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Abstract This document presents two derivations for 1-D Green’s functions for semi-infinite slabs in contact along the boundary x=0. The case of imperfect contact with a heat transfer coefficient h is derived and the case of perfect contact is obtained by taking h to infinity. The two dimensional case with source point (x’,y’) is reduced to the one dimensional case by applying a constant source in the y’ direction. Because the two-dimensional source solutions have complex representations, we get 1-D complex representations also. However, these complex, 1-D forms can also be reduced to all real, closed forms which agree with a direct attack using the 1-D equations.

The case of perfect insulation on x=0 is also computed by taking h to zero. The result is ‘the method of images’ solution in the source region and zero in the other region.

The convolution for a continuous (constant) source in time is carried out to produce a point source solution with continuous heat generation. 
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1. Introduction

The main thrust of this paper is to derive the one dimensional Green’s function 
[image: image4.wmf]G(x,x',t)

 for adjacent semi-infinite slabs in Regions 1 and 2 defined by 
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. The approach starts with the case of imperfect contact in two dimensions where the flux at the boundary is taken proportional to the temperature difference across the boundary [5],
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The constant of proportionality h is called the heat transfer coefficient. The cases for perfect contact, which express continuity of both temperature and flux, 
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are obtained by taking the limit 
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. The solutions for perfect insulation on x=0, where the flux is zero at the boundary, are also derived by taking the limit 
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Since we have the two dimensional solution 
[image: image11.wmf]G(x,y,x',y',t)

 from [5], it is common practice to impose a uniform source along a straight line 
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yy

=

to arrive at a one-dimensional solution. Since there is no variation in the z direction, this is equivalent to imposing a uniform plane source in the 
[image: image13.wmf](y',z')

plane with the flux vector(s) pointing in the x-direction. Because the solutions in [5] are represented as Fourier integrals in the complex plane, we expect to get one-dimensional complex representations also. It turns out however that these complex representations can be reduced to simpler, closed form, real representations, which can also be derived from first principles using the 1-D equations. This direct derivation is shown in APPENDIX A. 

In the notation of [7, Chapter 2], we are solving the heat conduction problems labeled (X0C30) and (X0C0). In order to apply the concept of a Green’s function to a problem, one has to use these functions in conjunction with the general formula [6]. 

(1.3) 
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The indices j and 3-jwith j=1,2 can have only the values of 1 or 2. Here 
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 and 
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 are the volumes of Regions 1 and 2 with surfaces 
[image: image17.wmf]1

S

 and 
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; 
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 is the contact boundary; and 
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 are external boundaries. 
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 are heat source and initial temperature distributions respectively. The operators 
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 are internal normal derivatives. Since the Green’s function source can be in either region, the construction requires the solution of two problems each of which satisfy the conditions on the common boundary and each yielding two functions. The complete Green’s function therefore consists of two pairs 
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 where the superscript designates the region where the source occurs and the subscript designates the region where the function applies.

Laplace transforms of the Green’s functions are used in most of the manipulations because the transforms contain only elementary functions and their inverses are contained in tables.

2. Green’s Function for Semi-infinite Slabs With Imperfect Boundary Contact

We start with the Laplace transform representation for a uniform line source along 
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 in the right half plane 
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 found in [5, Section 8], where the physical constants are 
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 for Region 1 and Region 2. In what follows, we are manipulating the pair 
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 to get 
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but, because the regions are mirror images of one another, we can give a recipe for the pair 
[image: image31.wmf]22

12

((,',),(,',))

GxxtGxxt

 at the end of this section. The superscript is suppressed for simplicity and the transform of the Green’s function for the temperature at 
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from a point source at
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 in the right half plane is:

(2.1)
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Inversions of (2.1) are found in [5]. In this problem, the external boundaries for (1.3) are at 
[image: image37.wmf]±¥

 where we take the temperatures to be zero. This leaves the possibility for contributions from only heat source or initial temperature distributions. 

There is another variation of (2.1) which retains the form of each exponential. If we change variables by replacing 
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 with 
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(2.2)                                       
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This means that 
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 can be replaced by 
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and there is symmetry above and below the line 
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. Then, using this symmetry, a uniform source along 
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is obtained by the integration
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The integration on
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 in (2.1) is symbolic since the Fourier inversion can be taken along any line in the strip of analyticity between singularities 
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 by (2.3). This contour we designate as 
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. Then, with a new definition for 
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with
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Now we need the inversions

(2.5)           
[image: image54.wmf]2

2

1/(4)

2

1/(4)

1

(,)

(,,)()/(2)

()

t

t

p

e

HtLe

pt

p

e

FbtLeeerfctbt

ppb

g

gw

g

g

p

g

gwwg

--

-

éù

-

êú

==

êú

êú

ëû

éù

-

-

êú

éù

éù

===+

ëû

ëû

êú

+

êú

ëû

 ,  


and the integrals for 
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 in the full notation with the proper superscript become

(2.6)        
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With 
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 it is not hard to show that the integrand on 
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 is the conjugate of that on 
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 [3, Section 2],[4, Section 3] and the sum of integrals is twice the real part on 
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. This yields a 1-D representation of the solution: In the full notation where we restore the superscript, we have
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 was chosen to keep each line integration as far away from singularities as possible.
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Side Note

