invalid BCD digits must be converted to
valid digits by adding six to the digit. This is the concept for addition with sum cor-
rection. The adder must include correction logic for intermediate sums that are
greater than or equal to 1010 in radix 2. An alternative approach to determining
whether to add six to correct an invalid decimal number is to use a multiplexer. This
approach uses two fixed-point adders — one adder adds the two operands; the other
adder always adds six to the intermediate sum that is obtained from the first adder. A
multiplexer then selects the correct sum. A memory can be used to correct the inter-
mediate sum for a decimal add operation. This is a low-capacity memory containing
only 32 four-bit words. One memory is required for each decade. Another interest-
ing approach to decimal addition is to bias one of the decimal operands prior to the
add operation — in this case the augend — and then to remove the bias, if necessary,
at the end of the operation depending on certain intermediate results. This is, in
effect, preprocessing and postprocessing the decimal digits.

Chapter 9 introduces decimal subtraction. The (BCD) code is not self-comple-
menting as is the radix 2 fixed-point number representation; that is, the » — 1 comple-
ment cannot be acquired by inverting each bit of the 4-bit BCD digit. Therefore, a 9s
complementer must be designed that provides the same function as the diminished-
radix complement for the fixed-point number representation. Thus, subtraction in
BCD is essentially the same as in fixed-point binary; that is, add the s (10s) comple-
ment of the subtrahend to the minuend. As in fixed-point arithmetic, the decimal
adder can be designed with minor modifications so that the operations of addition
and subtraction can be performed by the same hardware.

Chapter 10 covers decimal multiplication. The multiplication algorithms for dec-
imal operands are similar to those for binary operands. However, the algorithms for
decimal multiplication are more complex than those for fixed-point multiplication.
This is because decimal digits consist of four bits and have values in the range of 0 to
9, whereas fixed-point digits have values of 0 or 1. This chapter includes a binary-to-
decimal converter, which is used to convert a fixed-point multiplication product to
decimal. Decimal multiplication can be easily implemented with high-speed, high-
capacity memories (including read-only memories), as designed in this chapter. The
speed of decimal multiplication can be increased by using a table lookup method. This
is similar to the table lookup method presented for fixed-point multiplication, in which
the multiplicand table resides in memory.

Chapter 11 presents decimal division. Two methods of restoring division are
given. A straightforward method to perform binary-coded decimal division is to
implement the design using the fixed-point restoring division algorithm and then con-
vert the resulting quotient and remainder to BCD. This is a simple process and
involves only a few lines of Verilog code. A multiplexer can be used to bypass the
restoring process. The divisor is not added to the partial remainder to restore the pre-
vious partial remainder; instead the previous partial remainder — which is unchanged
—is used. This avoids the time required for addition. Decimal division using the
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table lookup method is also covered. This is equivalent to the binary search technique
used in programming.

Chapter 12 covers floating-point addition. The material presented in this chapter
is based on the Institute of Electrical and Electronics Engineers (IEEE) Standard for
Binary Floating-Point Arithmetic IEEE Std 754-1985 (Reaffirmed 1990). Floating-
point numbers consist of the following three fields: a sign bit s, an exponent e, and a
fraction /. Unbiased and biased exponents are explained. Examples are given that
clarify the technique for adding floating-point numbers. Fraction overflow and frac-
tion underflow are defined. The floating-point addition algorithm is given in a step-
by-step procedure complete with flowcharts. A floating-point adder is implemented
using behavioral modeling.

Chapter 13 addresses floating-point subtraction and presents several numerical
examples and flowcharts that graphically portray the steps required for true addition
and true subtraction for floating-point operands. Subtraction can yield a result that is
either true addition or true subtraction. True addition produces a result that is the sum
of the two operands disregarding the signs; true subtraction produces a result that is the
difference of the two operands disregarding the signs. Five behavioral modules are
presented that illustrate subtraction operations which yield either true addition or true
subtraction.

Chapter 14 presents floating-point multiplication, including double biased expo-
nents. Numerical examples and flowcharts that describe the steps required for float-
ing-point multiplication are also included. Two behavioral modules are designed:
one using the Verilog HDL multiplication operator (*) and one using the sequential
add-shift method.

Chapter 15 covers floating-point division, including the generation of a zero-
biased exponent. Exponent overflow and exponent underflow are presented together
with flowcharts and numerical examples that illustrate the division process.

Chapter 16 presents additional floating-point topics, which include rounding
methods, such as truncation rounding, adder-based rounding, and von Neumann
rounding. Guard bits are also covered, which are required in order to achieve maxi-
mum accuracy in the result of a floating-point operation. Guard bits are positioned
to the right of the low-order fraction bit and may consist of one or more bits. Verilog
HDL is used to design three methods for implementing adder-based rounding. The
first method uses a memory to generate the desired rounded fraction in a behavioral
module. The second method uses dataflow modeling as the implementation tech-
nique for designing combinational logic to generate the desired rounded fraction.
The third method uses behavioral modeling without utilizing a memory. This design
adds two floating-point operands and adjusts the sum based upon the adder-based
rounding algorithm.

Chapter 17 presents additional topics in computer arithmetic that supplement the
previous topics in the book. Included is residue checking, which is a method of
checking the accuracy of an arithmetic operation and is done in parallel with the
operation. Several examples are given that illustrate the concept of residue checking.
Residue checking is implemented in both dataflow and structural modeling. Parity
checking is discussed as it applies to shift registers. Shift registers that perform the
operations of shift left logical (SLL), shift left algebraic (SLA), shift right logical
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(SRL), or shift right algebraic (SRA) can be checked using parity bits. Parity predic-
tion is covered, which can be considered a form of checksum error detection. The
checksum is the sum derived from the application of an algorithm that is calculated
before and after an operation to ensure that the data is free from errors. Condition
codes for addition are introduced for high-speed addition. For high-speed addition, it
is desirable to have the following condition codes generated in parallel with the add
operation: sum < 0; sum = 0; sum > 0; and overflow. The generation of condition
codes is implemented with a dataflow module. Logical and algebraic shifters are
covered and designed using behavioral and structural modeling. Two arithmetic and
logic units are designed using mixed-design modeling and behavioral modeling. A
count-down counter is implemented using behavioral modeling. Different types of
shift registers are designed using behavioral modeling. These include the following
types: a parallel-in, serial-out; serial-in, serial-out; parallel-in, serial-in, serial-out;
and serial-in, parallel-out.

Appendix A presents a variety of designs for logic gates and logic macro func-
tions to supplement the Verilog HDL designs that were implemented throughout the
book. These designs range from simple AND gates and OR gates to code converters
and an adder/subtractor.

Appendix B presents a brief discussion on event handling using the event queue.
Operations that occur in a Verilog module are typically handled by an event queue.
Appendix C presents a procedure to implement a Verilog project. Appendix D con-
tains the solutions to select problems in each chapter.

The material presented in this book represents more than two decades of com-
puter equipment design by the author. The book is not intended as a text on logic
design, although this subject is reviewed where applicable. It is assumed that the
reader has an adequate background in combinational and sequential logic design.
The book presents Verilog HDL with numerous design examples for fixed-point,
decimal, and floating-point number representations to help the reader thoroughly
understand this popular HDL and how it applies to computer arithmetic.

This book is designed for practicing electrical engineers, computer engineers,
and computer scientists; for graduate students in electrical engineering, computer
engineering, and computer science; and for senior-level undergraduate students.

A special thanks to Dr. Ivan Pesic, CEO of Silvaco International, for allowing
use of the SILOS Simulation Environment software for the examples in this book.
SILOS is an intuitive, easy to use, yet powerful Verilog HDL simulator for logic ver-
ification.

I would like to express my appreciation and thanks to the following people who
gave generously of their time and expertise to review the manuscript and submit
comments: Professor Daniel W. Lewis, Department of Computer Engineering, Santa
Clara University who supported me in all my endeavors; Dr. Geri Lamble; and Steve
Midford. Thanks also to Nora Konopka and the staff at Taylor & Francis for their
support.

Non-Verilog HDL figures and Verilog HDL figures can be downloaded at:
http://www.crcpress.com/product/isbn/9781439811245

Joseph Cavanagh
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1.1 Number Systems
1.2 Number Representations
1.3 Problems

Number Systems and Number
Representations

Computer arithmetic is a subset of computer architecture and will be presented for
fixed-point, decimal, and floating-point number representations. Each number repre-
sentation will be presented in relation to the four operations of addition, subtraction,
multiplication, and division. Different methods will be presented for each operation in
each of the three number representations, together with the detailed theory and design.

Computer arithmetic differs from real arithmetic primarily in precision. This is
due to the fixed-word-length registers which allow only finite-precision results.
Rounding may also be required which further reduces precision.

1.1 Number Systems

Numerical data are expressed in various positional number systems for each radix or
base. A positional number system encodes a vector of n bits in which each bit is
weighted according to its position in the vector. The encoded vector is also associated
with a radix », which is an integer greater than or equal to 2. A number system has
exactly r digits in which each bit in the radix has a value in the range of 0 to »— 1, thus
the highest digit value is one less than the radix. For example, the binary radix has two
digits which range from 0 to 1; the octal radix has eight digits which range from 0 to 7.
An n-bit integer A is represented in a positional number system as follows:
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2 Chapter 1  Number Systems and Number Representations

A= (a1, 20,3 ... a1ap) (1.1)

where 0 <a; <r—1. The high-order and low-order digits are a,,_; and a), respectively.
The number in Equation 1.1 (also referred to as a vector or operand) can represent pos-
itive integer values in the range 0 to 7 — 1. Thus, a positive integer 4 is written as

Ad=q 7" Vra, "7 +a, "+ tap! +ag? (1.2)

The value for 4 can be represented more compactly as

A= Z a;r (1.3)

The expression of Equation 1.2 can be extended to include fractions. For example,

Ad=q 7'+ tapt+tagP+a T va P+ e, (14)

Equation 1.4 can be represented as
A= D ap (1.5)

Adding 1 to the highest digit in a radix » number system produces a sum of 0 and
a carry of 1 to the next higher-order column. Thus, counting in radix » produces the
following sequence of numbers:

0,1,2,...,(r—1),10, 11,12, ..., 1(r = 1), ...

Table 1.1 shows the counting sequence for different radices. The low-order digit will
always be 0 in the set of r digits for the given radix. The set of » digits for various
radices is given in Table 1.2. In order to maintain one character per digit, the numbers
10, 11, 12, 13, 14, and 15 are represented by the letters A, B, C, D, E, and F, respec-
tively.
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Table 1.1 Counting Sequence for

Different Radices
Decimal r=2 r=4 r=_8
0 0 0 0
1 1 1 1
2 10 2 2
3 11 3 3
4 100 10 4
5 101 11 5
6 110 12 6
7 111 13 7
8 1000 20 10
9 1001 21 11
10 1010 22 12
11 1011 23 13
12 1100 30 14
13 1101 31 15
14 1110 32 16
15 1111 33 17
16 10000 100 20
17 10001 101 21

Table 1.2 Character Sets for Different Radices

Radix (base) Character Sets for Different Radices
2 {0, 1}
3 {0, 1,2}
4 {0,1, 2,3}
5 {0, 1,2,3,4}
6 {0,1,2,3,4,5}
7 {0,1,2,3,4,5,6}
8 {0,1,2,3,4,5,6,7}
9 {0,1,2,3,4,5,6,7, 8}
10 {0,1,2,3,4,5,6,7,8,9}
11 {0,1,2,3,4,5,6,7,8,9, A}
12 {0,1,2,3,4,5,6,7,8,9, A, B}
13 {0,1,2,3,4,5,6,7,8,9,A,B, C}
14 {0,1,2,3,4,5,6,7,8,9,A,B,C,D}
15 {0,1,2,3,4,5,6,7,8,9,A,B,C,D, E}
16 {0,1,2,3,4,5,6,7,8,9,A,B,C,D,E, F}
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4 Chapter 1  Number Systems and Number Representations

Example 1.1  Count from decimal 0 to 25 in radix 5. Table 1.2 indicates that radix
5 contains the following set of four digits: {0, 1,2, 3,4}. The counting sequence in ra-
dix 5 is:

000, 001, 002, 003, 004 = (0 x 5%) + (0 x 51) + (4 x 5% = 44,
010, 011. 012,013,014 = (0 x 5%) + (1 x 51y + (4 x 5% =9,
020, 021, 022, 023, 024 = (0 x 5%) + (2 x 51) + (4 x 5%) = 14/,
030, 031, 032, 033, 034 = (0 x 5%) + 3 x 51) + (4 x 5%) =19,
040, 041, 042, 043, 044 = (0 x 5%) + (4 x 51) + (4 x 5%) =24,
100 = (1 x 52) + (0 x 51) + (0 x 5% =25,

Example 1.2 Count from decimal 0 to 25 in radix 12. Table 1.2 indicates that radix
12 contains the following set of twelve digits: {0, 1, 2, 3,4,5,6,7,8,9, A, B}. The
counting sequence in radix 12 is:

00, 01, 02, 03, 04, 05, 06, 07, 08, 09, 0A, 0B= (0 x 121) + (11 x 129 =11,
10, 11,12, 13, 14, 15, 16, 17, 18, 19, 1A, 1B= (1 x 121 + (11 x 12%) =23,
20,21 =2 x 121+ (1 x 129 =25,

1.1.1 Binary Number System

The radix is 2 in the binary number system; therefore, only two digits are used: 0 and
1. The low-value digit is 0 and the high-value digit is (r— 1) = 1. The binary number
system is the most conventional and easily implemented system for internal use in a
digital computer; therefore, most digital computers use the binary number system.
There is a disadvantage when converting to and from the externally used decimal sys-
tem; however, this is compensated for by the ease of implementation and the speed of
execution in binary of the four basic operations: addition, subtraction, multiplication,
and division. The radix point is implied within the internal structure of the computer;
that is, there is no specific storage element assigned to contain the radix point.
The weight assigned to each position of a binary number is as follows:

on-lon=2 93929190 517253 om

where the integer and fraction are separated by the radix point (binary point). The dec-
imal value of the binary number 1011.101, is obtained by using Equation 1.4, where r
=2andq; € {0,1} for—m <i<n—1. Therefore,

272273
0 1, =(1x2)+O0x2%)+ (1 x2H)+1x2%+
Ax2H+0x22)+(1x27)
= 1162510

23 22 ol 20 ol
1 0 1 1 1
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Digital systems are designed using bistable storage devices that are either reset
(logic 0) or set (logic 1). Therefore, the binary number system is ideally suited to rep-
resent numbers or states in a digital system, since radix 2 consists of the alphabet 0 and
1. These bistable devices can be concatenated to any length 7 to store binary data. For
example, to store one byte (eight bits) of data, eight bistable storage devices are
required as shown in Figure 1.1 for the value 0110 1011 (107;,). Counting in binary
is shown in Table 1.3, which shows the weight associated with each of the four binary
positions. Notice the alternating groups of 1s in Table 1.3. A binary number is a group
of n bits that can assume 2" different combinations of the n bits. The range for n bits
is0to2"—1.

Figure 1.1 Concatenated 8-bit storage elements.

Table 1.3 Counting in Binary

Decimal Binary

8 4 2 1

22 22 2l 20
0 0 0 0 O
1 0 0 0 1
2 0 0 1 0
3 0 0 1 1
4 0 1 0 O
5 0 1 0 1
6 0 1 1 0
7 0o 1 1 1
8 1 0 0 O
9 1 0 0 1
10 1 0 1 0
11 1 0 1 1
12 1 1 0 0
13 1 1 0 1
14 1 1 1 0
15 1 1 1 1

The binary weights for the bit positions of an 8-bit integer are shown in Table 1.4;
the binary weights for a an 8-bit fraction are shown in Table 1.5.
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Table 1.4 Binary Weights for an 8-Bit Integer

Table 1.5 Binary Weights for an 8-Bit Fraction

> 2 73 >4 75 76 7 8
172 1/4 1/8 1/16 1/32 1/64 1/128 1/256
0.5 0.25 0.125 0.0625 0.03125 0.015625 0.0078125 0.00390625

Each 4-bit binary segment has a weight associated with the segment and is
assigned the value represented by the low-order bit of the corresponding segment, as
shown in the first row of Table 1.6. The 4-bit binary number in each segment is then
multiplied by the value of the segment. Thus, the binary number 0010 1010 0111
1100 0111 is equal to the decimal number 59,335, as shown below.

(2 x 8192) + (10 x 4096) + (7 x 256) + (12 x 16) + (7 x 1) = 59,335,

Table 1.6 Weight Associated with 4-Bit Binary Segments

8192 4096 256 16 1
0001 0001 0001 0001 0001
0010 1010 0111 1100 0111

1.1.2 Octal Number System

The radix is 8 in the octal number system; therefore, eight digits are used, 0 through 7.
The low-value digit is 0 and the high-value digit is (r — 1) = 7. The weight assigned to
each position of an octal number is as follows:

gn-lgn2 ~ g3g2glg0 g-lg-2g-3 ~gm

where the integer and fraction are separated by the radix point (octal point). The dec-
imal value of the octal number 217.6g is obtained by using Equation 1.4, where r = 8
and aq; € {0,1,2,3,4,5,6,7} for —m <i<n—1. Therefore,

g2 gl g% . g
2 1 7 . 6y QCx8)+(1x8)+(7x8%)+(6x8h

14375
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When a count of 1 is added to 7g, the sum is zero and a carry of 1 is added to the next
higher-order column on the left. Counting in octal is shown in Table 1.7, which shows
the weight associated with each of the three octal positions.

Table 1.7 Counting in Octal

Decimal Octal
64 8 1
g2 gl g0

0 0 0 O
1 0o 0 1
2 0o 0 2
3 0 0 3
4 0 0 4
5 0O 0 5
6 0 0 6
7 0o 0 7
8 0 1 O
9 0 1 1
14 0 1 6
15 o 1 7
16 0 2 0
17 0 2 1
22 0 2 6
23 0o 2 7
24 0 3 0
25 0 3 1
30 0 3
31 0o 3 7
84 1 2 4
242 3 6 2
377 5 7 1
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Binary-coded octal Each octal digit can be encoded into a corresponding binary
number. The highest-valued octal digit is 7; therefore, three binary digits are required
to represent each octal digit. This is shown in Table 1.8, which lists the eight decimal
digits (0 through 7) and indicates the corresponding octal and binary-coded octal
(BCO) digits. Table 1.8 also shows octal numbers of more than one digit.

Table 1.8 Binary-Coded Octal Numbers

Decimal Octal Binary-Coded Octal
0 0 000
1 001
2 2 010
3 3 011
4 4 100
5 5 101
6 6 110
7 7 111
8 10 001 000
9 11 001 001
10 12 001 010
11 13 001 011
20 24 010 100
21 25 010 101
100 144 001 100 100
101 145 001 100 101
267 413 100 001 011
385 601 110 000 001

1.1.3 Decimal Number System
The radix is 10 in the decimal number system; therefore, ten digits are used, 0 through

9. The low-value digit is 0 and the high-value digitis (r— 1) = 9. The weight assigned
to each position of a decimal number is as follows:

10711072 ... 10310210 10°. 107110721073 ... 107™
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where the integer and fraction are separated by the radix point (decimal point). The
value of 6537 is immediately apparent; however, the value is also obtained by using
Equation 1.4, where =10 and ¢; € {0,1,2,3,4,5,6,7,8,9} for —-m <i<n—1. Thatis,

103 10% 10! 10°
6 3 5 T10=(6x10%)+@3x10%)+(5x 10N+ (7x10%

When a count of 1 is added to decimal 9, the sum is zero and a carry of 1 is added
to the next higher-order column on the left. The following example contains both an
integer and a fraction:

103 102101 10° . 107!
5 4 3 6 .5=0(56x10)+@x105)+3Bx10")+(6x10%+(5x107")

Binary-coded decimal Each decimal digit can be encoded into a corresponding
binary number; however, only ten decimal digits are valid The highest-valued decimal
digit is 9, which requires four bits in the binary representation. Therefore, four binary
digits are required to represent each decimal digit. This is shown in Table 1.9, which
lists the ten decimal digits (0 through 9) and indicates the corresponding binary-coded
decimal (BCD) digits. Table 1.9 also shows BCD numbers of more than one decimal
digit.

Table 1.9 Binary-Coded Decimal Numbers

Decimal Binary-Coded Decimal
0 0000
1 0001
2 0010
3 0011
4 0100
5 0101
6 0110
7 0111
8 1000
9 1001
10 0001 0000
11 0001 0001
12 0001 0010
124 0001 0010 0100

365 0011 0110 0101
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1.1.4 Hexadecimal Number System

The radix is 16 in the hexadecimal number system; therefore, 16 digits are used, 0
through 9 and A through F, where by convention A, B, C, D, E, and F correspond to
decimal 10, 11, 12, 13, 14, and 15, respectively. The low-value digit is 0 and the
high-value digit is (r — 1) = 15 (F). The weight assigned to each position of a hexa-
decimal number is as follows:

16" 116"2 ... 163162161 16°. 16711621673 ... 16™

where the integer and fraction are separated by the radix point (hexadecimal point).
The decimal value of the hexadecimal number 6A8C.D416¢ is obtained by using
Equation 1.4, where » = 16 and a; € {0,1,2,3,4,5,6,7,8,9,A,B,C,D,E,F} for —-m <i <
n— 1. Therefore,

162162161 16°. 1671621631674
6 A8 C. D 4 16 (6 x 16%) + (10 x 16%) + (8 x 161)
+(12x 169+ (13 x 16 )+ (4 x 167%)
+(1x1673)+(6x 167

27,276.828460692,

When a count of 1 is added to hexadecimal F, the sum is zero and a carry of 1 is added
to the next higher-order column on the left.

Binary-coded hexadecimal Each hexadecimal digit corresponds to a 4-bit
binary number as shown in Table 1.10. All 2*values of the four binary bits are used to
represent the 16 hexadecimal digits. Table 1.10 also indicates hexadecimal numbers
of more than one digit. Counting in hexadecimal is shown in Table 1.11. Table 1.12
summarizes the characters used in the four number systems: binary, octal, decimal,
and hexadecimal.

Table 1.10 Binary-Coded Hexadecimal Numbers

Decimal Hexadecimal Binary-Coded Hexadecimal

0 0 0000
1 1 0001
2 2 0010
3 3 0011
4 4 0100
5 5 0101

Continued on next page
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Table 1.10 Binary-Coded Hexadecimal Numbers

Decimal Hexadecimal Binary-Coded Hexadecimal

6 6 0110
7 7 0111
8 8 1000
9 9 1001
10 A 1010
11 B 1011
12 C 1100
13 D 1101
14 E 1110
15 F 1111
124 7C 0111 1100
365 16D 0001 0110 1101

Table 1.11 Counting in Hexadecimal

Decimal Hexadecimal
256 16 1
16> 16" 16°

0 0 0 0
1 0 0 1
2 0 0 2
3 0 0 3
4 0 0 4
5 0 0 5
6 0 0 6
7 0 0 7
8 0 0 8
9 0 0 9
10 0 0 A
11 0 0 B
12 0 0 C
13 0 0 D
14 0 0 E
15 0 0 F

Continued on next page
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Table 1.11 Counting in Hexadecimal

Decimal Hexadecimal
256 16 1
16> 16" 16°

16 0 1 0
17 0 1 1
26 0 1 A
27 0 1 B
30 0 1 E
31 0 1 F
256 1 0 0
285 1 1 D
1214 4 B E

Table 1.12 Digits Used for Binary, Octal, Decimal, and
Hexadecimal Number Systems

0 1 23 456 78 9ABCDEF

| Binary
Octal
Decimal

Hexadecimal

1.2 Number Representations

The material presented thus far covered only positive numbers. However, computers
use both positive and negative numbers. Since a computer cannot recognize a plus (+)
or a minus (—) symbol, an encoding method must be established to represent the sign of
a number in which both positive and negative numbers are distributed as evenly as
possible.

There must also be a method to differentiate between positive and negative num-
bers; that is, there must be an easy way to test the sign of a number. Detection of a
number with a zero value must be straightforward. The leftmost (high-order) digit is
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usually reserved for the sign of the number. Consider the following number 4 with
radix 7:

A=(ay_1a,_pa,_3 ... ayay ap),

where digit a,, _ | has the following value:

- { 0 ifd>0
F—1ifAd<0 (1.6)

The remaining digits of A4 indicate either the true magnitude or the magnitude in a
complemented form. There are three conventional ways to represent positive and neg-
ative numbers in a positional number system: sign magnitude, diminished-radix com-
plement, and radix complement. In all three number representations, the high-order
digit is the sign of the number, according to Equation 1.6.

0= positive
r—1= negative

1.2.1 Sign Magnitude

In this representation, an integer has the following decimal range:

— T - Do+ (=) (1.7)

where the number zero is considered to be positive. Thus, a positive number 4 is rep-
resented as

A= (0 ay 24y 3 ... alao)r (18)

and a negative number with the same absolute value as

A'= [(}"—1) ay 24, 3 ... alao]r (19)

In sign-magnitude notation, the positive version +4 differs from the negative version
—4 only in the sign digit position. The magnitude portion a,,_»a, 3 ... ajagisiden-
tical for both positive and negative numbers of the same absolute value.
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14 Chapter 1  Number Systems and Number Representations

There are two problems with sign-magnitude representation. First, there are two
representations for the number 0; specifically +0 and —0; ideally there should be a
unique representation for the number 0. Second, when adding two numbers of oppo-
site signs, the magnitudes of the numbers must be compared to determine the sign of
the result. This is not necessary in the other two methods that are presented in subse-
quent sections. Sign-magnitude notation is used primarily for representing fractions
in floating-point notation.

Examples of sign-magnitude notation are shown below using 8-bit binary num-
bers and decimal numbers that represent both positive and negative values. Notice
that the magnitude parts are identical for both positive and negative numbers for the

same radix.
Radix 2
0 000 O1O0O0 +4
1 000 0100 -4
‘ T— Magnitude

Sign
0 00O 1 1T01.101 +13.625
1 000 1 101.10°1 -13.625
0 1 01 01 10.01°1 +86.375
1 1 01 01 10.01°1 -86.375
Radix 10

0 7 43 +743
9 743 -743

where 0 represents a positive number in radix 10, and 9 (» — 1) represents a negative
number in radix 10. Again, the magnitudes of both numbers are identical.

0

6 +6784
9 6

7 8 4
7 8 4 -6784
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1.2 Number Representations 15

1.2.2 Diminished-Radix Complement

This is the (r — 1) complement in which the radix is diminished by 1 and an integer has
the following decimal range:

~" = Dto+(" = 1) (1.10)

which is the same as the range for sign-magnitude integers, although the numbers are
represented differently, and where the number zero is considered to be positive. Thus,
a positive number 4 is represented as

A:(O ay 24y 3 ... alao)r (111)

and a negative number as

A'=[(r-1a,'ay3" ... aj'ag'], (1.12)

where
ai'= (r-1)—a; (1.13)

In binary notation (» = 2), the diminished-radix complement (r— 1 =2—-1=1) is
the 1s complement. Positive and negative integers have the ranges shown below and
are represented as shown in Equation 1.11 and Equation 1.12, respectively.

Positive integers: 0to2" ! —1
Negative integers: 0to—(2"~ ! - 1)

To obtain the 1s complement of a binary number, simply complement (invert) all
the bits. Thus, 0011 1100, (+60,() becomes 1100 0011, (—60,(). To obtain the value
of a positive binary number, the 1s are evaluated according to their weights in the posi-
tional number system, as shown below.

27 26 25 24 23 22 ol 70
00 1 1 1 1 0 0 +604

To obtain the value of a negative binary number, the Os are evaluated according to
their weights in the positional number system, as shown below.

27 26 25 2% 23 22 ol 70
1 1.0 0 0 0 1 1 —60,0
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16 Chapter 1  Number Systems and Number Representations

When performing arithmetic operations on two operands, comparing the signs is
straightforward, because the leftmost bit is a 0 for positive numbers and a 1 for nega-
tive numbers. There is, however, a problem when using the diminished-radix com-
plement. There is a dual representation of the number zero, because a word of all Os
(+0) becomes a word of all 1s (—0) when complemented. This does not allow the
requirement of having a unique representation for the number zero to be attained. The
examples shown below represent the diminished-radix complement for different radi-
ces.

Example 1.3  The binary number 1101, will be 1s complemented. The number has
a decimal value of —2. To obtain the 1s complement, subtract each digit in turn from
1 (the highest number in the radix), as shown below (Refer to Equation 1.12 and Equa-
tion 1.13). Or in the case of binary, simply invert each bit. Therefore, the 1s comple-
ment of 1101, is 0010,, which has a decimal value of +2.

101 10%1%01

To verify the operation, add the negative and positive numbers to obtain 11115,
which is zero in 1s complement notation.

1101
+) 0010
1111

Example 1.4 Obtain the diminished-radix complement (9s complement) of
08752.43,, where 0 is the sign digit indicating a positive number. The 9s complement
is obtained by using Equation 1.12 and Equation 1.13. When a number is
complemented in any form, the number is negated. Therefore, the sign of the com-
plemented radix 10 number is (r— 1) =9. The remaining digits of the number are
obtained by using Equation 1.13 such that each digit in the complemented number is
obtained by subtracting the given digit from 9. Therefore, the 9s complement of
08752.43, is

9-0 9-8 9-7 9-5 9-2.9-4 9-3
9 1 2 4 7 5 6

where the sign digit is (r — 1) = 9. If the above answer is negated, then the original
number will be obtained. Thus, the 9s complement of 91247.56,, = 08752.43; that
is, the 9s complement of —1247.56, is +8752.43 ), as written in conventional sign
magnitude notation for radix 10.
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1.2 Number Representations 17

Example 1.5 The diminished-radix complement of the positive decimal number
06784, will be 9s complemented. To obtain the 9s complement, subtract each digit in
turn from 9 (the highest number in the radix), as shown below to obtain the negative
number with the same absolute value. The sign of the positive number is 0 and the sign
of the negative number is 9 (refer to Equation 1.11 and Equation 1.12).

9-0 9-6 9-7 9-8 9-4
9 3 2 1 5

To verify the operation, add the negative and positive numbers to obtain 99999,
which is zero in 9s complement notation.

+)

O |o O
O |W O
NN NS IR |
O |— o0
O n B

Example 1.6 The diminished-radix complement of the positive radix 8§ number
05734¢ will be 7s complemented. To obtain the 7s complement, subtract each digit in
turn from 7 (the highest number in the radix), as shown below to obtain the negative
number with the same absolute value. The sign of the positive number is 0 and the sign
of the negative number is 7 (refer to Equation 1.11 and Equation 1.12).

7-0 7=5 7-7 71-3 7-4
7 2 0 4 3

To verify the operation, add the negative and positive numbers to obtain 77777,
which is zero in 7s complement notation.

+)

<N (3 O
N (b W
N[O
N | A W
(W

Example 1.7 The diminished-radix complement of the positive radix 16 number
0A7C4,, will be 15s complemented. To obtain the 15s complement, subtract each
digit in turn from 15 (the highest number in the radix), as shown below to obtain the
negative number with the same absolute value. The sign of the positive number is 0
and the sign of the negative number is F (refer to Equation 1.11 and Equation 1.12).

F-0 F-A F-7 F-C F-4
F 5 8 3 B
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18 Chapter 1  Number Systems and Number Representations

To verify the operation, add the negative and positive numbers to obtain FFFFF,
which is zero in 15s complement notation.

0A7C4
+) F 5838
FFFFF

1.2.3 Radix Complement

This is the » complement, where an integer has the following decimal range:

~" N+ 1-1) (1.14)
where the number zero is positive. A positive number A is represented as
A=0a,pa,3 ... ajap), (1.15)
and a negative number as

U)oy ={[r—V)ay,p'a, 3" ... a'ag]+1}, (1.16)

where A' is the diminished-radix complement. Thus, the radix complement is
obtained by adding 1 to the diminished-radix complement; thatis, (r— 1) + 1 =r. Note
that all three number representations have the same format for positive numbers and
differ only in the way that negative numbers are represented, as shown in Table 1.13.

Table 1.13 Number Representations for Positive and Negative Integers of the
Same Absolute Value for Radix r

Number Representation Positive Numbers Negative Numbers

Sign magnitude 0a, 0a, 3 ... ajqg r-1a, pa,3 ... ajag
Diminished-radix 0a, ra, 3 ... aja (r—1)a,_0'a, 3" ... aj'ay
complement

Radix complement 0a, 0a, 3 ... ajag r—1a, 5'a, 3" ... at'ag' +1
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1.2 Number Representations 19

Another way to define the radix complement of a number is shown in Equation
1.17, where n is the number of digits in 4.

A) 1= 4, (1.17)
For example, assume that 4 = 0101 0100, (+84,(). Then, using Equation 1.17,

28 = 25610 = 10000 00002 Thus, 256]0 — 84]0 = 17210

(4" 41 =28-(0101 0100)

1 0000O0O0OO0OO
-) 01010100
10101100

As can be seen from the above example, to generate the radix complement for a
radix 2 number, keep the low-order Os and the first 1 unchanged and complement
(invert) the remaining high-order bits. To obtain the value of a negative number in
radix 2, the Os are evaluated according to their weights in the positional number sys-
tem, then 1 is added to the value obtained.

27 26 25 2% 23 22 ol 0
1 010 1 1 0 0
80 3+1=4 —84,,

Table 1.14 and Table 1.15 show examples of the three number representations for
positive and negative numbers in radix 2. Note that the positive numbers are identical
for all three number representations; only the negative numbers change.

Table 1.14 Number Representations for Positive and Negative Integers

in Radix 2
Number representation +1274 -12749
Sign magnitude 01111111 11111111
Diminished-radix complement (1s) 01111111 1 000 0000
Radix complement (2s) 01111111 1 000 0001
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20 Chapter 1  Number Systems and Number Representations

Table 1.15 Number Representations for Positive and Negative Integers

in Radix 2
Number representation +544 —5419
Sign magnitude 00110110 10110110
Diminished-radix complement (1s) 00110110 1100 1001
Radix complement (2s) 00110110 11001010

There is a unique zero for binary numbers in radix complement, as shown below.
When the number zero is 2s complemented, the bit configuration does not change.
The 2s complement is formed by adding 1 to the 1s complement.

Zero in 2s complement= 0 0 0 0 0 0 0 O
Form the Iscomplement= 1 1 1 1 1 1 1 1
Add 1= 1

000O0O0OO0OO0O0

Example 1.8  Convert —20, to binary and obtain the 2s complement. Then obtain
the 2s complement of +20,, using the fast method of keeping the low-order Os and the
first 1 unchanged as the number is scanned from right to left, then inverting all remain-

ing bits.
1110 1100 i» 0001 0100 L» 1110 1100
L | (I L |
-20 +20 -20

Example 1.9  Obtain the radix complement (10s complement) of the positive num-
ber 08752.43 (. Determine the 9s complement as in Example 1.5, then add 1. The 10s
complement of 08752.43 is the negative number 91247.57 .

9-0 9-8 9-7 9-5 9-2.9-4 9-3
9 I 2 4 7 35 6

+) 1

7

Adding 1 to the 9s complement in this example is the same as adding 10 -2 (.01;(). To
verify that the radix complement of 08752.43 is 91247.57,, the sum of the two
numbers should equal zero for radix 10. This is indeed the case, as shown below.
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1.2 Number Representations 21

08752.43
+) 91247.57
00000.00

Example 1.10 Obtain the 10s complement of 0.4572,, by adding a power of ten to
the 9s complement of the number. The 9s complement of 0.4572 is

9-0=9 9-4=5 9-5=4 9-7=2 9-2=7

Therefore, the 10s complement of 04572,y = 9.5427,,+ 10 ~*=9.5428,,. Adding
the positive and negative numbers again produces a zero result.

Example 1.11 Obtain the radix complement of 1111 1111, (—1;). The answer can
be obtained using two methods: add 1 to the 1s complement or keep the low-order Os
and the first 1 unchanged, then invert all remaining bits. Since there are no low-order
0s, only the rightmost 1 is unchanged. Therefore, the 2s complement of 1111 1111, is
0000 0001, (+1;¢).

Example 1.12 Obtain the 8s complement of 04360g. First form the 7s complement,
thenadd 1. The 7s complement of 04360g is 73417g. Therefore, the 8s complement of
04360g is 73417g + 1, as shown below, using the rules for octal addition. Adding the
positive and negative numbers results in a sum of zero.

73 417
+) 1
73 420

Example 1.13 Obtain the 16s complement of F8A5¢. First form the 15s comple-
ment, then add 1. The 15s complement of F8AS51s 075A 4. Therefore, the 16s com-
plement of F8AS5,4=075A,4+1=075B;4. Adding the positive and negative numbers
results in a sum of zero.

Example 1.14 Obtain the 4s complement of 0231,. The rules for obtaining the radix
complement are the same for any radix: generate the diminished-radix complement,
then add 1. Therefore, the 4s complement of 0231,=31024+ 1 =3103,4. To verify the
result,add 0231, +3103,4= 00004, as shown below using the rules for radix 4 addition.

0231
+) 310 3
0000
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1.3
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Problems

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

1.10

1.12

1.13

1.14

Rewrite the following hexadecimal number in binary and octal notation:
7C64B

Convert the octal number 54764 to radix 10.
Convert the following octal number to hexadecimal: 63354g:
Convert the hexadecimal number 4AF9, to radix 10.

Convert the following radix 2 number to a decimal value, then convert the ra-
dix 2 number to hexadecimal: 1011 0111 . 1111,

Convert the unsigned binary number 1100.110, to radix 10.

Obtain the decimal value of the following numbers: 011011.110,, 674.7¢,
AD.244

Convert the octal number 173.254 to radix 10.

Convert the following decimal number to a 16-bit binary number:
+127.5625

Convert the following decimal number to octal and hexadecimal notation:
130.218754

Convert 122.13_, to radix 3.
Convert 375.54¢ to radix 3.
The numbers shown below are in 2s complement representation. Convert the

numbers to sign-magnitude representation for radix 2 with the same numeri-
cal value using eight bits.

2s complement Sign magnitude

0111 1111
1000 0001
0000 1111
1111 0001
1111 0000

Obtain the radix complement of F8B6¢.
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1.16

1.17

1.19

1.20

1.21

1.22

1.23

1.24

1.25

1.26

1.3 Problems 23

Obtain the diminished-radix complement of 0778.

Obtain the sign magnitude, diminished-radix complement, and radix comple-
ment number representations for radix 2 for the following decimal number:
—136.

Obtain the sign magnitude, diminished-radix complement, and radix comple-
ment number representations for radix 10 for the following decimal number:
—-136.

Obtain the sign magnitude, diminished-radix complement, and radix comple-
ment number representations for radix 2 for the following decimal numbers:
—113 and +54

Determine the range of numbers for the following number representations for
radix 2:

Sign magnitude
Diminished-radix complement
Radix complement

Obtain the s complement of the following numbers: A736,4 and 56204:

Obtain the diminished-radix complement and the radix complement of the
following numbers: 9834, 1000;,, and 0000.

Given the hexadecimal number ABCD 4, perform the following steps:

(a) Obtain the rs complement of ABCD .

(b) Convert ABCD¢4 to binary.

(c) Obtain the 2s complement of the binary number.
(d) Convert the 2s complement to hexadecimal.

Obtain the 1s complement and the 2s complement of the following radix 2
numbers: 1000 1000, 0001 1111, 0000 0000, and 1111 1111.

Convert the following unsigned radix 2 numbers to radix 10:
100 0001.111,
1111 1111.1111,

Obtain the decimal value of the following numbers:
1110.1011,
431.324

Convert ©t to radix 2 using 13 binary digits.
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24 Chapter 1  Number Systems and Number Representations

1.27  Generate the decimal integers 0 — 15 for the following positional number sys-
tems: radix 4 and radix 12.

1.28  Convert the following integers to radix 3 and radix 7: 10y, and 1114.
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2.1 Boolean Algebra

2.2 Minimization Techniques
2.3 Combinational Logic
2.4 Sequential Logic

2.5 Problems

Logic Design Fundamentals

It is assumed that the reader has an adequate background in combinational and sequen-
tial logic analysis and synthesis; therefore, this chapter presents only a brief review of
the basic concepts of the synthesis, or design, of combinational and sequential logic.
The chapter begins with a presentation of the axioms and theorems of Boolean algebra
— the axioms are also referred to as postulates. The minimization of logic functions
can be realized by applying the principles of Boolean algebra. Other minimization
techniques are also reviewed. These include Karnaugh maps, the Quine-McCluskey
algorithm, and the Petrick algorithm.

Combinational logic design of different macro functions is presented. These
include multiplexers, decoders, encoders, and comparators, all of which can be used in
the design of arithmetic circuits. Sequential logic design includes different types of
storage elements that can be used in the design of registers, counters of various mod-
uli, Moore machines, and Mealy machines. These sequential circuits can be used to
store data and to control the sequencing of arithmetic operations.

2.1 Boolean Algebra

In 1854, George Boole introduced a systematic treatment of the logic operations AND,
OR, and NOT, which is now called Boolean algebra. The symbols (or operators) used
for the algebra and the corresponding function definitions are listed in Table 2.1. The
table also includes the exclusive-OR function, which is characterized by the three

25
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26 Chapter 2 Logic Design Fundamentals

operations of AND, OR, and NOT. Table 2.2 illustrates the truth tables for the Bool-
ean operations AND, OR, NOT, exclusive-OR, and exclusive-NOR, where z| is the
result of the operation.

Table 2.1 Boolean Operators for Variables x; and x;

Operator  Function Definition
. AND x1 *xy (Alsoxqxy)
+ OR x; +x;
! NOT (negation)  x;'
@ Exclusive-OR (122" + (x1'x7)

Table 2.2 Truth Table for AND, OR, NOT, Exclusive-OR, and
Exclusive-NOR Operations

AND OR NOT Exclusive-OR  Exclusive-NOR
X1x2 21 X1x2 21 X1 21 X1x2 21 X1X2 21
00 O 00 O 0 1 00 O 00 1
01 0 01 1 1 0 01 1 01 0
10 0 10 1 10 1 10 0
11 1 11 1 11 0 11 1

The AND operator, which corresponds to the Boolean product, is also indicated
by the symbol “A” (x| A x5) or by no symbol if the operation is unambiguous. Thus,
X]Xp,x] *xp,and x| A xp are all read as “x; AND x,.” The OR operator, which cor-
responds to the Boolean sum, is also specified by the symbol “\v.” Thus, x| +x; and
X] Vv x, are bothread as “x; ORx,.” The symbol for the complement (or negation) op-
eration is usually specified by the prime ' ” symbol immediately following the vari-
able (x;"), by a bar over the variable (x1), or by the symbol “—” (- x1). This book will
use the symbols defined in Table 2.1.

Boolean algebra is a deductive mathematical system that can be defined by a set of
variables, a set of operators, a set of axioms (or postulates), and a set of theorems. An
axiom is a statement that is universally accepted as true; that is, the statement needs no
proof, because its truth is obvious. The axioms of Boolean algebra form the basis from
which the theorems and other properties can be derived.

Most axioms and theorems are characterized by two laws. Each law is the dual of
the other. The principle of duality specifies that the dual of an algebraic expression
can be obtained by interchanging the binary operators ¢ and +, and by interchanging
the identity elements 0 and 1. Since the primary emphasis of this book is the design of
computer arithmetic circuits, the axioms and theorems of combinational logic are pre-
sented without proof.
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2.1 Boolean Algebra 27

Boolean algebra is an algebraic structure consisting of a set of elements B, togeth-
er with two binary operators * and + and a unary operator ', such that the following ax-
ioms are true, where the notation x; € X'is read as “x; is an element of the set X”*:

Axiom 1: Boolean set definition The set B contains at least two elements x;
and x,, where x| #x,.

Axiom 2: Closure laws For every x|, x, € B,

(a) X1 txy eB
(b) X|*xy) eB

Axiom 3: Identity laws There exists two unique identity elements 0 and 1, where
0 is an identity element with respect to the Boolean sum and 1 is an identity element
with respect to the Boolean product. Thus, for every x; € B,

(a) x1+0=0+x1=x1
(b) x1'1:1°x1:x1

Axiom 4: Commutative laws The commutative laws specify that the order in
which the variables appear in a Boolean expression is irrelevant — the result is the
same. Thus, for every xq,x, € B,

(a) xXptx =xp x3
(b) X]* Xy =Xy 0 x|

Axiom 5: Associative laws The associative laws state that three or more vari-
ables can be combined in an expression using Boolean multiplication or addition and
that the order of the variables can be altered without changing the result. Thus, for ev-
ery xy, xp, x3 € B,

(@ O txp)tx3=xp +(xg +x3)
(®)  (rp *xp) e x3=x1 °(xp ¢ x3)

Axiom 6: Distributive laws The distributive laws for Boolean algebra are simi-
lar, in many respects, to those for traditional algebra. The interpretation, however, is
different and is a function of the Boolean product and the Boolean sum. This is a very
useful axiom in minimizing Boolean functions. For every x;, x5, x3 € B,

(a) The operator + is distributive over the operator ¢ such that,
xpF (g 2 x3) = (x) +x3) ¢ (x] +x3)

(b) The operator ¢ is distributive over the operator + such that,
xp (O x3)=(xp *xp) + (xy *x3)
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28 Chapter 2 Logic Design Fundamentals

Axiom 7: Complementation laws Forevery x| € B, there exists an element x;'
(called the complement of x), where x| ' € B, such that,

(a) x1+x1'=1
(b) X1 ')C1':0

The theorems presented below are derived from the axioms and are listed in pairs,
where applicable, in which each theorem in the pair is the dual of the other.

Theorem 1: 0 and 1 associated with a variable Every variable in Boolean
algebra can be characterized by the identity elements 0 and 1. Thus, for every x| € B,

(a) x1+1:1
(b)  x;*0=0

Theorem 2: 0 and 1 complement The 2-valued Boolean algebra has two dis-
tinct identity elements 0 and 1, where 0 # 1. The operations using 0 and 1 are as fol-
lows:

0+0=0 0+1=1
le1=1 1-0=

A corollary to Theorem 2 specifies that element 1 satisfies the requirements of the
complement of element 0, and vice versa. Thus, each identity element is the comple-
ment of the other.

@@ 0=1
) 1'=0

Theorem 3: Idempotent laws Idempotency relates to a nonzero mathematical
quantity which, when applied to itself for a binary operation, remains unchanged.
Thus, ifx; =0, thenx; +x; =0+ 0=0and ifx; =1, then x; +x; =1+ 1=1. There-
fore, one of the elements is redundant and can be discarded. The dual is true for the op-
erator *. The idempotent laws eliminate redundant variables in a Boolean expression
and can be extended to any number of identical variables. This law is also referred to
as the law of tautology, which precludes the needless repetition of the variable. For ev-
eryx; € B,

(a) X1 +x1 =X
®)  xpexp=x

Theorem 4: Involution law The involution law states that the complement of a
complemented variable is equal to the variable. There is no dual for the involution
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2.1 Boolean Algebra 29

law. The law is also called the law of double complementation. Thus, for every x|
B

2

"

xl =x1

Theorem 5: Absorption law 1 This version of the absorption law states that
some 2-variable Boolean expressions can be reduced to a single variable without al-
tering the result. Thus, for every x{,x, € B,

(a) xp + (g cxp) =x;
(b))  xpe(xptxp)=x

Theorem 6: Absorption law 2 This version of the absorption law is used to
eliminate redundant variables from certain Boolean expressions. Absorption law 2
eliminates a variable or its complement and is a very useful law for minimizing Bool-
ean expressions.

(a) x)pt(xp"exp)=x1 txp
(b) xp e (xp'txp)=x1 0 x

Theorem 7: DeMorgan’s laws DeMorgan’s laws are also useful in minimizing
Boolean functions. DeMorgan’s laws convert the complement of a sum term or a
product term into a corresponding product or sum term, respectively. For every x;, x»
€ B,

(a) (] +xp)' =x1"*xp'
(b) (x1 * xp)' =x1"+x;'

Parts (a) and (b) of DeMorgan’s laws represent expressions for NOR and NAND
gates, respectively. DeMorgan’s laws can be generalized for any number of variables,

such that,
(a) (xp +txp+ .o Fx) =x"*xp' e .. oex,
(b) (xp exy * ... ox) =x"tx'+ ... +x)

When applying DeMorgan’s laws to an expression, the operator * takes precedence
over the operator +. For example, using DeMorgan’s law to complement the Boolean
expression x| + xpx3 yields the following:

(x1 +xpx3)" =[x + (xpx3)]'

:le (sz +x3V)

Note that: (x| +xpx3)' #x;"*xp' +x3'
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Minterm A minterm is the Boolean product of n variables and contains all » vari-
ables of the function exactly once, either true or complemented. For example, for the
function z(x{,xp,x3), X{x'x3 is a minterm.

Maxterm A maxterm is the Boolean sum of # variables and contains all » variables
of the function exactly once, either true or complemented. For example, for the func-
tion z(xy,xp,x3), (x] +xp' +x3) is a maxterm.

Product term A product term is the Boolean product of variables containing a sub-
set of the possible variables or their complements. For example, for the function
z1(x1,x7,x3), x1"'x3 is a product term, because it does not contain all the variables.

Sum term A sum term is the Boolean sum of variables containing a subset of the
possible variables or their complements. For example, for the function z{(x, x5, x3),
(x1' + x3) is a sum term, because it does not contain all the variables.

Sum of minterms A sum of minterms is an expression in which each term con-
tains all the variables, either true or complemented. For example,

z1(x1,%2,%3) = X1 xpx3 txy xp'x3" +x7 X3

is a Boolean expression in a sum-of-minterms form. This particular form is also re-
ferred to as a minterm expansion, a standard sum of products, a canonical sum of prod-
ucts, or a disjunctive normal form. Since each term is a minterm, the expression for z;
can be written in a more compact sum-of-minterms form as z{(x,xp,x3) =Z,,(3,4,7),
where each term is converted to its minterm value. For example, the first term in the
expression is x1'xpx3, which corresponds to binary 011, representing minterm 3.

Sum of products A sum of products is an expression in which at least one term

does not contain all the variables; that is, at least one term is a proper subset of the pos-
sible variables or their complements. For example,

z1(x1,X2,Xx3) = x1'xpx3 + xp'x3" + X1 Xpx3

is a sum of products for the function z;, because the second term does not contain the
variable x.

Product of maxterms A product of maxterms is an expression in which each
term contains all the variables, either true or complemented. For example,

Zl(xl,X2,X3):(x1' +x2 +x3)(x1 +x2' +)C3') (xl ~I—x2 +)C3)

is a Boolean expression in a product-of-maxterms form. This particular form is also
referred to as a maxterm expansion, a standard product of sums, a canonical product
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of sums, or a conjunctive normal form. Since each term is a maxterm, the expression
for z; can be written in a more compact product-of-maxterms form as z(xy,xp,x3) =
IT)4(0,3,4), where each term is converted to its maxterm value.

Product of sums A product of sums is an expression in which at least one term
does not contain all the variables; that is, at least one term is a proper subset of the pos-
sible variables or their complements. For example,

Zl(xl,X2,X3):(x1' +x2 +x3)(x2' +X3') (xl +x2 +)C3)

is a product of sums for the function z{, because the second term does not contain the
variable x.

Summary of Boolean algebra axioms and theorems Table 2.3 provides a
summary of the axioms and theorems of Boolean algebra. Each of the laws listed in
the table is presented in pairs, where applicable, in which each law in the pair is the
dual of the other.

Table 2.3 Summary of Boolean Algebra Axioms and Theorems

Axiom or Theorem Definition
Axiom 1: Boolean set definition X1,X, €B
Axiom 2: Closure laws (@ x;txy eB
(®) x, +x, eB
Axiom 3: Identity laws (@ x;+0=0+x; =x
(®) x; o 1=19x;=x
Axiom 4: Commutative laws (@) x1+x=x+x;

() x; = xy=x * ¥,
Axiom 5: Associative laws (@) (x1 txp)tx3=x1 +(x +x3)
®) (v ¢ xp) e x3=x1 ¢ (13 * x3)
Axiom 6: Distributive laws @) x;+(xpex3)=(x) tx3)*(x] +x3)
(b) xy « () +x3) = () * ) + (x1 * x3)

Axiom 7: Complementation laws (a) x; +x;'=1

(b) X1 ® xl' =0
Theorem 1: 0 and 1 associated (@ x+1=1
with a variable ®) x,+0=0

Theorem 2: 0 and 1 complement (a) 0'=1
(b) 1'=0
Continued on next page
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Table 2.3 Summary of Boolean Algebra Axioms and Theorems

Axiom or Theorem Definition
Theorem 3: Idempotent laws (@) x; +x; =x;

®) x; ¢ x;=x
Theorem 4: Involution law x1''=x
Theorem 5: Absorption law 1 (@) x;+(x; *x)=x;

®) x; « (x] +xp) =1x;
Theorem 6: Absorption law 2 @ x;+(xp'*x)=x; tx,

() x; o (x)'+x3)=x] *x»
Theorem 7: DeMorgan’s laws (@) (x; +txp)'=x1"*x'

®) () +xp) =x;"+x,'

2.2 Minimization Techniques

This section will present various techniques for minimizing a Boolean function. A
Boolean function is an algebraic representation of digital logic. Each term in an ex-
pression represents a logic gate and each variable in a term represents an input to a log-
ic gate. It is important, therefore, to have the fewest number of terms in a Boolean
equation and the fewest number of variables in each term. A Boolean equation with a
minimal number of terms and variables reduces not only the number of logic gates, but
also the delay required to generate the function.

2.2.1 Algebraic Minimization

The number of terms and variables that are necessary to generate a Boolean function
can be minimized by algebraic manipulation. Since there are no specific rules or al-
gorithms to use for minimizing a Boolean function, the procedure is inherently heu-
ristic in nature. The only method available is an empirical procedure utilizing the
axioms and theorems which is based solely on experience and observation without ref-
erence to theoretical principles. The examples which follow illustrate the process for
minimizing a Boolean function using the axioms and theorems of Boolean algebra.

Example 2.1 The following expression will be converted to a sum-of-products
form: [(x] +xp) +x3]'

[(x] +xp) +x3]' = [x1'xp" +x3]' DeMorgan’s law
= (x1 +xp)x3' DeMorgan’s law
= x1x3' + xpx3' Distributive law
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Example 2.2 DeMorgan’s law will be applied to the following expression:
(" + x3'x4 + x5%0)'
(xpxp' +x3'x4 +x5x6)" = (xx2")" (x3'x4)" (x5x6)'

=(x;"+x)(x3 +x4")(x5" +x4')

Example 2.3 The following function will be minimized to a sum-of-products form
using Boolean algebra:

21 =x1"xx3" T2 (0" +x3) Fxpxz' (xg +xp)

z1 = x1'xpx3" +x1"xp T xpx3 T xpx3"(x1'xp") Distributive law
and Commutative law
and DeMorgan’s law

=x1"xpx3" +x1'xp +xpx3 Complementation law
=x1'xp(x3" + 1) +xyx3 Distributive law
=x1'xy +x3x3 Theorem 1

2.2.2 Karnaugh Maps

A Karnaugh map provides a geometrical representation of a Boolean function. The
Karnaugh map is arranged as an array of squares (or cells) in which each square rep-
resents a binary value of the input variables. The map is a convenient method of ob-
taining a minimal number of terms with a minimal number of variables per term for a
Boolean function. A Karnaugh map presents a clear indication of function minimiza-
tion without recourse to Boolean algebra and will generate a minimized expression in
either a sum-of-products form or a product-of-sums form.

Figure 2.1 shows Karnaugh maps for two, three, four, and five variables. Each
square in the maps corresponds to a unique minterm. The maps for three or more vari-
ables contain column headings that are represented in the Gray code format; the maps
for four or more variables contain column and row headings that are represented in
Gray code. Using the Gray code to designate column and row headings permits phys-
ically adjacent squares to be also logically adjacent; that is, to differ by only one vari-
able. Map entries that are adjacent can be combined into a single term.

For example, the expression z; = x| x,'x3 + x]xpx3, which corresponds to min-
terms 5 and 7 in Figure 2.1(b), reduces to z; = x;x3 (xp' + x5) = xyx3 using the dis-
tributive and complementation laws. Thus, if 1s are entered in minterm locations 5
and 7, then the two minterms can be combined into the single term x;x3.
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Similarly, in Figure 2.1(c), if 1s are entered in minterm locations 4, 6, 12, and 14,
then the four minterms combine as x,x4'. That is, only variables x, and x4' are com-
mon to all four squares — variables x; and x3 are discarded by the complementation
law. The minimized expression obtained from the Karnaugh map can be verified al-
gebraically by listing the four minterms as a sum-of-minterms expression, then apply-
ing the appropriate laws of Boolean algebra as shown in Example 2.4.

X2 XoX3
X 0 1 x| 00 01 11 10
0 1 0 1 3 2
0 0
2 3 4 5 7 6
1 1
(a) (b)
X3X4
X1X2 00 01 11 10
0 1 3 2
00
4 5 7 6
01
12 Bl 15 14
11
8 9 1| 10
10
(c)
= =1
X3X4 *s 0 X3X4 s
xx, 00 01 11 10 xx; L0001 11 10
0 2 6 4 1 3 7 5
00 00
8 10 4 12 9 | 15| 13
01 01
24 26| 30| 28 25 27 31 29
11 11
16] 18 2] 20 7] 19] 23 21
10 10
(d)
Figure 2.1 Karnaugh maps showing minterm locations: (a) two variables; (b)
three variables; (c) four variables; (d) five variables; and (e) alternative map for five

variables.
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x3x4x5

x1x) 000 001 011 010 110 111 101 100
0 1 3 2 6 7 5 4

00
8 9 11 10 14 15 13 12

01
11 24 25 27 26 30 31 29 28
10 16 17 19 18 22 23 21 20

(e)

Figure 2.1 (Continued)

Example 2.4 The following expression will be minimized using Boolean algebra:

x1'xpx3"'x4" + X1 " X0x3x4" + X1 Xpx3" x4 + X1 X0 X3 X4'
= xpxg" (X1 X3+ xy g Fxpagt+apag)

ZXZX4'

Example 2.5 The following function will be minimized using a 4-variable Kar-
naugh map:

Z1(x1,X9,%3,X4) = Xpx3" + xpx3x4" + X717 X3 + X1 x3x4'

The minimized result will be obtained in both a sum-of-products form and a prod-
uct-of-sums form. To plot the function on the Karnaugh map, 1s are entered in the
minterm locations that represent the product terms. For example, the term x,x3" is rep-
resented by the 1s in minterm locations 4, 5, 12, and 13. Only variables x, and x3' are
common to these four minterm locations. The term x,x3x4" is entered in minterm lo-
cations 6 and 14.

When the function has been plotted, a minimal set of prime implicants can be ob-
tained that represents the function. The largest grouping of 1s should always be com-
bined, where the number of 1s in a group is a power of 2. The grouping of 1s is shown
in Figure 2.2 and the resulting equation in Equation 2.1 in a sum-of-products notation.
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X3X4
X]Xz O O 0 1 1 1 1 0
0 1 3 2
00 0 0 0 0
—1 4 5 | —6
01 1 1 0 1
12 13 15 14
11 1 1 0 1
8 9 11 10
10 0 0 1 1
1
Figure 2.2 Karnaugh map representation for the function zy (xy, x, X3, X4) =Xx,X3'
+ X2X3X4' + X1X2'.)C3 + X1X3X4'.
21(x1,X0,%3,X4) = Xpx3" T xpx4" + X717 X3 (2.1)

The minimal product-of-sums expression can be obtained by combining the 0Os in
Figure 2.2 to form sum terms in the same manner as the 1s were combined to form
product terms. However, since Os are being combined, each sum term must equal 0.
Thus, the four Os in row x;x, = 00 in Figure 2.2 combine to yield the sum term (x; +
X5). In a similar manner, the remaining Os are combined to yield the product-of-sums
expression shown in Equation 2.2. When combining Os to obtain sum terms, a vari-
able value of 1 is treated as false and a variable value of 0 is treated as true. Thus, min-
term locations 7 and 15 have variables x,x3x4 = 111, providing a sum term of (x,"' +
X3' + X4').

Z1(x1,x0,%3,x4) = (x] +xp)(xp +x3)(xp" +x3" +x4") (2.2)

Equation 2.1 and Equation 2.2 both specify the conditions where z; is equal to 1.
For example, consider the first term of Equation 2.1. If x, x5 = 10, then Equation 2.1
yields zy = 1 + - - - + 0 which generates a value of 1 for z;. Applying x, x3 = 10 to
Equation 2.2 will cause every term to be equal to 1, such that, z; = (1) (1) (1) = 1.
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Figure 2.1(d) illustrates a 5-variable Karnaugh map. To determine adjacency, the
left map is superimposed on the right map. Any cells that are then physically adjacent
are also logically adjacent and can be combined. Since x5 is the low-order variable, the
left map contains only even-numbered minterms; the right map is characterized by
odd-numbered minterms. If 1s are entered in minterm locations 28, 29, 30, and 31, the
four cells combine to yield the term x; x; x3.

Figure 2.1(e) illustrates an alternative configuration for a Karnaugh map for five
variables. The map hinges along the vertical centerline and folds like a book. Any
squares that are then physically adjacent are also logically adjacent. For example, if 1s
are entered in minterm locations 24, 25, 28, and 29, then the four squares combine to
yield the term xq x, x4’

Some minterm locations in a Karnaugh map may contain unspecified entries
which can be used as either 1s or Os when minimizing the function. These “don’t
care” entries are indicated by a dash (-) in the map. A typical situation which includes
“don’t care” entries is a Karnaugh map used to represent the BCD numbers. This re-
quires a 4-variable map in which minterm locations 10 through 15 contain unspecified
entries, since digits 10 through 15 are invalid for BCD.

Map-entered variables  Variables may also be entered in a Karnaugh map as
map-entered variables, together with 1s and 0s. A map of this type is more compact
than a standard Karnaugh map, but contains the same information. A map containing
map-entered variables is particularly useful in analyzing and synthesizing synchro-
nous sequential machines. When variables are entered in a Karnaugh map, two or
more squares can be combined only if the squares are adjacent and contain the same
variable(s).

Example 2.6 The following Boolean equation will be minimized using a 3-variable
Karnaugh map with x4 as a map-entered variable, as shown in Figure 2.3:

21(x1,X,X3,X4) = X1 X0 X324+ X1 xp X729 237204+ X1 20 3" 2y

Note that instead of 2% = 16 squares, the map of Figure 2.3 contains only 23 =38
squares, since only three variables are used in constructing the map. To facilitate plot-
ting the equation in the map, the variable that is to be entered is shown in parenthesis
as follows:

Z1(x1,X0,%3,X4) = x1x'x3(xg") + X1 X0 +x1"x"x3"(x4") +x1'x2"x3"(x4)

The first term in the equation for z; is x;x,' x3 (x4') and indicates that the variable
x4' 1s entered in minterm location 5 (xqx;,'x3). The second term xx;, is plotted in the
usual manner: 1s are entered in minterm locations 6 and 7. The third term specifies
that the variable x,' is entered in minterm location 0 (x;'x,' x3'). The fourth term also
applies to minterm 0, where x, is entered. The expression in minterm location 0, there-
fore, 1s x4' + x4.
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X2X3
X 00 01 11 10

0 1 3 2

0 )C4v + X4 0 0 0
4 5 7 6

1 0 xy 1 1

21
Figure 2.3 Karnaugh map for Example 2.6 using x, as a map-entered variable.

To obtain the minimized equation for z; in a sum-of-products form, 1s are com-
bined in the usual manner; variables are combined only if the minterm locations con-
taining the variables are adjacent and the variables are identical. Consider the
expression x4' + x4 in minterm location 0. Since x4' + x4 = 1, minterm 0 equates to
X'xy' x3". The entry of 1 in minterm location 7 can be restated as 1 + x,' without chang-
ing the value of the entry (Theorem 1). This allows minterm locations 5 and 7 to be
combined as x; x3 x4'. Finally, minterms 6 and 7 combine to yield the term x;x,. The
minimized equation for z; is shown in Equation 2.3.

Z] :)C1VX2')C3' +XIX3)C4' +Xx1xy (2.3)

Example 2.7  The following Boolean equation will be minimized using x4 and x5 as
map-entered variables:

21 = X1' % x3" (xgx5") oy xp +xy"20p" w3 (vgx5) + X1 20" 03" (x4 x5)
+xpxp'xy X' xg (') +xpxg'xs' (')

Figure 2.4 shows the map entries for Example 2.7. The expression x4xs5' +x4x5 in
minterm location 0 reduces to x4; the 1 entry in minterm location 2 can be expanded to
1 + x4 without changing the value in location 2. Therefore, locations 0 and 2 combine
asxy'x3'x4. The expressionxxs +x4' +x5' in minterm location 4 reduces to 1. Thus,
the 1 entries in the map combine in the usual manner to yield Equation 2.4.

Karnaugh maps are ideally suited for 2-, 3-, 4-, or 5-variable Boolean functions.
For six or more variables, a more systematic minimization technique is recommended
— the Quine-McCluskey algorithm, which is presented in the next section.
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X2X3
X 00 01 11 10
0 1 3 2
0 X4 XS’ + X4 X5 0 1 1
4 5 7 6
I | x4x5+x4 +x5 1 0 0
2
Figure 2.4 Karnaugh map for Example 2.7 using x4 and x5 as map-entered vari-
ables.
Z] :xl'x3'x4 +x1'x2 +XIX2' (24)

2.2.3 Quine-McCluskey Algorithm

The Quine-McCluskey algorithm is a tabular method of obtaining a minimal set of
prime implicants that represents the Boolean function. Because the process is inher-
ently algorithmic, the technique is easily implemented with a computer program. The
method consists of two steps: first obtain a set of prime implicants for the function;
then obtain a minimal set of prime implicants that represents the function.

The rationale for the Quine-McCluskey method relies on the repeated application
of the distributive and complementation laws. For example, for a 4-variable function,
minterms x;x,x3' x4 and x1x; x3' x4' are adjacent because they differ by only one vari-
able. The two minterms can be combined, therefore, into a single product term as fol-
lows:

XIXZX3'X4 + )CIX2X3'.X4'
= X1X2X3'(xg +x4')
=X X3’

The resulting product term is specified as xjxpx3x4 = 110—, where the dash (-)
represents the variable that has been removed. The process repeats for all minterms in
the function. Two product terms with dashes in the same position can be further com-
bined into a single term if they differ by only one variable. Thus, the terms x;x,x3x4
=110—- and x;x,x3x4 = 100— combine to yield the term x;x,x3x4 = 1-0—, which cor-
responds to xjx3'.
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The minterms are initially grouped according to the number of 1s in the binary
representation of the minterm number. Comparison of minterms then occurs only be-
tween adjacent groups of minterms in which the number of 1s in each group differs by
one. Minterms in adjacent groups that differ by only one variable can then be com-
bined.

Example 2.8 The following function will be minimized using the Quine-McClus-
key method: z{(xy, x5, x3, x4) = 2,(0,1,3,6,7,8,9,14). The first step is to list the min-
terms according to the number of 1s in the binary representation of the minterm
number. Table 2.4 shows the listing of the various groups. Minterms that combine
cannot be prime implicants; therefore, a check (v/) symbol is placed beside each min-
term that combines with another minterm. When all lists in the table have been pro-
cessed, the terms that have no check marks are prime implicants.

Table 2.4 Minterms Listed in Groups for Example 2.8

List 1 List 2 List 3
Group Minterms X1X3X3X4 Group Minterms X1X2X3X4 Group Minterms X[X2X3X4
0 0 0000w O 0,1 000-+wv| O 0,1,8,9 —-00 —
0,8 - 000 v
1 1 0001 v 1 1,3 00-1
8 1000 v 1,9 -001 v
8,9 100 - v
2 3 0011 v 2 3,7 0-11
6 0110 v 6,7 011-
9 1001 v 6,14 -110
3 7 0111 v
14 1110 v

Consider List 1 in Table 2.4. Minterm 0 differs by only one variable with each
minterm in Group 1. Therefore, minterms 0 and 1 combine as 000—, as indicated in the
first entry in List 2 and minterms 0 and 8 combine to yield —000, as shown in the sec-
ond row of List 2. Next, compare minterms in List 1, Group 1 with those in List 1,
Group 2. Itis apparent that the following pairs of minterms combine because they dif-
fer by only one variable: (1,3), (1,9), and (8,9) as shown in List 2, Group 1. Minterms
1 and 3 are in adjacent groups and can combine because they differ by only one vari-
able. The resulting term is 00—1. Minterms 1 and 6 cannot combine, because they dif-
fer by more than one variable. Minterms 1 and 9 combine as —001 and minterms 8 and
9 combine to yield 100—.

In a similar manner, minterms in the remaining groups are compared for possible
adjacency. Note that those minterms that combine differ by a power of 2 in the
decimal value of their minterm number. For example, minterms 6 and 14 combine as
—110, because they differ by a power of 2 (23 =8). Note also that the variable x; which
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is removed is located in column 23, where the binary weights of the four variables are
X1X2X3X4= 23 22 21 20.

List 3 is derived in a similar manner to that of List 2. However, only those terms
that are in adjacent groups and have dashes in the same column can be compared. For
example, the terms 0,1 (000—) and 8,9 (100—) both contain dashes in column x4 and
differ by only one variable. Thus, the two terms can combine into a single product
term as xj xpx3x4 =—00—(x,'x3"). If the dashes are in different columns, then the two
terms do not represent product terms of the same variables and thus, cannot combine
into a single product term.

When all comparisons have been completed, some terms will not combine with
any other term. These terms are indicated by the absence of a check symbol and are
designated as prime implicants. For example, the termx{xyx3x4 =00—1 (x;'x,'x4) in
List 2 cannot combine with any term in either the previous group or the following
group. Thus, x| 'x,'x4 is a prime implicant. The following terms represent prime im-
pliCEll’ltSl X1 'XZ'X4, X1 'X3X4, X1 'XZX:; . XZX3X4' and XZ'X3 "

Some of the prime implicants may be redundant, since the minterms covered by a
prime implicant may also be covered by one or more other prime implicants. There-
fore, the second step in the algorithm is to obtain a minimal set of prime implicants that
covers the function. This is accomplished by means of a prime implicant chart as
shown in Figure 2.5(a). Each column of the chart represents a minterm and each row
of the chart represents a prime implicant. The first row of Figure 2.5(a) is specified by
the minterm grouping of (1,3), which corresponds to the prime implicant x| 'x,"'x4
(00-1). Since prime implicant x;'x;"'x4 covers minterms 1 and 3, an x is placed in
columns 1 and 3 in the corresponding prime implicant row. The remaining rows are
completed in a similar manner. Consider the last row which corresponds to prime im-
plicant x,'x3". Since prime implicant x,'x3' covers minterms 0, 1, 8, and 9, an x is
placed in the minterm columns 0, 1, 8, and 9.

A single x appearing in a column indicates that only one prime implicant covers
the minterm. The prime implicant, therefore, is an essential prime implicant. In
Figure 2.5(a), there are two essential prime implicants: x,x3x4' and x,'x3". A hori-
zontal line is drawn through all xs in each essential prime implicant row. Since prime
implicant x,x3x4' covers minterm 6, there is no need to have prime implicant x;'x,x3
also cover minterm 6. Therefore, a vertical line is drawn through all xs in column 6,
as shown in Figure 2.5(a). For the same reason, a vertical line is drawn through all xs
in column 1 for the second essential prime implicant x;'x3'.

The only remaining minterms not covered by a prime implicant are minterms 3
and 7. Minterm 3 is covered by prime implicants x{'x,'x4 and x| 'x3x4; minterm 7 is
covered by prime implicants x| 'x3x4 and x| 'x,x3, as shown in Figure 2.5(b). There-
fore, a minimal cover for minterms 3 and 7 consists of the secondary essential prime
implicant x1'x3x4. The complete minimal set of prime implicants for the function z;
is shown in Equation 2.5. The minimized expression for z; can be verified by plotting
the function on a Karnaugh map, as shown in Figure 2.6.

zl(xl X2 ,X3 ,X4) = X2X3X4' + XZ'X:;' +x1 'X3X4 2.5)
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Minterms
Prime implicants o 1 3 6 7 8 9 14
1,3 (x1'x0'xg) X
3,7 (x1'x3x4) x X
6,7 (xl'x2x3) X
* 6,14 (xox3x4") O
*0,1,89  (x9'x3") O
(a)
Minterms
Prime implicants 0 1 3 6 7 8 9 14
1,3 (x1'x0'xg) X
3,7 (xl'x3x4) X X
6,7 (x1'xpx3) X
(b)
Figure 2.5 Prime implicant chart for Example 2.8: (a) essential and nonessential

prime implicants and (b) secondary essential prime implicants with minimal cover
provided by prime implicant 3, 7 (x{' x3x4).

11| 0 0 0 1

10| 1 1 0 0

2]

Figure 2.6 Karnaugh map for Example 2.8.
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Functions which include unspecified entries (“don’t cares”) are handled in a sim-
ilar manner. The tabular representation of step 1 lists all the minterms, including
“don’t cares.” The “don’t care” conditions are then utilized when comparing min-
terms in adjacent groups. In step 2 of the algorithm, only the minterms containing
specified entries are listed — the “don’t care” minterms are not used. Then the min-
imal set of prime implicants is found as described in Example 2.8.

Petrick algorithm The function may not always contain an essential prime impli-
cant, or the secondary essential prime implicants may not be intuitively obvious, as
they were in Example 2.8. The technique for obtaining a minimal cover of secondary
prime implicants is called the Petrick algorithm and can best be illustrated by an
example.

Example 2.9  Given the prime implicant chart of Figure 2.7 for function z, it is ob-
vious that there are no essential prime implicants, since no minterm column contains a
single x. Itis observed that minterm m; is covered by prime implicants pi; or piy; m;
is covered by pi; or piy; my is covered by pi, or piy; m;is covered by pi, or pis; and m,,
is covered by pi; or piy. Since the function is covered only if all minterms are covered,
Equation 2.6 represents this requirement.

Prime Minterms

implicants | m; m; m; m; my,

Pl X | x X
Dip X x | x
Di3 X X
Py X x

Figure 2.7 Prime implicant chart for Example 2.9.

Function is covered = (pi| + piy) (piy + pi3) (piy + piy) (piy + piz) (piy + piy) (2.6)

Equation 2.6 can be reduced by Boolean algebra or by a Karnaugh map to obtain
a minimal set of prime implicants that represents the function. Figure 2.8 illustrates
the Karnaugh map in which the sum terms of Equation 2.6 are plotted. The map is then
used to obtain a minimized expression that represents the different combinations of
prime implicants in which all minterms are covered. Equation 2.7 lists the product
terms specified as prime implicants in a sum-of-products notation.
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Pizpiy
piipi_00 01 11 10
00| O 0 0 0

01y 0 0 1 0

11| 1 1 1 1

10| O 0 1 0

Figure 2.8 Karnaugh map in which the sum terms of Equation 2.6 are entered as
Os.

Function is covered = pi| piy + piy pi3 pig + piy piz pis ~ (2.7)

The first term of Equation 2.7 represents the fewest number of prime implicants to
cover the function. Thus, function z; will be completely specified by the expression
zy = piy pi,. From any covering equation, the term with the fewest number of variables
is chosen to provide a minimal set of prime implicants. Assume, for example, that
prime implicant pij = x;x;'x; and that piy = x; x,,x,. Thus, the sum-of-products ex-
pression is zy = x;x;' Xy + X/ X, X,,.

2.3 Combinational Logic

Synthesis of combinational logic consists of translating a set of network specifications
into minimized Boolean equations and then to generate a logic diagram from the equa-
tions using the logic primitives of AND, OR, and NOT. The equations are indepen-
dent of any logic family and portray the functional operation of the network. The logic
primitives can be realized by either AND gates, OR gates, and inverters, or by func-
tionally complete gates such as, NAND or NOR gates.

Example 2.10 The equation shown below will be synthesized using NAND gates
only.

21 = Xxpx4' +x1'x3x4 T X0x3(x] D xy4')
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The equation can be expanded to a sum-of-products expression, as shown below, then
designed using NAND gates, as shown in Figure 2.9.

2] =Xpxg' Fxy'x3x4 T 2023001 D xg')
z1 = Xpx4' +X1'X3x4 T X1 X0X3X4 + X" Xpx3x4'

+x 2

_xl

+X; 4

+Zl

+x1

()]

Figure 2.9 Logic diagram for Example 2.10.

There are different ways to indicate the active level (or assertion) of a signal.
Table 2.5 lists various methods used by companies and textbooks. This book will
use the +x; and —x; method. The AND function can be represented three ways, as
shown in Figure 2.10, using an AND gate, a NAND gate, and a NOR gate. Although
only two inputs are shown, both AND and OR circuits can have three or more inputs.
The plus (+) and minus (-) symbols that are placed to the left of the variables indi-
cate a high or low voltage level, respectively. This indicates the asserted (or active)
voltage level for the variables; that is, the logical I (or true) state, in contrast to the
logical 0 (or false) state.

Table 2.5 Assertion Levels

Active high assertion +x x1 xy(H)  x; x] X1

Active low assertion —xj —x1 xL) *x x| x1'

Thus, a signal can be asserted either plus or minus, depending upon the active
condition of the signal at that point. For example, Figure 2.10(a) specifies that the
AND function will be realized when both input x| and input x, are at their more pos-
itive potential, thus generating an output at its more positive potential. The word
positive as used here does not necessarily mean a positive voltage level, but merely
the more positive of two voltage levels. Therefore, the output of the AND gate of
Figure 2.10(a) can be written as +(x| *xj).
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. e B
() *xy) o, —1 L=
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N —
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=
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—(x1*xp)

+x2 —

(b)

X

iy ST SN I
Gy exy) —— 1 L

(c)
x, I
:2 @— +(x1 +x) ) L
(d) +(x1+x2)4 L

Figure 2.10  Logic symbols and waveforms for AND, NAND, NOR, and NAND
(negative-input OR) gates.

To illustrate that a plus level does not necessarily mean a positive voltage level,
consider two logic families: transistor-transistor logic (TTL) and emitter-coupled
logic (ECL). The TTL family uses a +5 volt power supply. A plus level is approxi-
mately +3.5 volts and above; a minus level is approximately +0.2 volts. The ECL
family uses a —5.2 volt power supply. A plus level is approximately —0.95 volts; a
minus level is approximately —1.7 volts. Although —0.95 volts is a negative voltage,
it is the more positive of the two ECL voltages.

The logic symbol of Figure 2.10(b) is a NAND gate in which inputs x| and x,
must both be at their more positive potential for the output to be at its more negative
potential. A small circle (or wedge symbol for IEEE Standard 91-1984 logic func-
tions) at the input or output of a logic gate indicates a more negative potential. The
output of the NAND gate can be written as —(x; * xp).
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Figure 2.10(c) illustrates a NOR gate used for the AND function. In this case,
inputs x| and x, must be active (or asserted) at their more negative potential in order
for the output to be at its more positive potential. Thus, the output can be written as
+(x; * xy). Figure 2.10(d) shows a NAND gate used for the OR function. Either
input x; or x, (or both) must be at its more negative potential to assert the output at
its more positive potential.

Example 2.11 The equation shown below will be synthesized using exclusive-OR
gates only. The equation is represented in a sum-of-products form and will be mini-

mized using Boolean algebra to obtain an equivalent equation using only the exclu-
sive-OR function. The resulting logic diagram is shown in Figure 2.11.

1 = xl'xz'x3'x4 +x1'x2'x3x4' +XI'X2X3'X4'
+X1'X0X3X4 T X1 X0X3" X4 + X1 Xpx3x4'
+)CIX2')C3')C4' +XIX2')C3)C4
zp =X X (3" xg Ta3xg") 27" xp (3" 4"+ x3204) Fxpxp(x3'xg +x3x47)
Xy (03" xg" + x3x4)
=x1'x7"(x3 @ xg) +x1'xp(x3 B xg)' +x1x7(x3 D xg) +x1 x5 (03 D xg)'
=(x1 @xp)' (x3 Dxy)+(x] Dxy) (x3 Dxy)

:xl ®X2 ®x3 ®X4
+x1

w ) >

Figure 2.11 Logic diagram for Example 2.11.

2.3.1 Multiplexers

A multiplexer is a logic macro device that allows digital information from two or more
data inputs to be directed to a single output. Data input selection is controlled by a set
of select inputs that determine which data input is gated to the output. The select in-
puts are labeled s, 51,50, - ,8; - -, 5,_1, Where s is the low-order select input with
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a binary weight of 2% and S5,_1 1s the high-order select input with a binary weight of
271 The data inputs are labeled dy, dy, da, - -+, dj, - - -, dy,"_;. Thus, if a multiplexer
has n select inputs, then the number of data inputs will be 2" and will be labeled d|,
through d,"_;. For example, if n = 2, then the multiplexer has two select inputs s, and
s and four data inputs dy, d;, d,, and d.

Figure 2.12 shows four typical multiplexers drawn in the ANSI/IEEE Std. 91-
1984 format. Consider the 4:1 multiplexer in Figure 2.12(b). If sy 59 = 00, then data
input dy is selected and its value is propagated to the multiplexer output z;. Similarly,
if 5159 = 01, then data input d is selected and its value is directed to the multiplexer
output. The equation that represents output z| in the 4:1 multiplexer of Figure 2.12(b)
is shown in Equation 2.8. Output z; assumes the value of d, if 51 59 = 00, as indicated
by the term 5, 'sy'd(). Likewise, z; assumes the value of d; when 55y = 01, as indi-
cated by the term s} 'sod .

MUX MUX
—s — s
0 . So
—1d, !
S S A +2)
(a) —
(b)
MUX MUX
s —150
S — 5
— s —15
] d() +zl +Zl
. —d
—dg N
—d; —dy4
—d5
(c)
(d)

Figure 2.12  ANSIIEEE Std. 91-1984 symbols for multiplexers: (a) 2:1 multi-
plexer; (b) 4:1 multiplexer; (c) 8:1 multiplexer; and (d) 16:1 multiplexer.
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z1=51'sg'dg +51'sgdy +5180'dy T 515005 (2.8)

The logic diagram for a 4:1 multiplexer is shown in Figure 2.13. There can also be
an enable input which gates the selected data input to the output. Each of the four data
inputs dy, dy, dy, and d3 is connected to a separate 3-input AND gate. The select in-
puts sy and s are decoded to select a particular AND gate. The output of each AND
gate is applied to a 4-input OR gate that provides the single output z{. The truth table
for the 4:1 multiplexer is shown in Table 2.6. Input lines that are not selected cannot
be transferred to the output and are listed as “don’t cares.”

+d0 Sl'So‘do
—
+, 51's0d,
L
' +z
+d2 S150 d2 1
L/
tdy 515043
S |
+S0

+S1 {>O

Figure 2.13 Logic diagram for a 4:1 multiplexer.

Table 2.6 Truth Table for the 4:1
Multiplexer of Figure 2.13

50 1 dy dy dy dy ]
0 0 - - -0 0
0 0 | 1
0 1 - -0 - 0
0 1 - 1 - 1
1 0 -0 - - 0
1 0 1 - - 1
11 0 - - - 0
11 1 - - - 1
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Example 2.12 There is a one-to-one correspondence between the data input num-
bers d; of a multiplexer and the minterm locations in a Karnaugh map. For example,
Figure 2.14 shows a Karnaugh map and a 4:1 multiplexer. Minterm location 0 corre-
sponds to data input d(, of the multiplexer; minterm location 1 corresponds to data
input d; minterm location 2 corresponds to data input d5,; and minterm location 3 cor-
responds to data input 3. The Karnaugh map and the multiplexer implement Equation
2.9, where x; is the low-order variable.

X2
x; 0 1 MUX
0 1 +x; — 5
0] 0 1 = 51
2 3 +

1 1 1 ~Logic0 ——dp —— T4
+Logic 1 d
Zl d2
dy

Figure 2.14  One-to-one correspondence between a Karnaugh map and a multi-
plexer.

Z] =x1'x2 +x1x2’ +x1x2

=x1tx (2.9)

Linear-select multiplexers The multiplexer examples described thus far have
been classified as linear-select multiplexers, because all of the variables of the Kar-
naugh map coordinates have been utilized as the select inputs for the multiplexer.
Since there is a one-to-one correspondence between the minterms of a Karnaugh map
and the data inputs of a multiplexer, designing the input logic is relatively
straightforward: Simply assign the values of the minterms in the Karnaugh map to the
corresponding multiplexer data inputs with the same subscript.

Example 2.13 Multiplexers can also be used with Karnaugh maps containing map-
entered variables. Equation 2.10 is plotted on the Karnaugh map shown in Figure
2.15(a) using x3 as a map-entered variable. Figure 2.15(b) shows the implementation
using a 4:1 multiplexer.

z1 = x1xp(x3") Fx1x0" (x3) +x1'xp (2.10)
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X2
X1 0 1 MUX
0 1 +x; — 5
0ol 0| 1 o 5
2[ 3 n
Ll x5 | x3 -Logic0 —dj —— 71
+Logicl ——d,
Z +x5 | d2
X3 ] d3
(a) (b)

Figure 2.15  Multiplexer using a map-entered variable.

Nonlinear-select multiplexers In the previous subsection, the logic for the
function was implemented with linear-select multiplexers. Although the logic func-
tioned correctly according to the equations, the designs illustrated an inefficient use of
the 27:1 multiplexers. Smaller multiplexers with fewer data inputs could be effective-
ly utilized with a corresponding reduction in machine cost.

If the number of unique entries in a Karnaugh map satisfies the expression of
Equation 2.11, where u is the number of unique entries and p is the number of select in-
puts, then at most a (27 + 2):1 multiplexer will satisfy the requirements. This is re-
ferred to as a nonlinear-select multiplexer.

1<u> (P +2) (2.11)

If, however, u > 2P + 2, then a 2P:1 multiplexer is necessary. The largest multi-
plexer with which to economically implement the logic is a 16:1 multiplexer, and then
only if the number of distinct entries in the Karnaugh map warrants a multiplexer of
this size. Other techniques, such as a programmable logic device (PLD) implementa-
tion, would make more efficient use of current technology.

If amultiplexer has unused data inputs — corresponding to unused states in the in-
put map — then these unused inputs can be connected to logically adjacent multiplex-
er inputs. The resulting linked set of inputs can be addressed by a common select
variable. Thus, in a4:1 multiplexer, if data input d, = 1 and d3 = “don’t care,” then d,
and d5 can both be connected to a logic 1. The two inputs can now be selected by
5150 = 10 or 11; that is, 5159 = 1—. Also, multiple multiplexers containing the same
number of data inputs should be addressed by the same select input variables, if pos-
sible. This permits the utilization of noncustom technology, where multiplexers in the
same integrated circuit share common select inputs.
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Example 2.14 The Karnaugh map of Figure 2.16 can be implemented with a 4:1
nonlinear-select multiplexer for the function z;. Variables x, and x3 will connect to
select inputs s; and s, respectively. When select inputs 515y = xpx3 = 00, data input
dy is selected; therefore, dy = 0. When select inputs 515 = xpx3 = 01, data input d;
is selected and contains the complement of x| ; therefore, d; =x;'. When select inputs
5180 =xpx3 = 10, data input d, is selected; therefore, d = 1. When 5150 =xpx3 =11,
data input d3 is selected and contains the same value as xy; therefore, d3 = x|. The
logic diagram is shown in Figure 2.17.

X2X3
x| 00 01 11 10
0 1 3 2 dy=0
0 0 1 0 1 dy =x;'
4 5 7 6 dy=1
1 0 0 1 1 dy = xq

Z]

Figure 2.16  Karnaugh map for Example 2.14 which will be implemented by a 4:1
nonlinear-select multiplexer.

MUX
3 —15
+xy — 5
—Logic0 —dy [ ™A
1 —d
+Logicl —d,
+x1 [— d3

Figure 2.17 A 4:1 nonlinear-select multiplexer to implement the Karnaugh map
of Figure 2.16.

Since there are two unique entries in the Karnaugh map of Figure 2.16, any per-
mutation should produce similar results for output z; that is, no additional logic. Fig-
ure 2.18 shows one permutation in which the minterm locations are physically moved,
but remain logically the same. The multiplexer configuration is shown in Figure 2.19.
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X1X2
x3 00 01 11 10
0 2 6 4 dn =
ol o | 1] 1] o d(l’:fé.
1 3 7 5 dy =0
1] 1 0 | 1 0 dsy =

Z]

Figure 2.18 A permutation of the Karnaugh map of Figure 2.16.

MUX
X —9
+xq .
+x3 dy ——— ™
3 —4
—Logic0 ——d,
+Logicl ——d;

Figure 2.19 A 4:1 nonlinear-select multiplexer to implement the Karnaugh map
of Figure 2.18.

2.3.2 Decoders

A decoder is a combinational logic macro that is characterized by the following prop-
erty: For every valid combination of inputs, a unique output is generated. In general,
a decoder has n binary inputs and m mutually exclusive outputs, where 2" > m. Each
output represents a minterm that corresponds to the binary representation of the input
vector. Thus, z; =m;, where m; is the ith minterm of the » input variables. For exam-
ple, if n =3 and x| x,x3 = 101, then output z5 is asserted. A decoder with n inputs,
therefore, has a maximum of 2” outputs. Because the outputs are mutually exclusive,
only one output is active for each different combination of the inputs. The decoder
outputs may be asserted high or low. Decoders have many applications in digital engi-
neering, ranging from instruction decoding to memory addressing to code conversion.

A 3:8 decoder is shown in Figure 2.20 which decodes a binary number into the
corresponding octal number. The three inputs are x|, x,, and x3 with binary weights
of 22,21 and 2°, respectively. The decoder generates an output that corresponds to the
decimal value of the binary inputs. For example, if x| x,x3 = 110, then output z is as-
serted high.
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BIN/OCT
o ——1 o 2
try —— 12 1| 2
> —4 2 +2z;
3 tz3
4 +Z4
51 tzs
& 6 +Z6
EN 7 +Z7

Figure 2.20 A binary-to-octal decoder.

A decoder may also have an enable function which allows the selected output to be
asserted. The enable function may be a single input or an AND gate with two or more
inputs. Figure 2.20 illustrates an enable input consisting of an AND gate with three in-
puts. Ifthe enable function is deasserted, then the decoder outputs are deasserted. The
3:8 decoder generates all eight minterms z through z5 of three binary variables x1, x5,
and x3. The truth table for the decoder is shown in Table 2.7 and indicates the asserted
output that represents the corresponding minterm.

Table 2.7 Truth Table for the 3:8 Decoder of

Figure 2.20

X1X2X3 ) Z1 23 Z3 Z4 zZ5 zg Z7
000 1 0 0 0 O O 0 O
001 o 1. 0 O O O 0 O
010 0o o 1 0 O 0O O0 O
011 o o0 0 1 0 0 0 O
100 o o0 o0 o0 1 0 0 O
101 0o 0 0 0 0 1 0 O
110 o 0 0 0 O 0 1 0
111 0o 0 0 0 O O 0 1

The internal logic for the binary-to-octal decoder of Figure 2.20 is shown in Figure
2.21. The enable gate allows for additional logic functions to control the assertion of
the active-high outputs.
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)CI'XZ‘)CS‘

: xl'xz'x3 +Zl
) x1'xpx3' +2,
]
D X1 X2X3 +z3
) x1%'X3' 2,
'
) X1 X2 X3 +z5

+X3 {>C
: RIBPREY Tz
X {>o
;\ X1X2X3 t2
= l {>o
N\ enable
./

Figure 2.21 Internal logic for the binary-to-octal decoder of Figure 2.20.

Example 2.15 One decoder will be used to implement a Boolean function. The dis-
junctive normal form equation shown in Equation 2.12 will be synthesized with a 3:8
decoder and one OR gate, as shown in Figure 2.22 with active-low outputs. The terms
in Equation 2.12 represent minterms my, mg, ms, and m,, respectively. The equation
can also be represented as the following sum of minterms expression: (2, 4, 5, 6).
The outputs of the decoder correspond to the eight minterms associated with the three
variables x| x,x3. Therefore, Equation 2.12 is implemented by ORing decoder out-
puts 2,4, 5, and 6.

Zl(xl,X2,X3) :xlxz'x3' +x1x2x3' +x1x2'x3 +x1'x2x3' (2.12)
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BIN/OCT

+x3 —1 0 o——

+x2 10—
+x1 S— | 2

30—

. 4 +Zl

+Logic 1 & 5
EN ©

L 70—

Figure 2.22  Implementation of Equation 2.12 using a 3:8 decoder.

2.3.3 Encoders

An encoder is a macro logic circuit with » mutually exclusive inputs and m binary out-
puts, where n < 2™, The inputs are mutually exclusive to prevent errors from appear-
ing on the outputs. The outputs generate a binary code that corresponds to the active
input value. The function of an encoder can be considered to be the inverse of a de-
coder; that is, the mutually exclusive inputs are encoded into a corresponding binary
number.

A general block diagram for an n:m encoder is shown in Figure 2.23. An encoder
is also referred to as a code converter. In the label of Figure 2.23, X corresponds to the
input code and Y corresponds to the output code. The general qualifying label X/Y is
replaced by the input and output codes, respectively such as, OCT/BIN for an octal-to-
binary code converter. Only one input x; is asserted at a time. The decimal value of x;
is encoded as a binary number which is specified by the m outputs.

XY
tx, — | 4z
txy ——— — 1z
X ——— — 4z,
+x, ——— — 4z,

Figure 2.23  An n:m encoder or code converter.

© 2010 by Taylor & Francis Group, LLC



2.

3

Combinational Logic

57

An 8:3 octal-to-binary encoder and a BCD-to-binary encoder are shown in Figure
2.24(a) and Figure 2.24(b), respectively. Although there are 28 possible input combi-
nations of eight variables for the octal-to-binary encoder, only eight combinations are
valid. The eight inputs each generate a unique octal code word in binary. If the out-
puts are to be enabled, then the gating can occur at the output gates.

The truth table for an 8:3 encoder is shown in Table 2.8. The encoder can be im-
plemented with OR gates whose inputs are established from the truth table, as shown
in Equation 2.13 and Figure 2.25. The low-order output z3 is asserted when one of the
following inputs is active: xy, x3, x5, Or x7; output z, is asserted when one of the fol-
lowing inputs is active: x;, x3, X¢, Or X7; output z; is asserted when one of the following
inputs is active: x4, X5, X¢, OF X7.

+Xx, 0
+x 1
+x2
+x 3
+x 4
+x 5
+x 6
+x 7

Figure 2.24

Table 2.8 Truth Table for an Octal-To-Binary Encoder

OCT/BIN

NN DN kW~ O

(a)

1
27
4

+Z3
+Zz
+Z1

+x 0
+x1
+x2
+x 3
+x4
+x5
+x6
+x 7
+x 8
+x9

O 0NN WN—O

BCD/BIN

0 KN =

Inputs Outputs
Xg X| Xy X3 X4 X5 Xg Xq zZ] zy 3
1 0 0 O O O 0 o0 0 0 0
6o 1 0 O O O 0 o0 0 0 1
o 0 1 o0 O O 0 o0 0o 1 0
o o0 o0 1 O O 0 O 0 1 1
o o0 o0 o0 1 O 0 O 1 0 O
o o o0 o O 1 0 O 1 0 1
o 0 0 O O o0 1 O 1 1 0
0o 0 0 O O 0 0 1 1 1 1
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Encoders: (a) octal-to-binary and (b) BCD-to-binary.
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z3 =x1 tx3 tx5+x;
Zy =Xy t X3 T xgt X7

Z1 =Xy ~I—x5 +x6+x7 (2-13)

+x0 -
+x 1

+
5 ) H>— =m0

+x 5
+x 4

xg ) >— =@
+X7 /

Figure 2.25  Logic diagram for an 8:3 encoder.

It was stated previously that encoder inputs are mutually exclusive. There may be
situations, however, where more than one input can be active at a time. Then a priority
must be established to select and encode a particular input. This is referred to as a pri-
ority encoder. Usually the input with the highest valued subscript is selected as high-
est priority for encoding. Thus, if x; and x; are active simultaneously and i <j, then X;
has priority over x;. For example, assume that the octal-to-binary encoder of Figure
2.24(a) is a priority encoder. Ifinputs x|, x5, and x; are asserted simultaneously, then
the outputs will indicate the binary equivalent of decimal 7 such that, z3z,z; = 111.

2.3.4 Comparators

A comparator is a logic macro circuit that compares the magnitude of two n-bit binary
numbers X; and X,. Therefore, there are 27 inputs and three outputs that indicate the
relative magnitude of the two numbers. The outputs are mutually exclusive, specify-
ing X1 <X,,X|=X,,0rX|>X,. Figure 2.26 shows a general block diagram of a com-
parator.

The design of a comparator is relatively straightforward. Consider two 3-bit un-
signed operands X| = x;; x15 X135 and X, = X1 x5, Xp3, Where x5 and x,3 are the low-
order bits of X; and X;, respectively. Three equations will now be derived to represent
the three outputs; one equation each for X| < X,, X] =X,, and X; > X,. Comparison
occurs in a left-to-right manner beginning at the high-order bits of the two operands.
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COMP
+X11
12
X1<X-
X1, 172 2
X1=X +z,
X1>X-
+X21 1 2 +Z3
+XZ2
Xy

Figure 2.26  General block diagram of a comparator.

Operand X will be less than X, if x;; x,; = 01. Thus, Xjcannot be more than 011
while X, cannot be less than 100, indicating that X< .X,. Therefore, the first term of
the equation for X|<X, is x;;'x,;. If, however, x| = x,1, then the relative magnitude
depends on the values of x|, and x,,. The equality of two bits is represented by the ex-
clusive-NOR function, also called the equality function. Thus, the second term in the
equation for X1<.X; is (x1] @ x,1) x15' X5,. The analysis continues in a similar manner
for the remaining bits of the two operands.

The equation for X;< X, is shown in Equation 2.14. The equality of X and X,
is true if and only if each bit-pair is equal, where x| ; = x5, X1, =X,,, and x;3 = x,3; that
is, X] =X, ifand only if x;; = x,; fori=1, 2, 3. This is indicated by the Boolean prod-
uct of three equality functions as shown in Equation 2.14 for X; = X,. The final equa-
tion, which specifies X7 > X,, is obtained in a manner analogous to that for X; < Xj.
If the high-order bits are x; ;x5 = 10, then it is immediately apparent that X; > X,. Us-
ing the equality function with the remaining bits yields the equation for X| > X, as
shown in Equation 2.14. The design process is modular and can be extended to ac-
commodate any size operands in a well-defined regularity. Two n-bit operands will
contain column subscripts of 11 through 1z and 21 through 2x, where n specifies the
low-order bits.

(X7 <Xp) =x11'xp1 + (x11 @ x21) x12'x00 + (11 D xp1) (012 D xp2)'x13" %3

(X1 =X3) = (x11 D xp1) (X1 @ xp7)" (x13 @ xp3)'

(X1 >Xp) = x11 201"+ (x1] @ xp1)' 1000 + (x17 @xp1)' (x12D x5)'x13 X3 (2.14)
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2.4 Sequential Logic

This section will briefly review the operating characteristics of the SR latch, the D flip-
flop, and the JK flip-flop, then proceed to synchronous counters, and then to the def-
inition and synthesis of Moore and Mealy sequential machines. A latch is a level-sen-
sitive storage element in which a change to an input signal affects the output directly
without recourse to a clock input. The set (s) and reset (») inputs may be active high or
active low. The D flip-flop and the JK flip-flop, however, are triggered on the appli-
cation of a clock signal and are positive- or negative-edge-triggered devices.

SR latch The SR latch is usually implemented using either NAND gates or NOR
gates, as shown in Figure 2.27(a) and Figure 2.27(b), respectively. When a negative
pulse (or level) is applied to the —set input of the NAND gate latch, the output +y be-
comes active at a high voltage level. This high level is also connected to the input of
NAND gate 2. Since the set and reset inputs cannot both be active simultaneously, the
—reset input is at a high level, providing a low voltage level on the output of gate 2
which is fed back to the input of gate 1. The negative feedback, therefore, provides a
second set input to the latch. The original set pulse can now be removed and the latch
will remain set. Concurrent set and reset inputs represent an invalid condition, since
both outputs will be at the same voltage level; that is, outputs +y; and —y; will both be
at the more positive voltage level — an invalid state for a bistable device with com-
plementary outputs.

—set +set
T Dy T Dy
—reset 730_" N treset — g ) ° sl

(a) (b)
Figure 2.27 SR latches: (a) using NAND gates and (b) using NOR gates.

If the NAND gate latch is set, then a low voltage level on the —reset input will
cause the output of gate 2 to change to a high level which is fed back to gate 1. Since
both inputs to gate 1 are now at a high level, the +y; and —y; outputs will change to a
low and high level, respectively, which is the reset state for the latch. The excitation
equation is shown in Equation 2.15 where Y, and ¥}, are the present state and next
state of the latch, respectively.

Yk(t+1) = S + R' Yj(t) (215)
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D flip-flop A D flip-flop is an edge-triggered device with one data input and one
clock input. Figure 2.28 illustrates a positive-edge-triggered D flip-flop. The +y| out-
put will assume the state of the D input at the next positive clock transition. After the
occurrence of the clock’s positive edge, any change to the D input will not affect the
output until the next active clock transition. The excitation equation is shown in Equa-
tion 2.16.

1
+x D ¥

+Clock ——— o—— )1

Figure 2.28 A positive-edge-triggered D flip-flop.

Yiery=D (2.16)

JK flip-flop The JK flip-flop is also an edge-triggered storage device. The active
clock transition can be either the positive or negative edge. Figure 2.29 illustrates a
negative-edge-triggered JK flip-flop. The functional characteristics of the JK data in-
puts are defined in Table 2.9. Table 2.10 shows an excitation table in which a partic-
ular state transition predicates a set of values for J and K. This table is especially
useful in the synthesis of synchronous sequential machines.

Y1
I g
—clock ——¢
+x, — K O——— N
Figure 2.29 A negative-edge-triggered JK flip-flop.
Table 2.9 JK Functional Table 2.10 Excitation Table for a
Characteristic Table JK Flip-Flop
JK Function Present state Next state Data inputs
00 No change Y Y JK
01 Reset 0 0 0—
10 Set 0 1 1-
11 Toggle 1 0 -1
1 1 -0

© 2010 by Taylor & Francis Group, LLC



62 Chapter 2 Logic Design Fundamentals

The excitation equation for a JK flip-flop is derived from Table 2.10 and is shown
in Equation 2.17.

Yy = Yy J + Yjn K (2.17)

2.4.1 Counters

Counters are one of the simplest types of sequential machines, requiring only one in-
put in most cases. The single input is a clock pulse. A counter is constructed from one
or more flip-flops that change state in a prescribed sequence upon the application of a
series of clock pulses. The sequence of states in a counter may generate a binary
count, a binary-coded decimal (BCD) count, or any other counting sequence. The
counting sequence does not have to be sequential.

Counters are used for counting the number of occurrences of an event and for gen-
eral timing sequences. A block diagram of a synchronous counter is shown in
Figure 2.30. The diagram depicts a typical counter consisting of combinational input
logic for the 8 next-state function, storage elements, and combinational output logic
for the A output function. Input logic is required when an initial count must be loaded
into the counter. The input logic then differentiates between a clock pulse that is used
for loading and a clock pulse that is used for counting. Not all counters are imple-
mented with input and output logic, however. Some counters contain only storage el-
ements that are connected in cascade.

3V Yo A(Y)
Y1) ﬂ W —I

0
s ] Input Storage . . .| Output
Inputs X - ;%o logic elemehts| logic n Outputs Z
o Y A
Clock

Figure 2.30  Counter block diagram.

Counters can be designed as count-up counters, in which the counting sequence
increases numerically, or as count-down counters, in which the counting sequence de-
creases numerically. A counter may also be designed as both a count-up counter and
a count-down counter, the mode of operation being controlled by a separate input.
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Any counting sequence is a valid sequence for a counter, depending upon the ap-
plication. Binary counters are the most common, and increment or decrement in a bi-
nary sequence, such as, 0000, 0001, 0010, 0011, ...,1110, 1111, 0000, . . ., which
represents a modulo-16 binary counter, where the terminal count is followed by the
initial count.

The counting sequence for a BCD counter is modulo-10: 0000, 0001, 0010, 0011,
..., 1000, 1001, 0000, ... . There are also counters that are classified as Gray code
counters or as Johnson counters. A Gray code counter has the unique characteristic
where only one stage of the counter changes state with each clock pulse, thus provid-
ing a glitch-free counting sequence. A Johnson counter is designed by connecting the
complement of the output of the final storage element to the input of the first storage
element. This feedback connection generates the singular sequence of states shown in
Table 2.11 for four bits, where y, is the low-order bit. A 4-bit Johnson counter pro-
duces a total of eight states; a 5-bit counter yields ten states. In general, an n-stage
Johnson counter will generate 2n states, where 7 is the number of storage elements in
the counter.

Table 2.11 Four-Bit
Johnson Counter

Y12 y3 v4
0 0 0 O
1 0 0 0
1 1 0 0
1 1 1 0
1 1 1 1
0 1 1 1
0 0 1 1
0 0 0 1
0 0 0 O

Modulo-10 count-up counter The simplest counter is the binary counter which
counts in an increasing binary sequence from y;y; ... y,=00..0 to
Y1y2 - Yp=11.. 1, then returns to zero. This section will design a modulo-10
counter using D flip-flops. The counting sequence is: yy,y3y4 = 0000, 0001, 0010,
0011, 0100, 0101, 0110, 0111, 1000, 1001, 0000, ....

The input maps represent the & next-state function from which the equations are
generated for the data input logic of the flip-flops. Since D flip-flops are used in the
design, the derivation of the input maps is relatively straightforward and can be gen-
erated directly from the next-state table shown in Table 2.12. The input maps can also
be generated from a state diagram, which is a graphical representation of the counting
sequence. The input maps for the modulo-10 counter are shown in Figure 2.31.
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Table 2.12 Next-State Table for a Modulo-10 Counter

Present State  Next State

Flip-Flop Inputs

V1V2y3va  V1V2V3Va Dyy Dy, Dys Dy,
0000 0001 0 0 0 1
0001 0010 0 0 1 0
0010 0011 0 0 1 1
0011 0100 0 1 0 0
0100 0101 0 1 0 1
0101 0110 0 1 1 0
0110 0111 0 1 1 1
0111 1000 1 0 0 0
1000 1001 1 0 0 1
1001 0000 0 0 0 0
Y34 Y3Va
Y N 00 01 11 10 Y1, \L00 01 11 10
0 1 3 2 0 1 3 2
00| O 0 0 0 00| O 0 1 0
4 5 7 6 4 5 7 6
01 0 0 1 0 01| 1 1 0 1
12 B3] 15 14 12 3] 15 14
1] - | - |- | - 1) - | - |- |-
8 9 1l 10 8 9 1 10
10| 1 0 - - 10| O 0 - -
Dy, Dy,
Y34 Y3V4
yiy, \L00 01 11 10 Y1, \L00 01 11 10
0 1 3 2 0 1 3 2
00| O 1 0 1 00| 1 0 0 1
4 5 7 6 4 5 7 6
01 0 1 0 1 01 1 0 0 1
12 B[ 15 14 12 3] 15 14
11| - | = | = | - 1| - | - -1 -
8 9 ul 10 8 9 uf 1o
10| O 0 - - 10| 1 0 - -
Dys Dy,
Figure 2.31 Input maps for the modulo-10 counter of Table 2.12.
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Since this is a modulo-10 counter, minterm locations 10, 11, 12, 13, 14, and 15 are
invalid and treated as “don’t cares.” The equations for the D inputs of flip-flops y;, y5,
»3, and y4 are obtained directly from the input maps and are shown in Equation 2.18.
Note that in Table 2.12, the next state for flip-flop y4 always toggles; therefore, the
input for flip-flop y4 can be implemented by connecting the complemented output to
the D input. The logic diagram is shown in Figure 2.32.

Dy =y2y3v4 T y104'

Dy, =y2'v3y4+y2y3' T y204

Dy3=y3y4' +y1'v3'v4

Dyg=y4 (2.18)

+clock
+
+¥§ ) V1
V4 4 n
e D V1
V4 O 1
Y L/
)
2
N D p)
V3
D 3
1 _J @ -3
Y4
D V4
© V4

Figure 2.32  Logic diagram for the modulo-10 counter.
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Modulo-8 count-down counter It is sometimes desirable to have a counter that
counts down to zero from a predetermined initial count. A counter of this type will be
used in the section describing a sequential add-shift multiplier. A modulo-8 counter
will now be designed using JK flip-flops that counts down to zero from an initial count
of y;yoy3 = 111. The next-state table is shown in Table 2.13 and the JK excitation
table is shown in Table 2.14.

The values for J and K in the next-state table are obtained by applying the state
transition sequences of Table 2.14 to the present state and next state values for each
flip-flop in the next-state table. For example, in the first row of Table 2.13, flip-flop y;
sequences from y; =1 to y; = I, providing JK values of Jy; Ky =—0.

The Karnaugh maps are shown in Figure 2.33 and are obtained directly from the
next-state table. The logic diagram is shown in Figure 2.34. It is assumed that the
counter is initially set to y;y,y3 = 111, where y5 is the low-order flip-flop. The next-
state table indicates that flip-flop y3 toggles with each active clock transition; there-
fore, Jy3 Ky3 = 11, which toggles flip-flop y3. The equations for the JK inputs are
shown in Equation 2.19.

Table 2.13 Next-State Table for the Modulo-8 Count-Down Counter

Present State Next State Flip-Flop Inputs
Y123 Y1323 Jy1Kyr I Kyy  Jyz K3
111 110 - 0 - 0 - 1
110 1 01 - 0 - 1 |
1 01 1 00 - 0 0o - - 1
100 011 - 1 1 - 1 -
011 010 0o - - 0 - 1
010 001 0 - ! 1 -
001 000 0o - 0o - - 1
000 111 1 - 1 - |

Table 2.14 Excitation Table for a
JK Flip-Flop

Present state  Next state  Data inputs

Yi Y1) JK
0 0 0-—
0 1 1-
1 0 1
1 1 -0
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Y23
| 00 01 11 10
0 1 3 2
0 1 0 0 0
4 5 7 6
1 — — — _
I
Y23
i 00 01 11 10
0 1 3 2
0 1 0 - -
4 5 7 6
1 1 0 - —
Iy)
Yay3
yi 00 O1 11 10
0 1 3 2
0 1 - - 1
4 5 7 6
1 1 - - 1
Jy3
Figure 2.33
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Jy1=y'y3'

Ky1=y2'y3'

Jyy=y3'

Ky, =y3'

Jyy =Logic 1
Kys = Logic 1

2.4 Sequential Logic

Y2y3

i 00 01 11 10

Ky,
Y23
Vi 00 01 11 10
0 1 3 2
0 - - 0 1
4 5 7 6
1 - — 0 1
Ky,
Y2)3
» 00 01 11 10
0 1 3 2
0 - 1 1 -
4 5 7 6
1 - 1 1 -
Ky;

Karnaugh maps for the modulo-8 count-down counter.
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+clock
1
- B
-y J +y1
3 _/
K P N
2
J +y2
K po— N
V3
+Logic 1 J L 4

K ob—— N

Figure 2.34  Logic diagram for the modulo-8 count-down counter.

Nonsequential counter A series of nonoverlapping, disjoint pulses can be gen-
erated by means of a counter that counts in a nonsequential sequence. A counter of this
type is useful in a digital system when it is desired to have separate states for certain
functions. For example, a peripheral control unit containing an embedded micropro-
cessor may require the following three states:

State 1: Communicate with the input/output channel of a computer to
send or receive data.

State 2: Perform internal processing.
State 3: Communicate with the input/output device to send or receive
data.

The counting sequence for a counter of this type is as follows: y;y,y3 =100, 010,
001 in which each 1 bit represents a unique state. This sequence can easily be
extended to any number of nonoverlapping pulses. The Karnaugh maps for a counter
that generates three disjoint pulses are shown in Figure 2.35 and the equations are
shown in Equation 2.20. The logic diagram, using D flip-flops, is shown in Figure
2.36. It is assumed that the counter is initialized to y;y,y3 = 100.
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Y23 Y23
i 00 01 11 10 i 00 01 11 10
0 1 3 2 0 1 3 2
0 - 1 - 0 0 - 0 - 0
4 5 7 6 4 5 7 6
1 0 - - - 1 1 - - -

Dyl Dyz
Y23

Y 00 01 11 10

0 1 3 2

0 - 0 - 1

4 5 7 6

1 0 - - -

Dys

Figure 2.35  Karnaugh maps for the nonsequential counter.

Dy, =y3
Dy, =y
Dy3=y; (2.20)
1
D 1
+clock o
2
D RN)
O_
V3
D 3
O_

Figure 2.36  Logic diagram for the nonsequential counter.
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Pulse generator An alternative method to generate discrete pulses is to use a shift
register plus additional logic. This method will be used to create a design that will gen-
erate eight nonoverlapping pulses to provide eight unique states. The shift register is
an 8-bit serial-in, parallel-out shift register. There is no need for a next-state table or
Karnaugh maps for this design — knowledge of how a shift register operates is all that
is required. The logic diagram is shown in Figure 2.37 and the resulting outputs are
shown in Figure 2.38.

%@@@@@

SHFT REG

+clock >
7 +shift reg [7]
treset g rst 6 +shift_reg [6]
5 +shift_reg [5]
D) ser_in 4 tshifi_reg [4]
J - 3 +shifi_reg [3]
2 +shift_reg [2]
1 +shift reg [1]
0 +shift_reg [0]

Figure 2.37  Logic diagram to generate eight nonoverlapping, disjoint pulses.

shift reg [7] = 10000000 shift reg [2] = 00000100
shift reg [6] = 01000000 shift reg [1] = 00000010
shift reg [5] = 00100000 shift reg [0] = 00000001
shift reg [4] = 00010000 shift reg [7] = 10000000
shift reg [3] = 00001000 shift reg [6] = 01000000

Figure 2.38 Outputs for the shifter pulse generator.
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2.4.2 Moore Machines

Moore machines may be synchronous or asynchronous sequential machines in which
the output function A produces an output vector Z, which is determined by the present
state only, and is not a function of the present inputs. The general configuration of a
Moore machine is shown in Figure 2.39. The next-state function o is an (n + p)-input,
p-output switching function. The output function A is a p-input, m-output switching
function. If a Moore machine has no data input, then it is referred to as an autonomous
machine. Autonomous circuits are independent of the inputs. The clock signal is not
considered as a data input. An autonomous Moore machine is an important class of
synchronous sequential machines, the most common application being a counter, as
discussed in the previous section. Although a Moore machine may be synchronous or
asynchronous, this section pertains to synchronous organizations only.

3 (X,Y) Y A(Y)
Y1) ﬂ W —I

n
i Input Storage . - - | Output
Inputs X' —~e logic ] elements » 10g£ n Outputs Z
o Y A
Clock

Figure 2.39  Moore synchronous sequential machine in which the outputs are a
function of the present state only.

A Moore machine is a 5-tuple and can be formally defined as follows:

M=(X,Y,Z,8,2)
where

1. Xis a nonempty finite set of inputs such that,
X=1{X0. X1, X5, - -, X" 5, X" 4}

2. Yis anonempty finite set of states such that,
Y={Yo, V1, Vo, -, 2P 5, P4}

3. Zis anonempty finite set of outputs such that,
Z={Z20. 21,2y, )" 5, )" 1}
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4. 3 Y): XxY 7Y

5. MY):Y>2Z

The next state of a Moore machine is determined by both the present inputs and the
present state. Thus, the next-state function 9 is a function of the input alphabet X and
the state alphabet Y, and maps the Cartesian product of X and Y into Y. For a Moore
machine, the outputs can be asserted for segments of the clock period rather than for
the entire clock period only. This is illustrated in Figure 2.40 where the positive clock
transitions define the clock cycles, and hence, the state times. Two clock cycles are
shown, one for the present state ¥, and one for the next state Y ,11).

‘«—— State Y](l‘) —>%<— State Yk(t+1) —»E

+Clock

where

t; = beginning of the prese:nt state Y,
1, = middle of the present state ¥,

13 = end of the present state Y, :
t4 = middle of the next sta‘:[e Vi)

I.Zthl\IrQ N

2.21Tt2\|rt3 ' . E

3.21Tt1¢t3 — :

4. zZ] T 1) \L 14 :
Figure 2.40  Output assertion/deassertion times for Moore machines showing
clock pulses; definition of assertion/deassertion times; and assertion/deassertion state-

ments with corresponding asserted outputs.
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Example 2.16 A Moore machine which accepts serial data in the form of 3-bit words
on an input line x; will be synthesized using D flip-flops. There is one bit space be-
tween contiguous words, as shown below,

xp= e |byboby | |bibaby | | Bybobs | -

where b;=0or 1. Whenever a word contains the bit pattern by byb3 =111, the machine
will assert output z; during the bit time between words according to the following as-
sertion/deassertion statement:

21Tty

An example of a valid word in a series of words is shown below. Notice that the
output signal is displaced in time with respect to the input sequence and occurs one
state time later. The steps that follow depict the procedure that is used to design both
Moore and Mealy synchronous sequential machines.

Xp= .- ‘001‘ ‘101‘ ‘011‘ ‘111‘ ‘010‘-..

Output z; le»l/l‘:; J

State diagram This is an extremely important step, since all remaining steps
depend upon a state diagram which correctly represents the machine specifications.
Generating an accurate state diagram is thus a pivotal step in the synthesis of synchro-
nous sequential machines. The state diagram for this example is illustrated in
Figure 2.41, which graphically describes the machine’s behavior. Seven states are
required, providing four state levels — one level for each bit in the 3-bit words and one
level for the bit space between words.

The flip-flop names are positioned alongside the state symbol. In Figure 2.41, the
machine is designed using three flip-flops which are designated as y| y,y3, where y3 is
the low-order flip-flop. Directly beneath the flip-flop names, the state code is speci-
fied. The state code represents the state of the individual flip-flops.

The machine is reset to an initial state which is labeled a in Figure 2.41. Since x
is a serial input line, the state transition can proceed in only one of two directions from
state a, depending upon the value of x| : to state b if x| = 0, or to state cifx; = 1. Both
paths represent a test of the first bit (b) of a word and both state transitions occur on
the rising edge of the clock signal.

Since the state transition from a to b occurs only if x| = 0, any bit sequence con-
sisting of b1b,b3 = 000 through 011 will proceed from state a to state b. Since this
path will never generate an output (the first bit is invalid), there is no need to test the
value of x| in states b or d. States b and d, together with state £, are required only to
maintain four state levels in the machine, where the first three levels represent one bit
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each of the 3-bit word as follows: states a, b, and d correspond to bits b1, by, and b3, re-
spectively. State f, which is the fourth level, corresponds to the bit space between
words. This assures that the clocking will remain synchronized for the following
word. From state d, the machine proceeds to state fand then returns to state a where
the first bit of the next word is checked.

Level 1: bit b,

Level 2: bit b,

Level 3: bit b3

Level 4: bit space

Figure 2.41 State diagram for the Moore machine of Example 2.16, which gener-
ates an output z; whenever a 3-bit word x; = 111.

The path a, ¢, e, g depicts a valid word which culminates in the assertion of output
zy in state g. All other sequences of three bits will not generate an output, but each path
must maintain four state levels. This guarantees that state a will always test the first bit
of each 3-bit word. Outputz, is a function of the state alphabet only, and thus, the state
diagram represents a Moore machine.

Whenever possible, state codes should be assigned such that there are a maximal
number of adjacent 1s in the flip-flop input maps. This allows more minterm locations
to be combined, resulting in minimized input equations in a sum-of-products form.
State codes are adjacent if they differ in only one variable. For example, state codes
Y1Y2y3 = 101 and 100 are adjacent, because only y3 changes. Thus, minterm locations
101 and 100 can be combined into one term. However, state codes y;y,y3 = 101 and
110 are not adjacent, because two variables change: flip-flops y, and ys3.
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The rules shown below are useful in assigning state codes such that there will be a
maximal number of 1s in adjacent squares of the input maps, thus minimizing the &
next-state logic. It should be noted, however, that these rules do not guarantee a min-
imum solution with the fewest number of terms and the fewest number of variables per
term. There may be several sets of state code assignments that meet the adjacency re-
quirements, but not all will result in a minimally reduced set of input equations.

1. When a state has two possible next states, then the two next states should be ad-
Jacent; that is, if an input causes a state transition from state ; to either ¥; or Y,
then Y; and ¥ should be assigned adjacent state codes.

2. When two states have the same next state, the two states should be adjacent; that
is, if ¥; and ¥; both have Y} as a next state, then ¥; and Y; should be assigned ad-
jacent state codes.

3. A third rule is useful in minimizing the A output logic. States which have the
same output should have adjacent state code assignments; that is, if states Y; and
Y; both have z; as an output, then ¥; and ¥; should be adjacent. This allows for a
larger grouping of 1s in the output map.

Input maps The input maps, also called excitation maps, represent the & next-state
logic for the flip-flop inputs. The input maps are constructed from the state diagram
and are shown in Figure 2.42 using input x; as a map-entered-variable. Refer to the
input map for flip-flop ;. Since the purpose of an input map is to obtain the flip-flop
input equations by combining 1s in the minterm locations, the variable x; is entered as
the value in minterm location y;y,y3 = 000. That is, y; has a next value of 1 if and
only if x| has a value of 1. In a similar manner, the entries for the remaining squares
of y; are obtained and also for the input maps for y, and y3. The input equations are
listed in Equation 2.21.

Y2y3 V3
V1 00 01 11 10 | 00 01 11 10
0 X1 0 0 0 0 0 1 1 0
1 — X1 X1 0 1 — 1 1 0
Dyl DyZ

Y23
00 01 11 10

1

Dys

Figure 2.42 Input maps for the Moore machine of Figure 2.41.
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Dy =»'v3'x1 +y1y3x
Dy, =y3
Dy3 =y, (2.21)

Output map Outputs from a synchronous sequential machine can be asserted at a
variety of different times depending on the machine specifications. In some cases, the
output assertion and deassertion may not be specified, giving substantial flexibility in
the design of the A output logic. A contributing factor in considering the output design
is the possibility of glitches. Glitches are spurious electronic signals caused by vary-
ing gate delays or improper design techniques, in which the design was not examined
in sufficient detail using “worst case” circuit conditions. Glitches are more predom-
inant in Moore machines where the outputs are a function of the state alphabet only.

The output map for the Moore machine of Figure 2.41, using state code adjacency
requirements, is obtained from the state diagram and is shown in Figure 2.43. Note
that input x; is not used as a map-entered-variable, because the outputs for a Moore
machine are a function of the present state only. The equation for output z{ is shown
in Equation 2.22.

y3

i 00 01 11 10

21

Figure 2.43  Output map for the Moore machine of Figure 2.41.

z1=y153' (2.22)

The unused state yy,y3 = 100 can be used to minimize the equation for zy, since
the assertion of z| occurs at time #,, long after the machine has stabilized. The state
flip-flops are clocked on the positive clock transition at time #1. A state change causes
the machine to move from one stable state to another stable state. If more than one
flip-flop changes state during this transition, then it is possible for the machine to mo-
mentarily pass through a transient state before reaching the destination stable state.
This period of instability occurs immediately after the rising edge of the clock and has
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a duration of only a small percentage of the clock cycle. The machine has certainly
stabilized by time #,.

Since the assertion/deassertion statement for z; is T#,{ 3, the machine has stabi-
lized in its destination state before the specified assertion of z;. Thus, the “don’t care”
state y;,¥3 = 100 can be used to minimize the equation for z; without regard for any
momentary transition through state 100, which would otherwise produce a glitch on
z].

Logic diagram The logic diagram is implemented from the input equation of
Equation 2.21 using positive-edge-triggered D flip-flops, and from the output equa-
tion of Equation 2.22, as shown in Figure 2.44. In Figure 2.44, output z| is asserted at
time #, and deasserted at time #3 by the application of the —clock signal to the active-
high AND gate inputs. If output z; were implemented using NOR logic for the AND
function, then the +clock signal would be used to provide the requisite assertion and
deassertion times for z{, because the AND gate function has active-low inputs.

o Y A
+clock
-2 [
J—ry3 _ V1
X
! D +¥
+y R
3 E— o
Y2
D I
© -2
V3
D T3
o -3
—— .
—clock L !

Figure 2.44 Logic diagram for the Moore machine of Figure 2.41 using D flip-
flops. Output z, is asserted when an input sequence of 111 has been detected in a 3-bit
word on a serial data line x;. Output z; is asserted at time ¢, and deasserted at time 3.
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2.4.3 Mealy Machines

Mealy machines may be synchronous or asynchronous sequential machines in which
the output function A produces an output vector Z,, which is determined by both the
present input vector X, and the present state of the machine Y;). The general con-
figuration of a Mealy machine is shown in Figure 2.45. The next-state function  is an
(n + p)-input, p-output switching function. The output function A is an (n + p)-input,
m-output switching function. A Mealy machine is not an autonomous machine, be-
cause the outputs are a function of the input signals. Although a Mealy machine may
be synchronous or asynchronous, this section pertains to synchronous organizations

only.
5 (X,Y) ) AXY)
Y1) T
n
Input Storage Output
Inputs X logic clements » 102;11311 " Outputs Z
5 T r A

Clock

Figure 2.45  Mealy machine in which the outputs are a function of both the present
state and the present inputs.
A Mealy machine is a 5-tuple and can be formally defined as follows:

M=(X,Y,Z,82)
where

1. Xis a nonempty finite set of inputs such that,
X=1{Xo, X1, X5, - -, X" 0, X5 4}

2. Yis anonempty finite set of states such that,
Y={Yo, V1, Vo, - -, 1P 5, Py}

3. Zis anonempty finite set of outputs such that,
Z= {ZO, Zl> Zz: R szfz, szfl}

4. 3, V) : XxY—>Y

5. MXY):Y>Z
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The definitions for Mealy and Moore machines are the same, except for part 5,
which shows that the outputs of a Mealy machine are a function of both the inputs and
the present state, whereas, the outputs of a Moore machine are a function of the present
state only. A Moore machine, therefore, is a special case of a Mealy machine.

Example 2.17 This example is similar to the Moore machine of Example 2.16, but
will be synthesized as a Mealy machine using negative-edge-triggered JK flip-flops.
This allows for a correlation between the design methodologies of the two state ma-
chines.

A synchronous sequential machine will be designed that accepts serial data on an
input line x; which consists of 3-bit words. The words are contiguous with no space
between adjacent words. The machine is controlled by a periodic clock, where one
clock period is equal to one bit cell. The format for the 3-bit words is

x{ = - | bibyby | bibyby | bibybs | -

where b;= 0 or 1. Whenever a word contains the bit pattern b;b,b3 = 111, the ma-
chine will assert output z| during the b3 bit cell according to the following assertion/
deassertion statement: z; Tty 4t3. Thus, z; is active for the last half of bit cell b3. An
example of a valid word in a series of words is as follows:

xp= -+ |00 | 101 011 | 101|111 o010 -
L ZITI2~L13

Notice that the output signal — compared with the Moore machine — occurs dur-
ing the third bit period of a valid word. The Moore output was displaced in time by one
clock period. The excitation table for a JK flip-flop is reproduced in Table 2.15 for
convenience. The state diagram is shown in Figure 2.46.

Table 2.15 Excitation Table for a
JK Flip-Flop

Present state Next state  Data inputs

Y Y1y JK
0 0 0
0 1 1-
1 0 1
1 1 0
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Level 1: bit by

Level 2: bit by

Level 3: bit by

Figure 2.46  State diagram for the Mealy machine of Example 2.17, which gener-
ates an output z; whenever a 3-bit word x; = 111.

In many cases — especially where design time is to be kept to a minimum — the
next-state table can be bypassed, as is the case here. The input maps are then derived
directly from the state diagram using the JK flip-flop excitation table.

To construct the input maps from the state diagram, first the “don’t care” symbol
is entered in all unused states by placing dashes in locations 010, 100, and 110. Refer
to Figure 2.46 for the procedure which follows. In state a (y;y,y3 = 000) withx; =0,
the state transition for y; is from 0 to 0 (state b) and from 0 to 1 (state c¢) if x; = L.
Therefore, y; assumes the value of x| for any transition from state a.

Since the values for Jy| and K| are not readily apparent, a partial next-state table
is required for state a, as shown below in Table 2.16, in which the only next state under
consideration is for y;. A similar situation occurs for y; instate ¢ (y; =101), as shown
in Table 2.17.

Table 2.16 Partial Next-State Table to Determine
the Values for Jy Ky in State a (y1y,y3 = 000)

Present State Input  Next state Flip-flop inputs

y1Y2)3 xq y1 Jy1 Kyq

000 0 0 0 _

000 1 1 1 -
X1 —
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Table 2.17 Partial Next-State Table to Determine
the Values for Jy Ky in State ¢ (y1y,y3 = 101)

Present State Input  Next state Flip-flop inputs

Y1323 X1 1 Jy1 Ky

101 0 0 1

101 1 1 -0
— xl'

The input maps are shown in Figure 2.47 using x| as a map-entered variable. The
input equations are shown in Equation 2.23.

Y23 Y23
¥ 00 01 11 10 i 00 01 11 10
0 X 0 0 — 0 - - - -
1 — — — 1 - x;' 1 -
I Ky,
Y23 Y23
v 00 01 11 10 i 00 01 11 10
0 0 1 - 0 - - 1 —
1 - 1 - 1 - - 1 -
Iy Ky,
Y23 Y23
1 00 01 11 10 1 00 01 11 10
0 1 - - 0 - 0 1 -
1 - — — - 1 - 0 1 -
Jv3 Kys

Figure 2.47  Input maps for the Mealy machine of Figure 2.46 using JK flip-flops
and adjacent state codes for state pairs (b, ¢) and (d, e). Input x; is a map-entered vari-
able.
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Jy1=y3'xy
Ky; =y, +x;'
Jy2=y3
Ky, =Logic 1
Jy; =Logic 1
Kys =y, (2.23)

The output map is shown in Figure 2.48 using x; as a map-entered variable and the
output equation is shown in Equation 2.24. The logic diagram is shown in Figure 2.49
and is implemented from the input equations and output equation of Equation 2.23 and
Equation 2.24, respectively, using three negative-edge-triggered JK flip-flops. Output
z1 is asserted at time #, and deasserted at time #3 by the application of the — clock signal
to the positive-input AND gate which generates z;. When the —clock signal attains a
high voltage level at time #, in state d (y;,y3 = 111), z| is asserted, assuming that x|
is already asserted.

Y3

e 00 01 11 10

Z]

Figure 2.48 Output map for the Mealy machine of Figure 2.46 using x; as a map-
entered variable.

21 =120 (2.24)
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o Y A
—clock
- — J)’ 1
+x1 / ‘
+y2 T\ K Oo—
—X1 ;/
Y2
s J +¥)
o—O
+Logic 1 K P
Y3
J +y3
o—Q
K O -3

Figure 2.49  Logic diagram for the Mealy machine of Figure 2.46 using JK flip-
flops. Output z; is asserted when an input sequence of 111 is detected on a serial input
line x;. Output z; is asserted at time #, and deasserted at time #3.

This section on sequential logic has briefly reviewed the operational characteris-
tics of the SR latch, the D flip-flop, and the JK flip-flop, which are used in synchronous
and asynchronous sequential machines. Section 2.4 also provided an overview of the
design methodologies used in the implementation of counters of different moduli. To
complete the presentation of sequential logic, the design of Moore and Mealy finite-
state machines was examined

The synthesis procedure utilizes a hierarchical method — also referred to as a fop-
down approach — for machine design. This is a systematic and orderly procedure that
commences with the machine specifications and advances down through increasing
levels of detail to arrive at a final logic diagram. Thus, the machine is decomposed
into modules which are independent of previous and following modules, yet operate
together as a cohesive system to satisfy the machine's requirements.
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2.5

Chapter 2 Logic Design Fundamentals

Problems

2.1

2.2

23

24

25

2.6

2.7

2.8

Minimize the following equation using Boolean algebra:

zp =x1'x3'x4" +x1"x3x4" Fx1x3'x4" + XpX3x4 T x7X3X4'

Indicate which of the following statements will always generate a logic 1:
(@)  xp Fayapxg’ g aglag +xg

(b) X2'X3X4 + xl'x3' + X2X4' + X1X2X3

(c) XIX2)C3')C4 +x1VJC2VX3X4' + XIX2')C3)C4'

(d) X2X3'X4 + )CIX3)C4' + X2)C3' + )C4'

Indicate whether the following statement is true or false:

Xp'ap'x3" T X’ =3

Indicate which answer below represents the product-of-maxterms for the fol-
lowing function: z;(x1, X, X3, X4) = X3

(a) IT\(0, 1, 4,5, 8,9, 12, 13)
(b) HM(la 2> 3, 4: 53 6> 7, 8)
(©)  Thy(2,3,6,7,10,11, 14, 15)

(d) I1\4(0,2,4,5,6,8, 12, 15)
(e) None of the above

Minimize each of the following expressions:

(a) (' xp +x3)(x1"xy +x3)'

(b) (rqxp" +x3" +x4x5" )X x0" +x3")

(c) (x1'x3 +xp + x4 +x5)(x1'x3 +x4)'

Minimize the following expression as a sum of products:
(g +x3" +xg)(xp +xg +xg)(03" +x4)

Prove algebraically that x; + 1 = 1 using only the axioms.

Determine if A = B by expanding 4 and B into sum-of-minterms expressions.

A =x3(x1 +x2)+x1x2
B =xyx3 txox3 tx1Xp
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2.10

2.11

2.12
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Use Boolean algebra to convert the following function into a product of max-
terms:

z)(x1, X3, X3)  =xpxp +xp'x3'

Obtain the minimized product-of-sums expression for the function z; repre-
sented by the Karnaugh map shown below.

=0 =1
X3X4 s X3X4 s
X N\_00 01 11 10 X N_00 01 11 10
0 2 6 4 1 3 7 5
00 O 1 1 0 00| O 1 1 0
8 10 14 12 9 11 15 13
01 1 1 1 1 01 1 1 1 1
24 26 30 28 25 27 31 29
11, 0 1 0 0 11 1 1 0 0
16 18 22 20 17 19 23 21
10| O 1 1 1 10| 1 1 1 0
21

Plot the following expression on a Karnaugh map and obtain the minimum
sum-of-products expression:

21 =x1' 2 (03 xg" +x3'04) 270 (03" x4+ x3'04) 00" x3" 24

Obtain the minimized expression for the function z; in a sum-of-products
form from the Karnaugh map shown below.

X3X4

X, \_00 01 11 10
00| b 0 - 1
01| a - 1 0
11 1 — 1 0
10| 1 - 0 b

Z]
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2.13

2.14

2.15

2.16

2.17

2.18

2.19

Chapter 2 Logic Design Fundamentals

Write the equation for a logic circuit that generates a logic 1 output whenever
a 4-bit unsigned binary number is greater than six. The equation is to be in a
minimum sum-of-products notation and a minimum product-of-sums nota-
tion.

Given the Karnaugh map shown below for the function z;, obtain the mini-
mized expression for z| in a sum-of-products form.

X3X4
X, \_00 01 11 10

00| 1 0 0 latad

o1y 0 a 0 0

11 0 |at+d| a 0

10| b b' 0 b

Z]

Obtain the minimal product-of-sums notation for the expression shown be-
low. Use any minimization technique.

211, X9, X3, X4) = X1' 324" + 21" 29" 04"+ 21 209237 +xpx3'x0g 001y
Obtain the disjunctive normal form for the expression shown below.
zp=x3 (' )l +x2')

Convert the following expression to a product-of-sums form using any meth-
od:

z1 =x1Xp" +xpx3x4" T x1"X0x4

Obtain the disjunctive normal form for the function shown below using any
method. Then use Boolean algebra to minimize the function.

z1(x1, X, X3, X4) = X|XpX4 T X1 X" X3
Determine if the following equation is true or false:

(x1x2) @ (x1x3) =x7(x7 © x3)'
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2.20  Plot the following expression on a Karnaugh map, then obtain the minimized
expression in a sum-of-products form and a product-of-sums form:

2101, X0, X3, X4, X5) = X1 x3x4(xp +x4X5") + (X0" +x4)(x1x3" +x5)

2.21  Obtain the minimum sum-of-products expression for the Quine-McCluskey
prime implicant table shown below, where f'(x{, x5, X3, X4, X5).

Minterms

Prime implicants 0 1 3 7 15 16 18 19 23 31
0000~ (x1'x9'x3'xq")| x | x
000-1  (x1'xp'x3'x5) X | x
—0-11 (x'x4x5) x | % X | %
——111 (x3x4x5) X | % x | X
1001— (x;xp'x3'x4) X | x
100-0 (x1x9'x3'x5") X | x
—0000 (x'x3'x4'x5") | x X

2.22  Use the Quine-McCluskey algorithm to obtain the minimized expression for
the following function:

z1(x1, X9, x3,x4) =2,(0,2,5,6,7,8,10, 13, 15)

2.23  Given the chart shown below, use the Petrick algorithm to find a minimal set
of prime implicants for the function.

Minterms
Prime implicants | a b ¢ d e f g
A X | x| x X
B X X | X | X
C X X
D X | X X

2.24  Minimize the equation shown below then implement the equation: (a) using
NAND gates and (b) NOR gates. Output z; is to be asserted high in both cas-
es.

zp = xp(x3'xg" + a3 xg) X720 (03" xg"+ x3"x4) 700" X3' 04
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2.25  Obtain the minimized equation for the logic diagram shown below.

BE.S [ G | L g 2,
Xy —— —q

2.26  Design alogic circuit that generates an output if a 4-bit number z; = x{xx3x4
satisfies the criteria shown below. Output z; is to be asserted at a high voltage
level. Use only NOR gates.

4SZI<9
10<z; <14

2.27  Given the following equation for the function z{, obtain the Karnaugh map us-
ing a and b as map-entered variables, the minimized equation for z;, and the
logic diagram using a linear-select multiplexer:

z1=x1'xp'x3 +x1x0'x3'a'b' + x1x5' x3"ab + x 1 xy' x3a +
xX1Xp'x3b +x1x0x3'ab

2.28  Given the Karnaugh map shown below for the function z;, implement the
function using a nonlinear-select multiplexer and additional logic, if neces-

sary.
X2 X3
X1 00 01 11 10
0 1 3 2
0 1 1 ab -
4 5 7 6
1 1 a'+b' (ab)'
2]

2.29  Implement the equation shown below using a decoder and a minimal amount
of additional logic. The decoder has active-low outputs.

z1(x1, X, x3) =x1'xp'x3 =xyx3" +xpx3 T x1xp'x3" X122

© 2010 by Taylor & Francis Group, LLC



2.30

2.31

2.32

2.33

2.34

2.35

2.36
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Implement an octal-to-binary encoder using only NOR gates. The outputs are
active low.

Use comparators and additional logic to determine if a 4-bit number N is with-
in the range 3 < N < 12. Use the least amount of logic. Show two solutions.

Given the input equations shown below for a counter that uses three D flip-
flops 1,3, obtain the counting sequence. The counter is reset initially such
thaty1y2y3 =000.

Dy =y1'yv2 +32'v3

Dyy =y2y3"+y132 +31'12'v3

Dy3=y1'v2' +31'v3 + 1203’

Design a counter using D flip-flops that counts in the following sequence:

y1yoy3 = 000, 010, 100, 110, 101, 101, . . .

Design a 3-bit Gray code counter using JK flip-flops. The Gray code counts in
the following sequence:

y1y2y3 =000, 001, 011, 010, 110, 111, 101, 100, 000, . . .

Obtain the state diagram for the Moore synchronous sequential machine
shown below. The flip-flops are reset initially; that is, y;, = 00.

—clk

+y2 - V1

X qQ ) J -
—X2 —«—O_/

+Logic 1 K P © gl
o -

Y2

L

o o )
— ] J———K

A Moore synchronous sequential machine receives 3-bit words on a parallel
input bus as shown below, where x3 is the low-order bit. There are five out-
puts labeled zy, z5, z3, z4, and z5, where the subscripts indicate the decimal
value of the corresponding unsigned binary input word. Design the machine
using AND gates, OR gates, and positive-edge-triggered D flip-flops. The
outputs are asserted at time #, and deasserted at time #3.
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Moore 4
. Z 1
sequential
+x; —— 1 machine | +z,
+.x2 - .— +Z3
+X3 P —— e — +Z4
+Zs

2.37  Draw the state diagram for the Mealy synchronous sequential machine shown
below, where z; is the output. Assume that the flip-flops are set initially; that

iS,ylyz =11.
+clock
+x1
V1
S — —OD_LD D =
2 o- N
3y
(o] Y N
—X D — T
| —
o— )2
2 3 ) +z
N R — !

2.38  Given the state diagram shown below for a synchronous sequential machine
containing Moore- and Mealy-type outputs, design the machine using linear-
select multiplexers for the 6 next-state logic and D flip-flops for the storage el-
ements. Use x| and x, as map-entered variables. Output z| is asserted at time
ty and deasserted at time #3.
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3.1 Built-In Primitives

3.2 User-Defined Primitives
3.3 Dataflow Modeling

3.4 Behavioral Modeling
3.5 Structural Modeling

3.6 Problems

Introduction to Verilog HDL

This chapter covers the design of combinational and sequential logic using the Verilog
hardware description language (HDL). An HDL is a method of designing digital hard-
ware by means of software. A considerable saving of time can be realized when de-
signing systems using an HDL. This offers a competitive advantage by reducing the
time-to-market for a system. Another advantage is that the design can be simulated
and tested for correct functional operation before implementing the system in hard-
ware. Any errors that are found during simulation can be corrected before committing
the design to expensive hardware implementation.

This chapter provides a brief introduction to the design methodologies and mod-
eling constructs of the Verilog hardware description language (HDL). Modules and
ports will be presented. Modules are the basic units that describe the design of the Ver-
ilog hardware. Ports allow the modules to communicate with the external environ-
ment; that is, other modules and input/output signals. Different methods will be
presented for designing test benches. Test benches are used to apply input vectors to
the module in order to test the functional operation of the module in a simulation en-
vironment.

Five different types of module constructs will be described together with applica-
tions of each type of module. Modules will be designed using built-in logic primitives,
used-defined logic primitives, dataflow modeling, behavioral modeling, and structural
modeling. Examples will be shown for each type of modeling.

A module is the basic unit of design in Verilog. It describes the functional oper-
ation of some logical entity and can be a stand-alone module or a collection of modules
that are instantiated into a structural module. Instantiation means to use one or more

93
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94 Chapter 3  Introduction to Verilog HDL

lower-level modules in the construction of a higher-level structural module. A module
can be a logic gate, an adder, a multiplexer, a counter, or some other logical function.

A module consists of declarative text which specifies the function of the module
using Verilog constructs; that is, a Verilog module is a software representation of the
physical hardware structure and behavior. The declaration of a module is indicated by
the keyword module and is always terminated by the keyword endmodule.

A Verilog module defines the information that describes the relationship between
the inputs and outputs of a logic circuit. The inputs and outputs are defined by the key-
words input and output. A structural module will have one or more instantiations of
other modules or logic primitives.

Verilog has predefined logical elements called primitives. These built-in logic
primitives are structural elements that can be instantiated into a larger design to form
a more complex structure. Examples of built-in logic primitives are the logical oper-
ations of AND, OR, XOR, and NOT. Built-in primitives are discussed in more detail
in Section 3.1.

3.1 Built-In Primitives

Verilog has a profuse set of built-in primitive gates that are used to model nets. The
single output of each gate is declared as type wire. The inputs are declared as type
wire or as type reg depending on whether they were generated by a structural or be-
havioral module. This section presents a design methodology that is characterized by
alow level of abstraction, where the logic hardware is described in terms of gates. De-
signing logic at this level is similar to designing logic by drawing gate symbols —
there is a close correlation between the logic gate symbols and the Verilog built-in
primitive gates. Each predefined primitive is declared by a keyword. Section 3.1
through Section 3.5 continue modeling logic units at progressively higher levels of ab-
straction.

The multiple-input gates are and, nand, or, nor, xor, and xnor, which are built-
in primitive gates used to describe a net and which have one or more scalar inputs, but
only one scalar output. The output signal is listed first, followed by the inputs in any
order. The outputs are declared as wire; the inputs can be declared as either wire or
reg. The gates represent combinational logic functions and can be instantiated into a
module, as follows, where the instance name is optional:

gate type instl (output, input 1, input 2, ..., input_n);

Two or more instances of the same type of gate can be specified in the same construct,
as shown below. Note that only the last instantiation has a semicolon terminating the
line. All previous lines are terminated by a comma.
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gate_type instl (output 1, input_11, input_12, ..., input_In),
inst2 (output 2, input 21, input 22, ..., input 2n),
instm (output_m, input_ml, input_ m2, . .., input_mn);

Several examples will now be presented to exemplify the design methodologies
using built-in logic primitives. The examples will first be designed using traditional
methods and then implemented using built-in primitives. The examples will include:
a product-of-sums circuit, detecting if a number is within a certain range, a 3:8
decoder, and a 3-bit comparator.

Example 3.1 The following product-of-sums equation will be implemented using
NOR gates only:

z1 = (x) Tx2" )0y +x3 4" )" T x3" +x4)

The Karnaugh map that represents the equation for z; is shown in Figure 3.1 in
which zeros are entered for the sum terms in the equation. The logic diagram is shown
in Figure 3.2 and is designed directly from the equation for z;. The design module is
shown in Figure 3.3 using NOR built-in primitives for the OR gates and the AND
gates.

The test bench is shown in Figure 3.4. Since there are four inputs to the product-
of-sums circuit, all 16 combinations of four variables must be applied to the circuit.
This is accomplished by a for loop statement, which is similar in construction to a for
loop in the C programming language.