In previous works [3], [4], Cauchy’s theorem was applied to a contour which would include 
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 and the ray 
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) would give convergence from the exponential for 
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. In that context, the Fourier component contributed and the analysis dictated the relation of parameters for convergence. If we do this in this context, we find that, because of the integration on 
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gives convergence, but the best convergence is obtained for 
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 small. We therefore opt to take the integration along the original line of integration 
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The source integration in (2.3) introduced a pole at 
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into the integrand and this motivates one to look at closed contours (in the region of analyticity) which include this pole and 
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 so that the residue theorem can be applied. An obvious candidate is a rectangle in the strip 
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. This leaves us with integrals on the contour 
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 emphasizes the fact that the direction of the integration is negative (clockwise) around the rectangle (counter clockwise is taken as the positive sense in complex variables). This means that 
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, we get integrands which are negatives of one another in the first and third quadrants and similarly for the second and fourth quadrants. This means that the line integrals along 
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 being traversed in a direction opposite to 
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, are equal. Therefore, applying the residue theorem on the clockwise contour, we get

(2.8)                      
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Then, the residue computation from (2.6) is

(2.9)         
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This is the form one would use in (1.3) when one wanted the temperature distribution in the right half plane. If one multiplies by 
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 to get the Source-Sink interpretation [8,Chapter X], this agrees with the derivation in APPENDIX A. We designate (2.9) as 
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, where the source is in the left half plane, we replace x with –x, 
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 and exchange subscripts 1 and 2. This moves the source into the left half plane and we get the other part of the Green’s function 
[image: image102.wmf]22

12

((,',),(,',))

GxxtGxxt

for the general formula presented in (1.3). These comments also carry over to the formulas derived below.

3. Green’s Function for Semi-infinite Slabs With Perfect Boundary Contact

The solution for this case is obtained from the previous equations by taking the limit 
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 in (2.7) and (2.9). This requires the limit 
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and (2.4) becomes

(3.1) 
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This is the transform for the two formulas which follow. Then, (3.1) with (2.5) becomes

(3.2)   
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This is the complex form since we need to do complex arithmetic in order to compute the real part of the integrand.

Similarly, if we invert with (2.5) and compute the residue in (3.1), (2.9) goes over to

(3.3)           
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4. Green’s Function for Semi-infinite Slabs With Perfect Boundary Insulation

The solution for perfect boundary contact was obtained in the previous section by taking h to its largest extreme, 
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. For this case we take h to its smallest extreme, 
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In this case, the relevant terms in (2.4) take the form
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and (2.4) reduces to 
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With (2.5) the corresponding complex form is

(4.3)            
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If we apply the analysis developed in Section 2 to (4.2), where we enclose the pole at 
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which, for x>0, is the ‘method of images’ solution for a zero derivative on x=0.

5. Integration of the Green’s Function for Continuous Sources

To obtain temperatures in adjacent slabs with a continuous source at 
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, we use any of the point source solutions and sum the contributions of all sources in the time interval (0,t). Thus, taking the strength independent of t, we integrate 
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To carry out each integration, it is easier to take the Laplace transform of the each convolution (
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. Thus, the imperfect contact formulas (2.7) and (2.9) remain the same with the new definitions
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For a continuous source with perfect contact and perfectly insulated cases, which are independent of h, only H is needed and (5.1) is used in (3.2), (3.3), (4.3) and (4.4). For the computation of F in (5.1) see [3, Sections 2 and 6].

6. Numerical Results

Some numerical comparisons were done on the perfect contact cases with instantaneous and continuous sources at 
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. That is, formulas (3.2) and (3.3) were evaluated using the H function of (2.5) and (5.1). The results are displayed in Tables I and II. The column labeled Rel Error shows satisfactory agreement with errors on the order of double precision arithmetic except for the cases where 
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. This relative error is much larger because the exponential convergence in the source term of (3.2) is lost, making the convergence rate only 
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. In this case, the limits of the integration routine were reached before the convergence criteria could be met. The functions needed for the evaluations were taken from [2], including the functions requiring a complex argument. The computation of ierfc(z) for complex z is described in [3, Section 6].
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APPENDIX A

Green’s Function for Adjacent, Semi-infinite Slabs by First Principles

The two region, 1-D conduction problem for a slab with imperfect contact at x=0 is stated as

 (A.1)                          
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The energy source is an instantaneous source on the plane 
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 of strength 
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(heat unit/unit area in the 
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plane) at time t=0. A heat balance, conduction away from 
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where 
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is the Dirac delta function. In order to complete the physical problem, we also require continuity of temperature at the source point

(A.3)                                                     
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We start with the Laplace transform solutions of the 1-D equations in (A.1) for the regions x>0 and x<0 with the source in the right half plane, 
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and apply the conditions for a plane source at 
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 along with the boundary conditions at x=0:

(A.5)             
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Here 
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 is the instantaneous heat generation per unit area in the plane 
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 at t=0. Using (A.4), these equations can be expressed in the form
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In this form, we can see what manipulations are needed to extract the coefficients A, B, C, and D.

Add equations (1) and (2):
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Add equations (3) and (4):
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Subtract equations (3) and (4):
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Then 
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and

(A.7)  
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and we now have the Laplace transform of the solution

(A.8)          
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The next step is to display these results as a function of p in anticipation of an inversion:

(A.9)           
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If we write 
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we can use the inversions of (2.5) to write the solution for 
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This is the form one would use for a physical problem in the context of Sources and Sinks [8, Chapter X]. To construct the Green’s function for use with (1.3), which would be designated by 
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The Green’s function for the source in the left half plane, designated as 
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, is obtained by replacing x with –x, 
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, and exchanging the subscripts 1 and 2.
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