Following the keyword begin is the name of the block: apply stimulus. In this
block, a 5-bit reg variable is declared called invect. This guarantees that all 16 com-
binations of the four inputs will be tested by the for loop, which applies input vectors
of xxpx3x4 = 0000 through 1111 to the circuit. The for loop stops when the pattern
10000 is detected by the test segment (invect < 16). If only a 4-bit vector were applied,
then the expression (invect < 16) would always be true and the loop would never ter-
minate. The increment segment of the for loop does not support an increment desig-
nated as invect++; therefore, the long notation must be used: invect = invect + 1.

Communication between the test bench module and the design module is accom-
plished by instantiating the module into the test bench. The name of the instantiation
must be the same as the module under test, in this case, log_eqn_pos _nor2. This is fol-
lowed by an instance name (inst/) followed by a left parenthesis. The . x| variable re-
fers to a port in the design module that corresponds to a port (x;) in the test bench.

The outputs obtained from the test bench are shown in Figure 3.5. Note that the
outputs correspond directly with the zeros in the maxterm locations and with the ones
in the minterm locations in the Karnaugh map. Thus, the outputs correspond to an en-
try of 1 in minterm locations 0, 2, 3, 8, 11, 12, 13, 15.
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The waveforms are shown in Figure 3.6 and agree with the Karnaugh map entries

and the outputs.

Figure 3.1

+x1

X3X4
X, \_00 01 11 10

00| 1 0 1 1

o1y o 0 0 0

11| 1 1 1 0

10 1 0 1 0

2]

Karnaugh map for Example 3.1.

netl

Jinst1

—Xy

+x 2

+x
e

Jinst2)o net2

L)

X1

_x3

+X; 4

Figure 3.2

Jinst3)o net3

Logic diagram for Example 3.1.

output z1;

nor instl
inst2
inst3

nor inst4

endmodule

//built-in primitives for a pos equation
module log egn pos nor2 (x1, x2, x3, x4, zl);

input x1, x2, x3, x4;

(netl, x1, ~x2),
(net2, x2, x3, ~x4),
(net3, ~x1, ~x3, x4);

(z1, netl, net2, net3);

Figure 3.3

Design module using built-in primitives for Example 3.1.
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//test bench for pos equation
module log egn pos nor2 tb;

//inputs are reg for test bench
reg x1, x2, x3, x4;

//outputs are wire for test bench
wire z1;

//apply input vectors
initial
begin: apply stimulus
reg [4:0] invect;
for (invect=0; invect<1l6; invect=invect+1)
begin
{x1, x2, x3, x4} = invect [4:0];
#10 $display ("x1 x2 x3 x4 = %b, zl1 = %b",
{x1, x2, x3, x4}, zl);
end
end

//instantiate the module into the test bench

log egn pos nor2 instl (
.x1(x1),

endmodule

Figure 3.4 Test bench for Figure 3.3 of Example 3.1.

x1 x2 x3 x4 = 0000, zl =
x1 x2 x3 x4 = 0001, zl =
x1 x2 x3 x4 = 0010, zl =
x1l x2 x3 x4 = 0011, zl1l =
x1 x2 x3 x4 = 0100, zl =
x1l x2 x3 x4 = 0101, zl1 =
x1l x2 x3 x4 = 0110, zl1l =
x1 x2 x3 x4 = 0111, z1 =

x1 x2 x3 x4 = 1000, zl1 =
x1 x2 x3 x4 = 1001, z1 =
x1 x2 x3 x4 = 1010, z1 =
x1 x2 x3 x4 = 1011, z1 =
x1 x2 x3 x4 = 1100, z1 =
x1 x2 x3 x4 = 1101, z1 =
x1 x2 x3 x4 = 1110, z1 =
x1 x2 x3 x4 = 1111, z1 =

cCoOoOoORr RO
PO R PP OoOOoR

Figure 3.5 Outputs for Figure 3.3 of Example 3.1.
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& Silos - C:Werilog\log_eqn_pos_nor2\log_eqn_pos_nor2.spj

Eile Edit Yiew Analyzer Debug Explorer Reports Help
O%E R b B EHE&E B BE Ba®Re 24
Name 20|||||||||8|E||||||||||1§D|||||||
(=) Default

1 I

w2
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wd
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Figure 3.6 Waveforms for Figure 3.3 of Example 3.1.

Example 3.2 A circuit will be designed using built-in primitives that generates an
output whenever a 4-bit number N is within the following range:

3<N<8
I0SN<15

The Karnaugh map is shown in Figure 3.7 that represents the above number range.
The equation is shown in Equation 3.1. The circuit will be designed using NAND
logic gates in a sum-of-products form as shown in Figure 3.8.

X3X4
Xy \_00 01 11 10

00| O 0 0 0

01| 1 1 1 1

11| 1 1 0 1

10| 1 0 1 1

2]

Figure 3.7 Karnaugh map for Example 3.2.

21 =x1'x2 +XZ)C3' +X1X4' +)C1)C2'X3 (31)

© 2010 by Taylor & Francis Group, LLC



3.1 Built-In Primitives 99

—X
4tx; instl1 netl

_x3

+Zl

+x1
X4

;Xz inst4 o net4
X3

Figure 3.8 Logic diagram for Example 3.2.

The design module is shown in Figure 3.9 using NAND built-in primitives. The
test bench is shown in Figure 3.10 using all 16 combinations of four variables. The
outputs and waveforms are shown in Figure 3.11 and Figure 3.12, respectively.

//built-in primitive number range
module num range3 (x1, x2, x3, x4, zl);

//1list inputs and output
input x1, x2, x3, x4;
output z1;

//design the logic using built-in primitives
nand instl (netl, ~x1, x2),

inst2 (net2, x2, ~x3),
inst3 (net3, x1, ~x4),

(

(

inst4 (net4, x1, ~x2, x3);
nand inst5 (zl, netl, net2, net3, netd);
endmodule
Figure 3.9 Design module for Example 3.2 using built-in primitives.

//test bench for number range module
module num range3 tb;

//inputs are reg outputs are wire for test bench
reg x1, x2, x3, x4;

wire z1;

//continued on next page

Figure 3.10  Test bench for Figure 3.9 of Example 3.2.
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//apply input vectors
initial
begin: apply stimulus
reg [4:0] invect;
for (invect=0; invect<1l6; invect=invect+1)
begin
{x1, x2, x3, x4} = invect [4:0];
#10 $display ("x1 x2 x3 x4 = %b, z1 =
{x1, x2, x3, x4}, zl);
end
end

//instantiate the module into the test bench
num_range3 instl (
.x1(x1),

endmodule

Figure 3.10 (Continued)

x1l x2 x3 x4 = 0000, zl1l =
x1l x2 x3 x4 = 0001, zl1 =
x1l x2 x3 x4 = 0010, zl1 =
x1l x2 x3 x4 = 0011, zl1 =
x1l x2 x3 x4 = 0100, zl1l =
x]1 x2 x3 x4 = 0101, =zl =
x1 x2 x3 x4 = 0110, =zl =
x]1 x2 x3 x4 = 0111, z1 =
x1 x2 x3 x4 = 1000, =zl =
x]1 x2 x3 x4 = 1001, =zl =
x1 x2 x3 x4 = 1010, zl1 =
x]1l x2 x3 x4 = 1011, z1 =
x1 x2 x3 x4 = 1100, =zl =
x]1 x2 x3 x4 = 1101, zl1 =
x1 x2 x3 x4 = 1110, z1 =
x]1l x2 x3 x4 = 1111, z1 =

OrRrRPRPRPRRPORRPRRERLRREOOOO

Figure 3.11 Outputs for Figure 3.9 of Example 3.2.

© 2010 by Taylor & Francis Group, LLC



3.1 Built-In Primitives 101

& Silos - C:Werilog\num_range3\num_range3.spj

Eile Edit Yiew Analyzer Debug Explorer Reports Help
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(=) Default
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wd
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Figure 3.12  Waveforms for Figure 3.9 of Example 3.2.

Example 3.3 A binary-to-octal 3:8 decoder will be designed using built-in primi-
tives. The 3:8 decoder that was designed in Chapter 2 will be used in the Verilog
implementation and is shown in Figure 3.13.

x|
—x3 inst0

; x1'xy'x
+x3 inst1 )71 273 +z

xl'X2'X3'

+x ; X1'Xyx3'
2 inst2 } L7273 tz)
x1'xpx3
X Y
inst4) 1273 4z
X1Xy'x
insts 1273 tz5
X1XX3'
- XXX
inst7) 17273 +z7
+enable

Figure 3.13  Logic diagram for a binary-to-octal 3:8 decoder.
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The decoder will be designed using AND gate built-in primitives. The inputs
X]Xpx3 are available in both active-high and active-low voltage levels. There is also
an active-high enable. The design module is shown in Figure 3.14 and the test bench
is shown in Figure 3.15. Note that the outputs are a vector z/7.:0/, where z[0] is the
low-order bit. In this test bench, the input vectors are applied individually every 10
time units (#10). The outputs and waveforms are shown in Figure 3.16 and Figure
3.17, respectively.

//built-in primitive 3:8 decoder
module decoder 3to8 bip (x1, x2, x3, enable, z);

input x1, x2, x3, enable;
output [7:0] z;

and inst0 (z[0], ~x1, ~x2, ~x3, enable),
instl (z[1], ~x1, ~x2, x3, enable),
inst2 (z[2], ~x1, x2, ~x3, enable),
inst3 (z[3], ~x1, x2, x3, enable),
inst4 (z[4], x1, ~x2, ~x3, enable),
inst5 (z[5], x1, ~x2, x3, enable),
inst6 (z[6], x1, x2, ~x3, enable),
inst7 (z[7], x1, x2, x3, enable);

endmodule

Figure 3.14  Design module for a 3:8 decoder using AND gate built-in primitives.

//test bench for the 3:8 decoder
module decoder 3to8 bip tb;

reg x1, x2, x3, enable;
wire [7:0] z;

//display variables
initial
Smonitor ("x1 x2 x3 = %b, z = %b", {x1, x2, x3}, z);

//apply input vectors
initial
begin
#0 enable = 1'bl;
x1=1"'b0; x2=1"'b0; x3=1"'b0;

//continued on next page

Figure 3.15 Test bench for the 3:8 decoder.
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//instantiate the module into
decoder 3to8 bip instl (
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#10 x1=1"'b0; x2=1"'b0; x3=1"'bl;
#10 x1=1"'b0; x2=1"'bl; x3=1"'b0;
#10 x1=1"'b0; x2=1"'bl; x3=1"'bl;
#10 x1=1"b1l; x2=1"b0; x3=1"b0;
#10 x1=1"'bl; x2=1"'b0; x3=1"'bl;
#10 x1=1"bl; x2=1"'bl; x3=1"'b0;
#10 x1=1"'bl; x2=1"'b1l; x3=1"'bl;
#10 $stop;
end

the test bench

.x1(x1),

.x2(x2),

.x3(x3),

.enable (enable),

.z (z)

)
endmodule
Figure 3.15 (Continued)
x1 x2 x3 = 000, z = 00000001 x1 x2 x3 = 100, z = 00010000
x1 x2 x3 = 001, z = 00000010 x1 x2 x3 = 101, z = 00100000
x1 x2 x3 = 010, z = 00000100 x1l x2 x3 = 110, z = 01000000
x1 x2 x3 = 011, z = 00001000 x1l x2 x3 = 111, z = 10000000
Figure 3.16  Outputs for the 3:8 decoder.

2 Silos - C:Werilog\decoder_3toB_bip\decoder_3to8_bip.spj

Flle Edit Wiew #Analyzer Debug Explorer Reports Help
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(=) Default
¥l [
w2
wa I 1 I 1 I 1 I
[=2[7.0] if] 02 if] I il 20 40 a0
2[7] | —
zZ[E] 1
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Z[4] 1
2[3] | p—
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2[1] 1
zZ[0] - 1
Figure 3.17 Waveforms for the 3:8 decoder.
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Example 3.4 A 3-bit binary comparator will be designed using built-in primitives.
The operands are 3-bit vectors 4 = ayajay and B = byb b, where a( and by are the
low-order bits of 4 and B, respectively. There are three outputs indicating the relative
magnitude of the two operands: (4 < B), (4 = B), and (4 > B).

The equations to obtain the outputs are shown in Equation 3.2. The logic diagram
is shown in Figure 3.18 as obtained directly from Equation 3.2. The design module,
test bench module, outputs, and waveforms are shown in Figure 3.19, Figure 3.20,
Figure 3.21, and Figure 3.22, respectively. To thoroughly test a module, all combi-
nations of the inputs should be applied to the module in the test bench.

(A<B)=ay by+(ay®by)ay'by +(ay ® b)) (ay ®by)'ag by
(4=B)=(ay ® by)'(a; ® by)'(ag ® by)
(A>B)=ayby' +(ay ® by) ayby'+(ay ® by) (a; ® by) ag by (3.2)
Referring to Equation 3.2 for (4 < B), the term a,' b, indicates that if the high-or-
der bits of 4 and B are 0 and 1, respectively, then 4 must be less than B. Ifthe high-or-

der bits of 4 and B are equal, then the relative magnitude of 4 and B depends upon the
next lower-order bits a; and b;. This is indicated by the second term of the equation

for (4 < B).
—ap — D\ netl
+ b2 instl
\
tay inst2 net2
—ay inst6 }—1etO Jinst11 +4 It B
ta; N net3
+b1 /” inst3 | inst7 }—neﬁ
—ay |
+b0
inst8 ) +
+ay ﬁ\)@O HoTA inst8 A eq B
o b2 inst5 } nets
inst9 net9 Jinst12 +4_gt B

Figure 3.18  Logic diagram for a 3-bit comparator.

© 2010 by Taylor & Francis Group, LLC



3.1

Built-In Primitives

105

//built-in primitives for 3-bit comparator

module comparator3 bip (a2, al, a0, b2, bl, b0,
a 1t b, a eq b, a gt b);

input a2, al, a0, b2, bl, bO;

output a 1t b, a eq b, a gt b;

and instl (netl, ~a2, b2):;

xnor 1inst2 (net2, a2, b2);

xnor 1inst3(net3, al, bl);

xnor 1inst4 (net4, a0, b0);

and instb5 (net5, a2, ~b2);

and inst6 (net6, net2, ~al, bl):;

and inst7 (net7, net2, net3, ~al, b0);

and inst9 (net9, net2, al, ~bl):;

and instl1l0 (netl0, net2, net3, al0, ~b0);

and inst8(a_eq b, net2, net3, netd);

or instll(a_1lt b, netl, net6, net7);

or instl2(a_gt b, netb, net9, netl0);

endmodule

Figure 3.19  Design module for the 3-bit comparator using built-in primitives.

//test bench for 3-bit comparator
module comparator3 bip tb;

bl, bO;
a gt b;

reg a2, al, a0, b2z,
wire a 1t b, a eq b,

//apply input vectors
initial
begin: apply stimulus
reg [6:0] invect;
for (invect=0; invect<64;
begin
{a2, al, aoO,
#10 $display

invect=invect+1)
b2, bl, b0} =

("a2 al a0
a lt b = %b,
{a2, al, a0},
a 1t b, a eq b,

invect [6:
%b, b2 bl b
a eq b = %b,

{b2, bl, b0
a_gt_b);

end
end
//continued on next page

01;
0 = %b,
a gt b
b

sb",

Figure 3.20 Test bench for the 3-bit comparator.
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//instantiate the module into the test bench
comparator3 bip instl (
.a2(a2)
1(al),
0(a0),
2(b2),
1(bl),
0(b0),
.a_1lt b(a 1t b),
.a_eq b(a eq b),
.a_gt b(a gt b)
) ;
endmodule

Figure 3.20 (Continued)

//continued on next page

a2 al a0 = 000, b2 bl b0 = 000, a 1t b=
a2 al a0 = 000, b2 bl b0 = 001, a 1t b=

a2 al a0 = 000, b2 bl b0 = 010, a 1t b=

a2 al a0 = 000, b2 bl b0 = 011, a 1t b=

a2 al a0 = 000, b2 bl b0 = 100, a lt b=

a2 al a0 = 000, b2 bl b0 = 101, a lt b=

a2 al a0 = 000, b2 bl b0 = 110, a 1t b=

a2 al a0 = 000, b2 bl b0 = 111, a 1t b=

a2 al a0 = 001, b2 bl b0 = 000, a_lt b=0, a eq
a2 al a0 = 001, b2 bl b0 = 001, a_lt b=0, a_ e
a2 al a0 = 001, b2 bl b0 = 010, a 1t b=1, a eq_
a2 al a0 = 001, b2 bl b0 = 011, a 1t b=1, a eq_
a2 al a0 = 001, b2 bl b0 = 100, a_lt b=1, a e
a2 al a0 = 001, b2 bl b0 = 101, a_lt b=1, a e
a2 al a0 = 001, b2 bl b0 = 110, a_lt b=1, a e
a2 al a0 = 001, b2 bl b0 = 111, a_lt b=1, a e

a2 al a0 = 010, b2 bl b0 = 000, a_lt b=0, a_ e
a2 al a0 = 010, b2 bl b0 = 001, a_lt b=0, a e
a2 al a0 = 010, b2 bl b0 = 010, a 1t b=0, a eq_
a2 al a0 = 010, b2 bl b0 = 011, a 1t b=1, a eq_
a2 al a0 = 010, b2 bl b0 = 100, a_lt b=1, a e
a2 al a0 = 010, b2 bl b0 = 101, a_lt b=1, a e
a2 al a0 = 010, b2 bl b0 = 110, a_lt b=1, a e
a2 al a0 = 010, b2 bl b0 = 111, a_lt b=1, a e

a gt b
a gt b
a gt b
a gt b
a gt b
a gt b
a gt b
a gt b
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Q
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Figure 3.21 Outputs for the 3-bit comparator.
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az al a0 = 011, b2 bl b0 = 000, a 1t b=0, a eq b=0, a gt b=l
az al a0 = 011, b2 bl b0 = 001, a 1t b=0, a eq b=0, a gt b=l
az al a0 = 011, b2 bl b0 = 010, a 1t b=0, a eq b=0, a gt b=1
az al a0 = 011, b2 bl b0 = 011, a 1t b=0, a eq b=1, a gt b=0
az al a0 = 011, b2 bl b0 = 100, a 1t b=1, a eq b=0, a gt b=0
az al a0 = 011, b2 bl b0 = 101, a 1t b=1, a eq b=0, a gt b=0
az al a0 = 011, b2 bl b0 = 110, a 1t b=1, a eq b=0, a gt b=0
a2 al a0 = 011, b2 bl b0 = 111, a 1t b=1, a eq b=0, a gt b=0
az al a0 = 100, b2 bl b0 = 000, a 1t b=0, a eq b=0, a gt b=1
az al a0 = 100, b2 bl b0 = 001, a 1t b=0, a eq b=0, a gt b=1
az al a0 = 100, b2 bl b0 = 010, a 1t b=0, a eq b=0, a gt b=l
az al a0 = 100, b2 bl b0 = 011, a 1t b=0, a eq b=0, a gt b=l
az al a0 = 100, b2 bl b0 = 100, a 1t b=0, a eq b=1, a gt b=0
az al a0 = 100, b2 bl b0 = 101, a 1t b=1, a eq b=0, a gt b=0
az al a0 = 100, b2 bl b0 = 110, a 1t b=1, a eq b=0, a gt b=0
az al a0 = 100, b2 bl b0 = 111, a 1t b=1, a eq b=0, a gt b=0
az al a0 = 101, b2 bl b0 = 000, a 1t b=0, a eq b=0, a gt b=l
az al a0 = 101, b2 bl b0 = 001, a 1t b=0, a eqg b=0, a gt b=l
az al a0 = 101, b2 bl b0 = 010, a 1t b=0, a eq b=0, a gt b=l
az al a0 = 101, b2 bl b0 = 011, a 1t b=0, a eqg b=0, a gt b=l
az al a0 = 101, b2 bl b0 = 100, a 1t b=0, a eq b=0, a gt b=l
az al a0 = 101, b2 bl b0 = 101, a 1t b=0, a eqg b=1, a gt b=0
az al a0 = 101, b2 bl b0 = 110, a 1t b=1, a eq b=0, a gt b=0
az al a0 = 101, b2 bl b0 = 111, a 1t b=1, a eq b=0, a gt b=0
az al a0 = 110, b2 bl b0 = 000, a 1t b=0, a eqg b=0, a gt b=l
az al a0 = 110, b2 bl b0 = 001, a 1t b=0, a eqg b=0, a gt b=l
az al a0 = 110, b2 bl b0 = 010, a 1t b=0, a eqg b=0, a gt b=l
az al a0 = 110, b2 bl b0 = 011, a 1t b=0, a eqg b=0, a gt b=l
az al a0 = 110, b2 bl b0 = 100, a 1t b=0, a eqg b=0, a gt b=l
az al a0 = 110, b2 bl b0 = 101, a 1t b=0, a eqg b=0, a gt b=l
az al a0 = 110, b2 bl b0 = 110, a 1t b=0, a eqg b=1, a gt b=0
az al a0 = 110, b2 bl b0 = 111, a 1t b=1, a eqg b=0, a gt b=0
az al a0 = 111, b2 bl b0 = 000, a 1t b=0, a eqg b=0, a gt b=l
az al a0 = 111, b2 bl b0 = 001, a 1t b=0, a eqg b=0, a gt b=l
a2z al a0 = 111, b2 bl b0 = 010, a 1t b=0, a eq b=0, a gt b=l
a2z al a0 = 111, b2 bl b0 = 011, a 1t b=0, a eq b=0, a gt b=l
a2z al a0 = 111, b2 bl b0 = 100, a 1t b=0, a eq b=0, a gt b=l
a2z al a0 = 111, b2 bl b0 = 101, a 1t b=0, a eq b=0, a gt b=l
a2z al a0 = 111, b2 bl b0 = 110, a 1t b=0, a eq b=0, a gt b=l
a2z al a0 = 111, b2 bl b0 = 111, a 1t b=0, a eq b=1, a gt b=0

Figure 3.21 (Continued)
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& Silos - C:Werilog\comparator3_bip\comparator3_bip.spj
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Figure 3.22  Waveforms for the 3-bit comparator.

3.2 User-Defined Primitives

In addition to built-in primitives, Verilog provides the ability to design primitives ac-
cording to user specifications. These are called user-defined primitives (UDPs) and
are usually a higher-level logic function than built-in primitives. They are indepen-
dent primitives and do not instantiate other primitives or modules. UDPs are instan-
tiated into a module the same way as built-in primitives; that is, the syntax for a UDP
instantiation is the same as that for a built-in primitive instantiation. A UDP is defined
outside the module into which it is instantiated. There are two types of UDPs: com-
binational and sequential. Sequential primitives include level-sensitive and edge-sen-

sitive circuits

The syntax for a UDP is similar to that for declaring a module. The definition be-
gins with the keyword primitive and ends with the keyword endprimitive. The UDP
contains a name and a list of ports, which are declared as input or output. For a se-
quential UDP, the output port is declared as reg. UDPs can have one or more scalar in-
puts, but only one scalar output. The output port is listed first in the terminal list
followed by the input ports, in the same way that the terminal list appears in built-in

primitives. UDPs do not support inout ports.

The UDP table is an essential part of the internal structure and defines the func-
tionality of the circuit. It is a lookup table similar in concept to a truth table. The table
begins with the keyword table and ends with the keyword endtable. The contents of
the table define the value of the output with respect to the inputs. The syntax for a

UDP is shown below.
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primitive udp name (output, input_1, input 2, ..., input_n);
output output;
input input 1, input 2, ..., input _n;
reg sequential output; //for sequential UDPs
initial //for sequential UDPs
table
state table entries
endtable
endprimitive

Examples will now be presented that include combinational UDPs and sequential
UDPs. UDPs are not compiled separately. They are saved in the same project as the
module with a .v extension; for example, udp and.v.

Example 3.5 A majority circuit generates logic 1 output whenever the majority of
the inputs is at a logic 1 level; otherwise, the output is a logic 0. Therefore, a majority
circuit must have an odd number of inputs in order to have a majority of the inputs be
at the same logic level.

A 5-input majority circuit will be designed using the Karnaugh map of Figure
3.23, where a 1 entry indicates that the majority of the inputs is a logic 1. An equation
is not necessary to design a majority circuit — the output is a logic 1 if the majority of
the inputs is a logic 1. Whenever three inputs are at the same logic level, the state of
the remaining two inputs is irrelevant — they may be Os or 1s. The module is shown
in Figure 3.24 where the symbol (?) indicates a “don’t care” condition. The test bench
is shown in Figure 3.25, and the outputs are shown in Figure 3.26.

=0 =1
X3Xy4 s X3X4 s
X%, N\_00 01 11 10 Xx; \_00 01 11 10
0 2 6 4 1 3 7 5
00| O 0 0 0 00| O 0 1 0
8 10 14 12 9 11 15 13
01} 0 0 1 0 01 0 1 1 1
24 26 30 28 25 27 31 29
11 0 1 1 1 11] 1 1 1 1
16 18 22 20 17 19 23 21
10] 0 0 1 0 10| 0O 1 1 1
21

Figure 3.23  Karnaugh map for the majority circuit of Example 3.5.
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//five-input majority circuit as a udp. Save as a
primitive udp maj5 (z1l, x1, x2, x3, x4, x5);
output z1;
input x1, x2, x3, x4, x5;
table
//inputs are in same order as input list
// x1 x2 x3 x4 x5 : z1;
o 0 0 2 2 = 07
o 0 2 0 2 = 07
o 0 2 2 0 0;
o 2 0 0 7 0;
o 2 2 0 0 0;
o 2 0 2 0 0;
? 0 0 0 2 0;
? 2?2 0 0 O 0;
? 0 0 2 O 0;
? 0 2 0 O 0;
? 2?2 0 0 O 0;
11 1 2 2 1;
11 2 1 1;
11 2 2 1 1;
1 2?2 1 1 > 1;
1 2?2 2 1 1 1;
1 2?2 1 2 1 1;
21 1 1 2 1;
2 02 1 1 1 1;
21 1 2 1 1;
201 2 1 1 1;
2 02 1 1 1 1;
endtable
endprimitive

v file

Figure 3.24 A UDP module for a 5-input majority circuit.

//udp maj5 test bench

module udp maj5 tb;

reg x1, x2, x3, x4, x5; //inputs are reg for tb
wire z1; //outputs are wire

//continued on next page

Figure 3.25  Test bench for the 5-input majority circuit.
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initial
begin: name //a name is required for this method
reg [5:0] invect;

for (invect = 0; invect < 32; invect = invect + 1)
begin
{x1, x2, x3, x4, x5} = invect [4:0];
#10 $display ("x1x2x3x4x5 = %b%b%b%b%b, zl=%b",

x1l, x2, x3, x4, x5, z1);
end
end

//instantiation must be done by position, not by name.
udp maj5 instl (zl, x1, x2, x3, x4, x5);

endmodule

Figure 3.25 (Continued)

x1x2x3x4x5 = 00000, z1=0 x1x2x3x4x5 = 10000, z1=0
x1x2x3x4x5 = 00001, z1=0 x1x2x3x4x5 = 10001, z1=0
x1x2x3x4x5 = 00010, z1=0 x1x2x3x4x5 = 10010, z1=0
x1x2x3x4x5 = 00011, z1=0 x1x2x3x4x5 = 10011, zl1l=1
x1x2x3x4x5 = 00100, z1=0 x1x2x3x4x5 = 10100, z1=0
x1x2x3x4x5 = 00101, z1=0 x1x2x3x4x5 = 10101, zl1l=1
x1x2x3x4x5 = 00110, z1=0 x1x2x3x4x5 = 10110, zl1l=1
x1x2x3x4x5 = 00111, =zl=1 x1x2x3x4x5 = 10111, z1l=1
x1x2x3x4x5 = 01000, z1=0 x1x2x3x4x5 = 11000, z1=0
x1x2x3x4x5 = 01001, z1=0 x1x2x3x4x5 = 11001, =zl1l=1
x1x2x3x4x5 = 01010, z1=0 x1x2x3x4x5 = 11010, =zl1l=1
x1x2x3x4x5 = 01011, =zl=1 x1x2x3x4x5 = 11011, z1l=1
x1x2x3x4x5 = 01100, z1=0 x1x2x3x4x5 = 11100, =zl1l=1
x1x2x3x4x5 = 01101, =zl=1 x1x2x3x4x5 = 11101, =zl1l=1
x1x2x3x4x5 = 01110, =zl=1 x1x2x3x4x5 = 11110, =z1l=1
x1x2x3x4x5 = 01111, =zl=1 x1x2x3x4x5 = 11111, =z1=1

Figure 3.26  Outputs for the 5-input majority circuit.

Example 3.6 Most counters count in either a count-up or count-down sequence.
Still other counters can be designed for a unique application in which the counting se-
quence is neither entirely up nor entirely down. These have a nonsequential counting
sequence that is prescribed by external requirements. Such a counter has a counting
sequence as follows: y;y,y3y4 = 0000, 1000, 1100, 1110, 1111, 0111, 0011, 0001,
0000, and is classified as a Johnson counter. The counter is reset initially to
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Y1Y2¥3v4 = 0000. The unspecified states can be regarded as “don’t care” states in or-
der to minimize the & next-state logic. The inverted output of the last flip-flop is fed
back to the D input of the first flip-flop.

The logic diagram for a 4-bit Johnson counter is shown in Figure 3.27 using pos-
itive-edge-triggered D flip-flops. The D flip-flop will be designed as a user-defined
primitive, then instantiated four times into the design module of the Johnson counter.
The D flip-flop is shown in Figure 3.28 as a UDP.

1
4 D 1
instl
+clock o—
Y2
D RY)
inst2
o_
Y3
D 3
inst3
O_
Y4
D Tv4
inst4
o——— 4

Figure 3.27  Logic diagram for a 4-bit Johnson counter.

//a positive-edge-sensitive D flip-flop
primitive udp dff edgel (g, d, clk, rst n);

input d, clk, rst n;
output g;

reqg qg; //q is internal storage
//initialize g to O
initial

q=0;
//continued on next page

Figure 3.28 A user-defined primitive for a D flip-flop.

© 2010 by Taylor & Francis Group, LLC



3.2 User-Defined Primitives 113

//define state table
table
//inputs are in the same order as the input list
// d clk rst n q : g+; g+ is the next state
0 (01) 1 ? 0; //(01) is rising edge
1 (01) 1 ? 1; //rst_n = 1 means no rst
1 (0x) 1 1 1; // (0x) 1is no change
0 (0x) 1 0 0;
? (?0) 1 0?2 = //ignore negative edge
//reset case when rst n is O and clk has any transition
? (??) O S N O //rst _n = 0 means reset
//reset case when rst n is 0. d & clk can be anything, g+=0
? ? 0 N O
//reset case when 0 --> 1 transition on rst n. Hold g+ state
? ? (01) N
//non-reset case when d has any trans, but clk has no trans
(??2) 2 1 N //clk = ?, means no edge
endtable
endprimitive

Figure 3.28 (Continued)

The design module for the Johnson counter is shown in Figure 3.29 which instan-
tiates the user-defined primitive udp dff edgel four times to implement the Johnson
counter. The test bench is shown in Figure 3.30. The outputs and waveforms are
shown in Figure 3.31 and Figure 3.32, respectively.

//udp for a 4-bit johnson counter

module ctr johnson4 (rst n, clk, yl, y2, y3, y4);
input rst n, clk;

output vy1l, vy2, vy3, v4;

//instantiate D flip-flop for yl
udp dff edgel instl (yl, ~y4, clk, rst n);

//instantiate D flip-flop for y2
udp dff edgel inst2 (y2, yl, clk, rst n);

//instantiate D flip-flop for y3
udp dff edgel inst3 (y3, y2, clk, rst n);

//instantiate D flip-flop for y4
udp dff edgel inst4 (y4, y3, clk, rst n);
endmodule

Figure 3.29 A Johnson counter designed using a UDP for a D flip-flop.
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//test bench for the 4-bit johnson counter
module ctr johnson4 tb;

reg clk, rst n; //inputs are reg for tb
wire v1, v2, vy3, v4; //outputs are wire for tb
initial

$monitor ("count = %b", {yl, y2, v3, v4});

initial //define clk
begin

clk = 1'b0;

forever

#10clk = ~clk;

end
initial //define reset
begin

#0 rst n = 1'b0;
#5 rst n = 1'bl;
#200 $stop;

end

ctr johnsond instl ( //instantiate the module

.rst n(rst n),
.clk(clk),

endmodule

Figure 3.30  Test bench for the 4-bit UDP Johnson counter.

count = 0000
count = 1000
count = 1100
count = 1110
count = 1111
count = 0111
count = 0011
count = 0001
count = 0000
count = 1000

Figure 3.31  Outputs for the 4-bit UDP Johnson counter.

© 2010 by Taylor & Francis Group, LLC



3.2 User-Defined Primitives 115

2 Silos - C:Werilog\ctr_johnson4\ctr_johnson4.spj

File Edit “iew &nalyzer Debug Explorer Reports Help
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Mane ZD|||||||||1gu|||||||||2g0|||||||
= Default
zt_n .
clk
W L | —_—
w2 T 1 | —
v3 | 1
va I r—
Figure 3.32  Waveforms for the 4-bit UDP Johnson counter.

Example 3.7 The logic circuit shown in Figure 3.33 will be designed using NOR
gates that were designed as user-defined primitives. The equation that represents out-
put z; is shown in Equation 3.3. The UDP design module for the NOR gate is shown
in Figure 3.34 and the design module for the circuit is shown in Figure 3.35. The test
bench module, the outputs, and the waveforms are shown in Figure 3.36, Figure 3.37,
and Figure 3.38, respectively.

instl netl > ?@7 +z)

Txp —e—(
X —eo—(
Figure 3.33 Log

© 2010 by Taylor & Francis Group, LLC

ic diagram for Example 3.7.

z1 =[x T (1" x)] [xp" + (x1'x2)]
=(x1 tx2) (' +x1")
= (xp txp)xp" +(xp +xp)xy'
=x1xp" +x1'x)

=x1 Ox) (3.3)
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//2-input NOR gate as a user-defined primitive
primitive udp nor2 (zl, x1, x2);

input x1, x2;
output z1;

//define state table
table
//inputs are in the same order as the input list
// x1 x2 :  zl; comment is for readability

o 0 = 1;

0 1 0;

1 0 : 0;

1 1 0
endtable
endprimitive

’

Figure 3.34 A NOR gate designed as a user-defined primitive.

//module for logic diagram using NOR logic
//user—-defined primitives
module log diag egnb5 (x1, x2, zl);

input x1, x2;
output z1;

//instantiate the udps

udp _nor2 instl (netl, x1, ~x2);
udp_nor2 inst2 (net2, x1, netl);
udp_nor2 inst3 (net3, netl, ~x2);
udp_nor2 inst4 (zl, net2, net3);
endmodule

Figure 3.35  Design module for the logic diagram of Figure 3.33.

//test bench for logic diagram equation 5
module log diag eqgn5 tb;

reg x1, x2;
wire z1;
//continued on next page

Figure 3.36  Test bench for design module of Figure 3.35.
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//display variables

//instantiate the module into

initial

Smonitor ("x1 x2 = %b %b, zl = %b", x1, x2, zl);

//apply input vectors

initial

begin
#0 x1l = 1'b0;x2 = 1'b0;
#10 x1 1'b0;x2 = 1'bl;
#10 x1 1'bl;x2 = 1'b0;
#10 xl = 1'bl;x2 = 1'bl;
#10 $stop;

end

the test bench

log diag_egn5 instl

(

.x1(x1),

.X2(x2),

.z1(z1)

);
endmodule
Figure 3.36  (Continued)
xl x2 =00, z1 =0
xl x2 =01, z1 =1
xl x2 =10, z1 =1
xl x2 =11, z1 =0
Figure 3.37  Outputs for design module of Figure 3.35.

2 Silos - C:Werilog\log_diag eqn5\log_diag_eqn5.spj
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D®E R PHEHESE EEE Ha®eg 24

T arne A0 2|D 3|9
=) Default

w1 I
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z1 |

Figure 3.38  Waveforms for design module of Figure 3.35.
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3.3 Dataflow Modeling

Gate-level modeling is an intuitive approach to digital design because it corresponds
one-to-one with conventional digital logic design at the gate level. Dataflow modeling
is similar to designing with built-in primitives, but at a slightly higher level of abstrac-
tion. Design automation tools are used to create gate-level logic from dataflow mod-
eling by a process called logic synthesis. Register transfer level (RTL) is a
combination of dataflow modeling and behavioral modeling and characterizes the
flow of data through logic circuits.

3.3.1 Continuous Assignment

The continuous assignment statement models dataflow behavior and is used to design
combinational logic without using gates and interconnecting nets. Continuous assign-
ment statements provide a Boolean correspondence between the right-hand side
expression and the left-hand side target. The continuous assignment statement uses
the keyword assign and has the following syntax with optional drive strength and
delay:

assign [drive_strength] [delay] left-hand side target = right-hand side expression
The continuous assignment statement assigns a value to a net (wire) that has been
previously declared — it cannot be used to assign a value to a register. Therefore, the
left-hand target must be a scalar or vector net or a concatenation of scalar and vector
nets. The operands on the right-hand side can be registers, nets, or function calls. The
registers and nets can be declared as either scalars or vectors.
Shown below are examples of continuous assignment statements for scalar nets,
vector nets, and a concatenation of scalar and vector nets.
assignz| = x| & xp & x3;
where the symbol (&) is the AND function.
assign z; =x; " xp;
where the symbol (") is the exclusive-OR function.
assign z; = (x; & xp) | x33
where the symbol (|) is the OR function.

assign sum =a+ b + cin

where the symbol (+) is addition, sum is a 9-bit vector to accommodate the sum and
carry-out, @ and b are 8-bit vectors, and cin is a scalar:
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assign {cout, sum} =a+Db + cin;

where the symbols ({}) indicate concatenation; therefore, {cout, sum} is a concate-
nation of a scalar net and a vector net, respectively and a and b are 4-bit vectors, and
cin and cout are scalars

The assign statement continuously monitors the right-hand side expression. If a
variable changes value, then the expression is evaluated and the result is assigned to
the target after any specified delay. If no delay is specified, then the default delay is
zero. The continuous assignment statement can be considered to be a form of behav-
ioral modeling, because the behavior of the circuit is specified, not the implementa-
tion. Several examples will now be presented which illustrate the concepts of
dataflow modeling.

Example 3.8 From the Karnaugh map shown in Figure 3.39, the equation for the
function z| is shown in Equation 3.3 in a sum-of-products notation. The logic diagram
is shown in Figure 3.40. The circuit will be implemented using the continuous assign-
ment statement of dataflow modeling.

X3X4
Xy \_00 01 11 10

00| 1 1 0 0

o1y o 1 1 1

111 0 0 1 1

10 1 0 0 0

2]

Figure 3.39  Karnaugh map for Example 3.8.

1= XZ'X3'X4' + xl'x3'x4 + X2 X3 (33)

The design module is shown in Figure 3.41. The same continuous assignment
statement can be used for multiple assignments by placing a comma at the end of all
statements except the last statement, which is terminated by a semicolon. The test
bench is shown in Figure 3.42. The outputs and waveforms are shown in Figure 3.43
and Figure 3.44, respectively.
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:% ———— T \_ netl

_x4 /

x| \ net2 \ +z
+x 4 [ J ]

+x 2 — net3

+x3

Figure 3.40 Logic diagram for Example 3.8.

//dataflow for a sum-of-products equation
module sop eqn df2 (x1, x2, x3, x4, zl);

//define inputs and output
input x1, x2, x3, x4;
output z1;

//define internal nets
wire netl, net2, net3;

//design logic

assign netl ~x2 & ~x3 & ~x4,
net2 = ~x1 & ~x3 & x4,
net3 X2 & x3;

assign z1l = netl | net2 | net3;

endmodule

Figure 3.41  Dataflow module for Figure 3.40 using continuous assignment.

//test bench for the dataflow sop
module sop egn df2 tb;

reg x1, x2, x3, x4;
wire z1;

//continued on next page

Figure 3.42  Test bench for the dataflow module of Figure 3.41.
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initial //apply input vectors and display variables
begin: apply stimulus
reg [4:0] invect;
for (invect=0; invect<1l6; invect=invect+1)
begin
{x1, x2, x3, x4} = invect [4:0];
#10 $display ("x1 x2 x3 x4 = %b, z1 = %b",
{x1, x2, x3, x4}, z1);
end
end
sop_egn df2 instl ( //instantiate the module
.x1(x1),
x2 (x2),
x3(x3),
x4 (x4),
z1(zl)
) ;
endmodule
Figure 3.42 (Continued)
x1l x2 x3 x4 = 0000, z1 =1 x1 x2 x3 x4 = 1000, z1 =1
x1 x2 x3 x4 = 0001, =zl 1 x1 x2 x3 x4 = 1001, z1 =0
x1 x2 x3 x4 = 0010, =zl 0 x1 x2 x3 x4 = 1010, z1 0
x1l x2 x3 x4 = 0011, =zl 0 x1 x2 x3 x4 = 1011, z1 =0
x1 x2 x3 x4 = 0100, z1 =0 x1 x2 x3 x4 = 1100, z1 =0
x1l x2 x3 x4 = 0101, z1 1 x1 x2 x3 x4 = 1101, z1 0
x1l x2 x3 x4 = 0110, z1 1 x1 x2 x3 x4 = 1110, z1 =1
x1l x2 x3 x4 = 0111, z1 =1 x1 x2 x3 x4 = 1111, z1 =1
Figure 3.43  Outputs for the dataflow module of Figure 3.41.

2 Silos - C:Werilog\sop_eqn_df2\sop_eqn_df2.spj
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Figure 3.44  Waveforms for the dataflow module of Figure 3.41.
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Example 3.9 Example 3.8 will be repeated as a product of sums using NAND
gates. The zeros are combined in the Karnaugh map of Figure 3.39 to provide Equa-
tion 3.10. The logic diagram is shown in Figure 3.45. The design module, test bench
module, outputs, and waveforms are shown in Figure 3.46, Figure 3.47, Figure 3.48,
and Figure 3.49, respectively. The outputs and waveforms are identical for both exam-
ples.

z1 = (xp +x3")(xp' +x3 +x4)(x;" Tx3 +x4') (3.10)

P — S
+X3

+

,;%2 —4§ net2 net4 2,
N Pty >
o ————4 et
+x4

Figure 3.45  Logic diagram for Example 3.9.

//dataflow for a product-of-sums equation
module pos eqn df (x1, x2, x3, x4, zl);

//define inputs and output
input x1, x2, x3, x4;

output zl1;

//define internal nets
wire netl, net2, net3, net4d;

//design the logic using continuous assignment

assign netl = (x2 | ~x3),

net2 = (~x2 | x3 | x4),

net3 = (~x1 | x3 | ~x4),

net4d = ~(netl & net2 & net3);
assign zl = (~netd4d | ~netd);
endmodule

Figure 3.46  Dataflow module for Example 3.9.
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//test bench for product-of-sums equation
module pos egn df tb;

reg x1, x2, x3, x4;
wire z1;

//apply input vectors and display variables
initial
begin: apply stimulus
reg [4:0] invect;
for (invect=0; invect<1l6; invect=invect+1)
begin
{x1, x2, x3, x4} = invect [4:0];
#10 $display ("x1 x2 x3 x4 = %b, z1 = %b",
{x1, x2, x3, x4}, z1);
end
end

//instantiate the module into the test bench
pos_egn df instl (
.x1(x1),

endmodule

Figure 3.47  Test bench for the dataflow module of Figure 3.46.

x1l x2 x3 x4 = 0000, zl =
x1l x2 x3 x4 = 0001, zl1l =
x1l x2 x3 x4 = 0010, zl1l =
x1l x2 x3 x4 = 0011, zl1 =
x1l x2 x3 x4 = 0100, zl1l =
x1l x2 x3 x4 = 0101, zl1l =
x1l x2 x3 x4 = 0110, zl1l =
x1l x2 x3 x4 = 0111, z1 =

x1l x2 x3 x4 = 1000,
x1l x2 x3 x4 = 1001,
x1l x2 x3 x4 = 1010,
x1l x2 x3 x4 = 1011,
x1l x2 x3 x4 = 1100,
x1l x2 x3 x4 = 1101,
x1l x2 x3 x4 = 1110,
x1l x2 x3 x4 = 1111,

P PP OO O

z1l =

z1
z1
z1
z1
z1
z1

z1l =

R P OO OO o

Figure 3.48  Outputs for the dataflow module of Figure 3.46.
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2 Silos - C:Werilog\pos_eqn_df\pos_eqn_df.spj
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Figure 3.49  Waveforms for the dataflow module of Figure 3.46.

Example 3.10 A logic circuit will be designed to activate segment a only, for the 7-
segment LED shown below. The inputs to the circuit are x|, x,, x3, and x4, where x4
is the low-order input. The circuit will be a dataflow module implemented using the
continuous assignment construct. Table 3.1 shows the digits that require the activation

of segment a.

a
A
g
e c
d

Table 3.1 Digits That Require the Activation of Segment a

Decimal Digit Segment a

Decimal Digit Segment a

0 1 8 1

1 0 9 1

2 1 10 Invalid
3 1 11 Invalid
4 0 12 Invalid
5 1 13 Invalid
6 1 14 Invalid
7 1 15 Invalid
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The Karnaugh map is shown in Figure 3.50 and the equation is shown in Equation
3.4. The logic diagram is shown in Figure 3.51 using one NAND gate and one exclu-
sive-NOR circuit. The dataflow module, test bench module, and outputs are shown in
Figure 3.52, Figure 3.53, and Figure 3.54, respectively.

X3X4

Xy 00 01 11 10
0 1 3 2

00| 1 0 1 1
4 5 7 6

01 0 1 1 1
12 13 15 14

11 - - - -
8 9 11 10

10| 1 1 - —

2]

Figure 3.50  Karnaugh map for Example 3.10.

Z1 =X +)C3 +)C2)C4 +x2VJC4'

=X +X3 + (X2 (‘BX4)' (34)

+XZ ) )
tXy y

7x1 +z 1
X3

Figure 3.51 Logic diagram to activate segment « of a 7-segment LED.

//dataflow to activate segment a
module seg a df (x1, x2, x3, x4, zl);

input x1, x2, x3, x4;
output z1;
wire netl;

assign netl = ~(x2 *~ x4); //exclusive—-NOR
assign z1l = (netl | x1 | x3);
endmodule

Figure 3.52  Dataflow module to activate segment @ of a 7-segment LED.
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//test bench for segment a dataflow module
module seg a df tb;

reg x1, x2, x3, x4;
wire z1;

initial //apply input vectors and display variables
begin: apply stimulus
reg [4:0] invect;
for (invect=0; invect<1l6; invect=invect+1)
begin
{x1, x2, x3, x4} = invect [4:0];
#10 $display ("x1 x2 x3 x4 = %b, z1l = %b",
{x1, x2, x3, x4}, zl);
end
end

seg_a df instl ( //instantiate the module into the test bench
x1(x1),

)7
endmodule

Figure 3.53  Test bench for the dataflow module of Figure 3.52.

b
[N
b
N
w
w
w
N
|
o
=
o
o
<
N
—
Il
I e N I = S R

1

1

1 .
Invalid

1

1

1

x]1 x2 x3 x4 = 1111, z1 =

Figure 3.54  Outputs for the dataflow module of Figure 3.52.
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Example 3.11 Example 3.10 will be repeated using NOR logic in a product-of-sums
notation for dataflow modeling. Equation 3.5 shows the equation as obtained from the
Karnaugh map of Figure 3.50. The logic diagram is shown in Figure 3.55 and the data-
flow module, test bench, and outputs are shown in Figure 3.56, Figure 3.57, and Figure
3.58, respectively.

21 = (0! +oxg +xg)x) +xp F a3+ xy") 3.5

—X

+“% ) netl

+X4

) tz;

+

+§i /] net2

32

Figure 3.55 Logic diagram for Example 3.11.

//dataflow pos for segment a
module pos eqn df2 (x1, x2, x3, x4, zl);

input x1, x2, x3, x4;
output z1;

wire netl, net2;

assign netl = ~(~x2 | x3 | x4),

net2 = ~(x1 | x2 | x3 | ~x4);
assign z1 = (~netl & ~net2);
endmodule

Figure 3.56  Dataflow module for Example 3.11.

//test bench for pos for segment a
module pos egn df2 tb;

reg x1, x2, x3, x4;
wire z1;
//continued on next page

Figure 3.57  Test bench for Figure 3.56.
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//apply input vectors and display variables
initial
begin: apply stimulus
reg [4:0] invect;
for (invect=0; invect<1l6; invect=invect+1)
begin
{x1, x2, x3, x4} = invect [4:0];
#10 $display ("x1 x2 x3 x4 = %b, z1 = %b",
{x1, x2, x3, x4}, z1);
end
end

//instantiate the module into the test bench
pos_egn df2 instl (

.x1(x1),
X2

4

x2 (x2)
.x3(x3),
x4 (x4),
z1l(zl)
) ;

endmodule

Figure 3.57 (Continued)
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Figure 3.58  Outputs for the dataflow module of Figure 3.56.
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Notice that the outputs are identical except for minterm location x{x,x3x4 = 1100
(12). In the outputs of Figure 3.54 for Example 3.10, minterm 12 contains a 1 in order
to minimize the equation for output z;. In the outputs of Figure 3.58, however, min-
term 12 contains a 0 in order to minimize the product-of-sums equation shown in
Equation 3.5. Minterm 12 is treated as a “don’t care” condition in both cases due to the
invalid minterms 10 through 15; therefore, the outputs of both examples are identical
for the valid minterms and the circuits operate in an identical manner.

3.4 Behavioral Modeling

This section describes the behavior of a digital system and is not concerned with the
direct implementation of logic gates but more with the architecture of the system. This
is an algorithmic approach to hardware implementation and represents a higher level
of abstraction than previous modeling methods. The constructs in behavioral model-
ing closely resemble those used in the C programming language.

Verilog contains two structured procedure statements or behaviors: initial and al-
ways. A behavior may consist of a single statement or a block of statements delimited
by the keywords begin . . . end. A module may contain multiple initial and always
statements. These statements are the basic statements used in behavioral modeling
and execute concurrently starting at time zero in which the order of execution is not
important. All other behavioral statements are contained inside these structured pro-
cedure statements. The keywords initial and always specify a behavior and the state-
ments within a behavior are classified as behavioral or procedural.

3.4.1 Initial Statement

All statements within an initial statement comprise an initial block. An initial state-
ment executes only once beginning at time zero, then suspends execution. An initial
statement provides a method to initialize and monitor variables before the variables
are used in a module; it is also used to generate waveforms. For a given time unit, all
statements within the initial block execute sequentially. Execution or assignment is
controlled by the # symbol. The syntax for an initial statement is shown below.

initial [optional timing control] procedural statement or
block of procedural statements

3.4.2 Always Statement

The always statement executes the behavioral statements within the always block re-
peatedly in a looping manner and begins execution at time zero. Execution of the
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statements continues indefinitely until the simulation is terminated. The syntax for
the always statement is shown below.

always [optional timing control] procedural statement or
block of procedural statements

An always statement is often used with an event control list — or sensitivity list—
to execute a sequential block. When a change occurs to a variable in the sensitivity
list, the statement or block of statements in the always block is executed. The key-
word or is used to indicate multiple events. When one or more inputs change state, the
statement in the always block is executed. The begin . . . end keywords are necessary
only when there is more than one behavioral statement. Target variables used in an al-
ways statement are declared as type reg.

Example 3.12 A 5-input majority circuit will be designed using behavioral model-
ing with the always statement. The inputs are labeled xx,x3x4x5; the output is z;.
Figure 3.59 illustrates a Karnaugh map in which the minterm entries of 1 specify that
a majority of the inputs are at a logic 1 level. The equation for output z; is shown in
Equation 3.6.

=0 =1
X3X4 s X3X4 s
Xixa \_00 01 11 10 Xx; \_00 01 11 10
0 2 6 4 1 3 7 5
00| O 0 0 0 00 O 0 1 0
8 10 14 12 9 11 15 13
01| O 0 1 0 01 0 1 1 1
24 26 30 28 25 27 31 29
11 0 1 1 1 11 1 1 1 1
16 18 22 20 17 19 23 21
10| O 0 1 0 10| O 1 1 1

Z]

Figure 3.59  Karnaugh map for the majority circuit of Example 3.12.
Z1 = X3X4X5F XpX3X5 T XpX4X5 T X1 X3X5 +

XIX4)C5 +XIX2X3 +x1x2x4 +X2X3X4 +

X1X3X4 + XX X5 (3.6)
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The behavioral design module is shown in Figure 3.60. The entry of #5 to the
immediate right of the equal sign specifies that the output is delayed by five time units
to allow for the propagation delay — inertial delay — of the AND gate. The sensi-
tivity list in the always statement lists the five inputs; whenever one or more of the
inputs changes value, the equation for z; is executed.

The test bench is shown in Figure 3.61. The system function $time obtains the
current simulation time and is displayed in the outputs of Figure 3.62 every seven time
units. The waveforms are shown in Figure 3.63 and clearly show the propagation
delay of seven time units that occurs when an input changes; that is, output z; is
asserted seven time units after an input changes value.

//behavioral 5-input majority circuit
module maj5 bh (x1, x2, x3, x4, x5, zl);

input x1, x2, x3, x4, x5;
output z1;

wire x1, x2, x3, x4, x5;
reg z1;

always @ (x1 or x2 or x3 or x4 or x5)

zl = #5 (x3 & x4 & x5) | (x2 & x3 & x5) | (x2 & x4 & x5) |
(x1 & x3 & x5) | (x1 & x4 & x5) | (x1 & x2 & x3) |
(x1 & X2 & x4) | (x2 & x3 & x4) | (x1 & x3 & x4) |
(x1 & X2 & x5);

endmodule

Figure 3.60  Behavioral module for a 5-input majority circuit.

//test bench for the 5-input majority circuit
module maj5 bh tb;

reg x1, x2, x3, x4, x5;
wire z1;

initial //apply vectors and display variables
begin: apply stimulus
reg [5:0] invect;
for (invect=0; invect<32; invect=invect+l)
begin
{x1, x2, x3, x4, x5} = invect [5:0];
#7 $display ($time, "input = %$b, zl = %b",
{x1, x2, x3, x4, x5}, zl1l);
end
end //continued on next page

Figure 3.61 Test bench for the 5-input majority circuit.
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//instantiate the module into the test bench
maj5 bh instl (

.x1(x1),

x2 (x2),

x3(x3),

x4 (x4),

x5 (x5),

.z1(zl)

) ;
endmodule
Figure 3.61 (Continued)
7 input = 00000, z1 =0 119 input = 10000, zl1 = 0
14 input = 00001, z1 =0 126 input 10001, =zl 0
21 input = 00010, z1 = 0 133 input 10010, =zl 0
28 input = 00011, =zl 0 140 input 10011, =z1 1
35 input = 00100, z1 = 0 147 input 10100, =zl 0
42 input = 00101, z1 = 0 154 input 10101, =zl 1
49 input = 00110, =zl 0 161 input 10110, =z1 1
56 input = 00111, z1 =1 168 input 10111, =z1 1
63 input = 01000, z1 = 0 175 input 11000, =z1 0
70 input = 01001, =zl 0 182 input 11001, =z1 1
77 input = 01010, z1 = 0 189 input 11010, =z1 1
84 input = 01011, z1 =1 196 input 11011, =z1 1
91 input = 01100, =zl 0 203 input 11100, =z1 1
98 input = 01101, z1 =1 210 input 11101, =z1 1
105 input = 01110, z1 =1 217 input 11110, =zl 1
112  input = 01111, z1 = 1 224  input = 11111, z1 =1
Figure 3.62  Outputs for the 5-input majority circuit.

& Silos - C:Werilog\maj5_bh\maj5_bh.spj
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Figure 3.63  Waveforms for the S5-input majority circuit.
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3.4.3 Intrastatement Delay

A procedural assignment may have an optional delay. A delay appearing to the right
of an assignment operator is called an intrastatement delay. Itis the delay by which the
right-hand result is delayed before assigning it to the left-hand target. In the example
below, the expression (x| & x5 ) is evaluated, a delay of five time units is taken, then
the result is assigned to z;.

z1 =#5 (x1 &xp);

One purpose for an intrastatement delay is to simulate the delay through a logic
gate. In the above example, the propagation delay through the AND gate is five time
units.

3.4.4 Interstatement Delay

Interstatement delay is the delay taken before a statement is executed. In the code seg-
ment shown below, the delay given in the second statement specifies that when the
first statement has finished executing, wait five time units before executing the second
statement.

zp=(xp +xp) x3;
#522 :.)C4/\X5;

If no delays are specified in a procedural assignment, then there is zero delay in the as-
signment.

3.4.5 Blocking Assignments

A blocking procedural assignment completes execution before the next statement ex-
ecutes. The assignment operator (=) is used for blocking assignments. The right-hand
expression is evaluated, then the assignment is placed in an internal temporary register
called the event queue and scheduled for assignment. If no time units are specified, the
scheduling takes place immediately. The event queue is covered in Appendix A.

In the code segment below, an interstatement delay of one time unit is specified.
Execution of the statement is delayed by the timing control of one time unit. At time
units ¢ + 1, the right-hand expression for z| is evaluated and assigned to z;. The exe-
cution of any following statements is blocked until the assignment occurs.

© 2010 by Taylor & Francis Group, LLC



134 Chapter 3  Introduction to Verilog HDL

initial
begin
#1 I1=X & X2,
zp =xp | x3;
end

Example 3.13 This example uses behavioral modeling to illustrates the use of block-
ing assignments with intrastatement and interstatement delays. The design module is
shown in Figure 3.64, in which the statements for z; and z, have intrastatement delays
of two time units; the statements for z3 and z4 have interstatement delays of two time
units. The test bench, shown in Figure 3.65, assigns all possible combinations of the
inputs. The outputs and waveforms are shown in Figure 3.66 and Figure 3.67, respec-
tively.

In Figure 3.64, when either x|, x5, or x3 changes value, z; executes immediately,
but the assignment to z; is delayed by two time units. The statement for z, is blocked
until the assignment to z; has completed. The execution of the statement for z3 is
delayed by two time units, at which time the statement is executed and the result is
assigned to z3 immediately. This is evident in the waveforms of Figure 3.67.

//behavioral blocking assignment using
//intrastatement and interstatement delays
module blocking6 (x1, x2, x3, zl1, z2, z3, z4);

input x1, x2, x3;
output z1, z2, z3, z4;

reg z1, z2, z3, z4;

always @ (x1 or x2 or x3)

begin
z1l = #2 (x1 ~ x2) & x3;
z2 = #2 ~(x1 ~ x2) | x3;
end

always @ (x1 or x2 or x3)

begin
#2 z3 = x1 & x2 & x3;
#2 z4 = x1 ~ x2 ~ x3;
end
endmodule

Figure 3.64  Behavioral module illustrating blocking assignments with intrastate-
ment and interstatement delays.
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//test bench for blocking assignment using
//intrastatement and interstatement delays
module blocking6 tb;

x3;
z3,

X2,
z2,

reg x1,
wire z1, z4;

//apply input vectors and display variables
initial

begin: apply stimulus

reg [3:0] invect;
for (invect=0; invect<8; invect=invect+1l)
begin
{x1, x2, x3} = invect [3:0];
#10 $display ("x1 x2 x3 = %b, zl z2 z3 z4 = %b",
{x1, x2, x3}, {zl, z2, z3, z4});
end
end

//instantiate the module into the test bench
blocking6 instl (

x1 (x1),
x2 (x2),
x3(x3),
z1l(zl),
z2(z2),
z3(z3),
.z4 (z4)
)
endmodule
Figure 3.65 Test bench for the behavioral module of Figure 3.64.
zl = #2 (x1 ~ x2) & x3
z2 = #2 ~(x1 »~ x2) | x3
#2 z3 = x1 & x2 & x3
#2 z4 x1 ~ x2 ~ x3
x1 x2 x3 = 000, zl1 z2 z3 z4 = 0100
x1 x2 x3 001, zl1 z2 z3 z4 = 0101
x1 x2 x3 010, zl1 z2 z3 z4 = 0001
x1 x2 x3 011, zl1 z2 z3 z4 = 1100
x1 x2 x3 100, zl1 z2 z3 z4 = 0001
x1 x2 x3 101, zl1 z2 z3 z4 = 1100
x1 x2 x3 110, zl1 z2 z3 z4 = 0100
x1 x2 x3 = 111, z1 z2 z3 z4 = 0111
Figure 3.66 Outputs for the behavioral module of Figure 3.64.
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& Silos - C:Werilog\blocking6\blockingé.spj
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Figure 3.67  Waveforms for the behavioral module of Figure 3.64.

3.4.6 Nonblocking Assignments

The assignment symbol (<=) is used to represent a nonblocking procedural assign-
ment. Nonblocking assignments allow the scheduling of assignments without block-
ing execution of the following statements in a sequential procedural block. A
nonblocking assignment is used to synchronize assignment statements so that they ap-
pear to execute at the same time. In the code segment shown below using blocking as-
signments, the result is indeterminate because both always blocks execute
concurrently resulting in a race condition. Depending on the simulator implementa-
tion, either x; =x, would be executed before x, = x3 or vice versa.

always @ (posedge clk)
X1 = X2,

always @ (posedge clk)

X2ZX3;

The race condition is solved by using nonblocking assignments as shown below.

always @ (posedge clk)
X1 <=Xxp;

always @ (posedge clk)
Xy <=X3;

The Verilog simulator schedules a nonblocking assignment statement to execute,
then proceeds to the next statement in the block without waiting for the previous
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nonblocking statement to complete execution. That is, the right-hand expression is
evaluated and the value is stored in the event queue and is scheduled to be assigned to
the left-hand target. The assignment is made at the end of the current time step if there
are no intrastatement delays specified.

Nonblocking assignments are typically used to model several concurrent assign-
ments that are caused by a common event such as @ posedge clk. The order of the as-
signments is irrelevant because the right-hand side evaluations are stored in the event
queue before any assignments are made.

Example 3.14 This example will model register assignments using blocking and
nonblocking constructs with intrastatement delays. The first three statements in the
initial block of the module shown in Figure 3.68 use blocking assignments and exe-
cute sequentially at time 0. Because of the nonblocking behavioral construct in the
initial block, the next three statements are processed at the same simulation time, but
are scheduled to execute at different times due to the intrastatement delays.

//behavioral to illustrate blocking
//and nonblocking assignments
module block nonblock (data reg a, data reg b, data reg c);

output [7:0] data reg a, data reg b, data reg c;
reg [7:0] data reg_a, data reg b, data reg c;

initial

begin
data reg a = 8'b0111 1100;
data reg b = 8'b1111 0000;
data reg c 8'bl111 1111;

data _reg a [2:0] <= #5 3'bll1;

data reg b [7:0] <= #10 {data reg b [7:4], 4'b1l111};

data reg c [7:0] <= #15 {2'bll, data reg a [5:0]};
end

endmodule

Figure 3.68 Module to illustrate the operation of blocking and nonblocking
assignments.

The waveforms of Figure 3.69 show the assignments to the registers based on their
scheduling in the event queue. Register data reg a is set to a value of 7C hexadeci-
mal (7CH) by the first blocking assignment. The statement data_reg a/2:0] <= #5
3'b111 is scheduled to execute at time unit 5, which changes data_reg_ato 7FH by re-
placing the low-order three bits with 3'b6711. Register data_reg b is initially set to a
value of FOH by a blocking assignment, but is changed to FFH by the second
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nonblocking assignment, which is scheduled to execute at time unit 10. This state-
ment concatenates data_reg b [7:4] with 4'b1111. Register data_reg c is initially set
to a value of FFH by a blocking assignment, but is changed to FCH by concatenating
2'b11 with the low-order six bits of data _reg a using a nonblocking assignment.

2 Silos - C:\Werilog\block_nonblock\block_nonblock.spj

Fle Edt View Analyzer Debug Explorer Reports Help
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data_req_a[7:0] 7o i
data_req_b[7:0] ] ft
data_req_cf[7:0] i f

Figure 3.69  Waveform for the behavioral module of Figure 3.68.

3.4.7 Conditional Statements

Conditional statements alter the flow within a behavior based upon certain conditions.
The choice among alternative statements depends on the Boolean value of an expres-
sion. The alternative statements can be a single statement or a block of statements de-
limited by the keywords begin . . . end. The keywords if and else are used in
conditional statements. There are three categories of the conditional statement as
shown below. A true value is 1 or any nonzero value; a false value is 0, x (unknown),
or z (high impedance). If the evaluation is false, then the next expression in the activ-
ity flow is evaluated.

//no else statement

if (expression) statement1; //if expression is true, then statementl is executed.

//one else statement //choice of two statements. Only one is executed.

if (expression) statement1; //if expression is true, then statementl is executed.

else statement2; //if expression is false, then statement2 is executed.

/Inested if-else if-else //choice of multiple statements. Only one is execut-
ed.

if (expressionl) statement]; //if expressionl is true, then statementl is executed.
else if (expression2) statement2; //if expression?2 is true, then statement2 is executed.
else if (expression3) statement3; //if expression3 is true, then statement3 is executed.
else default statement;
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Example 3.15 Behavioral modeling with the continuous assignment will be used to
design a modulo-10 counter (¢/3:0]) that counts sequentially from 0000 to 1001, then
begins again at 0000. An AND gate will be connected to the counter outputs ¢/2/ and
q[1]; an exclusive-OR circuit will be connected to the counter outputs g/2/, g/1], and
q/0]; an OR gate will be connected to the counter outputs ¢/3/ and ¢/0].

The design module is shown in Figure 3.70 using the keywords if and else in the
conditional statements. The arithmetic operator modulus (%) is used to define the
counting limit. The modulus operator produces the remainder that results from a
divide operation. Thus, the statement g = (¢ + 1) % 10 yields the required counting
sequence. When a count of ¢ = 1001 is incremented by 1 to ¢ = 1010, the remainder
is zero — when divided by ten, and the counter begins counting from zero again.

The test bench module is shown in Figure 3.71. The outputs are shown in Figure
3.72 in which the outputs zy, z, and z3 generate the appropriate values as described in
the design module. The waveforms are shown in Figure 3.73.

//behavioral modulo-10 counter with logic gating
module ctr modl0 logic (rst n, clk, g, zl, z2, z3);

input rst n, clk;
output [3:0] qg;
output z1l, z2, z3;

wire rst n, clk;
reg [3:0] qg;
wire z1, z2, z3;

//define counting sequence
always (@ (posedge clk or negedge rst n)
begin
if (rst n == 0)
g = 4'b0000;
else
qg= (g+ 1) % 10;
end

//define outputs

assign z1l = q[2] & glll],
z2 = gql[2] ~ qll] ~ qlO],
z3 = ql3] | ql0];

endmodule

Figure 3.70  Behavioral module for a modulo-10 counter with output gating.
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//test bench for modulo-10 counter
module ctr modl0 logic tb;

reg rst n, clk;
wire [3:0] qg;
wire z1, z2, z3;

//display outputs
initial
$monitor ("count = %b, zl z2 z3 = %b", g,

//define reset

initial
begin
#0 rst n = 1'b0;
#5 rst n = 1'b1;
end

//define clock
initial
begin
clk = 1'b0;
forever
#10clk = ~clk;
end

//define length of simulation
initial
begin
#200 $£finish;
end

ctr modl0 logic instl (
.rst n(rst n),
.clk(clk),
.q(q),

.z1(z1),
22 (z2)
.z3(2z3)
) ;

endmodule

{z1, z2,

//instantiate the module into the test bench

z3});

Figure 3.71  Test bench for the modulo-10 counter of Figure 3.70.
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z1 = ql[2] & g[1]

z2 = ql2] ~ qll] ~ gql0]

z3 = ql3] | gl0]

count = 0000, zl z2 z3 000
count = 0001, =zl z2 z3 011
count = 0010, zl z2 z3 010
count = 0011, zl z2 z3 001
count = 0100, zl z2 z3 010
count = 0101, zl z2 z3 001
count = 0110, zl z2 z3 100
count = 0111, zl z2 z3 111
count = 1000, zl z2 z3 001
count = 1001, =zl z2 z3 011
count = 0000, zl z2 z3 000
Figure 3.72  Outputs for the modulo-10 counter of Figure 3.70.
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Figure 3.73  Waveforms for the modulo-10 counter of Figure 3.70.

3.4.8 Case Statement

The case statement is an alternative to the if . . . else if construct and may simplify the
readability of the Verilog code. The case statement is a multiple-way conditional
branch. It executes one of several different procedural statements depending on the
comparison of an expression with a case item. The expression and the case item are
compared bit-by-bit and must match exactly. The statement that is associated with a
case item may be a single procedural statement or a block of statements delimited by
the keywords begin . . . end. The case statement has the following syntax:
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case (expression)
case iteml : procedural statementl;
case item? : procedural statement2;
case_item3 : procedural statement3;

case itemn : procedural statementsn;
default : default statement;
endcase

The case expression may be an expression or a constant. The case items are eval-
uated in the order in which they are listed. If a match occurs between the case expres-
sion and the case item, then the corresponding procedural statement, or block of
statements, is executed. If no match occurs, then the optional default statement is ex-
ecuted.

Example 3.16 A 16-bit counter will be designed using behavioral modeling with the
case statement that counts in the following hexadecimal sequence: 0000, 8000, C000,
E000, F000, F800, FC00, FE0O0, FF00, FF80, FFCO, FFEO, FFFO, FFF8, FFFC, FFFE,
FFFF, 0000. The behavioral module is shown in Figure 3.74. Whenever the variable
count changes, the case statement determines the next _count from the present count.

The test bench is shown in Figure 3.75. The length of simulation is 320 time units
and is terminated by the system task $finish, which causes the simulator to exit the
module and return control to the operating system. The outputs are shown in Figure
3.76 and the waveforms are shown in Figure 3.77.

//behavioral counter using the case statement
module ctr triangle (rst n, clk, count);

input rst n, clk;
output [15:0] count;

wire rst n, clk;
reg [15:0] count, next count;

always @ (posedge clk or negedge rst n)

begin
if (~rst n) //1if the reset = 0
count = 16'h0000;
else
count = next count;
end //continued on next page

Figure 3.74  Behavioral module for the counter of Example 3.16.
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//define the counting sequence
always @ (count)
begin
case (count)
16'h0000 : next count =
16'h8000 : next count =
16'hc000 : next count =
16'he000 : next count =
16'hf000 : next count =
16'hf800 : next count =
16'hfc00 : next count =
16'hfe00 : next count =
16'hff00 : next count =
16'hff80 : next count =
16'hffcO : next count =
16'hffe0 : next count =
16'hfff0 : next count =
16'hfff8 : next count =

l6'hfffc : next count =
l6'hfffe : next count =
default : next count =
endcase
end
endmodule

16'h8000;
16'hc000;
16'he000;
16'hf000;
16'hf800;
16'hfc00;
16'hfe00;
16'hf£f00;
16'hf£f80;
16'hffcO;
16'hffeO;
16'hfff0;
16'hff£f8;
l6'hfffc;
l6'hfffe;
l16'hffff;
16'h0000;

Figure 3.74 (Continued)

module ctr triangle tb;

reg rst n, clk;
wire [15:0] count;

//display count
initial
$monitor ("count = %b", count)

//define clock
initial
begin
clk = 1'b0;
forever
#10 clk = ~clk;

//test bench for counter triangle

’

end //continued on next page

Figure 3.75 Test bench for the counter of Example 3.16.
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//define reset

initial
begin
#0 rst n = 1'b0;
#5 rst n = 1'b1;
end

//define length of simulation
initial
begin
#320 $finish;
end

//instantiate the module into the test bench
ctr triangle instl (

.rst n(rst n),

.clk(clk),

.count (count)

) ;

endmodule

Figure 3.75 (Continued)

count = 0000000000000000
count = 1000000000000000
count = 1100000000000000
count = 1110000000000000
count = 1111000000000000
count = 1111100000000000
count = 1111110000000000
count = 1111111000000000
count = 1111111100000000
count = 1111111110000000
count = 1111111111000000
count = 1111111111100000
count = 1111111111110000
count = 1111111111111000
count = 1111111111111100
count = 1111111111111110
count = 1111111111111111

Figure 3.76  Outputs for the counter of Example 3.16.
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Figure 3.77  Waveforms for the counter of Example 3.16.

Example 3.17 A Moore synchronous sequential machine will be designed using the
state diagram of Figure 3.78. Since the state code assignment precludes the possibility
of glitches on any of the outputs, the assertion/deassertion of all outputs is Tt1¢t3. A
logic diagram is not required, since behavioral modeling will be used to implement the
Moore machine. As stated previously, behavioral modeling implements a design
based on the architecture — or behavior — of the machine and leaves the logic imple-
mentation details to the synthesis tool.

The behavioral module is shown in Figure 3.79 and uses the parameter keyword
to define constants, in this case, the state codes. The assign continuous assignment is
used to define the outputs and the case statement determines the next state based on the
current state and the present inputs.

The test bench module is shown in Figure 3.80 and defines the input sequence to
allow the machine to proceed through all states and generate the appropriate outputs.
State transitions occur on the positive edge of the machine clock. The system task
$random is used in the test bench to randomly select a value for x| or x; from the val-
ues of 0 and 1, because some state transitions are independent of the values for x| or
X, . For example, the transition from state a to state b does not depend on the value of
X, ; the transition from states c or d to state e are independent of assertion or deassertion
of x| orx,.

The outputs are shown in Figure 3.81 and the waveforms are shown in Figure
3.82. The waveforms show the various states through which the machine sequences
and shows the asserted outputs in their respective states. The outputs are asserted for
for the entire state time; that is, Ttlizt}
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X1
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011
X2 X2
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Figure 3.78  State diagram for the Moore machine of Example 3.17.

//behavioral moore ssm
module moore ssm23 (rst n, clk, x1, x2, y, zl, z2, z3);

input rst n, clk, x1, x2;
output [1:3] vy;
output z1, z2, z3;

reg [1:3] y, next state;
wire z1, z2, z3;

//assign state codes
parameter state_a = 3'b000,

state b = 3'b011,
state ¢ = 3'bl01,
state d = 3'bl10,
state e = 3'b100;

//continued on next page

Figure 3.79  Design module for the Moore machine of Example 3.17.
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//set next state
always @ (posedge clk)

//determine the next state
always @ (x1 or x2 or vy)

begin
case (y)
state a:
if (x1==0)
next state = state a;
else
next state = state b;
state b:
if (x2==0)
next state = state d;
else
next state = state c;
state c: next state = state e;
state d: next state = state e;

state e: next state state ay
default: next state = state a;
endcase
end
endmodule

begin
if (~rst n)
y <= state_ a;
else
y <= next state;
end
assign z1 = (~y[1] & ~y[2] & ~y[3]), //define outputs
z2 = (y[1l] & ~y[2] & y[3]),
z3 = (y[1] & y[2] & ~y[3]);

Figure 3.79  (Continued)

//test bench for moore ssm
module moore ssm23 tb;

reg rst n, clk, x1, x2;
wire [1:3] vy;
wire z1, z2, z3; //continued on next page

Figure 3.80 Test bench for the Moore machine of Example 3.17.
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//display variables

@ (posedge clk)

x1 = $random;
@ (posedge clk)

x1 = $random;
@ (posedge clk)

x1l = 1'bl;
@ (posedge clk)

x1 = $random;
@ (posedge clk)

x1 = $random;
@ (posedge clk)

//continued on next page

X2

X2

X2

X2

X2

initial
Smonitor ("x1 x2 = %b, state = %b, =zl z2 z3
{x1, %2}, vy, {z1l, z2, z3});
//define clock
initial
begin
clk = 1'b0;
forever
#10 clk = ~clk;
end
//define input sequence
initial
begin
#0 rst n = 1'b0;
x1l = 1'b0;
x2 = 1'b0;
#5 rst n = 1'bl;
x1l = 1'b0; x2 = $random;
@ (posedge clk) //go to state a
xl = 1'bl; x2 = $random;
@ (posedge clk) //go to state b
x1 = $random; x2 = 1'b0;

//go to state d

Srandom;
//go to state e
= $random;
//go to state_a

Srandom;
//go to state b

1'bl;
//go to state c

Srandom;
//go to state e

= %b",

(000) ;

(011)

(110);

(100)

(000);

(011)

(101);

(100)

assert

assert

assert

assert

z1

z3

z1

z2

Figure 3.80 (Continued)
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x1 = $random; x2 = $random;
@ (posedge clk) //go to state a (000); assert zl
x1l = 1'b0; x2 = $random;
@ (posedge clk) //go to state_a (000); assert zl

#10 $stop;

end

//instantiate the module into the test bench
moore ssm23 instl (

.rst n(rst n),

.clk(clk),

x1(x1),

X2 (x2),

-y (),

.z1(z1),

z2(z2),

.z3(z3)
) ;

endmodule

Figure 3.80 (Continued)

x1l x2 = 00, state = xxx, zl z2 z3 = xxX
x1l x2 = 11, state = 000, zl z2 z3 = 100
x1l x2 = 10, state = 011, =zl z2 z3 = 000
x1l x2 = 11, state = 110, =zl z2 z3 = 001
x1l x2 = 11, state = 100, zl z2 z3 = 000
x1l x2 = 10, state = 000, zl z2 z3 = 100
x1l x2 = 11, state = 011, zl z2 z3 = 000
x1l x2 = 10, state = 101, z1l z2 z3 = 010
x]1l x2 = 11, state = 100, zl1l z2 z3 = 000
x1l x2 = 00, state = 000, zl z2 z3 = 100

Figure 3.81  Outputs for the Moore machine of Example 3.17.
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2 Silos - C:Werilog\moore_ssm23\moore_ssm23.5pj
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Figure 3.82  Waveforms for the Moore machine of Example 3.17.

3.4.9 Loop Statements

There are four types of loop statements in Verilog: for, while, repeat, and forever.
Loop statements must be placed within an initial or an always block and may contain
delay controls. The loop constructs allow for repeated execution of procedural state-

ments within an initial or an always block.

For loop The for loop was presented in the test benches of previous examples;
therefore, no Verilog code will be shown here. A brief review, however, will be given.

The for loop contains three parts:

1.

An initial condition to assign a value to a register control variable. This is ex-
ecuted once at the beginning of the loop to initialize a register variable that
controls the loop.

A test condition to determine when the loop terminates. This is an expression
that is executed before the procedural statements of the loop to determine if
the loop should execute. The loop is repeated as long as the expression is true.
If the expression is false, the loop terminates and the activity flow proceeds to
the next statement in the module.

An assignment to modify the control variable, usually an increment or a dec-
rement. This assignment is executed after each execution of the loop and be-
fore the next test to terminate the loop.
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The for loop is generally used when there is a known beginning and an end to a
loop. The for loop is similar in function to the for loop in the C programming lan-

guage.

While loop The while loop executes a procedural statement or a block of proce-
dural statements as long as a Boolean expression returns a value of true. When the pro-
cedural statements are executed, the Boolean expression is reevaluated. The loop is
executed until the expression returns a value of false. If the evaluation of the expres-
sion is false, then the while loop is terminated and control is passed to the next state-
ment in the module. If the expression is false before the loop is initially entered, then
the while loop is not executed.

The Boolean expression may contain any of the following types: arithmetic, log-
ical, relational, equality, bitwise, reduction, shift, concatenation, replication, or con-
ditional. If the while loop contains multiple procedural statements, then they are
delimited by the keywords begin . . . end. The syntax for a while statement is as fol-
lows:

while (expression)
procedural statement or block of procedural statements

Example 3.18 This example demonstrates the use of the while construct to deter-
mine the numerical value of an 8-bit register 7eg_a. The module is shown in Figure
3.83. The variable value is declared as type integer and is used to obtain the cumu-
lative value. The first begin keyword must have a name associated with the keyword
because this declaration is allowed only with named blocks.

The register is initialized to a value of 27 (§'b0001_1011). Alternatively, the reg-
ister can be loaded from any other register. If reg a contains a 1 bit in any bit position,
then the while loop is executed, because the register has a nonzero value. Ifreg a con-
tains all zeroes, then the while loop is terminated. Aslongasreg a > 0, the while loop
executes. If a value of 1 (true) is returned — indicating that register a is nonzero —
value is incremented by one and the value of the register is decreased by one.

The $display system task then displays the value of the register based upon the po-
sition of the 1s in the register. The value of reg a is shown in Figure 3.84.

Repeat loop The repeat loop executes a procedural statement or a block of pro-
cedural statements a specified number of times. The repeat construct can contain a
constant, an expression, a variable, or a signed value. The syntax for the repeat loop
is as follows:

repeat (loop count expression)
procedural statement or block of procedural statements

If the loop count is x (unknown value) or z (high impedance), then the loop count

is treated as zero. The value of the loop count expression is evaluated once at the be-
ginning of the loop.
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//example of a while loop
//determine the value of a register
module reg value;

integer value;

initial

begin: determine value
reg [7:0] reg a;
value = 0;
reg a 8'b0001_1011;

while (reg a > 0)

begin
value = value + 1;
reg a = reg a - 1;
$display ("value = %d", value);
end
end
endmodule

Figure 3.83  Module to illustrate the use of the while construct.

value = 1 value = 10 value = 19
value = 2 value = 11 value = 20
value = 3 value = 12 value = 21
value = 4 value = 13 value = 22
value = 5 value = 14 value = 23
value = 6 value = 15 value = 24
value = 7 value = 16 value = 25
value = 8 value = 17 value = 26
value = 9 value = 18 value = 27

Figure 3.84 Outputs for the module of Figure 3.83 that determines the value of a
register using the while loop.

Example 3.19 An example of the repeat loop is shown Figure 3.85, in which two 8-
bit registers are added to yield a sum of eight bits. Register reg a is initialized to a
value of eight; reg b is initialized to a value of two. The add operation is repeated
eight times and register b is incremented by one after each add operation. The outputs
are shown in Figure 3.86.
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//example of the repeat keyword
module add regs repeat;

reg [7:0] reg a, reg b, sum;

initial

begin
reg a 8'b0000_1000;
reg b = 8'b0000_0010;

repeat (8)

begin
sum = reg a + reg b;
$display ("reg a=%b, reg b=%b, sum=%b",

reg _a, reg b, sum);

reg b = reg b + 1;

end

end

endmodule

Figure 3.85  Module to illustrate the use of the repeat construct.

reg a=00001000, reg b=00000010, sum=00001010
reg a=00001000, reg b=00000011, sum=00001011
reg a=00001000, reg b=00000100, sum=00001100
reg a=00001000, reg b=00000101, sum=00001101
reg a=00001000, reg b=00000110, sum=00001110
reg a=00001000, reg b=00000111, sum=00001111
reg a=00001000, reg b=00001000, sum=00010000
reg a=00001000, reg b=00001001, sum=00010001

Figure 3.86  Outputs for the module of Figure 3.85 that adds two 8-bit registers
using the repeat loop.

Forever loop The forever loop was presented in the test benches of previous ex-
amples to generate a series of clock pulses; therefore, no Verilog code will be shown
here. A brief review, however, will be given. The forever loop executes the proce-
dural statement continuously until the system tasks $finish or $stop are encountered.
It can also be terminated by the disable statement.

The disable statement is a procedural statement; therefore, it must be used within
an initial or an always block. Itis used to prematurely terminate a block of procedural
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statements or a system task. When a disable statement is executed, control is
transferred to the statement immediately following the procedural block or task.

The forever loop is similar to a while loop in which the expression always eval-
uates to true (1). A timing control must be used with the forever loop; otherwise, the
simulator would execute the procedural statement continuously without advancing the
simulation time. The syntax of the forever loop is as follows:

forever
procedural statement

The forever statement is typically used for clock generation together with the sys-
tem task $finish. The variable c/k will toggle every » time units for a period of 2x time
units. The length of simulation is determined by the timing control system task $fin-
ish.

3.5 Structural Modeling

Structural modeling consists of instantiation of one or more of the following design
objects:

*  Built-in primitives
*  User-defined primitives (UDPs)
*  Design modules

Instantiation means to use one or more lower-level modules — including logic prim-
itives — that are interconnected in the construction of a higher-level structural mod-
ule. A module can be a logic gate, an adder, a multiplexer, a counter, or some other
logical function. The objects that are instantiated are called instances. Structural
modeling is described by the interconnection of these lower-level logic primitives or
modules. The interconnections are made by wires that connect primitive terminals or
module ports.

3.5.1 Module Instantiation

Design modules were instantiated into every test bench module in previous examples.
The ports of the design module were instantiated by name and connected to the cor-
responding net names of the test bench. Each named instantiation was of the form

.design_module_port name (test_bench_module net_name)

Design module ports can be instantiated by name explicitly or by position. In-
stantiation by position is not recommended when a large number of ports are involved.
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Instantiation by name precludes the possibility of making errors in the instantiation
process. Modules cannot be nested, but they can be instantiated into other modules.

Structural modeling is analogous to placing the instances on a logic diagram and
then connecting them by wires. When instantiating built-in primitives, an instance
name is optional; however, when instantiating a module, an instance name must be
used. Instances that are instantiated into a structural module are connected by nets of
type wire.

A structural module may contain behavioral statements (always), continuous as-
signment statements (assign), built-in primitives (and, or, nand, nor, etc.), UDPs
(mux4, half adder, adder4, etc.), design modules, or any combination of these ob-
jects. Design modules can be instantiated into a higher-level structural module in or-
der to achieve a hierarchical design.

Each module in Verilog is either a top-level (higher-level) module or an instanti-
ated module. There is only one top-level module and it is not instantiated anywhere
else in the design project. Instantiated primitives or modules, however, can be instan-
tiated many times into a top-level module and each instance of a module is unique and
has a unique instance name.

3.5.2 Design Examples

Examples will now be presented that illustrate the structural modeling technique.
These examples include a logic circuit to determine if a binary number is within a pre-
scribed range, a modulo-10 counter, and a Moore synchronous sequential machine.
Each example will be completely designed in detail and will include appropriate the-
ory where applicable.

Example 3.20 A circuit will be designed using structural modeling to determine if a
4-bit number z; satisfies the following criteria:

2<21S6
10<z <15

The Karnaugh map is shown in Figure 3.87 and the equations for z| are shown in
Equation 3.7 in both a sum-of-products form and a product-of-sums form. The circuit
will be implemented in both forms for comparison. The logic diagram for the sum-of-
products design is shown in Figure 3.88. The following logic gates will be designed
using dataflow modeling, then instantiated into the structural module: and? df,
and3_df, and or4_df. The dataflow modules for the three gates are shown in Figure
3.89, Figure 3.90, and Figure 3.91. The structural design module for the sum-of-prod-
ucts form is shown in Figure 3.92 and the test bench is shown in Figure 3.93. The out-
puts are shown in Figure 3.94.
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Figure 3.87  Karnaugh map for Example 3.20.
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Figure 3.88  Logic diagram for the sum-of-products form for Example 3.20.
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//dataflow 2-input and gate

module and2 df (x1, x2, zl);

input x1, x2; //1list inputs and output

output z1;

wire x1, x2; //define signals as wire for dataflow
wire z1;

assign z1 = x1 & x2; //continuous assign for dataflow
endmodule

Figure 3.89  Dataflow module for a 2-input AND gate.

//dataflow 3-input and gate

module and3 df (x1, x2, x3, zl);

input x1, x2, x3; //1list inputs and output

output z1;

wire x1, x2, x3; //define signals as wire for dataflow
wire z1;

assign z1 = x1 & x2 & x3;//continuous assign for dataflow
endmodule

Figure 3.90  Dataflow module for a 3-input AND gate.

//ord4 dataflow
module or4 df (x1, x2, x3, x4, zl);

input x1, x2, x3, x4;
output z1;

wire x1, x2, x3, x4;
wire z1;

assign z1 = x1 | x2 | x3 | x4;

endmodule

Figure 3.91  Dataflow module for a 4-input OR gate.
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//structural sum of products 2 < zl <= 6; 10 <= z1 < 15
module sop struc2 (x1, x2, x3, x4, zl);

input x1, x2, x3, x4;
output z1;

wire x1, x2, x3, x4;
wire z1;

//define internal wires
wire netl, net2, net3, net4;

//instantiate the logic
and2 df instl (
1(x2),
2 (~x3),
.z1 (netl)
) ;

and2_df inst2 (
1(x2),
.x2 (~x4),
1 (net2)
) ;

and3_df inst3 (

Xl(xl)
(~X2
3(x
(net3
),

and3_df inst4 (

x1(~x2),
2(x3),
3(x4),
1(net4)
) ;

or4 df instb5 (
1(netl),
2 (net2),
3 (net3),
4 (netd)
1(z1)

4

) ;
endmodule

Figure 3.92  Structural sum-of-products module for Example 3.20.
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In the structural module of Figure 3.92, instance inst/ instantiates a 2-input AND
gate labeled and2_df. Input x| of the AND gate, indicated by (.x) connects to vari-
able +x, indicated by (x,) in the structural module. Input x, of the AND gate indi-
cated by (.xp) connects to variable —x3 indicated by (~x3) of the structural module.
There is a one-to-one correspondence between the AND gate represented by instanti-
ation inst! of the logic diagram and the AND gate represented by instantiation inst/ in
the structural module.

//test bench for sop struc?2
module sop struc2 tb;

//define inputs and output
reg x1, x2, x3, x4;
wire z1;

//apply input vectors and display variables
initial
begin: apply stimulus
reg [4:0] invect;
for (invect = 0; invect < 16; invect = invect + 1)
begin
{x1, x2, x3, x4} = invect [4:0];
#10 $display ("x1 x2 x3 x4 = %$b, z1 = %b",
{x1, x2, x3, x4}, zl);
end
end

//instantiate the module into the test bench
sop_struc2 instl (
.x1(x1),

endmodule

Figure 3.93 Test bench for the structural module of Figure 3.92 for Example 3.20.
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x1 x2 x3 x4 = 0001, z1
x1 x2 x3 x4 = 0010, z1
x1 x2 x3 x4 = 0011, z1
x1 x2 x3 x4 = 0100, z1
x1 x2 x3 x4 = 0101, z1
x1 x2 x3 x4 = 0110, z1

x1 x2 x3 x4 = 0000, zl =

x1 x2 x3 x4 = 0111, z1 =

x1
x1
x1
x1
x1
x1
x1
x1

oOrRr P RFE P OOO

X2 x3 x4 =
X2 x3 x4 =
X2 x3 x4 =
X2 x3 x4 =
X2 x3 x4 =
X2 x3 x4 =
X2 x3 x4 =
X2 x3 x4 =

1000,
1001,
1010,
1011,
1100,
1101,
1110,
1111,

z1
z1
z1
z1
z1
z1
z1
z1

I
oORr PR PP OO

Figure 3.94  Outputs for the structural module of Figure 3.92 for Example 3.20.

The logic diagram for the product-of-sums design is shown in Figure 3.95. The
following logic gates will be designed using dataflow modeling, then instantiated into
the structural module: nor2 df'and nor3_df. The dataflow modules for the two gates
are shown in Figure 3.96 and Figure 3.97. The structural design module for the prod-
uct-of-sums form is shown in Figure 3.98 and the test bench is shown in Figure 3.99.

The outputs are shown in Figure 3.100.

+x;
+x3 Jinst1 netl
X,

. 12 —
X3 Jinst2yo—1€ Qinst4
Xy ) — g >

+xq linst3 O net3
+X4

Figure 3.95  Logic diagram for the product-of-sums form for Example 3.20.

+zl

module nor2 df (x1, x2,

input x1, x2;
output z1;

wire x1, x2;
wire z1;

assign z1 = ~(x1 | x2);
endmodule

//dataflow 2-input nor gate

zl);

Figure 3.96  Dataflow module for a 2-input NOR gate.
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//dataflow 3-input nor gate
module nor3 df (x1, x2, x3, zl);

input x1, x2, x3;
output z1;

wire x1, x2;
wire z1;

assign z1 = ~(x1 | x2 | x3);
endmodule

Figure 3.97  Dataflow module for a 3-input NOR gate.

module pos struc2 (x1, x2, x3, x4, zl);

input x1, x2, x3, x4;
output z1;

//define internal nets
wire netl, net2, net3;

//instantiate the logic gates
nor2 df instl (

.x1(x2),

.x2(x3),

.zl (netl)

) ;

nor3 df inst2 (

.x1(~x2),
x2 (~x3),
.x3(~x4),
z1l (net?2)

)7

nor3 df inst3 (
.x1(x2),

),

),

net3)

x2 (x1
.x3 (x4
z1(

) ;

//continued on next page

//structural product of sums 2 < zl <= 6; 10 <= zl1 < 15

Figure 3.98 Structural product-of-sums module for Example 3.20.
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nor3 df inst4 (
.x1 (netl),
x2 (net2),
.x3 (net3),
z1(z1l)
) ;

endmodule

Figure 3.98 (Continued)

//test bench for sop struc2
module pos struc2 tb;

//define inputs and output
reg x1, x2, x3, x4;
wire z1;

//apply input vectors and display variables
initial
begin: apply stimulus

reg [4:0] invect;

for (invect = 0; invect < 16; invect = invect + 1)
begin
{x1, x2, x3, x4} = invect [4:0];

#10 $display ("x1 x2 x3 x4 = %b, z1 = %b",
{x1, x2, x3, x4}, z1);
end
end

//instantiate the module into the test bench

pos_struc2 instl (
.x1(x1),

endmodule

Figure 3.99  Test bench for the structural module of Figure 3.98 for Example 3.20.
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x1l x2 x3 x4 = 0000, zl =
x1l x2 x3 x4 = 0001, =zl =
x1l x2 x3 x4 = 0010, zl1l =
x1l x2 x3 x4 = 0011, zl1 =
x1l x2 x3 x4 = 0100, zl1l =
x1l x2 x3 x4 = 0101, zl1 =
x1l x2 x3 x4 = 0110, zl1 =
x1l x2 x3 x4 = 0111, z1 =

x1 x2 x3 x4 = 1000, zl1 =
x1 x2 x3 x4 = 1001, zl1 =
x1 x2 x3 x4 = 1010, z1 =
x1 x2 x3 x4 = 1011, z1 =
x1 x2 x3 x4 = 1100, zl1 =
x1 x2 x3 x4 = 1101, z1 =
x1 x2 x3 x4 = 1110, z1 =
x1l x2 x3 x4 = 1111, z1 =

O RFP R REPOOO
O R PR EFE OO

Figure 3.100  Outputs for the structural module of Figure 3.98 for Example 3.20.

Example 3.21 A counter will be designed with D flip-flops using structural model-
ing that counts in the sequence shown in Table 3.2, where y, is the low-order bit. The
following modules will be designed for instantiation into the structural module: a data-
flow 4-input OR gate or4_df, a dataflow 2-input exclusive-OR circuit xor2_df; and a
behavioral positive-edge-triggered D flip-flop d_ff bh.

Table 3.2 Counting Sequence
for the Counter of Example 3.21

=
<
[\S)
<
(9%)
<
EN

[ e i e R el e e i e i e R e i - )
S = = O O = = O =0 O == O O O
SO = O = O = O == O = O = O = O O

O OO O OO OO O, m,m,Em, R R EmE =D
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The Karnaugh maps are shown in Figure 3.101 and the equations for the D flip-
flops are shown in Equation 3.8. The logic diagram is shown in Figure 3.102 indicat-
ing the instantiation names for the logic functions and the net names for the intercon-
necting wires. The dataflow modules for the 4-input OR gate and the 2-input
exclusive-OR circuit are shown in Figure 3.103 and Figure 3.104, respectively. The
behavioral module for the positive-edge-triggered D flip-flop is shown in Figure

3.105.
Y34 Y3Va

Y12 00 01 11 10 Y1 00 01 11 10
0 1 3 2 0 1 3 2

00| O 0 0 0 00| O 0 1 1
4 5 7 6 4 5 7 6

01| O 0 1 1 01 1 1 0 0
12 13 15 14 12 13 15 14

11 1 1 0 0 11 1 1 0 0
8 9 11 10 8 9 11 10

10| 1 1 1 1 101 0 0 1 1

Dyl Dyz
V3V4 ViVa

Y12 00 01 11 10 V12 00 01 11 10
0 1 3 2 0 1 3 2

00| O 1 0 0 00| 1 1 1 0
4 5 7 6 4 5 7 6

01 1 1 0 0 01| O 1 1 0
12 13 15 14 12 13 15 14

11 1 1 1 0 111 0 1 0 0
8 9 11 10 8 9 11 10

10| 1 1 0 0 101 0O 1 1 0

Dys Dy,

Figure 3.101 Karnaugh maps for the counter of Example 3.21.

The structural module for the counter is shown in Figure 3.106, in which the
instantiation names and the net names correspond directly with those in the logic dia-
gram. The test bench is shown in Figure 3.107. The counting sequence is displayed by
the $Smonitor system task which continuously monitors the values of the variables
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specified in the parameter list — in this case, the values of the counter flip-flops. The
forever statement generates clock pulses with a period of 24 time units. The length of
simulation is determined by the system task $stop, which occurs after 370 time units.

The outputs are shown in Figure 3.108 which display the counting sequence in
binary. The waveforms are shown in Figure 3.109 which shows the counting sequence
in hexadecimal notation.

Dy1=y1y3' +y132' T y1'van3
Dy, =yy3"+32'v3 =y2 ® 3
Dy3=yoy3"t 133"t ¥3'va t y1y204

Dys=y3'yaty1'va+32'v4+y1'v2'v3' (3.8)
+clock
1 nst] netl
7y3 1ns: y
1
N\ net2 ¢——\ .\ net4 T
> inst2 inst4 D M1
y —/ ’—L/ inst5 5
| 3 o N
R inst3 )}t
5 nst3 J Q| rst
2
]) inst6 > net6 D )
/ inst7
© 2
o rst
)3
. net8
@i)instll netll} | I 73
9 inst12
.\ net O -3
1Yy inst9 ) oQyrst
inst10 netl0
Y4
) netl3
m“”)ﬂinstm netl6 D V4
inst17
] netl4 o V4
inst14 6Ol rst
i 1\5 netl5
mstlS )
—reset

Figure 3.102 Logic diagram for the counter of Example 3.21.
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//dataflow ord
module or4 df (x1, x2, x3, x4, zl);

input x1, x2, x3, x4;
output z1;

wire x1, x2, x3, x4;
wire z1;

assign z1 = x1 | x2 | x3 | x4;
endmodule

Figure 3.103 Dataflow module for a 4-input OR gate.

//dataflow xor2 df
module xor2 df (x1, x2, zl);

input x1, x2;
output z1;

wire x1, x2;
wire z1;

A

assign z1 = x1 x2;

endmodule

Figure 3.104 Dataflow module for a 2-input exclusive-OR circuit.

//behavioral D flip-flop
module d ff bh (rst n, clk, d, g, g n);

input rst n, clk, d;
output g, g n;

wire rst n, clk, d;
reg g;

assign g n = ~qg;

always @ (rst n or posedge clk)

begin
if (rst n == 0)
g <= 1'b0;
else g <= d;
end
endmodule

Figure 3.105 Behavioral module for a positive-edge-triggered D flip-flop.
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//structural odd even counter
module ctr odd evn2 (rst n, clk, y);

input rst n, clk;
output [1:4] y;

wire rst n, clk;
wire [1:4] vy;

//define internal wires

wire netl, net2, net3, netd4, neto,
net8, net9, netl0, netll,
netl3, netld4, netl5, netl6;

//instantiate the logic for flip-flop yI[1]
and2_df instl (

-x1(y[1]),

-x2(~yI[3]),

.zl (netl)

) i

and2_df inst2 (
-x1(y[11),
.x2(~yl[2]),
.z1 (net?2)
) ;

and3_df inst3 (
-x1(~y[11),
x2(y[21),
-x3(y[31),
z1 (net3)
);

or3 df instéd (
x1 (netl),
.X2 (net2),
x3 (net3),
z1l (netd)
);

d ff bh inst5 (
.rst n(rst n),
.clk(clk),
.d(netd),
-a(y[1])
) ; //continued on next page

Figure 3.106  Structural module for the counter of Example 3.21.
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//instantiate the logic for flip-flop yI[2]
xor2 df inst6 (
1(yl2]),
2(y[31),
1 (neto6)
)i

d ff bh inst7 (
.rst n(rst n),
.clk(clk),
.d(neto),
a(yl2])

) ;

//instantiate the logic for flip-flop yI[3]
and2 df inst8 (
1(yl[2]),
-x2(~y[3]1),
.zl (net8)
) ;

and2 df inst9 (
xl y[31)
y[4])
.zl(net9)
) ;

and3 df instl0 (

Xl(y[l]),
2(yl2])
3(y[4])
(neth
),

ord4 df instll (
1(netl)

2 (net8)

3 (net9)
(neth ,
1(netll)
),

d ff bh instl2 (
.rst n(rst n),
.clk(clk),
.d(netll),

-a(y[31)
) ; //continued on next page

Figure 3.106 (Continued)
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//instantiate the logic for flip-flop yI[4]
and2 df instl3 (

-x1(~yI[11),

-x2(yl41),

.zl (netl3)

)

and2_df instld (
-x1(~y[2]),
-x2(y[41),
.zl (netl4)
)7

and3_df instl5 (

-x1(~yI[1]),
x2(~yl[2]),
-x3(~yI[3]),
z1 (netlb)

)7

ord4 df instlé6 (
x1 (net9),
X2 (netl3),
.x3 (netl4d),
x4 (netlb)
z1l (netl6)

)7

d ff bh instl7 (
.rst n(rst n),
.clk(clk),
.d(netlo),
-q(yl47])

)
endmodule

Figure 3.106 (Continued)

//test bench for odd even counter
module ctr odd evn2 tb;

reg rst n, clk;
wire [1:4] vy;
//continued on next page

Figure 3.107 Test bench for the counter of Figure 3.106.
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//display count
initial
$monitor ("count = %b", vy);

//generate reset

initial
begin

#0 rst n = 1'b0;

#2 rst n = 1'bl;
end
//generate clock
initial
begin

clk = 1'b0;

forever

#12 clk = ~clk;

end

//determine length of simulation
initial
#370 $stop;

//instantiate the module into the test bench
ctr odd evn2 instl (

.rst n(rst n),

.clk(clk),

-y (y)

)

endmodule

Figure 3.107 (Continued)

count = 0000 count = 0010
count = 0001 count = 0100
count = 0011 count = 0110
count = 0101 count = 1000
count = 0111 count = 1010
count = 1001 count = 1100
count = 1011 count = 1110
count = 1101 count = 0000
count = 1111

Figure 3.108 Outputs for the structural module counter of Figure 3.106.
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2 Silos - C:Werilog\ctr_odd_evn2\ctr_odd_evn2.spj
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Figure 3.109 Waveforms for the structural module counter of Figure 3.106.

Example 3.22 Using structural modeling, a Moore synchronous sequential machine
will be designed that receives 3-bit words x1, x;, and x3 on a parallel input bus, where
input x3 is the low-order bit. There are five outputs z|, z5, z3, z4, and z5, where the
subscripts indicate the decimal value of the corresponding unsigned binary input
word. The outputs are asserted at time #, and deasserted at time #3. The machine will
be designed using positive-edge-triggered D flip-flops and additional AND gates and
OR gates. The state diagram is shown in Figure 3.110.

The Karnaugh maps for the D flip-flops are shown in Figure 3.111 and the equa-
tions for the D inputs are shown in Equation 3.9. The logic diagram is shown in Figure
3.112 indicating the instantiation names and the net names which correspond to the
instantiation names and net names in the structural module.

Y123
000
@
x1'xp' X3 x1'xp X3! x1'xp X3 X1 x3' x1x5'x3
Y001 Y010 Y 011 Y100 Y101
b c d e f
Zl 22 Z3 Z4 25
] ] ] ]

Figure 3.110  State diagram for the Moore machine of Example 3.22.
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Y1

Y1

1

Figure 3.111

Introduction to Verilog HDL

Y23
00 01 11 10
0 1
xle' 0 0 0
4 5
0 0 - -
Dy,
Y23
00 01 11 10
0 1
xl'xz 0 0 0
4 5
0 0 - -
Dy,
)3
00 01 11 10
0 1
)C3()C1‘ + )C2‘ ) 0 0 0
4 5
0 0 - -
Dy;

Dy =y1'y'y3'x1x7'

Dy, =y1'v2'y3'x1'x9

Dy3=y1'y2'v3'x1'x3 +31'y2'v3' x5 x3
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+clock
N1 Y1
2 B —
-3 instl) netl D 1
+x 1 I inst2
X2 B ¢ O N1
—Orst
2
—x; inst3> net3 D En)
i ] inst4
X2 O )
o—Qyrst
.o\ netS
+x3 mstSJ V3
inst7 )27 D +y3
inst8
inst6\ net6 —
> ) O V3
o—Q\rst
—reset
+
1
—clock

Figure 3.112  Logic diagram for the Moore machine of Example 3.22.

The structural module for this Moore machine is shown in Figure 3.113. The test
bench, shown in Figure 3.114, sequences the machine through all of the states in the
state diagram. The system task $random generates a random value for the inputs
where appropriate, because the value is irrelevant. This occurs for a transition from
states b, c, d, e, or f to state a.
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The outputs are shown in Figure 3.115 and the waveforms are shown in Figure
3.116, which gives a clear indication of the state transition sequences and the associ-
ated outputs. As can be seen, the outputs are asserted during the last half of the clock
period.

//structural moore ssm
module moore ssm22 (rst n, clk, x1, x2, x3, vy,
zl, z2, z3, z4, z5);

//define inputs and outputs
input rst n, clk, x1, x2, x3;
output [1:3] y;

output z1, z2, z3, z4, z5;

//define internal wires
wire netl, net3, netb, net6, net7;

//instantiate the logic for flip-flop yI[1]
and5 _df instl (

-x1(~yI[11),
x2(~y[2]),
x3(~y[31),
x4 (x1),
x5 (~x2),
z1 (netl)

d ff bh inst2 (
.rst n(rst n),
.clk(clk),
.d(netl),
-a(y[1])

)

//instantiate the logic for flip-flop yI[2]
and5 df inst3 (

-x1(~yI[1]),
x2(~y[2]),
x3(~y[31),
x4 (~x1),
x5 (x2),
z1l (net3)
)

//continued on next page

Figure 3.113  Structural module for the Moore machine of Example 3.22.
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d ff bh inst4 (
.rst n(rst n),
.clk(clk),
.d(net3),
-q(yl2])

)

//instantiate the logic for flip-flop yI[3]
and5 _df inst5 (
-Xl( yI1ll),
vi21),
[ 1)

),

2 (~
3(~
4(~
(x
1 (netb)

),

and5 df inst6 (
Xl( yI1ll),

2(~yl[21),

3(~yI[31),

4(~x2),

5(x3),

1 (neto6)

),

or2 df inst7 (
.x1 (netb),
.x2 (neto),
.zl (net7)
);

d ff bh inst8 (
.rst n(rst n),
.clk(clk),
.d(net7),
-q(y[3])

)

//instantiate the logic outputs zl, z2, z3, z4, and z5
and4 df inst9 (

-Xl( yI1l]l),
y([2])
) 14
)

2 (~
3(y[3]
4 (~clk),
1(z1)

), //continued on next page

Figure 3.113  (Continued)
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and4 df instl0 (
-Xl( y[i11),
2(yl21),
3(~yI[31),
4 (~clk),
.z1(z2)

);
and4 _df instll (
-x1(~yI[11),
(y[2]
x3(y[3]
4 (~clk

1(z3)
)

)y
)y
)

4

and4 df instl2 (
-x1(y[1])

and4 df instl3 (
-Xl(Y[l]>,
vIi21),
)’
)’
Z

2 (~
3(y[3]
4 (~clk
1(z5)
),

endmodule

Figure 3.113 (Continued)

//test bench for moore ssm22
module moore ssm22 tb;

reg rst n, clk, x1, x2, x3;

wire [1:3] vy;
wire z1, z2, z3, z4, z5;

//continued on next page

Figure 3.114  Test bench for the Moore machine of Figure 3.113.
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//display inputs and outputs

initial

Smonitor ("x1 x2 x3 = %b, state = %b, =zl z2 z3 z4 z5 = %b",
{x1, x2, %3}, vy, {z1, z2, z3, z4, z5});

//define clock

initial
begin
clk = 1'b0;
forever
#10 clk = ~clk;
end

//define input sequence

initial
begin
#0 rst n = 1'b0; //reset to state a (000)
x1=1'b0; x2=1'b0; x3=1'bO;
#5 rst n = 1'bl;
x1=1"'b0; x2=1"'b0; x3=1"'bl;
@ (posedge clk) //go to state b (001); assert zl

x1=$random; x2=8random; x3=$random;

@ (posedge clk) //go to state_a (000)
x1=1"'b0; x2=1"b1l; x3=1"'b0;
@ (posedge clk) //go to state ¢ (010); assert z2

x1=$random; x2=8$random; x3=$random;

@ (posedge clk) //go to state a (000)
x1=1"'b0; x2=1"b1l; x3=1"'bl;
@ (posedge clk) //go to state d (011); assert z3

x1=$random; x2=8random; x3=$random;

@ (posedge clk) //go to state_a (000)
x1=1"bl; x2=1"'b0; x3=1"'b0;
@ (posedge clk) //go to state e (100); assert z4

xl=$random; x2=$random; x3=$random;

@ (posedge clk) //go to state_a (000)
x1=1"bl; x2=1"'b0; x3=1"'bl;
@ (posedge clk) //go to state f (101); assert z5

//continued on next page

Figure 3.114 (Continued)
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end

x1=$random;

@ (posedge clk)

#10

$stop;

.rst n(rst n),

x2=8random;

x3=$random;

//go to state a

(

(000)

//instantiate the module into the test bench
moore ssm22 instl

.clk(clk),

.x1(x1),

.x2(x2),

.x3(x3),

v(y),

z1(zl),

z2(z2),

z3(z3),

z4 (z4),

.z5(z5)

)
endmodule
Figure 3.114  (Continued)
x1 x2 x3 = 000, state = 000, zl z2 z3 z4 z5 = 00000
x1 x2 x3 = 001, state = 000, zl z2 z3 z4 z5 00000
x1l x2 x3 = 011, state = 001, zl1l z2 z3 z4 z5 00000
x1l x2 x3 = 011, state = 001, zl1 z2 z3 z4 z5 10000
x1l x2 x3 = 010, state = 000, zl z2 z3 z4 z5 00000
x1l x2 x3 = 111, state = 010, zl1 z2 z3 z4 z5 00000
x1l x2 x3 = 111, state = 010, zl1 z2 z3 z4 z5 01000
x1l x2 x3 = 011, state = 000, zl z2 z3 z4 z5 00000
x1 x2 x3 = 101, state = 011, zl1 z2 z3 z4 z5 00000
x1 x2 x3 = 101, state = 011, zl1 z2 z3 z4 z5 00100
x1l x2 x3 = 100, state = 000, zl z2 z3 z4 z5 00000
x]1l x2 x3 = 101, state = 100, zl1l z2 z3 z4 z5 00000
x1l x2 x3 = 101, state = 100, zl1l z2 z3 z4 z5 00010
x1l x2 x3 = 101, state = 000, zl z2 z3 z4 z5 00000
x1l x2 x3 = 101, state = 101, z1l z2 z3 z4 z5 00000
x1l x2 x3 = 101, state = 101, zl1 z2 z3 z4 z5 00001
x1l x2 x3 = 101, state = 000, =zl z2 z3 z4 z5 = 00000
Figure 3.115  Outputs for the Moore machine of Figure 3.113.
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2 Silos - C:Werilog\moore_ssm22\moore_ssm22.spj
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Figure 3.116 Waveforms for the Moore machine of Figure 3.113.

3.6 Problems

3.1

32

33

Given the equation shown below, obtain the minimized equation for z; in a
sum-of-products notation and implement the equation using NAND gate
built-in primitives. Then obtain the minimized equation for z; in a product-
of-sums notation and implement the equation using NAND gate built-in
primitives. Obtain the design module, the test bench module, and the out-
puts. Output z; is asserted high in both cases.

z1(x1, X0, x3,x4) =2,(1,4,7,9, 11, 13) + Z4(5, 14, 15)

Design the circuit for the equation shown below using built-in primitives. Ob-
tain the design module, the test bench module, and outputs.

zp = [rpxp +(rp @ xp)]x3
Minimize the following function using any minimization method, then use
only NAND gate and NOR gate built-in primitives to implement the func-

tion:

z1 =x1'xp T x3x4 + (x] T xp)" [x1x3x4 + (xx5)']
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The inputs and output are asserted high. Obtain the design module, the test
bench module using all five variables, and the outputs.

3.4 Obtain the minimized equation for a circuit that generates an output z; when-
ever a 4-bit unsigned binary number N meets the following requirements:

N is an even number or N is evenly divisible by three.

The format for Nis: N=n5 n, ny n(, where n is the low-order bit. Design the
necessary user-defined primitives that are required for the design. Obtain the
design module, the test bench module, and the outputs.

3.5 Obtain the equation for a logic circuit that will generate a logic 1 whenever a
4-bit unsigned binary number N satisfies the following criteria:

N =x1xpx3x4 (low order)
2<N<6
11 <N<14

Using NOR user-defined primitives, obtain the design module, test bench,
and the outputs. Output z; will be active high if the above conditions are met.

3.6 Use only user-defined primitives to design the Moore synchronous sequential
machine that operates according to the state diagram shown below. Use pos-
itive-edge-triggered D flip-flops and any additional logic functions. Obtain
the design module, the test bench module, the outputs, and the waveforms.

y1y2r3

Level 1: bit by

Level 2: bit by

Level 3: bit b3

Level 4: bit space
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3.9

3.10

3.11

3.12
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Design a circuit using dataflow modeling that generates an output whenever a
4-bit number z; = x| xpx3x4 has a value that is a power of two or a value that
is evenly divisible by three. Inputx, is the low-order variable. Obtain the de-
sign module using AND gates and OR gates, the test bench module, and the
outputs.

Design a dataflow module that will generate a logic 1 when two 4-bit unsigned
binary operands are unequal. The operands are: a = /3:0] and b = [3:0]; the
output is z;. Obtain the design module, the test bench module for 16 combi-
nations of the two operands, and the outputs.

Use dataflow modeling to design an 8-bit odd parity generator. Obtain the de-
sign module, the test bench module for 16 combinations of the input vector,
and the outputs.

Use behavioral modeling to design a circuit that has three 8-bit registers and
three 8-bit outputs zq, z», and z3. The outputs are defined as follows:

z| = register a added to register b
zp = register a ORed with register b
z3 = register a exclusive-ORed with register b

Use behavioral modeling to design a 4-bit counter whose counting sequence is
determined by a control input x| . If x; = 0, the counter counts up from 0000
to 1110 in increments of two; if x; = 1, the counter counts down from 1111 to
0000 in increments of one. Obtain the behavioral module, the test bench mod-
ule, the outputs, and the waveforms.

Use behavioral modeling to design a Mealy synchronous sequential machine
that operates according to the state diagram shown on the following page. The
outputs are asserted during the last half of the clock cycle. Obtain the behav-
ioral module, the test bench module, the outputs, and the waveforms.
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3.13 Using structural modeling, design a count-up modulo-10 counter with posi-
tive-edge-triggered D flip-flops. The logic gates are to be designed using
dataflow modeling; the D flip-flops are to be designed using behavioral mod-
eling.

Obtain the Karnaugh maps, the input equations, and the logic diagram.
Then obtain the design module, the test bench module, the outputs, and the
waveforms.

3.14 Use structural modeling to design a modulo-8 count-down counter with pos-
itive-edge-triggered JK flip-flops that were designed using behavioral mod-
eling. All logic gates are to be designed using dataflow modeling. The
counter is to be initialized to a count of y; y,y3 = 111, where y3 is the low-or-
der flip-flop.

Obtain the next-state table, the Karnaugh maps, the JK input equations,
and the logic diagram. Then design the structural design module, the test
bench module, the outputs, and the waveforms.

3.15 Use structural modeling to design a Mealy synchronous sequential machine
that generates an output z; whenever a serial input line x; contains a se-
quence of three consecutive 1s. Overlapping sequences are allowed.

Use JK flip-flops for the storage elements that were designed using
behavioral modeling. Use dataflow modeling for the logic gates. Generate
the state diagram, the JK input maps and equations, and the logic diagram.
Obtain the structural design module, the test bench module, the outputs, and
the waveforms.
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4.1 Ripple-Carry Addition

4.2 Carry Lookahead Addition
4.3 Carry-Save Addition

4.4 Memory-Based Addition
4.5 Carry-Select Addition

4.6 Serial Adder

4.7 Problems

Fixed-Point Addition

Fixed-point addition is undoubtedly the easiest arithmetic operation to implement in
any number representation. In fixed-point operations, the radix point is in a fixed loca-
tion in the operand. The radix point (or binary point for radix 2) is to the immediate
right of the low-order bit for integers, or to the immediate left of the high-order bit for
fractions. The operands in a computer can be expressed by any of the following num-
ber representations: unsigned, sign-magnitude, diminished-radix complement, or
radix complement.

Addition of two binary operands treats both signed and unsigned operands the
same — there is no distinction between the two types of numbers during the add oper-
ation. If the numbers are signed, then the sign bit can be extended to the left indefi-
nitely without changing the value of the number. An n-bit signed number 4 is shown
in Equation 4.1, where the leftmost digit a,,_; is the sign bit. The sign bit for any radix
is 0 for positive numbers and » —1 for negative numbers, as shown in Equation 4.2.

A= a, 14y ...4ay1dy (41)

0 for4>0
4= { or

r—1 for4 <0 4.2)
183
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184 Chapter 4 Fixed-Point Addition

The operands for addition are the augend and the addend, where the addend is
added to the augend and the sum replaces the augend in most computers — the addend
is unchanged. The rules for radix 2 addition are shown in Table 4.1. An example of
binary addition is shown in Figure 4.1.

The sum of column 1 is 2 (10,); therefore, the sum is 0 with a carry of 1 to col-
umn 2. The sum of column 2 is 44 (100, ); therefore, the sum is 0 with a carry of 0 to
column 3 and a carry of 1 to column 4. The sum of column 3 is 4, (100, ); therefore,
the sum is 0 with a carry of 0 to column 4 and a carry of 1 to column 5. The sum of col-
umn 4 is 2 (10,); therefore, the sum is 0 with a carry of 1 to column 5. The sum of
column 5 is 2 (10, ); therefore, the sum is 0 with a carry to column 6. The unsigned val-
ues of the binary operands are shown in the rightmost column together with the result-
ing sum.

Table 4.1 Rules for

Binary Addition
+ 0 1
1
1 1 0!

(1) 1+ 1 =0 with a carry to the next higher-order column.

Column 6 5 4 3 2 1 Radix 10 values
0 1 1 0 6
0 1 0 1 5
1 1 1 1 15
1) 11 010 1o 1 0 6
1 0 0 0 0 0 32

Figure 4.1 Example of binary addition.

4.1 Ripple-Carry Addition

A ripple-carry adder is not considered a high-speed adder, but requires less logic than
a high-speed adder using the carry lookahead technique. An n-stage ripple adder
requires # full adders. A full adder can be implemented using two half adders. A half
adder is a combinational circuit that adds two operand bits and produces two outputs:
sum and carry-out. A full adder is a combinational circuit that adds two operand bits
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plus a carry-in bit. The carry-in bit represents the carry-out of the previous lower-
order stage. A full adder produces two outputs: sum and carry-out.

The truth tables for a half adder and full adder are shown in Table 4.2 and Table
4.3, respectively. The corresponding equations for the sum and carry-out are listed in
Equation 4.3 and Equation 4.4 and are obtained directly from the truth tables. The
logic diagram for a half adder is shown in Figure 4.2 and for a full adder in Figure 4.3
using two halfadders. A higher speed full adder can be realized if the sum-of-products
expression is utilized, providing only two gate delays.

Table 4.2 Truth Table for Table 4.3 Truth Table for
a Half Adder a Full Adder
a; b cout; sum; a; b, cin,_; cout; sum;
0 0 0 0 0 0 0 0 0
0 1 0 1 0 0 1 0 1
1 0 0 1 0 1 0 0 1
1 1 1 0 0 1 1 1 0
1 0 0 0 1
1 0 1 1 0
1 1 0 1 0
1 1 1 1 1
sum; = ai'bi + aibi'
= a; @ bi
cout;= a;b; (4.3)
sum; = a;'b;cin; |+ a;b;cin; '+ a;b;'cin;_' + a;b;cin;_;

= al- (‘B bl (‘B Cl.nl;l
cout;= a;'b;cin;,_y + a;b;'cin;,_; + a;b;cin;_{' + a;b;cin;_;

= aibl‘ + (al' @ bi)cini_l (44)

From Table 4.3, the carry-out for the full adder, cout;, can also be written as a sum
of products

aibi + ai Cini—l + bl-cin,-_l
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+cout;

+ai [

Figure 4.2 Logic diagram for a half adder.

ai @ bi ai @ bi @ Cl'i’ll;l
Half adder l Half adder
+a; — ' LA |
+b,~ F?D : s : )) > : +suml.
: R I I (a; ® bycin;_y
I

______

+cin; L -

®7 +cout;
t

a;b; + a;cin;_; + b;cin;_4

Figure 4.3 Logic diagram for a full adder using two half adders.

The logic symbol for a full adder for any stage; is shown in Figure 4.4, where the
inputs are the augend a;, the addend b;, and the carry-in from the previous lower-order
stage cin;_. The outputs are the sum, sum;, and the carry-out, cout;. The logic dia-
gram for a 4-bit ripple adder is shown in Figure 4.5 in which the carries propagate (or
ripple) through the adder.

Figure 4.4 Logic symbol for a full adder.
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az by ay by ap b ag by
| y ) i
a; bi cini,l a; bi cini,l a; bi cini,l a; bi cini,l
FA; FA, FA, FA,
cout;  sum; cout; sum; cout;  sum; cout;  sum;
couts \ couty \ couty \ cout
sumy sums sumy sum;q sum

Figure 4.5 Logic diagram for a 4-bit ripple-carry adder.

The organization of Figure 4.5 will be used to implement a 4-bit ripple-carry adder
using structural modeling. Figure 4.6 replicates the logic diagram of Figure 4.5 and
shows the instantiation names and net names. A full adder will be designed using data-
flow modeling, then instantiated four times into the structural module. The full adder
dataflow module is shown in Figure 4.7 with inputs a, b, and cin, and outputs sum and
cout.

The structural module for the 4-bit ripple-carry adder is shown in Figure 4.8. The
inputs are two 4-bit vectors, a/3.:0] and b/3:0], where a/0] and b/0] are the low-order
bits of 4 and B, respectively, and a scalar input cin. The outputs are a 4-bit vector
sum/3:0] and a scalar output cout. The internal nets are represented by a 4-bit vector
¢[3:0], which connects the carries between the adder stages. The test bench, outputs,
and waveforms are shown in Figure 4.9, Figure 4.10, and Figure 4.11, respectively.

a[3] b[3] al2] b[2] a[l] b[1] al0] b[0]
\ \ \ \
a,- bi Cini_l a,- bi Cini_l a,- bi Cini_l a,- bi Cini_l
FA; inst3 FA, inst2 FA; instl FA, inst0
cout; sum; cout; sum; cout; sum; cout; sum;
c[3] \ /2] \ c[1] \ c[0] \

cout sumf3] sum/f2] sum/[1] sum[0]
Figure 4.6 Logic diagram for the 4-bit ripple adder showing instantiation names

and net names.

© 2010 by Taylor & Francis Group, LLC



188 Chapter 4  Fixed-Point Addition

//dataflow full adder

module full adder (a, b, cin, sum, cout);
//1list all inputs and outputs
input a, b, cin;

output sum, cout;

//define wires
wire a, b, cin;
wire sum, cout;

//continuous assign
assign sum (a ® b) »
assign cout cin & (a

cin;
~ b) |

(a & b);

endmodule

Figure 4.7 Dataflow module for a full adder.

//structural 4 bit ripple-carry counter

module adder ripple4 struc2 (a, b, cin, sum, cout);
input [3:0] a, b;

input cin;

output [3:0] sum;

output cout;

’

)
)
in
um
[

wire [3:0] a, b;

wire cin;

wire [3:0] sum;

wire cout;

wire [3:0] c; //define internal nets for carries
assign cout = c[3];

full adder instO (
.a(afo]
-b(b[]
.cin(c
.sum(s
.cout (c
).

//continued on next page

14

1)y

)y
[0
01)

Figure 4.8

Structural module for the 4-bit ripple-carry adder.
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full adder instl (

endmodule

Figure 4.8 (Continued)

//test bench for 4-bit ripple-carry adder
module adder ripple4d struc2 tb;

//define inputs
reg [3:0] a, b;
reg cin;

//define outputs
wire [3:0] sum;
wire cout;

initial

Smonitor ("a=%b, b=%b, cin=%b, cout=%b, sum=%b",
a, b, cin, cout, sum);

//continued on next page

Figure 4.9 Test bench for the 4-bit ripple-carry adder.
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initial

begin
#0 a = 4'b0000; b = 4'b0001; cin 1'b0;
#10a = 4'b0011; b 4'pb0100; cin 1'bl;
#10a = 4'b0111; b 4'pb0101; cin 1'b0;
#10a = 4'b1011; b 4'1100; cin 1'bl;
#10a = 4'b0110; b 4'pb0100; cin 1'b0;
#10a = 4'b0101; b 4'p0100; cin 1'bl;
#10a = 4'bl111; b 4'pb1111; cin 1'bl;
#10a = 4'b1000; b 4'p1000; cin 1'bl;
#10a = 4'b1100; b 4'p1100; cin 1'b0;
#10a = 4'b1001; b 4'b0101; cin 1'bl;
#10a = 4'b0111; b = 4'b0111; cin 1'b0;
#10 $stop;

end

//instantiate the module into the test bench

adder ripple4 struc2 instl (
a(a),
.b(b),
.cin(cin),
.sum(sum),
.cout (cout)
)

endmodule

Figure 4.9 (Continued)

a=0000, b=0001, cin=0, cout=0, sum=0001

a=0011, b=0100, cin=1, cout=0, sum=1000

a=0111, b=0101, cin=0, cout=0, sum=1100

a=1011, b=1100, cin=1, cout=1l, sum=1000

a=0110, b=0100, cin=0, cout=0, sum=1010

a=0101, b=0100, cin=1, cout=0, sum=1010

a=1111, b=1111, cin=1, cout=1l, sum=1111

a=1000, b=1000, cin=1, cout=1l, sum=0001

a=1100, b=1100, cin=0, cout=1l, sum=1000

a=1001, b=0101, cin=1, cout=0, sum=1111

a=0111, b=0111, cin=0, cout=0, sum=1110

Figure 4.10  Outputs for the 4-bit ripple-carry adder.
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& Silos - C:Werilogladder_ripple4_struc2\adder_ripple4_struc2.spj

File Edit Wiew Analyzer Debug Explorer Reports Help
Do R bhEEE22E - iBaas e
Name 2|D| IR R N TR N B |5|D| [T N T [ |1EID| | R I |
= Default
a[30] ] 3 i b 5 9 f g C ] 7
b[3:0] 1 4 [ [ [ f a c 5 7
cin I 1 I 1 r L L
cout 1 I
surn[3:0] 1 ] c a a f 1 a f e

Figure 4.11 Waveforms for the 4-bit ripple-carry adder.

4.2 Carry Lookahead Addition

The speed limitation in the ripple adder arises from specifying cout; as a function of
the carry-out from the previous lower-order stage cout; _ ;. A considerable increase in
speed can be realized by expressing the carry-out cout; of any stage; as a function of
the two operand bits, a; and b;, and the carry-in cin_; to the low-order stage, of the
adder, where the adder is an n-bit adder n_; n_, . . . ny ny. The Karnaugh map that
represents the carry-out from stage; is shown in Figure 4.12, which yields Equation
4.5.

a;b;
cin; 4 0 00 0 1l 1 13 102
0 0 0 1 0
4 5 7 6
1 0 1 1 1

cout;

Figure 4.12  Karnaugh map for the carry-out of stage; of an n-bit adder.

cout;= a;'b;cin;_ |+ a;b;'cin;_ + a;b;cin; _ '+ a;b;cin; _

= a;b;+ (a;® b)cin;_ (4.5)
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Equation 4.5 states that a carry will be generated whenever a; = b; = 1, or when ei-
ther @;=1 or b;= 1 — but not both — with ¢;_ | = 1. Note that if ;= b, = 1, then this
represents a generate function, not a propagate function. Verilog requires a propagate
function to be the exclusive-OR of @; and b;. A technique will now be presented that
increases the speed of the carry propagation in a parallel adder. The carries entering all
the bit positions of the adder can be generated simultaneously by a carry lookahead
generator. This results in a constant addition time that is independent of the length of
the adder. Two auxiliary functions are defined as follows:

Generate G;=a;b;
Propagate P;=a; ® b;

The carry generate function, G,, reflects the condition where a carry is generated
at the ith stage. The carry propagate function, P;, is true when the ith stage will pass
through (or propagate) the incoming carry cin; _ | to the next higher stage; , . Equa-
tion 4.5 can now be restated as Equation 4.6.

cout;= a;b; +(a; ® b;) cin; _

= G+ Picin_ (4.6)

Equation 4.6 indicates that the generate G; and propagate P; functions for any car-
ry out cout; can be obtained independently and in parallel when the operand inputs are
applied to the n-bit adder. The equation can be applied recursively to obtain a set of
carry-out equations in terms of the variables G;, P;, and cin_; for a 4-bit adder, where
cin_y is the carry-in to the low-order stage, of the adder. The equations are shown in
Equation 4.7.

couty= G+ Py cin_y

cout; = Gy + P cout
= G1+P] (G0+P0Cin7])
= G1+P1G0+P1P06in71

couty = G, + P, couty
= G2+P2(G1+P1G0+P1P00in_1)
= Gz +P2G1 +P2P1G0 +P2P1P0 cin_l (47)

Continued on next page
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couty = Gy + P3 cout,
G3 +P3(G2+P2G1 +P2P1G0+P2P1PO Cl.l’lfl)
= G3 +P3G2+P3P2G1+P3P2P1G0+P3P2P1P00in71 (47)

Examples of the generate and propagate functions are shown in Figure 4.13 for
two 8-bit operands in 2s complement notation.

A= 1 1 0 0 1 1 0 1 =51
+B8= 0 1 0 1 1 1 0 O +92
¢ G G G G G G G

P P P P P P P P

0 cin=20

cout=1 0 0 1 O 1 O O 1 +41
A= 0 0 1 0 o0 1 o0 1 +37
+yB= 0 1 0 0 1 1 1 1 +79

G G' G G G G G G
p P P P P P P P
1 cin=1
cout=0 0 1 1 1 0 1 0 1 +117

Figure 4.13  Examples of generate and propagate functions.

Consider the expression for cout, in Equation 4.7 to further explain the generate
and propagate functions to produce a carry-out. Each of the product terms shown
below will produce a carry-out of 1 for cout,.

COMsz G2 + P2G1 + PZP]GO + PZP]PO

1 01 011 100
1 11 101 011
1 « cin_4

l« 0 1« 00 1< 000 1« 0O00O

It can be seen from Equation 4.7 that each carry is now an expression consisting of
only three gate delays: one delay each for the generate and propagate functions, one
delay to AND the generate and propagate functions, and one delay to OR all of the
product terms. If a high-speed full adder is used in the implementation, then the sum
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bits can be generated with only two gate delays, providing a maximum of only five
delays for an add operation. This technique provides an extremely fast addition of two
n-bit operands. Equation 4.7 can be restated more compactly as shown in Equation
4.8.

i1 i i

coutl:Gi-i-z ( I Pk)G]--i-HPkcin_l (4.8)
j=0 k=j+1 k=0

Group generate and propagate As n becomes large, the number of inputs to
the high-order gates also becomes large, which may be a problem for some technolo-
gies. The problem can be alleviated to some degree by partitioning the adder stages
into 4-bit groups. Additional auxiliary functions can then be defined for group gen-
erate and group propagate, as shown in Equation 4.9 for group;, which consists of
individual adder stages i + 3 through i. In this method, each group of four adders is
considered as a unit with its individual group carry sent to the next higher-order group.

Group generate: GG, = G; 3+ P; 3G+ P3P 417G+

J
P3Py PG
Group propagate: ~ GP;= P;.3P; 2P 1P (4.9)

The group generate GG; signifies a carry that is generated out of the high-order
(i + 3) bit position that originated from within the group. The group propagate GP;
indicates that a carry was propagated through the group. The group carry can now be
written in terms of the group generate and group propagate functions, as shown in
Equation 4.10. The term GC; _ is the carry-in to the group from the previous lower-
order group. If group; is the low-order group, then GC; _ = cin_;.

Group carry:  GC;= GG;+ GP,GC;_ (4.10)

Section generate and propagate If the fan-in limitation is still a problem for
very large operands, then the group generate and group propagate concept can be
extended to partition four groups into one section. For a 64-bit adder, there would be
four sections with four groups per section, with four full adders per group. Two
additional auxiliary functions can now be defined as section generate and section
propagate for sectiony, as shown in Equation 4.11.
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Section generate:  SGy= GG 3+ GP;3GG; 4+
GP; 1 3GP; 42 GGy oy +
GP; . 3GP; 1, GP; .1 GG

Section propagate: SPy= GP;,3GP;4,GP; | GP; 4.11)

The section generate SGy signifies a carry that is generated out of the high-order
(7 + 3) position that originated from within the section. The section propagate SP;
indicates that a carry was propagated through the section. The section carry can now
be written in terms of the section generate and section propagate functions, as shown
in Equation 4.12. The term SCj, _ is the carry-in to the section from the previous
lower-order section. If sectiony, is the low-order section, then SC; _ | = cin_;.

Section carry:  SC,= SGj+ SPiSCy_ (4.12)

The carry-out of the high-order section SC; . 5 is also the carry-out of the adder
and can be written as cout,, _ ;. This section has presented a method to increase the
speed of addition by partitioning the adder into sections and groups and developing
carry lookahead logic within individual groups and within individual sections. Figure
4.14 shows a block diagram of a 64-bit adder consisting of four sections, with four
groups per section, and four full adders per group.

a63 ass a16 a0
be3 b3y bis by

| ]

cout, 14 1 1 b cin_y
Group5 Groupg Groupy Group,
SCk+3 S Gk+3 SCk+2 S Gk+2 SCk+1 S Gk+1 SCk N Gk
SPi3 SPiio SPpiy SPy

Figure 4.14  Block diagram of a 64-bit carry lookahead adder.
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An 8-bit carry lookahead adder will be designed using dataflow modeling. The
block diagram of the adder is shown in Figure 4.15. The adder has two groups of four
bits per group. The high-order group has operands a/7:4] and b/7.4] that produce a
sum of sum/7:4]; the low-order group has operands a/3:0] and b/3:0] that produce a
sum of sum/3:0]. The carry-in is cin; the carry-out is cout, which is the carry-out of bit
7.

af7]  al6]  a[5]  a[4]  a[3]  al2]  a[l]  a[0]
b[7] | b[6] | b[5] | b[4] | b[3] | b[2] | b[I]

b[0]

__’_ﬂ

sum[7] sum[6] sum[5] sum[4] sum[3] sum[2] sum[l] sum[0]

Figure 4.15  An 8-bit carry lookahead adder.

The dataflow module is shown in Figure 4.16 using the assign statement for the
generate function, the propagate function, the internal carries, and the sum. Note that
the propagate functions are the exclusive-OR of the respective augend and addend
bits. The carry equations c; correspond with the carry equations of Equation 4.7. The
test bench module is shown in Figure 4.17 for 12 values of 4, B, and cin. The outputs
are shown in Figure 4.18 in decimal notation and the waveforms are shown in Figure
4.19 in hexadecimal notation.

//dataflow 8-bit carry lookahead adder
module adder cla8 (a, b, cin, sum, cout);

input [7:0] a, b; //input/output port declaration
input cin;

output [7:0] sum;

output cout;

wire g7, g6, g5, 94, g3, g2, gl, g0;//define internal wires
wire p7, p6, p5, p4, p3, p2, pl, pO;

wire c¢7, c6, c5, c4, c3, c2, cl, c0;

//continued on next page

Figure 4.16  Dataflow module for the 8-bit carry lookahead adder.
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//define generate functions
//multiple statements using 1 assign
assign g7 = al[7] & b[7],
g6 = al[6] & ble],
g5 = al[5] & b[5],
g4 = al4] & bl4],
g3 = al[3] & b[3],
g2 = al2] & bl2],
gl = afl] & bll],
g0 = a[0] & b[0];
//define propagate functions
//multiple statements using 1 assign
assign p7 = al7] ~ bl[7],
p6 = al6] "~ b[6],
p5 = al[5] ~ bI[5],
pd4 = al4] ~ bl4],
p3 = al3] "~ b[3],
p2 = al2] ~ b[2],
pl = all]l ©~ bIll],
p0 = al0] ~ b[0];
//obtain the carry equations for low order
assign cO = g0 | (p0 & cin),
cl =gl | (pl & g0) | (pl & p0 & cin),
c2 =92 | (p2 & gl) | (p2 & pl & g0) |
(p2 & Pl & PO & cin),
c3 =93 | (pP3 & g2) | (pP3 & p2 & gl) |
(P3 & p2 & pl & g0) |
(p3 & P2 & Pl & PO & cin);
//obtain the carry equations for high order
assign cd = g4 | (p4 & c3),
c5 =495 | (PS5 & g4) | (p5 & pd & c3),
c6 = g6 | (p6 & g5) | (p6 & p5 & g4)
(p6 & PS5 & p4 & c3),
c?7 =497 | (p7 & g6) | (p7 & p6 & g5) |
(p7 & P6 & PS5 & g4) |
(p7 & P6 & PS & p4d & c3);

Figure 4.16

(Continued)
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//obtain the sum equations

assign sum[0] = p0 * cin,
sum[1l] = pl * cO,
sum[2] = p2 * cl,
sum[3] = p3 * c2,
sum[4] = p4 ~ c3,
sum[5] = p5 * c4,
sum[6] = p6 ~ c5,
sum[7] = p7 ~ c6;

//obtain cout

assign cout = c7;

endmodule

Figure 4.16 (Continued)

//test bench for dataflow 8-bit carry lookahead adder
module adder cla8 tb;

reg [7:0] a, b;
reg cin;

wire [7:0] sum;
wire cout;

//display signals

initial
$monitor ("a = %d, b = %d, cin = %b, cout = %b, sum = 3%4d",
a, b, cin, cout, sum);
//apply stimulus
initial
begin
#0 a = 8'b0000_0000;
b = 8'b0000_0000;
cin = 1'b0; //cout = 0, sum = 0000 0000
#10 a = 8'b0000 0001;
b = 8'b0000 _0010;
cin = 1'b0; //cout = 0, sum = 0000 0011

//continued on next page

Figure 4.17  Test bench for the 8-bit carry lookahead adder.
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#10 a = 8'b0000_0010;

b = 8'b0000_0110;

cin = 1'b0; //cout = 0, sum = 0000 1000
#10 a = 8'b0000_0111;

b = 8'b0000 0111;

cin = 1'b0; //cout = 0, sum = 0000 1110
#10 a = 8'b0000_1001;

b = 8'b0000_0110;

cin = 1'b0; //cout = 0, sum = 0000 1111
#10 a = 8'b0000_1100;

b = 8'b0000_1100;

cin = 1'b0; //cout = 0, sum = 0001 1000
#10  a = 8'b0000 1111;

b = 8'b0000 1110;

cin = 1'b0; //cout = 0, sum = 0001 1101
#10 a = 8'b0000_1110;

b = 8'b0000 1110;

cin = 1'bl; //cout = 0, sum = 0001 1101
#10 a = 8'b0000_1111;

b = 8'b0000_1111;

cin = 1'bl; //cout = 0, sum = 0001 1111
#10 a = 8'bl1111_0000;

b = 8'b0000_1111;

cin = 1'bl; //cout =1, sum = 0000 0000
#10 a = 8'b0111 0000;

b = 8'b0000_1111;

cin = 1'bl; //cout = 0, sum = 1000 0000
#10 a = 8'b1011_1000;

b = 8'b0100_1111;

cin = 1'bl; //cout = 1, sum = 0000 1000
#10 $stop;

end
//continued on next page

Figure 4.17 (Continued)
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adder cla8 instl (
.a(a),
.b(b) ’
.cin(cin),
.sum(sum) ,
.cout (cout)

);

//instantiate the module

endmodule

Figure 4.17 (Continued)

a =0, b = 0, cin = 0, cout = 0, sum = 0
a =1, b =2, cin 0, cout = 0, sum = 3
a = 2, b = 6, cin 0, cout = 0, sum = 8
a =717, b =17, cin 0, cout = 0, sum = 14
a =29, b = 6, cin 0, cout = 0, sum = 15
a=12, b = 12, «cin 0, cout = 0, sum = 24
a =15, b = 14, «cin 0, cout = 0, sum = 29
a =14, b = 14, «cin 1, cout = 0, sum = 29
a =15, b =15, «cin 1, cout = 0, sum = 31
a = 240, b = 15, «cin 1, cout = 1, sum = 0
a =112, b = 15, «cin 1, cout = 0, sum = 128
a =184, b = 79, c¢in =1, cout =1, sum = 8
Figure 4.18 Outputs for the 8-bit carry lookahead adder.

& Silos - C:Werilogladder_claB\adder_claB.spj

File Edit “iew Analyzer Debug Explorer Reports Help
as CH —— . s
®%E 2 pPEHEB S E8E BHaEe e <241
Name ZD|||||||||E;IEI|||||||||1%EI||||||
(=) Default
a[7:0] 00 # 01 & 02 % 07 % 09 & Oc # OF # Oe # OF ¥ f0 % 70 ¥ b8
b[7:0] Qg 0z % 06 07 % 06 »x Oc Oe QF Af
cin I
sum[7:0] 00 # 03 » 08 % 0= # OF % 18 ¥ 1d  # 1f % 00 # 80 & 08
cout 1 | —
Figure 4.19 Outputs for the 8-bit carry lookahead adder.
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This section has presented a technique for implementing a high-speed adder and is
used primarily for large adders. If less hardware is required and lower speed is not a
prohibitive factor, then one or more levels of carry lookahead logic can be removed.
This would allow partial carry lookahead to be applied — the remaining carries would
use the ripple-carry technique.

4.3 Carry-Save Addition

Carry-save adders (CSAs) save the carry from propagating to the next higher-order
stage in an n-bit adder. They can be used to add multiple bits of the same weight from
multiple operands or to add multiple #n-bit operands. An adder using the carry-save
technique results in a high-speed add operation. A carry-save adder is simply a full
adder and is also referred to as a Wallace tree.

4.3.1 Multiple-Bit Addition

Figure 4.20 illustrates a carry-save adder with three inputs and two outputs that can be
used to implement a Wallace tree for use in high-speed fixed-point array multipliers.
The inputs are order-independent; the outputs indicate the sum and carry-out. The
carry-out has a value of 1 whenever the majority of the inputs has a value of 1. The
dataflow module for the carry-save full adder is shown in Figure 4.21. The test bench
and outputs are shown in Figure 4.22 and Figure 4.23, respectively.

20 i ot
a b ¢
CSA
cout sum
2i+1 2i

Figure 4.20 A carry-save full adder.
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//dataflow carry-save full adder
module csa full adder (a, b, ¢, sum, cout);
output sum, cout;

wire a, b, c; //define wires
wire sum, cout;

assign sum = (a ~ b) ~ c¢; //continuous assign
assign cout = c & (a ~ b) | (a & b);
endmodule

input a, b, c; //1list all inputs and outputs

Figure 4.21 Dataflow module for a carry-save full adder.

//test bench for carry-save full adder
module csa full adder tb;

reg a, b, c;
wire sum, cout;

//apply input vectors

initial

begin: apply stimulus
reg [3:0] invect;

#10 $display ("a b c = %b, cout = %b,
{a, b, c}, cout, sum);
end
end

//instantiate the module into the test bench
csa_full adder instl (

.a(a),

.b(b),

.c(c),

.sum(sum) ,

.cout (cout)

) ;

endmodule

for (invect = 0; invect < 8; invect = invect + 1)
begin
{a, b, ¢} = invect [3:0];

sum = %b",

Figure 4.22  Test bench for the carry-save full adder.
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abc=000, cout = 0, sum = 0 abc=100, cout = 0, sum = 1
abc=001, cout = 0, sum = 1 abc=101, cout = 1, sum 0
abc=010, cout = 0, sum = 1 abc=110, cout = 1, sum 0
abc=2011, cout = 1, sum = 0 abc=111, cout =1, sum = 1
Figure 4.23 Outputs for the carry-save full adder.

Wallace tree to add five bits A Wallace tree containing three CSAs that adds
five bits from column 2* is shown in Figure 4.24, where the inputs are represented by
a 5-bit vector inf4:0]. The sum of the inputs is represented by the output vector
sum_w(2:0] in columns 22 21 and 2, respectively, where sum_w/0] is the low-
order bit. Figure 4.24 also shows the instantiation names and the net names.

The carry-out and the sum that are generated from the same CSA cannot then be
added subsequently in the same CSA — this would result in an incorrect sum. The
carry-save full adder dataflow module of Figure 4.21 will be instantiated three times
into a structural module as shown in Figure 4.25 for the 5-input, 3-output Wallace tree.
The test bench and outputs for the 5-input Wallace tree are shown in Figure 4.26 and
Figure 4.27, respectively.

Figure 4.24

in[4] in[3]

inf2] inf1] inf0f

a b ¢

CSA instl
cout sum

net2 netl

a b c

CSA inst2
cout sum

net3

a b ¢

CSA inst3
cout sum

sum_w/[2] sum_w/[1]

sum_w/[0]

adds five inputs in the same column from five operands.

© 2010 by Taylor & Francis Group, LLC
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//structural 5-input wallace tree
module wallace tree 5 inputs (in, sum w);

input [4:0] in;
output [2:0] sum w;

wire [4:0] in;
wire [2:0] sum w;

//define internal nets
wire netl, net2, net3;

//instantiate the carry-save full adders
csa_full adder instl (
a(in[2]),
.b(in[1]),
.c(inf[O0]),
.sum(netl),
.cout (net?2)

)7

csa_full adder inst2 (
.a(inf4]),
.b(in[31),
.c(netl),
.sum(sum _w[O0]),
.cout (net3)
)

csa_ full adder inst3 (
.a(1'pb0),
.b(net2),
.c(net3),
.sum(sum wl[l
.cout (sum_w[

)7

1)
2])

endmodule

Figure 4.25  Structural module for the 5-input Wallace tree.
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//test bench for 5-input wallace tree
module wallace tree 5 inputs tb;

wire [2:0] sum w;

//apply input vectors and display variables
initial
begin: apply stimulus

reg [5:0] invect;

in, sum w);
end
end

.in(in),
.sum_w(sum_ w)

)7

endmodule

#10 $display ("inputs = %b, sum = %b",

for (invect = 0; invect < 32; invect = invect + 1)
begin
in = invect [5:0];

reg [4:0] in; //define inputs and outputs

wallace tree 5 inputs nstl ( //instantiate the module

Figure 4.26  Test bench for the 5-input Wallace tree.

inputs = 00000, sum = 000 inputs = 10000,
inputs = 00001, sum = 001 inputs = 10001,
inputs = 00010, sum = 001 inputs = 10010,
inputs = 00011, sum = 010 inputs = 10011,
inputs = 00100, sum = 001 inputs = 10100,
inputs = 00101, sum = 010 inputs = 10101,
inputs = 00110, sum = 010 inputs = 10110,
inputs = 00111, sum = 011 inputs = 10111,
inputs = 01000, sum = 001 inputs = 11000,
inputs = 01001, sum = 010 inputs = 11001,
inputs = 01010, sum = 010 inputs = 11010,
inputs = 01011, sum = 011 inputs = 11011,
inputs = 01100, sum = 010 inputs = 11100,
inputs = 01101, sum = 011 inputs = 11101,
inputs = 01110, sum = 011 inputs = 11110,
inputs = 01111, sum = 100 inputs = 11111,

sum =

sum
sum
sum
sum
sum
sum
sum
sum
sum
sum
sum
sum
sum
sum

sum =

001
010
010
011
010
011
011
100
010
011
011
100
011
100
100
101

Figure 4.27  Outputs for the 5-input Wallace tree.
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4.3.2 Multiple-Operand Addition

The delay of adding multiple operands can be reduced by using carry-save adders in a
tree configuration. This negates the slower method of adding two operands, obtaining
the sum, then adding the sum to a third operand. Using CSAs, the sums and carries
from each column of each operand are obtained independently of the other columns.
An example is shown in Figure 4.28 by adding five operands a/3:0], b/3:0], c¢[3:0],
df3:0], and e/3:0]. The 5-input CSA of Figure 4.24 will be used together with the 3-
input CSA of Figure 4.20 to add the five operands 4, B, C, D, and E, as shown in Figure

4.29.
23 22 ol 90 Decimal value

af3:0] = 0 1 1 1 7
b[3:0] = 1 0 1 0 10
c[3:0] = 0 1 0 1 5
df3:0] = 1 0 0 1 9
e[3:0] = 0 0 1 1 3

Sum= 1 0 0 0 1 O 34

Figure 4.28  Example of adding five operands.

ABCDE= 01010 10100 11001 10111
23 22 2! 20
inst4 inst3 inst2 instl
cy2 cyl sum cy2 cyl sum cy2 cyl sum cy2 cyl sum
0 1 0 0 1 0 0 1 1 1 0 0
netll net10§< net8 | net7 §< net5 | net4 §< net2 | netl
0 1 0 0 1 0 0 1 1 1 0 0
CSA CSA CSA CSA
inst8 inst7 inst6 inst5
cy sum cy sum cy sum cy sum
0 1 0 1 1 0 0 1
netl8 netl7 netl6 netl5 netl4 netl3 netl2
0 0 1 1 0 1 1 1 0 0 0 0
CSA CSA CSA CSA
inst12 instl1 inst10 inst9
C sum cy sum cy sum cy sum
0 1 1 0 1 0 0 0
net21 net20 netl9
0 1 0 0 0 1 0

Figure 4.29  Carry-save adder Wallace tree to add five operands.
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The 5-operand Wallace tree of Figure 4.29 will be designed using structural mod-
eling. The wallace tree 5 inputs module will be instantiated four times into the
structural module; the csa_full adder module will be instantiated eight times into the
structural module. The structural module to add five operands will be designed from
the logic diagram of Figure 4.29, which shows the instantiation names and the net
names that will be used in the structural module.

The structural module is shown in Figure 4.30. Instantiation inst/ instantiates the
S-input Wallace tree, whose inputs are the vector inf/4:0]. Therefore, the expression
.an({af0], b[0], c[0], d[0], e[0]}) in the structural module specifies that the input port
vector .in[4:0] of the 5-input Wallace tree corresponds to the low-order bits of the five
operands a/0], b/0], c[0], d[0], and e/0] in the structural module.

In a similar manner, the expression .sum_w({net2, netl, sum_w/[0]}) specifies that
the 3-bit output port vector sum_w/2:0] of the 5-input Wallace tree corresponds to the
3-bit output vector {net2, netl, sum_w[0]} of the Wallace tree specified by instantia-
tion inst! in the structural module.

Instantiation inst5 instantiates the CSA full adder, whose inputs are the scalar vari-
ables a, b, and ¢. Thus, input port .a of the CSA full adder corresponds to a logic 0
value — the inputs are order-independent. Input port .5 corresponds to netl of the
structural module and input port .c corresponds to net3 of the structural module.

The .sum output port of the CSA full adder corresponds to sum_w/1] of the struc-
tural module, and the .cout output port of the CSA full adder corresponds to neti2 of
the structural module.

//structural wallace tree for 5 operands
module wallace tree 5 opnds (a, b, ¢, d, e, sum w);

input [3:0] a, b, ¢, d, e;
output [6:0] sum w;

wire [3:0] a, b, ¢, d, e;
wire [6:0] sum w;

//define internal nets

wire netl, net2, net3, net4, net5, neto,
net7, net8, net9, netl0, netll,
netl2, netl3, netld, netl5, netlo,
netl7, netl8, netl9, net20, net2l;

//instantiate the 5-input wallace tree

wallace tree 5 inputs instl (
.in({af0], bI[0], c[O], d[0],
.sum_w({net2, netl, sum w[0]}
) ;

//continued on next page

el0]1}),
)

Figure 4.30  Structural module for the Wallace tree that adds five 4-bit operands.
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wallace tree 5 inputs inst2 (
-in({afl], bll], c[1], d[1], e[l]l}),
.sum_w({net5, net4, net3})

)7

wallace tree 5 inputs inst3 (
-in(faf2], bl2], cl2], d[2], e[2]}),
.sum w({net8, net7, neto6})

)7

wallace tree 5 inputs instéd (
-in({af3], bl3], c[3], d[3], e[3]}),
.sum w({netll, netlO, net9})
)i

//instantiate the carry-save full adder
csa_full adder inst5 (

.a(1'pb0),

.b(netl),

.c(net3),

.sum(sum w[l]),

.cout (netl?2)

) ;

csa_full adder insté6 (
.a(net2),
.b(netd),
.c(neto),
.sum(netl3),
.cout (netl4)
)

csa_ full adder inst7 (
.a(netb),
.b(net?),
.c(net9),
.sum(netlb),
.cout (netlo)
)7

csa_ full adder inst8 (
.a(net8),
.b(netl10),
.c(1'b0),
.sum(netl7),
.cout (netl8)
) //continued on next page

Figure 4.30 (Continued)
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csa_full adder inst9 (
.a(netl2),
.b(1'b0),
.c(netl3),
.sum(sum _w[2]),
.cout (netl9)
) ;

csa_full adder instlO (
.a(netl9),
.b(netld),
.c(netlb),
.sum(sum_w[3]),
.cout (net20)
)

csa_full adder instll (
.a(net20),
.b(netlo),
.c(netl?7),
.sum(sum wl4]),
.cout (net21l)
) ;

csa_full adder instl2 (
.a(net2l),
.b(netl8),
.c(netll),
.sum(sum w[5]),
.cout (sum w[6])

)7

endmodule

Figure 4.30 (Continued)

The test bench module is shown in Figure 4.31, which applies seven sets of input
vectors to the five 4-bit operands. The outputs are shown in Figure 4.32, which dis-
plays the values of the five operands and their resulting sums. The concept of Wallace
trees presented in this section can be easily expanded to any size operands and any
number of operands. Wallace trees are used extensively in the calculation of partial
products for array multipliers in order to minimize the time required for a multiply
operation. Array multipliers are presented in Chapter 6 which covers fixed-point mul-

tiplication.
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//test bench for 5-operand wallace tree
module wallace tree 5 opnds tb;
//define inputs and outputs
reg [3:0] a, b, ¢, d, e;
wire [6:0] sum w;
//display outputs
initial
$monitor ("a=%b, b=%b, c=%b, d=%b, e=%b, sum=%b",
a, b, ¢, d, e, sum w);
//apply input vectors
initial
begin
#0 a = 4'p0001;
b = 4'b0001;
c = 4'p0001;
d = 4'00001;
e = 4'b0001; //sum = 000 0101
#10 a = 4'b0111;
b = 4'b1010;
c = 4'p0101;
d = 4'01001;
e = 4'b0011; //sum = 010 0010
#10 a = 4'vbl111;
b = 4'b1010;
c = 4'p1101;
d = 4'01001;
e = 4'b1011; //sum = 011 1010
#10 a = 4'b0110;
b = 4'b1110;
c = 4'p1111;
d = 4'b1000;
e = 4'b1001; //sum = 011 0100
#10 a = 4'b1111;
b = 4'bl111;
c = 4'pb1111;
d=4'bl111;
e = 4'b1111; //sum = 100 1011
//continued on next page

Figure 4.31 Test bench for the Wallace tree module of Figure 4.30.
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#10 = 4'p1000;
= 4'b1000;
4'p1000;
= 4'b1000;

= 4'b1000; //sum

O Q0 oW
Il

010 1000
#10 = 4'p1100;
= 4'pb1100;
4'pb1100;
= 4'p1100;
= 4'b1100; //sum

O Q QoW
Il

011 1100

#10 $stop;
end

//instantiate the module into the test bench
wallace tree 5 opnds instl (

(a

a(a),
bb)l
.c(c),
d(d),
e(e),

.sum_w(sum w)

) ;

endmodule

Figure 4.31 (Continued)

a=0001, b=0001, c=0001, d=0001, e=0001, sum=0000101

a=0111, b=1010, ¢=0101, d=1001, e=0011, sum=0100010

a=1111, b=1010, c¢=1101, d=1001, e=1011, sum=0111010

a=0110, b=1110, c=1111, d=1000, e=1001, sum=0110100

a=1111, b=1111, c=1111, d=1111, e=1111, sum=1001011

a=1000, b=1000, <¢=1000, d=1000, e=1000, sum=0101000

a=1100, b=1100, c¢=1100, d=1100, e=1100, sum=0111100

Figure 4.32  Outputs for the Wallace tree module of Figure 4.30.
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4.4 Memory-Based Addition

With the advent of high-density, high-speed memories, addition can be easily accom-
plished by applying the augend and addend as address inputs to the memory — the
outputs are the sum. Memories can be represented in Verilog by an array of registers
and are declared using a reg data type as follows:

Number of bits per register Number of registers

| i

reg [msb:lsb] memory name [first address:last address];

A 32-word memory with one byte per word would be declared as follows:

reg [7:0] memory name [0:31];

An array can have only two dimensions. Memories must be declared as reg data
types, not as wire data types. A register can be assigned a value using one statement,
as shown below. Register reg name is assigned the value 0111 1010 1011 0101,.

reg [15:0] reg_name;
reg name = 16'h7ab5;

Values can be stored in memories by assigning a value to each word individually, as
shown below for a data cache of eight registers with 8 bits per register.

reg [7:0] data_cache [0:7];

Alternatively, memories can be initialized by means of one of the following sys-
tem tasks:

$readmemb for binary data
$readmemh for hexadecimal data

A behavioral module will be designed to add two 3-bit operands using a memory
as a table lookup device. A text file is prepared for the specified memory in either
binary or hexadecimal format. The file is created and saved as a separate file in the
project folder without the .v extension. The system task reads the file and loads the
contents into memory. The contents of opnds.add are loaded into the memory
mem_add beginning at location 0 by the following two statements:

reg [3:0] mem_add [0:63];

$Sreadmemb (“opnds.add”, mem_add);
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In order to keep the address space to a reasonable size, only 3-bit operands are
used. The contents of the opnds.add file are shown in Figure 4.33, where the 6-bit ad-
dress is shown for reference. The leftmost three digits of the address represent the au-
gend; the rightmost three digits represent the addend — the space is shown only for
clarity. The address bits are not part of the memory contents — only the four bits for
the sum are entered into the opnds.add file. A block diagram of the memory is shown
in Figure 4.34 with a 6-bit address opnds/5:0] consisting of a 3-bit augend aug/2:0]
concatenated with 3-bit addend add/2:0]. There is a 4-bit output vector sum/3:0] con-
taining the sum.

address sum address sum
aug add 3210 aug add 3210
000 000 0000 100 000 0100
000 001 0001 100 001 0101
000 010 0010 100 010 0110
000 011 0011 100 011 0111
000 100 0100 100 100 1000
000 101 0101 100 101 1001
000 110 0110 100 110 1010
000 111 0111 100 111 1011
001 000 0001 101 000 0101
001 001 0010 101 001 0110
001 010 0011 101 010 0111
001 011 0100 101 011 1000
001 100 0101 101 100 1001
001 101 0110 101 101 1010
001 110 0111 101 110 1011
001 111 1000 101 111 1100
010 000 0010 110 000 0110
010 001 0011 110 001 0111
010 010 0100 110 010 1000
010 011 0101 110 011 1001
010 100 0110 110 100 1010
010 101 0111 110 101 1011
010 110 1000 110 110 1100
010 111 1001 110 111 1101
011 000 0011 111 000 0111
011 001 0100 111 001 1000
011 010 0101 111 010 1001
011 011 0110 111 011 1010
011 100 0111 111 100 1011
011 101 1000 111 101 1100
011 110 1001 111 110 1101
011 111 1010 111 111 1110

Figure 4.33 Contents of memory opnds.add that are loaded into memory
mem_add.
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Memory

opnds[5:0] —— » L = sum/[3:0]

{aug[2:0], add[2:0]} |63

Figure 4.34  Block diagram of memory that adds two 3-bit operands.

The behavioral module to add the augend and addend using memory is shown in
Figure 4.35 using binary data for the file called opnds.add. The test bench is shown in
Figure 4.36 using ten different vectors that represent the augend and addend. The out-
puts are shown in Figure 4.37.

There are two ports in Figure 4.35: input port opnds/5:0] and output port
sum/[3:0], which is declared as type reg because it operates as a storage element. The
memory is defined as an array of 64 four-bit registers by the following statement:

reg [3:0] mem_add [0:63];

An initial procedural construct is used to load data from the opnds.add file into the
memory mem_add by means of the system task $Sreadmemb. The initial statement
executes only once to initialize the memory. An always procedural construct is then
used to read the contents of the memory based on the value of the concatenated oper-
ands; that is, sum/3:0] receives the contents of the memory at the address specified by
the augend and addend. The variable opnds is an event control used in the always
statement — when the operands change, the statement in the begin . . . end block is ex-
ecuted.

//behavioral to add two operands
module mem sum (opnds, sum);

input [5:0] opnds; //1list inputs and outputs
output [3:0] sum;

wire [5:0] opnds; //augend and addend to address 64 words
reg [3:0] sum;

//define memory size

//mem_add is an array of 64 four-bit registers
reg [3:0] mem add [0:63];

//continued on next page

Figure 4.35  Behavioral module using memory for addition.
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//define

initial
begin

end

//load mem add from file opnds.add

$readmemb ("opnds.add", mem add);

//use the operands to access the memory

memory contents

always @ (opnds)
begin
sum = mem_add [opnds];
end
endmodule
Figure 4.35 (Continued)

//test bench for mem sum module
module mem sum tb;

reg [5:0] opnds;
wire [3:0] sum;
//display variables
initial
Smonitor ("augend addend = %b, sum = %b", opnds, sum);
//apply input vectors for augend and addend
initial
begin
#0 opnds = 6'b000 011; //augend addend
#10 opnds = 6'b001 100;
#10 opnds = 6'b010 _100;
#10 opnds = 6'b011 110;
#10 opnds = 6'b100 100;
#10 opnds = 6'b101 101;
#10 opnds = 6'b110 101;
#10 opnds = 6'b100 110;
#10 opnds = 6'bl11 010;
#10 opnds = 6'bl11 100;
#10 opnds = 6'b1l11 110;
#10 opnds = 6'b111 111;
#10 $stop;
end //continued on next page
Figure 4.36  Test bench for the behavioral module to add two operands using
memory.
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//instantiate the module into the test bench
mem sum instl (

.opnds (opnds) ,

.sum (sum)

) ;

endmodule

Figure 4.36  (Continued)

augend addend = 000011, sum = 0011
augend addend = 001100, sum = 0101
augend addend = 010100, sum = 0110
augend addend = 011110, sum = 1001
augend addend = 100100, sum = 1000
augend addend = 101101, sum = 1010
augend addend = 110101, sum = 1011
augend addend = 100110, sum = 1010
augend addend = 111010, sum = 1001
augend addend = 111100, sum = 1011
augend addend = 111110, sum = 1101
augend addend = 111111, sum = 1110

Figure 4.37  Outputs for the behavioral module to add two operands using mem-
ory.

4.5 Carry-Select Addition

A carry-select adder is not as fast as the carry lookahead adder, however it has a unique
organization that is interesting. Each section of the adder is partitioned into two 4-bit
groups consisting of identical 4-bit adders to which the same 4-bit operands are
applied. Since the low-order stage of an adder does not usually have a carry-in, the
low-order section consists of only one 4-bit adder with a carry-in of 0.

The carry-select principle produces two sums that are generated simultaneously.
One sum assumes that the carry-in to that group was a 0; the other sum assumes that
the carry-in was a 1. The predicted carry is obtained using the carry lookahead tech-
nique which selects one of the two sums.

The logic diagram to add two 12-bit operands is shown in Figure 4.38. The carry-
out coutl of section 0 determines which sum is selected in section 1. If coutl is a 0,
then the sum obtained by the adder in section 1 whose carry-in is 0 is selected and sent
to a 2:1 multiplexer. If coutl is 1, then the sum obtained by the adder whose carry-in
is 1 is selected and sent to a 2:1 multiplexer.
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Figure 4.38  Carry-select adder to add two 12-bit operands.
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If the carry-out of any adder is 1, whose carry-in is assumed to be 0, then this con-
stitutes a generate function. If the carry-out of any adder is 1, whose carry-in is
assumed to be 1, then this constitutes a propagate function. Consider section 0. Ifthe
carry-out coutl is a 1, then section 0 comprises a generate function; otherwise, section
0 is a propagate function. The carry equations for section 0, section 1, and section 2
are shown in Equation 4.13, where c_; is the carry-in to the adder and assumed to be 0.
The carry-select adder shown in Figure 4.38 can be easily expanded to accommodate
operands of any size.

SCO = GO + P()C_l

= coutl

SC1:G1+P1G0+P1P00_1

= cout2 + (cout3)(coutl)

SC2:G2+P2G1+P2P1G0+P2P1P0C_1

= coutl 0+ (cout2)(coutll) + (coutl)(cout3)(coutll) (4.13)

The following modules will be designed, then instantiated into a structural module
to implement the carry-select adder: a behavioral 4-bit adder, adder4; a dataflow 2:1
multiplexer, mux2 df; a dataflow 2-input AND gate, and2? df’; a dataflow 3-input
AND gate, and3_df’; a dataflow 2-input OR gate, or2 df’; and a dataflow 3-input OR
gate, or3_df.

The 4-bit adder module is shown in Figure 4.39, the 2:1 multiplexer module is
shown in Figure 4.40, the 2-input AND gate module is shown in Figure 4.41, the 3-
input AND gate module is shown in Figure 4.42, the 2-input OR gate module is shown
in Figure 4.43, and the 3-input OR gate module is shown in Figure 4.44.

//behavioral model for a 4-bit adder
module adder4 (a, b, cin, sum, cout);

//define inputs and outputs
input [3:0] a, b;

input cin;

output [3:0] sum;

output cout;

//continued on next page

Figure 4.39  Behavioral module for a 4-bit adder.
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wire [3:0] a, b;
wire cin;
reg [3:0] sum;

reg cout;

always @ (a or b or cin)
begin
sum = a + b + cin;
cout = (al3] & b[3]) |
((al31 | bI3]1) & (al2] & bIl2])) |
((al31 | bI3]) & (al2] | bl2]) & (alll & bI1]))
((al31 | bI3]) & (al2] | bI2]) & (all] |
b[1l]) & (al0] & b[0])) |
((al31 | bI3]) & (al2] | bI2]) & (all] |
b[1l]) & (al0] | b[0]) & cin);
end
endmodule
Figure 4.39  (Continued)
//dataflow 2:1 multiplexer
module mux2 df (sel, data, zl);

//define inputs and output
input sel;
input [1:0]
output z1;

data;

assign z1 = (~sel & data[0]) | (sel & datall]);

endmodule

Figure 4.40  Dataflow module for a 2:1 multiplexer.

//dataflow 2-input and gate
module and2 df (x1, x2, zl);
input x1, x2;
output z1;
wire x1, x2;
wire z1;

//continuous assign for dataflow

assign z1 = x1 & x2;
endmodule
Figure 441  Dataflow module for a 2-input AND gate.
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//and3 dataflow

module and3 df (x1, x2, x3, zl);

input x1, x2, x3; //1list inputs and output

output z1;

wire x1, x2, x3; //define signals as wire for dataflow
wire z1;

assign z1 = x1 & x2 & x3;//continuous assign for dataflow
endmodule

Figure 442  Dataflow module for a 3-input AND gate.

//dataflow or2

module or2 df (x1, x2, zl);

input x1, x2; //1list inputs and output

output z1;

wire x1, x2; //define signals as wire for dataflow
wire z1;

assign z1 = x1 | x2; //continuous assign for dataflow
endmodule

Figure 443  Dataflow module for a 2-input OR gate.

//or3 dataflow
module or3 df (x1, x2, x3, zl);

input x1, x2, x3;
output z1;

wire x1, x2, x3;
wire z1;

assign z1 = x1 | x2 | x3;

endmodule

Figure 4.44  Dataflow module for a 3-input OR gate.
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The structural module for the carry-select adder is shown in Figure 4.45. The 4-bit
adder is instantiated five times and the multiplexer is instantiated eight times. The test
bench is shown in Figure 4.46 listing twelve input vectors for augend a/71:0] and
addend b/11:0]. The outputs are shown in Figure 4.47 and the waveforms are shown
in Figure 4.48.

//structural carry-select adder
module adder carry sel (a, b, sum, sel nxt mux);

input [11:0] a, b;
output [11:0] sum;
output sel nxt mux;

wire [11:0] a, b;
wire [11:0] sum;
wire sel nxt mux;

//define internal nets

wire sum2 7, sum2 6, sum2 5, sum2 4, cout2, coutl,
sum3 7, sum3 6, sum3 5, sum3 4, cout3, net$§,
net9, sumlO 11, sumlO 10, sumlO 9, sumlO 8, coutlO,
sumll 11, sumll 10, sumll 9, sumll 8, coutll,
netl6, netl7;

//instantiate the 4-bit adder for a[3:0] and b[3:0]
adder4d instl (
a(al3:0]),
.b(b[3:0]),
.cin(1'b0),
.sum(sum([3:0]),
.cout (coutl)
)7

//instantiate the 4-bit adder for a[7:4] and b[7:4]
adder4 inst2 (
a(al7:4]1),
b(b[7:4]),
.cin(1'b0),
.sum({sum2 7, sum2 6, sum2 5, sum2 4}),
.cout (cout2)
) 7

//continued on next page

Figure 4.45  Structural module for the 12-bit carry-select adder.
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adder4d inst3 (
a(al[7:41),
b(b[7:4]),
.cin(1'bl),
.sum({sum3_ 7, sum3 6, sum3 5, sum3 4}),
.cout (cout3)

)7

4
4

//instantiate the 2:1 muxs for sum[7:4]
mux2 df inst4d (

.sel (coutl),

.data ({sum3_4, sum2 4}),

.z1(sum[4])

)7

mux2 df inst5 (
.sel (coutl),
.data ({sum3_5, sum2 5}),
.zl (sum[5])
)7

mux2 df inst6 (
.sel (coutl),
.data ({sum3_6, sum2 6}),
.zl (sum[6])
)7

mux2 df inst7 (
.sel (coutl),
.data({sum3_7, sum2 7}),
.zl (sum([7])
)7

//instantiate the logic to select muxs for sum[11] thru sum[8]
and2 df inst8 (

.x1 (coutl),

.x2 (cout3d),

.zl (net8)

)

or2 df inst9 (
.x1 (cout2),
.x2 (net8),
.z1 (net9)
)

//continued on next page

Figure 4.45 (Continued)
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//instantiate the 4-bit adder for a[ll:8] and b[11:8]
adder4 instl0 (

.a(afll:8]),

.b(b[11:8]),

.cin(1'b0),

.sum({suml0 11, sumlO 10, sumlO 9, sumlO 8}),

.cout (coutlO)

) ;

adder4 instll (
.a(afll:8]),
.b(b[11:8]),
.cin(1'bl),
.sum({sumll 11, sumll 10, sumll 9, sumll 8}),
.cout (coutll)
) ;

//instantiate the 2:1 muxs for sum[11:8]
mux2 df instl2 (

.sel(net9),

.data({sumll 8, sumlO 8}),

.zl (sum[8])

) ;

mux2 df instl3 (

.sel (net9),
.data({sumll 9, sumlO 9}),
.z1(sum[9])

) ;

mux2 df instléd (

.sel(net9),

.data({sumll 10, sumlO _10}),
.z1(sum[10])

) ;

mux2 df instl5 (

.sel(net9),

.data({sumll 11, sumlO 11}),
.zl (sum([11])

);

//continued on next page

Figure 445 (Continued)
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//instantiate the logic for sel nxt mux
and2_df instl6 (

.x1 (cout2),

.x2 (coutll),

.zl (netlo)

)i

and3_df instl7 (
.x1 (coutl),
x2 (cout3),
.x3 (coutll),
z1l (netl?7)
)

or3 df instl8 (
x1 (coutl0),
.x2 (netlo),
x3 (netl7),
z1l (sel nxt mux)

)7

endmodule

Figure 445 (Continued)

//test bench for carry-select adder
module adder carry sel tb;

//define inputs and outputs
reg [11:0] a, b;
wire [11:0] sum;
wire sel nxt mux;

//display outputs

initial

$Smonitor ("a = %b, b = %b, sum = %b, sel nxt mux = %b",
a, b, sum, sel nxt mux);

//apply input vectors
initial
begin
#0 a = 12'b0000_0000_0001;
b = 12'b0000_ 0000 _0010;

//continued on next page

Figure 4.46  Test bench for the 12-bit carry-select adder.
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#10  a = 12'00000_0001_0010;
b = 12'b0000_0000 0011;

#10  a = 12'b0001_0001_0010;
b = 12'b0000_0000 0011;

#10  a = 12'b0011_0011_0010;
b = 12'b0001_0100 0011;

#10 a = 12'b1111_0000_0111;
b = 12'b1000_1101_1000;

#10 a = 12'bl1111 1111 1111;
b =12"'p1111 1111 1111;

#10 a = 12'b1010_1010_1010;
b = 12'b0101 0101 0101;

#10 a = 12'b0111_1011_1010;
b = 12'b0011_0110_1101;

#10 a = 12'b1111 0111 0110;
b = 12'b0011_1100 0111;

#10 a = 12'b1100_1010 0111;
b = 12'b0101_0011_0101;

#10 a = 12'b0011 0111 _1011;
b = 12'b1011_0011 _0111;

#10 a = 12'b1011 0111 _1100;
b = 12'50100_1000_0110;

#10 $stop;
end

adder carry sel instl (
.a(a),
-b(b),
.sum(sum) ,
.sel nxt mux(sel nxt mux)

)7

endmodule

//instantiate the module into the test bench

Figure 4.46 (Continued)
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a = 000000000001,
b = 000000000010,
sum = 000000000011, sel nxt mux = 0

a = 000000010010,
b = 000000000011,
sum = 000000010101, sel nxt mux = O

a = 000100010010,
b = 000000000011,
sum = 000100010101, sel nxt mux = 0

a = 001100110010,
b = 000101000011,
sum = 010001110101, sel nxt mux = 0

a = 111100000111,
b = 100011011000,
sum = 011111011111, sel nxt mux = 1

a = 111111111111,
b = 111111111111,
sum = 111111111110, sel nxt mux = 1

a = 101010101010,
b = 010101010101,
sum = 111111111111, sel nxt mux = 0

a = 011110111010,
b = 001101101101,
sum = 101100100111, sel nxt mux = 0

a = 111101110110,
b = 001111000111,
sum = 001100111101, sel nxt mux = 1

a = 110010100111,
b = 010100110101,
sum = 000111011100, sel nxt mux = 1

a = (001101111011,
b = 101100110111,
sum = 111010110010, sel nxt mux = 0

a = 101101111100,
b = 010010000110,
sum = 000000000010, sel nxt mux = 1

Figure 4.47  Outputs for the 12-bit carry-select adder.
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Figure 448  Waveforms for the 12-bit carry-select adder.

4.6 Serial Addition

If a minimal amount of hardware is a prerequisite and speed is not essential, then a
serial adder may be utilized. A serial adder adds the augend and addend one bit per
clock pulse — thus, eight clock pulses are required to add two bytes of data. Two par-
allel-in, serial-out shift registers are loaded with the augend and addend prior to the
shift operation. The logic diagram for a serial adder is shown in Figure 4.49.

a[7:0]
+load load
+clock > a_reg -
—QOlrst  instl
fa_sum -
a_reg_out a sum —-= ser_in
b[7:0] b ‘FA3 d_ff_out W > sum_reg
cinmStcom fa_cout D JJrst  inst6
——load inst5
O_
b - .
> ireg S sum/[7:0]
o-(Qrst inst2
b reg out
.\ net4
t4
—load sty
—reset
Figure 4.49 Logic diagram for a serial adder.

The serial outputs of the shift registers connect to the a and b inputs of a full adder.
The sum output of the full adder connects to the serial input of a serial-in, parallel-out
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shift register. Alternatively, the sum output can be connected to the serial input of the
a_reg, which must now be a more universal shift register with parallel-in, serial-out
and serial-in, parallel-out capabilities. The carry-out of the full adder connects to the
data input of a D flip-flop whose output represents the carry-in to the full adder.

This method can be used to add any number of bits simply by increasing the size
of all shift registers. Ifthe augend and addend are both » bits [(r—1): 0], then the result
can be fully contained in n bits except for overflow, which can be detected in the usual
way, as shown in Equation 4.14. The high-order bits of a reg(n—1) and b_reg(n—1)
can be saved in two D flip-flops, then compared with sum_reg(n—1) at the completion
of the shift operation, as shown in the equation. The behavioral modules for the par-
allel-in, serial-out shift register and the serial-in, parallel-out shift register are shown
in Figure 4.50 and Figure 4.51, respectively. The dataflow module for the full adder is
shown in Figure 4.52.

Overflow = {(a_reg[n—1])(b_reg[n—1])(sum_reg[n—1])}"' +
{(a_reg[n—1])'(b_reg[n—1])'(sum_reg[n—1])} (4.14)

//behavioral parallel-in, serial-out shift register
module shift reg piso8 (rst n, clk, load, x, y, zl);

input rst n, clk, load;
input [7:0] x;

output [7:0] vy;

output z1;

reg [7:0] y;
assign z1 = y[0];

always @ (rst n)
begin
if (rst n == 0)
y <= 8'b0000_0000;

end

always @ (posedge clk)

begin
v[7] <= ((load && x[7]) || (~load && 1'b0));
yle]l <= ((load && x[6]) || (~load && yI[7]));
y[5] <= ((load && x[5]) || (~load && yl[6]));
v[4] <= ((load && x[4]) || (~load && yI[51));
v[3] <= ((load && x[3]) || (~load && yI[41)):
v[2] <= ((load && x[2]) || (~load && yI[31)):
v[1l] <= ((load && x[1]) || (~load && yI[21)):
v[0] <= ((load && x[0]) || (~load && yI[1l1));

end

endmodule

Figure 4.50  Behavioral module for a parallel-in, serial-out shift register.
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//behavioral serial-in parallel-out shift register
module shift reg sipo (rst n, clk, ser in, shift reqg);

input rst n, clk, ser in;
output [7:0] shift reg;

reg [7:0] shift reg;

always @ (rst n)
begin
if (rst n == 0)
shift reg <= 8'b0000 _0000;
end

always @ (posedge clk)

begin
shift reg [7] <= ser in;
shift reg [6] <= shift reg [7];
shift reg [5] <= shift reg [6];
shift reg [4] <= shift reg [5];
shift reg [3] <= shift reg [4];
shift reg [2] <= shift reg [3];
shift reg [1] <= shift reg [2];
shift reg [0] <= shift reg [1];

end

endmodule

Figure 4.51  Behavioral module for a serial-in, parallel-out shift register.

//dataflow full adder
module full adder (a, b, cin, sum, cout);

//1list all inputs and outputs
input a, b, cin;
output sum, cout;

//define wires
wire a, b, cin;

wire sum, cout;

//continuous assign

assign sum = (a ~ b) ~ cin;
assign cout = cin & (a ~ b) | (a & b);
endmodule

Figure 4.52  Dataflow module for a full adder.
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The behavioral module for the D flip-flop is shown in Figure 4.53. The structural
module for the serial adder is shown in Figure 4.54, in which all of the previously
designed modules are instantiated, including a dataflow module for a 2-input AND
gate. The test bench, shown in Figure 4.55, applies two sets of operands for the augend
and addend. In the first set, the augend is 31 (0000 0011) and the addend is 8;, (0000
1000), resulting in a sum of 117, (0000 1011). In the second set, the augend is 25
(0001 1001) and the addend is 34, (0010 0010), resulting in a sum of 59, (0011
1011). The outputs and waveforms are shown in Figure 4.56 and Figure 4.57, respec-
tively.

//behavioral D flip-flop
module d ff bh (rst n, clk, d, g, g n);

input rst n, clk, d;
output g, g n;

wire rst n, clk, d;
reg g;

assign g n = ~qg;

always @ (rst n or posedge clk)

begin
if (rst n == 0)
q <= 1'b0;
else g <= d;
end
endmodule

Figure 4.53  Behavioral module for a D flip-flop.

//structural for serial adder
module adder serial (rst n, clk, load, a, b, sum);

input rst n, clk, load;
input [7:0] a, b;
output [7:0] sum;

//define internal nets

wire a reg out, b reg out, fa sum, fa cout,
net4, d _ff out;

//continued on next page

Figure 4.54  Structural module for the serial adder.
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.clk(clk),
.load (load)
.x(a),

)i

.clk(clk),
.load (load)
.x(b),

)i

.cin(
(

..sum

) ;

and2 df inst4
.x1 (clk),
.x2 (~1load),
.z1 (netd)
)

d_ff bh inst5

.clk(clk),
.d(fa_out),

) ;

.clk(clk),

) ;

endmodule

//instantiate the parallel-in,
shift reg piso8 instl (
.rst n(rst n),

//instantiate the serial-in,
shift reg sipo inst6 (
.rst n(rst n),

serial-out shift registers

4

.zl (a_reg out)

shift reg piso8 inst2 (
.rst n(rst n),

4

.z1(b_reg out)

//instantiate the full adder
full adder inst3 (
.a(a_reg out),
.b(b_reg out),
d ff out),
fa sum),
.cout (fa_out)

//instantiate the d flip-flop and logic

(

(

.rst n(rst n),

.g(d_ff out)

parallel-out shift register

.ser _in(fa sum),
.shift reg(sum)

Figure 4.54
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//test bench for the serial adder
module adder serial tb;

reg rst n, clk, load;
reg [7:0] a, b;
wire [7:0] sum;

//define clock
initial
begin
clk = 1'b0;
forever
#10 clk = ~clk;
end

//display variables
initial

$monitor ("a = %b, b = %b, sum = %b", a, b, sum);

//apply input vectors

initial

begin
#0 rst n = 1'b0;
#2 rst n = 1'bl;

#3 a = 8'b0000_0011;
b = 8'b0000_1000;

load = 1'bl;
#15 load = 1'bO0;

/= mm
#165 1rst n 1'b0;
#2 rst n = 1'bl;
#2 a = 8'b0001 1001;
b = 8'b0010 0010;
load = 1'bl;
#15 load = 1'bO0;
end

//determine length of simulation
initial
begin
#370 $stop;
end
//continued on next page

Figure 4.55 Test bench for the serial adder.
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//instantiate the module into the test bench
adder serial instl (

.rst n(rst n),

.clk (clk),

.load(load),

.a(a),

.b(b),

.sum (sum)

);
endmodule
Figure 4.55 (Continued)
a = XXXXXXXX, b = xxxxxxxx, sum = 00000000
a = 00000011, b = 00001000, sum = 00000000
a = 00000011, b = 00001000, sum = 10000000
a = 00000011, b = 00001000, sum = 11000000
a = 00000011, b = 00001000, sum = 01100000
a = 00000011, b = 00001000, sum = 10110000
a = 00000011, b = 00001000, sum = 01011000
a = 00000011, b = 00001000, sum = 00101100
a = 00000011, b = 00001000, sum = 00010110
a = 00000011, b = 00001000, sum = 00001011 = 11
a = 00000011, b = 00001000, sum = 00000000

3 8
a = 00011001, b = 00100010, sum = 00000000
a = 00011001, b = 00100010, sum = 10000000
a = 00011001, b = 00100010, sum = 11000000
a = 00011001, b = 00100010, sum = 01100000
a = 00011001, b = 00100010, sum = 10110000
a = 00011001, b = 00100010, sum = 11011000
a = 00011001, b = 00100010, sum = 11101100
a = 00011001, b = 00100010, sum = 01110110
a = 00011001, b = 00100010, sum = 00111011 = 59
25 34

Figure 4.56  Outputs for the serial adder.
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2 Silos - C:Werilog\adder_serial\adder_serial.spj

Eile Edit Yiew Analyzer Debug Explorer Reports Help

OHE R »oEHEE EEE Ha® e 24

Mame 2|D|||||||||“ED|||||||||3%u||||||
= Default
1zt_n ] ]
load a1 1
clk —1_
a[v:0) 03 13
B[7:0] 0g 22
sum[7:0] 00 ¥ 604 c0 % B0+ b0 58 X 2c # 16 £ 0b¥_00 ¥ 80 X 0 60 bl ¥ d& ¥ ec 76 5 3b

Figure 4.57  Waveforms for the serial adder.

4.7 Problems

4.1 For n =28, let 4 and B be two fixed-point binary numbers in 2s complement
representation, where

A=01101101
B=11001111

Find 4 + B' + 1 + B, where B' is the 1s complement of B.

4.2 Perform the arithmetic operations shown below with fixed-point binary
numbers in 2s complement representation. In each case, indicate if there is
an overflow.

(a) 0100 0000
+) 0100 0000

(b) 0011 0110
+) 11100011

(c) 6419
+631
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4.4

4.5

4.6

4.7

4.8

4.9

4.10

47 Problems 235

Let 4 and B be two binary integers in 2s complement representation as shown
below, where A' and B' are the diminished radix complement of 4 and B, re-
spectively. Determine the result of the operation and indicate if an overflow
exists.

A =10110001
B=11100100

Add the following numbers and show the sum as an integer in radix 8:
925, + 6344

Add the following numbers and obtain the sum as an integer in radix 4:
201,y + 3214

Obtain the group generate and group propagate functions for stage i + 4 and
stage i + 5 of a 6-bit carry lookahead adder.

Write the equations for two ways to detect overflow for two 8-bit (7:0) oper-
ands 4 and B in radix 2.

Use only carry-save full adders in a Wallace tree configuration to design a cir-
cuit that will add the 2'th bit of four different operands. Use the fewest num-
ber of carry-save adders. Then obtain the structural module, the test bench
module, the outputs, and the waveforms.

Use only carry-save full adders in a Wallace tree configuration to design a cir-
cuit that will add the 2'th bit of seven different operands. Use the fewest num-
ber of carry-save adders. Then obtain the structural module, the test bench
module, and the outputs for the first 16 inputs and the last 16 inputs.

Design an 8-bit serial adder that also detects overflow. Draw the logic dia-
gram and implement the adder as a structural module. Obtain the test bench
module and apply two sets of input vectors for the augend and addend. The
first vector will have no overflow; the second vector will generate an over-
flow. Obtain the outputs, and the waveforms. The overflow bit will fluctuate
as the variables shift serially, but will become valid at the completion of the
shift operation.
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5.1
5.2
5.3
5.4
5.5

Twos Complement Subtraction
Ripple-Carry Subtraction

Carry Lookahead Addition/Subtraction
Behavioral Addition/Subtraction
Problems

Fixed-Point Subtraction

Like fixed-point addition, fixed-point subtraction is relatively simple. It also shares
much of the same circuitry as addition. The two operands for subtraction are the min-
uend and the subtrahend — the subtrahend is subtracted from the minuend according
to the rules shown in Table 5.1 for radix 2. Subtraction can be performed in all three
number representations: sign magnitude, diminished-radix complement, and radix
complement; however, radix complement is the easiest and most widely used method
for subtraction in any radix. Example 5.1 elaborates on the rules for binary subtrac-

tion.

Table 5.1 Truth Table for Subtraction

0-0 =0
0-1 = 1 witha borrow from the next higher-order minuend
1-0 =1
1-1 =0

Example 5.1 Two 8-bit operands are shown below to illustrate the rules for radix 2
subtraction in which all four combinations of two bits are provided. The borrow from
the minuend in column 2! to the minuend in column 2° changes column 2! from 10 to
0 0, as shown below; that is, the operation of column 2! the becomes 0 — 0 = 0.

237
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238 Chapter 5 Fixed-Point Subtraction

to

27 26 25 o4 23 22 ol 20

A Minuend)=+54 0 0 1 1 0 1 1 0
—)  B(Subtrahend)=+37 0 0 1 0 0 1 0 1
D (Difference)=+17 0 0 0 1 0 0 0 1

5.1 Twos Complement Subtraction

The above method of direct subtraction is useful only to demonstrate the paper-
and-pencil method. Computers use an adder for the subtraction operation by adding
the radix complement of the subtrahend to the minuend. Thus, let 4 and B be two n-bit
operands, where A4 is the minuend and B is the subtrahend as follows:

A:(l},h] an72 P al (10

B:bn—l bn—Z . bl bo

Therefore, 4 —B=A+ (B'+ 1), where B' is the 1s complement of B. Example 5.1 will
be repeated in Example 5.2 using this method.

Example 5.2  Subtrahend B (+37) will be subtracted from minuend 4 (+54) to

obtain a difference of +17 by adding the 2s complement (or negation) of the subtra-

hend, as shown below. The carry-out can be ignored because overflow is not possible
when adding a negative number to a positive number.

27 26 25 24 23 22 2l 20
A (Minuend)=+54 0 0 1 1 0 1 1 O
+) B (Subtrahend) = —37 1 1 1 1 01 1 1 1 1 01 1 1
D (Difference)=+17 0 0 0 1 0 0 0 1
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5.1 Twos Complement Subtraction 239

The diminished-radix (» — 1) complement of an n-digit number A4 is defined as
A'=@"-1)-4
Thus, the (» — 1) complement of the radix 2 number 0110 is

-1 -A4=02*-1)-6
=15-6
=9
=1001

The rs complement is the (» — 1) complement plus 1. Therefore, the s comple-
ment of an n-digit number 4 is defined as

Ay =r"—4
=A4'+1

Thus, the rs complement of the radix 2 number 0110 is

Ay =r"—4
=16-6
=10
=1010

Subtraction is accomplished by adding the s complement of the subtrahend to the
minuend. Let 4 =0111 and B=0100. Therefore,

A-B=A—-r"+/"-B
=A-r""+(#"-B)
:A—Fn+B'+1
=(7-2%+12
=(7-16)+ 12
=9+12
=3

Using the ( — 1) complement for subtraction is accomplished as follows:

A—B=A4+ B' (A4 plus the 1s complement of B)

The (r— 1) complement, however, is not used for subtraction because it may result
in an incorrect result requiring one more addition cycle to obtain a correct result. For
example, the radix 2 operation [4 = 1111 1001 (=6)] — [B= 1110 1101 (-18)] =+12
yields an incorrect result initially, as shown below. If a subtraction produces a carry
out of the high-order bit position, then the carry must be added to the intermediate
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result. This is called an end-around carry. Another reason why the (»— 1) complement
is not used is because there is a double representation for the number zero. For exam-
ple, for » = 2 and n = 8 the number zero = 0000 0000 and the 1s complement is 1111
1111. This is not true for the s complement. The number zero is 0000 0000 and the
2s complement is also 0000 0000.

A= 1111 1001 -6

+) B'= 0001 0010 +18

1 <—— 0000 1011 +11
L 1 <«—— End-around carry
0000 1100 +12

If the carry-out ¢,,_; = 0, then the result is correct; if the carry-out c¢,,_; = 1, then the
result is incorrect and the carry is added to the intermediate result.

There are four cases to consider when subtracting two numbers of unequal mag-
nitude in s complement: (+4) — (-B), (-4) — (+B), (+4) — (+B), and (—4) — (-B). In
case 1 where (+4) — (—B), after B has been rs complemented, both operands are posi-
tive. If 4 + B<r""!, there will be no carry into the high-order digit position and thus,
no overflow. If 4 + B> r”_l, an overflow will occur. For example, let 4 =0011 0001
(+49) and B = 1000 0100 (—124), where r = 2 and n = 8. Then

A+B=49+124=173>,7"1=281=27=128

A= 0011 0001 +49

-) B= 1000 0100 —124
A= 0011 0001 +49

+) B= 0111 1100 +124
0 1010 1101 +173

In case 2 where (—4) — (+B), after B has been rs complemented, both operands are
negative. Since the signs of both operands are negative, there will always be a carry
out of the high-order digit position. Since 4'{=r"—-A4and B',; =r" - B,

Difference = (" —A) + (+" —B)=2r"— (4 + B)
If A+ B <r""! then the result will be negative with no overflow. If 4 + B > "1 then
an overflow will occur. For example, let 4 = 1011 0111 (-73) and B = 0101 1100
(+92), where r =2 and n = 8. Then

A+B=73+92=165>p"1=281=27-128
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A= 1011 0111 73

-) B= 0101 1100 +92
A= 1011 0111 73

+) B= 1010 0100 -92
1 0101 1011 -165

In case 3 and case 4 where (+4) — (+B), and (—4) — (-B), respectively, the resulting
addition of a positive and a negative number produces a difference that is within the
range of the two numbers. Therefore, no overflow can occur. Several examples will
now be presented using the s complement for radix 2 that illustrate case 1 (+4) — (—-B)
and case 2 (—4) — (+B). Some examples produce no overflow and some examples pro-
duce an overflow.

Example 5.3 For case 1 where (+4) — (-B), let A =+4 and B = —4 for n =4. There-
fore, A + B =8> "~ (8) will produce an overflow, as shown below.

0100 0100
-) 1100 +) 0100
1000

Example 5.4 For case 1 where (+4) — (—B), let 4 =+5 and B =—4 for n =4. There-
fore, A+ B=9> """ (8) will produce an overflow, as shown below.

0101 0101
-) 1100 +) 0100
1001

Example 5.5 For case 1 where (+4) — (—B), let 4 =+6 and B=—-1 for n =4. There-
fore, A+B=7< ;""" (8) will produce no overflow, as shown below.

0110 0110
) 1111 +) 0001
0111
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Example 5.6  For case 2 where (—4) — (+B), let A =—4 and B =+3 for n =4. There-
fore, A + B=7 < "' (8) will produce no overflow, as shown below.

1100 1100
-) 0011 +) 1101
1 1001

Example 5.7 For case 2 where (—4) — (+B), let A =—4 and B = +4 for n =4. There-
fore, A+ B=8 <" (8) will produce no overflow, as shown below.

1100 1100
-) 0100 +) 1100
1 1000

Example 5.8 For case 2 where (—4) — (+B), let A =—6 and B =+3 for n =4. There-
fore, A+ B=9> " (8) will produce an overflow, as shown below.

1010 1010
-) 0011 +) 1101
1 0111

The rules for subtracting in radix 2 also apply to any radix. In the following two
examples, subtraction is performed in radix 16 using the s complement:

Example 5.9 Let the minuend be 4 = 9C (156,() and the subtrahend B = A4
(164, yielding a difference of F8 (—8;). The rs complement of A4 is

15-10=35; 15-4=11+1=C

9C 9C
-) A4 +) 5C
F8

Example 5.10 Let the minuend be 4 = 8B7D (35,709,() and the subtrahend B =
A3CF (41,935,), yielding a difference of E7AE (-6,226,(). The s complement of
A3CF is

15-10=35; 15-3=C; 15-12=3; 15-15=0+1=1
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8B7D 8B7D
) A3CF +) 5C31
E7AE

5.2 Ripple-Carry Subtraction

Like fixed-point addition, subtraction in radix 2 is relatively easy compared to multi-
plication and division. The adder used in addition can be modified slightly to accom-
modate subtraction. It was stated previously that subtraction can be accomplished by
adding the radix complement of the subtrahend to the minuend, where the radix com-
plement is formed by adding 1 to the diminished-radix complement. The diminished-
radix complement simply inverts all the bits of the subtrahend. This can be achieved
by using the exclusive-OR to invert the bits of the subtrahend.

An inverter could be used to invert each subtrahend bit, but this would not allow
the noninverted addend bits to be used for addition. The logic that inverts the subtra-
hend bits should also allow for addition. The exclusive-OR operation for two vari-
ables is defined as

A®B=AB'+A'B

Thus, 4 @ B =1 only if 4 # B. The truth table for the exclusive-OR function is
shown in Table 5.2. Note that when m = 1, B is inverted; when m =0, B is noninverted.
Therefore, the variable m can be used as a mode control input to determine whether the
operation is addition or subtraction. Ifthe mode control line is zero, then the operation
is addition; if the mode control line is one, then the operation is subtraction.

Table 5.2 Rules for the
Exclusive-OR Operation

b
@ |0 1
0 (0 1
m
1 1 0

This section presents the design of an 8-bit fixed-point ripple adder/subtractor.
The design of a carry lookahead adder/subtractor is similar except that the carry logic
uses the carry lookahead technique. It is desirable to have the adder unit perform both
addition and subtraction since there is no advantage to having a separate adder and
subtractor. A ripple-carry adder will be modified so that it can perform subtraction
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while still maintaining the ability to add. In order to form the 2s complement from the
1s complement, the carry-in to the low-order stage of the adder will be a 1 if subtrac-
tion is to be performed. The logic diagram is shown in Figure 5.1. Overflow is de-
tected if the carries out of bit 6 and bit 7 are different.

+m -
0
+a[0] a  sum +rsit[0]
+b0] iy ——p o2
cin  cout j
1
+afl] a  sum +rsit[1]
Ibﬂﬁ AN .
+b[1] ) inst3 b. inst4
cin  cout j
2
+af2] a  sum +rsit/2]
l»—\ﬁ N\ .
+b[2] ) inst5 > b. inst6
cin  cout —‘
3
+af3] a  sum +rsit/3]
tb—ﬁ .\ .
+b[3] ) inst7 > b. inst8
cin  cout j
4
+af4] a  sum +rsit[4]
+b[4] ) ) inst9 > b instl0
cin  cout j
5
+af5] a  sum +rsitf5]
b[5] ) JJinsti D> b inst12
cin  cout j
6
+af6] a  sum +rsit[6]
+b[6] ) ) inst13) b. inst14
cin  cout
7
+af7] a  sum +rsit[7]
inst15> b instl6
ol n— cin  cout Foverflow

Figure 5.1 Logic diagram for an 8-bit ripple-carry adder/subtractor.
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The structural module is shown in Figure 5.2. The test bench module is shown in
Figure 5.3, which applies eight input vectors for addition, eight input vectors for sub-
traction, two input vectors to cause an overflow for addition, and two input vectors to
cause an overflow for subtraction. The outputs are shown in Figure 5.4 and the wave-
forms are shown in Figure 5.5.

//structural 8-bit ripple-carry adder/subtractor
module adder subt ripple8 (a, b, m, rslt, cout, ovfl);

input [7:0] a, b;

input m;

output [7:0] rslt, cout;
output ovfl;

//define internal nets
wire netl, net3, net5, net7,
net9, netll, netl3, netl5;

//instantiate the xor and the full adder for FAO
xor instl (netl, b[0], m);

full adder inst2 (
.a(al0]),
.b(netl),
.cin(m),
.sum(rslt([0]),
.cout (cout[0])
) ;

//instantiate the xor and the full adder for FAl
xor inst3 (net3, b[l], m);

full adder inst4 (
.a(alll),
.b(net3),
.cin(cout[0])
.sum(rslt[1l])
.cout (cout[1]

) ;

14

14

)

//instantiate the xor and the full adder for FA2
xor inst5 (net5, b[2], m);

//continued on next page

Figure 5.2 Structural module for the 8-bit ripple-carry adder/subtractor.
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full adder inst6 (
.a(al2]),
.b(netb),
.cin(cout(1
.sum(rslt[2
.cout (cout [
) ;

)y

]
1)y
21)

//instantiate the xor and the full adder for FA3
xXor inst7 (net7, b[3], m);

full adder inst8 (
.a(al3]),
.b(net7),
.cin(cout[2
.sum(rslt[3
.cout (cout [

);

1)y
1)y
31)

//instantiate the xor and the full adder for FA4
xXor inst9 (net9, bl4], m);

full adder instl0 (
.a(al4l),
.b(net9),
.cin(cout[3]),
.sum(rslt[4]),
.cout (cout[4])

) ;

//instantiate the xor and the full adder for FAS
xor instll (netll, b[5], m);

full adder instl2 (
.a(al5]),
.b(netll),
.cin(cout[4]),
.sum(rslt[5]),
.cout (cout[5])

) ;

//instantiate the xor and the full adder for FA6
xor instl3 (netl3, b[6], m);

//continued on next page

Figure 5.2  (Continued)
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full adder instlé4 (
.a(aflel),
.b(netl3),
.cin(cout[5])
.sum(rslt[o6])
.cout (cout [6

) ;

]

//instantiate the xor and the full adder for FA7
xor instl5 (netl5, b[7], m);

full adder instl6 (
.a(al71),
.b(netlb),
.cin(cout[6])
.sum(rslt([7])
.cout (cout[7

) ;

]

//instantiate the xor gate to detect overflow
xor instl7 (ovfl, cout[6], cout[7]);

endmodule

Figure 5.2 (Continued)

//test bench for structural adder-subtractor
module adder subt ripple8 tb;

reg [7:0] a, b;

reg m;

wire [7:0] rslt, cout;
wire ovfl;

initial //display variables
Smonitor ("a=%b, b=%b, m=%b, rslt=%b, ovfl=%b",
a, b, m, rslt, ovfl);

initial //apply input vectors

begin

//addition
#0 a = 8'b0000_0000; b = 8'b0000_0001; m = 1'b0;
#10 a = 8'b0010 1101; b = 8'b1100 0101; m = 1'b0;
#10 a = 8'b0000 _0110; b = 8'b0000_0001; m = 1'b0;
#10 a = 8'b0000 _0101; b = 8'b0011 0001; m = 1'b0;

//continued on next page

Figure 5.3 Test bench for the 8-bit ripple-carry adder/subtractor.
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#10 a = 8'bl000_0000; b = 8'b0101 1100; m = 1'b0;
#10 a = 8'bl110 1101; b = 8'b0101 0101; m = 1'b0O;
#10 a = 8'bllll 1111; b = 8'b1111 1111; m = 1'b0;
#10 a = 8'bllll 1111; b = 8'bl111 0001; m = 1'b0O;
//subtraction
#10 a = 8'b0000_0000; b = 8'b0000_0001; m = 1'bl;
#10 a = 8'pb0010_1101; b = 8'b0000 _0101; m = 1'bl;
#10 a = 8'b0000_0110; b = 8'b0000_0001; m = 1'bl;
#10 a = 8'b0001 0101; b = 8'b0011 0001; m = 1'bl;
#10 a = 8'pbl000_0000; b = 8'b1001 1100; m = 1'bl;
#10 a = 8'bl110 _1101; b = 8'b0101 0101; m = 1'bl;
#10 a = 8'bll1ll 1111; b = 8'bl111l 1111; m = 1'bl;
#10 a = 8'bl110 1111; b = 8'bl111l 0001; m = 1'bl;
//overflow
#10 a = 8'b0111 1111; b = 8'b0101 0101; m = 1'b0;
#10 a = 8'bl010_1101; b = 8'b1011 0101; m = 1'b0O;
#10 a = 8'b0110_0110; b = 8'p1100 _0001; m = 1'bl;
#10 a = 8'bl000 _0101; b = 8'b0010 0001; m = 1'bl;
#10 $stop;
end
//instantiate the module into the test bench
adder subt ripple8 instl (
a(a)
.b(b)
.m(m),
.rslt(rslt),
.cout (cout),
.ovfl (ovfl)
);
endmodule
Figure 5.3 (Continued)
Addition

a=00000000,
a=00101101,
a=00000110,
a=00000101,
a=10000000,
a=11101101,
a=11111111,
a=11111111,

pb=00000001,
b=11000101,
b=00000001,
b=00110001,
b=01011100,
pb=01010101,
b=11111111,
b=11110001,

rs1lt=00000001, ovfl=0
rslt=11110010, ovfl=0
rs1lt=00000111, ovfl=0
rsl1lt=00110110, ovfl=0
rslt=11011100, ovfl=0
rs1lt=01000010, ovfl=0
rslt=11111110, ovfl=0
rslt=11110000, ovfl=0//next page

~

~

~

~

~

~

~

Il
[cNeoNeNoNoNeNoNe]

3333333 B3

Figure 5.4

Outputs for the 8-bit ripple-carry adder/subtractor.
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249

Subtraction
a=00000000,
a=00101101,
a=00000110,
a=00010101,
a=10000000,
a=11101101,
a=11111111,
a=11101111,

a=01111111,
a=10101101,

a=01100110,
a=10000101,

Overflow for addition

Overflow for subtraction

b=00000001, m=1, rslt=11111111, ovfl=0
b=00000101, m=1, rslt=00101000, ovfl=0
b=00000001, m=1, rslt=00000101, ovfl=0
b=00110001, m=1, rslt=11100100, ovfl=0
b=10011100, m=1, rslt=11100100, ovfl=0
b=01010101, m=1, rslt=10011000, ovfl=0
b=11111111, m=1, rslt=00000000, ovfl=0
b=11110001, m=1, rslt=11111110, ovfl=0
b=01010101, m=0, rslt=11010100, ovfl=1l
b=10110101, m=0, rslt=01100010, ovfl=1l
b=11000001, m=1, rslt=10100101, ovfl=1l
b=00100001, m=1, rslt=01100100, ovfl=l

Figure 5.4

(Continued)

2 Silos - C:Werilog\adder_subt_rippleBladder_subt_ripple8.spj

File Edit Yiew Analyzer Debug Explorer Repaorts Help
D% EH 2 b EHES ZHE Ha®eg 24
MName 2 P | | | 1 1 1 | | | 8|D | 1 1 1 | | | | | 1§D 1 | | | | |
= Default
- al7:0] (00 ¥ 2d 063 0580 ed X ¥ 00K 2d ¥ 06 X 15X B0 ed X I ¥ ef ¥ 77 ¥ ad ¥ EEXEE
- b{7:0] MNEEFTEERATGIEB AR RS R E L GRS Y E
m f LT
cout{7:0] 00+ O A0 O # 00 #_Fd i f 36 O0 % % Fe % T X 03 i ef X X OF X 71 5 hd ¥ 7e 4 5F
#1570 O P2 W07 36 ¥ do ¥ 42 5 fe ¥ IO X280 00 %  ed 398 N O0K Te A dd X 6Z 5 ab ¥ E4
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Figure 5.5 Waveforms for the 8-bit ripple-carry adder/subtractor.
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5.3 Carry Lookahead Addition/Subtraction

The hardware required for fixed-point addition can be easily expanded to accommo-
date fixed-point subtraction. Subtraction of two operands, minuend 4 and subtrahend
B, can be accomplished by adding the 2s complement of the subtrahend to the minu-
end; thatis, A —B=A4+ (B'+ 1), where (B'+ 1) is the 2s complement of the subtrahend
B. This section will present the structural design of an 8-bit carry lookahead adder/
subtractor comprised of two groups with four adder stages per group.

A 2s complementer will be initially designed that produces either the uncomple-
mented version of the addend for addition or the 2s complement version of the sub-
trahend for subtraction. The 2s complementer will then be instantiated into the
structural module of the carry lookahead adder/subtractor. Once the 2s complementer
has been instantiated into the structural module, high-speed addition can take place to
produce the sum or difference — the 2s complementer simply provides different oper-
ands to the adder.

The block diagram of the 2s complementer is shown in Figure 5.6 together with
the block diagram of the adder/subtractor. The inputs are the minuend a/7:0/, the sub-
trahend b/7:0], and a mode control which indicates whether the operation is to be
addition (mode = 0) or subtraction (mode = 1). The outputs of the 2s complementer are
the result of the operation and are labeled rsit/7:0]. The outputs of the adder/subtrac-
tor are the sum or difference, sum_diff]7:0]; the carry-out, cout; and an overflow indi-

cation, ovfl.
2s complementer
b[7:0]
rsit[7:0]
mode
Adder/Subtractor
af7:0] @ ———— —  sum _diff]7:0]
b[7:0] ——— 9g . - cout
mode | compl rsit[7:0]
ovfl

Figure 5.6 Block diagram of an 8-bit carry lookahead adder/subtractor.
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The truth table for the 2s complementer is shown in Table 5.3, which lists the first
eight entries and the last eight entries of the 256 possible values of eight variables. The
logic diagram for the 2s complementer is shown in Figure 5.7 together with the instan-
tiation names and the net names. The logic diagram illustrates an iterative network of
identical cells, except for the low-order bit #s/t/0] and the high-order bit rsit/7].

Alternatively, a parallel network may be implemented; however, the fan-in
requirements of the high-order OR gates increases proportionately. For example, the
equations for net 15 and net 18, resulting from the OR gate instantiations instl5 and
instl8, would be as follows:

netl5 = b[5] + b[4] + b[3] + b[2] + b[1] + b[0]
net18 = b[6] + b[5] + b[4] + b[3] + b[2] + b[1] + b[0]

Table 5.3 Truth Table for the 2s Complementer

Inputs b/7:0] Outputs rsit/7:0]
7 6 5 4 3 2 1 0 7 6 5 4 3 2 1 0
0 0 0 00 0 0 O 0O 0 0 000 0 O
0 0 0 00 0 0 1 1 11 1 1 1 1 1
0o 0 0 0 0 0 1 O 1 1 1 1 1 1 1 O
0 0 0 000 1 1 1 1.1 1 1 1 0 1
0 0 0 001 0 O 1 111 1 1 0 O
0 0 00 01 0 1 1 1 1 1 1 0 1 1
0 0 00 01 1 0 1 1.1 1 1 0 1 O
0 0 0 00 1 1 1 1 1 1 1 1 0 0 1
1 1.1 1 1 0 0 O 0O 0 001 0 0 O
1 1.1 1 1 0 0 1 0 0 0 0 0 1 1 1
1 11 1 1 0 1 O 0 0 0 001 1 0
1 1 1 1 1 0 1 1 0 0 00 0 1 0 1
1 11 1 1 1 0 O 0 0 000 1 0 O
1 1 1 1 1 1 0 1 0 0 0 0 0 0 1 1
1 111 1 1 1 0 0 0 0000 1 O
1 1 1 1 1 1 1 1 0 0 0 0 00 0 1
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b[0] rsit[0]

—. netl I
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I inst4 } net4 3 !
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—. N netl0 \ !
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b[4] : ms |

j=3
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Figure 5.7 Logic diagram for the 2s complementer.

The design module for the 2s complementer is shown in Figure 5.8 using dataflow
modeling and built-in primitives. The test bench, shown in Figure 5.9, applies 256
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input vectors to the design module. The outputs are shown in Figure 5.10 for 40 input
vectors that indicate both uncomplemented and 2s complemented versions of the input
vector b[7:0].

//dataflow and built-in primitives for an
//8-bit 2s complementer for add and subtract
module twos compl add sub 8 (b, mode, rslt);

input [7:0] b;
input mode;
output [7:0] rslt;

assign rslt[0] = b[0];

and instl (netl, b[0], mode);
xXor inst2 (rslt[1], b[1l], netl);
]

or inst3 (net3, b[1l], b[0]);
and inst4 (net4, net3, mode);
xXor inst5 (rslt[2], b[2], netd);
or insto6 (net6, b[2], net3);
and inst7 (net7, neto6, mode);
xXor inst8 (rslt[3], b[3], net?);
or inst9 (net9, b[3], neto);

and instl0 (netl0, net9, mode);
xXor instll (rslt([4], b[4], netl0);
or instl2 (netl2, b[4], net9);

and instl3 (netl3, netl2, mode);
xXor instl4 (rslt([5], b[5], netl3);
or instl5 (netl5, b[5], netl2);

and instl6 (netl6, netl5, mode);
xor instl7 (rslt([6], b[6], netlo);
or instl8 (netl8, b[6], netlb);

and instl9 (netl9, netl8, mode);
Xor inst20 (rslt([7], b[7], netl9);

endmodule

Figure 5.8 Design module for the 8-bit 2s complementer using dataflow and
built-in primitives.
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//test bench for 8-bit 2s complementer for add and sub
module twos compl add sub 8 tb;

reg [7:0] b;
reg mode;
wire [7:0] rslt;

//apply input vectors and display variables
initial
begin: apply stimulus

reg [9:0] invect;

for (invect = 0; invect < 512; invect = invect + 1)
begin
{b, mode} = invect [9:0];

#10 $display ("b = %b, mode = %b, rslt = %b",
b, mode, rslt);
end
end

//instantiate the module into the test bench
twos compl add sub 8 instl (

.b(b),

.mode (mode) ,

.rslt(rslt)

)
endmodule

Figure 5.9 Test bench for the 8-bit 2s complementer.

b = 00000000, mode = 0, rslt = 00000000
b = 00000000, mode = 1, rslt = 00000000
b = 00000001, mode = 0, rslt = 00000001
b = 00000001, mode =1, rslt = 11111111
b = 00000010, mode = 0, rslt = 00000010
b = 00000010, mode = 1, rslt = 11111110
b = 00000011, mode = 0, rslt = 00000011
b = 00000011, mode = 1, rslt = 11111101
b = 00000100, mode = 0, rslt = 00000100
b = 00000100, mode = 1, rslt = 11111100
b = 00000101, mode = 0, rslt = 00000101
b = 00000101, mode = 1, rslt = 11111011
b = 00000110, mode = 0, rslt = 00000110
b = 00000110, mode = 1, rslt = 11111010
b = 00000111, mode = 0, rslt = 00000111
b = 00000111, mode = 1, rslt = 11111001//continued next page

Figure 5.10 Outputs for the 8-bit 2s complementer.
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b = 00011100, mode = 0, rslt = 00011100
b = 00011100, mode = 1, rslt = 11100100
b = 00011101, mode = 0, rslt = 00011101
b = 00011101, mode = 1, rslt = 11100011
b = 00011110, mode = 0, rslt = 00011110
b = 00011110, mode = 1, rslt = 11100010
b = 00011111, mode = 0, rslt = 00011111
b = 00011111, mode = 1, rslt = 11100001
b = 11110001, mode = 0, rslt = 11110001
b = 11110001, mode = 1, rslt = 00001111
b = 11110010, mode = 0, rslt = 11110010
b = 11110010, mode = 1, rslt = 00001110
b = 11110011, mode = 0, rslt = 11110011
b = 11110011, mode = 1, rslt = 00001101
b = 11110100, mode = 0, rslt = 11110100
b = 11110100, mode = 1, rslt = 00001100
b = 11111100, mode = 0, rslt = 11111100
b = 11111100, mode = 1, rslt = 00000100
b = 11111101, mode = 0, rslt = 11111101
b = 11111101, mode = 1, rslt = 00000011
b = 11111110, mode = 0, rslt = 11111110
b = 11111110, mode = 1, rslt = 00000010
b = 11111111, mode = 0, rslt = 11111111
b = 11111111, mode = 1, rslt = 00000001

Figure 5.10 (Continued)

A more detailed block diagram of the carry lookahead adder/subtractor is shown
in Figure 5.11 depicting the two groups of four full adders per group. Group 0 consists
of full adders 0 through 3; group 1 consists of full adders 4 through 7. The inputs are
the augend/minuend a/7:0/ and the addend/subtrahend rsit/7:0], which are the out-
puts of the 2s complementer. The carry-out of group 0 is grp0_cy; the carry-out of
group 1 is cout, the carry-out of the adder.

Since this is a structural design, the logic diagram of the carry lookahead adder/
subtractor will be designed first using gates and full adders, then implemented with
built-in primitives and module instantiations of the full adder. The logic diagram is
illustrated in Figure 5.12 showing the instantiation names and the net names.

The structural module is shown in Figure 5.13, and the test bench is shown in Fig-
ure 5.14, in which several vectors are applied for a/7:0] and b/7:0] for addition (mode
=0) and subtraction (mode = 1). The outputs are shown in Figure 5.15 displaying the
two operands, the state of the mode input, the sum or difference, and the state of the
overflow output.
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Figure 5.11 Detailed block diagram of an 8-bit carry lookahead adder/subtractor.
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0
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10 (a) Continued on next page

Figure 5.12  Logic diagram for the 8-bit carry lookahead adder/subtractor: (a)
group 0 logic and full adders; (b) group 0 carry generation; (c) group 1 logic and full
adders; and (d) group 1 carry generation and overflow detection.
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(c) Continued on next page

Figure 5.12  (Continued)
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Figure 5.12  (Continued)
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—rslt[7] inst49 }1et49

toum_difff7] 1
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Figure 5.12  (Continued)

Once the outputs of the 2s complementer are available, all carries generated by the
carry lookahead logic are available after 5 gate delays. The carry lookahead technique
requires a significant increase in the amount of logic compared to the ripple-carry
method, but offers a significant increase in speed.

//structural and built-in primitives for an
//8-bit carry lookahead adder/subtractor
module add sub cla8 (a, b, mode, sum diff, cout, ovfl);

input [7:0] a, b;
input mode;

output [7:0] sum diff;
output cout, ovfl;

//define internal nets
wire [7:0] rslt;
wire net3, net5, net6, net7, net8,
netl0, netll, netl2, netl3, netld,
netl6, netl7, netl8, netl9, net20,
net23, net24, net25, net26,
net28, net29, net30, net3l, net32,
net34, net35, net36, net37, net38, net39,
netd4l, net42, netd3, netdd, netd5, netdo,
net48, net4d9;

//instantiate the 2s complementer
twos compl add sub 8 instl (
.b(b),
.mode (mode) ,
.rslt(rslt)
) ;

//continued on next page

Figure 5.13  Structural module for 8-bit the carry lookahead adder/subtractor.
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//instantiate the logic for FAO of group 0
full adder inst2 (

.a(afo0l),

.b(rslt[0]),

.cin(1'b0),

.sum(sum diff[0])

) ;

//instantiate the logic for FAl of group 0
and inst3 (net3, al0], rslt([0]); //g0

full adder inst4 (
.a(aflll]),
b (rslt[1l]),
.cin(net3),
.sum(sum diff[1])
) ;

//instantiate the logic for FA2 of group 0
and inst5 (net5, afll], rslt[l]); //gl
Xor inst6 (net6, al[l], rslt[l]); //pl
and inst7 (net7, net6, a[0], rslt([0]);
or inst8 (net8, net5, net7); //gl,pl,g0

full adder inst9 (
.a(alzl),
b (rslt(2]),
.cin(net8),
.sum(sum _diff[2])
) ;

//instantiate the logic for FA3 of group 0
and instl0 (netl0, al2], rslt[2]); //g2
Xor instll (netll, al2], rslt[2]); //p2

and instl13
or instl4

full adder instl5 (
.a(al3l),
.b(rslt[31]),
.cin(netl4),
.sum(sum_diff[3])
) ; //continued on next page

netl3, netll, net6, a[0], rslt([0]);

(
(
and instl2 (netl2, netll, a[l], rslt[l]); //p2,9l
(
(netl4, netlO, netl2, netl3);//g2,p2,g9l1,p2,pl,g0

//p2,p1l,g0

Figure 5.13  (Continued)
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//instantiate the logic for the carry from group 0 grp0O cy

and instl6 (netl6, a[3], rslt[3]); //g3

xor instl7 (netl7, a[3], rslt[3]); //p3

and instl8 (netl8, netl7, al2], rslt[2]); //p3,92

and instl9 (netl9, netl7, netll, all], rslt[l]); //p3,p2,9l

and inst20 (net20, netl7, netll, neto6, al[0], rslt([0]);

//p3,p2,p1,g0

or inst2l (grp0_cy, netl6, netl8, netl9, net20);

//93,p3,92,p3,p2,91,p3,p2,pl,g0

//instantiate the logic for FA4 of group 1
full adder inst22 (

.a(afl4]),

.b(rsltidl),

.cin(grp0_cy),

.sum(sum _diff[4])

)

//instantiate the logic for FA5 of group 1
and inst23 (net23, al4], rsltl4]l); //g4
xor inst24 (net24, al4], rsltl4]l); //pd
and inst25 (net25, net24, grp0 cy); //p4,9rp0_cy
or inst26 (net26, net23, net25); //g4,p4,grp0_cy

—_~ o~ o~ —~

full adder inst27 (
.a(als5]),
.b(rslt[5]),
.cin (net206),
.sum(sum diff[5])
) ;

//instantiate the logic for FA6 of group 1
and inst28 (net28, al[5], rslt[51); //g5
Xor inst29 (net29, al[5], rslt[5]1); //p5
and inst30 (net30, net29, al4], rsltl4]); //p5,94
and inst31 (net31, net29, net24, grp0 cy); //p5,p4,9rp0 cy
or inst32 (net32, net28, net30, net3l);
//95,05,94,p5,p4,9rp0 _cy

full adder inst33 (

.a(aflel),

.b(rslt[6]),

.cin (net32),

.sum(sum diff[6])

) 7 //continued on next page

Figure 5.13  (Continued)

© 2010 by Taylor & Francis Group, LLC



5.3 Carry Lookahead Addition/Subtraction 263

//instantiate the logic for FA7 of group 1

and inst34 (net34, al6], rsltl[6]); //g6

Xor inst35 (net35, al[6], rsltl[6]); //p6

and inst36 (net36, net35, al[b rslt[5]); //p6,95
(

]I
net37, net35, net29, al[4], rsltl[4]);
//p6,p5, g4
and inst38 (net38, net35, net29, net24, grpl cy);
//p6,p5,p4,9rp0_cy
or inst39 (net39, net34, net36, net37, net38);
//96,p6,95,p6,p5,94,p6,p5,p4,9rp0_cy

and inst37

full adder inst40 (
.aal7l),
b (rslt([7]),
.cin(net39),
.sum(sum diff[7])
)7

//instantiate the logic for the carry from group 1 cout

and inst4l (net4l, al7], rslt[71); //g7

Xor inst42 (net42, al7], rslt[71); //p7

and inst43 (net43, netd42, al6], rslt[e6]); //p7,96

and inst44 (net44, net42, net35, al[5], rslt[5]);
//p7,p96,95

and inst45 (net45, net42, net35, net29, afl[4], rslt[4]);
//p7,06,p5,94

and inst46 (netd46, net42, net35, net29, net24, grpl0 cy);
//97,06,p5,p4,9rp0_cy

or inst47 (cout, net4l, net43, netd44, netd5, netd6);

//97,97,96,p7,96,95,p7,06,05,94,p7,p6,p5,p4,9rp0_cy

(
(
(
(

i
//instantiate the logic to detect overflow

[ mm e e
and inst48 (net48, al7], rslt[7], ~sum diff([7]);
and inst49 (netd49, ~al[7], ~rslt([7], sum diff[7]);
or inst50 (ovfl, net48, netd9);

endmodule

Figure 5.13  (Continued)
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("a=%b, b=%Db,
a, b,

reg [7:0]
reg mode;
wire [7:0]
wire cout,
initial
Smonitor
initial
begin
#0 a
#10 a
#10 a
#10 a
#10 a
#10 a
#10 a
#10 a
#10 a
#10 a
#10 a
#10 a
#10 a
#10 a
#10 a
#10 a
#10 a
#10 a
#10 a
#10

a,

//test bench for the 8-bit
//carry lookahead adder/subtractor
module add sub cla8 tb;

b;

sum _diff;
ovfl;

a =

//display variables

mode,

//apply input vectors

8'b0000_0000;
8'b0000_0000;

8'b0000_0110;
8'b0000_0110;

8'b0000_1100;
8'b0000_1100;

8'b0000_0001;
8'b0000_0001;

8'b0000_0001;
8'b0000_0001;

8'b1111_0000;
8'b1111_0000;

8'b0110_1101;
8'b0010_1101;

8'b0000_0110;
8'b0000_0110;

8'b0001 0101;
8'b0001 0101;

8'b1000_0000;
8'b1000_0000;

//continued on next page

mode=%b,
sum diff, ovfl);

sum_diff=%b,

= 8'b0000_0001;
= 8'b0000_0001;

= 8'b0000_0011;
= 8'b0000_0011;

= 8'b0000_0101;
= 8'b0000_0101;

= 8'bl111 1001;
= 8'bl111 1001;

= 8'b1000_0001;
= 8'b1000_0001;

= 8'b0000_0001;
= 8'b0000_0001;

= 8'b0100_0101;
= 8'b0000_0101;

= 8'b0000_0001;
= 8'b0000_0001;

= 8'b0011 0001;
= 8'b0011 0001;

= 8'b1001 _1100;
= 8'b1001 _1100;

ovfl=%b",

mode = 1'bO0;
mode = 1'bl;
mode = 1'bO0;
mode = 1'bl;
mode = 1'bO0;
mode = 1'bl;
mode = 1'bO0;
mode = 1'bl;
mode = 1'bO0;
mode = 1'bl;
mode = 1'b0;
mode = 1'bl;
mode = 1'bO0;
mode = 1'bl;
mode = 1'b0;
mode = 1'bl;
mode = 1'b0;
mode = 1'bl;
mode = 1'b0;
mode = 1'bl;

Figure 5.14

Test bench for the 8-bit carry lookahead adder/subtractor.
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#10 a = 8'b1110 1101; b = 8'b0101 0101;
#10 a = 8'pb1110 1101; b = 8'b0101 0101;

#10 a =8"'bl111 1111; b = 8'b1111 1111;
#10 a =8"'bl111 1111; b = 8'b1111 1111;

#10 a = 8'bl110 1111; b = 8'b1111 0001;
#10 a = 8'bl110 1111; b = 8'b1111 0001;

#10 a = 8'b0111 1111; b = 8'b0101 _0101;
#10 a = 8'bl010 1101; b = 8'b1011 0101;

#10 a = 8'b0110 0110; b = 8'b1100_0001;
#10 a = 8'b0110 0110; b = 8'b1100_0001;

#10 a = 8'bl000 0101; b = 8'b0010_0001;
#10 a = 8'bl000 0101; b = 8'b0010_0001;

#10 a = 8'b0111 0110; b = 8'b1101 0101;
#10 a = 8'b0111 0110; b = 8'b1101 0101;

#10 a = 8'b0110 0111; b = 8'b1110 0111;
#10 a = 8'b0110 0111; b = 8'b1110 0111;

#10 a = 8'bll1ll 1111; b = 8'b1111 1111;
#10 a = 8'bll1ll 1111; b = 8'b1111 1111;

#10 $stop;

end

//instantiate the module into the test bench
add _sub_cla8 instl (

a(a),
.b(b),
.mode (mode) ,

.sum _diff (sum diff),
.cout (cout),

.ovfl (ovfl)

);

endmodule

mode =
mode =

mode =
mode =

mode =
mode =

mode =
mode =

mode =
mode =

mode =
mode =

mode =
mode =

mode =
mode =

mode =
mode =

Figure 5.14 (Continued)
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b =

mode =
mode =

sum diff is

a=00000000,
a=00000000,
a=00000110,
a=00000110,
a=00001100,
a=00001100,
a=00000001,
a=00000001,
a=00000001,
a=00000001,
a=11110000,
a=11110000,
a=01101101,
a=00101101,
a=00000110,
a=00000110,
a=00010101,
a=00010101,
a=10000000,
a=10000000,
a=11101101,
a=11101101,
a=11111111,
a=11111111,
a=11101111,
a=11101111,
a=01111111,
a=10101101,
a=01100110,
a=01100110,
a=10000101,
a=10000101,
a=01110110,
a=01110110,
a=01100111,
a=01100111,
a=11111111,
a=11111111,

0 add
1 subtract

a = augend/minuend
addend/subtrahend

in 2s complement

p=00000001,
p=00000001,
p=00000011,
p=00000011,
p=00000101,
p=00000101,
p=11111001,
pb=11111001,
p=10000001,
p=10000001,
p=00000001,
p=00000001,
p=01000101,
p=00000101,
p=00000001,
p=00000001,
p=00110001,
p=00110001,
p=10011100,
p=10011100,
p=01010101,
p=01010101,
b=11111111,
b=11111111,
p=11110001,
p=11110001,
p=01010101,
p=10110101,
p=11000001,
p=11000001,
b=00100001,
b=00100001,
b=11010101,
b=11010101,
b=11100111,
b=11100111,
b=11111111,
b=11111111,

mode=0,
mode=1,
mode=0,
mode=1,
mode=0,
mode=1,
mode=0,
mode=1,
mode=0,
mode=1,
mode=0,
mode=1,
mode=0,
mode=1,
mode=0,
mode=1,
mode=0,
mode=1,
mode=0,
mode=1,
mode=0,
mode=1,
mode=0,
mode=1,
mode=0,
mode=1,
mode=0,
mode=1,
mode=0,
mode=1,
mode=0,
mode=1,
mode=0,
mode=1,
mode=0,
mode=1,
mode=0,
mode=1,

sum_diff=00000001,
sum diff=11111111,
sum_diff=00001001,
sum_diff=00000011,
sum_diff=00010001,
sum diff=00000111,
sum diff=11111010,
sum_diff=00001000,
sum_diff=10000010,
sum_diff=10000000,
sum diff=11110001,
sum diff=11101111,
sum _diff=10110010,
sum_diff=00101000,
sum_diff=00000111,
sum_diff=00000101,
sum_diff=01000110,
sum diff=11100100,
sum_diff=00011100,
sum_diff=11100100,
sum_diff=01000010,
sum_diff=10011000,
sum diff=11111110,
sum_diff=00000000,
sum_diff=11100000,
sum diff=11111110,
sum_diff=11010100,
sum diff=11111000,
sum diff=00100111,
sum diff=10100101,
sum diff=10100110,
sum_diff=01100100,
sum diff=01001011,
sum_diff=10100001,
sum diff=01001110,
sum_diff=10000000,
sum diff=11111110,
sum_diff=00000000,

ovfl=0
ovfl=0
ovfl=0
ovfl=0
ovfl=0
ovfl=0
ovfl=0
ovfl=0
ovfl=0
ovfl=1
ovfl=0
ovfl=0
ovfl=1
ovfl=0
ovfl=0
ovfl=0
ovfl=0
ovfl=0
ovfl=1
ovfl=0
ovfl=0
ovfl=0
ovfl=0
ovfl=0
ovfl=0
ovfl=0
ovfl=1
ovfl=0
ovfl=0
ovfl=1
ovfl=0
ovfl=1
ovfl=0
ovfl=1
ovfl=0
ovfl=1
ovfl=0
ovfl=0

Figure 5.15
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5.4 Behavioral Addition/Subtraction

If high speed is not a requirement for an adder/subtractor, then a behavioral design
module may suffice. Behavioral modeling describes the behavior of the system and
specifies the architectural implementation of the system; however, it does not describe
the implementation of the design at the gate level. This represents a higher level of
abstraction than other modeling methods and relinquishes the logic design details to
the synthesis tool.

This section will design an 8-bit adder/subtractor using behavioral modeling. The
inputs are the augend/minuend a/7:0], the addend/subtrahend b/7:0/, and a mode con-
trol input to determine the operation to be performed, where addition is defined as
mode = 0 and subtraction is defined as mode = 1. There are two outputs: the result of
an operation, rs/¢/7:0], and an overflow indication, ovfl.

If the operation is addition, then overflow is defined as shown in Equation 5.1. If
the operation is subtraction, then overflow is defined as shown in Equation 5.2, where
the variable neg b/7] is the sign bit of the 2s complement of operand B.

Overflow = a[7] b[7] rsit[7]' + a[7]' b[7]" rsit[7] (5.1)

Overflow = af7] neg b[7] rsit[7]'+ a[7]' neg b[7]' rsit[7] (5.2)

Since behavioral modeling uses the always procedural construct statement, the
target variables are declared as type reg. The behavioral module is shown in Figure
5.16, which specifies an internal register neg b/7:0] = B' + 1 to be used in the over-
flow equation. Blocking assignments are used in the begin . . . end blocks because the
statements for s/t and ovfl are combinational circuits. This also blocks execution of
the overflow statement until the result is obtained. The test bench is shown in Figure
5.17, providing several input vectors for the operands 4 and B. The outputs are shown
in Figure 5.18.

//behavioral 8-bit adder/subtractor
module add sub bh (a, b, mode, rslt, ovfl);

input [7:0] a, b;

input mode;

output [7:0] rslt;

output ovfl; //continued on next page

Figure 5.16  Behavioral module for the 8-bit adder/subtractor.
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wire [7:0] a, Db;
wire mode;
reg [7:0] rslt;
reg ovfl;
reg [7:0] neg b = ~b + 1;
always @ (a or b or mode)
begin
if (mode == 0) //add
begin
rslt = a + b;
ovfl =(a[7] & b[7] & ~rslt[7]) |
(~al[7] & ~b[7] & rslt[7]);
end
else //subtract
begin
rslt = a + neg b;
ovfl = a[7] & neg b[7] & ~rslt[7]) |
~al[7] & ~neg b[7] & rslt[7]);
end
end
endmodule

Figure 5.16  (Continued)

//test bench for the 8-bit
//carry lookahead adder/subtractor
module add sub bh tb;

reg [7:0] a, b;
reg mode;

wire [7:0] rslt;
wire ovfl;

//display variables
initial
$monitor ("a=%b, b=%b, mode=%b, result=%b, ovfl=%b",

a, b, mode, rslt, ovfl);

//continued on next page

Figure 5.17  Test bench for the 8-bit adder/subtractor.
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begin
#0
#10

#10
#10

#10
#10

#10
#10

#10
#10

#10
#10

#10
#10

#10
#10

#10
#10

#10
#10

#10
#10

#10
#10

#10
#10

#10
#10

o))

a
a

//apply input vectors
initial

8'b0000_0000;
8'b0000_0000;

850000 0110;
850000 0110;

8'b0000_1100;
8'b0000_1100;

8'b0000_0001;
8'b0000_0001;

8'b0000_0001;
8'b0000_0001;

8'b1111_0000;
8'b1111_0000;

8'00110_1101;
8'00010_1101;

8'b0000_0110;
8'b0000_0110;

8'60001_0101;
8'60001_0101;

8'b1000_0000;
8'b1000_0000;

8'b1110 1101;
8'b1110 1101;

8'bl1111 1111;
8'bl1111 1111;

8'b1110 1111;
8'b1110 1111;

8'b0111 1111;
8'b1010_1101;

//continued on next page

= 8'b0000_0001;
= 8'b0000_0001;

= 8'b0000_0011;
= 8'b0000_0011;

= 8'b0000_0101;
= 8'b0000_0101;

= 8'bl111 1001;
= 8'bl111 1001;

= 8'b1000_0001;
= 8'b1000_0001;

= 8'b0000_0001;
= 8'b0000_0001;

= 8'b0100_0101;
= 8'b0000_0101;

= 8'b0000_0001;
= 8'b0000_0001;

= 8'b0011_0001;
= 8'b0011_0001;

= 8'b1001_1100;
= 8'b1001_1100;

= 8'b0101_0101;
= 8'b0101_0101;

= 8'b1111 1111;
= 8'bl1111 1111;

= 8'b1111 0001;
= 8'b1111 0001;

= 8'b0101 0101;
= 8'b1011 0101;

mode =
mode =

mode =
mode =

mode =
mode =

mode =
mode =

mode =
mode =

mode =
mode =

mode =
mode =

mode =
mode =

mode =
mode =

mode =
mode =

mode =
mode =

mode =
mode =

mode =
mode =

mode =
mode =

Figure 5.17
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#10 a = 8'b0110 0110; b = 8'b1100 _0001; mode = 1'bO;
#10 a = 8'b0110 0110; b = 8'b1100 _0001; mode = 1'bl;
#10 a = 8'b1000 _0101; b = 8'b0010 _0001; mode = 1'bO;
#10 a = 8'b1000 _0101; b = 8'b0010 _0001; mode = 1'bl;
#10 a = 8'b0111 0110; b = 8'b1101 0101; mode = 1'bO;
#10 a = 8'b0111 0110; b = 8'b1101 0101; mode = 1'bl;
#10 a = 8'b0110 0111; b = 8'b1110 0111; mode = 1'bO;
#10 a = 8'b0110 0111; b = 8'b1110 0111; mode = 1'bl;
#10 a = 8'bl111 1111; b = 8'b1111 1111; mode = 1'bO;
#10 a = 8'bl1111 1111; b = 8'b1111 1111; mode = 1'bl;
#10 $stop;
end
//instantiate the module into the test bench
add_sub_bh instl (
a(a),
b (b),
mode (mode) ,
.rslt(rslt)
.ovfl (ovfl)
) ;
endmodule
Figure 5.17 (Continued)
a=00000000, b=00000001, mode=0, result=00000001, ovfl=0
a=00000000, b=00000001, mode=1, result=11111111, ovfl=0
a=00000110, b=00000011, mode=0, result=00001001, ovfl=0
a=00000110, b=00000011, mode=1, result=00000011, ovfl=0
a=00001100, b=00000101, mode=0, result=00010001, ovfl=0
a=00001100, b=00000101, mode=1, result=00000111, ovfl=0
a=00000001, b=11111001, mode=0, result=11111010, ovfl=0
a=00000001, b=11111001, mode=1, result=00001000, ovfl=0
a=00000001, b=10000001, mode=0, result=10000010, ovfl=0
a=00000001, b=10000001, mode=1, result=10000000, ovfl=1l
a=11110000, b=00000001, mode=0, result=11110001, ovfl=0
a=11110000, b=00000001, mode=1, result=11101111, ovfl=0

//continued

on next page

Figure 5.18

Outputs for the 8-bit adder/subtractor.
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a=01101101, b=01000101, mode=0, result=10110010, ovfl=1
a=00101101, b=00000101, mode=1, result=00101000, ovfl=0
a=00000110, b=00000001, mode=0, result=00000111, ovfl=0
a=00000110, b=00000001, mode=1, result=00000101, ovfl=0
a=00010101, b=00110001, mode=0, result=01000110, ovfl=0
a=00010101, b=00110001, mode=1, result=11100100, ovfl=0
a=10000000, b=10011100, mode=0, result=00011100, ovfl=1l
a=10000000, b=10011100, mode=1, result=11100100, ovfl=0
a=11101101, b=01010101, mode=0, result=01000010, ovfl=0
a=11101101, b=01010101, mode=1, result=10011000, ovfl=0
a=11111111, b=11111111, mode=0, result=11111110, ovfl=0
a=11111111, b=11111111, mode=1, result=00000000, ovfl=0
a=11101111, b=11110001, mode=0, result=11100000, ovfl=0
a=11101111, b=11110001, mode=1, result=11111110, ovfl=0
a=01111111, b=01010101, mode=0, result=11010100, ovfl=1
a=10101101, b=10110101, mode=1, result=11111000, ovfl=0
a=01100110, b=11000001, mode=0, result=00100111, ovfl=0
a=01100110, b=11000001, mode=1, result=10100101, ovfl=1
a=10000101, b=00100001, mode=0, result=10100110, ovfl=0
a=10000101, b=00100001, mode=1, result=01100100, ovfl=1
a=01110110, b=11010101, mode=0, result=01001011, ovfl=0
a=01110110, b=11010101, mode=1, result=10100001, ovfl=1
a=01100111, b=11100111, mode=0, result=01001110, ovfl=0
a=01100111, b=11100111, mode=1, result=10000000, ovfl=1
a=11111111, b=11111111, mode=0, result=11111110, ovfl=0
a=11111111, b=11111111, mode=1, result=00000000, ovfl=0

Figure 5.18 (Continued)

5.5 Problems

5.1  Indicate whether the operations shown below produce an overflow. The oper-
ands are in 2s complement representation.

(@) 01111101
-) 00110111

(b) 11010101
-) 01001111
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52

53

5.4

55

5.6

5.7

Chapter 5 Fixed-Point Subtraction

Perform the operation of subtraction on the operands shown below, which are
in radix complementation for radix 3.

02021,
-) 221004

Let 4 and B be two fixed-point binary integers in 2s complement representa-
tion as shown below, where A' and B' are the 1s complement of 4 and B, re-
spectively. Perform the indicated operations and show the result in eight bits.

A=1011 0001 B=11100100
A+1-B'+1
Perform the following binary subtraction using the 1s complement method:

1100 1100
—) 0011 0011

Perform the operation shown below on the two operands, which are in radix
complementation for radix 8. Verify the answer by converting to radix 10.

04357,
-) 02612

Perform the arithmetic operations shown below with fixed-point binary num-
bers in 2s complement representation. In each case, indicate if there is an
overflow.

(a) 1001 1000
—) 00100010

(b) 00110110
~) 11100011

Indicate whether the operands shown below generate an overflow for the in-
dicated operations. The numbers are in 2s complement representation.

(@ 10110110
-) 01011101

(b) 01110011
~) 10001100
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59

5.10

5.11

5.12

5.13

5.5 Problems 273

Let 4 and B be two fixed-point binary numbers in 2s complement representa-
tion, where 4=1011 0001 and B=1110 0100. Determine the result of the fol-
lowing operations: (a) A — B and (b) 4 — (B' + 1).

Perform the operations shown below with fixed-point numbers in 2s comple-
ment representation, where n = 7. In each case, indicate if there is an over-
flow.

(@)  (-63)—(+63)
(®)  (B)—-(+33)
Perform subtraction on the following 2s complement numbers:

(@)  01011.0101
~) 00110. 1100

(b)  000111.0110
~) 110011.0011

Perform the subtraction shown below using 8-bit operands in 2s complement
representation and indicate if an overflow occurs.

(-62) — (+67)

Design a 2s complementer for an 8-bit operand b/7:0] as an iterative array.
Obtain the dataflow design module, the test bench module for at least 20 dif-
ferent input vectors, and the outputs.

Design an 8-bit serial adder/subtractor. The augend/minuend is a/7:0] and
the addend/subtrahend is b/7:0]. There is a load input to load the operands
into the parallel-in, serial-out shift registers, and a mode input to indicate an
add operation (mode = 0) or a subtract operation (mode = 1). Then implement
the adder/subtractor as a structural module. Obtain the test bench and apply
input vectors for addition and subtraction. Obtain the outputs and the wave-
forms.
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6.1 Sequential Add-Shift Multiplication
6.2 Booth Algorithm Multiplication

6.3 Bit-Pair Recoding Multiplication
6.4 Array Multiplication

6.5 Table Lookup Multiplication

6.6 Memory-Based Multiplication

6.7 Multiple-Operand Multiplication
6.8 Problems

Fixed-Point Multiplication

Fixed-point multiplication is more complex than either addition or subtraction. Sev-
eral methods will be presented in this chapter to multiply signed and unsigned oper-
ands, including the sequential add-shift method, the Booth algorithm, bit-pair
recoding, an array multiplier, table lookup, read-only memory (ROM)-based multipli-
cation, and multiple-operand multiplication. The n-bit multiplicand A is multiplied by
the n-bit multiplier B to produce a 2n-bit product, as shown below.

Multiplicand: 4= a,_j4a,_74a,_3...a14q
Multiplier: B= bn—lbn—z bn_3...b1 bo
Product:  P= py,_1p2y—2P2m-3---P1P0

Multiplication is a process of multiplying the multiplicand by the multiplier to
produce a product. The general procedure consists of scanning the multiplier from the
low-order bit to the high-order bit. If the multiplier bitis a 1, the multiplicand becomes
the partial product; if the multiplier bit is a 0, then Os are entered as the partial product.
Each partial product is then shifted left one bit position relative to the previous partial
product.

When all of the partial products are obtained, the partial products are then added to
produce the 2n-bit product. The sign of the product is a function of the signs of the

275
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operands. Ifboth operands have the same sign, then the sign of the product is positive;
if the signs of the operands are different, then the sign of the product is negative.

6.1 Sequential Add-Shift Multiplication

Examples will now be presented that illustrate multiplication using the paper-and-pen-
cil method for the add-shift multiplication technique using two 4-bit operands in 2s
complement notation. Ifthe operands are in 2s complement notation, then the sign bit
is treated in a manner identical to the other bits; however, the sign bit of the multipli-
cand is extended left in the partial product to accommodate the 2n-bits of the product.
The only requirement is that the multiplier must be positive — the multiplicand can be
either positive or negative.

Example 6.1 Let the multiplicand and multiplier be two positive 4-bit operands as
shown below, where a/3:0] = 0111 (+7) and b/3:0] = 0101 (+5) to produce a product
p[7:0] =0010 0011 (+35). A multiplier bit of 1 copies the multiplicand to the partial
product; a multiplier bit of O enters Os in the partial product.

Multiplicand A4 0 1 1 1 +7
Multiplier B x) 01 0 1 +5
0 0 0 0|0 1 1 1
Partial 0 0 0 0j0 0 O
products 0 0 0 1]1 1
0 0 0 0|0
Product P 0 01 0|0 O 1 1 +35

Example 6.2 This example multiplies a positive multiplicand by a negative multi-
plier to demonstrate that the multiplier must be positive. The multiplicand is a/3:0] =
0101 (+5); the multiplier is b/3:0] = 1101 (-3). The product should be —15; however,
since the multiplier is treated as an unsigned number (1101 = 13), the result is 0100
0001 (65).

Multiplicand 4 0 1 0 1 +5
Multiplier B x) 1 1 0 1 (3)13
0 0 0 0j]O0 1 0 1
Partial 0 0 0 0j]O0 0 O
products 0 0 0 1]0 1
0 0 1 01
Product P 0O 1 0 00 0 0 1 65
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The problem can be resolved by either 2s complementing both operands or by 2s
complementing the multiplier, performing the multiplication, then 2s complementing
the result. Both methods are shown below.

Multiplicand 4 1 0 1 1 -5
Multiplier B x) 0 0 1 1 +3
1 1 1 1|1 0 1 1
Partial 1 11 1{0 1 1
products 0 0 0 0]0 O
0 0 0 0]0
Product P 1 1.1 1/0 0 0 1 -15
Multiplicand A4 0 1 0 1 +5
Multiplier B x) 0 0 1 1 +3
0 0 0 0j]0 1 0 1
Partial 0 0 0 0j1 0 1
products 0O 0 0 00 O
0 0 0 010
0 0 0 0j1 1 1 1 15
Product P 1 1.1 1{0 0 0 1 -15

When both operands are negative, the correct result can be obtained by 2s com-
plementing both operands before the operation begins, since a negative multiplicand
multiplied by a negative multiplier yields a positive product. The example below
shows the result of not negating both operands, where the multiplicand is —7 and the
multiplier is —4; that is, multiplying —7 by 12 to yield —84. Then both operands are 2s
complemented to obtain a correct product of +28.

Example 6.3 Let the multiplicand @/3:0] = 1001 (-7) and the multiplier b/3:0] =
1100 (—4) that will initially yield a product of =7 x 12 =—84. Then both operands will
be 2s complemented to produce a multiplication of +7 x +4 to yield a correct product
of +28.
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Multiplicand A4 1 0 0 1 -7
Multiplier B x) 1 1 0 0 —4
0 0 0 0jO 0 O O
Partial 0 0 0 0j0 0 O
products 1 1. 1 0]0 1
1 1 0 01
Product P 1 0 1 0]1 0 0 -84
Multiplicand A4 0 1 1 1 +7
Multiplier B x) 01 0 0 +4
0 0 0 OjO 0 O O
Partial 0 0 0 0j0 0 O
products 0 0 0 1|1 1
0 0 0 0|0
Product P 0 0 0 1711 0 0 +28

6.1.1 Sequential Add-Shift Multiplication Hardware
Algorithm

In this method, the multiplier must be positive. If the multiplier is negative, then the
purpose of the multiplier bits is not always the same during the generation of the par-
tial products. Any low-order Os and the first 1 bit are treated the same as for a positive
multiplier; however, the remaining higher-order bits are complemented and have an
inverse effect. If the multiplier is negative, then it can be 2s complemented as shown
previously, leaving the multiplicand either positive or negative. Negative multipliers
are presented in a later section.

As mentioned previously, an alternative approach is to 2s complement both the
multiplicand and multiplier if the multiplier is negative. This is equivalent to multi-
plying both operands by —1, but does not change the sign of the product.

The organization of a sequential add-shift multiplier is shown in Figure 6.1. Reg-
ister 4 contains the n-bit multiplicand; register C contains the carry-out of the adder;
register D contains the high-order half of the 2n-bit product; and register B contains
the »n-bit multiplier. Registers C, D, and B shift right one bit position in concatenation
per cycle. After the sum and carry have been loaded into their respective registers, the
following right-shift occurs, where the symbol (¢) indicates concatenation:

D * B =cout s sum,_; ... sumjsumy*b,_;...byb;
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Shifting each partial product right one bit position is equivalent to shifting the par-
tial product left one bit position in the paper-and-pencil method. Operands of n-bits
require n cycles. The adder is designed using the carry lookahead technique. There is
also a sequence counter that determines when the multiplication is finished.

During each cycle, the low-order bit b, of the multiplier determines whether the
multiplicand is added to the partial product. If by = 1, then the multiplicand is added
to the partial product in register D; if b, =0, then Os are added to the partial product. In
both cases, the sum from the adder is loaded into the D register and the carry-out is
loaded into the 1-bit Cregister. Atthe completion of the operation, the high-order half
of the product resides in register D =d,,_; . . . d(y and the low-order half of the product
resides in register B=b,_; . . . by,.

Sequence counter
Multiplicand A4 C—> D —r> Multiplier B
by
D)
} a sum
b
—Logic 0 cin  cout
Figure 6.1 Hardware organization of a sequential add-shift multiplier.

Examples will now be presented to illustrate the hardware add-shift technique for
both positive and negative multiplicands using a parallel-in, parallel-out register for
the multiplicand and a parallel-in, parallel-out shift register for the multiplier.

The n-bit multiplicand is stored in an n-bit register. The multiplier is placed in the
low-order 7 bits of a 2n-bit shift register that will ultimately contain the 2#n-bit product.
The high-order » bits of this shared register are set to zeroes. The low-order multiplier
bit determines the operand to be added to the previous partial product. In this version,
if the low-order multiplier bit is 0, then no addition takes place and the partial product
is shifted right 1 bit position with the high-order bit propagated; otherwise, the multi-
plicand is added to the partial product and then shifted right 1 bit position together with
the carry-out.

Example 6.4 The add-shift multiply hardware algorithm is shown in Figure 6.2 for

amultiplicand of +7 and a multiplier of +7. There are n cycles for n-bit operands. Dur-
ing the first cycle, if the low-order multiplier bit is 0, then the shift register is shifted
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right 1 bit position and the high-order bit of the shift register is propagated to the right.
If the low-order multiplier bit is 1, then the multiplicand is added to the high-order n
bits of the shift register and the register is shifted right 1 bit position with the sign of the
multiplicand placed in the high-order bit position of the shift register.

The sign of the partial product is not determined until the first add-shift cycle, at
which time the sign of the multiplicand becomes the sign of the partial product. Alter-
natively, the sign is determined according to the following rule: Sign =a, | © b,_;.
Any carry-out during the add operation is shifted into the resulting partial product dur-
ing the subsequent shift operation of an add-shift cycle.

Multiplicand Partial product = Multiplier
A(+7) D B (+7)
(0 1 1 1] (0 0 0 of0o 1 1 1]
L Add-shift
Cycle 1
Add + 0 1 1 1
0<—0 1 1 1
'
0 1 1 1|10 1 1 1

Shiff —» Lb——w0 0 1 1|1 0 1 1
L Add-shift

Cycle 2
Add + 0 1 1 1

1 01 0|1 0 1 1
Shift— L——>0 1 0 1/0 1 0 1
L Add-shift

Cycle 3
Add + 0 1 1 1

1 1.0 0j]0 1 0 1
Shiff —» +=—0 1 1 0|0 0 1 O

b shift
Cycle 4
Shift — 0 0 1 1[0 0 0 1](+49) Product
Propagate sign
Figure 6.2 Multiplication algorithm for positive operands.
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Example 6.5 In Figure 6.3, the multiplicand is negative (—7) and the multiplier is
positive (+7) resulting in a product of —49. The sign of the product is again determined
during the first add-shift cycle in which the sign of the multiplicand becomes the sign
of the product. Alternatively, as shown in Figure 6.3, the sign can be determined by
the exclusive-OR of the sign of the multiplicand and the sign of the multiplier.

Multiplicand Partial product Multiplier
A7) D B(+7)
1.0 0 1] 0 0 0 0[O0 1 1 1]
L Add-shift
Cycle 1
Add H 1 0 0 1
a, 1 ®b, 1 0 0 1
y
1 0 0 1/0 1 1 1
Shift — 1 1.0 0[1 0 1 1
L Add-shift
Cycle 2
Add H 1 0 0 1
—1=——0 1 0 1
f

0 1 0 1|1 O 1 1
Shit — ——=1 0 1 0|1 1 0 1

b Add-shift
Cycle 3
Add + 1 0 0 1
—1l=—0 0 1 1
'
0 0 1 11 1 0 1
Shit—~ ——1 0 0 1|1 1 1 0
b Shifi
Cycle 4
Shift — 1 1 0 0[1 1 1 1 |(-49) Product
Propagate sign
Figure 6.3 Multiplication algorithm for a negative multiplicand and a positive

multiplier.
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Two versions of a sequential add-shift multiplier will now be designed using Ver-
ilog HDL — both versions will be implemented using behavioral modeling. Version
1 will use the organization shown in Figure 6.1 in which zeroes are added to the partial
product if the low-order multiplier bit is 0 and then the partial product is shifted right
one bit position. Version 2 will simply shift the partial product if the low-order mul-
tiplier bit is 0.

6.1.2 Sequential Add-Shift Multiplication — Version 1

The multiplicand is a/3:0/, the multiplier is b/3:0/, and the product is prod[7:0],
which replaces registers D and B in Figure 6.1. A scalar start signal is used to initiate
the multiply operation. A count-down sequence counter count is initialized to a value
of 4 (0100) before the operation begins, because there are four bits in both operands.
When the counter reaches a value of 0000, the multiply operation is finished and the 8-
bit product is in register prod/7:0].

A comparison is made initially to make certain that both operands are nonzero —
if either operand has a value of zero, then the operation is terminated. If the low-order
multiplier bit 5/0] = 0, then a value of 0000 is ANDed with the multiplicand, a/3:0],
and added to the high-order half of the partial product, prod[7:4]. The result of that
operation is concatenated with prod/3:1]/. Then the product is shifted right one bit
position with a 0 assigned to the high-order bit. This sequence repeats until the counter
reaches a value of 0000.

The behavioral module is shown in Figure 6.4 and begins execution at the positive
edge of the start input. The low-order multiplier bit 5/0] specified by b_reg/0] is rep-
licated four times then ANDed to the multiplicand a. This result is then added to the
high-order four bits of the product prod/7:4] and concatenated with prod/3:1], which
essentially shifts the partial product right one bit position. The test bench, shown in
Figure 6.5, applies several input vectors for the multiplicand, a/3:0/, and the multi-
plier, b/3:0]. The outputs and waveforms are shown in Figure 6.6 and Figure 6.7,
respectively.

//behavioral add-shift multiply
module mul add shift3 (a, b, prod, start);

input [3:0] a, b;
input start;
output [7:0] prod;

reg [7:0] prod;
reg [3:0] b _reg;

reg [3:0] count; //continued on next page
Figure 6.4 Behavioral module for version 1 of the sequential add-shift multi-
plier.
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always @ (posedge start)

begin
b reg = b;
prod = 0;

count = 4'b0100;

if ((a!=0) && (b!=0))
while (count)
begin
prod = {(({4{b_reg[0]}} & a)
+ prod[7:4]1), prod[3:1]};
b reg = b reg >> 1;
count = count - 1;
end
end
endmodule

Figure 6.4 (Continued)

//test bench for add-shift multiplier
module mul add shift3 tb;

reg [3:0] a, b;
reg start;
wire [7:0] prod;

initial //display variables
Smonitor ("a = %b, b = %b, prod = %b",
a, b, prod);

initial //apply input vectors
begin
#0 start = 1'b0;

a = 4'b0110; b = 4'b0110;
#10 start = 1'bl;
#10 start = 1'b0;

#10 a = 4'b0010; b
#10 start = 1'bl;
#10 start = 1'b0;

4'b0110;

#10 a = 4'b0111; b = 4'b0101;
#10 start = 1'bl;
#10 start = 1'b0; //continued on next page

Figure 6.5 Test bench for version 1 of the sequential add-shift multiplier.
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#10 a = 4'v0111;
#10 start = 1'bl;
#10 start = 1'b0;

o
|

= 4'b0111;

#10 a = 4'b0101; b = 4'b0101;
#10 start = 1'bl;
#10 start = 1'b0;

#10 a = 4'b0111; b = 4'b0011;
#10 start = 1'bl;
#10 start = 1'b0;
#10 a = 4'b0100; b = 4'b0110;

#10 start = 1'bl;
#10 start = 1'b0;

#10 $stop;
end

//instantiate the module into the test bench
mul add shift3 instl (

.a(a),

.b(b),

.prod(prod),

.start (start)

)

endmodule

Figure 6.5 (Continued)

a = 0110, b = 0110, prod = XXXXXXXX
a = 0110, b = 0110, prod = 00100100
a = 0010, b = 0110, prod = 00100100
a = 0010, b = 0110, prod = 00001100
a = 0111, b = 0101, prod = 00001100
a = 0111, b = 0101, prod = 00100011
a = 0111, b = 0111, prod = 00100011
a = 0111, b = 0111, prod = 00110001
a = 0101, b = 0101, prod = 00110001
a = 0101, b = 0101, prod = 00011001
a = 0111, b = 0011, prod = 00011001
a = 0111, b = 0011, prod = 00010101
a = 0100, b = 0110, prod = 00010101
a = 0100, b = 0110, prod = 00011000

Figure 6.6 Outputs for version 1 of the sequential add-shift multiplier.
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Figure 6.7 Waveforms for version 1 of the sequential add-shift multiplier.

6.1.3 Sequential Add-Shift Multiplication — Version 2

The multiplicand is a/3:0/, the multiplier is b/3:0], and the product is prod[7:0]. A
scalar start signal is used to initiate the multiply operation. A count-down sequence
counter count is initialized to a value of 4 (0100) before the operation begins, since the
multiplicand and multiplier are both four bits. When the counter reaches a count of
0000, the multiply operation is finished and the 8-bit product is in register prod[7:0].

The product is initially set to prod[7:4] = 0000 and prod/3:0] = b/3:0]. This
method varies slightly from the previous method. If the low-order bit of the product
prod[0] = 0, then the entire product is shifted right one bit position and the high-order
bit extends right one bit position — keeping the sign of the product intact, as shown
below, where the symbols ({}) indicate concatenation.

Prod = {prod[7], prod[7:1]};

If the low-order bit of the product Prod[0] = 1, then the sign of the multiplicand is
concatenated with the 4-bit sum of the multiplicand plus Prod/7:4], which in turn is
concatenated with Prod/3:1] as shown below. This provides the right shift of one bit
position and allows for both positive and negative multiplicands.

Prod = {a[3], (a + Prod[7:4]), Prod[3:1]};

The behavioral module is shown in Figure 6.8 using the while loop, as in the pre-
vious version. The while statement executes a statement or a block of statements
while an expression is true, in this case count # 0. The expression is evaluated and a
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Boolean value, either true (a logical 1) or false (a logical 0) is returned. If the expres-
sion is true, then the procedural statement or block of statements is executed. The
while loop executes until the expression becomes false, at which time the loop is
exited and the next sequential statement is executed. If the expression is false when
the loop is entered, then the procedural statement is not executed.

The test bench, shown in Figure 6.9, applies several input vectors for the multi-
plicand and multiplier, including both positive and negative values for the multipli-
cand. The outputs are shown Figure 6.10, and the waveforms are shown in Figure
6.11.

//behavioral add-shift multiply
module mul add shift5 (a, b, prod, start);

input [3:0] a, b;
input start;
output [7:0] prod;

//define internal registers
reg [7:0] prod;

reg [3:0] count;

always @ (posedge start)

begin
prod [7:4] = 4'b0000;
prod [3:0] = Db;

count = 4'b0100;

if ((a!'=0) && (b!=0))
while (count)

begin
if (prod[0] == 1'b0)
begin
prod = {prod[7], prod[7:11};
count = count - 1;
end
else
begin
prod = {al[3], (a + prod[7:4]), prod[3:1]};
count = count - 1;
end
end
end
endmodule
Figure 6.8 Behavioral module for version 2 of the sequential add-shift multi-
plier.
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//test bench for add-shift multiplier
module mul add shift5 tb;

reg [3:0] a, b;
reg start;
wire [7:0] prod;

//display variables

initial

$monitor ("a = %b, b = %b, prod = %b",
a, b, prod);

//apply input vectors
initial
begin
#0 start = 1'b0;
a = 4'p0110; b = 4'b0110;
#10 start = 1'bl;
#10 start = 1'b0;

#10 a = 4'b0010; b = 4'b0110;
#10 start = 1'bl;
#10 start = 1'b0;

#10 a = 4'b0111; b = 4'b0101;
#10 start = 1'bl;
#10 start = 1'b0;

#10 a = 4'b0111; b = 4'b0111;
#10 start = 1'bl;
#10 start = 1'b0;

#10 a = 4'bl111; b = 4'b0111;
#10 start = 1'bl;
#10 start = 1'b0;

#10 a = 4'bl011; b = 4'b0111;
#10 start = 1'bl;
#10 start = 1'b0;

#10 a = 4'b1000; b = 4'b0001;
#10 start = 1'bl;
#10 start = 1'b0;

//continued on next page

Figure 6.9 Test bench for version 2 of the sequential add-shift multiplier.
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#10 a = 4'p1010; b = 4'b0111;
#10 start = 1'bl;
#10 start = 1'b0;
#10 a = 4'p1101; b = 4'b0101;

#10 start = 1'bl;
#10 start = 1'b0;

#10 a = 4'b0100; b = 4'b0111;
#10 start = 1'bl;
#10 start = 1'b0;
#10 $stop;
end

//instantiate the module into the test bench
mul add shift5 instl (
.a(a),
.b(b),
.prod(
.start
)7
endmodule

prod),
(start)

Figure 6.9 (Continued)

a = 0110, b = 0110, prod = XXXXXXXX
a = 0110, b = 0110, prod = 00100100
a = 0010, b = 0110, prod = 00100100
a = 0010, b = 0110, prod = 00001100
a = 0111, b = 0101, prod = 00001100
a = 0111, b = 0101, prod = 00100011
a = 0111, b = 0111, prod = 00100011
a = 0111, b = 0111, prod = 00110001
a = 1111, b = 0111, prod = 00110001
a = 1111, b = 0111, prod = 11111001
a = 1011, b = 0111, prod = 11111001
a = 1011, b = 0111, prod = 11011101
a = 1000, b = 0001, prod = 11011101
a = 1000, b = 0001, prod = 11111000
a = 1010, b = 0111, prod = 11111000
a = 1010, b = 0111, prod = 11010110
a = 1101, b = 0101, prod = 11010110
a = 1101, b = 0101, prod = 11110001
a = 0100, b = 0111, prod = 11110001
a = 0100, b = 0111, prod = 00011100

Figure 6.10  Outputs for version 2 of the sequential add-shift multiplier.
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Figure 6.11 Waveforms for version 2 of the sequential add-shift multiplier.

6.2 Booth Algorithm Multiplication

The Booth algorithm is an effective technique for multiplying operands that are in 2s
complement representation, including the case where the multiplier is negative. Un-
like the sequential add-shift method, it treats both positive and negative operands uni-
formly; that is, the multiplicand and multiplier can both be negative or positive or of
opposite sign as shown below.

Operands Signs of Operands
Multiplicand + - + -
Multiplier + + - -

In the sequential add-shift method, each multiplier bit generates a version of the
multiplicand that is added to the partial product. For large operands, the delay to ob-
tain the product can be significant. The Booth algorithm reduces the number of partial
products by shifting over strings of zeros in a recoded version of the multiplier. This
method is referred to as skipping over zeroes. The increase in speed is proportional to
the number of zeroes in the recoded version of the multiplier.

Consider a string of k& consecutive 1s in the multiplier as shown below. The mul-
tiplier will be recoded so that the k£ consecutive 1s will be transformed into £ — 1 con-
secutive 0s. The multiplier hardware will then shift over the £ — 1 consecutive Os
without having to generate partial products.
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itk itk Jitk-1,
|

|
| |

Multiplier + 0 + 0
| |

i+1

|
|
1 |
|

k consecutive 1s

In the sequential add-shift method, the multiplicand would be added & times to the
shifted partial product. The number of additions can be reduced by the property of bi-
nary strings shown in Equation 6.1.

2i+k_2i:2i+k—l+2i+k—2+'”2i+1+2z‘ (6.1)

The right-hand side of the equation is a binary string that can be replaced by the
difference of two numbers on the left-hand side of the equation. Thus, the k£ consec-
utive 1s can be replaced by the following string:

ikt itk itk-1,

| il i
| | | | | | | |
| | | | | | | |

Multiplier + 0 + +1 + 0 ! o v -1 1 0
| | | | | | | |
| |
k — 1 consecutive 0s
Addition of the Subtraction of the
multiplicand multiplicand

Note that—1 times the left-shifted multiplicand occurs at 0 — 1 boundaries, and +1
times the left-shifted multiplicand occurs at 1 — 0 boundaries as the multiplier is
scanned from right to left. The Booth algorithm can be applied to any number of
groups of 1s in a multiplier, including the case where the group consists of a single 1
bit. Table 6.1 shows the multiplier recoding table for two consecutive bits that specify
which version of the multiplicand will be added to the shifted partial product.

Table 6.1 Booth Multiplier Recoding Table

Multiplier

Biti Biti—1 Version of Multiplicand
0 0 0 x multiplicand

0 1 +1 x multiplicand

1 0 —1 x multiplicand

| 1 0 x multiplicand
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An example will help to clarify the procedure. Let the multiplier be +60 as shown be-
low.

Multiplier 0 0 1 1 1 1 0 0 +60

The standard multiplier shown above can be recoded as shown below using the Booth
algorithm technique.

27 26 25 2% 23 22 2! 20
Standard multiplier o 0 +1 +41 +41 +41 0 O
«— k=4 >
Recoded multiplier 0O +1 0 0 0 -1 0 O
«—k—1=3—>

The Booth algorithm converts both positive and negative multipliers into a form
that generates versions of the multiplicand to be added to the shifted partial products.
Since the increase in speed is a function of the bit configuration of the multiplier, the
efficiency of the Booth algorithm is obviously data dependent. Examples will now be
given to illustrate the Booth algorithm for all combinations of the signs of the multi-
plicand and multiplier. Then a Booth multiplier will be implemented in Verilog HDL
using a combination of dataflow and behavioral modeling.

Example 6.6 An 8-bit positive multiplicand (+27) will be multiplied by an 8-bit
positive multiplier (+120) — first using the standard sequential add-shift technique,
then using the Booth algorithm to show the reduced number of partial products. In the
sequential add-shift technique, there are a total of seven additions; using the Booth al-
gorithm, there are only two additions. The second partial product in the Booth algo-
rithm is the 2s complement of the multiplicand shifted left two bit positions. The third
partial product is the result of shifting the multiplicand left over three Os.
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Standard sequential add-shift method

Multiplicand 0 0 0 11 0 1 1 +27
Multiplier x) 01 1 1|1 0 0 0 +120
0O 0 0o 0O OO 0|0 O O OO O O O
0O 00 0JO O 0O 0|0 O 0O OO 0 O
0 0o 0 0JO 0 0 0[O0 0O 0 OO0 O
0 0 0 00O 0 O O|1 1 0 1|1
0 00 0j0O 0O O 1|1 0 1 1
0 00 0j0O O I 1|0 1 1
0 00 0j0O 1 1 0|1 1
0O 00O Oj0O 0 O 00
0 0 00j1 1 0 0|1 0 1 0|1 0 0 0 +3240
Booth algorithm
Multiplicand 0o 0 0 1|1 O 1 1 +27
Recoded multiplier x) 1 0 0 O0|-1 0 O O
o 0 o 00 O O O|jO O O OO O 0 O
1 1 1 11 1 1 1]0 0 1 O0f1
0o 0 0o o1 1 0 1]1
o 0 o o0f(1 1 O O|1 O 1 Of1 O 0 0 +3240

Example 6.7 The Booth algorithm will be used to multiply an 8-bit negative mul-
tiplicand 1010 1101 (—83) by an 8-bit positive multiplier 0011 1110 (+62) to yield a
product of 1110 1011 1110 0110 (-5146).

Multiplicand 1 0 1. 0 1 1 0 1 -83
Multiplier x» 0 0 1 1 1 1 1 0 +62
-5146
Booth algorithm
Multiplicand 1 0 1 o)1 1 0 1 —-83
Recoded multiplier x) 0 +1 0 0|0 O -1 O
o 0 o0 0j0 O O O|jO O O OO O 0 O
o 0o 0 0(f0 O O O|1 O 1T OO0 1 1
1 1 1 01 O 1 1]0 1
1 1 1 o0}(1 o0 1 1)1 1 1 OO0 1 1 0 -=5146
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Example 6.8 The Booth algorithm will be used to multiply an 8-bit positive multi-
plicand 0100 1010 (+74) by an 8-bit negative multiplier 1101 1100 (-36) to yield a
negative product of 1111 0101 1001 1000 (—2664).

Multiplicand 0 1.0 0 1 0 1 O +74
Multiplier x 1 1 0 1 1 1 0 O -36
—2664
Booth algorithm
Multiplicand o 1 0 o1 0 1 O +74
Recoded multiplier x) 0 -1 +1 0|0 -1 O O
o 0o 0o 0(j0 O O O|jO O O OO O O O
1 1 1 1}{1 1 1 o1 1 O 1|1 O
o 0 o 0o(1 O O 1]0 1 O
1 1 1 o1 1 O 1]1 O
1 1 1 1{0 1 O 1)1 O O 1|1 O 0O 0 -26064

Example 6.9 The Booth algorithm will be used to multiply an 8-bit negative mul-
tiplicand 1010 0010 (-94) by an 8-bit negative multiplier 1101 1100 (-36) to yield a
positive product of 0000 1101 0011 1000 (+3384).

Multiplicand 1 01 0 0 0 1 O -94
Multiplier x 1 1.0 1 1 1 0 O -36
+3384
Booth algorithm
Multiplicand 1 0 1 0|0 O 1 O -94
Recoded multiplier x) 0 -1 +1 0|0 -1 O O
o 0 o 0|0 O O O|O O O OjO0O O O0 O
o 0 o 0j0 O O 1]0 1 1 11 0
1 11 10 1T O O]O 1 O
0o 0 o 1}(0 1 1 1|1 O
o o0 o o1 1 0 1|0 O 1 1|1 O O 0 +3384
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Example 6.10 Ifthe multiplier has a low-order bit of 1, then an implied O is placed to
the right of the low-order multiplier bit. This provides a boundary of 0 — 1 (—1 times
the multiplicand) for the low-order bit as the multiplier is scanned from right to left.
This is shown in the example below, which multiplies an 8-bit positive multiplicand
0100 1110 (+78) by an 8-bit positive multiplier 0010 1011 (+43). This example also
illustrates a multiplier that has very little advantage over the sequential add-shift meth-
od because of alternating 1s and 0s.

Multiplicand 01 0 01 1 1 0 +78
Multiplier x) 000 1 0 1 0 1 1[0o] +43
+3354
Booth algorithm
Multiplicand o 1 o0 o1 1 1 O +78
Recoded multiplier x) 0 +1 -1 +1|-1 +1 0 -1
1 1 1 1|1 1 1 1|1 0 1T 1[0 O 1 O
o 0 0 0j]O0 O O 1|0 O 1 1|1 O
11 1 11 1 O 1|1 O O 10
0o 0 0 0jO0 I O O|1 1 1 o0
1 1 1 170 1 1 0|0 1 O
0o 0 0 1}0 O 1t 1|1 O
o 0o 0 of1 1 0 1]0 O O 1|1 0 1 0 +3354

The mixed-design module for the Booth algorithm is shown in Figure 6.12 using
dataflow modeling and behavioral modeling. The operands are 8-bit vectors a/7:0]
and b/7:0]; the product is a 16-bit result prod/15:0]. The following internal wires are
defined: a ext pos[15:0], which is operand 4 with sign extended, and
a_ext _neg[15:0], which is the negation (2s complement) of operand A4 with sign ex-
tended.

The following internal registers are defined: a_neg/7:0], which is the negation of
operand 4, and pp1[15:0], pp2[15:0], pp3[15:0], pp4[15:0], pp5[15:0], pp6[15:0],
pp7[15:0], and pp8/15:0], which are the partial products to be added together to ob-
tain the product prod/[15:0].

The example below illustrates the use of the internal registers using only 4-bit op-
erands for convenience, where the multiplicand is 0111 (+7) and the multiplieris 0101
(+5). The right-most four bits of partial product 1 (ppI) are the negation [a_neg (2s
complement)] of operand A, which is generated as a result of the —1 times operand 4
operation. The entire row of partial product 1 (pp1) corresponds to a_neg with the sign
bit extended; that is, a_ext neg.
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Multiplicand 0 1 1 1 +7
Multiplier ) 0 1 0 1[0] +5
+35
Booth algorithm
Multiplicand o 1 1 1 +7
Recoded multiplier x) +1 -1 +1 -1
a_ext_neg ool 1 1 1 tJiJoJo[1]—— ane
a_ext_pos op? 0 0 0 0|1 1 1 0
p3 1 1 1 0]0 1 0 0
ppd 0 0 I 1|1 0 0 0
0 0 I 00 0 1 1 +35

The 1s complement of operand 4 is formed by the following statement:

assign a_bar =~a

Then the 2s complement is obtained using the always statement as follows:

always @ (a_bar)
a neg=a bar+ 1;

These statements specify that whenever a_bar changes value, the negation (2s
complement) of the multiplicand is obtained by adding 1 to the 1s complement. The
16-bit positive value of operand A4 is obtained by the replication operator in the fol-
lowing statement:

assign a_ext pos = {{8{a[7]}}, a};

Replication is a means of performing repetitive concatenation. Replication spec-
ifies the number of times to duplicate the expression within the innermost braces, in
this case the sign bit of the multiplicand which is duplicated eight times. This is then
concatenated with the eight bits of the multiplicand. A similar procedure is used to
extend the negation of the multiplicand to 16 bits, as shown below.

assign a_ext neg = {{8{a _neg[7]}}, a neg};
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Consider the first case statement in which bits 1 and 0 of the multiplier (b/1:0])
are evaluated. If b/1:0] = 00, then partial product 1 = 0000 0000 0000 0000. Since a
0 — 0 transition specifies 0 x multiplicand, partial product 2 = 0000 0000 0000 0000
also.

If5/1:0] =01, then this implies that a 0 bit be placed to the immediate right of the
low-order multiplier bit, as follows: 010. The multiplier is then scanned from right to
left. A 0 — 1 transition specifies —1 x multiplicand; therefore, partial product 1 is the
2s complement of the multiplicand with the sign extended to 16 bits. A 1 — 0 tran-
sition specifies +1 x multiplicand; therefore, partial product 2 is the multiplicand
expanded to 16 bits with sign extension, as shown below.

pp2 = {{7{a[7]}}, a[7:0], 1'b0};

If6/1:0] =10, then partial product 1 = 0000 0000 0000 0000. Sincea 0 — 1 tran-
sition specifies —1 x multiplicand; therefore, partial product 2 is the 2s complement of
the multiplicand with sign extension, as shown below.

pp2 = {a_ext _neg[14:0], 1'b0};

Ifb/1:0] = 11, then this implies that a 0 bit be placed to the immediate right of the
low-order multiplier bit, as follows: 110. The multiplier is then scanned from right to
left. A 0 — 1 transition specifies —1 x multiplicand; therefore, partial product 1 is the
2s complement of the multiplicand with sign extension. A 1 — 1 transition specifies
0 x multiplicand; therefore, partial product 2 = 0000 0000 0000 0000.

The remaining pairs of multiplier bits are processed in a similar manner. The
product is obtained by adding all of the partial products.

//mixed-design for the Booth multiply algorithm
module booth4 (a, b, prod);

input [7:0] a, b;
output [15:0] prod;

wire [7:0] a, b;
wire [15:0] prod;

wire [7:0] a bar;
//define internal wires
wire [15:0] a ext pos;

wire [15:0] a ext neg;

//continued on next page

Figure 6.12  Mixed-design module for the Booth multiplier.
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//define internal registers
reg [7:0] a neg;
reg [15:0] ppl, pp2, pp3, pPr4, PP5, PP6, PP7, PP8;

//test b[1:0] -———-————————————————
assign a bar = ~a;

always @ (a bar)
a neg = a bar + 1;

//define 16-bit multiplicand and 2s comp of multiplicand
assign a_ext pos {{8{al71}}, a};
assign a _ext neg = {{8{a negl[7]}}, a neg};

always @ (b or a _ext pos or a ext neq)

begin
case (b[1:0])
2'b00
begin
ppl = 16'h00;
pp2 = 16'h00;
end
2'b01
begin
ppl = a ext neg;
pp2 = {{7{al71}}, al7:0], 1'b0O};
end
2'b10
begin
ppl = 16'h00;
pp2 = {a_ext neg[14:0], 1'bO0};
end
2'b11
begin
ppl = a ext neg;
pp2 = 16'h00;
end
endcase
end

//continued on next page

Figure 6.12 (Continued)
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//test b[2:1] —————————-———mmmm oo
always @ (b or a _ext pos or a ext neq)
begin
case (b[2:1])
2'b00: pp3 = 16'h00;

2'b01: pp3 = {a_ext pos[13:0], 2'b00};
2'bl0: pp3 = {a_ext neg[13:0], 2'b00};

2'b1ll: pp3 = 16'h00;
endcase
end

//test D[3:2] ————————--mmmmm
always @ (b or a_ext pos or a_ext neq)
begin
case (b[3:2])
2'b00: pp4 = 16'h00;

2'b01: pp4 = {a_ext pos[12:0], 3'b000};
2'bl0: pp4 = {a_ext neg[l2:0], 3'b000};
2'b1l: pp4 = 16'h00;

endcase
end

//test b[4:3] ———————-———-—mmmm
always @ (b or a ext pos or a ext neq)
begin
case (b[4:3])
2'b00: pp5 = 16'h00;

2'b01: pp5 = {a_ext pos[11:0], 4'b0000};
2'bl0: pp5 = {a_ext neg[l1:0], 4'b0000};
2'b1ll: pp5 = 16'h00;

endcase

end

//continued on next page

Figure 6.12 (Continued)

© 2010 by Taylor & Francis Group, LLC



6.2  Booth Algorithm Multiplication 299

//test b[5:4] ————————--—-m— oo
always @ (b or a _ext pos or a_ ext negq)
begin
case (b[5:4])
2'b00: pp6 = 16'h00;

2'b01: pp6 = {a _ext pos[10:0], 5'b00000};
2'pbl0: pp6 = {a_ext neg[l0:0], 5'b00000};

2'b11l: pp6 = 16'h00;
endcase
end

//test b[6:5] ————————--—m o
always @ (b or a ext pos or a ext neq)
begin
case (b[6:5])
2'b00: pp7 = 16'h00;

2'b01: pp7 {a_ext pos[9:0], 6'b000000};

2'bl0: pp7 {a_ext neg[9:0], 6'b000000};

2'p11: pp7 = 16'h00;
endcase
end

//test b[7:6] —————————-——-—-—m
always @ (b or a ext pos or a ext neq)

begin
case (b[7:6])
2'000: pp8 = 16'h00;
2'b01: pp8 = {a _ext pos[8:0], 7'b0000000};
2'b10: pp8 = {a_ext neg[8:0], 7'b0000000};
2'p11: pp8 = 16'h00;
endcase
end

assign prod = ppl + pp2 + pp3 + ppéd + ppd5 + ppb6 + pp7 + pPpPS8;

endmodule

Figure 6.12 (Continued)
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The test bench is shown in Figure 6.13, in which the first five sets of input vectors
correspond to those of Example 6.6, Example 6.7, Example 6.8, Example 6.9, and
Example 6.10. In order to completely test each set of bit pairs for the remaining mul-
tipliers, all combinations of the bit pairs are applied as part of the input vectors. That
is, all combinations of the following bit pairs are entered as part of the input vectors for
the multipliers: b/1:0], b[2:1], b[3:2], b[4:3], b[5:4], b[6:5], and b[7.6].

The outputs are shown in Figure 6.14. The first five sets of outputs correspond to
the outputs obtained from the previously mentioned examples. The remaining outputs
are the result of applying all combinations of the bit pairs to their respective multiplier
input vectors. The outputs also indicate the positive and negative decimal values of
the multiplicand and multiplier together with the decimal product. The waveforms are
shown in Figure 6.15.

//test bench for booth algorithm
module booth4 tb;

//registers for inputs because they hold values
reg [7:0] a, b;
wire [15:0] prod;

//display operands a, b, and product
initial
$monitor ("a = %b, b = %b, prod = %h", a, b, prod);

//apply input vectors
initial
begin
//for examples 6.6 through 6.10
#0 a = 8'pb0001 1011;
b 8'b0111 1000;

#10 a = 8'b1010_1101;
b = 8'00011_1110;

#10 a = 8'b0100_1010;
b = 8'bl101 1100;

#10 a = 8'b1010_0010;
b = 8'bl101 1100;

#10 a = 8'b0100_1110;
b = 8'b0010_1011;
//continued on next page

Figure 6.13 Test bench module for the Booth multiplier.
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#10 a

//continued on next page

//test b[1:0] -——=-—————————-
#10 a = 8'bl1100 1100;
b = 8'b1100 1100;

#10  a = 8'b1100_1100;
b = 8'b1100_1101;

#10  a = 8'b1100_1100;
b = 8'b1100_1110;

#10 a = 8'bl1100_1100;
b = 8'bl100 1111;
//test b[2:1] ——==—————————-

#10 a = 8'b0111 1111;
b = 8'bl1011 1000;

#10 a = 8'bl011 0011;
b = 8'bl100 _1011;

#10 a = 8'b0111 0000;
b = 8'b0111 0100;

#10 a = 8'b0111 0000;
b = 8'b0111 0110;

//test b[3:2] ———-———-—————-
8'b0111 1111;
b = 8'bl1011 0000;

#10 a = 8'bl011 0011;
b = 8'bl100 0111;

#10 a = 8'b0111 0000;
b = 8'b0111 1000;

#10 a = 8'b0111 0000;
b = 8'b0111 1110;

Figure 6.13  (Continued)
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#10 a = 8'b0111 1111;
b = 8'b1010 _0000;

#10 a = 8'bl011 0011;
b = 8'bl100 1111;

#10  a = 8'b0111_0000;
b = 8'b0111_0000;

#10 a = 8'b0111 0000;
b = 8'b0111 1110;

#10

o))
Il

8'b0111 1111;
b = 8'b1000_0000;

#10 a = 8'bl011 0011;
b = 8'bl101 1111;

#10 a = 8'b0111 0000;
b = 8'b0110_0000;

#10 a = 8'b0111 0000;
b = 8'b0111 1110;

#10 a = 8'b0111 1111;
b = 8'b1000_0000;

#10 a = 8'bl011 0011;
b = 8'bl010 1111;

#10 a = 8'b0111 0000;
b = 8'b0101 _0000;

#10 a = 8'b0111 0000;
b = 8'b0111 1110;

//continued on next page

//test b[4:3] ——————————————m— oo

//test D[5:4] ————————-——m—mmmm

//test D[6:5] ———————mm—mmm e

Figure 6.13  (Continued)
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#10 a = 8'b0111 1111;
b = 8'b0010_0000;

#10 a = 8'bl1011 0011;
b = 8'b0100_1111;

#10 a = 8'b0111 0000;
b = 8'b1011 0000;

#10 a = 8'b0111 0000;
b = 8'bl1111 1110;

#10 $stop;
end

//instantiate the module into the test bench
booth4 instl (
.a(a),
.b(b),
.prod (prod)
) 7

endmodule

//test b[7:6] —-——==———————————————

Figure 6.13 (Continued)

a=00011011, b=01111000, prod=0ca8 (427 X
a=10101101, b=00111110, prod=ebeb6 (-83 X
a=01001010, b=11011100, prod=£f598 (+74 X
a=10100010, b=11011100, prod=0d38 (=94 X
a=01001110, b=00101011, prod=0dla (+78 X
a=11001100, b=11001100, prod=0a9%0 (=52 X
a=11001100, b=11001101, prod=0ab5c (=52 X
a=11001100, b=11001110, prod=0a28 (=52 X
a=11001100, b=11001111, prod=09f4 (=52 X
a=01111111, b=10111000, prod=dc48 (+127 %
a=10110011, b=11001011, prod=0ffl (=77 X
a=01110000, b=01110100, prod=32cO (+112 X%
a=01110000, b=01110110, prod=33a0l (+112 X
//continued on next page

+120
+62
-36
-36
+43

-52
-51
=50
-49

-72
-53
+116
+118

= +2704

= +2458

= +3240

)
-5146)
-2664)
+3384)

)

= +3354

+2652

)
)
+2600)
)

= -9144)

+4081)
+12992)

= +13216)

Figure 6.14  Outputs for the Booth multiplier.
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a=01111111, b=10110000, prod=d850 (+127 x -80 = -10160)
a=10110011, b=11000111, prod=1125 (=77 x =57 = +4389)

a=01110000, b=01111000, prod=3480 (+112 x +120 = +13440)
a=01110000, b=01111110, prod=3720 (+112 x +126 = +14112)
a=01111111, b=10100000, prod=d060 (+127 x -96 = -12192)
a=10110011, b=11001111, prod=0ebd (=77 x —-49 = +3773)

a=01110000, b=01110000, prod=3100 (+112 x +112 = +12544)
a=01110000, b=01111110, prod=3720 (+112 x +126 = +14112)
a=01111111, b=10000000, prod=c080 (+127 x -128 = -16256)
a=10110011, b=11011111, prod=09%ed (=77 x =33 = +2541)

a=01110000, b=01100000, prod=2a00 (+112 x +96 = +10752)
a=01110000, b=01111110, prod=3720 (+112 x +126 = +14112)
a=01111111, b=10000000, prod=c080 (+127 x -128 = -16256)
a=10110011, b=10101111, prod=185d (=77 x -81 = +6237)
a=01110000, b=01010000, prod=2300 (+112 x +80 = +8960)
a=01110000, b=01111110, prod=3720 (+112 x +126 = +14112)
a=01111111, b=00100000, prod=0fe0 (+127 x +32 = +4064)
a=10110011, b=01001111, prod=e83d (=77 x +79 = -6083)
a=01110000, b=10110000, prod=ddo0 (+112 x -80 = -8960)
a=01110000, b=11111110, prod=£ff20 (+112 x -2 = -224)

Figure 6.14 (Continued)

6.3 Bit-Pair Recoding Multiplication

The speed increase of the Booth algorithm depended on the bit configuration of the
multiplier and is, therefore, data dependent. This section presents a speedup technique
that is derived from the Booth algorithm and assures that an n-bit multiplier will have
no more than »/2 partial products. It also treats both positive and negative multipliers
uniformly; that is, there is no need to 2s complement the multiplier before multiplying,
or to 2s complement the product after multiplying.

As in the Booth algorithm, bit-pair recoding regards a string of 1s as the difference
of two numbers. This property of binary strings is restated in Equation 6.2, where £ is
the number of consecutive 1s and i is the position of the rightmost 1 in the string of 1s.

2i+k_2i:2i+k—l+2i+k—2+...2i+1+2l' (62)
Consider the multiplier example introduced in the Booth algorithm in which there

were four consecutive s for a value of 60, as shown in Figure 6.16. This indicates that
the number 0011 1100 (60) has the same value as 2622 =60.
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Figure 6.15  Waveforms for the Booth multiplier.
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Multiplier 0 0 1 1 1 1 0 0 +60

k=4

Figure 6.16  Multiplier to be used to illustrate the multiplier bit-pair recoding tech-
nique.

The same result can be obtained by examining pairs of bits in the multiplier in con-
junction with the bit to the immediate right of the bit-pair under consideration, as
shown below. Only the binary weights of 2! and 2% are required because each pair of
bits is examined independently of the other pairs. The low-order bit has an implied 0
to the immediate right. This is required so that there will be three bits to consider: the
low-order two bits and the implied 0. If the number of bits in the multiplier is not an
even number, then the high-order bit is extended to accommodate the leftmost bit pair.

27 26 25 94 23 22 ol 70
001 1 1 1 0 0 (60)

l
2l 20 ol 50 51 90 51 70

Lofof[r o]t t][o of[o]c0

Bit-pair 2120 is examined in conjunction with the implied 0 to the right of the low-
order 0; bit-pair 2322 is examined in conjunction with bit 2! bit-pair 2°2%is examined
in conjunction with bit 23; and bit-pair 27 2% is examined in conjunction with bit 25,
where bit 27 is the sign extension of the multiplier in order to obtain a bit-pair. Each
pair of bits is scanned from right to left with the rightmost bit of each pair used as the
column reference for the partial product placement, because it is the center of the three
bits under consideration. Using the Booth algorithm technique, the additions and sub-
tractions take place on the multiplier as shown in Figure 6.17.
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2l 20 ol 50 o1 90 51 50

[ofof [t 1]t 1]lo of[0]ewo
A A
T— 0 times the multiplicand

with the low-order bit in
column 2°

—1 times the multiplicand
with the low-order bit in
column 22

0 times the multiplicand
with the low-order bit in
column 2%

+1 times the multiplicand
with low-order bit in
column 2°

Figure 6.17  Bit-pair recoding for a positive multiplier.

Consider other examples with strings consisting of 010 and 101, as shown in Fig-
ure 6.18 and Figure 6.19, respectively.

2t 20

0 1 0
_21 times mult1‘p11‘cand +1 times multiplicand
+2° times multiplicand

Figure 6.18 A string with a single 1 for the beginning and end of a string.

21 20

1 0 1
I L +2%times multiplicand _1 times multiplicand
2! times multiplicand

Figure 6.19 A string with a 1 at the beginning and end of a string.
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For Figure 6.18 the beginning of the string specifies that —29 times the multipli-
cand is added to the partial product; the end of the string specifies that +2! times the
multiplicand is added to the partial product. The net result of this string is that +1
times the multiplicand is added to the partial product. The net result of Figure 6.19 is
that —1 times the multiplicand is added to the partial product.

Since the bit-pair is examined in conjunction with the bit to the immediate right of
the bit-pair under consideration, there are a total of eight versions of the multiplicand
to be added to or subtracted from the partial product, as shown in Table 6.2. Note that
—2 times the multiplicand is the 2s complement of the multiplicand shifted left 1 bit
position, and +2 times the multiplicand is the multiplicand shifted left 1 bit position.

Table 6.2 Multiplicand Versions for Multiplier Bit-Pair Recoding

Multiplier

Bit-Pair
51 0 Multiplie':r Bit

on the Right
i+1 i—1 Multiplicand Versions Explanation

0 0 0 0 x multiplicand No string
0 0 1 +1 x multiplicand End of string
0 1 0 +1 X multiplicand Single 1 (+2 1)
0 1 1 +2 x multiplicand End of string
1 0 0 —2 x multiplicand Beginning of string
1 0 1 —1 x multiplicand End/beginning of string (+1 —2)
1 1 0 —1 x multiplicand Beginning of string
1 1 1 0 x multiplicand String of 1s

Figure 6.20 shows a positive multiplicand and a negative multiplier; Figure 6.21
shows a negative multiplicand and a positive multiplier; Figure 6.22 shows a positive
multiplicand and a positive multiplier; and Figure 6.23 shows a negative multiplicand
and a negative multiplier, all using bit-pair recoding.

The organization of a sequential add-shift multiplier unit using the bit-pair recod-
ing technique is shown in Figure 6.24. The low-order three bits of the multiplier select
one of five inputs of the multiplexer-equivalent circuit. The five inputs are: 0 x the
multiplicand, +1 x the multiplicand, —1 x the multiplicand, +2 x the multiplicand, and
—2 x the multiplicand.

The adder uses the carry lookahead method with a carry-in of 0 and a carry-out
that is not used. There is a count-down sequence counter that counts the number of bit
pairs (the number of partial products); when the counter reaches a count of zero, the
operation is terminated.
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Column 7 6 5 4 32 10
A = 00 OO0 01 10 +6
B = x) 1 1 1 0 10 00O -24
J —144
00 O0O0 01 1 0
[ 1 [ o] [1 o] [0 ofo]
0 -1 -2 0
o0 00 (0O OO (OO OO 00 oO00O
11 11 11 1 1 1 1 01 00
1 1 1 1 1 1 1 1 1 0 1 0
00 OO0 |OO0 0O |00
1 1 1 1 1 1 1 1 01 1 1 00 00O
4096 256 16 1
0 0 128 16 —144
Figure 6.20  Bit-pair recoding using a positive multiplicand and a negative multi-
plier.
Column 76 54 32 10
A = 1 1 10 11 1 1 -17
B = x) 00 00 1 0 01 +9
J ~153
1 1 10 11 11
[0 o] [0 o] [1 of[o 1]0]
+1 -2 +1
1 1 11 11 11 1 1 10 1 1 1 1
00 OO0 |0OO0 O00O 10 00O 1 0
11 1 1 11 1 0 1 1 1 1
00 OO0 |OO0O 0O |O00O0
11 11 11 1 1 01 1 0 |01 1 1
4096 256 16 1
0 0 144 9 -153
Figure 6.21 Bit-pair recoding using a negative multiplicand and a positive multi-
plier.
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Column 76 54 32 10
A = 00 01 00 11 +19
B = x) 00 11 01 10 +54
\’ +1026
00 01 00 11
Lo of [t 1] [o 1] [1 ofo]
+1 -1 +2 -2
11 11 11 11 11 01 10 10
00 OO0 |00 OO |1 O 01 10
11 1 1 11 10 |11 01
00 OO0 |O1 O0O0 |11
oo 00 |01 OO0 OO OO |00 10
4096 256 16 1
0 1024 0 2 +1026
Figure 6.22 Bit-pair recoding using a positive multiplicand and a positive multi-
plier.
Column 76 54 32 10
A = 11 00 01 11 =57
B = xy 10 10 11 01 -83
\! +4731
11 00 01 11
(L of [t of[1 1][o 1]o]
-1 -1 -1 +1
11 11 11 11 11 00 |01 11
00 00 |00 O0O0 |11 1 0 |01
00 OO0 |00 11 1 0 01
00 00 |11 1 0 |01
00 O1 |00 10 |01 11 1 0 11
4096 256 16 1
4096 512 112 11 +4731
Figure 6.23 Bit-pair recoding using a negative multiplicand and a negative mul-
tiplier.
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Sequence counter

Negation of A Multiplicand A D —+» Multiplier B
-« -2XA - +2XA
-1xA > +tIxXA —F/—» 0

Multiplexer circuit

2
a  sum
b
—Logic 0 cin  cout |—

Figure 6.24  Organization of a sequential add-shift multiplier using the bit-pair
recoding technique.

The mixed-design module, using behavioral and dataflow modeling, is shown in
Figure 6.25. The inputs are the multiplicand, a/7:0/, and the multiplier, b/7:0/; the
output is the product prod[15:0]. There are three internal wires defined as:
a_bar[7:0], which will be assigned the 1s complement of the multiplicand using the
continuous assignment statement; a_ext pos/15:0], which is the uncomplemented
version of the multiplicand with sign extension to 16 bits; and a_ext neg/15:0], which
is the 2s complement (negation) of the multiplicand with sign extension to 16 bits. The
internal register is a_neg/7:0] which will be assigned the 2s complement of operand 4
by means of the always statement, as shown below.

always @ (a_bar)
a neg=a bar+ 1;

The uncomplemented version of 4 is extended to 16 bits by the following state-
ment:

a_ext_pos = {{8{a[7]}}, a};
where 8{a/7]} replicates the sign of the multiplicand eight times, which is then con-

catenated with the 8-bit multiplicand. The 2s complemented version of the multipli-
cand is extended to 16 bits by the following statement:
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a ext neg= {{8{a neg[7]}}, a neg};

where 8{a_neg[7]} replicates the sign of the 2s complemented multiplicand eight
times, which is then concatenated with the 2s complemented 8-bit multiplicand.

Multiplier bits b/1:0] are tested with an implied O to the right of bit /0/. There-
fore, only four combinations are required to test bits b/7:0]. The sensitivity list in the
always statement will cause the statements in the begin . . . end block to execute if any
variable changes value. The case statement is a multiple-way conditional branch. It
executes one of several different procedural statements depending on the comparison
of an expression with a case item. Refer to Table 6.2 for the description that follows.

If 5/1:0] = 00(0), then partial product 1 is 0 times the multiplicand which is
16"h0000. If5/1:0] =01(0), then partial product 1 is +1 times the multiplicand, which
is a_ext pos. If b[1:0] = 10(0), then partial product 1 is —2 times the multiplicand,
which is the 2s complement of the multiplicand shifted left one bit position, as shown
below.

ppl = {a_ext neg[14:8], a_neg, 1'b0};

The above expression concatenates the following bits: bits 14 through 8 of the 2s
complement of operand A4; the eight bits of the 2s complement of 4; and a zero bit for
atotal of 16 bits. If b/1.:0] = 11(0), then partial product 1 is —1 times the multiplicand,
which is a_ext neg — the 2s complement of the multiplicand.

Bit 3 and bit 2 of the multiplier are tested next using the case item b/3:1/; that is,
bits 3 and 2 in conjunction with bit 1. Therefore, all eight combinations of the three
bits b/3:1] are required for this test to generate partial product 2. Partial product 2 is
shifted left two bit positions with respect to partial product 1 with zeroes filling in the
vacated rightmost bit positions. Refer to Table 6.2 for the description that follows.

If /3:1] = 000, then partial product 2 is 0 times the multiplicand which is
16"h0000. If b/3:1] = 001, then the 1 — 0 boundary specifies partial product 1 as +1
times the multiplicand, which is {a_ext_pos[13:0], 2'b00}; that is, bits 13 through 0 of
uncomplemented operand A4 concatenated with 00 for a total of sixteen bits. If b/3:1]
=010, then the 0 — 1 boundary indicates —1 times the multiplicand, and the 1 — 0
boundary indicates +2 times the multiplicand, resulting in partial product 2 having a
value of +1 times the multiplicand.

Ifb/3:1] =011, then the 1 — 1 boundary specifies 0 times the multiplicand, and
the 1 — 0 boundary specifies +2 times the multiplicand, which is the multiplicand
shifted left one bit position, as indicated by {a_ext pos[12:0], 3'b000}. 1f b[3:1] =
100, then the 0 — 0 boundary specifies 0 times the multiplicand, and the 0 — 1 bound-
ary specifies —2 times the multiplicand, which is the 2s complemented multiplicand
shifted left one bit position, as indicated by {a_ext neg[12:0], 3'b000}.

If5/3:1] =101, then the 1 — 0 boundary specifies +1 times the multiplicand, and
the 0 — 1 boundary specifies —2 times the multiplicand, which is the 2s complemented
multiplicand shifted left one bit position, resulting in partial product 2 having a value
of —1 times the multiplicand, as indicated by {a_ext pos[13:0], 2'b00}.

Ifb/3:1] =110, then the 0 — 1 boundary specifies —1 times the multiplicand, and
the 1 — 1 boundary specifies 0 times the multiplicand, resulting in partial product 2
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having a value of —1 times the multiplicand. If b/3:1] = 111, then the result is 0 times
the multiplicand. The remaining bit pairs are tested in a similar manner.

//behavioral and dataflow for bit-pair multiplier
module bit pair (a, b, prod);

input [7:0] a, b;
output [15:0] prod;

wire [7:0] a, b;
wire [15:0] prod;

//define internal wires

wire [7:0] a bar;

wire [15:0] a ext pos; //positive A with sign extension
wire [15:0] a ext neg; //A negated with sign extension

//define internal registers
reg [7:0] a neg;
reg [15:0] ppl, pp2, pp3, ppé;//partial products

//1ls complement of A
assign a bar = ~a;

//2s complement of A
always @ (a_bar)
a neg = a bar + 1;

//define a_ext pos and a_ext neg
//extend sign of positive A to 16 bits
assign a _ext pos = {{8{al[7]}}, a};

//extend sign of negative A to 16 bits
assign a ext neg = {{8{a_negl[7]}}, a neg};

//test b[1:0] ———————————--———————— -
always @ (b or a ext pos or a ext neq)
begin
case (b[1:0]) //test bits 1 and 0 with 0
2'b00: //(000) = 0 times multiplicand
ppl = 16'h0000;

//continued on next page

Figure 6.25  Mixed-design module for a multiplier using the bit-pair recoding
technique.
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2'b01: //(010) = +1 times multiplicand
ppl = a ext pos;
2'b10: //(100) = -2 times multiplicand
ppl = {a_ext neg[l4:8], a neg, 1'b0};
2'b11: //(110) = -1 times multiplicand
ppl = a ext neg;
endcase
end
//test b[3:1] ——————-—-mmmmm e
always @ (b or a ext pos or a ext negq)
begin
case (b[3:1]) //test bits 3 and 2 with 1
3'b000: //0 times multiplicand
pp2 = 16'h0000;
3'b001: //+1 times multiplicand
pp2 = {a_ext pos[13:0], 2'b00};
3'b010: //+1 times multiplicand
pp2 = {a_ext pos[13:0], 2'b00};
3'b011: //+2 times multiplicand
pp2 = {a_ext pos[12:0], 3'b000};
3'0100: //-2 times multiplicand
pp2 = {a_ext neg[l1l2:0], 3'b000};
3'b101: //-1 times multiplicand
pp2 = {a_ext neg[l13:0], 2'b00};
3'b110: //-1 times multiplicand
pp2 = {a_ext neg[13:0], 2'b00};
3'b111: //0 times multiplicand
pp2 = 16'h0000;
endcase
end
//continued on next page

Figure 6.25 (Continued)
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//test b[5:3] —-—————————--—m—m—m
always @ (b or a ext pos or a ext negq)

begin
case (b[5:31]) //test bits 5 and 4 with 3

3'b000: //0 times multiplicand

pp3 = 16'h0000;
3'b001: //+1 times multiplicand

pp3 = {a_ext pos[11:0], 4'b0000};
3'b010: //+1 times multiplicand

pp3 = {a_ext pos[11:0], 4'b0000};
3'b011: //+2 times multiplicand

pp3 = {a_ext pos[10:0], 5'b00000};
3'b100: //=-2 times multiplicand

pp3 = {a_ext neg[l10:0], 5'b00000};
3'bl01: //-1 times multiplicand

pp3 = {a_ext neg[l1l1:0], 4'b0000};
3'b110: //-1 times multiplicand

pp3 = {a_ext neg[1l1:0], 4'b0000};
3'bl1l1: //0 times multiplicand

pp3 = 16'h0000;

endcase
end

//test D[7:5] ———————————-——— o
always @ (b or a_ext pos or a ext neq)
begin
case (b[7:51) //test bits 7 and 6 with 5
3'b000: //0 times multiplicand
pp4 = 16'h0000;

3'b001: //+1 times multiplicand
pp4 = {a_ext pos[9:0], 6'b000000};

3'b010: //+1 times multiplicand
pp4 = {a_ext pos[9:0], 6'b000000};

3'b011: //+2 times multiplicand
pp4 = {a_ext pos[8:0], 7'b0000000};

//continued on next page

Figure 6.25 (Continued)
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3'b100: //-2 times multiplicand
pp4 = {a_ext neg[8:0], 7'b0000000};
3'b1l01: //-1 times multiplicand

pp4 = {a_ext neg[9:0], 6'b000000};

3'b110: //-1 times multiplicand
pp4 = {a_ext neg[9:0], 6'b000000};
3'b111: //0 times multiplicand
pp4 = 16'h0000;
endcase
end

//define product
assign prod = ppl + pp2 + pp3 + pp4;

endmodule

Figure 6.25 (Continued)

The test bench is shown in Figure 6.26 which applies several input vectors for the
multiplicand and multiplier, including all combinations of positive and negative oper-
ands. The outputs are shown in Figure 6.27 with binary inputs for the operands and
hexadecimal outputs for the product. The waveforms are shown in Figure 6.28.

//test bench for the bit-pair multiplier
module bit pair tb;

reg [7:0] a, b;
wire [15:0] prod;

//display operands a, b, and prod
initial
$monitor ("a = %b, b = %b, prod = %h", a, b, prod);

//apply input vectors
initial
begin
#0 a = 8'bl100 _0111; //a
b = 8'b1010_1101; //b
//continued on next page

=57
-83 product = ffc7h

Figure 6.26  Test bench for the bit-pair recoding multiplier of Figure 6.25.
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#10 a = 8'b0000_0110; //a = +6
b = 8'b1110 _1000; //b = =24 product = f££70h
#10 a = 8'bl110 1111; //a = =17
b = 8'b0000_1001; //b = +9 product = f£f67h
#10 a = 8'b0001 _0011; //a = +19
b = 8'b0011 _0110; //b = +54 product = 0402h
#10 a = 8'b0001 _1001; //a = +25
b = 8'b0101 _1000; //b = +88 product = 0898h
#10 a = 8'b0001 1001; //a = +25
b = 8'b0110_1110; //b = +110 product = Oabeh
#10 a = 8'b0011 1101; //a = +61
b = 8'p1110 0011; //b = -29  product = 1917h
#10 a = 8'bl100 _1111; //a = -49
b = 8'b1110 0001; //b = =31 product = 05efh
#10 a = 8'bllll 1111; //a = -1
b = 8'pl111 1111; //b = -1 product = 0001h
#10 a = 8'bll1ll 1111; //a = -1
b = 8'b0000_0001; //b = +1 product = ffffh
#10 a = 8'bl100 _0111; //a = =57
b = 8'b1000 1100; //b = -116 product = 19d4h
#10 a = 8'b0011 1110; //a = +62
b = 8'b0100 1000; //b = +72  product = 1170h
#10 $stop;
end
//instantiate the module into the test bench
bit pair instl (
.a(a),
.b(b),
.prod (prod)
) ;
endmodule

Figure 6.26 (Continued)
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a = 11000111, b = 10101101, prod = 127b
a 00000110, b 11101000, prod = f£f70
a 11101111, b 00001001, prod = ff67
a 00010011, b 00110110, prod = 0402
a 00011001, b 01011000, prod = 0898
a 00011001, b 01101110, prod = Oabe
a 00111101, b 11100011, prod = f917
a 11001111, b 11100001, prod = 0bef
a 11111111, b 11111111, prod = 0001
a 11111111, b 00000001, prod = ffff
a 11000111, b 10001100, prod = 19d4
a = 00111110, b = 01001000, prod = 1170
Figure 6.27  Outputs for the bit-pair recoding multiplier of Figure 6.25.
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Figure 6.28  Waveforms for the bit-pair recoding multiplier of Figure 6.25.

6.4 Array Multiplication

A hardware array multiplier that permits a very high speed multiply operation for
unsigned operands and positive signed operands is presented in this section. For
signed operands, the multiplier must be positive — the multiplicand can be positive or
negative. The multiplication of two n-bit operands generates a product of 2x bits.

The sequential add-shift technique requires less hardware, but is relatively slow
when compared to the array multiplier method. In the sequential add-shift method,
multiplication of the multiplicand by a 1 bit in the multiplier simply copies the multi-
plicand. Ifthe multiplier bitis a 1, then the multiplicand is entered in the appropriately
shifted position as a partial product to be added to other partial products to form the
product. If the multiplier bit is 0, then Os are entered as a partial product.
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Although the array multiplier method is applicable to any size operands, an ex-
ample will be presented that uses two 4-bit operands as shown in Figure 6.29. The
multiplicand is a /3:0] = azaya;aq and the multiplier is b/3:0] = bybyb by, where ag
and b, are the low-order bits of 4 and B, respectively.

Each bit in the multiplicand is multiplied by the low-order bit, b, of the multi-
plier. This is equivalent to the AND function and generates the first of three partial
products. Each bit in the multiplicand is then multiplied by bit b; of the multiplier.
The resulting partial product is shifted left one bit position. The process is repeated for
bit b, and bit b3 of the multiplier. The partial products are then added together to form
the product. A carry-out of any column is added to the appropriate next higher-order
column.

The array multiplier described in this section assumes that the multiplier is posi-
tive, although multipliers can be designed that utilize both positive and negative oper-
ands based on a method proposed by Baugh and Wooley. An example is shown in
Figure 6.30 with a positive multiplicand and a positive multiplier using the paper-and-
pencil method. Since the multiplicand is positive, the partial products are zero-
extended to the left to accommodate the 27 bits. Figure 6.31 uses a negative multipli-
cand and a positive multiplier. In this example, the partial products extend the nega-
tive sign left to accommodate 27 bits. Both examples use the paper-and-pencil method
for 4-bit operands. The full adder shown in Figure 6.32 will be used in the array mul-
tiplier of Figure 6.33 as the planar array elements for two 4-bit operands.

Partial product 1 asbg ayby ayby apbg
Partial product 2 asby axb; ayby apby
Partial product 3 asby ayby, ayby apby

Partial product 4 azby apyby ayby agbs

Product 27 26 25 2t 23 22 b 20

Figure 6.29 General multiply algorithm for two 4-bit operands.

01 1 1 47
) 001 1 1 47

000 0|0 1 1 1

000 01 1 1

00 0 1[1 1

00 0 00

0 01 1[0 0 0 1 +49

Figure 6.30  Paper-and-pencil method to multiply a positive multiplicand by a
positive multiplier.
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1 1 0 0 -4
x) 01 0 1 45
1 1 1 1]1 1 0 0
00 0 0[O0 0 0
1 1 1 1]/0 0
00 0 00
1 1 1 0[1 1 0 0 -20

Figure 6.31  Paper-and-pencil method to multiply a negative multiplicand by a
positive multiplier.

a cin
FA »—
cout s

Figure 6.32  Full adder to be used in the array multiplier.

aszbg azbg arby apbg

l 0 0 0

FA |« ayb|| FA [« a1b;| FA |=apby

azby
L Y i
FA 4a2b2 FA <a1b2 FA 4(10b2
asb,
v ¥ '
FA 4(12b3 FA 4(11b3 FA <a0b3
aszbs
¥ Y Y
FA FA FA [<0
27 26 23 24 23 22 2! 20

Figure 6.33  Array multiplier for 4-bit operands.
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The array multiplier of Figure 6.33 is reproduced in Figure 6.34 showing the
instantiation names and net names for the array multiplier structural module. The mul-
tiplicand is a/3:0/, the multiplier is b/3:0], and the product is prod/[7:0]. Dataflow
modeling will be used to design the logic primitives and the full adder, all of which
will be instantiated into the multiplier structural module. The dataflow module for a 2-
input AND gate is shown in Figure 6.35 and the dataflow module for a full adder is
shown in Figure 6.36.

The structural module for the array multiplier is shown in Figure 6.37 and the test
bench module is shown in Figure 6.38 for all 256 combinations of the multiplicand and
multiplier. Several outputs are shown in Figure 6.39 in decimal notation.

inst10 inst5 inst2 instl
a[3] b[0] a[2] b[0] a[1] b[0] a[0] b[0]
net10 net4 netl
0 0 0
inst11 inst6 inst3
inst17 — af2] b[1] | . 7 a[l] b[1] | . A al0] b[1]
af3] b[1] inst Metll inst Focts inst e
net19 netl3 |netl2 net7 | net6 net3
mst18 inst13 inst8
inst23 inst19; a_[Z] by inst14 allj b2 inst9 al0] b2
a[3] b[2] net20 [net14 [ net8
net27 net22 | net21 netl6 | netl5 net9
nst24 nst20 nst15
inst27 . af2] b[3] |. afl] b[3] |. a[0] b[3]
inst25 — inst21— instl6}—
af3] b/3] net28 net23 net17
net32 net30 |net29 het25 |net24 netl8
inst28 net3| inst26| net26 inst22 — 0
prod[7] prod[6] prod[5] prod[4] prod[3] prod[2] prod[1] prod[0]

Figure 6.34  Array multiplier for two 4-bit operands showing the instantiation
names and net names.

//dataflow 2-input and gate
module and2 df (x1, x2, zl);

input x1, x2;
output z1;
wire x1, x2;
wire z1;

assign z1 = x1 & x2;
endmodule

Figure 6.35  Dataflow module for a 2-input AND gate.
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//dataflow full adder
module full adder (a, b, cin, sum, cout);

//1list all inputs and outputs
input a, b, cin;
output sum, cout;

//define wires
wire a, b, cin;
wire sum, cout;

//continuous assign for dataflow

A

assign sum = (a ~ Db) cin;
assign cout = cin & (a ~ b) | (a & b);
endmodule

Figure 6.36  Dataflow module for a full adder.

//structural array multiplier 4 bits
module array mul4 (a, b, prod);

//define inputs and outputs
input [3:0] a, b;
output [7:0] prod;

wire [3:0] a, b;
wire [7:0] prod;

//define internal wires

net9, netl0, netll, netl2, netl3, netld,

//instantiate the logic for product[0]
and2 df instl (
.x1(al0]),
.x2(b[0]),

.zl (prod[0])
);

//product[0]

//continued on next page

wire netl, net2, net3, netd4, netb5, net6, net7,

netl7, netl8, netl9, net20, net2l, net22,
net25, net26, net27, net28, net29, net30,

netlo,
net24,
net32;

Figure 6.37  Structural module for a 4-bit array multiplier.
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//instantiate the logic for product[1l]
and2 df inst2 (

-x1(all]l),

.x2(b[0]),

.zl (netl)

)

and2 df inst3 (
.x1(af0]),
.x2(b[11),
.zl (net?2)
) ;

full adder inst4d (
.a(netl),
.b(net2),
.cin(1'b0),
.sum(prod[1]), //product[1]
.cout (net3)
) ;

//instantiate the logic for product[2]
and2 df inst5 (

.x1(al2]),

.x2(b[0]),

.zl (netd)

) ;

and2 df inst6 (
.x1(afl]),
.x2(b[11),
.zl (netb)
) ;

full adder inst7 (
.a(net4),
.b(netb),
.cin(1'b0),
.sum(neto),
.cout (net?7)
) ;

and2 df inst8 (
.x1(al0]),
.x2(b[2]),
.21 (net8)
) ; //continued on next page

Figure 6.37 (Continued)
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full adder inst9 (
.a(neto),
.b(net8),
.cin(net3),
.sum(prod([2]), //product[2]
.cout (net?9)
);

//instantiate the logic for product[3]
and2_df instl0 (

.x1(al[3]),

.x2(b[0]),

.z1 (netl0)

) ;

and2 df instll (
.x1(al21),
.x2(b[11),
.zl (netll)
)

full adder instl2 (
.a(netl0),
.b(netll),
.cin(1'b0),
.sum(netl?2),
.cout (netl3)
);

and2 df instl3 (
-x1(afll),
.x2(b[2]),

.zl (netld)

)

full adder instlé4 (
.a(netl2),
.b(netld),
.cin(net7),
.sum(netlb),
.cout (netlo)

);

//continued on next page

Figure 6.37 (Continued)
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and2 _df instl5 (
.x1(al0]),
.x2(b[3]),
.z1 (netl7)
)

full adder instlé6 (
.a(netlb),
.b(netl?7),
.cin (net9),
.sum (prod[3]), //product [3]
.cout (netl8)
)

//instantiate the logic for product[4]
and2 _df instl7 (

.x1(al3]),

.x2(b[1]),

.z1 (netl9)

)

and2 df instl8 (
.x1(af2]),
.x2(b[21),
.z1 (net20)
) ;

full adder instl9 (
.a(netl9),
.b(net20),
.cin(netl3),
.sum(net2l),
.cout (net22)
) ;

and2 df inst20 (
.x1(all]),
.x2(b[3]),
.z1 (net23)
)

//continued on next page

Figure 6.37 (Continued)
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full adder inst2l (
.a(net2l),
.b(net23),
.cin(netlo),
.sum(net24),
.cout (net25)
)

full adder inst22 (
.a(net24),
.b(1'b0),
.cin(netl8),
.sum (prod([4]), //product[4]
.cout (net26)

)7

//instantiate the logic for product[5]
and2_df inst23 (

.x1(al31),

.x2(b[2]),

.z1 (net27)

) ;

and2_df inst24 (
.x1(al2]),
.x2(b[3]),
.z1 (net28)
)

full adder inst25 (
.a(net27),
.b(net28),
.cin(net22),
.sum(net29),
.cout (net30)
)

full adder inst26 (
.a(net29),
.b(net206),
.cin (net25),
.sum (prod[5]), //product[5]
.cout (net31)

)7

//continued on next page

Figure 6.37 (Continued)
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//instantiate the logic for product[6] and product[7]
and2 df inst27 (

.x1(al3]),
.x2(b[3]),
.z1 (net32)

) ;

full adder inst28 (

.a(net32),

.b(net3l),

.cin(net30),

.sum(prod[6]), //product [6]
.cout (prod[7]) //product[7]
) ;

endmodule

Figure 6.37 (Continued)

//test bench for array multiplier 4 bits
module array mul4d tb;

reg [3:0] a, b;
wire [7:0] prod;

//apply input vectors
initial
begin : apply stimulus
reg [8:0] invect;
for (invect=0; invect<256; invect=invect+1l)
begin
{a, b} = invect [8:0];
#10 $display ("a = %d, b = %d, product = %d", a, b, prod);
end
end

//instantiate the module into the test bench
array muld instl (

.a_(a>,
.b(b),
.prod (prod)
)

endmodule

Figure 6.38  Test bench for the array multiplier.
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a=1, b =0, product =0 a =10, b 0, product = 0
a=1, b =1, product 1 a =10, b 1, product 10
a=1, b =2, product 2 a 10, b 2, product 20
a=1, b =3, product = 3 a =10, b 3, product 30
a=2, b =4, product = 8 a =11, b 4, product 44
a =2, b =5, product 10 a 11, b 5, product 55
a =2, b =26, product 12 a =11, b 6, product 66
a=2, b=7, product = 14 a =11, b 7, product 77
a =3, b =28, product = 24 a =12, b 8, product = 96
a =3, b =29, product 27 a 12, b 9, product 108
a =3, b =10, product 30 a 12, b 10, product = 120
a =3, b =11, product = 33 a =12, b 11, product = 132
a =4, b =12, product = 48 a =12, b = 12, product = 144
a =4, b = 13, product 52 a 12, b 13, product = 156
a =4, b = 14, product 56 a 12, b 14, product 168
a =4, b =15, product = 60 a =12, b = 15, product = 180
a=>5 b =0, product =0 a =13, b 8, product = 104
a=>5, b=1, product 5 a 13, b 9, product = 117
a=>5, b =2, product 10 a 13, b 10, product = 130
a=>5, b =3, product = 15 a =13, b 11, product = 143
a =6, b =0, product =0 a =14, b = 12, product = 168
a =6, b =1, product 6 a 14, b 13, product 182
a =6, b =2, product 12 a 14, b 14, product = 196
a =6, b =3, product = 18 a =14, b = 15, product = 210
a="7, b =4, product = 28 a =14, b = 12, product = 168
a="7, b=25, product 35 a 14, b 13, product = 182
a="7, b =6, product 42 a 14, b 14, product 196
a="17, b=7, product = 49 a =14, b = 15, product = 210
a =18, b =28, product = 64 a =15, b 8, product = 120
a =38, b =29, product 72 a 15, b 9, product = 135
a =8, b =10, product 80 a 15, b 10, product = 150
a =28, b =11, product = 88 a =15, b 11, product = 165
a =29, b=12, product = 108 a =15, b = 12, product = 180
a =29, b=13, product = 117 a 15, b 13, product 195
a =9, b= 14, product 126 a 15, b 14, product = 210
a =9, b =15, product = 135 a =15, b = 15, product = 225
Figure 6.39 Outputs for the array multiplier.
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6.5 Table Lookup Multiplication

Multiplication can be accomplished by using a memory that contains different ver-
sions of the multiplicand to be added to the partial products. This method is faster than
the sequential add-shift technique, because it shifts the partial products three bit posi-
tions after the add operation rather than one bit position as in the sequential add-shift
method.

The organization of the sequential add-three-bit-shift multiplier is shown in Fig-
ure 6.40 for 8-bit multiplicands and multipliers. Firmware loads the multiplicand table
in memory and the multiplier prior to the multiply operation. The multiplicand table
is addressed by the low-order three bits of the multiplier; therefore, the table contains
eight entries as follows: multiplicand times 0 through multiplicand times seven. Each
multiplicand version is 11 bits in length to accommodate the highest entry of multi-
plicand times seven.

Sequence counter

Multiplicand A4 table
10 0
Mpcnd x 0
Mpcend x 1

Mpcend x 2
T Mpecend x 3
Mpecnd x 4
Mpcend x 5
Mpcnd x 6
Mpcend x 7

Multiplier B

19 Product 0

a sum

b

—Logic 0 cin  cout | ——

19 Sum 0

Figure 6.40  Organization for the sequential add-three-bit-shift multiplier.

The multiplier register B is a parallel-in, parallel-out right-shift register with a
capacity of nine bits to accommodate a multiplier that is divisible by three — the high-
order bit is the sign extension. The sum register must be wide enough to contain the
multiplicand table entries of eleven bits plus an additional nine bits to accommodate
the three right shift operations of three bits per shift. The product register must be the
same width as the sum register.
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The multiplicand table outputs 10 — 0 connect to the adder 4 inputs 19 — 9 with
adder inputs 8 — 0 connected to a logic 0. The product register bits 19 — 0 connect to
the adder B inputs 19 — 0. The multiplicand version addressed by b/2:0] is added to
the sum — initially all zeroes. Then the sum is shifted right three bit positions with the
sign bit propagated three bit positions and loaded into the product register. The mul-
tiplier register is then shifted right three bit positions to address the multiplicand table
and obtain the next version of the multiplicand for the next sequence of add-three-bit-
shift operations. A count-down counter determines the aggregate number of add-shift
sequences that occur depending on the size of the operands.

Table 6.3 illustrates an example of the table lookup method for a multiplicand of
+6 (0000 0110) and a multiplier of +11 (0 0000 1011). The product register is initial-
ized to all zeroes. Since the low-order three bits of the multiplier are /2:0] =011, the
multiplicand version that is selected is multiplicand times three. This is added to the
product to obtain the sum. The sum is then shifted right three bit positions with the
high-order bit propagating right three bits. The process repeats for multiplicand times
1 and multiplicand times 0 to obtain a product of +66.

Table 6.3 Example of Add-Three-Bit-Shift Multiplication

19 918 0
Multiplicand
Table

Product = | 00000000000 | 000000000

+) Multiplicand x 3 | 00000010010 | 000000000
Sum = | 00000010010 | 000000000

Shift right 3. Product = | 00000000010 | 010000000

+) Multiplicand x 1 | 00000000110 | 000000000
Sum = | 00000001000 | 010000000
Shift right 3. Product = | 00000000001 | 000010000

+) Multiplicand x 0 | 00000000000 | 000000000
Sum = | 00000000001 | 000010000
Shift right 3. Product = | 00000000000 | 001000010 | (+66)

The table lookup multiplication method will be designed using behavioral mod-
eling. The multiplicand table entries are shown in Table 6.4 for a multiplicand of +6
(000 0000 0110). The values of the multiplicand versions are listed for convenience,
but only the binary values of multiplicand versions are stored. This table will be stored
as a separate file in the project folder as mem.mpcnd with no .v extension. There is a
separate multiplicand table for each different multiplicand. The behavioral module is
shown in Figure 6.41.
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Table 6.4 Multiplicand Table for a Multiplicand of +6

Multiplicand Versions
Multiplicand x0=|0 0 0/0 0 0 0|0 O 0 O
Multiplicand x 1=|0 0 0{0 0 0 0|0 1 1 O
Multiplicand x2={0 0 0{0 0 0 0|1 1 0 O
Multiplicand x3=|0 0 0{0 0 0 1{0 0 1 O
Multiplicand x4={0 0 0{0 0 0 1|1 0 0 O
Multiplicand x5=|0 0 0{0 0 0 1|1 1 1 O
Multiplicand x6={0 0 0{0 0 1 0{0 1 0 0O
Multiplicand x 7=|0 0 0{0 0 1 0|1 0 1 O

//behavioral multiplication table lookup
module mul table lookup (a, b, start, prod);

input [7:0] a;
input [8:0] b;
input start;
output [19:0] prod;

//define internal registers
reg [19:0] prod;

reg [1:0] count;
reg [19:0] sum;
reg [8:0] b reg;

//define memory size
//memory is an array of eleven 8-bit registers
reg [10:0] mpcnd table [0:7];

//define memory contents
//load mpcnd table from file mem.mpcnd
initial
begin

$readmemb ("mem.mpcnd", mpcnd table);
end

//continued on next page

Figure 6.41 Behavioral module for the table lookup multiplier using a positive
multiplicand.
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always @ (posedge start)
begin
prod [19:0] = 20'h00000;
count = 2'bll;
b reg = b;
if ((a!=0) && (b!=0))
while (count)
begin
sum = {{mpcnd table[b reg[2:0]], 9'b0000 0000 0}
+ prod[19:0]};
prod = {{3{sum[19]}}, sum[19:3]};
b reg = b reg >> 3;
count = count - 1;
end
end
endmodule

Figure 6.41 (Continued)

The multiplicand is eleven bits and the multiplier is nine bits producing a product
of 20 bits. The multiply operation begins at the positive edge of a scalar input called
start. The following internal registers are defined: a product, prod/19:0]; a 2-bit
sequence control counter, count/1:0]; a sum, sum/19:0]; and a register to be used in
place of the multiplier register called b_reg/8:0].

The multiplicand table is defined as an array of eight 11-bit registers called
mpcnd_table. The multiplicand table mpcnd_table is loaded from the file mem.mpcnd
in memory by the system task $readmemb as shown below.

$readmemb (“mem.mpcend”, mpend table);

The multiply operation begins on the positive edge of the start signal in the sen-
sitivity list of the always statement, at which time three of the internal registers are ini-
tialized. Since the multiplicand is nine bits, the sequence counter is initialized to a
count of three, because there are three 3-bit sections in the multiplier. The operands
are then checked to determine if either the multiplicand or the multiplier is zero. If
both operands are nonzero, then the multiply operation begins.

The sum register is assigned the sum of the multiplicand addressed by b_reg/2:0]
concatenated with nine zeroes plus the product register prod[19:0], as shown below.

sum = {{mpcnd_table[b_reg[2:0]], 9'b0000 0000 0} + prod[19:0]};
The sum is then assigned to the product register prod[19:0], where the sign (positive
or negative) is propagated three bit positions to the right by the replication function

3 {sum[19]}, then concatenated with the high-order 17 bits of the sum. The multiplier
is then shifted right three bit positions to address the multiplicand table and obtain the
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next version of the multiplicand. The counter decrements by one and the process
repeats until the counter reaches a count of zero.

The test bench is shown in Figure 6.42 for a multiplicand of +6 (0000 0110) and
seven different multipliers. The outputs are shown in Figure 6.43 and the waveforms
are shown in Figure 6.44.

//test bench for multiplication using table lookup
module mul table lookup tb;

reg [7:0] a;

reg [8:0] b;

reg start;

wire [19:0] prod;

//display variables
initial
$Smonitor ("a=%b, b=%b, prod=%b", a, b, prod);

//apply input vectors
initial
begin

#0 start = 1'b0;

//6 x 1 = 6 = 00006h

a = 8'b0000 _0110; b = 9'b0_0000_0001;
#10 start = 1'bl;
#10 start = 1'b0;

//6 x 11 = 66 = 00042h
#10 a = 8'b0000_0110; b = 9'b0_0000_1011;
#10 start = 1'bl;
#10 start = 1'b0;

//6 x 6 = 36 = 00024h
#10 a = 8'b0000_0110; b = 9'b0_0000_0110;
#10 start = 1'bl;
#10 start = 1'b0;

//6 x 46 = 276 = 00114h
#10 a = 8'b0000 _0110; b = 9'b0_0010_1110;
#10 start = 1'bl;
#10 start = 1'b0;

//continued on next page

Figure 6.42  Test bench for the table lookup multiplier using a positive multipli-
cand.
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//6 x
a =
start =
start =

159 =
#10
#10
#10

1'bl;
1'b0;

//6 x
a =
start =
start =

170 =
#10
#10
#10

1'bl;
1'b0;

//6 x 255 =
#10 a =
#10 start =
#10 start =

1'bl;
1'b0;

#10
end

$stop;

.a(a),

.b(b),

.start (start),
.prod (prod)

)

endmodule

954
8'b0000 0110; b =

1020
8'00000 0110; b =

1530
8'00000 0110; b =

= 003bah
9'b0 1001 1111;

= 003fch
9'b0 1010 _1010;

= 005fah
9'p0 1111 1111;

//instantiate the module into the test bench
mul table lookup instl (

Figure 6.42 (Continued)

a=00000110,
a=00000110,
a=00000110,
a=00000110,
a=00000110,
a=00000110,
a=00000110,
a=00000110,
a=00000110,
a=00000110,
a=00000110,
a=00000110,
a=00000110,

pb=000000001,
b=000001011,
b=000001011,
b=000000110,
b=000000110,
b=000101110,
b=000101110,
b=010011111,
b=010011111,
b=010101010,
b=010101010,
b=011111111,
b=011111111,

prod=00000000000000000110
prod=00000000000000000110
prod=00000000000001000010
prod=00000000000001000010
prod=00000000000000100100
prod=00000000000000100100
prod=00000000000100010100
prod=00000000000100010100
prod=00000000001110111010
prod=00000000001110111010
prod=00000000001111111100
prod=00000000001111111100
prod=00000000010111111010

Figure 6.43
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Figure 6.44  Waveforms for the table lookup multiplier.

The behavioral module of Figure 6.41 operates equally well for negative multi-
plicands as for positive multiplicands. Table 6.5 illustrates an example of the table
lookup method for a negative multiplicand of =30 (1110 0010) and a multiplier of +1
(0 0000 0001) to produce a product of =30 (1111 1111 1111 1110 0010). The multi-
plicand table entries to be used in the behavioral module are shown in Table 6.6 for a
multiplicand value of =30 (1110 0010). Figure 6.45 replicates the behavioral module
and is used to perform multiplication on negative multiplicands with a variety of mul-
tipliers. The test bench is shown in Figure 6.46 for seven different multipliers. The
outputs are shown in Figure 6.47, and the waveforms are shown in Figure 6.48.

Table 6.5 Example of Add-Three-Bit-Shift Multiplication

19 9 8 0
Multiplicand
Table
Product = | 00000000000 | 000000000
+) Multiplicand x 1 | 11111100010 | 000000000
Sum=| 11111100010 | 000000000
Shift right 3. Product=| 11111111100 | 010000000

+) Multiplicand x 0 | 00000000000 | 000000000
Sum = | 11111111100 | 010000000
Shift right 3. Product=| 11111111111 | 100010000

+) Multiplicand x 0 | 00000000000 | 000000000
Sum=| 11111111111 | 100010000
Shift right 3. Product=| 11111111111 | 111100010 | (-30)
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Table 6.6 Multiplicand Table for a Multiplicand of —30

Multiplicand Versions
Multiplicand x0=|0 0 0/0 0 0 0|0 O 0 O
Multiplicandx 1=|1 1 1|1 1 1 0{0 0 1 O
Multiplicand x2=|1 1 1|1 1 0 0{0 1 0 O
Multiplicand x3=|1 1 1|1 0 1 0{0 1 1 O
Multiplicand x4=|1 1 1|1 0 0 0|1 0 O O
Multiplicandx5=|1 1 1|0 1 1 0|1 0 1 O
Multiplicand x6=|1 1 1{0 1 0 0|1 1 0 O
Multiplicandx7=|1 1 1|0 0 1 0|1 1 1 O

//behavioral multiplication table lookup
module mul table lookup neg (a, b, start, prod);

input [7:0] a;
input [8:0] b;
input start;

output [19:0] prod;

//define internal registers
reg [19:0] prod;

reg [1:0] count;
reg [19:0] sum;
reg [8:0] b reg;

//define memory size
//memory is an array of eight 8-bit registers
reg [10:0] mpcnd table [0:7];

//define memory contents
//load mpcnd table from file mem.mpcnd
initial
begin

$readmemb ("mem.mpcnd", mpcnd table);
end

//continued on next page

Figure 6.45  Behavioral module for the table lookup multiplier using a negative
multiplicand.
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always @ (posedge start)

begin
prod [19:0] = 20'h00000;
count = 2'bll;
b reg = b;

if ((a!=0) && (b!=0))
while (count)

begin

sum = {{mpcnd table[b reg[2:0]], 9'b0000 0000 0}
+ prod[19:0]};

prod = {{3{sum[19]}}, sum[19:3]};
b reg = b _reg >> 3;
count = count - 1;

end

end
endmodule

Figure 6.45 (Continued)

//test bench for multiplication using table lookup
module mul table lookup neg tb;

reg [7:0] a;

reg [8:0] b;

reg start;

wire [19:0] prod;

//display variables
initial

$monitor ("a=%b, b=%b, prod=%b", a, b, prod);

//apply input vectors

initial

begin

//multiplicand = -30
#0 start = 1'b0;

//-30 x 1 = =30 = fffe2h

a = 8'bl1110 0010; b = 9'b0_0000_0001;
#10 start = 1'bl;
#10 start = 1'b0;

//continued on next page

Figure 6.46  Test bench module for the table lookup multiplier using a negative
multiplicand.
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//-30 x 11 = -330 = ffebé6h
#10 a = 8'b1110 0010; b = 9'b0_0000_1011;
#10 start = 1'bl;
#10 start = 1'b0;
//-30 x 6 = -180 = fffdch
#10 a = 8'b1110 0010; b = 9'b0_0000_0110;
#10 start = 1'bl;
#10 start = 1'b0;
//-30 x 46 = -1380 = ffa9ch
#10 a = 8'b1110 0010; b = 9'b0_0010_1110;
#10 start = 1'bl;
#10 start = 1'b0;
//-30 x 159 = -4770 = fed5eh
#10 a = 8'pl110 0010; b = 9'b0_1001 1111;
#10 start = 1'bl;
#10 start = 1'b0;
//-30 x 170 = -5100 = fecldh
#10 a = 8'b1110 0010; b = 9'b0 1010 _1010;
#10 start = 1'bl;
#10 start = 1'b0;
//-30 x 255 = -7650 = fe2leh
#10 a = 8'bl1110 0010; b = 9'b0 1111 1111;
#10 start = 1'bl;
#10 start = 1'b0;
#10 $stop;
end
//instantiate the module into the test bench
mul table lookup neg instl (
.a(a),
.b(b),
.start (start),
.prod (prod)
) ;
endmodule
Figure 6.46 (Continued)
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a=11100010, b=000000001, prod=11111111111111100010
a=11100010, b=000001011, prod=11111111111111100010
a=11100010, b=000001011, prod=11111111111010110110
a=11100010, b=000000110, prod=11111111111010110110
a=11100010, b=000000110, prod=11111111111101001100
a=11100010, b=000101110, prod=11111111111101001100
a=11100010, b=000101110, prod=11111111101010011100
a=11100010, b=010011111, prod=11111111101010011100
a=11100010, b=010011111, prod=11111110110101011110
a=11100010, b=010101010, prod=11111110110101011110
a=11100010, b=010101010, prod=11111110110000010100
a=11100010, b=011111111, prod=11111110110000010100
a=11100010, b=011111111, prod=11111110001000011110

Figure 6.47  Outputs for the table lookup multiplier using a negative multiplicand.

2 Silos - C:Werilog\mul_table_lookup_neg\mul_table_lookup_neg.spj
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Figure 6.48  Waveforms for the table lookup multiplier using a negative multipli-
cand.

6.6 Memory-Based Multiplication

With the advent of high-capacity, high-speed random-access memories (RAMs), mul-
tiplication using a RAM may be a viable option. The multiplicand and multiplier are
used as address inputs to the memory — the outputs are the product. As mentioned
previously, memories can be represented in Verilog HDL by an array of registers and
are declared using a reg data type as follows for the memory mem mul, which is an
array of 64 six-bit registers:
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reg [5:0] mem_mul [0:63];

The operands can be either unsigned or signed numbers in 2s complement repre-
sentation. This design will use signed operands for both the multiplicand and the mul-
tiplier. In order to keep the address space to a reasonable size, only 3-bit operands are
used. A behavioral module will be designed to multiply the two 3-bit operands using
a memory as a table lookup device.

A text file will be prepared for the specified memory in binary format. The file is
created and saved as a separate file in the project folder without the .v extension. The
system task Sreadmemb reads the file and loads the contents into memory. The con-
tents of opnds.mul are loaded into the memory mem_mul beginning at location 0.

The contents of the opnds.mul file are shown in Figure 6.49, where the 6-bit ad-
dress is shown for reference. The leftmost three digits of the address represent the
multiplicand 4; the rightmost three digits represent the multiplier B — the space is
shown only for clarity. The address bits are not part of the memory contents — only
the six bits for the product prod are entered into the opnds.mul file. A block diagram
of the memory is shown in Figure 6.50 with a 6-bit address consisting of a 3-bit mul-
tiplicand, mpcnd/[2:0], concatenated with a 3-bit multiplier, mplyr{2:0]. There is a 6-
bit output vector, prod/5.0], containing the product.

A B prod

000 000 000000 011 o000 000000 110 000 000000
000 001 000000 011 001 000011 110 001 111110
000 010 000000 011 010 001100 110 010 111100
000 011 000000 011 011 001001 110 011 111010
000 100 000000 011 100 110100 110 100 001000
000 101 000000 011 101 110111 110 101 000110
000 110 000000 011 110 111010 110 110 000100
000 111 000000 011 111 111101 110 111 000010
001 000 000000 100 000 000000 111 o000 000000
001 001 000001 100 001 111100 111 001 111111
001 010 000010 100 010 111000 111 010 111110
001 011 000011 100 011 110100 111 011 111101
001 100 111100 100 100 010000 111 100 000100
001 101 111101 100 101 001100 111 101 000011
001 110 111110 100 110 001000 111 110 000010
001 111 111111 100 111 000100 111 111 000001
010 000 000000 101 000 000000

010 001 000010 101 001 111101

010 010 000100 101 010 111010

010 011 001100 101 011 110111

010 100 111000 101 100 001100

010 101 111010 101 101 001001

010 110 111100 101 110 001100

010 111 111110 101 111 000011

Figure 6.49  Contents of memory opnds.mul that are loaded into memory
mem_mul.
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Memory
{mpend[2:0], mplyr{2:0]} ——» L = prod[5:0]

63

Figure 6.50  Block diagram of a memory that multiplies two 3-bit operands.

The behavioral module to multiply the multiplicand and multiplier using memory
is shown in Figure 6.51 using binary data for the file called opnds.mul. The test bench
is shown in Figure 6.52 using several different vectors that represent the multiplicand
and the multiplier. The outputs are shown in Figure 6.53 and the waveforms are
shown in Figure 6.54.

There are three ports in Figure 6.51: input port mpcnd/[2:0] containing the 3-bit
multiplicand, input port mplyr/2:0] containing the 3-bit multiplier, and output port
prod[5:0] containing the product, which is declared as type reg because it operates as
a storage element. The memory is defined as an array of 64 six-bit registers.

An initial procedural construct is used to load data from the opnds.mul file into the
memory mem_mul by means of the system task $readmemb. The initial statement
executes only once to initialize the memory. An always procedural construct is then
used to read the contents of the memory based on the value of the concatenated oper-
ands; that is, prod/5:0] receives the contents of the memory at the address specified by
the multiplicand and the multiplier, as shown below. The variables mpcnd and mplyr
are event control variables used in the always statement — when the operands change,
the statement in the begin . . . end block is executed.

prod = mem_mul [ {mpcnd, mplyr}];

//behavioral to add two operands
module mem mul (mpcnd, mplyr, prod);

//1list inputs and outputs
input [2:0] mpcnd, mplyr;
output [5:0] prod;

//1list wire and reg

wire [2:0] mpcnd, mplyr;//mpcnd and mplyr to address 64 words
reg [5:0] prod;

/continued on next page

Figure 6.51 Behavioral module for memory-based multiplication.
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//define memory size
//mem mul is an array of 64 six-bit registers
reg [5:0] mem mul [0:63];

//define memory contents
//load mem mul from file opnds.mul
initial
begin

$readmemb ("opnds.mul", mem mul);
end

//use the operands to access the memory
always @ (mpcnd or mplyr)
begin
prod = mem mul [{mpcnd, mplyr}];
end
endmodule

Figure 6.51 (Continued)

//test bench for mem mul module
module mem mul tb;

reg [2:0] mpcnd, mplyr;
wire [5:0] prod;

//display variables

initial

$monitor ("mpcnd = %$b, mplyr = %b, prod = %b",
mpcnd, mplyr, prod);

//apply input vectors for multiplicand and multiplier
initial
begin

#0 mpcnd = 3'b000; mplyr = 3'b011;

#10 mpcnd = 3'b001; mplyr = 3'b001;

#10 mpcnd = 3'b001; mplyr = 3'b011;

#10 mpcnd = 3'b001; mplyr = 3'b100;

#10 mpcnd = 3'b001; mplyr = 3'bl11;
#10 mpcnd = 3'b010; mplyr = 3'b101;
#10 mpcnd = 3'b010; mplyr = 3'bl11;
#10 mpcnd = 3'b011; mplyr = 3'b011;
#10 mpcnd = 3'b110; mplyr = 3'bl11;
#10 mpcnd = 3'b100; mplyr = 3'b010; //next page

Figure 6.52  Test bench for memory-based multiplication.
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#10 mpcnd = 3'b100; mplyr = 3'b1l01;
#10 mpcnd = 3'b100; mplyr = 3'b100;
#10 mpcnd = 3'b101; mplyr = 3'b001;
#10 mpcnd = 3'b101; mplyr = 3'b011;
#10 mpcnd = 3'b101; mplyr = 3'bl11;
#10 mpcnd = 3'b110; mplyr = 3'b011;
#10 mpcnd = 3'b110; mplyr = 3'bl111;
#10 mpcnd = 3'blll; mplyr = 3'b001;
#10 mpcnd = 3'blll; mplyr = 3'b100;
#10 mpcnd = 3'b1l11; mplyr = 3'b101;
#10 mpcnd = 3'b1l11; mplyr = 3'b110;
#10 mpcnd = 3'b1l11; mplyr = 3'b1l11;
#10 $stop;
end
mem mul instl ( //instantiate the module
.mpcnd (mpcnd) ,
.mplyr (mplyr),
.prod(prod)
)
endmodule
Figure 6.52 (Continued)
mpcnd = 000, mplyr = 011, prod = 000000
mpcnd = 001, mplyr = 001, prod = 000001
mpcnd = 001, mplyr = 011, prod = 000011
mpcnd = 001, mplyr = 100, prod = 111100
mpcnd = 001, mplyr = 111, prod = 111111
mpcnd = 010, mplyr = 101, prod = 111010
mpcnd = 010, mplyr = 111, prod = 111110
mpcnd = 011, mplyr = 011, prod = 001001
mpcnd = 110, mplyr = 111, prod = 000010
mpcnd = 100, mplyr = 010, prod = 111000
mpcnd = 100, mplyr = 101, prod = 001100
mpcnd = 100, mplyr = 100, prod = 010000
mpcnd = 101, mplyr = 001, prod = 111101
mpcnd = 101, mplyr = 011, prod = 110111
mpcnd = 101, mplyr = 111, prod = 000011
mpcnd = 110, mplyr = 011, prod = 111010
mpcnd = 110, mplyr = 111, prod = 000010
mpcnd = 111, mplyr = 001, prod = 111111
mpcnd = 111, mplyr = 100, prod = 000100
mpcnd = 111, mplyr = 101, prod = 000011
mpcnd = 111, mplyr = 110, prod = 000010
mpcnd = 111, mplyr = 111, prod = 000001
Figure 6.53  Outputs for memory-based multiplication.
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Figure 6.54  Waveform for memory-based multiplication.

6.7 Multiple-Operand Multiplication

This section describes one of various techniques to perform multiplication on three n-
bit operands. One method uses two array multipliers in tandem implemented with
structural modeling, as shown in the block diagram of Figure 6.55. Array multipliers
operate at a high speed; however, for large operands, the amount of hardware required
is considerable with a corresponding increase in propagation delay from input to out-
put.

Multiplicand Multiplier 1 Multiplier 2

n x n array multiplier

2n

2n x n array multiplier

3n

Product

Figure 6.55  Block diagram of a 3-operand array multiplier.
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6.7 Multiple-Operand Multiplication 345

The design of the 3-operand multiplier in this section will be implemented using
behavioral modeling. This is an extension of the sequential add-shift multiply algo-
rithm presented in Section 6.1; therefore, the multiplicand can be positive or negative,
however, the multiplier must be positive. The first multiplier block has inputs multi-
plicand a/3:0] and multiplier »1/3:0], and output product prod8/7:0], which connects
to the a/7:0] input of the second multiplier block. The third operand is multiplier
b2[3:0], which connects to the b/3:0] input of the second multiplier block with output
prod12[11:0], as shown in Figure 6.56.

af3:0] b1/3:0] b2/[3:0]
/~/ 4 /~/ 4 4
A B
4 x 4 multiplier
Prod$
8
A B
8 x 4 multiplier
Prodl?

%3,1

product[11:0]

Figure 6.56  Three-operand multiplier to be implemented with behavioral model-
ing.

The 4 x 4 multiplier and the 8 x 4 multiplier are both designed using the always
statement. The always statement is a behavioral construct that executes the behavioral
statements within the always block in a looping manner and begins execution at time
zero. Execution of the statements continues indefinitely until simulation is termi-
nated. The always construct specifies a behavior and the statements within the behav-
ior are classified as behavioral or procedural.

Since behavioral modeling simply specifies the behavior of the system and not the
detailed design, the logic design is relegated to the synthesis tool. The behavioral
module is shown in Figure 6.57. There are five inputs: operand a/3:0/, operand
b1[3:0],operand b2/3:0], and two start signals, start] and start2, that initiate the mul-
tiply operations for the 4 x 4 multiplier block and the 8 x 4 multiplier block, respec-
tively. The two start signals are offset in time so that the product from the 4 x 4
multiplier is available as an input to the 8 x 4 multiplier before the start2 signal occurs.
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There are two outputs: the product from the 4 x 4 block, prod8/7:0], and the prod-
uct from the 8 x 4 block, prodi2/11:0], which is the final product for the multiply
operation.

//behavioral add-shift multiply for multiple operands
module mul add shift multi (a, bl, b2, startl, start2,
prod8, prodl2);

input [3:0] a, bl, b2;
input startl, start2;
output [7:0] prod8;

output [11:0] prodl2;

//define internal registers
reg [7:0] prod8;

reg [11:0] prodl2;

reg [3:0] count;

//design the behavior for the 4 x 4 multiplier
always @ (posedge startl)

begin
prod8 [7:4] = 4'b0000;
prod8 [3:0] = bl;
count = 4'b0100;
if ((a!=0) && (b1!=0))
while (count)
begin
if (prod8[0] == 1'b0)
begin
prod8 = {prod8[7], prod8[7:1]};
count = count - 1;
end
else
begin
prod8 = {a[3], (a + prod8[7:4]1),
prod8[3:1]};
count = count - 1;
end
end
end

//continued on next page

Figure 6.57  Behavioral module for the 3-operand sequential add-shift multiplier.
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//design the behavior for the 8 x 4 multiplier
always @ (posedge start2)
begin
prodl2 [11:4] = 8'b0000_0000;
prodl2 [3:0] = b2;
count = 4'b0100;
if ((prod8!=0) && (b2!=0))
while (count)

begin
if (prodl2[0] == 1'b0)
begin
prodl2 = {prodl2[11l], prodl2([11:11};
count = count - 1;
end
else
begin
prodl2 = {prod8[7],
(prod8 + prodl2[11:4]),
prodl2([3:11};
count = count - 1;
end
end
end
endmodule

Figure 6.57 (Continued)

The Verilog code for the sequential add-shift multiple-operand multiply algorithm
follows the same sequence as the sequential add-shift multiply algorithm described in
Section 6.1. If the low-order bit, b1/0] (represented by prod8/0]) = 0, then the oper-
ation is simply a shift right of one bit position, as specified by the statement shown
below. The counter is then decremented by one.

prod8 = {prod8[7], prod8[7:1]};

If the low-order bit of the multiplier, 51/0] (represented by prod8/0]) = 1, then the
operation is the concatenation of the following variables: the sign of the multiplicand
a/3]; the sum of the multiplicand a plus the high-order half of multiplier b1/7:4] (rep-
resented by prod8[7:4]; and b[3:1] (represented by prod8/3:1]). This also represents
a shift right of one bit position, as specified by the statement shown below. The
counter is then decremented by one.

prod8 = {a[3], (a + prod8[7:4]), prod8[3:1]};
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The same sequence applies to the Verilog code for the 8 x 4 multiplier, except that
the multiplicand is now prod8/7:0] and the multiplier is b2/3:0] (represented by
prod12/3:0]). The test bench is shown in Figure 6.58, which applies several input
vectors for the three operands: multiplicand a/3:0/, and multipliers b//3:0] and

b2[3:0]. Both positive and negative multiplicands are utilized.

The outputs are shown in Figure 6.59 displaying the three operands, the interme-
diate product, prod8/7:0], and the resulting product of the multiplication,

prod12[11:0]. The waveforms are shown in Figure 6.60.

//test bench for add-shift multiplier
module mul add shift multi tb;

bl, b2;
start2;
prod8;

prodl2;

reg [3:0] a,
reg startl,
wire [7:0]

wire [11:0]

//display variables

//continued on next page

S
oMy

initial
Smonitor ("a=%b, bl=%b, b2=%b, startl=
prod8=%b, prodl2=%b",
a, bl, b2, startl, start2,
//apply input vectors
initial
begin
#0 startl = 1'b0;
start2 = 1'b0;
//7T x 7 x 2 = 98 (062h)
a=4'b0111; bl1=4"'00111;
#10 startl = 1'bl;
#10 startl = 1'b0;
#10 start2 = 1'bl;
#10 start2 = 1'b0;
//3 x 7 x 6 = 126 (07eh)
#10 a=4'b0011; bl1=4"'00111;
#10 startl = 1'bl;
#10 startl = 1'b0;
#10 start2 = 1'bl;
#10 start2 = 1'b0;

prod8, prodl2);

b2=4"'b0010;

b2= 4'b0110;

Figure 6.58

© 2010 by Taylor & Francis Group, LLC
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//7 x5 x 6 =2
#10 a=4'p0111;
#10 startl 1'bl;
#10 startl = 1'b0;
#10 start2 1'bl;
#10 start2 1'b0;

//7T x 4 x 5 =1
#10 a=4'p0111;
#10 startl = 1'bl;
#10 startl 1'b0;
#10 start2 1'bl;
#10 start2 = 1'b0;

//-1 x 7 x 1 =
#10 a=4'bl111;
#10 startl 1'bl;
#10 startl 1'b0;
#10 start2 = 1'bl;
#10 start2 = 1'b0;

//-5 x 6 x 1 =
#10 a=4'p1011;
#10 startl 1'bl;
#10 startl = 1'b0;
#10 start?2 1'bl;
#10 start2 = 1'b0;

//-6 x 7T x 5 =
#10 a=4"'p1010;
#10 startl = 1'bl;
#10 startl = 1'b0;
#10 start2 = 1'bl;
#10 start2 = 1'b0;

//-4 x 7 x 3 =
#10 a=4'p1100;
#10 startl = 1'bl;
#10 startl 1'b0;
#10 start2 = 1'bl;
#10 start2 = 1'b0;

//continued on next page

10 (0d2h)
bl=4"'b0101;

40 (08ch)
bl=4"'b0100;

-7 (££5h)
b1=4'b0111;

-30 (fez2h)
bl=4'b0110;

-210 (f2eh)
b1=4'b0111;

-84 (fach)
bl1=4"00111;

b2=4"'b0110;

b2=4'b0101;

b2=4"'b0001;

b2=4"'b0001;

b2=4'b0101;

b2=4'b0011;

Figure 6.58 (Continued)
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//=-7T x 7 x 7 = =343 (eadh)
#10 a=4'p1001; bl1=4"'00111; b2=4"'00111;
#10 startl = 1'bl;
#10 startl = 1'b0;
#10 start2 = 1'bl;
#10 start2 = 1'b0;

#20 $stop;
end

//instantiate the module into the test bench
mul add shift multi instl (

.a(a),

.bl(bl1),

.b2 (b2),

.startl (startl),

.start2 (start2),

.prod8 (prod8),
.prodl2 (prodl2)
)
endmodule

Figure 6.58 (Continued)

a=0111, bl=0111, b2=0010, startl=0, start2=1,
prod8=00110001, prodl2=000001100010

a=0111, bl=0111, b2=0010, startl=0, start2=0,
prod8=00110001, prodl2=000001100010

a=0011, bl=0111, b2=0110, startl=0, start2=0,
prod8=00110001, prodl2=000001100010

a=0011, bl=0111, b2=0110, startl=1l, start2=0,
prod8=00010101, prodl2=000001100010

a=0011, bl=0111, b2=0110, startl=0, start2=0,
prod8=00010101, prodl2=000001100010

a=0011, bl=0111, b2=0110, startl=0, start2=1,
prod8=00010101, prodl2=000001111110

a=0011, bl=0111, b2=0110, startl=0, start2=0,
prod8=00010101, prodl2=000001111110
//continued on next page

Figure 6.59  Outputs for the 3-operand sequential add-shift multiplier.
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a=0111, bl1l=0101, b2=0110, startl=0, start2=0,
prod8=00010101, prodl2=000001111110

a=0111, bl=0101,
prod8=00100011,

b2=0110, startl=1l, start2=0,
prodl2=000001111110

a=0111, bl=0101, b2=0110, startl=0, start2=0,
prod8=00100011, prodl2=000001111110

a=0111, bl=0101, b2=0110, startl=0, start2=1,
prod8=00100011, prodl2=000011010010

a=0111, bl=0101, b2=0110, startl=0, start2=0,
prod8=00100011, prodl2=000011010010

a=0111, bl=0100, b2=0101, startl=0, start2=0,
prod8=00100011, prodl2=000011010010

a=0111, bl=0100, b2=0101, startl=l, start2=0,
prod8=00011100, prodl2=000011010010

a=0111, bl=0100, b2=0101, startl=0, start2=0,
prod8=00011100, prodl2=000011010010

a=0111, bl=0100, b2=0101, startl=0, start2=1,
prod8=00011100, prodl2=000010001100

a=0111, bl=0100, b2=0101, startl=0, start2=0,
prod8=00011100, prodl2=000010001100

a=1111, bl=0111], b2=0001, startl=0, start2=0,
prod8=00011100, prodl2=000010001100

a=1111, bl=0111, b2=0001, startl=l, start2=0,
prod8=11111001, prodl2=000010001100

a=1111, bl=0111, b2=0001, startl=0, start2=0,
prod8=11111001, prodl2=000010001100

a=1111, bl=0111, b2=0001, startl=0, start2=1,
prod8=11111001, prodl2=111111111001

a=1111, bl=0111, b2=0001, startl=0, start2=0,
prod8=11111001, prodl2=111111111001

a=1011, bl=0110, b2=0001, startl=0, start2=0,
prod8=11111001, prodl2=111111111001

//next page

Figure 6.59 (Continued)
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a=1011, bl=0110, b2=0001, startl=l, start2=0,
prod8=11100010, prodl2=111111111001

a=1011, bl=0110, b2=0001, startl=0, start2=0,
prod8=11100010, prodl2=111111111001

a=1011, bl=0110, b2=0001, startl=0, start2=1,
prod8=11100010, prodl2=111111100010

a=1011, bl=0110, b2=0001, startl=0, start2=0,
prod8=11100010, prodl2=111111100010

a=1010, bl=0111, b2=0101, startl=0, start2=0,
prod8=11100010, prodl2=111111100010

a=1010, bl1l=0111, b2=0101, startl=1l, start2=0,
prod8=11010110, prodl2=111111100010

a=1010, b1l=0111, b2=0101, startl=0, start2=0,
prod8=11010110, prodl2=111111100010

a=1010, bl=0111, b2=0101, startl=0, start2=1,
prod8=11010110, prodl2=111100101110

a=1010, bl1l=0111, b2=0101, startl=0, start2=0,
prod8=11010110, prodl2=111100101110

a=1100, bl1l=0111, b2=0011, startl=0, start2=0,
prod8=11010110, prodl2=111100101110

a=1100, bl1l=0111, b2=0011, startl=1l, start2=0,
prod8=11100100, prodl2=111100101110

a=1100, bl1l=0111, b2=0011, startl=0, start2=0,
prod8=11100100, prodl2=111100101110

a=1100, bl1l=0111, b2=0011, startl=0, start2=1,
prod8=11100100, prodl2=111110101100

a=1100, bl=0111, b2=0011], startl=0, start2=0,
prod8=11100100, prodl2=111110101100

a=1001, bl=0111, b2=0111], startl=0, start2=0,
prod8=11100100, prodl2=111110101100

a=1001, bl=0111, b2=0111], startl=1l, start2=0,
prod8=11001111, prodl2=111110101100

//next page

Figure 6.59 (Continued)
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a=1001, bl=0111, b2=0111, startl=0, start2=0,
prod8=11001111, prodl2=111110101100

a=1001, bl=0111, b2=0111, startl=0, start2=1,
prod8=11001111, prodl2=111010101001

a=1001, bl=0111, b2=0111, startl=0, start2=0,
prod8=11001111, prodl2=111010101001

Figure 6.59 (Continued)

= Silos - C:\Verilog\mul_add_shift_multi\mul_add_shift_multi.spj
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Figure 6.60  Waveforms for the 3-operand sequential add-shift multiplier.

6.8 Problems

6.1 Use the paper-and-pencil method to multiply the operands shown below
which are in 2s complement representation.

Multiplicand = 0111
Multiplier= 0101

6.2 Use the paper-and-pencil method to multiply the operands shown below
which are in 2s complement representation.

Multiplicand = 0111
Multiplier= 1110
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6.3

6.4

6.5

6.6

6.7

6.8

Chapter 6  Fixed-Point Multiplication

Use the paper-and-pencil method to multiply the operands shown below
which are in 2s complement representation.

Multiplicand = 1010
Multiplier = 0011

Use the paper-and-pencil method to multiply the operands shown below
which are in 2s complement representation.

Multiplicand = 1100
Multiplier = 1010

Use the paper-and-pencil method to multiply the operands shown below
which are in 2s complement representation.

Multiplicand = 01110
Multiplier = 00111

Use the paper-and-pencil method to multiply the operands shown below
which are in 2s complement representation.

Multiplicand = 11111
Multiplier = 01011

Multiply the two operands shown below using the sequential add-shift tech-
nique shown in Figure 6.2.

Multiplicand = 1111
Multiplier= 0101

Multiply the two operands shown below using the sequential add-shift tech-
nique shown in Figure 6.2.

Multiplicand = 0101
Multiplier = 0111
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6.8 Problems 355

Use the Booth algorithm to multiply the operands shown below, which are
signed operands in 2s complement representation.

Multiplicand
Multiplier

)
O =

Use the Booth algorithm to multiply the operands shown below, which are
signed operands in 2s complement representation.

Multiplicand 0
Multiplier 0

Use the Booth algorithm to multiply the operands shown below, which are
signed operands in 2s complement representation.

Multiplicand 0 1 0 1
Multiplier 1 1.0 1 0

Use the Booth algorithm to multiply the operands shown below, which are
signed operands in 2s complement representation.

Multiplicand
Multiplier

—_ O

Use the Booth algorithm to multiply the operands shown below, which are
signed operands in 2s complement representation.

Multiplicand 1 1
Multiplier 1 0

Use the Booth algorithm to multiply the operands shown below, which are
signed operands in 2s complement representation.

Multiplicand 1 1
Multiplier 1 1

O =
— O
— O
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6.15  Use bit-pair recoding to determine the multiplicand multiples to be added for
the following multipliers which are in 2s complement representation:

Multiplier 1 0 0 1 1 1
Multiplier 1 0 0 1 1
Multiplier 0 0 1 1 0 1

6.16  Use bit-pair recoding to multiply the following operands which are in 2s com-
plement representation:

Multiplicand
Multiplier

—_ o
—_ o
—_ o
O =
—_

6.17  Use bit-pair recoding to multiply the following operands which are in 2s com-
plement representation:

Multiplicand 1
Multiplier 0 1

oS O
O =
— O

6.18  Use bit-pair recoding to multiply the following operands which are in 2s com-
plement representation:

Multiplicand 0
Multiplier 1

6.19 Use bit-pair recoding to multiply the following operands which are in 2s
complement representation:

Multiplicand 1 1
Multiplier 1 1

O =
—_ O
—_ O

6.20 Design an array multiplier that multiplies two 3-bit unsigned fixed-point op-
erands: multiplicand a/2:0] and multiplier b/2:0]. The product is p/5:0].
Obtain the structural design module, the test bench for all combinations of
the multiplicand and the multiplier, and the outputs. The inputs and outputs
are to be shown in decimal notation.
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6.21  Multiply the following two unsigned fixed-point operands using an array mul-
tiplier: 4 (multiplicand)=0111 and B (multiplier) = 1100. All AND functions
are to be truncated as g; bj, foralli,j=0, 1, 2, 3; that is, the actual gates are not
drawn. Show the multiplicand and multiplier values for each g; b; as 1s and
0s. Show all partial products and carries in the array as 1s and 0s. Show the
product obtained as a binary number.

6.22  Design an array multiplier that multiplies two 2-bit unsigned fixed-point op-
erands, multiplicand a//:0] and multiplier b/1:0], using only the full adder
macro cell shown below. The product is p/3:0]. Obtain the structural design
module, the test bench for all combinations of the multiplicand and multiplier,
the outputs, and the waveforms. The multiplicand, multiplier, and product are
to be shown in binary notation.

cout

Full adder cin

sum

6.23  Design an array multiplier that multiplies two 2-bit unsigned fixed-point op-
erands: multiplicand a/1:0] and multiplier b/1:0]. The productis p/3:0]. Ob-
tain the structural design module using only AND gates and half adders.
Obtain the test bench for all combinations of the multiplicand and multiplier,
the outputs, and waveforms. The inputs and outputs are to be shown in binary
notation.

6.24  Design an array multiplier that multiplies two 3-bit unsigned fixed-point op-
erands: multiplicand a/2:0] and multiplier /2:0]. The productis p/5:0]. Ob-
tain the structural design module using only AND gates, half adders, and full
adders. Obtain the test bench for all combinations of the multiplicand and
multiplier and obtain the outputs. The inputs and outputs are to be shown in
binary notation.
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6.25 Design a structural module to implement a 3-operand array multiplier that
multiplies three 2-bit operands. Instantiate into the module a structural mod-
ule for an array multiplier that multiplies two 2-bit operands. Also instantiate
into the module an array multiplier that multiplies a 4-bit operand by a 2-bit
operand. These two instantiations will then produce the required structural
module that multiplies three 2-bit operands.

Obtain the design module for the array multiplier that multiplies two 2-bit
operands, the test bench, and the outputs for all combinations. Obtain the
design module for the array multiplier that multiplies a 4-bit operand by a 2-
bit operand, the test bench, and the outputs for all combinations.

Obtain the structural design module for the array multiplier that multi-
plies three 2-bit operands, the test bench, and the outputs for all combina-
tions.
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7.1 Sequential Shift-Add/Subtract
Restoring Division

7.2 Sequential Shift-Add/Subtract
Nonrestoring Division

7.3 SRT Division

7.4 Multiplicative Division

7.5 Array Division

7.6 Problems

Fixed-Point Division

In most cases division is slower than multiplication and occurs less frequently. Divi-
sion is essentially the inverse of multiplication, where the 2n-bit dividend corresponds
to the 2n-bit product; the n-bit divisor corresponds to the n-bit multiplicand; and the #-
bit quotient corresponds to the n-bit multiplier. The equation that represents this con-
cept is shown below and includes the n-bit remainder as one of the variables.

2n-bit dividend = (n-bit divisor x n-bit quotient) + n-bit remainder

Unlike multiplication, division is not commutative; that is, 4/B # B/A, except
when 4 = B, where 4 and B are the dividend and divisor, respectively. This chapter
will present sequential shift-subtract/add restoring and sequential shift-subtract/add
nonrestoring division techniques. It was shown in the previous chapter that one
method for multiplication was the sequential add-shift technique. The algorithm for
sequential division is slightly different and uses the shift-add/subtract technique; that
is, the dividend is shifted left one bit position, then the divisor is subtracted from the
shifted dividend by adding the 2s complement of the divisor.

Also included in this chapter is a high-speed method of division that is similar to
the Booth algorithm presented in the previous chapter and is generally referred to as
the SRT method, because it was discovered separately by Sweeney, Robertson, and
Tocher. This method shifts over strings of Os and strings of 1s, where a string can con-
sist of one or more bits. Multiplicative division — a form of convergence division —
using a high-speed multiplier, and array division using iterative cells are also pre-
sented.

359
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7.1 Sequential Shift-Add/Subtract
Restoring Division

In general, the operands are as shown below, where A4 is the 2n-bit dividend and B is
the n-bit divisor. The quotient is O and the remainder is R, both of which are » bits.

A= Ay 1pp---ayay 1 ...41 04
B = bl’l*] b’172 . bl bo

O=49n 19299

R:V;,Fl Yno...Iry
The sign of the quotient is determined by the following equation:

Gn-1= a1 D by

The remainder has the same sign as the dividend. The process of division is one of
subtract, shift, and compare operations.

Division of two fixed-point operands can be accomplished using the paper-and-
pencil method, as shown in Figure 7.1. In this example, the divisor is four bits 0101
(+5) and the dividend is eight bits 0000 1101 (+13), resulting in a quotient of 0010 (+2)
and a remainder of 0011 (+3). The division procedure uses a sequential shift-subtract-
restore technique.

In the first cycle for this example, the divisor is subtracted from the high-order
four bits of the dividend. The result is a partial remainder that is negative — the left-
most bit is 1 — indicating that the divisor is greater than the four high-order bits of the
dividend. Therefore, a 0 is placed in the high-order bit position of the quotient. The
dividend bits are then restored to their previous values with the next lower-order bit (1)
of the dividend being appended to the right of the partial remainder. The divisor is
shifted right one bit position and again subtracted from the dividend bits.

This restore-shift-subtract cycle repeats for a total of three cycles until the partial
remainder is positive — the leftmost bit is 0, indicating that the divisor is less than the
corresponding dividend bits. This results in a no-restore cycle in which the previous
partial remainder (0001) is not restored. A 1 bit is placed in the next lower-order quo-
tient bit and the next lower-order dividend bit is appended to the right of the partial
remainder. The divisor is again subtracted, resulting in a negative partial remainder,
which is again restored by adding the divisor. The 4-bit quotient is 0010 and the 4-bit
remainder is 0011.

The results can be verified by multiplying the quotient (0010) by the divisor
(0101) and adding the remainder (0011) to obtain the dividend (0000 1101). Thus,
0010 x 0101 = 1010 + 0011 = 0000 1101.
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0/0 0 1 0] Quotient
0O 1 0 1{0 0 O O 1 1 0 1
Subtract 0 1 0 1
1 0 1 1
Restore 0O 0 0 0 1
Shift-subtract 0 1 0 1
1 1 0 O |
Restore 0O 0 0 0 1 1
Shift-subtract 0 1 0 1
1 1 1 0 v
Restore 0O 0 0 0 1 1 O
Shift-subtract 0 1 0 1
0o 0 o0 1 7
No restore 0O 0 0 0 0 O 1 1
Shift-subtract 0 1 0 1
1 1 1 0
Restore O 0 0 010 O 1 1 Remainder
Figure 7.1 Paper-and-pencil example of binary division, where the dividend is

+13 and the divisor is +5.

Overflow will occur if the high-order half of the dividend is greater than or equal
to the divisor. For example, assume that the high-order half of the dividend is equal to
the divisor, as shown below for a dividend of +112 and a divisor of +7, yielding a quo-
tient of 16. The resulting quotient value of 16 cannot be contained in the machine’s
word size of four bits; therefore, an overflow had occurred. If the high-order half of
the dividend is greater than the divisor, then the value of the quotient will be even

greater.
o
B A ]
0111 0111|0000 110000

Overflow can be detected by subtracting the divisor from the high-order half of the
dividend before the division operation commences. If the result is positive, then an
overflow will occur.
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7.1.1 Restoring Division — Version 1

The hardware organization for sequential shift-add/subtract restoring division is
shown in Figure 7.2. The state of the carry flip-flop C determines the relative magni-
tudes of the divisor and partial remainder. If C=1, then4 > B and gy = 1; if C=0, then
A <Band gy=0. The partial remainder is then shifted and the process repeats for each
bit in the divisor.

If C =1, then the 2s complement of B (subtraction) is added to the partial remain-
der; if C = 0, then the partial remainder is restored to its previous value by adding the
divisor to the partial remainder. At the end of each restore cycle the carry flip-flop is
set to 1 so that the following cycle will subtract the divisor from the partial remainder.
The sequence counter is set to the number of bits in the divisor and counts down to
zero, at which time the operation in finished.

Sequence counter
Divisor B C Dvdnd/Rem 4 <-— Dvdnd/Quot O
A2n-1 90
D)
\
)Di a sum
U
b
cin  cout
Figure 7.2 Hardware organization for sequential shift-add/subtract restoring
division.

An example of binary division using the organization of Figure 7.2 is shown in
Figure 7.3 for a dividend of +13 and a divisor of +5. Since there are four bits in the
divisor, there are four left-shift operations each followed by a subtract operation. The
carry-out of the subtraction is placed in the low-order bit position vacated by the left-
shifted partial remainder. A carry-out of 0 indicates that the difference was negative
and the partial remainder must be restored by adding the divisor to the partial remain-
der; a carry-out of 1 indicates that the difference was positive and no restoration is
needed. At the completion of the final cycle, the remainder is contained in the high-
order half of the dividend and the quotient is contained in the low-order half of the div-
idend.
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Divisor B (+5) C Dividend 4 (+13)
0 1 0 1] 1] [0 0 0 o1 1 0 1
Shift left 1 0 0 0 1|1 0 1 —
Subtract B 1 0 1 1
|— 0«—1 1 0 O
Restore (Add B) 10 1 0 1 y l
Set C (1] oo o0 1|1 0 1 0
Shift left 1 0 01 1]0 1}]0 —
Subtract B H|11 0 1 1
’— 0=-—1 1 1 0
Restore (Add B) +10 1 0 1 y l
Set C (1] Jo o 1 1|0 1 00
Shift left 1 0 1 1 0|1 0 0 —
Subtract B (1 0 1 1
,— 1 -<—0 0 0 1
v v
No Restore (C = 1) 000 1[1 0 0 1
Shift left 1 0 01 1|10 0 1 —
Subtract B i1 0 1 1
’7 0=—1 1 1 0
Restore (Add B) 10 1 0 1 l l
0 01 170 0 1 0
Remainder Quotient
Figure 7.3 Example of sequential shift-add/subtract restoring binary division

using the organization shown in Figure 7.2.

The sequential shift-add/subtract restoring division algorithm will now be imple-
mented using Verilog HDL in a mixed-design module incorporating both dataflow and
behavioral modeling. The numerical example shown in Figure 7.3 will be modified
slightly to illustrate the algorithm as it applies to the Verilog HDL implementation and
is shown in Figure 7.4. Examination of the carry flip-flop C will be replaced by testing
the state of the sign bit that results from the subtraction of the divisor from the partial
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remainder. The 8-bit dividend register will be replaced by an 8-bit result register,
rslt[7:0], which will ultimately contain the remainder in rsit/7:4] and the quotient in

rsitf3:0].
Divisor B (+5) Rslt 4 (+13)
0 1 0 1] 00 0 0[1 1 0 1

Shift left 1
Subtract B +)

=
—_
—_

Restore (Add B) +)

ol|lo two
—
=)
o

Shift left 1
Subtract B +)

Restore (Add B) +)

olo —\:-‘o
p—
p—
o

Shift left 1 011 011 0 0 —
Subtract B H1 0 1 1

jo_[ 0 0 I

v

No Restore 0 0 0 1|1 0 0 1
Shift left 1 0 01 110 0 1 —
Subtract B H1 0 1 1

j1_[ 110
Restore (Add B) 10 1 0 1 '

0 01 1[0 0 1 O

Remainder Quotient
Figure 7.4 Example of sequential shift-add/subtract restoring binary division to

be used in the Verilog implementation.

The Verilog HDL design, shown in Figure 7.5, is relatively straightforward and
slightly easier to implement than the hardware organization shown in Figure 7.2. The
inputs are an 8-bit dividend, a/7:0/; a 4-bit divisor, b/3:0]; and a scalar signal, start,
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which initiates the divide operation. The output is an 8-bit register rs/t/7:(] contain-
ing the remainder and quotient. Shifting is accomplished by the left-shift operator
(<<), as shown below.

rslt =rslt << 1;

Subtracting the divisor from the partial remainder is realized by the following
statement, which adds the negation of the divisor to the partial product and concate-
nates the sum with the low-order four bits from the previous partial remainder:

rslt = {(rslt[7:4] + b_neg), rslt[3:0]};

Then the sign bit (7s/¢/7]) of the sum is tested for a value of 1 or 0. Ifthe signis 1
(negative), then this indicates that the divisor was greater than the high-order half of
the previous partial remainder. Thus, a 0 is placed in the low-order quotient bit. This
sequence is executed by the following statements, after which the sequence counter is
then decremented by 1:

if (rslt[7]=—=1)
begin
rst = {(rslt[7:4] + b), rslt[3:1], 1'DO};

If the sign bit (rslt/7]) is 0 (positive), then this indicates that the divisor was less
than the high-order half of the previous partial remainder. Therefore, no restoration of
the partial remainder is required and a 1 is placed in the low-order quotient bit, as
shown in the following statement, after which the sequence counter is then decre-
mented by 1:

rslt = {rslt[7:1], 1'b1};

When the sequence counter counts down to zero, the division operation is fin-
ished, with the remainder in rs/t/7:4], and the quotient in rs/t/3:0]. The test bench is
shown in Figure 7.6 depicting six input vectors for the dividend 4 and divisor B. The
division operation is initiated on the positive edge of the scalar start input signal.

The outputs shown in Figure 7.7, display the dividend, divisor, remainder, and
quotient. The waveforms are shown in Figure 7.8.

//mixed-design for restoring division
module div_ restoring (a, b, start, rslt);
input [7:0] a;
input [3:0] b;

input start;

output [7:0] rslt; //continued on next page

Figure 7.5 Mixed-design module to implement sequential shift-add/subtract
restoring division.
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wire [3:0] b bar;

//define internal registers
reg [3:0] b neg;
reg [7:0] rslt;
reg [3:0] count;

assign b bar = ~b;

always @ (b _bar)
b neg = b bar + 1;

always @ (posedge start)
begin

rslt = a;

count = 4'b0100;

rslt[3:1],

if ((a'!'=0) && (b!=0)) //1if a or b = 0,
while (count) //else do while loop
begin

rslt = rslt << 1;
rslt = {(rslt[7:4] + b neqg), rslt[3:0]};
if (rslt[7] == 1)
begin
rslt = {(rslt[7:4] + Db),
count = count - 1;
end
else
begin
rslt = {rslt[7:1], 1'bl};
count = count - 1;
end
end
end
endmodule

1'b0};

Figure 7.5 (Continued)
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//test bench for restoring division
module div restoring tb;
reg [7:0] a;
reg [3:0] b;
reg start;
wire [7:0] rslt;
initial //display variables
$monitor ("a = %b, b = %b, quot = %b, rem = %b",
a, b, rslt[3:0], rslt[7:4]);
initial //apply input vectors
begin
#0 start = 1'b0;
a = 8'b0000 _1101; b = 4'b0101;
#10 start = 1'bl;
#10 start = 1'b0;
#10 a = 8'b0011 1100; b = 4'b0111;
#10 start = 1'bl;
#10 start = 1'b0;
#10 a = 8'b0101 0010; b = 4'p0110;
#10 start = 1'bl;
#10 start = 1'b0;
#10 a = 8'b0011 1000; b = 4'b0111;
#10 start = 1'bl;
#10 start = 1'b0;
#10 a = 8'pb0110 _0100; b = 4'b0111;
#10 start = 1'bl;
#10 start = 1'b0;
#10 a = 8'b0110 1110; b = 4'b0111;
#10 start = 1'bl;
#10 start = 1'b0;
#10 $stop;
end
div_restoring instl ( //instantiate the module
.a(a),
-b(b),
.start (start),
.rslt(rslt)
) ;
endmodule
Figure 7.6 Test bench for sequential shift-add/subtract restoring division.
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a = 00001101, b = 0101, gquot = xXXXX, rem = XXXX
a = 00001101, b = 0101, guot = 0010, rem = 0011
a = 00111100, b = 0111, quot = 0010, rem = 0011
a = 00111100, b = 0111, gquot = 1000, rem = 0100
a = 01010010, b = 0110, gquot = 1000, rem = 0100
a = 01010010, b = 0110, gquot = 1101, rem = 0100
a = 00111000, b = 0111, gquot = 1101, rem = 0100
a = 00111000, b = 0111, gquot = 1000, rem = 0000
a = 01100100, b = 0111, quot = 1000, rem = 0000
a = 01100100, b = 0111, gquot = 1110, rem = 0010
a = 01101110, b = 0111, gquot = 1110, rem = 0010
a = 01101110, b = 0111, gquot = 1111, rem = 0101
Figure 7.7 Outputs for sequential shift-add/subtract restoring division.

& Silos - C:Werilog\div_restoring\div_restoring.spj

Eile Edit Yiew Analyzer Debug Explorer Reports Help
G = = 3
O%EH R b P EHEBE 2.l B e <24
Marme 2|D|||||||||E=ID|||||||||“ED||||||
=) Default
a[7:0] 0d 3o B2 38 G4 Ee
b[3:0] [ 7 E Fi
stark 1 1 | 1 1 | T
rslt{7:0] i 32 48 4d 08 2e B
Figure 7.8 Waveforms for sequential shift-add/subtract restoring division.

7.1.2 Restoring Division — Version 2

This version of restoring division represents a faster method than the previous method
presented in Section 7.1.1. The divisor is not added to the partial remainder to restore
the previous partial remainder; instead the previous partial remainder — which is
unchanged — is loaded into register 4. This avoids the time required for addition.
Additional hardware is required in the form of a 2:1 multiplexer which selects the
appropriate version of the partial remainder to be loaded into register 4. Either the pre-
vious partial remainder is selected, or the current partial remainder (the sum) is
selected, controlled by the state of the carry-out, cout, from the adder.
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If cout = 0, then the previous partial remainder (in register A) is selected and
loaded into register 4, while cout is loaded into the low-order quotient bit g,. If cout
=1, then the sum output from the adder is selected and loaded into register 4, and cout
is loaded into the low-order quotient bit g,. This sequence of operations is as follows:

If cout=0,thena, | a, 5 ...a;ay<a,_1a, > ...a;q
90 =0

If cout=1,thena, | a, 5 ...a;ay<S,_1S,2...515
q0=1

A sequence counter is initialized to the number of bits in the divisor. When the
sequence counter counts down to zero, the division operation is finished. The orga-
nization for this technique is shown in Figure 7.9. The 2s complement of the divisor is
always added to the partial remainder by exclusive-ORing the divisor with a logic 1.
Then, the appropriate partial remainder is selected by the multiplexer — either the pre-
vious partial remainder or the sum, which represents the current partial remainder. A
numerical example that illustrates this method is shown in Figure 7.10 for a dividend
of +13 and a divisor of +5, resulting in a quotient of +2 and a remainder of +3.

Sequence counter

Divisor B Dvdnd/Rem 4 <— Dvdnd/Quot Q

\
a sum

b

+Logic 1 cin  cout

MUX

Figure 7.9 Restoring division using a multiplexer.
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Dividend/ Dividend/

Divisor Remainder Quotient
B C A Q
0 1 0 1 IX| [0 0o 0 01 1 0 1
Shift left 1 0 00 1|1 0 1 —
|
Subtract B 1 0 1 1
1 0 0

Restore (q)=0) 0 0 0 1|1 0 1

Shift left 1 0o 0 1 10 1 0 —
|

Subtract B H1 0 1 1

Restore (qp)=0) 0 01 1{]0 1 0 O
Shift left 1 01 1 011 0 0 —
Subtract B H1 0 1 1
\_}_]« 00 0 1
|
No Restore (qy=1) 0 0 0 1|1 0 0 1
Shift left 1 0 01 110 0 1 —
|
Subtract B H1 0 1 1

L?_|«1110
: b

Restore (q) = 0) 0 01 1{]0 0 1 O

Remainder Quotient

Figure 7.10 Numerical example illustrating restoring division using a multi-
plexer.
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The behavioral/dataflow module for restoring division using a multiplexer is
shown in Figure 7.11. Register a/7:0] is the dividend; register b/3:0] is the divisor.
The result register, rsit/7:0], represents the concatenation of the 4 register and the O
register in Figure 7.10, where rslt/7:4] depicts the remainder and rsit/3:0] depicts the
quotient. The behavioral module conforms precisely to the algorithm shown in Figure
7.10.

The test bench is shown in Figure 7.12 and applies six input vectors to the design
module for the dividend and divisor. The outputs are shown in Figure 7.13, and the
waveforms are shown in Figure 7.14.

//behavioral/dataflow restoring division using a multiplexor
module div restoring vers2 (a, b, start, rslt);

input [7:0] a; //dividend

input [3:0] b; //divisor

input start;

output [7:0] rslt; //rslt([7:4] is rem; rslt[3:0] is quot

wire [3:0] b bar;

//define internal registers

reg [3:0] b _neg;

reg [7:0] rslt;

reg [3:0] count;

reg [4:0] sum;

reg cout;

assign b bar = ~Db; //1ls complement of divisor

always @ (b _bar)
b neg = b bar + 1; //2s complement of divisor

always @ (posedge start)
begin

rslt = a;

count = 4'b0100;

if ((a!'=0) && (b!=0)) //if a or b = 0, exit
while (count) //else do while loop
begin

rslt = rslt << 1;
sum = rslt[7:4] + b neg;
cout = sum(4];

//continued on next page

Figure 7.11 Mixed-design module for restoring division using a multiplexer.
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if (cout == 0)
begin
rslt[0] = cout; //gq0 = cout
rslt([7:4] = rslt[7:4];
count = count -1;
end
else
begin
rslt[0] = cout; //gq0 = cout
rslt([7:4] = sum[3:0];
count = count - 1;
end
end
end
endmodule
Figure 7.11 (Continued)
//test bench for restoring division version 2
module div restoring vers2 tb;
reg [7:0] a;
reg [3:0] b;
reg start;
wire [7:0] rslt;
//display variables
initial
$monitor ("a = %b, b = %b, quot = %b, rem = %b",

a, b, rslt[3:0], rslt[7:4]);

//apply input vectors
initial
begin
#0 start = 1'b0;
a = 8'b0000_1101; b = 4'b0101;
#10 start = 1'bl;
#10 start = 1'b0;

#10 a = 8'b0011 1100; b 4'pb0111;
#10 start = 1'bl;
#10 start = 1'b0;

//continued on next page

Figure 7.12  Test bench for restoring division using a multiplexer.
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#10 a = 8'b0101 0010; = 4'p0110;

#10 start = 1'bl;

#10 start = 1'b0;

#10 a = 8'b0011 1000; = 4'b0111;

#10 start = 1'bl;

#10 start = 1'b0;

#10 a = 8'b0110 _0100; = 4'b0111;

#10 start = 1'bl;

#10 start = 1'b0;

#10 a = 8'b0110 1110; = 4'b0111;

#10 start = 1'bl;

#10 start = 1'b0;

#10 $stop;
end
//instantiate the module into the test bench
div_restoring vers2 instl (

.a(a),

.b(b),

.start (start),

.rslt(rslt)

)
endmodule
Figure 7.12  (Continued)
a = 00001101, b = 0101, guot = xXXXX, rem = XXXX
a 00001101, b = 0101, quot 0010, rem = 0011
a 00111100, b = 0111, quot 0010, rem = 0011
a 00111100, b = 0111, quot 1000, rem = 0100
a 01010010, b = 0110, quot 1000, rem = 0100
a 01010010, b = 0110, gquot 1101, rem = 0100
a 00111000, b = 0111, gquot 1101, rem = 0100
a 00111000, b = 0111, gquot 1000, rem = 0000
a 01100100, b = 0111, quot 1000, rem = 0000
a 01100100, b = 0111, quot 1110, rem = 0010
a 01101110, b = 0111, gquot 1110, rem = 0010
a = 01101110, b = 0111, gquot = 1111, rem = 0101

Figure 7.13
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2 Silos - C:Werilog\div_restoring_vers2\div_restoring_vers2.spj
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Figure 7.14  Waveforms for restoring division using a multiplexer.

7.2 Sequential Shift-Add/Subtract
Nonrestoring Division

The speed of the sequential shift-add/subtract division algorithm can be increased by
modifying the algorithm to avoid restoring the partial remainder in the event that a
negative partial remainder occurs. This method of nonrestoring division allows both
a positive partial remainder and a negative partial remainder to be utilized in the divi-
sion process. The final partial remainder may require restoration if the sign is 1 (neg-
ative). This is required in order to have a final positive remainder.

In nonrestoring division, a negative partial remainder is not restored to the previ-
ous value but is used unchanged in the following cycle. If the value of the partial
remainder is negative after subtracting the divisor B, then the dividend 4 is shifted left
in the next cycle and the divisor is added to the partial remainder — that is, the oper-
ation is 24 + B. If the value of the partial remainder is positive after subtracting the
divisor, then the dividend is shifted left in the next cycle and the divisor is subtracted
from the partial remainder — that is, the operation is 24 — B.

Thus, in nonrestoring division, only the operations 24 + B and 24 — B are used in
each cycle. Accordingly, if the sign of the partial remainder a,,_; = 1 (negative), then
A is shifted left one bit position and B is added without restoring the partial remainder
to its previous value. Similarly, if the sign of the partial remainder a,_; = 0 (positive),
then 4 is shifted left one bit position and B is subtracted. This sequence attempts to
reduce the partial remainder toward zero for each cycle. Since the final remainder may
have to be restored to its previous value, there can be either n or n + 1 shift-add/sub-
tract cycles.

Two examples will now be presented to illustrate the algorithm for nonrestoring
division. The first example is shown in Figure 7.15 and uses dividend 4 = 0011 0011
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(+51) represented by dividend/remainder 4 and dividend/quotient Q; the divisor B =
0111 (+7). This examples requires only four cycles, since the final partial remainder
does not have to be restored.

Dividend/ Dividend/

Divisor Remainder Quotient
B 4 Q

0 1 1 1 0 01 1{0 0 1 1
Shift left 1 0O 1 1 0[O0 1 1 —
Subtract B 1 0 0 1
24-B TIJ 111
q0="0 I 1 1 110 1 1
Shift left 1 1 11 0|1 1 0 —
Add B 10 1 1 1
24+ B J‘)J 10 1
qgo=1 0 1.0 1|1 1 0
Shift left 1 1 0 1 1|1 0 1 —
Subtract B H|11 0 0 1
24-B TOJ 1 0 0

qo=1 O 1 0 o1 0 1
Shift left 1 1 0 0 1/]0 1 1 —
Subtract B H11 0 0 1

24— B TOJ 01 0

qo=1 0O 0 1 0|0 1 1

Remainder Quotient

Figure 7.15  Example of nonrestoring division with no final restore cycle.
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Figure 7.16 illustrates a nonrestoring division example where the dividend 4 =
0000 0111 (+7) and the divisor B=0011 (+3). A final restore cycle is required in this

Fixed-Point Division

case, because the sign of the final remainder is 1.

Divisor

Shift left 1
Subtract B
24—-B

q0=0

Shift left 1
Add B
24+ B

q0=0

Shift left 1
Add B
24 + B

qo=1

Shift left 1
Subtract B
24-B

q90=0
Restore (Add B)

Figure 7.16
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Dividend/ Dividend/
Remainder Quotient
A Q
0 0 0 0[O0 1T 1 1
0o 0 0 o1 1 1 —
I 1 0 1
1 0 1

1 1 0 11 1 1 0
1 01 1|1 1 0 —
0 0 1 1
T1_[110

|

' Vo
1 1 1 0[1 1 0 0
1 1.0 1[1 0 0 —
0 0 1 1
TOJOOO

|

! Voo
00 0 0|1 0 0 1
0 0 0 1/0 0 1 —
1 1 0 1
71_‘110

|

! P
1 1 1 0[0 0 1 0
0 0 1 1] Quotient
0 0 0 1
Remainder

Example of nonrestoring division with a final restore cycle.
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The sequential shift-add/subtract nonrestoring division algorithm will now be
designed with Verilog HDL using behavioral and dataflow modeling, as shown in Fig-
ure 7.17. The inputs are an 8-bit dividend, a/7.:0/; a 4-bit divisor, b/3:0/; and a start
signal — the division operation begins on the positive edge of the start signal. The
resulting output is rs/t/7:0], which contains the quotient, rs/t/3:0], and the remainder,
rsit[7:4].

//behavioral/dataflow nonrestoring division
module div nonrestoring (a, b, start, rslt);

input [7:0] a;
input [3:0] b;
input start ;
output [7:0] rslt;

wire [3:0] b bar;

//define internal registers
reg [3:0] b neg;

reg [7:0] rslt;

reg [3:0] count;

reg part rem 7;

assign b bar = ~b;

always @ (b _bar)
b neg = b bar + 1;

always @ (posedge start)
begin
rslt = a;
count = 4'b0100;
part rem 7 = 1'b0;

if ((a!=0) && (b!=0))
begin
rslt = rslt << 1;

rslt = {(rslt[7:4] + b neg), rslt([3:0]};//2A-B
if (rslt[7] == 1)
begin
rslt = {rslt[7:1], 1'b0};
part rem 7 = 1'bl;
count = count - 1;
end //continued on next page

Figure 7.17  Mixed-design module for nonrestoring division.
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01}; //2A-B

else
begin
rslt = {rslt[7:1], 1'bl};
part rem 7 = 1'b0;
count = count - 1;
end
end
while (count)
begin
rslt = rslt << 1;
if (part rem 7 == 1)
begin
rslt = {(rslt[7:4] + b), rslt[3:01};//2A+B
if (rslt[7] == 1)
begin
rslt = {rslt[7:1], 1'b0O};
part rem 7 = 1'bl;
count = count - 1;
end
else
begin
rslt = {rslt[7:1], 1'bl};
part rem 7 = 1'b0;
count = count - 1;
end
end
else
begin
rslt = {(rslt[7:4] + b _neg), rslt[3:
if (rslt[7] == 1)
begin
rslt = {rslt[7:1], 1'b0};
part rem 7 = 1'bl;
count = count - 1;
end
else
begin
rslt = {rslt[7:1], 1'bl};
part rem 7 = 1'b0;
count = count - 1;
end
end
end //continued on next page

Figure 7.17  (Continued)
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if (rslt[7] == 1)
rslt = {(rslt[7:4] + b), rslt[3:0]};//restore
end

endmodule

Figure 7.17 (Continued)

In Figure 7.17, the 2s complement of the divisor B is obtained by the following
statements:

assign b_bar = ~b;
always @ (b_bar)
b neg=">b bar+1;

The first operation is always a shift-left and subtract operation (24 — B), as shown
below. The second statement is the concatenation of the partial remainder plus the
negation (2s complement) of the divisor and the low-order four bits of the dividend.

rslt = rslt << 1;
rslt = {(rslt[7:4] + b_neg), rslt[3:0]};

An internal register is declared for the sign bit of the partial remainder and initial-
ized to zero, as shown below. This register is examined to determine if the next oper-
ation is an addition or a subtraction of the divisor.

reg part rem_7;
part rem_7 = 1'b0;

If the result of the first shift-left and subtract operation produces a negative dif-
ference (rslt[7] = = 1), then a 0 is inserted in the low-order quotient bit g, the partial
remainder bit is set to 1, and the counter is decremented, as shown in the following
statements:

rslt = {rslt[7:1], 1'b0};
part rem_7=1'bl;
count = count — 1;

If the first shift-left and subtract operation produces a positive difference, then a 1
is inserted in the low-order quotient bit g, the partial remainder bit is set to 0, and the
counter is decremented.

The remaining code segments use a sequence counter as a control variable. The
dividend/remainder, 4, and the dividend/quotient, O — specified by rslt — are shifted
left one bit position and the partial remainder bit is examined to determine if the next
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operation is an addition or a subtraction of the divisor. If an addition is required after
the shift-left operation, then this is accomplished by the statement shown below, which
is the concatenation of the partial remainder plus the divisor and the low-order four
bits of the dividend. The counter is then decremented.

rslt = {(rst[7:4] + b), rslt[3:0]};

If a subtraction is required after the shift-left operation, then this is accomplished
by the statement shown below, which is the concatenation of the partial remainder plus
the negation (2s complement) of the divisor and the low-order four bits of the divi-
dend. The counter is then decremented.

rslt = {(rslt[7:4] + b_neg), rslt[3:0]};

If a final restore operation is required — due to a negative sign for the partial
remainder — then this is performed by the statements shown below.

if (rslt[7] == 1)
rslt = {(rslt[7:4] + b), rslt[3:0]};

At the completion of the division operation, the quotient resides in rs/t/3:0] and the
remainder resides in rslt/7.:4].

The test bench is shown in Figure 7.18, in which several vectors are applied to the
dividend and divisor. The outputs are shown in Figure 7.19, and the waveforms are
shown in Figure 7.20.

//test bench for nonrestoring division
module div nonrestoring tb;

//define inputs
reg [7:0] a;
reg [3:0] b;
reg start;

//define output
wire [7:0] rslt;

//display variables
initial
$monitor ("a = %b, b = %b, quot = %b, rem = %b",

a, b, rslt[3:0], rslt[7:4]);

//continued on next page

Figure 7.18 Test bench for sequential shift-add/subtract nonrestoring division.
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//apply input vectors
initial
begin
#0 start = 1'b0;
a = 8'b0000_0111; b = 4'b0011;
#10 start = 1'bl;
#10 start = 1'b0;

#10 a = 8'b0000 1101; b = 4'b0101;
#10 start = 1'bl;
#10 start = 1'b0;

#10 a = 8'b0011 1100; b = 4"b0111;
#10 start = 1'bl;
#10 start = 1'b0;

#10 a = 8'b0101 0010; b = 4'"b0110;
#10 start = 1'bl;
#10 start = 1'b0;

#10 a = 8'b0011 1000; b = 4'b0111;
#10 start = 1'bl;
#10 start = 1'b0;

#10 a = 8'b0110 _0100; b = 4'b0111;
#10 start = 1'bl;
#10 start = 1'b0;

#10 a = 8'b0110 1110; b = 4"b0111;
#10 start = 1'bl;
#10 start = 1'b0;

#10 $stop;
end

//instantiate the module into the test bench
div_nonrestoring instl (
.a(a),
.b(b),
.start (start),
.rslt(rslt)
) ;

endmodule

Figure 7.18 (Continued)
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a = 00000111, b = 0011, gquot = xXXXX, rem = XXXX
a = 00000111, b = 0011, gquot = 0010, rem = 0001
a = 00001101, b = 0101, gquot = 0010, rem = 0001
a = 00001101, b = 0101, guot = 0010, rem = 0011
a = 00111100, b = 0111, gquot = 0010, rem = 0011
a = 00111100, b = 0111, gquot = 1000, rem = 0100
a = 01010010, b = 0110, guot = 1000, rem = 0100
a = 01010010, b = 0110, gquot = 1101, rem = 0100
a = 00111000, b = 0111, gquot = 1101, rem = 0100
a = 00111000, b = 0111, gquot = 1000, rem = 0000
a = 01100100, b = 0111, gquot = 1000, rem = 0000
a = 01100100, b = 0111, quot = 1110, rem = 0010
a = 01101110, b = 0111, gquot = 1110, rem = 0010
a = 01101110, b = 0111, quot = 1111, rem = 0101

Figure 7.19  Outputs for sequential shift-add/subtract nonrestoring division.

& Silos - C:Werilog\div_nonrestoring\div_nonrestoring,spj
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O8CR ) POBREEE 11 BaAa ¢a
Name 2|D I T Y Y Y B [ 1?0 Lo 2?0 1 I T
= Default
shart I 1 1 1 1 1 |
a[7.0] i 0d 3 52 38 B4 Ee
b[3:0] 3 5 7 [3 7
rsitf7:0] it 12 32 48 4d [iE] e &f

Figure 7.20  Waveforms for sequential shift-add/subtract nonrestoring division.

7.3 SRT Division

SRT division was developed independently by Sweeney, Robertson, and Tocher at
approximately the same time as a way to increase the speed of a divide operation. It
was intended to improve radix-2 floating-point arithmetic by shifting over strings of Os
or 1s in much the same way as the Booth algorithm shifts over strings of Os in a mul-
tiply operation. The dividend and divisor are binary fractions with the radix point to
the immediate left of the high-order significand bit. A positive divisor is normalized
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before beginning the divide operation by shifting the divisor left until there is a 1 bit in
the high-order bit position. Thus, for a positive n-bit divisor

B = bnfl bn72 bn73 e bl bo
a normalized divisor is of the form
Bzo.lbn_zbn_3...b1 b()

where 0 . 1 represent the sign bit and the high-order significand bit, respectively and
b, b, 5...b;byareOsor Is. The dividend is also normalized, but this is done during
the divide operation. Normalizing the dividend and divisor provides a fixed reference
point for both operands at the location of the radix point.

The dividend A4, divisor B, quotient O, and remainder R can be characterized by
Equation 7.1.

Dividend 4 = (Divisor B x Quotient Q) + Remainder R (7.1

When the operands are normalized, the aligned operands are compared by sub-
tracting the divisor from the dividend. If the result is positive, then a 1 is entered in the
low-order dividend bit followed by a left shift of one bit. Then shifting over Os is per-
formed on the dividend. If the result is negative, then a 0 is entered in the low-order
dividend bit followed by a left shift of one bit. Then shifting over 1s is performed on
the dividend.

The reason for shifting over Os in the dividend in order to normalize a positive par-
tial remainder is explained in the following sentences. If there is a 0 in the high-order
bit position of the significand, then the value is less than 0.5. Since the divisor is nor-
malized, it has a value greater than or equal to 0.5. Therefore, the divisor is greater
than the dividend which results in the quotient bit having a value of 0. For each shift
of the dividend, a 0 is entered as the low-order bit of the dividend. When both oper-
ands are normalized, a subtraction is performed to determine if the dividend is larger
than the divisor. A subtraction is always performed after shifting over Os, because the
partial remainder is to be diminished toward zero.

The reason for shifting over 1s in the dividend in order to normalize a negative
partial remainder is explained in the following sentences. A subtraction may result in
a negative partial remainder, such that

A=1.1a;a,ya;,5...a;ay

Therefore, the value of 4 is greater than or equal to — 0.5 and less than zero. To
normalize a negative partial remainder, the partial remainder is shifted left over 1s
until a 0 appears in the high-order bit position. For each shift of the dividend, a 1 is
entered as the low-order bit of the dividend. An addition is always performed after
shifting over 1s, because the partial remainder is to be diminished toward zero.

The time required to perform a division operation is a function of the requisite
number of additions to perform the operation. During the division operation when
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both operands are normalized, an addition or subtraction must take place in order to
diminish the partial remainder toward zero and determine the next quotient bit. If the
partial remainder is positive, then the normalized divisor is subtracted from the posi-
tive partial remainder. If the partial remainder is negative, then the normalized divisor
is added to the negative partial remainder.

If the signs of the quotient and remainder are different, then the remainder must be
corrected by shifting the remainder right one bit position and adding the normalized
divisor. The operands are represented as n-bit significands in sign-magnitude repre-
sentation. The sequence of steps to perform SRT division on positive operands are
shown below.

1. Normalize divisor B.
2. Adjust dividend 4.0.
3. Shift over 0s in dividend 4.0.
4. Subtract normalized divisor B.

5. Load 4, shift 4.0 left one bit position, set low-order quotient bit g,.

Set g = 1 if partial remainder is positive.
Set g( = 0 if partial remainder is negative.

6. Shift over 0Os to normalize a positive partial remainder.
Subtract normalized divisor B.
Load 4, shift 4.0 left one bit position, set low-order quotient bit g, = 0.

or

7. Shift over 1s to normalize a negative partial remainder.
Add normalized divisor B.
Load 4, shift 4.0 left one bit position, set low-order quotient bit g, = 1.

8. If counter is not zero, then repeat step 6 or 7.

9. Remainder correction.
If sign of remainder is different than sign of quotient, then
shift remainder right one bit position, and
add normalized divisor B.

For the examples that follow, it is assumed that a test for overflow has already
been completed. The number of cycles required for SRT division is # + 1, where 7 is
the number of bits in the divisor. Since SRT division is more complex than other meth-
ods previously presented, several examples will be given that exemplify the
procedure. The examples include illustrations where both operands are positive and
where the dividend is negative and the divisor is positive. The asterisks (*) are merely
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delimiters between the high-order quotient bit and the low-order remainder bit. A
counter is used to control the division process and is initially set to a value of n + 1,
then decremented by one for each left shift operation; when the counter contains a
value of zero, the operation is finished.

Example 7.1 Let the dividend 4.Q = 0.0000 0110 (+6) and the divisor B =0.0001
(+1) to produce a quotient Q = +6 and a remainder R = 0. The divisor is normalized by
shifting it left three bit positions with a corresponding shift to adjust the dividend.
Then registers 4.Q shift left two bit positions to shift over Os. The first add/subtract
operation is always a subtract to determine the relative magnitude of the operands. If
the sign is 0 after the subtraction, then a 1 is inserted in the low-order bit position of
register pair A.Q. The operation continues until five shift-left operations have been
completed, at which time the counter has decremented to zero.

A.0=0.00000110

B=0.0001
Normalized B =0.1000
2s complement of normalized B = 1.1000 8 765 413210
A 0
0 ./0 000|011
Adjust dividend « 3 0 ./|00 1 1]0 * * *
Shift over Os <— 2 0O .|1 10 */* * 00
Subtract normalized B + 1 .]1 000
\_‘o_[ o1 0 *
! '
Load 4, shift < 1, g5 =1 0 .|1 0 * *|* 001
Subtract normalized B + 1 .1 000
\_(‘)_[ oo *
! 'y
Load 4, shift < 1, g5 =1 0 .|0 * * *10 0 1 1
Shift over Os into termination <« 1 O .|** *0/01 10
0
Leftmost * is at bit 7, .. shift 44 — 0000
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Example 7.2  Let the dividend 4.Q = 0.0001 0001 (+17) and the divisor B=0.0011
(+3) to produce a quotient Q =+5 and a remainder R =+2. This example is similar to
the previous example, but has conditions where the operation shifts over Os and 1s.
Also, the remainder must be corrected, because the sign of the remainder (1) is differ-
ent than the sign of the quotient (0).

A4.0=0.00010001

B=0.0011
Normalized B=0.1100
2s complement of normalized B =1.0100 8 765 4(32 10
4 0
0 ./0 00 1{0 001
Adjust dividend <« 2 0O ./101 000 1 * *
Shift over 0s «— 1 0O ./1 00Ol * *0
Subtract normalized B + 1 .|]01 00
1 1100
' '
Load 4, shift <~ 1, g, =0 I {1 OO0 T1[* * 00
Shift over Is «— 1, gp =1 I .|00 1 *|* 001
Add normalized B +) 0 .1 100
\_‘1_[ o
! '
Load 4, shift < 1, g, =0 I .11 * *00T10
Shift over 1s into termination < 1 I .|{1 * * 0|01 01
Q
Correct remainder
Shift4 1 —> |1 1 * *
Add normalized B + 0 .|]1 100
0 1 0 * *
Leftmost * is at bit 5, .". shift 42 — 0010
R
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Example 7.3  Let the dividend 4.0 =0.0010 1001 (+41) and the divisor B=0.0011
(+3) to produce a quotient Q = +13 and a remainder R =+2. The dividend is adjusted
by shifting it left two bit positions, at which time it is normalized. After the first sub-
traction, the sign is negative (1); therefore, a 0 is inserted in the low-order bit position
of register pair 4.Q. After five shift-left operations, the counter has decremented to
zero — note that not all 1s have been shifted over as the operation shifts into termina-
tion. As before, the remainder must be corrected, because the sign of the remainder (1)
is different than the sign of the quotient (0).

A4.0=10.00101001

B=0.0011
Normalized B=0.1100
2s complement of normalized B =1.0100 8 765 4(32 10
4 0
0 ./001 0|1 001
Adjust dividend <« 2 0O ./1 01001 * *
No shift over Os 0O .1 01001 * *
Subtract normalized B + 1 .]01 00
DH 1110
' '
Load 4, shift < 1, ¢, =0 1 .1 1001 * *0
Shift over 1s «<— 2, q; qo =11 I |00 1 *[* 011
Add normalized B + 0 .1 100
\_‘1_[ o ox
! '
Load 4, shift < 1, g, =0 I .11 * *0110
Shift over 1s into termination <« 1 1 .1 * * 01101
Q
Correct remainder
Shift4 1 — 1 |1 1 * *
Add normalized B +) 0 .11
0 1 0 * *
Leftmost * is at bit 5, .. shift 42 — 0010
R
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Example 7.4  Let the dividend 4.0 =0.0100 1100 (+76) and the divisor B=0.0110
(+6) to produce a quotient O =+12 and a remainder R = +4. After five shift-left oper-
ations, the counter has decremented to zero and the remainder is corrected.

A.0=0.01001100

B=0.0110
Normalized B=0.1100
2s complement of normalized B = 1.0100 8 76 543210
4 0
0 ./|0 1 00{1 1O
Adjust dividend « 1 0 .|{1 001|1 00 *
No shift over Os 0O .1 0011 00 *
Subtract normalized B + 1 .]01 00
LlH Jr 1o
! 'y
Load 4, shift < 1, ¢, =0 I |1 01 1/00 *0
Shift over Is «— 1, g¢=1 1 .{0 1 1 0{0 * 0 1
Add normalized B +) 0 .|]1 100
\_‘o_[ oo 10
! 'y
Load 4, shift «— 1, g5 =1 0 ./]01 00|* 011
Shift over Os «— 1, go =0 0 ./]100 *0110
Subtract normalized B + 1 .]01 00
Hl_[ 110 %
! '
Load 4, shift < 1, g, =0 1 {10 *0{1 10O
Correct remainder 0
Shift4 1 —> 1 |1 1 0 *
Add normalized B + 0 .1 100
0 1 00 *
Leftmost * is at bit 4, .. shift4 1 — 0100
R
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Example 7.5 Letthe dividend 4.0 =0.0110 1110 (+110) and the divisor B=0.0111
(+7) to produce a quotient Q = +15 and a remainder R =+5. The dividend is adjusted
by a left shift of one bit position to match the left shift required to normalize the divi-
SOf.

After the first subtraction, the sign is negative (1); therefore, a 0 is inserted in the
low-order bit position of register pair 4.Q. Since the result is negative, register pair
A.Q shifts left over 1s into termination, because the counter has decremented to zero
— note that not all 1s have been shifted over as the operation shifts into termination.
As before, the remainder must be corrected, because the sign of the remainder (1) is
different than the sign of the quotient (0).

A.0=0.01101110

B=0.0111
Normalized B=0.1110
2s complement of normalized B =1.0010 8 76 543210
4 0
0O ./01 1 0|1 11
Adjust dividend « 1 0O ./1 101|110 *
No shift over Os O .1 101|110 *
Subtract normalized B +) 1 .]0 010
Hlj N | 11
! vy
Load 4, shift < 1, g7 =0 1 |1 11 1|10 *0
Shift over 1s into termination < 4 I .1 0 *0|1 111
0
Correct remainder
Shift4 1 — 1 |1 1 0 *
Add normalized B + 0 .|1 110
0 1 01 *
Leftmost * is at bit 4, .. shift4 1 —> 01 01
R
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Example 7.6  Letthe dividend 4.0 =0.1110 1111 (+239) and the divisor B=0.1111
(+15) to produce a quotient Q =+15 and a remainder R =+14. The divisor is already
normalized; therefore, the dividend does not require adjustment. There is also no
shifting over Os for register pair 4.Q.

After the first subtraction, the sign is negative (1); therefore, a 0 is inserted in the
low-order bit position of register pair 4.Q. Since the result is negative, register pair
A.Q shifts left over 1s into termination, because the counter has decremented to zero
— note that not all 1s have been shifted over as the operation shifts into termination.
In this example, the remainder does not require correction, because the sign of the
remainder is 1 and the sign of the quotient 1.

A.Q0=0.11101111

B=0.1111
Normalized B=0.1111
2s complement of normalized B = 1.0001 8 765 4(3 210
4 0
O .|1T 1T 1 0|1 111
No adjustment of dividend 0 .j1 1 101 1 11
No shift over Os 0O .1 1101 1T 11
Subtract normalized B +) 1 .]0 0 0 1
Hlj Jrrora
¢ \ ¢
Load 4, shift < 1, g7 =0 1 .1 11111110
Shift over 1s into termination <« 4, I (1 1101 1T 11
q3—4q0 = 1111 R 0

Example 7.7 This example will use a negative dividend 4.0 = 1.1110 0101 (-27)
and a positive divisor B=0.0110 (+6) to produce a negative quotient O =—4 and a neg-
ative remainder R =—3. Recall that the equation for the dividend is

Dividend 4 = (Divisor B x Quotient Q) + Remainder R

Therefore, using the above values, the equation is

Dividend (—27) = [Divisor (+6) x Quotient (—4)] + Remainder (-3)]
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The divisor is normalized by a left shift of one bit position and the dividend is
adjusted accordingly. Then the dividend 4.0 is shifted left over 1s until it is normal-
ized with a 0 in the high-order bit position. Shifting a negative unnormalized number
left over 1s does not destroy any information, because the 1s represent only positional
information. Since the register pair 4.Q contains a negative number, an add operation
takes place by adding the normalized divisor. After five left-shift operations, the
counter contains a value of zero and the division terminates. The resulting quotient is
positive and must be 2s complemented.

A.0=1.11100101

B=0.0110
Normalized B=0.1100
2s complement of normalized B = 1.0100 8 765 413210
4 Q
1 1 1 10(01 01
Adjust dividend « 1 1 11001 01 *
Shift over 1s < 2 1 .]001 0|1 00
Add normalized B +) 0 .|]1 100
\_‘1_[ Jr11o
! '
Load 4, shift < 1, g5 =1 I |1 1.0 1|* 001
Shift over 1s « 2 1 .{01 * 0{0 100
q1—q0=00
2s complement Q 11100
0
*isatbit5, .. shift42 — 1 101

SRT division can be implemented in a variety of ways using behavioral modeling.
The Verilog HDL code segment shown in Figure 7.21 illustrates one method of nor-
malizing the divisor, adjusting the dividend, and shifting over Os for a 9-bit dividend
(sign plus 8-bit significand) and a 5-bit divisor (sign plus 4-bit significand). This code
segment checks the high-order three bits of the divisor’s significand and adjusts div-
idend accordingly. The while loop then shifts over 0s. This method can then be
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extended to check the remaining high-order bits of the divisor. However, a simpler
method for division — one that is used by several companies — is to use the table
lookup technique as described in the following section.

//behavioral/dataflow srt division segment
module srt division (a, b, start, rslt);

input [8:0] a;
input [4:0] b;
input start;
output [8:0] rslt;

wire [4:0] b norm bar;

//define internal registers

reg [4:0] b _norm;

reg [4:0] b _norm neg;

reg [8:0] rslt;

reg [3:0] count;

assign b norm bar = ~b norm;

always @ (b _norm bar)
b norm neg = b _norm bar + 1;

//normalize divisor, adjust dividend, shift over O0s
always @ (a or Db)

begin
count = 4'b0101;
rslt = a;
if (b[3:1] == 3'b000)
begin
b norm = b << 3; //normalize divisor
rslt = rslt << 3; //adjust dividend
end
while (count) //shift over Os
begin
if (rslt[7] == 1'b0O)
begin
rslt[8:0] = {rslt[7:0], 1'bO0};
count = count - 1;
end

Figure 7.21  Verilog code segment to illustrate normalizing the divisor, adjusting
the dividend, and shifting over Os.
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7.3.1 SRT Division Using Table Lookup

The table lookup method uses the concatenated dividend and divisor to address a
memory that contains the quotient and remainder at each memory address for the cor-
responding dividend and divisor. In order to demonstrate the feasibility of the table
lookup method, only a select number of addresses will contain valid contents repre-
senting the quotient and remainder, thus keeping the address space to a reasonable
size. The operands will consist of 6-bit dividends and 3-bit divisors. Memories can be
represented in Verilog by an array of registers and are declared using a reg data type as
follows:

Number of bits per register Number of registers

| |

reg [msb:lsb] memory name [first address:last address];

Figure 7.22 shows the contents of the memory called opnds.srt, where the 9-bit
address is shown for reference. The leftmost six digits of the address represent the div-
idend; the rightmost three digits represent the divisor — the space is shown only for
clarity. The address bits are not part of the memory contents — only the six bits for the
resulting quotient and remainder are entered into the opnds.srt file.

Figure 7.23 contains the behavioral module for the table lookup method. The div-
idend and divisor are contained in the 9-bit variable called opnds/8:0] — the dividend
is specified as opnds[8:3], the divisor is specified as opnds/2:0]. Recall that overflow
occurs if the high-order half of the dividend is greater than or equal to the divisor.
Thus, overflow is checked by a behavioral construct using the always statement as
shown below. Whenever the operands change value, overflow is checked.

always @ (opnds)

begin
if (opnds[8:6] >= opnds[2:0]
ovfl=1'bl;
else
ovfl = 1'b0;
end

Since the concatenated operands constitute a 9-bit variable, the memory consists
of'an array of 512 six-bit registers, where the register contents represent the 3-bit quo-
tient concatenated with the 3-bit remainder. The memory is called mem_srt and is
loaded from a file called opnds.srt that contains the memory contents. The memory
contents are saved in the project file with no .v extension. When the operands change
value — thus changing the memory address — the 6-bit register quot rem is loaded
from memory mem_srt at the location of the corresponding operands.
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dvdnd dvsr gquot rem dvdnd dvsr quot rem
000000 000 0000O0O0 011101 011 000000
000000 001 000000 011101 100 111001
000000 010 000000 011101 101 000000
000110 000 000O0O0O 100111 100 000O0O0O
000110 001 110000 100111 101 111100
000110 010 000000 100111 110 000000
000111 001 000000 101010 101 000000
000111 010 011001 101010 110 111000
000111 011 000000 101010 111 000000
010001 010 000000 110011 110 000000
010001 011 101010 110011 111 111010
010001 100 0000O0O 110100 000 000000
010100 010 0000O0O

010100 011 110010

010100 100 0000O0O

Figure 7.22 Contents of opnds.srt that contains the resulting quotient and remain-
der.

//behavioral srt division using table lookup
module srt div tbl lookup (opnds, quot rem, ovfl);

input [8:0] opnds; //dvdnd 6 bits; dvsr 3 bits
output [5:0] quot rem;
output ovfl;

wire [8:0] opnds;
reg [5:0] quot rem;
reg ovfl;

//check for overflow
always @ (opnds)
begin
if (opnds[8:6] >= opnds[2:0])
ovfl = 1'bl;
else
ovfl = 1'b0;
end
//continued on next page

Figure 7.23  Behavioral module for SRT division using table lookup.

© 2010 by Taylor & Francis Group, LLC



7.3 SRT Division 395

//define memory size
//mem_srt is an array of 512 six-bit registers
reg [5:0] mem srt[0:511];

//define memory contents
//load mem srt from file opnds.srt
initial
begin

S$readmemb ("opnds.srt", mem srt);
end

//use the operands to access memory
always @ (opnds)
begin
quot rem = mem srt [opnds];
end

endmodule

Figure 7.23  (Continued)

The test bench is shown in Figure 7.24 in which ten different combinations of div-
idends and divisors are applied to the behavioral module, including those that will gen-
erate an overflow. The outputs are shown in Figure 7.25, and the waveforms in Figure
7.26.

//test bench for srt division using table lookup
module srt div_tbl lookup tb;

reg [8:0] opnds;
wire [5:0] quot rem;
wire ovfl;

//display variables

initial

Smonitor ("dvdnd=%b, dvsr=%b, quot=%b, rem=%b, ovfl=%b",
opnds[8:3], opnds[2:0],
quot rem[5:3], quot rem[2:0], ovfl);

//continued on next page

Figure 7.24  Test bench for SRT division using table lookup.
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//apply stimulus
initial
begin
#0 opnds = 9'b000110001;
#10 opnds = 9'b000111010;
#10 opnds = 9'b010001011;
#10 opnds = 9'b011101100;
#10 opnds = 9'b010100011;
#10 opnds = 9'b100111101;
#10 opnds = 9'b110011111;
#10 opnds = 9'b101010110;
#10 opnds = 9'b110001101; //overflow
#10 opnds = 9'b101000101; //overflow

#10 $stop;
end

//instantiate the module into the test bench
srt _div_tbl lookup instl (
.opnds (opnds) ,
.quot rem(quot rem),
.ovfl (ovfl)
)

endmodule

Figure 7.24  (Continued)

dvdnd=000110, dvsr=001, quot=110, rem=000, ovfl=0
dvdnd=000111, dvsr=010, quot=011, rem=001, ovfl=0
dvdnd=010001, dvsr=011, quot=101, rem=010, ovfl=0
dvdnd=011101, dvsr=100, quot=111, rem=001, ovfl=0
dvdnd=010100, dvsr=011, quot=110, rem=010, ovfl=0
dvdnd=100111, dvsr=101, quot=111, rem=100, ovfl=0
dvdnd=110011, dvsr=111, quot=111, rem=010, ovfl=0
dvdnd=101010, dvsr=110, quot=111, rem=000, ovfl=0
dvdnd=110001, dvsr=101, quot=000, rem=000, ovfl=1l
dvdnd=101000, dvsr=101, quot=000, rem=000, ovfl=1l

Figure 7.25  Outputs for SRT division using table lookup.
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= SILOS-X - C:\Werilog\srt_div_tbl_lookupisrt_div_tbl_lookup.spj
File Edit Wiew Analyzer Debug Explorer Reports Help

DHHER PMEHEEE 2 BHa® e <2

Name S lD | | | 1 1 1 1 1 | EI|D | | | | | | 1 1 1 1?0 1 | | |
(= Default
ophds8:0] 031 03 02k Oec [IEK] 13d 15¢ 156 184 # 145
quot_rem[5:0] 20 19 2a KE] 32 3c 3a 3B 00
ol

Figure 7.26  Waveforms for SRT division using table lookup.

7.3.2 SRT Division Using the Case Statement

SRT division — and any division technique — can also be accomplished using the
case statement, which is a method that is analogous to the table lookup method, in that
the resulting quotient and remainder are the direct result of a concatenated dividend
and divisor. The combined dividends and divisors form case items which are com-
pared with a case expression on a bit-by-bit basis. The first case item that matches the
case expression is selected — in this case the quotient and remainder to the right of the
colon. It is appropriate at this time to briefly review the case statement.

The case statement is an alternative to the if . . . else if construct and is a multiple-
way conditional branch. It executes one of several different procedural statements
depending on the comparison of a case expression with a case item. The expression
and the case item are compared bit-by-bit and must match exactly. The statement that
is associated with a case item may be a single procedural statement or a block of state-
ments delimited by the keywords begin . . . end. The keywords case, endcase, and
default are used in the case statement, which has the following syntax:

case (expression)
case_iteml : procedural statementl;
case_item2 : procedural statement2;
case item3 : procedural statement3;

case_itemn : procedural statementn;
default : default statement;
endcase
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The case expression may be an expression or a constant. The case items are eval-
uated in the order in which they are listed. If a match occurs between the case expres-
sion and a case item, then the corresponding procedural statement, or block of
statements, is executed. If no match occurs, then the optional default statement is ex-
ecuted.

For SRT division, the case expression is the concatenated dividend and divisor ex-
pressed as the input operands opnds. The case items are the concatenated dividend and
remainder and the procedural statements are the corresponding quotient and remain-
der.

The behavioral module to implement SRT division is shown in Figure 7.27 using
8-bit dividends and 4-bit divisors. Since the case statement would contain 2'> = 4096
case items and corresponding procedural statements if all 4096 entries were used, only
ten entries will be considered. The test bench is shown in Figure 7.28. The outputs
and waveforms are shown in Figure 7.29 and Figure 7.30, respectively.

//behavioral srt division using the case statement
module srt div _case2 (opnds, quot, rem, ovfl);

input [11:0] opnds; //dividend 8 bits; divisor 4 bits
output [3:0] quot, rem;
output ovfl;

wire [11:0] opnds;
reg [3:0] quot, rem;
reg ovfl;

//check for overflow
always @ (opnds)
begin
if (opnds[11:8] >= opnds[3:01])
ovfl = 1'bl;
else
ovfl

1'b0;
end

always @ (opnds)
begin
case (opnds)
//dvdnd = +6;dvsr = +1;quot = 6;rem = 0
12'b000001100001 :begin
quot= 4'b0110;
rem = 4'b0000;
end

//continued on next page

Figure 7.27  Behavioral module for SRT division using the case statement.
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12'b000001110010 :begin
quot= 4'b0011;
rem = 4'b0001;
end

12'b000100010011 :begin
quot= 4'b0101;
rem = 4'b0010;
end

12'p001010010011 :begin
quot= 4'b1101;
rem = 4'b0010;
end

12'0001100111000 :begin
quot= 4'b0110;
rem = 4'b0011;
end

12'010010000101 :begin
quot= 4'b1110;
rem = 4'b0010;
end

12'0010011000110 :begin
quot= 4'b1100;
rem = 4'b0100;
end

//dvdnd = +110;dvsr = +7;quot = 15;
12'0011011100111 :begin
quot= 4'b1111;
rem = 4'b0101;
end

//continued on next page

//dvdnd = +7;dvsr = +2;quot = 3;rem

//dvdnd = +17;dvsr = +3;quot = 5;rem

//dvdnd = +41;dvsr = +3;quot = 13;rem

//dvdnd = +51;dvsr = +8;quot = 6;rem

//dvdnd = +72;dvsr = +5;quot = 14;rem

//dvdnd = +76;dvsr = +6;quot = 12;rem

1

Figure 7.27 (Continued)
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//dvdnd = +97;dvsr = +5;quot = 19;rem = 2
//overflow occurs
12'b011000010101 :begin
quot= 4'bxxxx;
rem = 4'bxxxx;
end

Il
N

//dvdnd = +70;dvsr = +4;quot = 17;rem
//overflow occurs
12'b010001100100 :begin

quot= 4'bxxxx;

rem = 4'bxxxx;
end
default :begin
quot= 4'b0000;
rem = 4'b0000;
end
endcase
end
endmodule

Figure 7.27 (Continued)

//test bench for srt division using the case statement
module srt div case tb;

reg [11:0] opnds;
wire [3:0] quot, rem;
wire ovfl;

//display variables

initial

Smonitor ("opnds= %b, quot = %b, rem
opnds, quot, rem, ovfl);

%b, ovfl = %b",

//apply stimulus
initial
begin
//dvdnd = +6;dvsr = +1;quot
#0 opnds = 12'b000001100001;

6;rem = 0

//continued on next page

Figure 7.28  Test bench for SRT division using the case statement.
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//dvdnd = +7;dvsr = +2;quot 3;rem = 1
#10 opnds = 12'b000001110010;
//dvdnd = +17;dvsr = +3;quot = 5;rem = 2
#10 opnds = 12'b000100010011;
//dvdnd = +41;dvsr = +3;quot = 13;rem = 2
#10 opnds = 12'b001010010011;
//dvdnd = +51;dvsr = +8;quot = 6;rem = 3
#10 opnds = 12'b001100111000;
//dvdnd = +72;dvsr = +5;quot = 14;rem = 2
#10 opnds = 12'b010010000101;
//dvdnd = +76;dvsr = +6;quot = 12;rem = 4
#10 opnds = 12'b010011000110;
//dvdnd = +110;dvsr = +7;quot = 15;rem = 5
#10 opnds = 12'b011011100111;
//dvdnd = 4+97;dvsr = +5;quot = 19;rem = 2
//overflow occurs
#10 opnds = 12'b011000010101;
//dvdnd = +70;dvsr = +4;quot = 17;rem = 2
//overflow occurs
#10 opnds = 12'b010001100100;
#10 $stop;
end
//instantiate the module into the test bench
srt _div case2 instl (
.opnds (opnds) ,
.quot (quot),
.rem(rem),
.ovfl (ovfl)
) ;
endmodule
Figure 7.28 (Continued)
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opnds= 000001100001, quot = 0110, rem = 0000, ovfl =
opnds= 000001110010, quot = 0011, rem = 0001, ovfl =
opnds= 000100010011, quot = 0101, rem = 0010, ovfl =
opnds= 001010010011, quot = 1101, rem = 0010, ovfl =
opnds= 001100111000, quot = 0110, rem = 0011, ovfl =
opnds= 010010000101, quot = 1110, rem = 0010, ovfl =
opnds= 010011000110, quot = 1100, rem = 0100, ovfl =
opnds= 011011100111, quot = 1111, rem = 0101, ovfl =
opnds= 011000010101, quot = xxxx, rem = xxxx, ovfl =
opnds= 010001100100, gquot = xxxx, rem = xxxx, ovfl =

PP OOOOOOOoOOoOOo

Figure 7.29  Outputs for SRT division using the case statement.

= SILOS-X - C:\Werilog\srt_div_case?\srt_div_case?.spj
File Edit Yew Analveer Debug Explorer Reports Help
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opnds[11:0] I OF2 » 113 % 293 % 338 » 485 » 4ck Eer E15 & 464
quot[3:0] E 3 [ d 5 2 C f ¥
rem[3:0] 0 1 2 3 2 4 5 H
ol

Figure 7.30  Waveforms for SRT division using the case statement.

7.4 Multliplicative Division

Multiplicative division is one type of convergence division in which a multiplier is
used in the division process. This method uses a factor F; fori=0,1,2,...n to mul-
tiply the dividend 4 and divisor B without changing the value of the ratio Q= A/B. The
division process is achieved by finding a factor F, such that 4 x F approaches O while
B x F approaches 1. For each iteration a factor /; multiplies both the numerator 4 (div-
idend) and the denominator B (divisor) so that the numerator converges quadratically
toward the quotient as the denominator converges quadratically toward 1. The equa-
tion that specifies the convergence technique is shown in Equation 7.2.
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A x F F F F
Q:BiFEiFizFii iFZ :? (7.2)

\Tl

| "

| R

Both operands are positive fractions; the divisor is normalized and the dividend is
shifted accordingly. The convergence speed is a function of the multiplying factor F;.
Since the divisor B is a normalized positive fraction (B =0.1xxx ... x), B can be
defined by Equation 7.3, where 0 <J < 1/2.

B=1-% (7.3)

Thus, if 6> 0, then B <1
if 6=1/2,then B=0.1000...0
ifd<1/2,then B=0.1xxx...x, where some x = 1

Successive multipliers should be chosen for F;, such that each B, is greater than the
previous B;. Recall that B is a fraction less than 1; therefore, as B; becomes greater, it
approaches 1 while 4 approaches Q. Therefore, the sequence of denominators can be
as shown in Equation 7.4.

B(): BXFO

81: BXF()XFI :B()XFI
By= BxFyxF| xF, =BxF),
Bi: Bi71XFi

Biy1= BixFiy

B,= B, | xF, (7.4)

n—

The iteration continues with each B; being multiplied by F;  ; fori=0,1,2,...n
until for some n, B,, — 1. It was shown that B=1 - 6. Now let F, be defined as F, =
1+ 6. Thisis not an arbitrary choice as will be shown. From Equation 7.4, B, can now
be written as shown in Equation 7.5 for i = 0, where d is a fraction.
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B():BXFO
=(1-9)(1+9)
By=1-8 (7.5)

Since & is a fraction, By, is closer to 1 than B. Now define /| for the next iteration
as shown in Equation 7.6, which yields the equation for B}, as shown in Equation 7.7
fori=1. It is obvious that By is closer to 1 than B,,.

F1:1+62 (76)

BIZBXF()XFI
:B()XFI
=(1-8%)(1+8%)

Bi=1-8 7D

Now F} is selected for the next iteration, as shown in Equation 7.8. The ith iter-
ation for F; is shown in Equation 7.9.

Fr=1+5% (7.8)

i

F=1+8 (7.9)

1

This provides the equation for F;; however, it will be shown that it is advantageous
to obtain F; in terms of one of the operands, for example the divisor B. From Equation

7.7,
Bi=1-5*
_ 2
1-8°
= Zi
1-9 fori=2 (7.10)
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Since i = 2, then By = B; _{. Thus,

i

B =1-8 (7.11)

Equation 7.11 is also true for any i; for example, i = 3, as shown in Equation 7.12.
From Equation 7.4,

BzzBl XFZ
=(1-8H(1+8% (7.12)
Therefore,
By=1-¢88
5
=1-0 fori=3 (7.13)

Since i = 3, then B, = B; _;. Thus,

21'
B, 1=1-5 (7.14)

Which is identical to Equation 7.11. Also,

i

2
Fi=1+0 from Equation 7.9
2[
F;=2-B; from Equation 7.14 (7.15)

It will now be shown that 2 — B;_; is the 2s complement of B; _ |, because the divi-
sion method uses binary fractions. For example, let B; _; =0.100. The 2s complement
0f0.1001s 1.100=1.5and 2 - B; _; =2—-0.5=1.5. As another example, let B; | =
0.110. The 2s complement 0of 0.110=1.010=1.25and2-B; ;=2-0.75=1.25.
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Therefore, the factor F; can be derived by simply obtaining the 2s complement of
the previous B; _ term. It is this ease of obtaining F; from B; _; that makes multipli-
cative division so appealing. The paragraphs that follow show examples of different
divisors.

Since 0 < 6 < 1/2, therefore 0 < 82 < 1/4. And since By=1- 8% fori= 0, therefore
By>3/4;thatis, By=0.11xxxx...x, wherex=0or 1. Similarly, 0 < 5t < 1/16; there-
fore, By 2 15/16; thatis, B; =0.1111xxxx... x=1/2+1/4+1/8+1/16 = 15/16, where
x=0or 1. Thus, as i increases, the denominator B; approaches 1, where

B;=0.11111111... 1111

which is the value nearest 1 for the word size of the machine. It is evident that B; cor-
responds to the following bit configurations for increasing values of d:

First  gives By= 0.11xxxx...xXx
Second 6 gives B;= 0.1111xxxx...xx
Third 6 gives B, = 0.1111 1111 xxxx...xx
Fourth 6 gives  By= 0.1111 1111 1111 1111 xxxx...xx
Fifth 6 gives  B,= 0.1111 1111 1111 1111 1111 1111 1111 1111 xxxx ... xx
Sixth 6 gives Bs= 64 1s

The procedure for obtaining the value of B, will now be explained, where i = 3.
Since,

B.=

1

B IXF'

; from Equation 7.4

Zi 2i
Bi= (1-8 )(1+8 )

23

Bzz 1—8
By= 1-88

Since 0 < 8% < 1/256, therefore B, 2255/256 yielding the value for B, to be
B,=0.1111 1111 xxxx...xx
Two multiplications are required for each iteration of multiplicative division —

one to generate the next denominator and one to generate the next numerator that con-
verges toward the quotient. The quotient can be expressed as
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0

B x FO X

F

X F2 X

n

:Ax(1+6)x(1+62)x(1+84)x...><(1+62 )

A small value for 6 means that B is closer to 1 initially; therefore, convergence
occurs more rapidly. The initial multiplying factor of {y=1 + 6 can be obtained using
a table lookup procedure where the table resides in read-only memory (ROM). The
high-order bits of the divisor can be used as the address inputs for the ROM, such that
By=0.11xxxx...xx. Different high-order divisor bits will produce different 3, such

that By=0.11xxxx ... xx.

The output of the ROM is multiplied by the divisor B to generate B); the dividend
is also multiplied by the ROM output F) to produce 4. The process continues accord-
ing to the sequences shown below.

B(): BXFO

AO: AXFO

F; = 2scomplement of B,
Blz B()XFl

A1: A()XFl

F, = 2s complement of B,
IfBl:

IfB;#

F, is the output of the ROM

0.1111 ... 11, then 4; = Q and the process terminates

0.1111 ... 11, then F; . | = 2s complement of B; and the process continues

Examples of different divisors will now be shown. Let B= 0001 1001, where the
high-order bits 0001 are the address inputs to the ROM whose output is F,. Ideally, B,
should be at least 0.1100 for this example.

SinCGBOI B XFO

B
Therefore, F = 0 _ 0.1100
B 0001 1001
0.75
Fo=——F=— = 0.03
0 25
Fy = 0.0000011111xx...xx =.03
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Now that |, has been established, B, can be determined.

BO: BXFO
(0001 1001) x (0.0000011111 .. .)
0.1100000 . . .

F is the 2s complement of B, therefore,

Fy= 0.0100000
Therefore B; = By x F from Equation 7.4
= (0.1100000 . . .) x (0.0100000)
= 0.11110000 sign is extended

F) is the 2s complement of By, therefore,

F>, = 0.00010000

Therefore B, = By x F, from Equation 7.4
= (0.11110000 .. .) x (0.00010000)
= 0.1111111100000000 sign is extended

The hardware necessary for multiplicative division includes two high-speed mul-
tipliers: one for the numerator and one for the denominator. The 2s complement of the
divisor can be realized with a carry-lookahead adder. A circuit is also required to
detect a divisor of 0.1111 ... 11 that indicates the end of the multiplicative division
operation. There is a drawback with multiplicative division: the algorithm does not
directly generate a remainder. The next section describes a method that produces both
a quotient and a remainder.

7.5 Array Division

A combinational array can be used for division in much the same way as an array was
used for multiplication as presented in the previous chapter. This is an extremely fast
division operation, because the array is entirely combinational — the only delay is the
propagation delay through the gates. Overflow can be detected in the usual manner: if
the high-order half of the dividend is greater than or equal to the divisor, then overflow
occurs.

This method uses the nonrestoring division algorithm, which is ideal for iterative
arrays. As in the sequential nonrestoring division method, the divide operation is
accomplished by a sequence of shifts, and additions or subtractions depending on the
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sign of the previous partial remainder. Recall that only two operations were required
in the shift-subtract/add nonrestoring division method: 24 — B and 24 + B for a 2n-bit
dividend and an #n-bit divisor.

The carry-out determines the quotient bit at any level and also the next operation,
either 24 — B or 24 +B, according to the following criteria:

0, if carry-out = 0; next operation is 24 +B
-
1, if carry-out = 1; next operation is 24 — B

The above criteria is analogous to the following statement: if the sign is 0, then the
operation at the next row of the array is a shift-add (24 + B); if the sign is 1, then the
operation at the next row of the array is a shift-subtract (24 —B). Shifting is accom-
plished by the placement of the cells along the diagonal of the array. The array consists
of rows of identical cells incorporating a full adder in each cell with the ability to add
or subtract. Subtraction or addition is determined by the state of the mode input, as
shown in Figure 7.31. If the mode line is a logic 1, then the operation is subtraction; if
the mode line is logic 0, then the operation is addition.

bin a
modein ° I modeout
B [
a b
cout cout FA cin cin
sum
sum bout

Figure 7.31 Typical cell for nonrestoring array division.

The organization for the nonrestoring division array is shown in Figure 7.32 com-
plete with instantiation names and net names. The carry-out of the high-order cell in
each row represents the quotient bit for that row. The carry-out connects to the mode
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input of the high-order cell in the row immediately below, which then propagates
through all cells in the row and connects to the carry-in of the low-order cell. If the
carry-out is 0, then the operation at the next lower level is addition; if the carry-out is
1, then the operation at the next lower level is subtraction. This directly corresponds
to the nonrestoring division algorithm.

al6] al3] al4] af3]

b[3] b[2] b[1] b[0]
mode=1 ——model > mode2 N mode3 mode4
q[3]‘ coutl |instl| _ cout2 |inst2| _ cout3 [inst3| _ cout4 |inst4
| al2]
boutl bout2 bout3 bout4
sum?2 sum3 sum4
modeS mode6 mode7, mode8
ql2] = cout5 |inst5| _ cout6 |inst6| _ cout7|inst7| _ cout8 | inst8
all]
bout5 bout6 bout7 bout8
sumé6 sum7 sum§
mode9 modelQ model ] model2
q[I]A cout9 |1nst9| _cout10inst1Ql _ coutllinstll] _ coutl2|inst12
1 | T al0]
bout9 bout10 boutl1 boutl12
sum10 suml1 sum12
model3® model4 model3 model6
q[0]< coutl3 [instl3 coutl4 [instl4 coutl5 [instly coutl6 [instl6)
bout13 bout14 boutl5 bout16
suml13 suml4 suml5 sum16
af3]  b[3]|af2]  b[2]|a[l] b[I]|a[0]  b[O0]
- - - -1— instl7  |e—
sum/f3] sum/f2] sum/[1] sum/[0]
suml17_3 suml7_2 suml17_1 suml7_0
1 0 1 0 1 0 1 0
inst18 J’ inst19 J’ inst20 " inst21
r[3] (2]